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Abstract

Catalan words are particular growth-restricted words over the set
of non-negative integers, and they represent still another combinatorial
class counted by the Catalan numbers. We study the distribution of
descents on the sets of Catalan words avoiding a pattern of length at
most three: for each such a pattern p we provide a bivariate generating
function where the coefficient of z”y* in its series expansion is the
number of length n p-avoiding Catalan words with k& descents. As a
byproduct, we enumerate the set of Catalan words avoiding p, and we
provide the popularity of descents on this set.

Keywords: Enumeration, Catalan word, pattern avoidance, descent, pop-
ularity.

1 Introduction and notation

A length n Catalan word is a word wyws . .. w, over the set of non-negative
integers with w; = 0, and

0 <w; <w;—q+1,

for i = 2,3,...,n. We denote by C, the set of length n Catalan words, and
C = Up>0Cp. For example, Co = {00,01} and C3 = {000,001,010,011,012}.
It is well known that the cardinality of C, is given by the nth Catalan

number L(2:), see for instance [13, exercise 6.19.u, p. 222], which is the

n+1



general term of the sequence A000108 in the On-line Encyclopedia of Integer
Sequences (OEIS) [12]. See also [10] where Catalan words are considered in
the context of the exhaustive generation of Gray codes for growth-restricted
words.

A pattern p is a word satisfying the property that if x appears in p,
then all integers in the interval [0,z — 1] also appear in p. We say that a
word wyiws . .. w, contains the pattern p = py ... p; if there is a subsequence
Wi, Wiy - .. Wy, of w, 11 < ig < -+ < iy, which is order-isomorphic to p. For ex-
ample, the Catalan word 01012312301 contains seven occurrences of the pat-
tern 110 and four occurrences of the pattern 210. A word avoids the pattern
p whenever it does not contain any occurrence of p. We denote by C,(p) the
set of length n Catalan words avoiding the pattern p, and C(p) = Up>0Cn(p)-
For instance, C4(012) = {0000, 0001, 0010, 0011, 0100, 0101, 0110,0111}, and
C4(101) = {0000, 0001, 0010, 0011,0012,0100,0110,0111,0112,0120, 0121,
0122,0123}.

A descent in a word w = wyws ... w, is an occurrence w;w;+1 such that
w; > w;y1, and we denote by d(w) the number of descents of w. The distri-
bution of the number of descents has been widely studied on several classes
of combinatorial objects such as permutations and words, since descents
have some particular interpretations in fields as Coxeter groups or theory
of lattice paths [4, 6]. More specifically, there are natural one-to-one corre-
spondences between descents in Catalan words and some patterns in other
classical Catalan structures, and below we give two such examples.

Let 6 — w be the bijection which maps a semilength n Dyck word
over {u,d} into a length n Catalan word defined as: w is the sequence of
the lowest ordinate of the up steps u in the Dyck word §, in lattice path
representation. Under this bijection, occurrences of consecutive patterns
ddu in Dyck words correspond to descents in Catalan words. Similarly,
Makinen’s bijection [9] gives a one-to-one correspondence between descents
in Catalan words (called left-distance sequences by the author of [9]) and
particular nodes (left-child nodes having a right child) in binary trees.

A statistic st on a finite set S is an association of an integer to each
element of S, and the popularity of st is ) g st(x), which is the cardinality
of S times the expectation of st. The number of occurrences of a pattern or
the number of descents are examples of statistics on words. See [5] where
the notion of popularity was introduced in the context of pattern based
statistics, and [1, 7, 11, 2] for some related results.

The main goal of this paper is to study the descent distribution on Cata-
lan words (see Table 1 for some numerical values). More specifically, for
each pattern p of length at most three, we give the distribution of descents
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on the sets C,(p) of length n Catalan words avoiding p. We denote by
Cp(z,y) = X k>0 cn x®™y" the bivariate generating function for the cardi-
nality of words in C,(p) with k descents. Plugging y = 1

— into Cp(x,y), we deduce the generating function Cp(z) for the set
Cn(p), and

— into %, we deduce the generating function for the popularity of

descents in Cy(p).

The proofs in this paper are based mainly on functional equations, and
alternative bijective proofs would be of interest.

