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Abstract—In this paper we study the diagonal flipping problem
in three special type triangulations of n (n > 7) vertex convex
polygons (and rotations in three type binary trees). By labelling
vertices of the triangulations, we propose six linear time algo-
rithms for computing diagonal-flip distances in these three type
triangulations (and rotation distance in these three type binary
trees).

Index Terms - triangulation; diagonal-flip distance; binary
tree; rotation distance.

I. INTRODUCTION

A diagonal-flip transformation is an operation that converts
one triangulation into another by removing a diagonal in
the triangulation and adding the diagonal that subdivides the
resulting quadrilateral in the opposite way. The dual edge
dual(e) is an edge that appears if we flip the edge e. A rotation
in a binary tree is a local restructuring of the tree that changes
the position of an internal node and one of its children while
the symmetric order in the tree is preserved (see Fig.1). Culik
and Wood defined in 1982 the rotation distance between a pair
of binary trees as the minimum number of rotations needed
to convert one tree into the other [4]. There is a well-known
explicit bijection between binary trees and triangulations [10],
thus a system that is isomorphic to triangulations of a convex
polygon related by the diagonal-flip transformation is that
of binary trees related by rotations. Therefore, diagonal-flip
distance of triangulations and rotation distance of binary trees
are equivalent.

Much research have been worked on diagonal-flip (rotation)
distance and some upper bounds of these distances have been
exhibited ([1], [5], [6]). Some authors approach the problem
by limiting the reshaping primitive to a restricted version
of the general rotation operation ([2], [3], [7], [9], [12]).
Obviously these restricted rotation distances will be bounded
below by the usual rotation distance. However, there is an
open problem whether these distances can be computed in
polynomial time. In Ref.[8], Lucas presented a quadratic time
algorithm for computing the rotation distance between binary
trees of restricted form (the original tree and the destination
tree are both degenerated tree, and the destination tree has at
most one zig-zag pair of edges), and gave the exact rotation
distance 2n — 2 + |A| 4+ 1 (where A is the longest common
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subsequence between the original and destination tree, |A| is
the length of A, 1 has values 0 or 1 related to A).

right rotation of edge (x, ) ; \
left rotation of edge (x, y)
NN T

Fig. 1. A rotation in a binary tree

In this paper, by labeling vertices of three special types of
triangulations, we present polynomial time algorithms to find
the exact diagonal-flip distance between them, then, according
to the well-known explicit bijection between triangulations and
binary trees, we conclude the rotation distance between binary
trees corresponding to the special triangulations.

II. DEFINITIONS AND PRELIMINARIES

Denote P, as an n (n > 7) vertex convex polygon, and 7,
as the set of all triangulations of P,,. Let v; be a vertex of P,
(XS {1727" 7”})

(1) Connect n — 3 vertices that are not adjacent to v; to form
a triangulation T; ,_3 (see Fig.2(a)). Denote £; = {T,m,g li €
{1,2,---,n}}, and call £; to be the type-I triangulation.

(2) Connect n — 4 vertices that are not adjacent to v;
in succession by counterclockwise (clockwise) direction, and
connect the (n — 4)th vertex to the first vertex that are not
adjacent to it by counterclockwise (clockwise) direction, in
this way, form the triangulation 7} ,,_4 (Ti',n—4)’ see Fig.2(b)
(see Fig.2(c)). Denote

Lo = {T;n-4li € {1,2,---,n}},
(‘63 = {Ti:nf4|i € {1727 e '7”}})7

and call Lo (L3) the type-II triangulation (the type-III trian-
gulation).

Let T € 7, and v be a vertex of T. The diagonal degree
of v is the number of diagonals incident to v, denoted by
Dia_deg(v). For Ty,T» € T, the diagonal-flip sequence is
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Fig. 2. Three type triangulations of convex polygons

formed by all the flipped diagonals which can convert 7} into
T5, denoted by Pr, 7,. The length of Pr, 7, is denoted by
| Pr, ,|. It is easy to see that Pr, 7, is not unique.

The diagonal-flip distance (DFD for short and denoted by
Dist(Ty,T>)) between T} and T4 is the minimum number of
diagonal-flip transformations needed to convert 7} into 5. So,
Dist(Ty,T>) = min {|Pr, 1,|}. There are following results
about DFD:

Lemma 1([11]). V1,1 € Ty, if Ty and T5 have a common
diagonal, then this diagonal is not included in the shortest
diagonal-flip sequence from Ty to T5.

Lemma 2([11]). VT, T € Ty, if it is possible to flip one
diagonal of T\ creating T' so that T' has one more common
diagonal with Ty than T1 does, then there exists a shortest
diagonal-flip sequence from Ty to Ty in which the first flip
creates T1.

