TAMARI LATTICE RESTRICTED TO NON-INCREASING DYCK PATHS

JEAN-LUC BARIL! AND JOSE L. RAMIREZ?2

Abstract.  The Tamari lattice of order n can be defined by the set of Dyck paths of
semilength n, endowed with the partial order induced by the well-known rotation transfor-
mation. In this paper, we study this rotation on the restricted set of non-increasing Dyck
paths. We prove that the transitive closure of this relation yields a lattice structure on these
paths. A trivariate generating function is derived to enumerate non-increasing Dyck paths
according to their semilength, as well as the number of incoming and outgoing edges in the
associated Hasse diagram. From this, we compute the number of coverings and identify the
meet- and join-irreducible elements. Finally, we provide a generating function for the number
of intervals in this lattice, and we establish that the asymptotics follows the typical tree
behavior, i.e., C - u™ - n=3/2.

Keywords: Enumeration, kernel method, non-increasing Dyck path, Tamari lattice, join
and meet irreducible elements, interval.

1. INTRODUCTION AND MOTIVATION

Numerous families of combinatorial structures are enumerated by the famous Catalan
numbers, including Dyck paths, binary and plane trees, polygon triangulations, standard
Young tableaux, and pattern-avoiding permutations, among many others. Stanley [38]
compiled a comprehensive list of over 214 such classes, each arising naturally in diverse
mathematical contexts. While much work has focused on enumerating these objects with
respect to size or structural parameters, another rich line of research explores the order-
theoretic properties of Catalan structures. In particular, several partial orders have been
introduced on Catalan sets, often giving rise to interesting lattice structures [3, 4, 6, 7,
31, 35, 41]. A prominent example is the Tamari lattice [28, 41], originally defined via
associativity constraints in binary tree structures and later shown to correspond to other
interpretations, such as rotation operations on Dyck paths [8, 10, 14, 32], diagonal flips in
triangulations [36], or transformations of fully parenthesized expressions [27]. The Tamari
lattice has proven remarkably versatile, appearing in algebraic, geometric, and enumerative
frameworks, including associahedra, Cambrian lattices in Coxeter theory, and bijections
between its intervals and planar maps [11, 12, 13, 20, 30].

In this work, we introduce a new poset structure on a refined class of Catalan objects:
the non-increasing Dyck paths. These paths are defined by a natural additional constraint:
the sequence of valley heights is non-increasing. Note that this class of paths consists of the
mirrors of non-decreasing Dyck paths that have been widely studied in the literature (see
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2, 23] and the references therein). The partial order we propose on the class of non-increasing
Dyck paths is inherited from the Tamari Hasse diagram by removing all Dyck paths that are
not non-increasing, along with the edges adjacent to them. We will see later that this partial
order does not coincide with the one underlying the Tamari lattice.

This paper is organized as follows. In Section 2, we begin by introducing the fundamental
notation and definitions concerning Dyck paths and order theory. In Section 3, we prove that
the new structure is a lattice. In Section 4, we provide enumerative results concerning the
classical parameters of a lattice (meet-irreducible and join-irreducible elements, coverings
and degrees). A trivariate generating function is given to enumerate non-increasing Dyck
paths according to their semilength, as well as the number of incoming and outgoing edges in
the associated Hasse diagram. From this, we derive the number of coverings and identify the
meet- and join-irreducible elements. In Section 5, we provide a generating function for the
number of intervals in this lattice and we establish that the asymptotics follow the typical tree
behavior, i.e., C' - u" - n~3/2. This study offers a new perspective on the structural properties
of Catalan lattices and contributes to the growing body of known examples. In the last
section, we suggest some directions for future research.

2. NOTATION, DEFINITIONS AND BACKGROUND

In this section, we introduce the fundamental notation and definitions relevant to Dyck
paths and order theory.

A Dyck path is a lattice path in N? starting at the origin, ending on the z-axis, and
consisting of up-steps U = (1,1) and down-steps D = (1, —1). We denote the Dyck path
with no steps by €, and we call it the empty path. Let D, be the set of Dyck paths of
semilength n (i.e., Dyck paths with 2n steps), and D = J,» Pn. The cardinality of D, is
the n-th Catalan number, given by ¢, = (2n)!/(n!(n + 1)!) (see A000108 in the On-Line
Encyclopedia of Integer Sequences OEIS [37]). For instance, the set D3 consists of the five
paths UDUDUD, UUDDUD, UDUUDD, UUDUDD, and UUUDDD.

In this study, we will often use the last return decomposition of a Dyck path P = RUSD
where R, S € D. Such a decomposition is unique and thus yields a recursive characterization
of the set D. A Dyck path having a last return decomposition with R empty is called prime,
which means that the path touches the z-axis only at the origin and at the end. A peak in a
Dyck path is an occurrence of the subpath UD. A pyramid is a maximal occurrence of U*D¥,
k > 1, in the sense that this occurrence cannot be extended into an occurrence of U*+! D*+1.
A walley in a Dyck path is an occurrence of the subpath DU. The height of a valley DU is
the ordinate of the middle point.

