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a b s t r a c t 

Iterated Function Systems (IFS) are a standard tool to generate fractal shapes. In a more general way, 

they can represent most of standard surfaces like Bézier or B-Spline surfaces known as self-similar sur- 

faces. Controlled Iterated Function Systems (CIFS) are an extension of IFS based on automata. CIFS are 

basically multi-states IFS, they can handle all IFS shapes but can also manage multi self-similar shapes. 

For example CIFS can describe subdivision surfaces around extraordinary vertices whereas IFS cannot. 

Having a common CIFS formalism facilitates the development of generic methods to manage interactions 

(junctions, differences...) between objects of different natures. 

This work focuses on a CIFS approach of Non-Uniform Rational B-Splines (NURBS) which are the main 

used representation of surfaces in CAGD systems. By analyzing the recursive generating process of basis 

functions, we prove the stationarity of NURBS computation. This implies that NURBS can be represented 

as a finite automaton: a CIFS. Subdivision transformations implied in the generating process are directly 

deduced from blossoming formulation and are expressed as a function of the initial nodal vector. We pro- 

vide a method to construct the CIFS automata for NURBS of any-degree. Then NURBS-surfaces automata 

are deduced using a “tensor-product” of NURBS automata. This new representation of NURBS allows us 

to build a bridge between them and other surfaces already represented in CIFS formalism: fractals and 

subdivision surfaces. 

© 2019 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license. 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

Iterative processes based on fractal geometry is a common

ay to produce complex objects like terrains, clouds, trees, tex-

ures [1,2] . Generally, these processes used stochastic parameters to

odel natural objects with non-strict repetition of the same pat-

ern. These algorithms are widely used in Computer Graphics but

ew in Computer Aided Geometric Design (CAGD), even if result-

ng shapes present interesting properties like, for example, rough

urfaces to improve heat exchange, porous volumes needing less

aterial or simply for their aestetic value. The purpose of our re-

earch is to develop a generic iterative geometric modeler for in-

ustrial applications associated to additive manufacturing. A first

pplication, related to energy saving which is a crucial issue for

ndustry, consists of designing lighter objects while maintaining

igh mechanical properties. To address this challenge we suggest

o consider multiscale controlled lacunary structures which fill a
∗ Corresponding authors. 
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iven geometric hull, with imposed functional surface. A second

pplication is tree-like structures support design for additive man-

facturing or for reinforcing a given functional surfaces (see Fig. 1 ).

n both cases, imposed geometric inputs, geometric hulls or func-

ional surfaces, come from a CAGD software and are generally rep-

esented by Non-Uniform Rational B-Splines (NURBS). From the

ast decades, NURBS imposed themselves into CAGD. They are a

owerful tool to construct smooth surfaces while respecting usual

onstraints of industrial conception. Our iterative modeler have to

nteract with CAGD software and needs to integrate NURBS repre-

entation. 

From a theoretical point of view, it could be interesting to

ave a common representation for fractals, subdivision surfaces

nd NURBS to identify possible interactions. From a practical point

f view, we could take advantage of each representation, without

onversions and approximations. 

Few generic representations were proposed for iterated pro-

esses. Most of the time, an iterative process is translated in a

pecific algorithm with a specific data structure and implemented

n a specific software for a specific application. The two main

eneric representations are L-system [3] and Iterated Function
nder the CC BY-NC-ND license. ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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Fig. 1. Original creations of CIFS-based CAGD-modeling. From left to right: a wooden overlapping structure which is smooth in one direction and fractal in the second 

direction (©IBOIS, laboratory of EPLF), a lacunar structure build by 3D printing, a lacunar structure whose edges are B-Splines using topological optimization ( ≈ 88% of 

material saved compared to a filled structure) and an arborescent fractal structure that support a bi-quadratic Bézier surface. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. IFS of Sierpinski triangle and its attractor. Transformations T 0 , T 1 , and T 2 as- 

sociate the black triangle to one of the three sub-triangles (respectively red, green, 

and blue). These transformations are homotheties of scale factor 0.5 where the cen- 

ter is one of the vertices of the initial triangle. 
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System (IFS) [4] which are quasi-equivalent [5] . L-system repre-

sentation is based on rewriting rules while IFS representation is

based on a self-similarity property. For our purpose we believe

that IFS are more suitable according to their formulation which is

easier for formal manipulation associated to CAGD. Iterated Func-

tion Systems (IFS) have been introduced by Hutchinson [4] and

developed by Barnsley [6] to study self-similar shapes. Even if they

are initially created for fractals, they can represent other types of

objects: Goldman [7] and Schaeffer et al. [8] used this formalism

to respectively generate Bèzier and B-Spline tensor-surfaces. In

previous works, Zaïr and Tosan [9] introduce fractal modeling

using free-form techniques which includes Bèzier and uniform

B-spline curves and surfaces. Due to the presence of irregular

vertices, subdivision surfaces are not self-similar and cannot be

handled by IFS. To overpass this constraint, Morlet et al. [10] used

Controlled Iterated Function Systems (CIFS) to generate low-degree

uniform subdivision surfaces in an iterative way. CIFS are an

extension of IFS based on automata whose states can represent

different objects, self-similarities are no longer required. Every IFS

can be described as a one-state CIFS-automaton. 

In addition, to bring together usual CAGD representations in a

common formalism, CIFS-representation provides specific tools. For

instance, Podkorytov et al. [11] proved that interactions between

two objects of different natures can be performed since they are

both represented as CIFS-automata. 

At this point, our CIFS-based CAGD-modeler does not handle

NURBS, and this is the main purpose of this paper. We prove that

NURBS tensor-surfaces of any degree can be represented as CIFS-

automata and so can be integrated in our iterative modeler. Then

we avail this integration for new applications. 