From Lemma 2, we can get
D’L'St(Tl,Tg) = DiSt(T’,Tg) + 1.

Lemma 3([8], [11]). VT1,T, € Ty, if T and T share a
common diagonal, and the diagonal splits T (I3) into two
sub-triangulations T} and T? (T3 and T3) in such a way
that T} and T3 (T? and TZ) have the same vertices. Then
we have the following formula:

Dist(Ty,Ty) = Dist(T}, T)) + Dist(T2,T3).
III. DIAGONAL-FLIP DISTANCE ALGORITHMS

Let Ty, T’y be the original and the destination triangulations,
respectively. The n vertices of T are labelled counterclock-
wise with 1,2, - - - | n beginning from the vertex with maximum
degree. The n vertices of Ty are labelled according to the
vertices of Tp. And we use (i,7) to denote the diagonal of
two unadjacent vertices ¢ and j. Suppose that all vertices of a
polygon can be both clockwise and counterclockwise travelled
from each vertex.

A. DFD Algorithm in Type-1 Triangulations

Algorithm 1 DFD in type-I triangulations
Input: To,Tf € Ly

output: Dist(To,Ty)

Step 1. In Tp, seek the maximum degree vertex
and label n vertices;

Step 2. Label n vertices of T};

Step 3. m = the label of the maximum degree

vertex in Ty;

Step 4. 3 =0;
Step 5. Flip diagonals from Tp:
Case m=2: For i=3 To n—1
Flip (1,i), j++;
Case m=3: For i=4 To n—1
Flip (1,i), j++;
Case m=4,5,---,n—1:
For t=m—1 To 3
Flip (1,i), j++;
For 1=m+1 To n-—1
Flip (L%), j++;
Case m=mn: For i=n—1 To 3
Flip (1,i), j++;
Step 6. Output j;

we can gain degrees of every vertex from the triangulating
of P (if a diagonal is formed by two vertices, then the degree
of the two vertices are both added 1). In Step 1, we can find
the vertex with maximum degree n — 3 by travelling at most n
vertices, which takes O(n) time; labelling Ty also takes O(n)
time, and we get Dia_deg(1) = n — 3, Dia_deg(2) = 0,
Dia_deg(n) = 0, and the other vertices are all with diagonal
degree 1. In Step 2, labelling 7'y also takes O(n) time. In Step
5, we divide m (€ {2,3,---,n}) into following cases

(1) if m = 2 or m = n, from Lemma 2, the flip distance is
minimal: Dist(Ty,Ty) =n — 3;

2)ifm=3orm =4,5,---,n—1, from Lemma 1, Lemma
2 and Lemma 3, the flip distance is minimal: Dist(1y,Ty) =
n —4.

Obviously, each case in Step 2 can be done in O(n) time.
So we reach the result:

Theorem 1. The time complexity of Algorithm 1 is O(n),
and the diagonal-flip distance in type-I triangulations is
n—4orn—3.

B. DFD Algorithm in Type-1I Triangulations

Algorithm 2. DFD in type-II triangulations

Input: To,Tf € Lo

output: Dist(To,Ty)

Step 1. In Ty, seek the maximum degree vertex
and label n vertices;

Step 2. Label the n vertices of Tj;

Step 3. m = the label of the maximum degree
vertex in Ty;

Step 4. 7 =0;

Step 5. Flip diagonals from Tj:

For 1=3 To n—3
{ Flip (L,4), j++; }
Flip (n—2,n), j++;
Flip (1,n—2), j++;
For i=4 To n—2
{ Flip (17'5.)! .7++r}
Flip (n—2,n), j++:
Flip (1,3), j++:
Case m=4: For i=5 To n—2
{ Flip (1,7), 7++; }
Flip (n—2,n), j++;
Case m=15,6,---,n—3:
For i=m+1 To n-2
{ Flip (1,4), j++; }
Flip (n—2,n), j++;
For i=m—2 To 3

Case m=2:

Case m=3:
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{ Flip (1,7), j++; }
Case m=n—2: Flip (1,n—4), j++;
Flip (17n73), J++;
For t=n—5 To 3
{ Flip (1,%), j++; }
Case m=n—1: Flip (n—2,n), j++;
Flip (1,n—3), j++;
Flip (1,n—2), j++;
For i=n—4 To 3
{ Flip (L,9), j++: }
For t=n—2 To 3
{ Flip (1,%), j++; }
Flip (n—2,n), j++;

Case m=mn:

Step 6. Output j;

In Step 1, labelling Ty, and we get Dia_deg(1l) = n — 4,
Dia_deg(2) =0, Dia_deg(n —2) = 2, Dia_deg(n—1) =0,
and the other vertices are all with diagonal degree 1. In Step
5, we divide m (€ {2,3,---,n}) into following cases