A Dyck path is called non-increasing if the heights of its valleys form a non-increasing
sequence when we consider them from left to right. For example, in Figure 1 we show a non-
increasing Dyck path of semilength 13, and the sequence of its valley heights is 3, 3,2,2,0, 0.
Let N'Z,, be the set of non-increasing Dyck paths of semilength n, and NZ =, -, NZ,, (for
convenience, we do not consider the empty path in the set A'Z). This class of paths consists
of the mirrors of non-decreasing Dyck paths that have been introduced by Barcucci et al.
[2] in 1997. Since then, many papers dedicated to this class of paths have appeared. For
references on this topic, see for instance [16, 17, 19, 22, 23, 24]. So, the cardinality of N'Z,, is
F(2n — 1) where F(n) is the n-th Fibonacci number defined by F'(n) = F(n — 1) + F(n — 2)
with the initial conditions F'(0) = 0 and F(1) = 1. The generating function of the cardinality

2


https://oeis.org/A000108

FIGURE 1. The non-increasing Dyck path P =
vvvUuDUUDDUDDUDUUDDDDUDUUDD with semilength 13 and
h(P) = 0. The height sequence of its valleys is 3, 3,2,2,0,0.

of N'Z with respect to the semilength is given by
z(l—ux)
2?2 —3x+1’
and the coefficients of the terms z" for n > 1, correspond to A001519 in the OEIS [37].

N(x) =

A statistic on the set D of Dyck paths is a function from D to N. Let us define an important
statistic for our study. We let h denote the statistic on D defined by h(P) =n if P =U"D"
with n > 0; otherwise, h(P) is the height of the last valley of P. For instance, in the path
shown in Figure 1, we have h(P) = 0 since the last valley touches the z-axis.

We conclude this section by introducing the main order-theoretic concepts used throughout
this paper. These definitions can be found, for instance, in [27].

A poset L is a set endowed with a partial order relation <. Given two elements P, Q) € L, a
meet (or greatest lower bound) of P and @, denoted P A @, is an element R such that R < P,
R < @, and for any S such that S < P and S < @, then we have S < R. Dually, a join (or
least upper bound) of P and @), denoted P V @, is an element R such that P < R, Q < R,
and for any S such that P < S and @) < S5, then we have R < S. Notice that join and meet
elements may not exist in a poset. A lattice is a poset in which any pair of elements admits a
meet and a join. An element P € L is join-irreducible (resp., meet-irreducible) if P = RV S
(resp., P = RAS) implies P = R or P = S. An interval I in a poset L is a subset of £ such
that for any P, € I, and any R € L, if P < R and R < @, then R is also in I. A linear
interval L is an interval that is isomorphic to a chain (i.e., if z,y € L, then z < y or y < x).

Among the various partially ordered sets (posets) defined on Dyck paths, the most fun-
damental one is known as the Stanley lattice [39]. In this order, P is considered smaller
than @ if P remains weakly below (). The cover relations in this lattice are characterized by
transforming a valley DU into a peak UD. In the literature, most studied posets on Dyck
paths fit into the larger structure of the Stanley lattice. This means that if one path is smaller
than another in any of these partial orders, this property is preserved in the Stanley lattice.
This is true for several known examples, such as the Kreweras lattice [29], the Tamari lattice
(25, 28, 41], its greedy version [18], the alt-Tamari lattice [15], the ascent lattice [4], and the
pyramid lattice [5].

Since our study takes place within the framework of Tamari and pyramid lattices, we
begin with a brief review of their definitions and the main properties that will be relevant
throughout this paper.

In 1962 [41], the Tamari lattice 7, of order n is defined by endowing the set of bracketings

with a partial order. Via a straightforward bijection, this structure induces a lattice on the
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set D,, of Dyck paths. The corresponding order is given by the transitive closure =<; of the
covering relation
PP

that transforms an occurrence of DUQD in P into an occurrence UQDD in P’', where ()
is a Dyck path (possibly empty). See Figure 2 for an illustration of the Hasse diagram of
the Tamari lattice for Dyck paths of semilength 4. Geyer [26] proved that the number of
meet- (resp., join-) irreducible elements is n(n — 1)/2, and that the number of coverings is
(n —1)¢, /2, where ¢, is the n-th Catalan number. In 2006, Chapoton [13] proved that the

number of intervals in 7, is
2 dn + 1
nn+1)\n—-1)’

and the asymptotic behavior is C' - u™ - n=%/2. Later, Bernardi and Bonichon [9] exhibited a
bijection between intervals in 7,, and minimal realizers of triangulations.

Recently, Baril et al. [4] introduced the ascent lattice of order n, defined by endowing D,
with the transitive closure <, of the covering relation

P P
which transforms an occurrence of DU*D in P into an occurrence U*DD in P’, where k > 1.

See Figure 3 in [4] for an illustration of the Hasse diagram of the ascent lattice for Dyck
paths of semilength 4. Almost simultaneously, the pyramid lattice [5] of order n was defined

by endowing D,, with the transitive closure =<, of the covering relation

PP
that transforms an occurrence of DU*DF in P into an occurrence U*D¥D in P’, where k > 1.
See Figure 2 in [5] for an illustration of the Hasse diagrams of the pyramid lattice for Dyck

paths of semilength 4. Baril, K1rglzov and Naima [5] proved that the number of meet- (resp.,
join-) irreducible elements is 2"~! — 1, the number of coverings is

2 (2k+2)
k=0
l (n—i—k 1)216’

~3/2.

