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ABSTRACT. We study Fibonacci polyominoes, a class of column-convex polyominoes whose
lower boundary is a staircase path made of unit horizontal and vertical steps. We derive
generating functions that enumerate these polyominoes by area and semiperimeter. The re-
sulting formulas give refinements of the classical Fibonacci enumeration and lead to explicit
expressions involving Catalan numbers. We give a bijection with labeled Dyck paths that
provides combinatorial proofs of these formulas and translates natural statistics on Fibonacci
polyominoes into peaks, returns, and related statistics on Dyck paths. This yields refine-
ments by descents and left-to-right minima, including distributions governed by Narayana
numbers. We also study consecutive columns of equal height, leading in the diagonal case
to a refinement of the Catalan enumeration governed by Motzkin numbers.

Dedicated to Elena Barcucci*

1. INTRODUCTION

The enumeration of polyomino classes defined by convexity and directionality constraints
is a classical topic in enumerative combinatorics; see [16] and the references therein. A
polyomino is a finite union of unit squares in the grid Z? that is connected by edge adjacency.
A polyomino is column-convez if its intersection with any vertical line is either empty or a
single contiguous segment of cells. Several statistics on polyominoes, including area and
perimeter, have been studied for a variety of families; see, for example, [5,6,15].

An important family in this setting is that of directed column-convezr polyominoes, or dcc-
polyominoes. A column-convex polyomino is directed if there is a source cell from which
every other cell can be reached using only north and east steps. Barcucci, Del Lungo, Fezzi,
and Pinzani showed that the number of dcc-polyominoes of area n is the Fibonacci number
F5,,_1. These objects are also in bijection with nondecreasing Dyck paths of semilength n;
see [3,9,12].

The polyominoes considered in the present paper form a natural subfamily of the dcc-
polyominoes. A Fibonacci polyomino is a column-convex polyomino whose lower boundary
is a staircase path made of unit horizontal and vertical steps. Equivalently, when its columns
are read from left to right, the bottom cell of each column lies one unit above that of the
preceding column. In particular, every Fibonacci polyomino is directed, with its lower-left
cell as source. Figure 1 shows a Fibonacci polyomino with five columns and area 18.
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FiGUurE 1. Fibonacci polyomino of area 18.

Fibonacci polyominoes were studied by Turban [19,20] in connection with lattice animals
on a staircase. He proved that the number of Fibonacci polyominoes with n cells is Fj,, where
F,, denotes the nth Fibonacci number, and considered more general models in which the
staircase steps may have arbitrary heights. Thus, within the larger class of dcc-polyominoes,
the staircase condition leads to the ordinary Fibonacci enumeration F),, rather than the
odd-indexed Fibonacci enumeration F5,_.

Our aim is to refine this Fibonacci enumeration and to explain the Catalan structures that
arise when perimeter statistics are taken into account. We first derive generating functions
that record area and the horizontal and vertical semiperimeters. Their specializations recover
the Fibonacci enumeration by area and lead to explicit formulas involving Catalan numbers
for the distribution of the two semiperimeters.

The main combinatorial tool of the paper is a bijection between certain sequences of non-
negative integers and Dyck paths whose up steps carry nonnegative integer labels. When
applied to Fibonacci polyominoes, this correspondence gives a bijective explanation of the
Catalan formulas obtained from the generating functions. More importantly, it translates
natural statistics on the sequence of column heights into classical and refined statistics on
Dyck paths. In particular, descents and left-to-right minima correspond to peaks and re-
turns, leading to refinements involving Narayana numbers and the joint distribution of these
two Dyck-path statistics. A further statistic recording consecutive columns of equal height is
translated into a statistic on certain factors of Dyck paths. In the diagonal case, this corre-
spondence leads to a refinement of the Catalan enumeration governed by Motzkin numbers.

A preliminary version of part of this work appeared in the proceedings of GASCom 2026 [4].
The present paper substantially extends that work through the labeled Dyck-path bijection
and the refined distributions developed here.

The rest of the paper is organized as follows. Section 2 develops the generating-function
approach and studies Fibonacci polyominoes by area and horizontal and vertical semiperime-
ters. In Section 3, we construct the bijection with labeled Dyck paths and use it to give
a combinatorial interpretation of the Catalan formulas. Section 4 exploits this bijection to
obtain refinements by descents, left-to-right minima, and levels, including distributions in-
volving Narayana and Motzkin numbers. Finally, Section 5 contains concluding remarks and
discusses possible extensions to related staircase models.
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2. A GENERATING FUNCTION APPROACH TO PERIMETER AND AREA

Let P be a Fibonacci polyomino. Its area, denoted by area(P), is the number of cells of
P. The perimeter of P is the number of unit edges on its boundary, and its semiperimeter,
denoted by sper(P), is half of this number. We refine the semiperimeter according to the
orientation of the boundary edges. The horizontal semiperimeter xper(P) is half the number
of horizontal boundary edges, while the vertical semiperimeter yper(P) is half the number of
vertical boundary edges. Thus, sper(P) = xper(P) + yper(P). For the Fibonacci polyomino
in Figure 1, we have

area(P) = 18, xper(P) = 5, yper(P) = 10, sper(P) = 15.

Let F denote the set of all Fibonacci polyominoes. For m,n, k € Z*, let F,,, »x be the set
of Fibonacci polyominoes with 2m horizontal boundary edges, 2n vertical boundary edges,
and area k. For m,n > 1, we also set

F, n +— U fm,n,k‘
k>1

Thus, F,,, is the set of Fibonacci polyominoes with horizontal semiperimeter m and vertical
semiperimeter n, with no restriction on the area. Consequently,

F = U «Fm,n - U fm,n,k~

m,n>1 m,n,k>1

We consider the generating function

F(l’,y, q) _ Z xxper(P)yyper(P)qarea(P) _ Z Z xmynqk'

PeF m,n,k>1 PEF, n.k

For h > 1, let Fj(x,y,q) be the generating function for Fibonacci polyominoes whose first
column has height h. Thus,

F(z,y,q) ZFh ,Y,q)-
h>1
To keep track of the height of the first column, introduce a catalytic variable s and define

F(z,y,¢;s Zthyq

h>1

In particular, F'(z,y,q;1) = F(x,y,q). For brevity, we write F'(s) for F(x,y,q;s) and F(1)
for F(x,y,q).