From the definition at the beginning of this section it follows that a
Catalan word is either the empty word, or it can uniquely be written as
O(w" + 1)w”, where w' and w” are in turn Catalan words, and w’ + 1 is
obtained from w’ by adding one to each of its entries. We call this recursive
decomposition first return decomposition of a Catalan word, and it will be
crucial in our further study. It follows that C(x), the generating function
for the cardinality of C,,, satisfies:

C(z) =1+ C*(x),

which corresponds precisely to the sequence of Catalan numbers.

The remainder of the paper is organized as follows. In Section 2, we
study the distribution of descents on the set C of Catalan words. As a
byproduct, we deduce the popularity of descents in C. We consider also
similar results for the obvious cases of Catalan words avoiding a pattern of
length two. In Section 3, we study the distribution and the popularity of
descents on Catalan words avoiding each pattern of length three.

2 The sets C and C(p) for p € {00,01,10}

Here we consider both unrestricted Catalan words and those avoiding a
length two pattern.

We denote by C(z,y) the bivariate generating function where the coeffi-
cient of z™y* of its series expansion is the number of length n Catalan words
with k& descents. When we restrict to Catalan words avoiding a pattern p,
the corresponding generating function is denoted by Cp(z,y).

Theorem 1. We have

1 — 2z + 22y — /1 — 4z + 422 — 4x2y

Clz,y) = 20y



Proof. Let w = 0(w'+1)w” be the first return decomposition of a non-empty
Catalan word w with w’,w” € C. If w’ (resp. w”) is empty then the number
d(w) of descents in w is the same as that of w” (resp. w'); otherwise, we
have d(w) = d(w')+d(w”)+1 since there is a descent between w’+1 and w”.
So, we obtain the functional equation C(z,y) = 1+ zC(x,y) + (C(z,y) —
1) + 2y(C(z,y) — 1)? which gives the desired result. O

By the considerations in the introductory section, it turns out that the
coefficient of 2™y* in the series expansion of C(x,y) is also the number of
semilength n Dyck words with k occurrences of the consecutive pattern ddu,
which is given by the statistic St000386 in [3], see also A091894 in [12].

As expected, C(z) = C(x,1) = # is the generating function for
the Catalan numbers, and %‘;’y”y:l is the generating function for the
descent popularity on C, and we have the next corollary.

Corollary 1. The popularity of descents on the set C,, is (25:32), and its

generating function is 1dot2a® (1 20)VI-d (sequence A002694 in [12]).

2x\/1—4z

K\n|1 2 3 4 5 6 7 8 9 10

0 |1 2 4 8 16 32 64 128 256 512
1 1 6 24 80 240 672 1792 4608
2 2 20 120 560 2240 8064
3 5 70 560 3360

4 14 252
|1 2 5 14 42 132 429 1430 4862 16796

Table 1: Number ¢, of length n Catalan words with & descents for 1 <
n<10and 0 < k < 4.

Catalan words of odd lengths encompass a smaller size Catalan structure.
This result is stated in the next theorem, see the bold entries in Table 1.

Theorem 2. Catalan words of length 2n+1 with n descents are enumerated

by the nth Catalan number #_1(27?)

Proof. Clearly, the maximal number of descents in a length n Catalan word
is |%51]. Let w be a Catalan word of length 2n + 1 with n descents. We

necessarily have w = 0(w’ + 1)w” with w', w” # ¢, d(w') = L'w;‘_lj, d(w") =
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221 and d(w) = d(w') + d(w”) + 1. Since the length of w is odd,
|w'| and |w”| have the same parity. If |w’| and |w”| are both even, then

d(w) = W22 22y g o e o) (et )=l ) ) nd | which
gives a contradiction. So, |w’| and |w”| are both odd, and we have d(w) =
%—F%—i—l = LMJ = | %51]. Thus the generating function
A(z) where the coefficient of 2™ is the number of Catalan words of length
2n + 1 with n descents satisfies A(x) = 1+ zA(z)? which is the generating

function for the Catalan numbers. OJ

There are three patterns of length two, namely 00, 01 and 10, and Cata-
lan words avoiding such a pattern do not have descents, thus the correspond-
ing bivariate generating functions collapse into one variable ones.