(1) if m=2,3,n—1,n, from Lemma 1, the flip distance
is minimal: Dist(Ty,Ty) =n — 3;

2)if m =4 or n — 2, from Lemma 1 and Lemma 2, the
flip distance is minimal: Dist(Ty,Tf) =n — 5;

3)if m =5,6,---,n— 3, from Lemma 1, Lemma 2 and
Lemma 3, the flip distance is minimal: Dist(To,Ty) = n—4;

Similar to Algorithm 1, we reach the result:

Theorem 2. The time complexity of Algorithm 2 is O(n),
and the diagonal-flip distance in type-II triangulations is
n—>5 orn—4, orn—3.

C. DFD Algorithm in Type-III Triangulations

For Ty, Ty € Ls, if we change the counterclockwise for
clockwise in the labeling process of Algorithm 2, we can get
”Algorithm 3” — DFD algorithm in type-III triangulations,
and gain that DFD in type-III triangulations is n — 5, or n —4,
or n — 3. Similar to Algorithm 2, Algorithm 3 can be done in
O(n) time.

D. DFD Algorithm between Type-I and -1l Triangulations

Algorithm 4. DFD between type-I and -II triangulations
Input: Tp € L2, Ty € Ly

output: Dist(To, Ty)

Step 1. In Ty, seek the maximum degree vertex
and label n vertices;

Step 2. Label the n vertices of Ty;

Step 3. m = the label of the maximum degree
vertex in Tfy;
Step 4. j=0;
Step 5. Flip diagonals from Tj:
Case m=1: Flip (n—2,n), j++;
Case m=2: For t=3 To n—2
{ Flip (L,i), j++; }
Flip (n—2,n), j++;
Case m=3,4,---n—3:
For i=m+1 To n—2
{ Flip (Li), j++; }
Flip (1,n—2), j++;
Flip (n—2,n), j++;
If m>3
For i=m—1 To 3
{ Flip (1,0), j++: }

Case m=n—2: For i=n—3 To 3

{ Flip (1,4), j++; }
Case m=n—1: Flip (n—2,n), j++;
For i=n—2 To 3
{ Flip (L,4), j++; }
For i=n—2 To 3
{ Flip (L,4), j++; }

Case m=mn:

Step 6. Output j;

Labelling Ty, we get Dia_deg(1) = n — 4, Dia_deg(2) =
0, Dia_deg(n — 2) = 2, Dia_deg(n — 1) = 0, and the other
vertices are all with diagonal degree 1. Step 5 divides m into
following cases:

(1) it m =1, from Lemma 1 and Lemma?2, the flip distance
is minimal: Dist(Ty,Ty) = 1;

(2)if m = 2 or m = n—1, from Lemma 2, the flip distance
is minimal: Dist(To,Ty) =n — 3;

3) if m = n — 2, from Lemma 1 and lemma 2, the flip
distance is minimal: Dist(Ty,T¢) =n — 5;

@ ifm=norm=3,4,---,n—3, from Lemma 1, Lemma
2 and Lemma 3, the flip distance is minimal: Dist(To,Ty) =
n —4.

Similarly, we reach the result:

Theorem 3. The time complexity of Algorithm 4 is O(n), the
diagonal-flip distance between type-I triangulations and
type-1I triangulations is 1, or n — 5, or n — 4, or n — 3.

E. DFD Algorithm between type-I and -1II triangulations

If we change the counterclockwise for clockwise in the
labelling process of algorithm 4, we can get ”Algorithm 5”
— DFD algorithm between type-I and type-III triangulations,
and gain that DFD between type-I triangulations and type-III
triangulations are 1, or n — 5, or n — 4, or n — 3. Similar to
Algorithm 4, Algorithm 5 can be done in O(n) time.

F. DFD algorithm between type-1I and -1II triangulations

Algorithm 6. DFD between type-II and -III triangulations
Input: Ty € Lz,Tf € L3
output: Dist(To,Ty)
Step 1. In Ty, seek the maximum degree vertex
and label n vertices;
Step 2. Label the n vertices of Ty;
Step 3. m = the label of the maximum degree
vertex in Tf;
Step 4. j=0;
Step 5. Flip diagonals from Tjp:
Case m=1: Flip (n—2,n), j++;
Flip (1,3), j+ +;
Case m=2: Flip (1,4), j++;
Flip (1,3), j++;
For 1=5 To n—2
{ Flip (1,i), j++; }
Flip (n—2,n), j++;
Case m=3,4,---,n—5:
Flip (1,m+2), j++;
Flip (I,m+1), j++;
For 1=m+3 To n—2
{ Flip (Li), j++; }
Flip (n—2,n), j++;
If m>3
For t=m—1 To 3
{ Flip (Li), j++; }
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Case m=mn—4: For t=m—1 To 3
{ Flip (Li), j++; }
Flip (1,n—3), j++;
Flip (1,n—2), j++;
Flip (n—2,n), j++;
Flip dual((1,n—3)), j++;
Case m=n—3: Flip (1,n—2), j++;
For i=n—4 To 3
{ Flip (1,’i), J++i }
Case m=n—2: Flip (n—2,n), j++;
For t=n—3 To 3
{ Flip (1,9), j++; }
Case m=n—1: Flip (n—2,n), j++;