We next derive a functional equation for F'(s) and use it to determine F(1).

Theorem 2.1. The generating function for nonempty Fibonacci polyominoes, counted by
horizontal semiperimeter, vertical semiperimeter, and area, s

S e ey
€20 1—yg*t! i=0 (1—yg"t1)(1—g't1)

F(z,y,q) = (zy) 1D E+2) (y— 1)L p0—1 1
Z£>0 1—gft T Hi:O (1=ygitH)(1—¢*t)
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Proof. We first consider Fibonacci polyominoes consisting of a single column. If this column
has height h > 1, then xper(P) = 1, yper(P) = h, and area(P) = h. Its contribution is
therefore xy"q¢"s". Summing over all h > 1 gives

rYqs
z Y (ygs)" =

= 1 —ygs

Now suppose that the polyomino has at least two columns. Let ¢ and h be the heights of
its first and second columns, respectively. Since the lower boundary is a staircase with unit
vertical steps, the second column begins one unit above the first. In particular, ¢ > 2. There
are two cases.

Case 1: 2 < i < h+ 1. Start with a Fibonacci polyomino counted by Fj(z,y,q) and
prepend a column of height 4; see Figure 2 (left). The new column contributes (sq)" to record
its height and area. Prepending it increases both the horizontal and vertical semiperimeters
by one, giving an additional factor xy. Hence the contribution of this case is

— i _ 2 1 - (SQ)h
D7y > (50 Fulwy,0) = 2y(s0)* y_ —— e ICA)
= 20 (1) - F(so)
h i h

FIGURE 2. Decomposition according to the relative heights of the first two
columns: Case 1 (left) and Case 2 (right).

Case 2: ¢ > h + 2. Start with a Fibonacci polyomino whose first column has height
h and duplicate this column to its left; see Figure 2 (right). Since the duplicated column
contributes h new cells, this operation is encoded by replacing s with sq in F(s). It therefore
contributes F'(sq). We next add one cell below the duplicated column. This increases both
semiperimeters by one, giving the factor sxyq. Since 1 > h + 2, at least one additional cell
must be placed above the duplicated column. These cells contribute the geometric factor
ysq/(1 — ysq). Thus the contribution of Case 2 is

ygs z(ygs)?
CF(sq) = F .
T oo (s0) = F(sq) 7 s

Combining the single-column case with Cases 1 and 2 gives

) P = 72 ﬁyfq;l F(1) + (‘f(j/q;(js _ ﬁyngl ) Fsq).

Tyqs -
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Set
2

Als) = TYyqs B(s) = zy(qs) and C(s) = x(ygs)®  wylgs)®  wyg’s*(y—1)

C1-ygs’ 1—gs’ Cl-ygs  1—gs  (1-syq)(l—sq)
Equation (1) becomes

F(s) = A(s) + B(s)F(1) + C(s)F(sq).

[terating this relation and assuming that |¢| < 1 and |s| < 1, we obtain

F(s) = 3 Alsq) [T Clsa') + (Z B(sq' ﬁo<sql‘>> F().

>0 i=0 >0 i=0
where an empty product is equal to 1. Setting s = 1 and solving for F(1) gives
- i
Zzzo A(qé) Hi:ol C(q")
- N
1-— Zezo B(q") Hi:é C(q")

Substituting the explicit expressions for A, B, and C' and simplifying gives the stated formula.
O

F(1) =

The first few terms in the expansion of F'(x,y, q) with respect to the area variable ¢ are
F(x,y,q) = ayq + 2y’q* + (2°y° + 2y°)¢* + 22%y° + 2y)¢*
1 (22y® + 2Py® + 222yt + 2y®)g® + (2%y° + 222yt + 203yt + 227 + 2y8)¢® + O(q").

The coefficient of ¢°, displayed in bold, is illustrated in Figure 3.

FiGure 3. The five Fibonacci polyominoes of area 5, together with their
semiperimeter weights.

The specialization retaining only the area and the height of the first column has a partic-
ularly simple form. Setting x =y = 1 in (1) gives the following result.

Corollary 2.2. The generating function for nonempty Fibonacci polyominoes, counted by
area and the height of the first column, is

gs(1—q—¢*(1 —5))
(1-g—¢*)(1—gs)
Moreover, form > 0 andn > m+3, [¢"s™ 2| H(q,s) = F,,_,_2, while [¢"2s™2|H(q, s) = 1.

H(q,s):=F(1,1,q;8) =

By calculating dsH (q, s)|s=1, and applying standard coefficient asymptotics [11,17] yields
the limiting mean height of the first column.
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Corollary 2.3. An asymptotic approzimation for the average of the number of cells in the
first column among all Fibonacci polyominoes of a given area is

5+5
5
2.1. The area. We first specialize the functional equation by ignoring the vertical semiperime-
ter. Setting s =1 and y = 1 in (1) gives

2
_ gz N xq

1—q 1—g¢q
where F(z,q) := F(x,1,q). Let a(n,m) denote the number of Fibonacci polyominoes of
area n and horizontal semiperimeter m, equivalently, with m columns. The following result
recovers Turban’s enumeration by area and number of occupied stairs. We include a direct
bijective proof.

F(z,q)

F(x,q),

Theorem 2.4. The generating function for nonempty Fibonacci polyominoes, counted by
area and horizontal semiperimeter, s
qx
F(z,q) = a(n,m)z™q" = ————.
(z,q) = Y a(n,m)a™q T—

n,m>1

Moreover, for n,m > 1, a(n,m) = (7).

