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1. Introduction and motivation

A hexagonal circle packing is a configuration of congruent circles in the plane arranged so that any two circles are either
disjoint or tangent. Every circle is tangent to exactly six others, corresponding to its six nearest neighbors, and the set of
centers of the circles forms a triangular lattice in the plane. See the left part of Fig. 1. The hexagonal circle packing can
also be represented as a planar tiling. A circle is surrounded by a regular hexagon determined by its tangency points, and
the hexagonal tiling may be subdivided into equilateral triangles, see the Fig. 1. Thus, the geometry of the packing can be
studied either in terms of tangent circles or in terms of a hexagon-triangle tiling.

Fig. 1. The hexagonal circle packing and the associated hexagon-triangle tiling.
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Fig. 2. On the left, the partial Rackiﬂg path UUDFFDUFFUDFUUFFFDDFU with 21 steps, ending at height 2 and abscissa 30. On the right, the packing
path UUDFFDUFFUDFUUFFFDDD with 20 steps, ending on the x-axis at abscissa 28, area 9 and kissing number 8.

In this geometric setting, counting paths provides a clear mathematical way to study connectivity. It also relates to basic
ideas from percolation, where one asks when long or connected paths can appear (see [4,5,15]).

In this paper, we study paths defined on the hexagonal circle packing. Such paths follow the arcs determined by the
tangency relations between neighboring circles. There are three possible directions (East, North-East and South-East), and
for each of them, there is a convex arc and a concave one. So, there are six possible types of arcs within the packing. These
arcs are illustrated below:

/ —_ \
NE = , E= , SE= , NE= J. E= . SE=\_
~—

For short, we denote them by U, F, D, U, F, and D, respectively. A path in the hexagonal circle packing is formed by
concatenating arcs of these six types remaining within the quarter plane N2, For convenience, we fix the origin at the
tangency point of two horizontally aligned circles, and we set the radius of each circle to 2.

A packing path is a path in the hexagonal circle packing starting at the origin, ending on the x-axis, and consisting

of steps from S = {NE,E,SE, NE, E, SE} (or equivalently S ={U, F, D, U, F, D}). A partial packing path is any prefix of a
packing path. See Fig. 2 for an illustration of a partial packing path (on the left) and a packing path (on the right).

Let P (resp. P’) denote the set of all partial packing paths (resp. all packing paths). A statistic on the set P is a function
w from P to N. We now introduce the statistics relevant to our study.

The width of a path P € P, denoted width(P), is the abscissa of its endpoint. In this setting the abscissa of a point
is defined by the horizontal displacement accumulated along the path. Each diagonal arc of type NE, SE, NE, or SE (or
equivalently U, D, U, D) increases the abscissa by one unit, while each horizontal arc of type E or E increases it by two
units. We denote by ¢ the empty path, that is, the path of width 0. For n > 0, P, and P}, will denote the sets of paths of
width n in P and P’, respectively.

The final height (or simply height) of a path P, denoted height(P), is the unique integer such that the ordinate of the
endpoint of P equals height (P)-+/3. Each diagonal arc U, D, U, D increases the height by one unit, while each horizontal
arc of type F or F does not change the height. The number of steps of a path P, denoted nbstep(P), is the number of arcs
in the path. In the case where the path P ends on the x-axis, we defined its area, denoted area(P), as the number of
circles lying below the path and above the line y = —2. The kissing number of a path P, denoted kiss(P), is the number
of circles below the path that touch it.

For example, Fig. 2 (left) shows a partial packing path with width(P) =30, height(P) = 2, and nbstep(P) = 21.
Fig. 2 (right) shows a packing path with width(P) =28, nbstep(P) =20, area(P) =9, and kiss(P) =8.

Let us assume that the statistic w returns either the width, or the height, or the number of steps, or the area, or the
kissing number of a path. Similar statistics have been studied on the hexagonal lattice in [3].

For k > 0, we consider the generating function f; = fx(2) (resp. gx = gx(2), resp. hy = hi(z)), where the coefficient of z"
in the series expansion is the number of paths P € P such that w(P) =n, ending at height k (i.e. at ordinate k../3) with a
step U or U (resp., with a step D or D, resp., with a step F or F).

Let fl? (resp. gg, hg) be the generating function for the paths considered in f; (resp. gk, hx) ending with an unbarred
step. Let fk1 (resp. g,}, h,l) be the generating function for the paths considered in fi (resp. g, hy) ending with a barred step.
Obviously, we have

fk:fko—i—fk], gk:g,9~|—g,l, andhk:h£+h,1<, for any k > 0.

We consider the following bivariate generating functions, for i € {0, 1}:

Fi(u):=F(x,u)=Zf,’;u”, Gi(u):=G(x,u)=Zg,’;u", H’(u)::H(x,u):thlu”,

n>0 n>0 n>0

and we set
S, u) :=FOu) + F1(u) + G%u) + G'(u) + Ho(u) + H' ().
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Motivation and outline of the paper. In this paper, we provide enumerating results for partial packing paths and packing
paths. More precisely, in Sections 2, we give bivariate generating functions and exact values for the number of these paths
with respect to the width and the final height. We also provide a bijection between packing paths of width 4n and skew
Dyck paths with n steps, where the down-steps come in two colors. We establish a connection with Riordan arrays and we
determine the associated A- and Z-sequences. In Section 3, we make a similar study for partial packing paths with respect
to the number of steps and the final height. We provide a bijection between packing paths with n steps and Motzkin paths
where down-step d is always followed by at least one flat-step, and each flat-step follows either a down-step or another
flat-step. In Section 4, we study packing paths with respect to the width and the area. The bivariate generating function is
then expressed as a continued fraction. In Section 5, we provide the bivariate generating function for packing paths with
respect to the width and the kissing number. We then focus on such paths avoiding UD and DU, and we establish a one-
to-one correspondence with Dyck paths that make a link between the kissing number and the number of peaks UD. We
also prove that packing paths with a given kissing number are enumerated by the generalized Catalan numbers that count
the secondary structures of RNA molecules.

