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Genomes can be modeled by unsigned permutations of {1, 2, . . . , n} where each gene is assigned
to a unique number found once in the genome [6]. In this paper, we focus on the transposition
mutation which consists in displacing an interval of the permutation. More precisely, our mo-
tivation is to find some combinatorial properties in terms of pattern avoiding permutations of
the transposition mutation whenever we displace an interval of length one on its right, which is
equivalent to delete one element and to insert it in a position located on its right. This opera-
tion will be called a deletion-right insertion (dri for short). Here is a dri-transformation on the
permutation σ = 1 2 3 4 5 6 7:

1 2 3 4 5 6 7  1 2 4 5 6 3 7

This operation is a variant of the well-known genome duplication, which consists in copying
a part of the original genome inserted into itself, followed by the loss of one copy of each
of the duplicated genes. In particular, it is comparable to the whole duplication-random loss
model [1, 2]. Although there are many connections between these models, it is surprising that
the behavior of their combinatorial properties depends of different parameters: the dri-model
reveals some links with left-to-right maximum statistics, while the whole duplication-random
loss model reveals links with descent statistics.

In the literature, the dri-transformation is also found in the domain of sorting theory. Indeed, it
corresponds (modulo a mirror symmetry) to the insertion-sorting operator [4] on permutations
defined by

σ1σ2 . . . σn −→ σ1 . . . σjσiσj+1 . . . σi−1σi+1 . . . σn.

Magnùsson [5] proves that the set of permutations that can be sorted with one step of the
insertion-sorting operator is the class of permutations avoiding the three patterns 321, 312
and 2143. We generalize his result by studying the problem of dri-model in terms of pattern
avoiding permutations.We prove that the set of permutations obtained with this model after
a given number of dri-operations from the identity is the class of permutations avoiding some
patterns. We enumerate them by giving a bivariate exponential generating function, and give
asymptotics and the corresponding limit law, via methods of analytic combinatorics [3]. It is
a nice surprise that it involves an unusual algebraic exponent, and some unusual closed-form
constants.

Theorem 1. The class C(p) of permutations obtained from the identity after a given number p
of dri-transformations is the class of permutations with at most p non-left-to-right-maxima.

Corollary 2. Let σ be a permutation and tσ be the number of non-left-to-right-maxima. In the
dri-model, tσ transformations are necessary and sufficient to obtain σ from the identity.

Corollary 3. Let σ and π be two permutations and tσ−1·π be the number of non-left-to-right-
maxima in σ−1 ·π. In the dri-model, tσ−1·π transformations are necessary to obtain π from σ. In
particular, if tσ−1 is the number of non-left-to-right-maxima in σ−1, then tσ−1 transformations
are necessary and sufficient to sort by insertion the permutation σ into the identity.
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Theorem 4. A permutation σ ∈ Sn belongs to the basis Bp if and only if one has:
(i) σ contains exactly p+ 1 non-left-to-right-maxima.
(ii) n− 1 is a non-left-to-right-maxima,
(iii) σ2 is a non-left-to-right-maxima,
(iv) For any three left-to-right maxima in σ, σi, σj and σk, 1 ≤ i < j < k ≤ n, such that
there is no left-to right maximum between σi and σj and between σj and σk, there exists a
non-left-to-right-maxima σt in σ, j < t < k, satisfying σt > σi.

(iii)

(ii)

(iv)

Lemma 5. Let σ ∈ Sn be a minimal permutation having p ≥ 1 non-left-to-right-maxima and
such that σ`+1 = n, ` ≥ 0. Let α be the subsequence σ1σ2 . . . σ` and π be the permutation in S`
isomorphic to α. Then, π is a minimal permutation with p−n+ `+ 1 non-left-to-right-maxima.

Theorem 6. The number mn,p of minimal permutations of length n having exactly p non-left-
to-right-maxima, p ≥ 1, is given by the following recurrence relation

mn,p =

p−1∑
`=0

(`+ 1)! ·
(
n− 2

`

)
·mn−`−2,p−`−1

with mn,p = 0 if n > 2p, and mn,n−1 = (n− 1)! for n > 1. Let V (x, y) =
∑

n≥1,p≥1
mn,n−p

xnyp

n! be

the bivariate exponential generating function where the coefficient of xnyp

n! is the number mn,n−p
of minimal permutations of length n with n− p non-left-to-right-maxima. Then, we have
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Theorem 7. The mean is µn =
[xn]∂yV (x,1)
[xn]V (x,1) ∼

lnn√
5
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n ). The m-th factorial

moment is
[xn]∂my V (x,1)

[xn]V (x,1) ∼
ln(n)m√

5
m and the corresponding limit law is Gaussian.
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