A direct bijective proof of the formula a(n,m) = (Z:’f) is also possible. Let P be a
Fibonacci polyomino of area n and horizontal semiperimeter m (so P has m columns). For
1 < i < m, let h; be the height of the ith column. By the staircase condition, h; > 2 for

1<i<m-—1, and h,, > 1. Associate with P the north-east lattice path
Nh172ENh272E . th_172Ethfl

where N = (0,1) and E' = (1,0). This is a path from the origin (0,0) to (m—1,n—2m+1),
with exactly m — 1 east steps and n — 2m + 1 north steps. Hence the number of such paths

is ((m—l)—;&i;Qm-{-l)) = (Z:?) This construction is a bijection.

For example, the Fibonacci polyomino in Figure 1 has column heights (hq, he, hs, hy, hs) =
(5,2,4,5,2). Its corresponding lattice path is
N°2EN*2EN*?EN°2EN*"' = N°E*N?EN®EN.
As expected, this path ends at (5 —1, 18 =2-5+1) = (4,9).
Specializing = 1 in the previous theorem yields the generating function ¢/(1 — ¢ — ¢%)
for the Fibonacci numbers, as expected. We next describe a bijection between Fibonacci

polyominoes of area n and compositions of n — 1 with parts 1 and 2, another classical family
counted by the Fibonacci numbers; see, for example, [13].

Let @ = (ay,...,q,) be a composition of n — 1 with a; € {1,2} for all i. We construct
a Fibonacci polyomino by reading « from left to right. Begin with a single cell in the first
column and designate it as the current cell. If a; = 1, then add one cell immediately above
the current cell, so that we remain in the same column, and declare this new cell to be the
current one. If a; = 2, then add a vertical domino whose lower cell is the current cell, move to
the next column to the east, and declare the bottom cell of this new column to be the current
one. After all parts have been processed, add one final cell, marked x, at the last current
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position, using the same rule. In this way we obtain a well-defined Fibonacci polyomino of
area n. Moreover, different compositions clearly produce different polyominoes.

Conversely, let P be a Fibonacci polyomino of area n. We recover the composition a by
reading the columns of P from left to right. If P consists of a single column of height n, then
a = 1""! and the marked cell x is the top cell. Otherwise, each non-last column of height
h contributes the block 17722, while the last column of height h contributes 1", followed
by the terminal marker x. This reconstruction is unique and clearly inverts the previous
construction. Hence the correspondence is bijective. See Figure 4 for an illustration.

[x|

= —
1111« [1] 121 «  []x 12 ¢ [
1] “l1 1[x]
L] L] 1]

[x|

22 NE3 211 1]

NE AR

F1GURE 4. The bijection between compositions of 4 and Fibonacci polyomi-
noes of area 5.

We next study the total semiperimeter of Fibonacci polyominoes of fixed area.

Corollary 2.5. Let S, be the total semiperimeter of all Fibonacci polyominoes of area n.
Then

q(2—-3¢+ ¢ —q")
ZS 1—q)(1—q—Q)

Moreover, for n > 1 we have
2
Sy = 5(n +6)F, + %Fnﬂ — 1.

An asymptotic approximation for the average of the semiperimeter in all Fibonacci polyomi-

noes of a given area s
5+ V5
n
10

Proof. By setting y = x and s =1 in (1) gives
2202

22q £2q 23 22
2 F(l) = F(1 — F(q).
) 0= 2+ ({2 - ) R
Define B(q) := a%F (x,2,q;1)|z=1. Since x marks the horizontal semiperimeter and we set

y = x, the derivative at x = 1 records the total value of xper(P) + yper(P) = sper(P), hence

= Z Snq"”.

n>1
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Differentiating the identity (2) with respect to x and then setting z = 1, we obtain

2-q)q , 2¢ ¢ ¢
B(q) = + F(1,1,q) + B(q) +
@ (1-¢? 1-—g¢ ( ) 1—¢q @ (1 —q)?
where F(1,1,q) = ¢/(1 —q— ¢*) and H(q,q) = F(1,1,¢;q) is the generating function given
in Corollary 2.2, namely

H(q,q),

(1-q)q
H(q,q) = [pp—

Solving for B(q) and substituting the above expressions for F'(1,1,q) and H(q, q) yields the

desired result.

Finally, the closed form for .S,, follows by extracting coefficients from this rational function
and using standard identities for the Fibonacci numbers. 0

2.2. The perimeter. We now ignore the area statistic by setting ¢ = 1 in (1). This yields a
bivariate generating function for Fibonacci polyominoes counted by horizontal and vertical
semiperimeter. We compute this generating function by the kernel method.

Setting ¢ = 1 in (1) gives

2 2 2
T ST gy = TS S o
l—sy 1-—s l—ys 1-—s

Let p(m,n) denote the number of Fibonacci polyominoes whose boundary has 2m hori-
zontal edges and 2n vertical edges, and define the corresponding generating function

P(x,y) = Z p(m,n)z™y".
m,n>1

Thus P(x,y) = F(x,y,1).

To compute P(x,y), we apply the kernel method [1,2,18] to the above functional equation.
This method consists of cancelling the kernel

2

x(sy) L TS
l—sy 1-—s

2

K(s):=1-

by choosing s to be a root sy = so(x,y) of the equation K (s) = 0. Substituting s = s forces
the left-hand side to vanish and thus determines F'(1) from the right-hand side.

In our case, we take the root that is analytic at x = 0 (the small root), which is given by

14y — VI -y —y — day)
2y(1+2(1—y)) '

Theorem 2.6. The generating function for nonempty Fibonacci polyominoes, counted by
horizontal and vertical semiperimeter, is
l+z—y—3zy— (1+2)/(1—y)(1 —y—4dzy)

P = .
(x’ y) 237

S0

The first few terms of the expansion of P(z,y) with respect to y are

P(z,y) =zy + (x2 - x) v+ (2x3 + 327 + x) >
+ (52" +92® + 52° + ) y' + (142° + 292" + 212° + 72° + ) y° + O (°) .
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The bold coefficients in the above expansion correspond to the Fibonacci polyominoes
shown in Figure 5.

F1GURE 5. The nine Fibonacci polyominoes with horizontal semiperimeter 3
and vertical semiperimeter 4.

Recall that the nth Catalan number is C,, = n+r1 (2:), and that its generating function is

o 1-I—1z

n>0

For numerous combinatorial objects enumerated by the Catalan numbers, we refer the reader
to the book [21].