2. Partial packing of a given width

In this section we count paths in P of a given width, namely those ending at a prescribed abscissa, classified by their
final height.

By convention we set fg =1, corresponding to the empty path consisting only of the origin (0, 0). Since a step U cannot
terminate at an even height, it follows that fzok =0 for all k> 1.

Consider now paths P ending with a step U and satisfying height(P) = 1. Such a path is either P=U, or P=Q U
where Q is a path of height 0 ending with D. This yields

f=x+xg).
Any path P ending with a step U and such that height(P) =2k —1 >3 is either P=Q U or P =R U, where Q (resp.
R) is a path of height 2k — 2 ending with U (resp. ending with D). Hence
0 1 0
foko1 =% + 8 2)-
Other recurrence relations for f,i, gl‘;, and hL, k>0, i€{0,1}, can be obtained mutatis mutandis. In this way, we obtain
the following system of equations:

fg =1and fgk =0,

f]o =Xx+ ng, and fé)k,1 = X(f21k72 + g(z)k,z)a k>2,

fo=0and f), ,=0, k>1,
Foe =x(fg 1 +h3_p), k>1,
g% =0, k>1, h9, =0, k>0,
8ok = X( &y Hho ). k=0, W1 =X +hy ). k=1,
g, =0, k>0, h}, =0, k>0,
o1 = X(fyy + 85, k=1, hye 1 =X (g +hy . k=1

Summing the previous recursions, we have

FOu) =1+4xu(1+F'w) +Gu)),
Flu) =xu(F°(w) — 1+ H'(u)),
GO =G W +HW),

Glw) =3(F'w)+Gu) —gp.
Ho'w) =x*(F°(w)—1+H'u)),
H'(u) =x*G'w) + HO)).

Solving the above functional equations, we deduce

w3 W%+ 1)gd +2uxd + utx? + 3ulxt —udx+ux —u? 4+ x2
u*x2 + 3u2x* — u? + x2

u?x? (2x2g5 —u? +x?)

utx2 +3uZx* —u2 4 x2’

Fou) =

’

Flu) =
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AR WA

Fig. 3. The 10 paths ending on the x-axis at abscissa 8.

X (W2 - 1)gl +2u2x?)
u4x2 4 3u2x4 —u2 +x2

ux (u2x? +2x* — 1)g3 + u?x? + x*)
u4x2 4+ 3u2x* —u? + x2

GOw) =— Glu) =

)

Xu (2x2g) — u? +x?)
udx? +3u2x4 —u? +x2°

ux3 (ux? — 1)g3 + 2ux?)

H'(u) =
@) udx? +3u2x4 —u2 4+ x2

HO®u) =

In order to compute gg = G9(0), we use the kernel method [1,2,10-12] on F!(u). This method consists in canceling the
denominator of F!(u) by finding u? as an algebraic function r of x. Therefore, if we substitute u? with r in the numerator,
then it necessarily vanishes (in order to counterbalance the cancellation of the denominator), which determines the value
of g0. Thus, we factorize the denominator u*x? + 3u?x* — u? + x> = x>(u? — r)(u? —s) with

po 13 VO 10X 41 13X+ V09X 10X +1

2x2 ’ 2x2

The cancellation of the numerator 2x>gJ — 12 + x* gives

o r—x* 1-5x"—9x% —10x*+1
So=w = 4x4 '
Now, substituting gg with this value in the generating functions, and simplifying by (u? —r) in both the numerator and
the denominator, we obtain the following result.

Theorem 1. We have

2_3 4 2 2 3 2
Fo(u):1+w’ F1(u):u_27 GO(U)ZX—H7 and
2x(s—u?) s—u 2(s—u?)
2 3 2
G](u)zw, Ho(u)zir Hl(u)zw_
2x (s — u?) s—u 2(s—u?)

Finally, the bivariate generating function S(x, ), where the coefficient of x"u¥ is the number of paths of width n ending at height k,
satisfies

u(sx?—2x*—1)—sx> —x

2x3 (u2 —5s)
C3ux* =3 +4x%utu+3x— (u—x)vV9x8 —10x +1
B 2x<1 —2u2x2—3x4+m) '

Sx,u) =

The first terms of the series expansion of S(x, u) are

14+ xu+ uzxz—i-(u3 + 2u)x3 + (u4 + 2)x4 + (u5 +2ud+ 4u)x5 + (u6 + 6u2)x6+
u’ +2u° + 8u’ + 10u)x” + (u8 +10u® + 10)x8+
@® +2u” + 12u° + 18u> + 20u)x° + '° + 14u® + 38u?)x'%+
'+ 2u® + 16u” + 26u° + 56u° + 58u)x! + 0 (x1).
In Fig. 3 we show the 10 paths of width 8 ending on the x-axis, corresponding to the bold coefficient in the above series.

Using the Vieta relations rs=1and r +s= 1‘)3"4, we deduce the following.

4
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Corollary 1. We have

2 —rx? —3x%
[u2-11FO (1) = Trk’ k>1, WX Flw)=rk k>1,
5 2
34T e X AT ket
) 2x
3x% 4r
T+ Ko k>1,

w16%w) = ck>1, [w*elw) = , k>0,

[u2k—1]H0(u) — er, k 2 1, [u2k—1]H1 (u) —

2
SX 1
(]S (x, u) = %r"“, k=0,  [uPS(u) =

all other coefficients vanish, except [u®]1F%(u) = 1.

2 2
14 2x° —sx et

3 , k>0, and

In the following theorem we give an expression to compute the coefficient x"u¥ in the series expansion of S(x, u).
Theorem 2. Let s(n, k) denote the number of paths of width n ending at height k. Then
1
s(4n — 2k, 2k) = 3 (w(dn — 2k, k) + wdn — 2k — 1),k + 1)),

1
sdn—-2k—1,2k+1)= 3 (wn -2k —1),k+1) —w(4n — 2k, k)),
sdn—2k+1,2k+1)=w@n -2k —-1),k+ 1),
and s(n, k) = 0 otherwise, where

n—k

k -1
w(4n—2k,l<):EZ:&”*"*‘Z("JFz )(n Z E),nzl,kzo.