2. Overview 

First of all, we introduce in Section 3 all the notations and

mathematical background that will be used in the paper. We ex-

plain two usually separate research fields: IFS and their extension

CIFS in a first part and NURBS and their blossoming representa-

tion in a second one. Our work is placed at the cross of these two

research fields. 

In Section 4 , we present how to create NURBS CIFS-automata.

The automata for quadratic and cubic cases are fully described and

a method to generate any-degree automaton is proposed. 

Furthermore we explain how to generate “tensor-products” of

complete automata in Section 5 . Following this method we create

bi-quadratic and bi-cubic NURBS tensor-surfaces CIFS-automata.

Then we prove that any NURBS tensor-surfaces can be represented

as a CIFS automaton. 

In Section 6 , we present several solutions that our formalism

brings to CAGD-industry usual challenges. First, we use the for-

malism of Section 5 to generate blending tensor-surfaces ( i.e. the

two generative curves are of different natures). Then we show how

to create a junction that respects constraints between a NURBS

�

ensor-surface and a surface already defined as a CIFS-automaton.

o finish we present the application of this formalism to the

opological optimization field: we create a lacunar NURBS tensor-

urface and an arborescent structure that support a NURBS tensor-

urfaces. 

To conclude, all contributions are summarized and research

racks for extension to any-degree non-tensor NURBS surface are

roposed in Section 7 . 

. Background 

.1. Iterated Functions Systems (IFS) 

According to Huchinson [4] , an IFS is a set of n contracting

ransformations of a complete metric space (X , d) : {T i } i ∈ � with

= { 0 , 1 , . . . , n − 1 } . Let K be a compact ( i.e. a subset of an Eu-

lidean space which is both closed and bounded), the Hutchinson

perator H is defined by: 

(K) = 

n −1 ⋃ 

i =0 

T i (K) 

In a same way as a contractive transformation owns a unique

xed-point, there is a unique compact, A , referred as the attractor

f the IFS, which is defined as: 

(A ) = A (1)

Due to the contractivity of the Huchinson operator, the attractor

an be computed as the result of an infinite application of Hutchin-

on operator on any starting compact K. 

 = H ◦ . . . ◦ H ︸ ︷︷ ︸ 
∞ 

(K) 

An usual example of IFS is the Sierpinski triangle presented in

ig. 2 . 

Every point belonging to the attractor can be indexed by at

east one infinite word σ = σ0 σ1 · · ·σ� · · · of � ( σ ∈ �∞ ) such

hat: 

lim 

 −→∞ 

T σ0 
◦ T σ1 

◦ · · · ◦ T σ� 
(p) = p σ , ∀ p ∈ X . 



L. Morlet, C. Gentil and S. Lanquetin et al. / Computers & Graphics: X 2 (2019) 10 0 0 06 3 

Fig. 3. Example of a CIFS automaton composed of two states: “blue hexagon” and “green triangle”. On the left, the decomposition rules of each state. On the center, the CIFS 

automaton deduced from decomposition rules. On the right, the resulting attractor. 
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Fig. 4. CIFS automaton corresponding to Chainkin algorithm. 
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n other words, the infinite composition of the corresponding

ransformations leads to the point p σ . σ is referred as an address

f the point p σ . 

To any infinite word σ ∈ �∞ corresponds a point of A . In partic-

lar, the address i ω (composed of an infinite number of repetition

f i ), corresponding to the fixed point of T i belongs to A , p i ω ∈ A .

his property is important, because if T i are affine or linear trans-

ormations (which will be the case in the following) we can di-

ectly compute a point belonging to A in a finite time by calculat-

ng the fixed point of T i by eigen-analysis. Furthermore, according

o Eq. (1) , T j p i ω belongs to A too. This means that we can com-

ute a tesselation of A with all vertices belonging to A in finite

ime. The tesselation is calculated from a finite number of itera-

ions of the Hutchinson operator. The starting compact K is set as

 list of vertices of a 1D, 2D or 3D mesh, each vertex being a fixed

oints of a tranformation T i , i ∈ �. This approach is equivalent to

alstead et al. [12] and Stam [13] methods which directly com-

ute a piece of subdivision surface from a given patch of control

esh. 

.2. Controlled Iterated Functions Systems (CIFS) 

CIFS are an extension of IFS that provides more control. Instead

f defining the attractor as all points P σ , σ ∈ �ω , the attractor is

estricted to points whose addresses are accepted by a given au-

omaton. 

A CIFS is defined by: 

• an automaton ( �, Q , δ, � ), where � is an alphabet, Q a set of

states, δ a transition function ( δ: Q ×� → Q ), � the initial state

and all states of Q are final states; 
• a set of spaces associated to the states : (X 

q ) q ∈ Q ; 
• a set of transformations associated to the transitions T x 

i 
:

E δ(x,i ) → E x . 

To each state is associated an attractor A 

q defined by: 

 

q = 

⋃ 

i ∈ �q 

T q 
i 
(A 

δ(q,i ) ) (2)

here �q = { i ∈ �, δ(q, i ) ∈ Q} . 
The attractor of the CIFS is the attractor of the initial state, i.e.

 = A 

� . 

From Eq. (2) , we understand that a transformation associated

o a transition copy the attractor of the destination state into the

ttractor of the starting state. Then interpretation and design of an

utomaton is intuitive. An example can be found in Fig. 3 . 