The number of intervals is

and the asymptotic behavior is C St en

Now, let us define the partial order on the set NZ, of non-increasing Dyck paths of
semilength n that will be the focus of this study. As already mentioned in the introduction,
it is defined by the Tamari Hasse diagram on which we have removed all Dyck paths that
are not non-increasing and all coverings (edges) adjacent to them. We denote the remaining
coverings by —, the transitive closure of these coverings by <, and the associated poset by
(NZ,,<) (or NI, for short). Notice that in a non-increasing Dyck path, a valley DU is
necessarily included in an occurrence DU* D for some k > 1. Therefore, the covering relation
— transforms an occurrence DU¥D* into an occurrence U¥D*+1. Moreover, this partial
order on non-increasing Dyck paths does not correspond to the one underlying the Tamari

lattice where UDUUDDUD <, UDUUUDDD, while UDUUDDUD and UDUUUDDD
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FIGURE 2. The poset N'Z,. The Tamari lattice 7 can be viewed by considering
the part in red color.

are not comparable in the poset NZ,. We refer to Figure 2 for an illustration of the Hasse
diagram of N'Z,. Finally, if we apply the same deletion process to the lattices of pyramids
or the ascent, then we obtain the same poset. We refer the reader to Figure 1 in [4] for an
illustration of the inclusion relations among the posets mentioned above, augmented by the
inclusion N'Z < Pyramid.

In our study, the following facts will sometimes be used explicitly or implicitly.
Fact 0. Let P be a non-increasing Dyck path. If P = RDUSD € NZ, then either S is
empty or S = U*DF for some k > 1. More generally, a valley DU in P is necessarily included
into an occurrence DU* D for some k > 1.
Fact 1. If P — P’, then the path P’ is above the path P, that is, for any points (x,y) € P’
and (z,z) € P we have y > z.
Fact 2. If P — P’ then h(P) < h(P’).



3. LATTICE STRUCTURE OF NZ,,.

In this section, we prove that N'Z, is a lattice for n > 1. First, let us give an important
remark after observing the two Hasse diagrams NZ, and 7, in Figure 2.

Remark 1. In 7y, the least upper bound of P=UDUUDDUD and Q = UDUDUUDD s
UDUUUDDD, which is a non-increasing path (as are P and Q). In NIy, the least upper
bound of P and Q) is UUUUDDDD, which is another non-increasing Dyck path. This means
that NI, cannot be a sublattice of T, for n > 4. Therefore, we need to prove that NI, is a
lattice for any n > 1, independently of the lattice structure of T,.

Proposition 1. For any P € NI, with n > 1, we have P < U"D" and (UD)™ < P, which
means that the poset NI, admits both a mazimum and a minimum element.

Proof. Let P # U™D" be a non-increasing Dyck path in N'Z,,. Since P # U"D", P contains
at least one valley. By Fact 0, the leftmost valley is necessarily part of an occurrence DU D¥
for some k > 1. Let P, be the Dyck path obtained from P after applying the covering
DU*D* — U*D*D to this occurrence. By Fact 1, any point (z,%) in P is below the point
(z,z)in Py (i.e., y < z). Iterating the process from P;, we construct a sequence of coverings
P— P — -+ — P, with » > 1, which necessarily converges to the Dyck path without
valleys, namely U"D™. This implies that P < U"D".

Let P # (UD)™ be a non-increasing Dyck path in NZ,. Since P # (UD)", P contains at
least one occurrence of U¥D*D for some k > 1. Let P; be the Dyck path obtained from P
after applying the transformation U¥D¥D = DU*DF to the rightmost occurrence U*D*D
in P. Since the transformation occurs on the rightmost occurrence U¥D*D of P, P, is
non-increasing, and the transformation from P; to P corresponds to a covering. Again, by
Fact 1, any point (z,y) in P is below the point (z, z) in P (i.e., y < z). Iterating the process
from P, we construct a sequence of coverings P, — --- — P, — P, with r > 1, where P,
does not contain any occurrence of U¥D¥ D, for any k > 1, that is, P, = (UD)". This implies
that (UD)" < P. O

The following proposition is adapted from Proposition 2 in [5].

Proposition 2. Let P,Q € NI, such that P < Q, P # Q, and suppose that P = RDS and
Q = RUS', where R is the mazimal common prefix of P and Q). Let W be the Dyck path
obtained from P by applying the covering P — W to the leftmost occurrence of DU*D¥,
with k > 1, in DS. Then we necessarily have W € NZ,, and W < Q.

Proof. The proof follows, mutatis mutandis, the same reasoning as in Proposition 2 of [5].

The only difference is that the non-increasing nature of the paths allows the transformation

to be applied first to the leftmost valley in DS, in contrast with the approach taken in [5]. O
Proceeding as in [5], we obtain the following corollary.

Corollary 1. The longest chain between (UD)™ and U™ D™ is of length n(n — 1) /2.

Let P C NT be the subset of non-increasing Dyck paths of the form P = P, P, --- P,, with
r > 1, where each P; is a pyramid. In other words, P is the set of Dyck paths whose valleys
all occur at height 0.