=0

Proof. Define

1—3x—+/1—10x + 9x2

F=x12rx1/4) =

5 ,
which satisfies the functional equation 7 = x®(F), where
1+3u
D)=
1—u

By Lagrange inversion (see, e.g., [8]), for integers n,k > 1 we obtain

X" = Lf[x"—"mx)”

— E[xn—k] 1 +3X "
n 1—x

Kk n+e6—1 n
— _ 3”—](—[ .
nz ( 14 )(n—k—@)

=0

Thus, for n > 1 we have

K 1=k n+4£-—1 n
4n—2k..k n—k—¢
=- E 3 ,
Lx ¥ n < L ) (n —k— Z)

=0

while [x™]r* = 0 if m = 2k (mod 4).

Using Corollary 1 and setting w(4n — 2k, k) := [x**~2]rk, we then obtain explicit closed forms for the numbers fO(n, k),
fln, k), g%n, k), g'(n, k), h°n, k), and h'(n, k) which count partial packing paths of width n ending at height k whose last
step is of type U, U, F, F, D, and D, respectively. O

Corollary 2. The generating function S(x) = S(x, 1), where the coefficient of x" is the total number of paths of width n, satisfies

—1—x+4x3 +9x* = 3x° + (1 + x)v/1 — 10x* + 9x8

S = 431 —3x2)
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The first terms of the series expansion are

T4+ x+x%+3%° +3x + 7% + 7x% + 21x7 + 2128 4+ 53x° + 53x10 + 159x!1 + 0 (x1?).
Moreover, for every n > 1, the coefficients of x*" and x?"~1 coincide, and the sequence of coefficients of x2 for n >0
corresponds to A368773, which currently appears in the OEIS without a known combinatorial interpretation.

Corollary 3. The generating function whose coefficient of x" is the number of paths of width n ending on the x-axis satisfies

Sex 0)_x2+r_1—x4—\/1—10x4—|—9x8
T k2 4x4 ’

Moreover, we have [xO]S(x, 0)=1,

x*1S(x, 0) = %24"(1’:) (k—?—l)’ forn>1,
k=0

and 0 otherwise. An asymptotic approximation of the 4n-th term is

31+2n
R+ 2mi

The first terms of the series expansion are

1+ 2x* +10x8 + 58x'2 + 370x'° + 2514x%° + 17850x** + 0 (x%%).

The sequence of coefficients of x** for n > 0 corresponds to the sequence A086871, which counts skew Dyck paths of
semilength n with down-steps in two colors.

By calculating 9, (S(x, u))|u=1, and using classical methods (see [6,9]) for the asymptotic approximation of the coefficient
of x", we obtain the following result.

Corollary 4. An asymptotic for the expected height in all paths of a given width is given by

[mtn
5
2.1. A bijection with the skew Dyck paths

We conclude this section by presenting a constructive bijection f between packing paths of width 4n ending on the
x-axis and skew Dyck paths with n steps, where the down-steps come in two colors.

Recall that a skew Dyck path is a lattice path in the quarter plane starting at the origin, ending on the x-axis, and
consisting of steps u = (1,1), d=(1,—1) and £ = (—1, —1). Let K, denote the set of skew Dyck paths of length n in which
each down-step can be taken in one of two colors, say d and d’. (For interpretation of the colors in the text, the reader is
referred to the web version of this article.) We also set IC =~ Kn.

Proposition 1. Define a map f : P’ — K recursively as follows. For the empty path we set f(€) = €. For P # €, we define

ud f(Q) ifP=UFD Q with Q € P/,

ud f(Q) ifP=UUDD Q with Q € P/,
fey={ufUQ)?¢ ifP=UFFQ withUuQ e P/,

uf(Q)d ifP=UUQ DD with Q e P', Q #¢,

u f(UR)d f(Q) ifUU Q DFR with Q e P/, UReP'.

Then f is a bijection from P’ onto K.

Due to the recursive definition, the image under f of a packing path in P, is a skew Dyck path in /C,, and it is not
difficult to check the injectivity of f. The cardinality of P}, and K, being the same, we deduce the bijectivity of f. We
refer to Fig. 4 for an illustration of f when P =UU UFD DDFUDDUFFFD and f(P) = uud'uudé¢dud.

6
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Fig. 4. The packing path P=UU UFD DDFUDDUFFFD and its image by f: f(P) = uud uudfdud.

2.2. A connection with Riordan arrays

Consider the matrices S, = [s(4n — 2k, 2k)]n k>0 and Sy, =[s(2n + 1, 2k + 1)1, k>0. The first few rows of S, and S, are

1 0 0 0 0 0 O 1 0 0O 0 0 OO

2 1 0 0 0 0 O 2 1 0O 0 0 0O

10 6 1 0 0 0 O 4 2 1 0 0 0O

Se = 58 38 10 1 0 0 O So=| 10 8 2 1 0 00O
370 254 82 14 1 0 0 20 18 12 2 1 0 O

2514 1774 642 142 18 1 O 58 56 26 16 2 1 O

17850 12822 4986 1286 218 22 1 116 138 108 34 20 2 1

Both matrices are Riordan arrays. Recall that a Riordan array is an infinite lower triangular matrix defined by a pair of
formal power series (g(x), f(x)) with g(0) #0, f(0) =0 and f’(0) # 0, such that the kth column has generating function
g(x) f(x)k. If we multiply (g, f) by a column vector (cg,cq,...)T with the generating function h(x), then the resulting
column vector has generating function g(x)h(x)(f(x)).

The product of two Riordan arrays (g(x), f(x)) and (h(x), £(x)) is defined by

(&), () * (h(x), LX) = (X h(f (X)), £(f(X))).

It is well known that the set of Riordan arrays forms a group under this operation [13]. The identity element is I = (1, x),
and the inverse of (g(x), f(x)) is given by

(mMJu»*=( ,TMO, (1)

1
(go )

where f(x) denotes the compositional inverse of f(x).
Notice that the full matrix S = [s(n, k)]n k>0 is not a Riordan array, but rather a double Riordan array (cf. [14]). From
Corollary 1 and the definition of a Riordan array, we obtain the following result.