The following result gives a closed form for the coefficient [x"]P(z,y) in terms of Catalan
numbers.

Theorem 2.7. Forn > 1,

n

[@")P(z,y) = ﬁ (yCo + (1= y)Ch).

Proof. We rewrite the square root in Theorem 2.6 in terms of the generating function of the
Catalan numbers. Set z = zy/(1 — y). Then

VI —y)(1—y—dzy) = (1 —y)y/1 - ;lfyy = (1—y)V1 -4z
Since /1 —4z = 1 — 22C(z), we obtain
V(L= y)(1 -y —4zy) = (1 —y) — 20yC(2).

Substituting this expression into Theorem 2.6 and simplifying gives

P(z,y) =y((1 +2)C(z) — 1), z= Jiyy.

Expanding the above expression, we obtain

3 Play) =S 0 280 Cp =
(3) (%.W-Z km-i-z k7T ~n

k>1 k>0 (

By comparing the coefficient of ™ in P(z,y), we immediately obtain the desired result. [
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From (3) and the identity
1 (m +k — 1) .
Loy "
1=-y* = m

we can similarly extract the coefficient of y™.

Theorem 2.8. Forn > 2, we have

1P = 1+ 23 G (" %)
and [y|P(z,y) = .

From the previous theorem we obtain the following expression for the coefficients of P(z, y)
in terms of Catalan numbers.

Theorem 2.9. Form > 1 and n > 2,

plonen) ="y 1P(o) = G173 ) G (175,

m—1 m— 2

In particular, p(n,n) = C,,_1 for every n > 2.

Although Theorem 2.9 follows directly from the generating function, its two summands
suggest that the family admits a more structural decomposition. The diagonal case already
gives a first indication of this phenomenon: if m = n, then a Fibonacci polyomino has exactly
n columns and n rows, and its upper boundary determines a Dyck path of semilength n — 1.
Conversely, every Dyck path of semilength n — 1 determines a unique Fibonacci polyomino
in F,,. Hence p(n,n) = C,_;.

For instance, when n = 4, we obtain p(4,4) = C3 = 5, see Figure 6. In the next section,
we extend this idea and give a bijective explanation of the full formula in Theorem 2.9 in
terms of labeled Dyck paths.

FIGURE 6. The five Fibonacci polyominoes in F44. In each case, the upper
boundary, shown in red, determines a Dyck path of semilength 3.

3. A Dyck-PATH BIJECTION

In this section, we give a combinatorial explanation of Theorem 2.9. We establish a bijec-
tion between Fibonacci polyominoes with prescribed horizontal and vertical semiperimeters
and Dyck paths whose up steps are labeled by nonnegative integers satisfying certain con-
ditions. The bijection will also yield refinements involving several natural statistics. To
achieve this objective, we divide the polyominoes into two classes: those whose last column
consists of at least two cells and those whose last column contains a single cell. Lemma 3.1
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provides a combinatorial interpretation for the first class and allows us to derive one for the
second class.

Let P be a Fibonacci polyomino with m columns, and write h(P) = (hy,hg,..., hy)
for its sequence of column heights. Its horizontal semiperimeter is m, while its vertical
semiperimeter is

m—1

(4) yper(P) =m — 1+ h,, + Z max{h; — h;y1 — 1,0}.

=1

Indeed, the lower staircase contributes m — 1 vertical edges, the right boundary of the
last column contributes h,,, and an additional vertical contribution occurs along the upper
boundary whenever h; > h;,1 + 1, in which case its size is h; — hj.1 — 1.

We shall first consider Fibonacci polyominoes whose last column has height at least 2. For
such a polyomino, it is convenient to reverse the sequence of column heights and subtract 2
from every entry, obtaining (h,, —2, b1 —2, ..., h1 —2), a sequence of nonnegative integers.
This representation will be used below to connect Fibonacci polyominoes with labeled Dyck
paths.

We now introduce the sequence statistics needed for this correspondence. For an integer
n, write (n)y := max{n,0}. For a sequence a = (ay,...,ay) of nonnegative integers, define

¢
exc(a) = a; + Z(aj —a;_1— 1),
j=2

asc(a) = [{j: 1 <j <l a; < a1},
lev(a) = H] 1< < g, a; = CL]'+1}|.

An entry a; is a strict right-to-left minimum if a; < a; for all j > 4. Let rlmin(a) denote the
number of strict right-to-left minima of a.

For £ > 1 and r > 0, let Ay, be the set of nonnegative integer sequences a = (ay, . .., ay)
such that exc(a) = r.

Since our objective is to prove that Ay, is in one-to-one correspondence with a class of
labeled Dyck paths, we first provide some background on labeled Dyck paths.

A Dyck path of semilength ¢ is a lattice path from (0,0) to (2¢,0) with steps U = (1,1)
and D = (1,—1) that never goes below the horizontal axis. Let D, denote the set of Dyck
paths of semilength ¢, and let € denote the empty Dyck path, that is, the unique Dyck path
of semilength 0. A peak is an occurrence of two consecutive steps UD. A return is a down
step whose endpoint lies on the horizontal axis. Thus the final down step of every nonempty
Dyck path is a return. For a Dyck path , let pk(7) and ret(7) denote its number of peaks
and returns, respectively. A nonempty Dyck path is primitive if it touches the horizontal
axis only at its initial and terminal vertices. Equivalently, 7 is primitive if ret(7) = 1.

A labeled Dyck path is a Dyck path in which each up step is assigned a nonnegative integer
label. We represent a labeled Dyck path by a pair (7, A), where 7 is the underlying Dyck
path and A = (\y,..., A¢) is the sequence of labels of its up steps, read from left to right. If
A is such a labeling, write

Al = Z Ae) =+ + Ay,

ecl ()
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where U(m) denotes the set of up steps of . For £ > 0 and r > 0, let D,, denote the set
of labeled Dyck paths (7, A) of semilength ¢ whose up-step labels are nonnegative integers
with total label |A| = r. For example, the labeled Dyck path in Figure 7 belongs to Dg 7.