Theorem 3. For p € {00,01}, we have Cy(z,y) = 1.

1—x

Proof. If p = 00 (resp. p = 01) then 012...n — 1 (resp. 00...0) is the
unique non-empty Catalan word of length n avoiding p, and the statement
follows. O

Theorem 4. We have Cio(z,y) = 11:—2”;, which is the gemerating function
for the sequence 2"~ ! (sequence A011782 in [12)).

Proof. A non-empty Catalan word avoiding the pattern 10 is of the form
0F(w' + 1) for k > 1, and with w’ € C(10). So, we have the functional

equation C1g(z) = 1+ $£-Cio(z), which gives Cio(z) = £ O

3 The sets C(p) for a length three pattern p

Here we turn our attention to patterns of length three. There are thirteen
such patterns, and we give the distribution and the popularity of descents
on Catalan words avoiding each of them. Some of the obtained results are
summarized in Tables 2 and 3.

Theorem 5. For p € {012,001}, we have

1—z+a22—2%

C = .

Proof. A non-empty word w € C(012) has its first return decomposition
w = 01Fw” where k > 0 and w” € C(012). If k = 0 or w” = ¢, then
the number of descents in w is the same as that of w”; otherwise, we have
d(w) = d(w") + 1 (there is a descent between 1* and w”). So, we obtain the
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functional equation Coi2(z,y) = 1+xCoio(x,y)+ % + %y(Cou(a;, y)—1)
which gives the desired result.

A non-empty word w € C(001) has the form w = 0(w’ + 1)0* where w' €
C(001) and k > 0. If k = 0 or w’ = ¢, then the number of descents in w
is the same as that of w'; otherwise, we have d(w) = d(w') + 1. So, we
obtain the functional equation Coo1(x,y) = 1 + 2(Coor(z,y) — 1) + 1% +

T

éy(Coo;l(x, y) — 1) which gives the desired result. O
Considering the previous theorem and the coeflicient of 2™ in Cp(x,1) =

1— 3 80 (xay) —_ 3 3
== and in %71/@:1 = UfT)Q, we obtain the next corollary.

Corollary 2. For p € {012,001}, we have |C,(p)| = 2", and the popu-
larity of descents on the set Cy(p) is (n — 2) - 273 (sequence A001787 in

[12]).
As in the case of length two patterns, a Catalan word avoiding 010 does
not have descents, and we have the next theorem.

Theorem 6. If p = 010, then Cp(z,y) = 11:22 which is the generating

function for the sequence given by 2"~' (sequence A011782 in [12]).

Proof. A non-empty word w € C(010) can be written either as w = Ow’
with w’ € C(10), or as w = 0(w’ 4+ 1) with w" € C(010) \ {€}. So, we deduce
Coro(z) =1+ xCho(x) + (Cp1p(x) — 1), and the statement holds. O

Theorem 7. For p =021, we have

1 —4x + 622 — 2%y — 423 + 323y + 2% — 2ty
(1—2)(1-22)(1 -2z + 2% — 2%y) '

Cp(x> y) =

Proof. Let w be a non-empty word in C(021), and let 0(w’+1)w” be its first
return decomposition with w’,w” € C(021). Note that w’ belongs to C(10).
We distinguish two cases: (1) w’ does not contain 1, and (2) otherwise.
In the case (1), w’ € C(01) (i.e., w' = 0* for some k > 0), and w” € C(021).
If w' = € (resp. w” = €), then the number of descents in w is the same
as that of w” (resp. w'); otherwise, we have d(w) = d(w') + d(w") + 1.
So, this case contributes to Cp(z,y) with Co(z,y) + x(Co21(z,y) — 1) +
2y(Cor(z,y) — 1)(Con (2, y) — 1).