Theorem 3. The matrices S, and S, are Riordan arrays. More precisely,

S <1—x—«/1—10x+9x2 1—3x—«/1—10x+9x2>
e — s

4x 2

and

4x3 2X

s (1 42X — 5% — 63 — (14+20v1 — 102 +9x% 1—3x% — 1 —1Ox2+9x4)
0 — ) N

Riordan arrays admit a useful structural characterization in terms of two auxiliary sequences, known as the A-sequence
and the Z-sequence. These sequences encode, respectively, the linear relations between consecutive rows and together with
the initial value dg o they completely determine the array. More precisely, an infinite lower triangular matrix D = [dy, k]n keN
is a Riordan array if and only if dg ¢ # 0 and there exist sequences A = (ag #0,a1,az,...) and Z = (z¢, 21, 22, ...) such that

An1 k41 =0odn k +a1dy g1 + a2dp g2 +---, n, k>0,

dny1,0 =2odn,0 + z1dn,1 +22dn2+---, n=>0.

Moreover, if D = (g(x), f(x)) is a Riordan array with inverse D~! = (d(x), h(x)), then the generating functions of the A-
and Z-sequences are given by

X 1
—, Z(x) = ——(1—dp,od(x)).
h (%) h(x)( 0,0d(x))
Further details on these characterizations may be found in [14]
In Corollary 5 we determine the A-sequence and Z-sequence for the Riordan array Se.

Ax) =

7
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Corollary 5. For any positive integers n, k, we have the following relations

s(4n — 2k + 2, 2k + 2) = s(4n — 2k, 2k) + 425(4n —2(k+40)—2,2k+2¢+2),
£>0

s(4n — 2k +2,0) :225(4n —2(k+0) —2,4¢) + 625(4n —2(k+0)—2,40+2).
>0 £>0

Proof. From Theorem 3 and (1) we obtain

o1 (1% x—x? .
¢ 14+x 143x

Hence, the generating functions of the A- and Z-sequences of the Riordan array S, are

1+3 2+6.
1+ X and Z(x)=1+ X

Ax) = —.
—x2
Therefore, the corresponding sequences are

A=(1,44,4,...) and Z=(2,6,2,6,...).

Combining the above relations we obtain the desired result. O

For the Riordan array S,, it is possible to obtain similar expressions; however, they are quite involved, so we omit them
here for brevity.

3. Partial packing paths with a given number of steps

In this section, we count partial packing paths in P with respect to the number of steps and the final height.

Since the steps U, U, D, and D each have width 1, the recursive formulas for f2, f!, g?, and g} (k > 0) are identical
to those presented in the previous section. Here, however, the steps F and F are counted as a single steps, unlike in the
previous section where they were assigned width 2. This modification leads to the following new relations for hg and h,l.

hd, =0, k>0,
Wy =X(U3e_q thy y). k=1,
h}, =0, k>0,

1 1 0
o1 =%y thy ), k=1

Summing these recursions, we obtain the following system of functional equations:

FOu) =1+4xu(1+F'w) +Go)),
Flw) =xu(F'(w)—1+H'w)),
GO'w) =2(G"w) +H®w)),

Glw) =%F'w)+G6w) — g,
Ho(w) =x(F°(u) -1+ H'(u)),
H'(w) =x(G'(u)+ H®w)).

Solving this system, we find:

ux (2 +x2) g5 + ux® + u?x? —u? +x?)

Fuy=1+
®) udx? +2u2x3 + ux? — u? 4 x2

)

u?x? (x(x+ 1)gg — u? +x%)
u4x2 4+ 2u2x3 + u2x2 —u2 4 x2’

X2 ((ux% — 1)g) + u?x? + u’x)

Flau) = ,
@) u4x? 4+ 2u2x3 + u?x2 —u2 4 x2

GOu)=—

((u2x? +x3 +x2 — 1) gl + ux? + x3) xu
udx2 4+ 2u?x3 + u2x2 —u2 4 x2

Glw=—

)
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Fig. 5. The 5 paths with 7 steps (ending on the x-axis at abscissa 4).

ux? (x(x+1)g3 — u? +x2)
udx? 4+ 2u?x3 + u2x2 —u? +x2°

ux? ((u?x® — 1)g5 + u?x? + u?x)

How) = .
@) udx2 +2u?x3 +u2x2 —u? +x2

H'u=-

In order to compute gg = G9(0), we once again apply the kernel method. This consists in canceling the denominator
of F1(u) by finding u? as an algebraic function r of x. If we substitute u? by r in the numerator, the latter must vanish
(to compensate for the cancellation of the denominator), which determines the value of gg. We factorize the denominator
utx? +2u2x3 +ux? —u? + x2 = x2W? — r)(u? — 5), where

1-2x3—x2—JA 1-2x3 —x2+J/A
r= , §= ,

2x2 2x2

and A =4x5 + 4x5 — 3x* — 4x> — 2x? 4 1. The cancellation of the numerator (x* + x)gJ — u® + x? gives

r—x% _1—2x4—2x3—x2—«/Z
x(x+1) 23 (x+1)

Substituting this expression for gg into the generating functions above, and simplifying both the numerator and denom-
inator by the factor (u% —r), we obtain the following expressions:

g =

Theorem 4. We have

Oy 1 Uxs+1) 1o —u? 0, . —2x*—(14n)x
P=l- -y "W ey O s
_ _ o2
G'(u) = u(r +x) C HOw) = u . and H'(u)— u(=2x* — (14n)x)

T (A +x@?—s) u? — (1 +x) @2 —s)

Finally, the bivariate generating function S(x, u), where the coefficient of x"u¥ is the number of paths with n steps ending at height k,
satisfies
u(=2x> —x(r+2)—1) —sx—1

St = x(1+ X (UZ —s)

The first terms of the series expansion are
1 —}—ux—i—(u2 —i—u)x2+(u3 +2u+1)x3 +(u4+u3 +u2+3u+1)x4+
@’ +3ud +3u +5u+ DX° + Wb + v’ +2u* + 6u® + 3u? +9u + 3)x8+
W’ +4u’ + 5u* + 1103 + 6u% + 15u + 5)x” + 0 (x®).