The last step to complete the needed material, is the introduc-

ion of free-form shapes modeling with CIFS. It is straightforward

y building the attractors in barycentric space and then project it

nto the modeling space according to a set of control points. The

nal modeled shape is F = P A , where P = [ p p . . . p ] is a line
0 1 k 
ector composed of the list of control points. The projection in the

odeling space is included in the automaton by adding an initial

tate and a transition with P as the associated transformation. For

xample a quadratic uniform spline is defined by the automaton

f Fig. 4 , where P = [ p 0 p 1 p 2 ] (the three control points), T 
q 

0 
and T 

q 
1 

epresent the two Chaikin matrices and K is composed of the fixed

oints of T 
q 

0 
and T 

q 
1 

: 

 = 

⎛ 

⎝ 

1 
2 

0 

1 
2 

1 
2 

0 

1 
2 

⎞ 

⎠ . 

he attractor associated to state q is the quadratic uniform spline

asic functions and the Spline curve is A 

� = P A 

q . A tesselation of

he curve is obtained by computing, for a given level of iteration

approximation) � : { P T σ0 
◦ · · · ◦ T σ� 

K, σi ∈ �} . 
By using different states, CIFS provides more control than IFS.

or example, B-Spline tensor surfaces can easily be represented by

n IFS [8] whereas subdivision surfaces, around extraordinary ver-

ices, cannot. Indeed, management of extraordinary patches is im-

ossible with IFS formalism because an irregular patch is subdi-

ided into several regular and irregular patches. At least two states

re necessary: regular and irregular. More generally, transforma-

ions that change the nature of the object can only exist in CIFS

ormalism because different objects are simply represented by dif-

erent states. Morlet et al. [10] prove that any low-degree uniform

ubdivision schemes can be represented by a CIFS automaton in-

tead of a set of rules. They propose a generic efficient visualiza-

ion of subdivision surfaces on GPU, based on tesselation of attrac-

ors. 

.3. Non-Uniform Rational B-Splines 

B-Splines are a user-friendly tool to define smooth parametric

urves by a list of points called control points that form the control

olygon. A B-Spline curve C of degree d is defined from a control

olygon composed of d + 1 points P = [ p 0 . . . p d ] . 

A B-Spline curve can also be defined by pieces: a curve com-

osed of m pieces is defined by P = [ p 0 . . . p d+ m −1 ] where every

ub-polygon [ p i . . . p i + d−1 ] defines a B-Spline of degree d . Even if

-Splines are built to be defined by pieces, each piece is inde-

endently computed; so only one-piece curves are treated in this

rticle. 
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Fig. 5. On the left, the blossoming computation of the curve point C(t ib ) where t ib = 

(t i + t i +1 ) / 2 . From this blossoming representation the influence of control points 

p i −1 , p i , p i +1 are deduced: 1 
2 

· u i 
2(u i −1 + u i ) , 

1 
2 

· 2 u i −1 + u i 
2(u i −1 + u i ) + 

1 
2 

· u i +2 u i +1 

2(u i + u i +1 ) 
, and 1 

2 
· u i 

2(u i + u i +1 ) 
. 

On the right, the application of this result to compute this point of a quadratic 

NURBS (red) from a control polygon (blue). An intermediate polygon (green) that 

defines the same NURBS as the original one can also be computed according to the 

coefficients of the bottom branches of the blossoming. (For interpretation of the ref- 

erences to colour in this figure legend, the reader is referred to the web version of 

this article.) 
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B-Splines basis functions are computed given a knot vector. For

a one-piece B-Spline curve of degree d , the knot vector is T = [ t 0 =
0 ≤ · · · ≤ t (2 d−1) = 1] . Every point of the curve C(t) is computed by

the well-known Cox–De-Boor formula [14] . 

What is important for curves computation is not the knot val-

ues but differences between two consecutive knots and the ra-

tio between these differences. Thus, the nodal vector T is often

replaced by the inter-nodal vector U = [ u 0 . . . u (2 d−2) ] wher e u i =
 i +1 − t i . In this article, the most convenient is used according to

each situation. 

Uniform B-Splines are often used (in this case it is conve-

nient to set T = [ t 0 = 0 , t 1 = 1 , < · · · < t (2 d−1) = 2 d − 1] and then

u 0 = · · · = u (2 d−2) = 1 ). 

Non-Uniform B-Splines (NUBS) offer more control over the

curve. In this case u i is computed according to user defined con-

straints (centripetal, chord length, . . . ) 

The main problem NUBS have to face is their impossibility to

handle conic shapes ( i.e. circles, ellipses . . . ). To overpass this is-

sue a new concept is added: the rationality. NUBS then become

Non-Uniform Rational B-Splines (NURBS) and a new coordinate is

added to every control points. These coordinates increase or de-

crease points influence in a way similar to weight points. This ra-

tionality modifies the shape of the curves by adding an extra step

in the computation which is independent from the non-uniformity.

The rationality can be achieved simply by using control points with

homogeneous coordinates. But it is not out purpose here, our work

focuses only on the non-uniformity step and the term NURBS is

used in a generic way. 

3.4. Blossoming 

NURBS are usually computed with the Cox-De-Boor formula

[14] but Ramshaw [15] introduced an other way to understand

NURBS called blossoming. A blossom of a curve of degree d is

represented by a label composed of d arguments: { t i . . . t i + d−1 } .
Blossoming is completely characterized by three properties:

symmetry, diagonal, and multi-affinity. From the three previous

properties, another one is deduced: the consecutivity. 

Symmetry: 

The order of arguments in a label have no consequence on blos-

soms. Thus, they can and will be always written in ascending or-

der: 

{ . . . t i . . . t j . . . } = { . . . t j . . . t i . . . } ( j < i ) 

Diagonal: 

Every point of the limit curve is defined by a label composed

of identical arguments. This repeated argument is also the curve

parameter. 