In the case (2), v’ € C(10) \ C(01) and w” € C(01). If w” = € then
w and w’ have the same number of descents; otherwise, we have d(w) =
d(w') + d(w") + 1. So, this case contributes to Cp(z,y) with z(Cio(x,y) —
Cor(z,y)) + 2y(Cro(z,y) — Cor(z, y))(Cor(z,y) — 1).
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Taking into account these two disjoint cases, and adding the empty word,
we deduce the functional equation Coo;(x,y) = 14+2Cp1(z, y)+x(Co21 (2, y)—
1)+ay(Cor(z,y) —1)(Coz1(z, y) —1)+2(Cro(z, y) —Cor(x, y)) +2y(Cro(x, y) —
Coi(z,y))(Coi(x,y) — 1), which after calculation gives the result. O
Corollary 3. For p = 021, we have Cp(z) = % which is the
generating function for the sequence (n — 1) -2""2 + 1 (sequence A005183
in [12]). The popularity of descents on the set Cp(p) is (n+1)(n —2)-2"7°

with the generating function ffflz;f} (sequence A001793 in [12]).

Theorem 8. For p € {102,201}, we have

1 — 3z + 322 — 222y — 23 + 23y
(1—x) (1 -3z + 222 — 222%y) ~

Cp(‘ra y) =

Proof. Let w be a non-empty word in C(102), and let 0(w’ 4+ 1)w” be its first
return decomposition with w’,w” € C(102). If w’ is empty, then w = 0w”
for some w” € C(102) and we have d(w) = d(w”). If w” is empty, then
w = 0(w' + 1) for some w’' € C(102) and we have d(w) = d(w'). If w" and
w” are both non-empty, then w’ € C(102) \ {¢} and w” € C(012) \ {e}. We
deduce the functional equation Chpa2(z,y) = 1+ 2Ci2(z,y) + 2(Cro2(x, y) —
1) +2y(Chro2(z,y) — 1)(Co12(z, y) — 1). Finally, by Theorem 5 we obtain the
desired result.

Let w be a non-empty word in C(201), and let O(w’ 4+ 1)w” be its first
return decomposition with w’,w” € C(201). If w' is empty, then w = Ow”
for some w” € C(201) and we have d(w) = d(w”). If w” is empty, then
w = 0(w'+1) for some w’" € C(201) and we have d(w) = d(w'). If w’ and w”
are both non-empty, then d(w) = d(w’) + d(w”) + 1 and we distinguish two
cases: (1) w' does not contain 1, and (2) otherwise. In the case (1), we have
w' € C(01) \ {e} and w” € C(201) \ {e}; in the case (2), w’ contains 1 and
w' € C(201)\C(01) and w” € C(01) \ {e}. Combining the previous cases, the
functional equation becomes Cao1 (2, y) = 14+2Co01(x, y)+x(Co01(z,y)—1)+
zy(Cor(z, y) — 1)(Co01(z,y) — 1) + 2y(Co01 (2, y) — Cor(z, y))(Cor(z,y) — 1),
which gives the desired result. O
Corollary 4. Forp € {102,201}, we have Cp(x) = % which is the
generating function of the sequence W%“ (sequence A007051 in [12]). The
popularity of descents on the set Cp(p) is (n — 2) - 33 with the generating
function ﬁ (sequence A027471 in [12]).
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Theorem 9. For p € {120,101}, we have

1—2x+ 22 — 2%y
Cp(.ﬁU,y) = 1 —33}+2x2 _ny'

Proof. Let w be a non-empty word in C(120), and let 0(w’ 4+ 1)w” be its
first return decomposition where w',w” € C(120). If w” is empty, then
w = 0(w' + 1) for some w’ € C(120) and we have d(w) = d(w'); if W' is
empty, then w = 0w” for some w” € C(120) and we have d(w) = d(w');
if w' and w” are not empty, then w' € C(01) \ {e}, w” € C(120) \ {e¢} and
d(w) = d(w") + d(w”) + 1. We deduce the functional equation Ciag(z,y) =
1+2C20(x,y) ++2(Cr20(z,y) — 1) +2y(Cor(x,y) —1)(Cr20(z, y) — 1) which
gives the result.