In Fig. 5 we show the paths with 7 steps ending on the x-axis, corresponding to the bold coefficient in the above series.
Using the Vieta relation rs = 1, we deduce the following result.

Corollary 6. We have

sx+1
[u2k71]FO(U) — +1 rk’ k > ‘l, [qu]Fl(u) = Tk, k > 1,
3% 41 X+
G0 =~ TT et s 1, e ey = X0k ks 1,
xX2x+r+1) x+1
3x2 41
WX O =, k=1, [ H @)= —— Tk ks,
X2x+r+1)
sx+1 X+ 2x2 +2x+1
[u2S(x, u) = SEHEL ken s, [w1sx, u) = Ptk k>, and
xX(x+1) X(x+1)

and all other coefficients are equal to zero, except for [u®]FO(u) = 1.

9
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In the following theorem we give an expression to compute the coefficient x"u¥ in the series expansion of S(x, u).

Theorem 5. Let s(n, k) denote the number of paths with n steps ending at height k. Then

s(n,2k) =w(n, k) +wn+1,k+1),
sm,2k—1)=wm,k+1)+2wn —1,k) +2w(n, k) + wn +1,k),

and s(n, k) = 0 otherwise, where

2]

n
: k k+2s .
w(n,k):Z(—])’ Z I<+2$( s )t(n—1—4s—2k,25+k),
0

i=0 s=|

and

n/2]
k+¢—1 L _
tm k=Y ( . )(n_M)z" 2t

=0

Proof. To obtain closed forms for the coefficients of x"u¥, we first derive a closed form for the coefficient of x" in r¥, k > 0.
Observe that

1-2x3—x2—J/A

r(x) = =t(x) C(t*(x)),
*) %) (*) C(t“(x))
where
1—J/1T—4x x?
C¥)=——— and t(X)=————.
@ 2x ®) 1—x2—2x3
Note that C(x) is the generating function of the Catalan numbers. From [7, equation 5.70], we have
oo
n n+ 2k
C"(x) = k, 2
) Zn—i—Zk( k )x 2)

k=0
This implies

X" = [X"] £ (x) C™(t2 (x))

m m+ 2k
=) < k ) T
k>0

_ [Xfl] Z m m -+ 2k x3k+2m .
—mA42k\ k (1 — x2 — 2x3)2k+m

Let t(n,m) = [x"](1 — x% — 2x3)~™. It is not difficult to verify that

n/2]
-1 l
B (N e

=0

Therefore,

2l
[xn]rm — [Xn] Z Z - _TZk (m _’,; <> t(e’ 2k + m) X4k+2m+Z.
k>0 ¢>0

Setting s = 4k + 2m + ¢, we obtain

- n m m+ 2k s
= t(s — 4k — 2m, 2I
X" =[x ]gs_%rm m—|—2k< " (s m, 2k +m)x

)

2
-y = <m+ k)t(n—4k—2m,2k+m).

—m + 2k k

10
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Notice that we can also obtain the following identity directly from Lagrange inversion.

w2,
K=y 5<z_m>f("—2w)-

£=0 2
£—m=0 (mod 2)

Using Corollary 6 and setting u(n, k) := [x"]r*, we can then obtain closed expressions for the numbers fO(n, k), f1(n,k),
g%, k), g'(n,k), h%(n, k), and h'(n, k), which respectively count the partial packing paths of length n ending at height k
with final steps NE, NE, E, E, SE, and SE. O

Corollary 7. The generating function S(x) = S(x, 1), where the coefficient of X" is the total number of paths with n steps, satisfies

1—x—2x2—V1—2x+x2 —4x3 + 4x4
2x2(—1+2x) '

An asymptotic approximation of the n-th term is

S(x) =

2n+1
Jan’

The first terms of the series expansion are

14X+ 2x% +4x% + 7x* +13x° +25x% + 47x7 + 89x® + 171x° + 328x'% + 630x!" + 0 (x'?).

This sequence does not appear in the OEIS.

Corollary 8. The generating function whose coefficient of x" is the number of paths with n steps ending on the x-axis satisfies

1—x—/(1 =% —2x)(1+x+2x2)

S(x,0)= 73

Moreover, we have [x°1S (x, 0)=1,

WA 2k fn—2k—1 forn= 0
k+1\ k n—3k )’ -

XS0 =Y
and 0 otherwise. An asymptotic approximation of the n-th term is

k=0

2n+l
Jan3Z

The first terms of the series expansion are

1420 + x4+ %0 +3x8 + 5x7 + 7x8 + 14x% 4 26x'0 4 43x"T 4+ 79x12 4+ 148x"3 + 0 (x'%).

The sequence of coefficients of x" for n > 0 corresponds to A346503. At present, this sequence has no known combinatorial
interpretation in the OEIS.

By calculating 9, (S(x, u))|y=1, and using classical methods [6,9] for an asymptotic approximation of the coefficient of x",
we obtain the following.

Corollary 9. An asymptotic for the expected height in all paths of a given number of steps is given by

17/mn

27

3.1. A bijection with certain Motzkin paths

Notice that S(x, 0) satisfies the functional equation

X3

2

S(x,00)=1+4+ ——S(x,0)".
1—x

This is also the functional equation of quarter-plane paths with n steps, starting at the origin and ending on the x-axis,
consisting of the steps u = (1,1), d=(1,—1) and f = (1,0), where down-step d is always followed by at least one step

11
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— LD AIVAN

Fig. 6. The packing path P=UU UFD DDFUDDUFFFD and its image by g: f(P)=uudfdfudffudfff.

f, and each step f follows either a step d or another step f. Let Q, denote the set of such paths with n steps, and set
Q =Up>0Qn.