Lemma 1. For any P,Q € P, the paths P and QQ admit a join element PN @Q in NI,, and

PVQeP.
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Proof. We proceed by induction on the semilength n of P and (). The cases n < 3 are trivial.
Now, let us assume the property for n < N, and let us prove it for n = N + 1. We set
P=PP,---P.and Q = Q1Q2---Q, withr,s > 1, P#Q, and |P| =|Q| = N +1 (P, and
Q; are some pyramids). We distinguish two cases according to the lengths a and b of P, and
()1, respectively.

(1) If a = b, then P, = @1 = U*D*. We apply the induction hypothesis to P’ = P, ... P,
and Q' = Qs ... Q,, which implies that P’V Q' exists and P’V Q' € P. Therefore, the
path P, (P'V Q') = Q1(P'V Q') belongs to P, and it is necessarily the least upper
bound of P and @), completing the induction for this case.

(2) Now let us assume that a # b and without loss of generality, we suppose a < b. Let R
be an upper bound of P and @ (such a path exists by Proposition 1). Since a < b, and
by Fact 1, the path R must start with at least b up steps. Therefore, in any sequence
of coverings P — --- — R, there is necessarily a covering that involves and elevates
the up-step immediately after P;. By Proposition 2, such a sequence of coverings can
be chosen such that the first covering involves the first valley of P, i.e.

P=UD*P,Py; — U*D* *P,DP; — --- — R.

Iterating this argument, we can construct a sequence of coverings from P to R through
a path Pl = U*P,D*P; - -- € P. It is worth noting that the path P belongs to P and
does not depend on the upper bound R.

Iterating this process with P| and ), we can construct two Dyck paths P’ and @
such that the conditions P < R and ) < R are equivalent to P/ < R and ' < R,
where P' and )’ which also do not depend on R, now fall into case (1). By the
induction hypothesis, we conclude that P’V Q' = PV @ exists and PV () € P.

O

Theorem 1. The poset NI, is a lattice for any n > 1.

Proof. The proof of this theorem closely follows that of Theorem 1 in [5], with the exception
of the first case, which relies on Lemma 1. For any P,Q € NZ, we need to prove that P and
@ admit a join and a meet element. We proceed by induction on the semilength of the paths.

The cases n < 3 are trivial. Now, let us assume the property for all n < N, and let us prove
it forn=N+1. Let P=URDS and Q = UR'DS’, with P # @ and |P| = |Q| = N + 1.
We distinguish two cases according to the lengths a and b of R and .S, respectively.

(1) If @ = b, then S and S’ belong to P. By Lemma 1, SV S’ exists and belongs to P;
and by the induction hypothesis, RV R’ exists. Thus, the path U(RV R')D(S Vv 5")
lies into N'Z, and it is necessarily the least upper bound of P and @, which proves
that PV () exists.

(2) If a # b, then this case is handled in the same way as in the proof of Theorem 1 in
[5], to which we refer the reader for further details.

Then, a lower upper bound exists for P and (), which induces automatically the existence of

greatest lower bound since the poset is finite with a least and a greatest element. Therefore,
NTZ, is a lattice. O

Remark 2. For n > 3, the poset NI, is neither modular nor distributive. Indeed, it suffices
to observe that NI, contains a sublattice isomorphic to a pentagon. For instance, we can

take the sublattice of NI, obtained by taking the elements UM 3PD"3, where P € NI5.
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4. COVERINGS, DEGREES, JOIN, AND MEET-IRREDUCIBLE ELEMENTS

In this section, we provide enumerative results concerning the classical parameters of a
lattice, namely meet- and join-irreducible elements, coverings, and degrees. To that end,
we first obtain the trivariate generating function A(z,y, z), where the coefficient of x"y"2*
is the number of non-increasing Dyck paths of semilength n having k outgoing edges (or,
equivalently, k possible coverings) and ¢ incoming edges.

Theorem 2. The generating function A(x,y, z), where the coefficient of x"y* 2" is the number

of paths in NI,, for n > 1, having k outgoing edges and £ incoming edges, is given by
(1—-2)z(l — 2 —2*(1 — y)2)

(1—22)1—22+y)+22(0+y(2—2)—2)+23(z —y(1 — 2 + 22)))’

Az, y,z) =

Proof. For short, we set A := A(x,y,z). We consider the last return decomposition of a
nonempty Dyck path P € NZ, that is, P = RUSD, where R and S are Dyck paths. We
distinguish three cases:

(i) S is empty; (ii) S = U*D* with k > 1; (iii) R is empty and USD is not a pyramid.
Let Ay = Ai(x,y,2) Ay = As(x,y,z), and A3 = As(z,y, z) be the generating functions for
non-increasing Dyck paths satisfying cases (), (iz), and (4i7), respectively. Of course, we have
A=A+ Ay + As.

Case (i). S =e. We consider five subcases:
- If R=¢, then P = UD, and the generating function (g.f.) for this path is x.
- If R satisfies (i), then the g.f. for these paths is xyA;.
- If R=U*D" with k > 2, then the g.f. is £ zy.