Let w be a non-empty word in C(101), and let O(w’ 4+ 1)w” be its first
return decomposition where w’, w” € C(101). If w’ is empty, then w = Ow”
for some w” € C(101) and d(w) = d(w"); if w” is empty, then w = 0(w’ + 1)
for some w’ € C(101) and d(w) = d(w"); if w’ and w” are not empty, then
w' € C(101) \ {e} and w” € C(01) \ {e} and d(w) = d(w') + d(w") + 1. We
deduce the functional equation Co1(z,y) = 1+ 2Cio1(x,y) + 2(Cro1(x, y) —
1) + zy(Cro1(z,y) — 1)(Cor(z,y) — 1) which gives the result. O
Corollary 5. For p € {120,101}, we have Cp(x) = 1—1_33241:2 and the coef-
ficient of x™ in its series expansion is the (2n — 1)th term of the Fibonacci
sequence (see A001519 in [12]). The popularity of descents on the set Cp(p)
s given by Zz;f k- (”2]2_2) which is the coefficient of ™ in the series ex-

z3(1—x)

0 3rra2)? (sequence A001870 in [12]).

pansion of

Theorem 10. For p = 011, we have

1 —2x+ 222 — 2 + 23y

Cp(xay) = (1 —1‘)3

Proof. Let w be a non-empty word in C(011), and let 0(w’ 4+ 1)w” be its first
return decomposition where w’, w” € C(011). If w’ (resp. w”) is empty, then
we have d(w) = d(w”) (resp. d(w) = d(w')); if w’ and w” are non-empty,
then w’ € C(00)\{e} and w” € C(01)\{e}. We deduce the functional equation
Coni(z,y) = 1+2Co11 (2, y)+2(Coo(z,y) —1)+2y(Coo(, y) —1)(Cor (x, y) —1)
which gives the result. O
Corollary 6. For p = 011, we have Cp(x) = % and the coefficient
of x™ in its series expansion is 1 + (3) (sequence A000124 in [12]). The
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popularity of descents on the set Cp(p) is given by ("71)2& which is the

coefficient of ™ in the series expansion ofﬁ (sequence A000217 in [12]).
Theorem 11. For p = 000, we have

e —
1—2—222 —22y+ a3+ ot — oty

Cp(x) y) =

Proof. Let w be a non-empty word in C(000), and let 0(w’+1)w” be its first
return decomposition where w’, w” € C(000). We distinguish two cases: (1)
w” is empty, and (2) otherwise.

In the case (1), we have w = 0(w’ + 1) for some w’ € C(000) and d(w) =
d(w'). So, the generating function A(x,y) for the Catalan words in this case
is A(z,y) = 2Cooo(z,y).

In the case (2), we set w” = 0(w"” + 1) for some w” € C(000) and we
have w = 0(w’ + 1)0(w"” 4 1). We distinguish three sub-cases: (2.a) w’ is
empty, (2.b) w’ is non-empty and w” is empty, and (2.c) w’ and w" are
both non-empty.

In the case (2.a), we have w = 00(w"” + 1) with w"”" € C(000). So,
the generating function for the Catalan words belonging to this case is
Ba(z,y) = 22Coo0(z, y).

In the case (2.b), we have w = 0(w’ + 1)0 with w’ € C(000) \ {€}. So,
the generating function for the corresponding Catalan words is By(z,y) =
2*y(Cooo(z,y) — 1).

In the case (2.c), we have w = 0(w’ 4+ 1)0(w” + 1) where w’ and w"
are non-empty Catalan words such that w'w” is a Catalan word satisfying
the case (2). If w' = 0, then d(w'w”) = d(w") = d(w) — 1; if w" # 0,
then d(w'w™) = d(w') + d(w"”) + 1 = d(w). So, the generating function for
the corresponding Catalan words is Be(w,y) = 22yB,(z,y) + 22(By(z,y) +
B.(z,y)).

Considering Cooo(z,y) = 1+ A(z,y) + Ba(z,y) + By(x,y) + Be(z,y), the
obtained functional equations give the result. O

Corollary 7. For p = 000, we have Cp(x) = % and the generating

function for the popularity of descents in the sets Cp(p), n >0, is

231 —2)(1 + 22)(1 + )
(1—2z—322+2%)2

Note that the sequences defined by the two generating functions in Corol-
lary 7 do not appear in [12].
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Theorem 12. For p = 100, we have

O () 1— 2z — 22y + a3
z,y) = .
P = T 80 a2 — a2y + 227

Proof. For k > 1, we define Ay, C C(100) as the set of Catalan words avoiding
100 with exactly k zeros, and let Ag(x,y) be the generating function for Ay.