Proposition 2 presents a constructive bijection g between packing paths of length n ending on the x-axis and paths in

On.
Proposition 2. Define a map g : P’ — Q recursively as follows. For the empty path we set g(€) = €, and for P # €, we define

ug(Q)dff (fH¥g(R) ifP=U(FF)UQDDR  withk>0and QR e P’
g(Py=1 ug(Q)df (f/*g(R) ifP=U(FF)TUQDFS  withk>0and Q,US e P,
ug(Rydf (FF)¥ if P=UF (FF)" DR withk>0and Q,Re P’

Then g is a bijection from P’ onto Q.

Due to the recursive definition, the image by g of a packing path ir1_73,’1 _is path in Qp, and it is easy to see that g is a
bijection. We refer to Fig. 6 for an illustration of g when P=UU UFD DDFUDDUFFFD and f(P)=uudfdfudffudfff.

3.2. A connection with Riordan arrays

Consider the matrices S, = [s(n +k, 2k) ]y k>0 and Sp = [s(n +k + 1, 2k 4+ 1)]n k>0. The first few rows of S and S, are

1 00 00 OO 1 0 0 0 O0O0O
01 0O0O0O0OTG O 1 1 0 0 0O0O
0 010O0O0TGO0 2 1 1 0 0O00O
Se=]l11010O0O0])|, S§&=13 3 1 1 000DO0
1320100 5 6 4 1 100
1 353010 9 11 9 5 110
36 6 7 401 15 22 18 12 6 1 1
Both matrices are Riordan arrays. From Corollary 6 and the definition of a Riordan array, we obtain the following result.

Theorem 6. The matrices S, and S, are Riordan arrays. More precisely,

o (1 —x—VPX) 1—x2(1+2x)—(1+><)«/p(?<))

2x3 2x3

and

s _<1—3x3—2x4—(1+x+x2)«/—p(x) 1—x2—2x3—(1+x)¢p(x)>

2x° 2x3

where p(x) =1 —2x + x> — 4x3 + 4x4.
4. Packing paths with a given area

In this section, we enumerate packing paths ending on the x-axis according to their area and width. Recall that the area
of a packing path is defined as the number of circles lying below the path and above the line y = —2, while the width is
the abscissa of its endpoint.

Let A, denote the set of packing paths that start at the origin, end on the x-axis at abscissa n, and remain in the quarter
plane. Let A ={J,-oAn. Define the bivariate generating function

A(X, _V) — Z Xwidth(P)yarea(P)’
PeA

where x marks the width and y marks the area.

12
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We also consider the set B of paths in the quarter plane that start at the point (1, +/3), end with a step of type F or D
on the line y = +/3, and do not touch the x-axis. The width of a path in B is defined as the abscissa of its endpoint minus
one (to compensate for the fact that the path starts at abscissa one). Let 13, denote the set of paths in B of width n. The
area of a path in B is defined as the number of full circles below the path and strictly above the x-axis.

For instance, the area (resp. the width) of the path P = FFFFF is O (resp. 10), and the area (resp. width) of the path
Q =UUFDD is 1 (resp. 6).

Let B(x, y) be the bivariate generating function that counts the number of paths in 13, where x marks the width and y
marks the area.

By means of a recursive decomposition on the first return to the x-axis, we obtain the following continued fraction
representation for the generating function.

Theorem 7. The generating function for the number of packing paths with respect to their width and area is given by

1
A, y) = 2y
1-—
1.2
X
1-2x%y — y 3
X'y
1—3x4y2 —
1—3x4y3 - "-.

Proof. Any path P € A can be decomposed with respect to its first return on the x-axis as P = UQ DR, where Q € B and
R € A. The area of P is the sum of the areas of UQ D and R.

The area of UQ D, in turn, is equal to the area of Q € BB plus the number of full circles lying between Q and the line
y = —2, that is,

2+ width(Q)
2 .
Hence
2 idth
area(UQDR) = —HJ%@ + area(R).

Taking this recursive decomposition into account, we derive the following functional equation for A(x, y):

A, y)=1+x*y2Bxy"*, y)Ax, y),

and therefore
1
— x2y12B(xy1/4, y)’

Ax,y) = ] (4)

Now consider any path P’ € B. According to its first return to the line y = +/3, it has one of the following four forms:

(i) P'=F,
(ii) P’ = FFR with R € B,
(ili) P"=UQD with Q € A,
(iv) PP=UQDFR with Q € A and R € B.

The contribution for the path satisfying (i) is x2; The contribution for the paths satisfying (ii) is x*B(x, y); The contribution
for the paths satisfying (iii) is X A(x, y); The contribution for the paths satisfying (iv) is x*A(x, y)B(x, y). Summing these
cases yields the functional equation

B(x,y) =x* +x*B(x,y) + ¥ A(x, y) + X*A(x, y)B(x, ). (5)
Combining (4) and (5), we obtain

x2(14+x2B(x, y))
—x2y1/2B(xy'/4, y)’

Bt y) =X +x'B(xy) + 5
From (6), it follows that

x2(2 —X2y12B(xyl/A, y))
—2x4 — (1 = xHx2y12B(xy1/4, )’

B(x,y)= 1

13
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Let By := B(xy*/4, y) and t; := xy*/4. Define the auxiliary quantities
Uk :=1 —t;:, V=1 —21’,‘{1, Wk:=t,3y1/2.

Then, in particular,

ta(2 — WoBs)

B(x,y)=Byp=-2—" 7,

(x,¥)=DBo Vo — UoWoB1

In general,
t2(2 — WyB

_ @ WiBir)
Vi — UxWiBk1

Since Vi + 1 =2Uy, we can rewrite this as

By

Discrete Mathematics 349 (2026) 115194

B (22— WiBiy1) 2622 — WiBgyr) 26%(2 — W Byy1)
k = = =
Vi — UgWiBiy1 2V —2UkWiBry1 2V — (Vi + D Wi Bt
3 2622 — WiBys1) B 2t7 o2
Vi(2 = WiByy1) = WiBky1 vy — % Vi — Hi’
where
WyB
Hy = _ kPkt1
2 — WgBg41
Substituting By, into Hy gives
2 2
Hy = 2tk+l Wi — tl<+1 Wi
2(Vipr — Hgp) = 202 Wi Vi — 62, Wi — Hiep
Therefore,
2t7
By = 3
v tk+1 Wi
C —
Vig1 —tp, Wi — Hia
Iterating this identity and setting k = 0 yields
263
Bo= 5
tq Wy
Vo — 5
2 F144
Vi—t;Wo — 5
2 tsWo
Vy— t2 Wi —
V3 — t% Wy —
Finally, replacing the auxiliary variables, we obtain the continued fraction:
2x2
B(x,y) = I
X'y
1—2x4 — 3
X'y
1-3x%y — 3
X'y
1-— 3x4y2 —
1—3x4y3 —"-.