Let (7, \) be a nonempty labeled Dyck path, with first-return decomposition 7 = Uny, D7,
and let Ay, and Ar be the labelings induced on 7, and 7y, respectively. Define

1, if my is nonempty and primitive, and the initial up
dmp, ) = step of 77, has label 0,
0, otherwise.

Then we recursively define the statistic v by
W(m, A) =v(mp, A\p) + W(mr, Ar) + 0(7L, AL).

Intuitively, Iv(7, A) counts the occurrences, throughout the recursive first-return decomposi-
tion, in which the left subpath is nonempty and primitive and its initial up step has label 0.
Equivalently, Iv(m, A) is the number of factors UUa DD of 7, where o is a possibly empty Dyck
path and the second up step is labeled 0. For example, Figure 7 shows a labeled Dyck path
7 of semilength 9 whose up-step labels, read from left to right, are A = (3,5,2,7,4,0,6,0,0).
Applying the recursive definition, one verifies that lv(w, \) = 3.

FIGURE 7. A labeled Dyck path of semilength 9 with lv(m, \) = 3.

Lemma 3.1. There is a bijection ® between the set Ay, of nonnegative sequences a =
(a1,...,a;) with exc(a) =r, and the set Dy, of labeled Dyck paths of semilength ¢ with total
label sum equal to r. Under this bijection, if a € Ay, and (w,\) = ®(a), then

asc(a) = pk(m) — 1, lev(a) = lv(m, \), rlmin(a) = ret(m).

Moreover, the label of the initial up step of m is min{ay,...,ap}. Consequently,
r+¢—1
Ayl =C :
Aer| = Ce < (-1 )

Proof. We construct recursively the bijection ® : A,,, — Dy,. For convenience, the empty
sequence corresponds to the empty Dyck path e. Assuming ¢ > 0, let a = (ay,...,a¢) € Ay,
and set p = min{ay,...,as}. Let k be the rightmost index such that ay = p. Define

a’ = (a1 —p,...,a5_1 — p) and a = (a1 —p—1,...,a0 —p—1).

Since k is the rightmost occurrence of the minimum, every entry to its right is at least p+ 1.
Thus a’ and a® are sequences of nonnegative integers.
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Apply the construction recursively to obtain ®(a’) = (7, ) and ®(a?) = (7, Ag). We

define

®(a) = (m,\), where m = Unp Drgr and
A is the sequence of nonnegative integers consisting of the juxtaposition of p, A\, and Ag.
The initial up step of = has label p = min{ay, ..., as}.

We next show that the construction is invertible. Let (7, ) be a nonempty labeled Dyck
path, and write its first-return decomposition as m# = UnpD7mg. Let p be the label of the
initial up step. Recursively recover al and a” from the labeled paths (7, A\r) and (7R, Ag),
respectively, and set

a= (p—l—aL, P, p+1+aR),
where addition to a sequence is understood componentwise. Every entry to the left of the
central p is at least p, whereas every entry to its right is at least p + 1. Hence the central
entry is the rightmost occurrence of the minimum of a. It follows that the two constructions
are inverse to each other.

We now verify the statistics in the statement. We do this recursively, with all sequence
statistics understood to be 0 on the empty sequence.

First, from the decomposition of a one obtains
exc(a) = p + exc(a”) + exc(a®).
Indeed, adding p to all entries of a’ contributes the extra initial term p and leaves all
subsequent excesses unchanged. The transition from a’ to the central entry p does not
contribute to exc, while the transition from p to the first entry on its right, when present,
gives exactly the first term in exc(a®). By induction, exc(a’) and exc(af?) are the sums of
the labels of 7, and 7y, respectively. Since the initial up step has label p, we have
Al = p+ [Aul + [An] = exca) = 7.
Thus @ restricts to a bijection between Ay, and Dyck paths of semilength ¢ with total label .

We next consider ascents. No ascent occurs between the last entry of al and the central
entry p. On the other hand, if a’* is nonempty, then there is always an ascent from p to the
first entry on its right. Therefore,

asc(a) = asc(a”) + asc(a’) + Liarp).
Here 14y denotes the indicator of the condition A, equal to 1 if A holds and 0 otherwise.

For the corresponding first-return decomposition @ = UmpDmg, the initial U and its
matching D form a peak precisely when 7y, is empty. Therefore,

pk(m) = pk(m) + pk(Tr) + Lir, =}
Using the induction hypothesis on 7, and 7, we obtain
pk(mr) = asc(a”) + i), pk(mr) = asc(a’™) + 1 arg)-
Since 7y, = € if and only if a¥ = (), it follows that
pk(m) = asc(a”) + asc(a™) + 1iaryzgy + 1 = asc(a) + 1.
Equivalently, asc(a) = pk(7) — 1.
We now consider strict right-to-left minima. The central entry p is a strict right-to-left

minimum because every entry to its right is strictly larger than p. No entry to its left can be
a strict right-to-left minimum, since p occurs later in the sequence. The strict right-to-left
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minima to the right of p are precisely those of a®. Hence rlmin(a) = 1 + rlmin(a®). On the
path side, the down step following 7, is the first return of 7, and all subsequent returns are
exactly the returns of mg. Thus ret(7) = 1 + ret(mg). The induction hypothesis now gives
rlmin(a) = ret(m).

It remains to consider levels. A level can occur inside al or af*. There is never a level
between the central entry p and the first entry to its right, since the latter is at least p + 1.
Thus an additional level occurs only between the last entry on the left and p. This happens

precisely when a’ is nonempty and its last entry is 0. Therefore,

lev(a) = lev(al) + lev(a®) + {1, if ak is'nonempty and ends in 0;
0, otherwise.

We claim that al is nonempty and ends in 0 if and only if 7, is nonempty and primitive
and its initial up step has label 0. Indeed, suppose first that a’ ends in 0. Since all its entries
are nonnegative, its minimum is 0, so the initial up step of 77, has label 0. Moreover, the final
0 is the only strict right-to-left minimum of a’. By the result just proved, ret(n;) = 1, and
hence 7, is primitive. Conversely, the same argument in reverse applies: if 7y is primitive
and its initial up step has label 0, then a” has minimum 0 and exactly one strict right-to-left
minimum, which forces its final entry to be 0.