C(t) = { t . . . t} 
Multi-affinity: 

Every label can be defined as an affine combination of two oth-

ers if these three labels only differ by one argument. Weights of

the labels combination correspond to weights of the arguments

affine combination: 

{ . . . t . . . } = 

b − t 

b − a 
{ . . . a . . . } + 

t − a 

b − a 
{ . . . b . . . } 

Consecutivity: 

A label whose arguments are consecutive nodes of the knot-

vector corresponds to a control point; its index is the first index of

arguments: 

p i : { t i , t i +1 . . . t i + d−1 } 
Following these four properties, we can compute every point

f the curve as a function of the control polygon. First, the diago-

al property is used to create the label corresponding to the point

f the curve and this label is placed as the root of the blossom-

ng. Each label that does not respect the consecutive property have

o be split into two new labels with respect to multi-affinity. The

eights of affine combination are written on the branches that link

he parent label to its two sons. A consecutive label is a leaf of the

ree: it corresponds to a point of the control polygon. The weight

f a path that links the root to a leaf is the product of branches

eight it passes through. The influence of a control polygon point

leaf) on the curve point we compute (root) is the sum of paths

eights joining the root to the leaf. An example of blossoming

here a point of quadratic NURBS is computed is given in Fig. 5 . 

. Representation of NURBS by CIFS-automata 

In this section, we prove that NURBS with any-degree can

e represented as a CIFS-automaton. The number of states is di-

ectly related to the degree of the NURBS. First the simplest cases

quadratic and cubic) are presented, then the generalization to

ny degree is explained and mathematically proven by generating

ords provided grammar rules. 

.1. NURBS and self-similarity 

Let a NURBS be defined by a pair composed of a control poly-

on P and a knot-vector T . If a new knot is inserted into T , the

ew knot-vector T ′ can be associated to a new control polygon P 

′ 
hich defines the same NURBS as ( P ; T ) . An example can be found

n Fig. 5 where the same curve is defined by the two pairs: 

[ p i −1 , p i , p i +1 ] 
[ t i −1 , t i , t i +1 , t i +2 ] 

and 

{
[ p i −1 , p 

′ 
i 
, p ′ 

ib 
, p i +1 ] 

[ t i −1 , t i , t ib , t i +1 , t i +2 ] 

The usual way to exploit this property is the mid-knot inser-

ion strategy [16,17] : a new knot is inserted in the middle of each

onsecutive knots of T . Then all knots of T ′ are multiplied by two

ecause there are not the knots but the ratios between them that

nfluences the shape of the curve. To finish, extreme knots are

ropped because they do not influence the curve anymore. The

id-knot insertion strategy is equivalent to inter-node doubling:

ach inter-node of U is written twice in a row. Due to modification

n knot/inter-node vector, the control polygon P has to be modi-

ed to P 

′ . For instance: 

T = [ a, b, c, d] → T 

′ = 

[
a, 

a + b 

2 

, b, 
b + c 

2 

, c, 
c + d 

2 

, d 

]
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Fig. 6. The quadratic NURBS CIFS-automaton whose starting inter-node vector is 

[v,w,x]. The states are labeled as states of the corresponding configuration of inter- 

node vector. Below, the control polygon P is colored in black. After one iteration, 

the left and the right parts of the resulting polygons are respectively colored in red 

for the state vww and in green for the state wwx. For the second iteration, the two 

middle parts colored in brown define uniform B-Splines. (For interpretation of the 

references to colour in this figure legend, the reader is referred to the web version 

of this article.) 

Fig. 7. The automaton used to generate cubic NURBS. Starting internode vector is 

[u,v,w,x,y] and states are labeled as states of the corresponding internode vector. 

4

 

a  

[  

s  

A

4

 

s  

s  
 T 

′ = [2 a, a + b, 2 b, b + c, 2 c, c + d , 2 d ] 

 T 

′ = [ a + b, 2 b, b + c, 2 c, c + d] 

U = [ b − a, c − b, d − c] → U 

′ = [ b − a, c − b, c − b, d − c] 

P = [ p 0 , p 1 , p 2 ] → P 

′ = [ p ′ 0 , p ′ 1 , p ′ 2 , p ′ 3 ] 
This new pair ( P ’ ; U ’) defines the same NURBS as ( P ; U ) but

he curve is no longer a one-piece curve: it is now composed of

wo pieces. These two pieces are both one-piece curves with the

ame degree as the original one: there is a self-similarity. To avail

his self-similarity, we define two transformations, L and R , which

ssociate the original NURBS to the left and the right part of the

ew NURBS. These transformations map a NURBS to another one.

his implies they transform both the control polygon and the inter-

odal vector into new ones. 

L : ( P ; U ) �→ ( P L ; U L ) 

 : ( P ; U ) �→ ( P R 

; U R 

) 

.2. Quadratic NURBS CIFS-automaton 

The length of the control polygon and the inter-nodal necessary

o define a one-piece NURBS vector depends on the degree and

o L and R have to be defined for every degree. For instance, in

uadratic case, they are defined by this way: 

L : ( P ; [ a, b, c] ) �→ ( P M L (a, b, c) ; [ a, b, b] ) 

 : ( P ; [ a, b, c] ) �→ ( P M R 

(a, b, c) ; [ b, b, c] ) 

here M L and M R 

are the matrices defined below. Starting from

n inter-node vector U = [v, w, x], the two transformations L and

 create two new inter-node vector configurations [v, w, w] and

w, w, x] which are both centered on the same inter-node value

the center value of the parent configuration: w). Each new config-

ration can be associated with a piece of the two-pieces NURBS, or

or self-similarity reason two one-piece NURBS. Both new configu-

ations produce two configurations: themselves (that already exist)

nd another new uniform configuration: [w, w, w]. At this point,

o more configuration can be found: every built configuration is

ransposed as a state of the quadratic NURBS CIFS-automaton (see

ig. 6 ). 

Transformations are always labeled in a same way but the co-

fficients of the associated matrices are not always the same: they

re parameterized by the three inter-nodes of U relatively to the

tarting state of the transition. 