Substituting this expression into (4) yields the desired form of A(x,y). O

The first few terms of the power series expansion are
Ax,y)=1+2x1y +x8 <2y3 + 8y2) +x12 (2y6 +8y° +16y* + 32y3)

4 x16 (2y10 +8y° + 16y° + 48y7 4+ 725 + 96y° + 128y4) 40 (x2°) .

14
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N AN Ay AN

Fig. 7. The 8 paths ending on the x-axis at abscissa 12 above five circles.

Fig. 7 shows the packing paths of area 5 and width 12, corresponding to the bold coefficient in the above series.
Note that A(x, 1) is a reformulation of gg, presented in Section 2, in term of a continued fraction.

Corollary 10. The generating function for the number of packing paths with respect to the area is given by
1
2y

Al y) =

1-—

1-2y— )3
1-3y2—

1-3y3-"-.
The first terms of the series expansion of A(1, y) are
142y +8y% + 34y> + 144y* + 616y° + 2634y° + 11280y7 + 48304y® + 206904y° + 0 (y'0).
5. Packing paths with a given kissing number

As previously defined, let A, be the set of paths in the quarter plane that start at the origin, end on the x-axis at
abscissa n, and let A =J,.qAs. Similarly, let B, denote the set of paths of width n in the quarter plane that start at the
point (1, +/3), end with a step of type F or D on the line y = +/3, and do not touch the x-axis. We set B = Up>1 Bn-

The kissing number of a packing path in A (resp. B) is defined as the number of circles below the path that touch the
path. In this section, we enumerate packing paths that end on the x-axis, according to their width and the kissing number.

Let A(x, y) (resp. B(x, ¥)) denote the bivariate generating function that counts the number of paths in A (resp. B), where
x marks the width and y marks the kissing number.

Theorem 8. The generating function for the number of packing paths with respect to the width and the kissing number is given by

1—4x*y +3x%y% — /1 —8x4y — 2x4y2 + 16x8y2 — 8x8y3 + x8y4
4x4y2 ’

Ax,y)=

Proof. Any path P in A can be decomposed with respect to its first return on the x-axis as P =UQ DR, where Q € 5 and
R € A. The kissing number of P is the sum of the kissing number of Q and R. Hence, we obtain the functional equation:

Ax,y) =1+x*B(X, )A*X, y). (7)

Similarly, any path P’ in B can be decomposed with respect to its first return on the line y = +/3 in the following four
forms:

(i) P’ =F,
(ii) P’ = FFR with R € B,
(iii) P'=UQD with Q € A,
(iv) PP=UQDFR with Q € A and R € .

The corresponding contribution for the path satisfying (i) is x2y; The contribution for the paths satisfying (ii) is x*yB(x, y);
The contribution for the paths satisfying (iii) is x*y if Q =€, and x2y?(A(x, y) — 1) otherwise; The contribution for the

15
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Fig. 8. Two paths ending on the x-axis at abscissa 24 and with a kissing number equal to 9 (there are 1600 such paths).

paths satisfying (iv) is x*yB(x, y) if Q =€, and x*y%B(x, ¥)(A(x, y) — 1) otherwise. Considering the four cases, we obtain
the following functional equation
B(x, y) =x'yB(x, y) + %y + %y + ¥y (Ax, y) — D+

X*yB(x, y) + X'y’ B(x, ) (A, y) — 1), (8)
Combining (7) and (8) we obtain the desired result. O

The first few terms of the power series expansion are
A, y) =1+2x1y + 2y° +8y2)x® + (2y° +24y* +32y%)x1? + 2y7 + 48y5 +192y° 4+ 128y*)x!16+
2y? +80y® + 640y +1280y° 4 512y°)x*°+
y" +120y'° + 1600y° + 6400y® + 7680y7 + 2048y°%)x** + 0 (x?%).
Fig. 8 shows two paths with kissing number equal to 9 and width 24.

Corollary 11. The generating function for the number of packing paths with respect to the kissing number is given by

_1-4y+3y*— (1 —-y)y/1—-6y+y?

4y2

Al y)

The first terms of the series expansion of A(1, y) are

142y 4 8y% +34y> + 152y* + 706y° 4 3376y° + 16514y” + 822568 + 0(y7).

The sequence of coefficients corresponds to twice the sequence A239204. Let r, denote the number of large Schréder
paths of length n, that is, quarter-plane paths with n steps, starting and ending on the x axis, consisting of the steps
u=(1,1),d=(,-1), and h = (2, 0). It is well known that their generating function is

1-y—vi-6y+y?

2y

Ry)=) my" =

n>0
Therefore, we have the relation
Al y)= 1_Ty(R(y) -D.
Comparing coefficients, we obtain
YAy ="

Using the known formula

where Cj, denotes the k-th Catalan number, we find that

1% +k
MA(1,y) == Ck, n>1.
YA, y) 2;(%—1) k >
We leave as an open question the task of finding a direct combinatorial interpretation of this relation between the coeffi-

cients of A(1, y) and the large Schroder numbers.
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5.1. Inchworm paths

Now we consider the packing paths in A that avoid the two patterns UD and DU. Note that such paths, with a given
kissing number k, are in one-to-one correspondence with sequences C = C1Cy - -- Cy, where each C; (1 <i <k) represents a
circle of radius two satisfying the following conditions

(1) Cq is centered at (2,0);

(2) Ci is centered on the x-axis;

(3) for every i > 2, the circle C; is tangent to C;_1 according to the hexagonal lattice, and the center of C; is always on the
right of Ci_1.