1—xz

- If R satisfies (ii) but R # U*D* with k > 2, then the g.f. for these paths is

2
(AQ— $Z>$
1—2xzz

- If R satisfies (4i7), then the g.f. for these paths is Asxy.
This implies that

2 2

e )x—i—xyAg.
1—2z

Case (i7). S = UFDF with k > 1. We again consider five subcases:
- If R =¢, then P = UF'D*! with k > 1, and the g.f. for this path is ;2.
- If R satisfies (i), then the g.f. for these paths is A; %yz.
- If R =U*D* with k > 2, then the g.f. for these paths is 222 yz%

l—xz

- If R satisfies (ii) but R # U*DF with k > 2, then the g.f. for these paths is

Ay — v z i :
l—2z) 1-x
- If R satisfies (7i7), then the g.f. for these paths is Agyz%.
This yields:

oz
Al =x+oyA + xy—l—(AQ—
1—xzz

2 2 2

i T~z 112 x
+ Al xyz + (AQ — ) + AgyZ

1—xz zl—x 1—z

2




Case (iii). R =€ and P = UKS'D* where k > 1 and ' satisfies (i) or (i), but is not a
pyramid. Then the contribution in this case is

2
A3: * Z Al—l'—l—Ag— e .
11—z 1 -2z

Summarizing these three cases, we obtain the system of functional equations:

(
A =A+A+ A3,
Al (AQ )CB + A:ﬂy’
Ay = IZ =+ A yz+(A2 = xz)z—%—Agyzl -
A3 :EZ <A1_:E+A2_1—mz
\
Solving this system yields the result. |

The first terms of the series expansion of A(z,y, z) are
T+ (y+ 2) 2°+ (y2 +3yz + 22) x>+ (y3 +4yPr+ 4y + 285+ 3yz) i+
(y4 + 5Pz 4+ 8yt 4y + 2t 597 + Ty + 3yz) 2> + O (xﬁ) )

For example, the term 49222 in the above series indicates that there are 4 non-increasing Dyck
paths of semilength 4 with 2 outgoing edges and 1 incoming edge. From Figure 2, it is possible
to verify that these paths are UUDDUU DD, UUUDDDU D, UUUDDUDD,UUDUUDDD.
From Theorem 2, we can derive the following corollaries. Remember that F'(n) denotes
the n-th Fibonacci number, and L(n) denotes the Lucas number, defined by the recurrence
relation L(n) = L(n — 1) + L(n — 2) with the initial conditions L(0) = 2 and L(1) = 1.

Corollary 2. Let E(x) be the generating function whose coefficient of x™ is the total number
of possible coverings over all Dyck paths in NI, (equivalently, the number of edges in the

Hasse diagram). Then
(1 -z — 2?)2?

Ble) = (22 =3z 4+1)*

The coefficient of x™ is given by

1

R (2(n+1)L(2n —3) —6F(2n —4) — F(2n — b))
and an asymptotic approximation is

NG 3+v5)
SR

Moreover, the ratio between the numbers of coverings in NI,, and in the Tamari lattice T,
tends towards 0.

Proof. We obtain E(z) by calculating 9, (A(z,y,1))|,~1. Expanding E(z) into partial fractions
yields the stated closed-form expression for the coefficient of x™,

Considering the asymptotics of [2"|E(x) and (n — 1)c,/2 (using classical methods; see [21],
for instance), we conclude that the limit of the ratio between the number of coverings in
NZ, and T, is 0. O
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The first terms of the series expansion of E(x) are
2 + ba® + 182" + 592° + 1852° + 5642 + 16852° + 4957z" + O (2'%)

and the sequence of coefficients corresponds to A377866 in the OEIS [37]. This sequence
counts the number of subwords of the form U D DU in non-increasing Dyck paths of semilength
n+ 1 (see [22]). It is worth noting that the distribution of the number of occurrences of
UDDU in NI, does not coincide with the distribution of the number of coverings in NZ,,,
which compromises the existence of a bijection that transports these statistics.

Corollary 3. Let M(x) be the generating function whose coefficient of x™ is the number of
meet-irreducible elements (i.e., Dyck paths with only one outgoing edge). Then

LEQ

(1—2z)(@3—22x+1)

M[(x) =

The coefficient of x™ is given by
F(n+3)—n-—2,

and an asymptotic approximation is

145\ 2v/5
™ \/_ 1+ i .
2 5
Proof. The generating function corresponds to the coefficient of y in the series expansion of

A(z,y,1), that is, [y]A(z, y, 1) = 9,(A(z, y,1))[y=0. -
The first terms of the series expansion are

2% 4+ 32 4 Tt + 142° 4 262° + 4627 + 792° 4 1332° + O(2'?),

and the sequence of coefficients corresponds to A001924 in the OEIS [37], which counts the
number of nonempty subsets of {1,2,...,n} such that the difference of successive elements is
at most 2.

Corollary 4. Let Ji(x) be the generating function whose coefficient of x™ is the number of
join-irreducible elements (i.e., Dyck paths with only one incoming edge). Then

22 (22 +1

sy =D,

(1—=x)
and the coefficient of x™ is given by n? — 3n + 3.
Proof. In the same way as for the previous proof, the generating function corresponds to the
coefficient of z in the series expansion of A(x,1,2), that is, [2]A(x, 1, 2) = 0.(A(x, 1, 2))]|.=o-
O

The first terms of the series expansion are

2%+ 32° + T2t + 132° + 212° + 312" + 432% + 5727 + O(2'?),
and the sequence of coefficients corresponds to A002061 in the OEIS [37].