It follows that the additional term in the recurrence for lev(a) is precisely 6(7z, Ar). Using
the induction hypothesis gives

lev(a) = Wv(mp, A\) + (7R, Ar) + (7, Ar) = Iv(m, A).

Finally, there are C; Dyck paths of semilength ¢. Once such a path is fixed, assigning
nonnegative labels of total sum r to its £ up steps is equivalent to a weak composition of r

into ¢ parts. There are (rﬁzl) such labelings. Consequently;,
r+0—1
r| — C . ]
[ Ac.| z( /1 >

For a concrete illustration of the bijection in Lemma 3.1, consider a = (4,2,3,1, 3,1, 3, 3).
Figure 8 shows its recursive decomposition and the corresponding labeled Dyck path. At each
node, the highlighted entry is the rightmost occurrence of the minimum p. To read the tree,
we write an up step when visiting a node, recursively traverse its left subtree, write a down
step, and then traverse its right subtree. Thus each node contributes exactly one pair U, D,
with p giving the label of the corresponding up step. The numbering #1, ..., #8 records the
preorder traversal, which is precisely the order in which the up steps are encountered.

Thus # = UUUUDDUDDUDDUUDD and A = (1,0,1,2,0,1,1,0). The statistics in
Lemma 3.1 can be checked directly. Indeed,

exc(a) =44+3-2-1),+B-1-1);+(3—-1—-1); =6,
while [A\|=1+04+1+240+141+0=6. Moreover,
asc(a) = 3, lev(a) =1, rlmin(a) = 2,
whereas the corresponding Dyck path satisfies

pk(m) = 4, lv(m, ) =1, ret(m) = 2.
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Notice also that the label of the initial up step is 1, which is precisely the minimum entry of

a.
#1
(4,2,3,1,3,1,3,3)

p=1

#2 #7
(3,1,2,0,2) (1,1)
=0 p=1
#3 #6 #8
{(3, 1,2)} {( 1 )J {( 0 )J © = UUUUDDUDDUDDUUDD
p=1 p=1 o= A= (1,0,1,2,0,1,1,0)
#4 #5
(2) (0)
p=2 p=0

FIGURE 8. Recursive decomposition tree for a = (4,2,3,1,3,1,3,3) and the
corresponding labeled Dyck path.

The recursive construction in Lemma 3.1 also has a natural binary-tree interpretation.
Using the same decomposition a = (p + a’, p,p + 1 + af?), define T (a) recursively as the
rooted plane binary tree whose root has label p, with left and right subtrees 7 (a’) and
T (af?), respectively. The empty sequence corresponds to the empty tree.

The inorder traversal of 7 (a) recovers the original order of the entries of a: its ith node
arises from a;, although its label need not equal a;. Under the standard bijection between
rooted plane binary trees and Dyck paths, 7 (a) corresponds precisely to the Dyck path =
in Lemma 3.1, while the node labels read in preorder give the labels of the up steps of =.
Figure 9 illustrates the construction for a = (4,2,3,1,3, 1,3, 3).

FIGURE 9. The labeled binary tree associated with the sequence a = (4,2,3,1,3,1,3,3).

There is also a direct reconstruction of the sequence from the labeled tree. Let vy, ..., v,
be the nodes of T'(a) read in inorder. For a node v, let rdep(v) denote the number of right
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edges on the path from the root to v, and set

Ar(v) = > Aw),

w€EPr(v)

where P(v) is the set of nodes on this path, including its endpoints. We omit the subscript
T when there is no ambiguity. For example, in Figure 9, the nodes v; and vz correspond
to a; = 4 and a3 = 3, respectively. Their root paths have labels 1,0,1,2 and 1,0,1,0, and
contain respectively zero and one right edges. Hence

a; =rdep(v1) + A1) =04+ (1+0+1+2) =4,

az =rdep(vs) + A(vs) =14+ (14+0+1+0) = 3.
In general, a; = rdep(v;) + A(v;), for 1 < i < £. Thus the labeled tree determines the
sequence uniquely.

The statistics of Lemma 3.1 also have simple tree interpretations:

exc(a) = > A(v),

veT

asc(a) = |{v € T : v has no left child}‘ -1,
rlmin(a) = |Rspine(T)

Y

where Rspine(T") denotes the right spine of 7. Moreover, lev(a) counts the nodes v whose
left child w has no right child and satisfies A(w) = 0. For the tree in Figure 9, the right
spine consists of the root and its right child, so rlmin(a) = 2.

We now apply Lemma 3.1 to Fibonacci polyominoes. The following result gives a combi-
natorial interpretation of the two terms in Theorem 2.9.

Theorem 3.2. Let m > 1 and n > 2. Then

p(m, n) = (75" P(z,y) = Cin (jj; 2) e (Z_ 2).

Moreover, the first term counts the Fibonacci polyominoes whose last column has height at
least 2, while the second term counts those whose last column has height 1. In particular,
p(n,n) = Cy,_1, for every n > 2.

Proof. Let P be a Fibonacci polyomino with m columns, and let (hq, ho,..., h,) be its
sequence of column heights. Recall that h; > 2 for 1 < ¢ < m — 1, while h,, > 1. Moreover,
the vertical semiperimeter satisfies (see Equation 4)

m—1

yper(P)=m —1+ h,, + Z(hl — hiz1 —1)4.

i=1
Since P € F,, n, the left-hand side is n.
We distinguish two cases according to the height of the last column.

Case 1: h,, > 2. Define
a(P):(hm—Q,hm_l—2,...,h1—2).
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This is a sequence of m nonnegative integers. By (4),

exc(a(P)) = hy, —2—1—2 hizi—1)y =n—m—1.

Thus a(P) € Ay, n—m—1. Conversely, every sequence in A, ,_,,—1 uniquely determines the
column heights of such a polyomino by reversing the sequence and adding 2 to each entry.
Hence this is a bijection.