Because of their resemblance to the movement of a caterpillar, these paths will be referred to as inchworm paths. See Fig. 9
for an illustration of the 17 inchworm paths with a kissing number equal to 6.
Let A’(x,y) (resp. B'(x,y)) be the bivariate generating function that counts the number of inchworm paths in A (resp.
B), where x marks the width and y marks the kissing number.
Using the same decomposition with respect to its first return on the x axis, we obtain the two functional equations
Ax y)=1+xB'(x,y), and
B'(x,y) =%’y +x*yB'(x, y) + X y* (A'(x, y) = 1) + x*y*B'(x, ) (A (x, y) — 1).

Consequently, we have the following.

Theorem 9. The generating function for the number of inchworm paths with respect to the width and the kissing number is given by

1—xty+x%y? — /1 —2x4y — 2x4y2 + x8y2 — 2x8y3 + xBy4

Alx,y)=
(x,y) 2x4y2

The first few terms of the power series expansion are
1+ yx + P+ yH8 + ° +3y + y)x2 + (v +6y° +6y° + yHx'®+
(y? +10y% +20y7 +10y% + y*>)x?0 + (y11 + 15y19 + 50y° + 50y% + 15y7 + y&)x** + 0 (x?®).

Fig. 9 shows the inchworm paths with kissing number equal to 6, corresponding to the three bold coefficients in the
above series.

Consider the matrix M = [a(4n,n + k — 1)1, k>1, Where a(n, k) is the coefficient of x"yk in the series expansion of
A’'(x,y). The first few rows of M are

10 0 0 0 00O
11 0 0 0 00
13 1 0 000
M=116 6 1 0 0o0]|
1 10 20 10 1 0 ©
1 15 50 50 15 1 0O

which coincides with the Narayana triangle A001263. Therefore we have

1/n-1 n
a(4n,n+k—1):E(}(_])(k_l). nk>1.

Observe that the number of inchworm paths of width 4n is the Catalan number ¢, = #(2:). Let us define a bijection f
from inchworm paths of width 4n to Dyck paths of length 2n that transports the kissing number k into 2n — k peaks ud.

An inchworm path can be characterized by a sequence of C = C1C;---C, where C;, 1 <i <k, are circles satisfying three
conditions introduced at the beginning of this section. So, we can decompose C into two forms: (a) C = C;C’ where C’ is a
sequence of circles corresponding to an inchworm path; and (b) C = C{C’C,C” where C’ and C” are two sequences of circles
corresponding to inchworm paths such that, C’ is the translation of a nonempty inchworm path by the vector (2, 2+/3), and

C” starts and ends on the x-axis. From this decomposition, we can naturally construct the bijection f as follows:
udf (C"), if C = C1C’ (form (a)),
fey=¢, f(O= ,
uf(Cdf(C”), if C=C1C'CyC” (form (b)).

We can check that:

17


https://oeis.org/A001263

J.-L. Baril and J.L. Ramirez

Discrete Mathematics 349 (2026) 115194

Fig. 9. The 17 inchworm paths with a kissing number equal to 6.
- If C is of form (a) then

peak(f(C)) =1+peak(f(C))=1+2(n—1)—kiss(C') =2n—kiss(C).
- If C is of form (b) then

peak(f(C)) =peak(f(C)) +peak(f(C")) =2n —kiss(C') +2ny —kiss(C”),

where 4n; = width(C’), 4n; = width(C”) and ny +ny + 1 =n. So, we have
peak(f(C))=2n—2—kiss(C’) —kiss(C”)=2n—kiss(C).

Corollary 12. The generating function for the number of inchworm paths with respect to the kissing number is given by

ALy = LYY V1 -2y -2 2y 4y
: 2 :

The first terms of the series expansion of A(1, y) are

T+ y+y>+2y° +4y* +8y° +17y% +37y7 + 82y% +185y° + 423y'° + o (y').

The sequence of coefficients corresponds to twice the sequence A004148. This sequence counts the number of secondary
structures of RNA molecules, or equivalently the number of peakless Motzkin paths (Motzkin paths avoiding peak ud).
Indeed, an inchworm path can be characterized by a sequence of C = C1C;---Cy as previously described. So, we can de-
compose C into the two same forms (a) and (b) used for the bijection f. From this decomposition, we can naturally
construct a bijection g from these paths to peakless Motzkin paths as follows:

Fg(C), if C = C1C’ (form (a)),
ug(CHdg(C”), if C=C1C'CcC” (form (b)),
wher F is the flat step (1, 0).

ge)=¢, gO)= {
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Fig. 10. The skew packing path UUUFDU, FFUDFUUFFUUFDU U, DFFFU; of width 28, with 26 steps, of area 11 and kissing number 10.

Fig. 11. A self-avoiding packing path in the quarter plane.

6. Going further

Paths have been extensively investigated in the literature, both in the context of pattern avoidance and in the enumer-
ation according to the number of pattern occurrences. In a future study, we plan to carry out an exhaustive study of the
distribution and popularity of patterns of size at most three. Such an analysis would likely lead to the discovery of new
bijections between these paths and more classical combinatorial objects.

A skew packing path is a self-avoiding path in the hexagonal circle packing starting at the origin, ending on the x-axis,
and consisting of steps from S = {U, F, D, U, F, D}, and where the two steps U and U can be crossed from right to left
or from left to right (while maintaining self-avoidance). We denote by U; and U; these steps crossed from right to left.
See Fig. 10 for an example of such a path. Can one obtain multivariate generating functions for the enumeration of skew
packing paths with respect to the parameters studied in this paper (number of steps, width, area, kissing number)?

Finally, enumerating self-avoiding paths is a long-standing and challenging problem in combinatorics. A deeper under-
standing of their structure on this circle packing may uncover new bijective relationships and extend classical enumeration
results for these paths. See Fig. 11 for an example of such a path.
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