Denote by L the set of non-increasing paths in N'Z with exactly one outgoing edge and
exactly one incoming edge. Let L(x) be the generating function whose coefficient of x" is the

number of such paths of semilength n.
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Corollary 5. Let L(x) be the generating function whose coefficient of x™ is the number of
paths in NI, n > 1, with exactly one outgoing edge and exactly one incoming edge. Then

33
L(z) —
@) = 2

and the coefficient of ™ is 0 whenever n < 2, and 3 whenever n > 3.

Proof. For n < 2, there is no such paths. For n = 3, there are three such paths: UUDDU D,
UDUUDD, and UUDUDD. For n > 4, the number of these paths is given by the coefficient
of y?a" in A(z,y,y), that is, [y*2"|A(z,y,y) = 2. O

T l-=z

Corollary 6. Let D(x,y) be the generating function whose coefficient of x™y* is the number
of paths in NZ,, n > 1, having degree k (i.e. paths with k incident edges). Then

(23y? — 2y — 22> + 2%y — 2 + 20— 1)
(1 —zy) (23y? — 23y? + 22?2 — 2?2y — 22+ a2y + 22— 1)
The generating function for the total sum of degrees in the Hasse diagram is given by
(1—x2—2%) 22
(22 =3z + 1)

and the coefficient of x™ is clearly twice the number of coverings obtained in Corollary 2.

D(z,y) =

DD(z) =2

Proof. The function D(x,y) is obtained by evaluating A(x,y, z) at z =y, that is, D(z,y) =
F(x,y,y). The function DD(x,y) is obtained by computing DD(z) = 0,(D(x,y))|y=1. O
The coefficients of the first terms of the series expansion of D(x,y) are given in Table 1.

n\k|0 1 2 3 4 5 6 7 8
1 110

2 {0 20

310 0 5 0

4 10 0 3 10 O

5 |0 0 3 12 19 O

6 [0 0 3 16 34 36 O

7 10 0 3 20 55 88 67 O
8 |0 0 3 24 8 170 209 124 0

TABLE 1. Number of paths P € NZ,, with degree k.

Note that the diagonal 1, 2,5, 10, ... has generating function
z(1 + 2?)
(1—2)1—x—a%2—a3)’
whose coefficients correspond to the sequence A001590 in [37]. This sequence is generated
by the tribonacci numbers T'(n + 2) minus 1, where T'(n) is defined by the recurrence

T(n)=T(n—1)+T(n—2)+T(n—2) with initial conditions T'(0) = T'(2) = 0 and T'(1) = 1.
11
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5. ENUMERATION OF INTERVALS

In this section, we derive the generating function for the number of intervals in the lattice
NZ,. Our approach is inspired by the work of Bousquet-Mélou and Chapoton [12], as well
as by [4, 5].

We introduce a catalytic variable that tracks the height of the last valley of the upper
bound of an interval, and define the bivariate generating function

](fl',y) = Z an,kmnyka

n,k>1

where ay, j is the number of intervals in N'Z,, such that the upper bound @ satisfies h(Q) = k.
Similarly, we define
J(.T,y) - Z bn,kxnyka
n,k>1
where b, is the number of intervals in N'Z,, such that the upper bound @ is a prime Dyck
path and satisfies h(Q)) = k (recall that a Dyck path is prime whenever it only touches the
x-axis at its beginning and end).

Lemma 2. The following functional equation holds:

I(x,y) = J(z,y) + I(z,1) - v

(1—=z)*

Proof. Let (P,Q) be an interval in NZ,,, where P is the lower bound and @ is the upper
bound. We distinguish two cases:

(1) If @ is prime, then the contribution for these intervals is simply J(z,y).

(2) Otherwise, @) is not prime and admits a last return decomposition of the form
QQ = RUSD, where R, S € D and R # €. Since R # € and () is non-increasing, it
follows that USD = U*D* for some k > 1.

On the other hand, P must be of the form P = P, P,, where P,, P, € NI, and P,
has the same length as USD. Therefore, there is a bijection between such intervals
and pairs (I1, I1) of intervals, where I} = (P, R) and I, = (P, U*D*), k > 1, where
I; is any interval of smaller length, and I is any interval of smaller length such that
the upper bound is U¥D¥, k > 1, and the lower bound has all its valleys (if any) at
height zero (otherwise, Py P, would not be non-increasing). Moreover, P, is necessarily
of the form (UD)'U?D? withi+j =k, j>1,and i > 0.

The generating function for such intervals is therefore given by

x

(1—x)*
Combining both cases yields the desired result. O

I(x,1) -

Lemma 3. The following functional equation holds:

zyN(ry) L2 (J(z,y) — N(zy)) L (J(z,y) —yJ(z,1))

J — I
(,y) = xy + zyl(z,y) + — . T—0w-1

x(1—x)

where N(Q;) = m

12



Proof. Let (P,Q) be an interval in NZ,,, where P is the lower bound and @ is the upper
bound.
We distinguish six cases.

(1) If P=UD and @ = UD, then the contribution is zy, since h(Q) = 1.

(2) If P is a prime Dyck path with P # UD), then we have P =UP'D and Q = UQ'D,
where both P’ and ) are nonempty Dyck paths. I this case () is also prime, and
(P, Q') is an interval in NZ,,_1. Since h(Q) = h(Q’) + 1, the contribution of intervals
in this case is zyl(x,y).