A Catalan word w € Aj is of the form w = 0(w’ 4+ 1) with w’ € C(100).
Since we have d(w) = d(w'), the generating function A;(x,y) for these words
satisfies A;(x,y) = xCioo(x,y).

A Catalan word w € Ay, k > 3, is of the form w = 0¥~ 2w’ with v’ € As.
Since we have d(w) = d(w'), the generating function A (z,y) for these words
satisfies Ay(z,y) = 2F2A5(2, ).

A Catalan word w € Ay has one of the three following forms:

(1) w = 00(w’" + 1) with w’ € C(100); we have d(w) = d(w'), and the
generating function for these Catalan words is 22C100(z, ).

(2) w = 0(w' 4+ 1)0 with w’ € C(100) \ {€e}; we have d(w) = d(w') + 1,
and the generating function for these Catalan words is z2y(Croo(z,y) — 1).

(3) w=0(w'+1)0(w” + 1) where w" and w” are non-empty and w'vw” €
Ay, for some k > 2 (i.e., w'w” = 0F20(u+1)0(v+1) with 0(u+1)0(v+1) €
Az). So, there are (k — 1) possible choices for w’, namely 0,02,..., 02,
and 0F=20(u +1). If w’ = 0,02,...,0%72, then d(w) = d(0(u+1)0(v+ 1)) +
1; if w' = 0*720(u + 1) and u # ¢, then d(w) = d(0(u + 1)0(v + 1)); if
w' = 0520(u + 1) and u = ¢, then d(w) = d(0(u + 1)0(v + 1)) + 1. So,
the generating function for these words is 2?yAs(x,y) > 1oq(k — 2)2*72 +
w?(Az(x,y) — *Croo(2,9)) Dgso ° 2 + 2tyCroo(2,y) Dgsy 22, which is
ot Aa(, ) + 155 Aa(2,y) + T2 Croo ().

Taking into account all previous cases, we obtain the following functional
equations:

(i) Al(x7y) = IClOO(xvy)7

(i) As(w,y) = 2°Croo(w, y)+22y(Croo(®, y) ~ 1)+ 5= Az (@, y)+ 155 As (2, y) +

xty—a?

1—z ClOO(:C? y)a

(iii) Ag(x,y) = 2¥2Ay(x,y) for k > 3,

(iv) Croo(z,y) =1+ > k51 Ak(z, ).

A simple calculation gives the desired result. O

10



Corollary 8. For p = 100, we have Cp(x) = %, which is the

generating function for the sequence [ 1+\[) ! 1 (see A057960 in [12]), and
the generating function for the popularity of descents in the sets C,,(p), n > 0,
18

23(1 — 2 — 2?)

(1 — 3z + 223)%
Theorem 13. For p = 110, we have

1 -3z +222 + 23 -2t + 2y
(1—2)(1—3z+ 22+ 2z3 — 23y)

Cp(x) =

Proof. Let w be a non-empty word in C(110), and let 0(w’+1)w” be its first
return decomposition where w’, w” € C(110).
Then, w has one of the following forms:

— w = 0(w’ 4+ 1) where w’ € C(110); the generating function for these
words is xC10(z,y).

— w = 0w’ where w’ € C(110) \ {e}; the generating function for these
words is x(Cy10(z,y) — 1).

— w = 0(w + 1)w” with v’ € C(00) \ {e} and w” € C(10) \ {e}; the
generating function for these words is zy(Coo(z,y) —1)(Ciro(z,y) — 1).