By Lemma 3.1, these polyominoes are therefore in bijection with Dyck paths of semilength
m whose up-step labels are nonnegative integers with total label n —m — 1. For each fixed
Dyck path, the number of such labelings is (("*m;ll_)fr mfl) = (:;21) Since there are C,, Dyck

paths of semilength m, the number of polyominoes in this case is C, (:1__21)

Case 2: h,, = 1. If m =1, then P consists of a single cell, so n = 1. Since we are assuming
n > 2, we may suppose that m > 2. Define

Again this is a sequence of nonnegative integers. Since h,, = 1 and h,,_; > 2, equation (4)
gives

m—2
B (o —2)+ S (b — it — 1),
=1

and therefore exc(a(P)) = n — m. Thus a(P) € Ay,_1n-m. As in the first case, this
construction is reversible.

Lemma 3.1 now gives a bijection with Dyck paths of semilength m —1 whose up-step labels

have total sum n—m. For each fixed path, the number of such labelings is ((”_m);("g_l)_l) =

(TZ 2) Since there are C), 1 Dyck paths of semilength m — 1, this case contains C,,_; (”_2)

m—2
polyominoes. Adding the two disjoint cases gives the desired result. 0

For example, consider (m,n) = (2,5). By Theorem 3.2,

p(2,5) :(JQG) +Ol(2) —6+1="1.

Table 1 lists the seven Fibonacci polyominoes in Fy 5, together with the associated sequence
a(P), Dyck path 7, and label sequence A. If hy > 2, then a(P) € Ay,. Thus each of the
Cy = 2 Dyck paths of semilength 2 occurs with the three possible label sequences of total
weight 2, namely (2,0), (1,1), and (0,2). If hy = 1, then a(P) € A, 3, giving the unique
Dyck path of semilength 1 with label 3.

4. FURTHER REFINEMENTS

In this section, we use the bijection of Lemma 3.1 to refine the enumeration of Fibonacci
polyominoes simultaneously by descents, left-to-right minima, and levels. The first refine-
ment is governed by the joint distribution of peaks and returns on Dyck paths, while the
second leads naturally to Motzkin numbers.
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P (hl, hg) a(P) s A
hy > 2

(3,4) (2,1)
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—
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TABLE 1. The bijection of Theorem 3.2 for (m,n) = (2,5).

4.1. The joint distribution of descents and left-to-right minima. Let P be a Fi-
bonacci polyomino with column heights (hq, ..., h,,). Define

deS(P) = |{Z 1 <1 <m, h; > hi+1}|.
A column ¢ > 2 is a left-to-right minimum if
hi < min{hl, . 7hz'—1}7

and the first column is counted by convention. We denote by lmin(P) the number of left-to-
right minima of P.

The correspondence in Lemma 3.1 translates these two statistics into peaks and returns of
Dyck paths. We use the joint distribution of these statistics given by Deutsch [8, Section 6.5,
Eq. (6.20)].
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For ¢ > 1, let R(¢, k, j) denote the number of Dyck paths of semilength ¢ with exactly k

peaks and j returns. Then
g\ (l—75—1 . .
L 1< <k</ l
EQ)<AFJ ) DR

1, k=j=1¢,
0, otherwise.

R((,k, j) =

Its two marginal distributions are

Stk =k =5 () (1))

i>1
N e
k>1

Here N (¢, k) is the Narayana number, while B(¢, j) counts Dyck paths of semilength ¢ with
exactly j returns (cf. [7]). We set N(¢,k) = 0 and B(¢,j) = 0 outside their natural ranges,
and B(0,0) = 1.

Theorem 4.1. Let m,n >2,d >0, and j > 1. Then
[{P € Finp : des(P) = d, Imin(P) = j}|

N , n—2

Proof. We distinguish the two cases in the proof of Theorem 3.2. Suppose first that h,, > 2.
Then

a(P) = (hm - 27 hmfl - 27 B hl - 2) c Am,nfmfl-
Since the order of the column heights is reversed, descents of P become ascents of a(P),
while left-to-right minima become strict right-to-left minima. Hence

des(P) = asc(a(P)), Imin(P) = rlmin(a(P)).

By Lemma 3.1, a polyomino with des(P) = d and Imin(P) = j corresponds to a Dyck path
of semilength m with d 4+ 1 peaks and j returns. There are R(m,d + 1, j) such paths. Since
the labels have total weight n —m — 1, each path admits (:1__21) labelings. This gives the first
term.

Now suppose that h,, = 1. Then
a(P) = (hm—l - 27 T hl - 2) € Am—l,n—m-

Since h,,_1 > 2, the last pair of columns contributes a descent, and the last column con-
tributes a new left-to-right minimum. Therefore,

des(P) = asc(a(P)) + 1, Imin(P) = rlmin(a(P)) + 1.

By Lemma 3.1, the corresponding Dyck path has d peaks and j — 1 returns. There are
R(m — 1,d,j — 1) such paths. Since the labels have total weight n — m, each path admits
(:1__22) labelings. This gives the second term. 0

Summing Theorem 4.1 over j gives the descent distribution.
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Corollary 4.2. Form,n > 2 and d > 0,

n

-2 n—2
P mn - des(P)=d}| = N(m,d+1 N(m—1,d .
1P € F s des(P) = )| = Nom -+ )73 ) 4 ¥ = 1,013
For m =1, the unique polyomino in Fi, has no descents.

Similarly, summing over d gives the distribution of left-to-right minima.

Corollary 4.3. Form,n>2 and j > 1,

{P € Fp, - Imin(P) = j}| = B(m, ) (;:21) +B(m—1,j— 1)(;__22)

For m =1, the unique polyomino in Fy , has one left-to-right minimum.

4.2. Levels and a refinement by Motzkin numbers. Let P be a Fibonacci polyomino
with column heights (hy, ..., hy,,). Define

lev(P) = [{i: 1 <i<m, hy =hi}.