For the last four cases, P is not prime which means that it has a last return decomposition
P = RU*D* with R € NZ and R not empty.

(3) If Q@ = U"D" then the intervals are of the form (RU*D* U"D") with k > 1 and
R € NZ. Since we have h(U"D"™) = |R| + k = n, the contribution of intervals in this
subcase is

Ty
N(zy).
— (zy)

For the last three cases, we assume that ) # U™ D"; that is, @) is a prime Dyck path and
P is not prime. Since P = RU*D* and @ is not a pyramid, ) must contain at least
one valley. Consequently, () is necessarily of the form

Q=USUD'U'D’ with ¢ >k and i,j > 1.

We refer to Figure 3 for an illustration of this structure.

(P,Q) = (RU*DF, USUD'U' DY) +—

(R,Q1) Uk Dk

FIGURE 3. An illustration of an interval (P, (Q)) where P is not prime, and @
is prime with at least one valley.

(4) Assume ¢ > k. Figure 3 illustrates this case. Let us define
Q1 =USUD'U*DI™".
Since (RU*D* USUD'U*D?) is an interval, there exists a chain of coverings
Py=RU*DF - P, - P, — .- = P, =USUD'U*D.

For each 1 < a < r, the last peak UD of P, must be included in an occurrence of the
form UD? with b > k.
Now, let us consider the chain

Pj=R— P - P,—---— P =USUD'U"*DI™" = Q,,

where each P! is obtained from P, by deleting the rightmost occurrence of U*DF.
Note that it is possible for some index v that P, = P, ;, which we refer to as a
duplicate. If we do not consider the duplicates, then we obtain a chain of coverings

from R to (1, which implies that (R, Q) is an interval in N'Z,, .
13



Conversely, assume that (R, () is an interval. Then there exists a chain of coverings
Pb=R—P —--— P =Q.

By Fact 2, we have h(R) < h(Q;). Suppose that R = R'DU*D*®*¢  We now
consider the chain of coverings

RU*D¥ = R'DU*D*®tey* DF — R' DU DAt~ 1UFDFD —
R/DUaDh(RH»anUkaDZ . 3 R = R/DUaJrth(r)JraJrk'

Observe that all these paths are non-increasing, and h(R"”) = h(R). Then we consider
the chain of coverings

P! =R'"— P' - .P'=Q,

where P/, for 0 < a < r, is obtained from P, by replacing the last peak UD with
U1 Dk+1 . Therefore, we conclude that RU*D* < Q.

Hence, intervals (P, Q) € NZ, in this case are in one-to-one correspondence with
the direct product of the peak U*D¥ (for k > 1) and the set of intervals (R, Q;), where
R e NZ,_;, and Q; is prime that is not a pyramid. The corresponding contribution
to the generating function is

T

T (J(@y) = N(zy)).

For the last two cases, we assume that £ = k, so that Q = USUD'U*D’ and P = RU*D*.
These two cases are illustrated in Figure 4 and Figure 5, respectively. Let @) =
USUD!D’=* be the path obtained from @ by removing the rightmost occurrence of
U*D*. We now consider two separate subcases: one where h(Q;) = h(Q), and another
where 1 <h(Q) <h(Q;) — 1.

(5) Assume that h(Q1) = h(Q). This implies that @) is not a pyramid, and that the height
of the last valley of @ is equal to j — k, i.e., h(Q1) = j — k. Using similar arguments
to those employed in the previous case, one can show that (RU*D* USUDU* D7) is
an interval if and only if (R, Q1) is an interval, where () is prime and not a pyramid.
Thus, intervals (P, Q) € NZ, in this case are in one-to-one correspondence with the
direct product between U*D* k > 1, and intervals (R, Q;), where R € NZ,_, and
(21 is prime and not a pyramid. The corresponding contribution to the generating

function is
T

1—2z

(J(z,y) — N(zy)).

(P,Q) = (RU*D*, USUD'U*D?)  +— NN

FIGURE 4. The illustration of Case (5).
14



(6) Assume that h(Q;) > h(Q). Again, let us consider Q; = USUD'DI=* where
1 <j—k<h(Q1)—1 (in this case, @1 can be a pyramid). As in the previous cases,
one can show that if (RU*D* USUD'U*D7) is an interval in N'Z,,, then it follows
that (R, Q) is an interval in NZ,,_;, and 1 < j — k <h(Q;) — 1.

Conversely, given an interval (R, Q1) € NZ,_y, one can associated it with h(Q;) —1
intervals in NZ,, that satisfies this case. Below, we list these possible intervals (P, Q)
after rewriting @ = US'DU*D?*D*®) for some s > 1:

((RU*D*,US'DU*D* ' U* DF@)71),
(RU*D*, US' DU*D*T?U* DFrQV=2),
(RU*D*, US' DU D* ™)1+ Dk,
where h(Q)) =h(Q1) — 1,h(Q) = h(Q1) — 2,...,h(Q) = 1, respectively.

(P,Q) = (RUka, USUDiUij) PN

FIGURE 5. The illustration of Case (6).