These matrices are directly deduced from the weights of

ranches between the two bottom rows of Fig. 5 : 

M L (u 1 , u 2 , u 3 ) = 

⎛ 

⎝ 

u 1 +2 u 2 
2(u 1 + u 2 ) 

u 2 
2(u 1 + u 2 ) 0 

u 1 
2(u 1 + u 2 ) 

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 2 +2 u 3 
2(u 2 + u 3 ) 

0 0 

u 2 
2(u 2 + u 3 ) 

⎞ 

⎠ 

 R 

(u 1 , u 2 , u 3 ) = 

⎛ 

⎝ 

u 2 
2(u 1 + u 2 ) 0 0 

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 2 +2 u 3 
2(u 2 + u 3 ) 

u 3 
2(u 2 + u 3 ) 

0 

u 2 
2(u 2 + u 3 ) 

2 u 2 + u 3 
2(u 2 + u 3 ) 

⎞ 

⎠ 

Notice the two matrices have two rows in common. This

nsures the continuity of the junction between two pieces of

uadratic NURBS. 

From both matrices, we can directly compute the position of

he fixed-point and the tangent at this point using the following

arycentric combinations B and τ : 

B L = 

(
u 2 

u 1 + u 2 ; u 1 
u 1 + u 2 ; 0 

)� 

τL = ( −1 ; 1 ; 0 ) 
� 

B R 

= 

(
0 ; u 3 

u 2 + u 3 ; u 2 
u 2 + u 3 

)� 

� 
τR 

= ( 0 ; −1 ; 1 ) d  
.3. Cubic NURBS CIFS-automaton 

Cubic NURBS are handled quite in the same way. They

re at least defined by P = [ p 0 . . . p 3 ] and T = [ t 0 . . . t 5 ] or U =
 u 0 . . . u 4 ] . The automaton used to generate cubic NURBS is pre-

ented in Fig. 7 . The transformation matrices, which are given in

ppendix B are deduced from the blossoming form in Fig. 8 . 

.4. High-degree NURBS CIFS-automaton 

In CAGD-engineering, surfaces can be subject to constraints

uch as interpolating some points, continuity of junctions between

urfaces etc. An usual way to solve these constraints for NURBS is

egree elevation. This elevation involves a management of NURBS
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Fig. 8. The computation by blossoming of P ′ as a function of P . The convention is t jb = (t j + t j+1 ) / 2 . 
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f  
of any-degree, in particular of high-degree because a surface can

be subject to many constraints. 

A CIFS-automaton is available if and only if its number of states

is finite. For NURBS CIFS-automata, each state corresponds to a

possible configuration of inter-nodal vector. Before any iteration,

this inter-nodal vector is composed of any values. Every iteration

duplicates all inter-nodes and then deletes the extreme ones. Ev-

ery sub-sequence of values (of a fixed length) is a possible state of

the inter-nodal vectors. After some iterations, there only remains

sub-sequences composed of at most two different values repeated

several times. At this point, no more additional states can be found.

High-degree automata are directly generated according to this al-

gorithm. Mathematical proofs about the number of states based on

a combinatorial approach of the generated words can be found in

Appendix A . 

5. Extension to NURBS tensor-surfaces 

NURBS tensor-surfaces are created by a tensor-product of

NURBS. They lie on a regular control grid and own two “orthog-

onal” inter-nodal vectors U and V . The automaton used to gen-

erate these surfaces can be viewed as a “tensor-product” of two

curves-automata. In this section, the tensor-product of automata is

explained and then used to generate NURBS tensor-surfaces CIFS

automata. 

5.1. Tensor-product of finite automata 

Let A and B two finite automata whose states are respectively

{ α0 . . . αm 

} and { β0 . . . βn } and whose transitions are respectively

{ a 0 . . . a p } and { b 0 . . . b q } . Let C be the automaton which is the

“tensor-product” of A and B . The initial state of C is defined as

the composition of the initial states of A ( α0 ) and B ( β0 ) and is

labeled ( α0 ; β0 ). For every pair of transitions a i (that links α0 to

αk ) and b j ( β0 to β l ), a new transition of C , c ( i , j ) is created be-

tween the initial state ( α0 ; β0 ) to a potentially new state ( αk ;

β l ). If this state already exists, the transition is just added to the

automaton; otherwise this new state is added to the automaton

and its transitions are studied by the same process as the initial

state. 

From this generation, two properties are straightforward: 

• C is finite and its numbers of states and transitions are respec-

tively upper-bounded by ( m . n ) and ( k . l ). 
• If A and B are complete ( i.e. every transition is defined for every

state), C is also complete. 

5.2. NURBS-tensor surfaces CIFS automata 

In the case where A and B are CIFS-automata that gener-

ate a curve and C an automaton of tensor-surface, the term
tensor-product” makes all its sense. Indeed, in this particular case,

ransformation matrices are tensor-products M c (i, j) 
= M a i � M b j 

.

urthermore, the left-eigenvector of matrices M c (i, j) 
are also

ensor-product of left-eigenvectors of M a i and M b j 
. In particular,

he fixed point and its associated main-tangents and normal

f a transformation γ defined as the tensor-product of two

ransformations α and β are: 

 γ = B α � B β

τγ = B α � τβ

τ ′ 
γ = B β � τα

Let A be an “horizontal” NURBS CIFS-automaton whose transfor-

ations are L and R and B a “vertical” NURBS automaton whose

ransformations are respectively changed to D and U . Four trans-

ormations are defined by the tensor-product of A and B : 

� L R 

U T 3 = U � L T 2 = U � R 

D T 0 = D � L T 1 = D � R 

By using the tensor-product of automata presented in the pre-

ious sub-section, the bi-quadratic and bi-cubic automata are gen-

rated (see Fig. 9 ). Some examples of NURBS tensor-surfaces gen-

rated from this CIFS automata are given in Fig. 10 . 

Even if only low degree automata are presented, this method

pplies to any degree NURBS tensor-surfaces. The only pitfall to

ace is the explosion of the number of states that comes when

he degree increases. This issue is inherent to NURBS: the recur-

ive process of generation always implies difficulties related to the

egree. 