For i=n—2 To 3
{ Flip (l,i), J++; }
Flip dual((n—2,n)), j++;
Case m=n: For i=n—2 To 4
{ Flip (Li), j++; }
Step 6. Output j;

Labelling of 7Ty, we know Dia_deg(l) = n — 4,
Dia_deg(n—2) = 2, Dia_deg(2) = 0, Dia_deg(n—1) = 0,
and the other vertices are al with diagonal degree 1. Step 5
divides m into following cases:

(1) if m = 1, from Lemma 1 and Lemma 2, we know the
flip distance is minimal: Dist(Ty,Ty) = 2;

(2) if m = 2, from Lemma 2, we know the flip distance is
minimal: Dist(Ty,Tf) =n — 3;

3)if m =n orm =n — 3, from Lemma 1 and Lemma 2,
we know the flip distance is minimal: Dist(Ty, Tf) = n — 5;

4) if m =n — 2, from Lemma 1 and Lemma 2, we know
the flip distance is minimal,: Dist(Tp,Tf) =n — 4;

6) if m = 3,4,---,n — 5, from Lemma 1, Lemma
2 and Lemma 3, we know the flip distance is minimal:
Dist(Ty,Ty) = n — 4;

(6) for m = n — 4, firstly (1,n — 4) must not be flipped
following Lemma 1; secondly, (1,n—5), (1,n—6), ---, (1,3)
are flipped following Lemma 2. Since the three diagonals
(I,n —3),(1,n — 2),(n — 2,) are not in T, so the three
diagonals must be flipped.

How to flip the three diagonals (1,n—3), (1,n—2), (n—2,)?
Suppose that first flip (1,n — 3), then need to flip (1,n —
2),(n — 2,) in sequence according to Lemma 2, finally flip
dual((1,n —3)); Suppose first flip (1, —2), then need to flip
(1,n—3), (n—2,) in sequence according to Lemma 2, finally
flip dual((1,n — 2)); Suppose first flip (n — 2, ), then need to
flip (1,n — 2), (1,n — 3) in sequence according to Lemma 2,
finally flip dual((1,n — 2)).

From the above discussion, we know for m = n — 4, the
three flip methods are all minimal flips and Dist(Ty,Ty) =
n—3.

(7) for m = n — 1, first we know Dist(Ty,T¢) > n —
3, then similar to the discussion of m = n — 4, we know
Dist(Ty,Ty) # n — 3. So for m = n — 1, the flip distance in
the algorithm is minimal: n — 2.

Similarly, we reach the result:

Theorem 4. The time complexity of Algorithm 6 is O(n), the
diagonal-flip distance between type-II triangulations and

type-111 triangulations is 2, or n — 5, or n — 4, or n — 3, or
n—2.

IV. THE ROTATION DISTANCE BETWEEN BINARY TREES

By the well-known explicit bijection between binary trees
and triangulations, we can conclude the rotation distance
between binary trees with n — 2 internal nodes:

Corollary

(1) The rotation distance between binary trees according to
type-I triangulations is n — 4, or n — 3.

(2) The rotation distance between binary trees according to
type-II triangulations is n — 5, or n — 4, or n — 3.

(3) The rotation distance between binary trees according to
type-1lI triangulations is n — 5, or n — 4, or n — 3.

(4) The rotation distance between binary trees according to
type-1 and type-1l is 1, or n — 5, or n — 4, or n — 3.

(5) The rotation distance between binary trees according to
type-1 and type-1Il is 1, or n — 5, or n — 4, or n — 3.

(6) The rotation distance between binary trees according to
type-11 and type-Ill is 2, or n—5, or n—4, or n—3, or n—2.

V. CONCLUSIONS

There is an open problem whether diagonal-flip (rotation)
distance can be computed in polynomial time. However, in
this paper, we have considered special triangulations, and by
labelling vertices of the triangulations, we have given several
linear time algorithms to compute the exact diagonal-flip
distance between them. As a by-product, we have concluded
the rotation distance between binary trees corresponding to the
special triangulations.
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