The corresponding contribution to the generating function is

- DD bty Y = - DO hx”—yh_
1—x " 1—x " y—1 "~

h>1 n>1 h>1 n>1

that can be expressed as

n Y . 1 J(z,y) — yJ(z,1
1f$-<zzbn,hx y _yzzbnvhxy_J:lfm' (acy)y_y1 (. 1)

y—1
R>1 n>1 R>1 n>1

Combining all these cases, we obtain the desired result. O

From Lemma 2 and Lemma 3, and after a straightforward substitutions, we obtain a
system of functional equations.

Theorem 3. The following system of functional equations holds:

A
[ = - 1
(z,y) J(:v,y)+1_3m+x2J(:v, )
(1—y)yz(zy—1) (2%y —ay — 32+ 1)  ay(2®y—azy —2x+1)
J K = ~ J(z,1
(.flf,y) (x7y) $2y2—3xy—|—1 x2_3x+1 (.’L', )7

where
K(z,y) = 2*y* — 2%y —oy* — 22y + 22 +y — 1.

15



In order to compute J(z, 1), we apply the kernel method [1, 34] to the second equation of
the system of Theorem 3. This method consists in canceling the factor K (x,y) that multiplies
J(z,y), by choosing a value of y that makes K (z,y) = 0. To do this, we solve K(z,y) =0
and select one of the its algebraic roots, denoted by 1y, as a function of z. Substituting
Yy = 1o into both sides of the equation eliminates the left-hand side, and thus the right-hand
side must vanish as well. This yields an identity that can be used to compute J(z,1). The
corresponding root is given by

C1-2z—2?— Vot -4+ 1422 —8x +1
o= 2z (1 —x) 7

which leads to the following theorem.

Theorem 4. The generating function J(x, 1), which enumerates intervals (P, Q), where @ is
a prime Dyck path, is given by
—28 + 525 — 172t + 2423 — 2322 + 92 — 1 + A(1 — 3z + 622 — 323 + 2*)

J(x,1) =
(z,1) 4(=1+z)2x—1)(a* =223+ 822 - Tz +1)

v

where

A=Vat—423+1422—-8zx+1 and V:(x2—3x+1)(x2+A—l—1).

Moreover, the bivariate generating function J(x,y) for the number of intervals (P, Q) where
Q is prime, with respect to the semilength and the statistic h(Q), is given by

1 <(1_y)yx(xy—1)(x2y—xy—3x+1) _a:y(ny—ZUy—2$+1)J($71)>‘

J -
(z,9) K(z,y) x2y? —3axy+1 2 —3x+1

The first terms of the series expansion of J(x,1) are
x + 227 + 82° 4 392" + 1992° + 10312° + 539027 + 283862° + 1504432 + O(z'?).

An asymptotic of the coefficient of 2" in J(x, 1) is approximately
123.05
0.177"

The coefficients of the first terms of the series expansion of J(z,y) can be viewed in the
columns k£ > 1 in Table 2.

_3
2.

n

Theorem 5. The generating function I(x,1) for the number of intervals (P, Q) is

(—a0+(at—323+622—32+1)A+525—17 2442423~ 23 2249 1) (22 +A+1) (1-2)

I(z,1) = 1(1—2z)(z"—223+822—Tx+1)

The generating function I(x,y) for the number of intervals (P, Q) with respect to the semilength
and the statistic h(Q) is

I(z,y) = J(z,y) + I(x,1).

x
(1—x)?
The first terms of the series expansion of I(xz,1) are

z + 327 + 132° + 612" 4 2992° + 15082° + 775227 + 403852° + 2124642° + O(2'°).
16



S
/
B

o = O OO

22 18 8 0 13

100 92 52 21 0 34

477 461 285 141 55 0 89
2362 2330 1509 800 374 144 0 233

N O O =W NN = O

TABLE 2. Number of intervals (P, Q) in NZ,, satsifying h(Q) = k.

An asymptotic of the coefficient of x™ is approximately
166.78

0.179»
which follows the typical tree behavior. The coefficients of the first terms of the series
expansion of I(z,y) are given in Table 2.

_3
-n 27

6. GOING FURTHER

In this section, we discussed several open questions related to the lattice NZ,,.

Intervals in N'Z,, are also intervals in the Tamari lattice of order n which are in one-to-one
correspondence with minimal realizers via the bijection of Bernardi and Bonichon [9]. A
natural question arises: is it possible to find a restricted subclass of minimal realizers that
corresponds bijectively to the intervals in NZ,,7?

The distance between two Dyck paths P and () is the length of a shortest path between P
in () in the underlying undirected graph of the poset.

Question 1. Is there a polynomial-time algorithm to compute the distance between two Dyck
paths in NI, ?

The diameter is the maximum distance between any two vertices.
Question 2. Find the diameter of NT,.
The Mébius function [40] of NI, u: NI, — Z is defined recursively by
u(P) =— Z p(Q) it P # (UD)", with initial condition u((UD)") = 1.
Q<P
Question 3. For n > 2, is there an efficient and non-recursive algorithm to compute the
Mébius function of NI, as in [33]7

An m-Dyck path of size n is a path on N2, starting at the origin and ending at (2nm, 0),
consisting of up-steps (m,m) and down-steps (1, —1). In the literature, these paths have

been endowed with a lattice structure that generalizes the Tamari lattice [10, 11].
17



Question 4. Is it possible to generalize this study for non-increasing m-Dyck paths?
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