By generating several tensor automata from curves-automata of

ifferent degree, some properties appear. The first one is once a

tate is leaved, it is impossible to turn back to it. The second one

s the number of stationary states ( i.e. states that own at least

ne transition to themselves) is always 3 for curves-automata (la-

eled as left, right, and uniform); other states are transitory: they

re active only once. The number of stationary states of a tensor-

utomaton is the product of the number of stationary states of the

wo original automata: it is 3 for curves, 9 for surfaces, 27 for vol-

mes. Whatever the number of stationary states, there is always

nly one state, called the uniform state, which loops to itself for all

ransformations. This uniform state is the IFS that generates uni-

orm B-Splines shapes (curve, surface, volume). 

. Applications 

The representation of NURBS as CIFS-automata permits to push

urther some previous works. In this section, several CIFS-based
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Fig. 9. On the left, the construction of bi-quadratic NURBS CIFS-automaton by tensor product of two quadratic NURBS CIFS-automata A and B . On the right the bi-cubic 

NURBS CIFS-automaton (without the input curve automata). Transformations T 0 , T 1 , T 2 , T 3 are respectively represented by red, green, blue, and purple arrows. Brown arrows 

represent any of these transformations. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 10. Three examples of bi-quadratic NURBS tensor-surfaces with the same control grid but with different associated inter-nodal vectors. From left to right: (1, 2, 3) × (0, 

3, 2), (0, 1, 0) × (1, 3, 8) and a uniform one (1, 1, 1) × (1, 1, 1). 

Fig. 11. From left to right: a tensor-surface generated from a NURBS and a Takagi curve, a junction between a NURBS bi-cubic tensor-surfaces and a Takagi tensor-surfaces, 

a lacunar volume with highlight subdivision process, and a tree iteratively defined such that its leaves correspond to the NURBS surface of Fig. 10 (left). All were designed 

using the iterative modeler MODITERE – LIB. 
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pplications, currently limited to uniform B-Splines, are henceforth

xtended to non-uniform case. 

.1. Tensor surfaces with blending natures 

Once CIFS-automaton tensor-product is defined, it can be used

o generate tensor-surfaces from two generative curves which are

ot of the same nature, with the only condition that both are de-

ned as CIFS-automata. For instance, in Fig. 11 (a) is presented a

ensor-surface generated from a cubic NURBS and a Takagi curve.

hanks to the overlaps of Takagi curve, the surface is mechanically

ore resistant than an usual NURBS tensor-surface while keeping

ts smoothness in one direction to evacuate fluids. 
.2. Junctions between surfaces of different natures 

Podkorytov et al. [11] proves that a junction J between surfaces

f different natures (A and B) is always possible since they are

oth represented as CIFS automata. These two surfaces are both

ounded by a curve which is defined by a subset of the con-

rol mesh. For instance bi-quadratic NURBS tensor-surfaces, which

re defined at least by a (3 × 3)-grid, are bounded by a quadratic

URBS which is defined by a (3 × 2)-grid. Both bounding-curves

eshes are merged in a new CIFS of six transformations: two of

hem map the new mesh to a mesh of type A, two others map the

esh to a mesh of type B, and the two last ones map the mesh to

 mesh of the new type J (see Fig. 12 ). 
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Fig. 12. Generic junction J between two surfaces of different types A and B. On 

left side, the CIFS automaton where A and B states are the usual CIFS automata of 

corresponding surfaces. On right side, the topological subdivision of J into six sub- 

surfaces of the three types. 
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The transformations that create surface of type A or B are con-

strained to conserve the continuity at the junction with bound-

ing surfaces. Central transformations are created depending on the

four others in order to ensure a maximum continuity around the

junction. If the central transformations are over-constrained, some

phantom points can be added in the central mesh in order to

release these constraints. An example can be found in Fig. 11 (b)

where a NURBS tensor-surface is joined to a Takagi tensor-surfaces.

6.3. Topological optimization 

Some CAGD-pieces are subject to optimization while respecting

constraints. For instance, they should be as light as possible and

must efficiently evacuate heat without affecting their strength. A

solution that directly proceeds on surfaces is the creation of lacu-

nar surfaces (an example of lacunar NURBS-tensor surfaces is given

in Fig. 11 (c)). Another challenge that needs topological optimiza-

tion is the creation of a support subject to the same constraints as

described before. Arborescent structure that join a CIFS automaton

have been proposed by Sokolov et al. [18] as a solution for uniform

B-Splines tensor-surfaces. For instance, the tree in Fig. 11 (d) is de-

fined as a volumic subdivision bordered by a bi-quadratic NURBS

tensor-surface. Constrains are defined to ensure that the subdivi-

sion of the volume is compatible with the subdivision of the sur-

face. 

7. Conclusion 

In the present article, we show that NURBS curves and tensor-

surfaces can be represented with a Controlled Iterated Function

System (CIFS). As most of CAGD-systems are NURBS-based, adding

these new surfaces to the CIFS-model is an important progress to

a transition from usual CAGD-engineering to a CIFS-modeling. 

We show the associated automaton is finite, and composed of

limited number of stationary states. Furthermore, we provide two

methods: the first one generates CIFS-automata that correspond to

NURBS of any degree and the second one explains how to trans-

pose tensor-product from curves to automata. 

Once NURBS tensor-surfaces defined as CIFS automata, many in-

teractions between them and object that are already defined in the

formalism (fractals, subdivision surfaces...) become possible or eas-

ier. 

The main issue NURBS have to face is the management of

extraordinary vertices that are usually unavoidable in CAGD-

engineering. Sederberg et al. [19] and Müller et al. [20] proposed

another solution which is Non-Uniform Rational Subdivision Sur-

faces but have been restricted to low-degree (quadratic or cubic)

surfaces. Thereafter, Cashman et al. [21] found a way to generalize

[19] to high-degree surfaces but only for odd degree. 