— The last form is w = 0(w'+1)w” where w' € C(00)\{e} and w” ¢ C(10).
So, we have w = 012...k0%1% ... (k —1)* (w"” + k — 1) where k > 1,
a; > 1for 0 <i <k, and w’” € C(110)\ C(10); the generating function

k41

=y (Cro(2,y) = Cro(,y))-

Combining these different cases, we deduce the functional equation:

for these words is y Zk>1

Cro(z,y) = 1+ z2Cno(z,y) + 2(Crio(z,y) — 1) + 2y(Coo(z,y) — 1)(Cro(x,y) — 1)+

Y2 k1 (1r (Crio(2,y) — Cro(z,9))-

Considering Theorems 3 and 4, the result follows. O
Corollary 9. For p = 110, we have Cp(x) = % and the gener-

ating function for the popularity of descents in the sets Cp(p), n >0, is
23(1 — z — 22)?
(1—2)3(1 — 22 — 22)2’
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Theorem 14. For p = 210, we have

() 1 — 5z + 822 — 2%y — 423 + 323y — 2ty
xTr) =
P (1 —2z)(1 — 4o + 422 — 22y + 23y)

Proof. Let w be a non-empty word in C(210), and let 0(w’ 4+ 1)w” be its first
return decomposition where w', w” € C(210).
Then, w has one of the following forms:

— w = 0(w' + 1) where w' € C(210); the generating function for these
words is xCa10(x, y).

— w = 0w” where w” € C(210) \ {¢}; the generating function for these
words is z(Caio(z,y) — 1).

— w = 0(w' + 1)w” where w’ € C(01) \ {€} and w” € C(210) \ {€}; the
generating function for these sets is xy(Co1(z,y) — 1)(Ca10(z,y) — 1).

— w = 01%2% k%" where k > 2, a; > 1for1 <i <k, and w” €
C(10) \ {€}; the generating function for these words is y(Cio(z,y) —

xk 1
1) Yisa e

— w = 01722 koobo1br  (k — 2)%-2(w" + k — 2) where k > 2,
a; > 1forl < i <k, b >1forl <i < k-2, and v’ €
C(210)\C(10); the generating function for these words is y(C210(z, y) —

xk+l mIvfl

CIO(% y)) Zk22 (1—z)F (1—z)k1°
Combining these different cases, we deduce the functional equation:
Coro(z,y) = 14 2C0(z,y) + 2(Cor0(z, y) — 1) + 2y(Con(z,y) — 1)(Caro(z,y) — 1)+

Z.k+1 xk+l mIcfl

y(Cro(z,y) = 1) Xpa e + ¥(Co10(2,y) = Cro(2,9)) Xopz2 (—yr fomyieT

Finally, considering Theorem 4 the desired result follows. O

Corollary 10. For p = 210, we have Cp(z) = (1i§§ﬁTZii1§i§iZS) and the

generating function for the popularity of descents in the set Cn(p), n > 0, is
z3(1 — 2z)
(1 — 4o + 322 + 23)2°
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Pattern p Sequence |Cp(p)| Generating function | OEIS [12]
012, 001, 010 2t e A011782
021 (n—1)-2n241 it —ey A005183
102, 201 i e A007051
120, 101 Fon_1 o A001519
011 nnd) 4 Lot A000124
100 atiiaay L-Zo=a’4g? A057960
110 P (- | A,
210 (e e

Table 2: Catalan words avoiding a pattern of length three.

Pattern p Popularity of descents Generating function | OEIS [12]
on Cy(p)
012, 001 (n—2).-273 ﬁ A001787
010 0 0
021 (n+1)(n—2)- 275 o A001793
102, 201 (n—2)-373 oy A027471
120,101 | P22k (M2 e A001870
011 (n=1)(n-2) e A000217
3
000 T (l:x)7(1+22x)(3142r:13)
i
100 (1-30+209)2
23 (1—z—22)?
].].0 (1_x)3(1_2x_x2)2
ac3 —2aX
210 %

Table 3: Popularity of descents on Catalan words avoiding a pattern of

length three.
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4 Final remarks

At the time of writing this paper, the enumerating sequences (|Cy,(p)|)n>0,
for p € {000,110, 210}, are not recorded in [12], and it will be interesting to
find alternative interpretations of these sequences.

Our initiating study on pattern avoidance on Catalan words can natu-
rally be extended to patterns of length more than three, vincular patterns
(see Section 1.3 in [8] for their definition) and/or multiple pattern avoidance.
For example, some of the patterns we considered here hide larger length pat-
terns (for instance, an occurrence of 210 in a Catalan word is a part of an
occurrence of 01210), and some of our results can be restated in this light.

Acknowledgement. We would like to thank the two anonymous refer-
ees for their careful reading of this paper and their helpful comments and
suggestions.
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