In both cases of Theorem 3.2, the passage from the column heights to a(P) preserves equal
adjacent entries. When h,, = 1, the omitted last column cannot form a level, since h,, 1 > 2.
Hence lev(P) = lev(a(P)). By Lemma 3.1, if ®(a(P)) = (m, A), then lev(P) = lv(m, A).
Recall that lv(m, A) also counts the factors UUsDD of 7, where o is a possibly empty
Dyck path and the second up step is labeled 0. This description suggests considering the
corresponding statistic on the underlying unlabeled path. For a Dyck path 7, let pot(m)
denote the number of factors of the form UUo DD, where ¢ is a possibly empty Dyck path.
We call these factors potential levels, since such a factor contributes to Iv(m, \) precisely
when its second up step has label 0.

We refine the notation introduced above by letting R(¢, k, j, ) denote the number of Dyck
paths of semilength ¢ with exactly k peaks, j returns, and e potential factors. Thus

R(L,k.j) =Y R(lk je).

e>0

Under the classical bijection between Dyck paths and rooted plane trees, peaks correspond to
leaves, returns to the degree of the root, and potential factors to non-root vertices of outde-
gree 1. Therefore, the enumeration obtained by Kirkpatrick and Onyeze [14, Theorem 4.1.4]

gives
GO [tk [ k—j—1
R(g’k’]’e)_e(k)( e )(ﬁ—k:—e—l '

Here and below, we use the convention (j) = 1, while every other binomial coefficient with

a negative upper or lower entry, or with lower entry larger than its upper entry, is equal to
zero. In particular, this convention includes the boundary case ¢/ —e = k = j.

Summing over the numbers of peaks and returns yields a classical refinement of the
Motzkin numbers. Under the Dyck path—plane tree bijection, potential levels correspond
to non-root vertices of outdegree 1, or equivalently to non-root vertices of degree 2. Don-
aghey and Shapiro [10, (M8), Eq. (19)] show that deleting all such vertices from a rooted
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plane tree produces a branch-reduced tree, or bush, and that bushes with k edges are counted
by Mj_;. Consequently,

{—1
E R((,k,j,e) = ( )Mgel, 0<e</l-1.
k,j>1 €

Indeed, after deleting the e non-root vertices of outdegree 1, one obtains a bush with / — e
edges, and the e deleted vertices can be reinserted along its edges in (@21) ways.

The labels provide a further refinement of this distribution. For ¢ > 1, » > 0, and
d,j,t > 0, define

Ser(d, j,t) = [{a € A, : asc(a) = d, rlmin(a) = j, lev(a) = t}|.

We extend this notation by setting Sp,.(d,7,t) = 0 whenever one of the parameters lies
outside its natural range; in particular, this applies when r < 0, d < 0, 7 <0, or t < 0.

Proposition 4.4. For /> 1,r >0, and d,j,t >0,

. 1 . e\ {r+l—e—1
Sl,r(d7j7t):ZR(&d—i_l’j’e) t {—t—1 '

e=t

Proof. Fix a Dyck path with d + 1 peaks, j returns, and e potential factors. To obtain
exactly t levels, choose the t corresponding up steps whose labels are 0; the remaining e — ¢
distinguished labels must be positive. After subtracting 1 from each of these positive labels,
the remaining weight is r — (e — t), distributed among ¢ — ¢ nonnegative labels. Hence the
number of admissible labelings is

e\ (r—(e—=t)+(l—t)—1\ [e\(r+l—e—1
t (—t—1 o\t (—t—1 )
Summing over e gives the result. 0]
Theorem 4.5. Let m,n > 2, d,t >0, and j > 1. Then
[{P € Funp : des(P) = d, Imin(P) = j, lev(P) = t}|
- m,n—m—l(daja t) + Sm—l,n—m(d - 17] - 17 t)
Proof. If hy, > 2, then a(P) € A, ,—m—1, and
des(P) = asc(a(P)), Imin(P) = rlmin(a(P)), lev(P) = lev(a(P)).
This gives the first term.
If hy, =1, then a(P) € A,,,_1 . The last column contributes one descent and one new
left-to-right minimum, but no level. Hence
des(P) = asc(a(P)) + 1, Imin(P) = rlmin(a(P)) + 1, lev(P) = lev(a(P)),

which gives the second term. 0

The diagonal family takes a particularly simple form. If P € F,,, then only the case
h, = 1 occurs and a(P) € A,_1. Thus all labels are 0, so every potential factor contributes
a level. Consequently,

SE,O(dajv t) = R(€7d+ 17ja t)
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Corollary 4.6. Forn>2,d>1,t>0, and 7 > 2,

[{P € Fup : des(P) = d, Imin(P) = j, lev(P) = t}|
=R(n—1,d,j —1,t)

S0

Summing over j gives the joint distribution of descents and levels. Equivalently, this
is the marginal distribution of leaves and non-root vertices of outdegree 1 in plane trees;
see [14, Corollary 4.1.9].

Corollary 4.7. Forn>2and 1 <d<n—1,

(n—2)!
n—d—t)2d+t—n)ltl(n—1—-d—1)!

[{P € Fop: des(P) =d, lev(P) = t}| = (

for max{0,n —2d} <t <n—d—1, and the number is 0 otherwise.

Finally, summing over both descents and left-to-right minima and using the Motzkin
marginal above gives the distribution of levels.

Corollary 4.8. Forn>2 and 0 <t <n— 2,

{P € Fon : lev(P) = 1} = ( ; 2) Y

The number is 0 fort > n — 2. In particular,

{P € Fup :lev(P) =0} = M, 5.

5. CONCLUDING REMARKS

The square-lattice model studied here exhibits two complementary enumerative structures.
With respect to area, Fibonacci polyominoes are naturally governed by the Fibonacci num-
bers, whereas their enumeration by perimeter leads to Catalan numbers. The bijection of
Lemma 3.1 explains this transition and, more generally, transfers natural statistics on column
heights to peaks, returns, and potential factors of Dyck paths. This yields the Narayana and
Motzkin refinements developed in Section 4. It would be interesting to investigate analogous
staircase polyominoes on the triangular and hexagonal lattices. Determining which parts
of the present framework admit analogues on these lattices is a natural direction for future
work.
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