For this purpose, we need to manage non-tensor NURBS sur-

faces. Corresponding CIFS-automata should handle the evolution of

both knot-vectors (which are no longer limited to two “orthogo-

nal” ones) and the topology of the mesh. For quadratic and cubic

cases, the shape (states and transitions) of automata seems to be

at the cross of this paper for the non-uniformity and [10] for the
anagement of extraordinary vertices. Coefficients of matrices

ssociated with transitions should be deduced from [19] . 

Even if low-degree cases may be quite direct to integrate, a real

ssue will take place with higher degree. This comes from the fact

hat the neighborhood of vertices needed to compute a piece of

urface is composed of a central vertex (for quadratic case) or a

entral face (for cubic case) and a unique ring of vertices that sur-

ounds it. This ring is composed of vertices that share a face with

he central vertex or a vertex of the central face. In these cases, the

ossibilities of irregularities are very limited and can be all listed.

or higher degree, the patch owns several nested rings; thus the

ossibilities of irregularities are subject to combinatorial explosion.

he solution proposed by Cashman et al. [21] for any odd-degree

hould be closely studied to find a solution to fill this gap. 
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ppendix A. Mathematical proof 

We fix n = 2 d − 1 for d ≥ 1. Let M n be the set of words of length

 ≥ 1 over the alphabet { 1 , 2 , . . . , n } , i.e. , all words w = w 1 w 2 . . . w n

ith w i ∈ { 1 , 2 , . . . , n } for 1 ≤ i ≤ n . w i corresponds to the i th let-

er of the word w and ∀ i, w i ≤ w i +1 The conjugate of a word w =
 1 . . . w n is the word w = n + 1 − w n , n + 1 − w n −1 , . . . , n + 1 − w 1 . 

From a word w ∈ M n , we construct the word W ∈ M 2 n defined

y W = w 1 w 1 w 2 w 2 . . . w n w n . Note that W n = W n +1 = w d . Also, we

efine the maps L and R on M n as follows: 

L (w 1 . . . w n ) = W n −d+1 . . . W n −2 W n −1 W n W n +1 . . . W n + d−1 , 

R (w 1 . . . w n ) = W n −d+2 . . . W n −1 W n W n +1 W n +2 . . . W n + d . 

or instance, whenever n = 7 (or equivalently d = 4 ) and

 = 1234567 , we have W = 11223344556677 , L (w ) = 2334455 ,

 (w ) = 3344556 , L (L (w )) = 3334 4 4 4 and R (L (w )) = 334 4 4 45 . 

For n ≥ 1, let us consider the set S n of words obtained from

2 . . . n after all possible combinations of L and R . For instance,

 7 = { 1234567 , 2334455 , 3344556 , 3334 4 4 4 , 334 4 4 45 , 34 4 4 455,

 4 4 4555 , 34 4 4 4 4 4 , 334 4 4 4 4 , 4 4 4 4 4 45 , 4 4 4 4 455 , 4 4 4 4 4 4 4 } . 
It is straightforward to check the following properties: 

act 1. Any word w in S n satisfies w d = d. 

act 2. For 1 ≤ i ≤ n − 1 , two consecutive letters w i and w i +1 in a

ord w ∈ S n satisfy 0 ≤ w i +1 − w i ≤ 1 . 

act 3. For any w ∈ S n , its conjugate w also lies in S n . 

act 4. ( i ) d n is the unique word w where L (w ) = R (w ) = w . 

( ii ) (d − 1) d−1 d d is the unique word w where L (w ) = w and

 (w ) � = w . 

( iii ) d d (d + 1) d−1 is the unique word w where R (w ) = w and

 (w ) � = w . 

act 5. For any w ∈ S n , the number of letters d in L (w ) (resp.

 (w ) ) is at least that of w . 

emma 1. Any word w ∈ S n is a subword of m k = 1 2 
k 
2 2 

k 
. . . (n −

) 2 
k 
n 2 

k 
for some k ≥ 0 . 
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roof. Let w be a word obtained after applying r ≥ 0 consecutive

ransformations L and/or R , and let us prove by induction on r

hat w is a subword of m k = 1 2 
k 
2 2 

k 
. . . (n − 1) 2 

k 
n 2 

k 
for some k . Ob-

iously, if r = 1 then w is one of the two words L (12 . . . n ) and

 (12 . . . n ) , which are subwords of m 1 = 1122 . . . nn (by definition

f L and R ). Let us assume that w is subword of m k with w d = d,

nd let us prove that L (w ) and R (w ) are some subwords of m k +1 .

By definition, w 

′ = L (w ) (resp. w 

′ = R (w ) ) is obtained as a sub-

ord of W = w 1 w 1 w 2 w 2 . . . w n w n after matching w 

′ 
d 

with W n = w d 

resp. W n +1 = w d ). Since w is a subword of m k such that w d = d,

his implies that W = w 1 w 1 . . . w n w n is a subword of m k +1 , and

hus w 

′ = L (w ) (resp. w 

′ = R (w ) ) is a subword of m k +1 . �

emma 2. Let w be a subword of length n of m k , k ≥ 0, such that

 d = d. Then, w belongs to S n . 

roof. The proof is obtained by induction on k . Obviously, when

 = 0 the unique length n subword of 12 . . . (n − 1) n is 12 . . . n, and

t belongs to S n . For k = 1 , w is a subword of W = 1122 . . . dd . . . nn

ith w d = W n = W n +1 = d. In the case where w d matches W n ,

 = L (12 . . . n ) ; otherwise w d matches W n +1 and we have w =
 (12 . . . n ) . In the two cases, w lies into S n . 

Now, let us assume the statement holds for i ≤ k , and let us

rove it holds for k + 1 . Let w be a length n subword of m k +1 

uch that w d = d. Let r ≥ 1 so that w d matches the r th value

f m k +1 . Since w d = d we necessarily have r ≥ (d − 1)2 k +1 ≥ n,

nd r ≤ n 2 k +1 − (d − 1)2 k +1 < n 2 k +1 − n . These two last inequali-

ies ensure that there is a length 2 n subword W of m k +1 such that

 n or W n +1 matches w d . In the case where w d matches W n , then

e define the subword v of length n by deleting all values of odd

anks in W , and v satisfies L (v ) = w . In the case where w d matches

 n +1 , then we define the subword v of length n by deleting all val-

es of even ranks in W , and v satisfies R (v ) = w . By construction, v
s a subword of m k with v d = d and after applying the recurrence

ypothesis, v belongs to S n . As w is either R (v ) or L (v ) , we de-

uce that w also is in S n . We conclude by induction. �

heorem 1. For d ≥ 1, the cardinality of the set S 2 d−1 is 4(d − 1) . 

roof. Let r ≥ 1 be the integer such that 2 r−1 < n = 2 d − 1 < 2 r , i.e.

 = � log 2 (n ) � . Using the previous two lemmas, it suffices to count

 L (u 0 . . . u 4 ) 

= 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

u 1 + 2 u 2 
2(u 0 + u 1 + u 2 ) 

u 2 
2(u 1 + u 2 ) 

u 1 + 2 u 2 
2(u 0 + u 1 + u 2 ) 

2 u 0 + u 1 
2(u 0 + u 1 + u 2 ) 

u 2 
2(u 1 + u 2 ) 

2 u 0 + u 1 
2(u 0 + u 1 + u 2 ) 

+ 

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 1 + 2 u 2 + 2

2(u 1 + u 2 + u

0 
2 u 1 + u 2 

2(u 1 + u 2 ) 

u 1 
2(u 1 + u 2 + u 3 ) 

0 0 

 R (u 0 . . . u 4 ) 

= 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

u 2 
2(u 1 + u 2 ) 

u 1 + 2 u 2 
2(u 0 + u 1 + u 2 ) 

0 

u 2 
2(u 1 + u 2 ) 

2 u 0 + u 1 
2(u 0 + u 1 + u 2 ) 

+ 

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 1 + 2 u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

u 2 + 2 u 3 
2(u 1 + u 2 + u

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 1 
2(u 1 + u 2 + u 3 ) 

2 u 1 + u 2 
2(u 1 + u 2 + u

0 0 
he subwords w of length n in m k , k ≥ 0, satisfying w d = d. From

 = 0 to r − 1 , the number of such subwords in m k is 2 
k since such

 word contains exactly 2 k letters d , and we have 2 k ways to fix

 d = d. 

Now, let us count the subwords having exactly α letters d for

> 2 r−1 . It is straigthforward to see that such a word is a subword

f m r and for α < n , there are two ways to choose such a word

either w d = d is the leftmost d in m r or w d = d is the rightmost

 in m r ). Then there are 2(n − 1 − 2 r−1 ) possible words whenever

 

r−1 < α < n . Finally, for α = n, there is only one subword, that is

 

n . 

Combining all these subcases, the number of words in S n is: 

r−1 
 

k =0 

2 

k + 2(n − 1 − 2 

r−1 ) + 1 = 2 

r − 1 + 2(n − 1) − 2 

r + 1 (A.1) 

 2(2 d − 2) = 4(d − 1) (A.2) 

�

orollary 1. From 12 . . . n, we can reach any word in S n in at most

 log 2 ( n ) � transformations L and/or R . We need � log 2 ( n ) � transfor-

ations to reach the word d n . 

roof. Let r ≥ 0 be the integer such that 2 r−1 < n < 2 r . We have

 = � log 2 (n ) � . Using the fact that d n is obtained as a subword of 2 r ,

e need r transformations to reach it. From the proof of Theorem

, all others words can be reached with at most r transformations,

hich gives the results. �

orollary 2. Let w be a word in S n such that w / ∈ { d n , (d −
) d−1 d d , d d (d + 1) d−1 } . It is impossible to find a sequence ξ of L and

 such as w = ξ (w ) . 

roof. Since w does not belong to { d n , (d − 1) d−1 d d , d d (d + 1) d−1 } ,
act 4 proves that R (w ) and L (w ) differ from w . Let r be the num-

er of letters d in w . Then, L (w ) (resp. R (w ) ) has at least one let-

er d more than w, and since L and R cannot decrease the number

f d (see Fact 5), the proof is completed. �

ppendix B. Cubic matrices 

0 0 

u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

u 3 
2(u 2 + u 3 ) 

u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

2 u 1 + u 2 
2(u 1 + u 2 + u 3 ) 

u 3 
2(u 2 + u 3 ) 

2 u 1 + u 2 
2(u 1 + u 2 + u 3 ) 

+ 

2 u 2 + u 3 
2(u 2 + u 3 ) 

u 2 + 2 u 3 + 2 u 4 
2(u 2 + u 3 + u 4 ) 

0 
2 u 2 + u 3 

2(u 2 + u 3 ) 

u 2 
2(u 2 + u 3 + u 4 ) 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

0 0 

u 3 
2(u 2 + u 3 ) 

u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

0 

u 3 
2(u 2 + u 3 ) 

2 u 1 + u 2 
2(u 1 + u 2 + u 3 ) 

+ 

2 u 2 + u 3 
2(u 2 + u 3 ) 

u 2 + 2 u 3 + 2 u 4 
2(u 2 + u 3 + u 4 ) 

u 3 + 2 u 4 
2(u 2 + u 3 + u 4 ) 

2 u 2 + u 3 
2(u 2 + u 3 ) 

u 2 
2(u 2 + u 3 + u 4 ) 

2 u 2 + u 3 
2(u 2 + u 3 + u 4 ) 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
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