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Introdution généraleCe mémoire a pour objetif de fournir une synthèse d'une partie de mes ativités dereherhe réalisées post-thèse.Commençons par retraer le parours e�etué depuis l'obtention de mon dotorat. En 1996,j'ai don soutenu une thèse dans le domaine de la théorie des nombres à l'université deBordeaux. J'ai obtenu ensuite (1998) un poste de professeur erti�é (PRCE) à l'universitéde Dijon au sein de l'équipe d'informatique. Obtenant l'agrégation de mathématiques en1999, j'interviens alors en qualité de professeur agrégé (PRAG). Une fois la harge d'en-seignements digérée (384H/an), ma uriosité me guide naturellement vers l'équipe d'algo-rithmique ombinatoire de Dijon. C'est alors que j'amorçe un parours initiatique pourdéouvrir les bases de la ombinatoire. Il est toujours di�ile de perer les serets d'unnouveau domaine de reherhe, mais l'aide des membres de l'équipe de ombinatoire a étésans auun doute un fateur essentiel dans mon apprentissage. Je suis alors reruté Maîtrede Conférenes au laboratoire LE2I de Dijon en 2004. C'est à e moment que je deouvrela forte intération entre l'informatique théorique et les mathématiques.En e�et, l'informatique théorique apparaît essentiellement sous la forme de deux ou-rants : l'algorithmique, et la logique. L'algorithmique provient de l'automatisation de lanotion de alul, alors que la logique formalise la notion de démonstration mathématique.Dans l'antiquité, es deux notions apparaissaient déjà. On peut iter par exemple, Ar-himède et Diophante qui obtiennent une règle de alul de l'aire située sous une parabole ;Eulide pour la notion de système axiomatique ; et Aristote pour la logique propositionnelle.Plus tard, Newton, Leibniz, Euler ou Gauss, proposent des méthodes de alul numériquepermettant d'automatiser ertains problèmes issus des mathématiques. Puis la théorie dela alulabilité est développée par Turing (1936) [89℄, von Neumann, Kleene, Churh...Durant es dernières années (et sans aunune omparaison ave les noms ités préé-demment), mes travaux se sont orientés dans les domaines de l'algorithmique dédiée à desproblèmes issus de la ombinatoire, la théorie des graphes et l'étude de lasses ombina-toires ayant une struture de treillis. La référene atuelle du domaine de l'algorithmiqueombinatoire est la olletion de volumes The art of Computer Programming de DonaldE. Knuth [98℄. Knuth étudie de nombreux algorithmes ainsi que leur omportement enterme du nombre d'opérations élémentaires. Il dédie ainsi un volume entier à la générationde lasses d'objets ombinatoires. On peut aussi iter les travaux de Flajolet, Johnson,Korsh, Ruskey, Sedgwik, Trotter, Vajnovszki, Walsh,...[77, 91, 166, 149, 155, 100, 174℄.Pour les référenes onernant les strutures de treillis, on peut aussi onsidérer Davey etGrätzer [83, 60℄. Tous mes travaux onernant les strutures en treillis sont isssus de lassesombinatoires énumérées par les nombres de Catalan A000108, [162℄. En�n, mes travauxonernant la théorie des graphes abordent essentiellement les olorations de graphes. No-



4 Introdution généraletons toutefois qu'il existe évidemment des liens très forts entre es trois domaines. On peutiter par exemple le lien entre les yles Hamiltoniens en théorie des graphes et les odesde Gray en algorithmique ombinatoire.Je n'exposerai pas dans e mémoire mes travaux onernant les olorations de graphesdans le but d'obtenir un mémoire axé sur la ombinatoire issue de strutures liées auxpermutations, mots binaires et arbres binaires. Si toutefois le leteur souhaite obtenir mestravaux en théorie des graphes, je l'invite à onsulter les artiles [27, 28, 29, 30℄.Le mémoire est organisé de la façon suivante.Dans le premier hapitre, je présente une grande partie (non exhaustive) de mes travauxde reherhe onernant la génération exhaustive. Ce hapitre ontient une partie impor-tante de mes résultats obtenus es dernières années. Je propose ainsi plusieurs nouveauxalgorithmes de génération dont la omplexité est CAT (Constant Amortized Time), i.e. lenombre d'opérations est proportionnel au nombre d'objets générés et ei indépendammentde la taille des objets. On étudie également plusieurs lasses dont on a obtenu la générationen ode de Gray.Dans le seond hapitre, j'expose les travaux onernant l'étude de strutures omptéespar les nombres de Catalan. En partiulier, je donne deux nouvelles strutures en treillispour les parenthèsages bien formés e qui induit deux nouvelles strutures sur les arbresbinaires. On s'intéressse aussi dans ette partie à la onstrution de distane sur es treillis,et notamment on donne un algorithme polynomial d'approximation pour le alul de ladistane de rotation entre deux parenthésages dans le treillis de Tamari. Notons que l'onne sait toujours pas aujourd'hui s'il existe un algorithme alulant en temps polynomial ladistane de rotation entre deux parenthésages dans e treillis.Dans le dernier hapitre, j'expose deux ontributions réentes dans le domaine de l'étudedes motifs dans les permutations. La première est issue d'un problème de bioinformatiquepuisqu'elle onsiste à aratériser les suites du génome obtenues après un nombre donnéde dupliations en miroir. La seonde repond à une question posée par Atkinson : est-eque la loture ylique de S(k(k − 1) . . . 321) possède une base �nie ?En�n, une onlusion donnera une approhe globale de mes travaux de reherhes enpréisant les objetifs souhaités ainsi que les futures diretions de reherhes envisagées enproposant des questions enore à explorer.



Notations et dé�nitionsJe présente dans ette partie, les prinipales notations et dé�nitions utilisées dans emémoire.On note [n] l'ensemble {1, 2, . . . , n}. L'ensemble des permutations sur l'ensemble [n] seranoté Sn. L'entier n est appelé la taille de la permutation. On représentera les permutationsen notation linéaire, i.e., σ ∈ Sn sera notée σ1σ2 . . . σn si σ(i) = σi pour tout i, 1 6 i 6 n.La permutation σ ∈ Sn sera appelée un yle lorsqu'il existe une suite d'indies i1, i2, . . . , indi�érents deux à deux dans [n] tels que σ(ij) = ij+1 pour 1 6 j 6 n− 1 et σ(in) = i1. Unetelle permutation pourra aussi être notée 〈i1, i2, . . . , in〉. Toute permutation σ ∈ Sn peutêtre uniquement déomposée en un produit de yles à supports disjoints. On dira que σa k yles lorsque ette déomposition possède k yles. L'ensemble des permutations detaille n ayant k yles sera noté Sn,k.Une valeur σi est un minimum gauhe-droite (left-to-right minimum en anglais) si tousles éléments à sa gauhe dans σ sont plus grands que σi. Etant donné que l'ensemble despermutations de taille n ayant k yles est en bijetion ave l'ensemble des permutationsde taille n ayant k minima gauhe-droite, nous utiliserons toujours la notation Sn,k poure dernier ensemble.Un dérangement σ est une permutation sans point �xe, 'est à dire qu'il n'existe pasd'indie i tel que σ(i) = i. L'ensemble des dérangements de taille n sera noté Dn. Dans leseond hapitre, Dn designera l'ensemble des mots de Dyk ave n parenthèses ouvranteset n fermantes.Une exédene de σ est une valeur σi telle que σi > i. L'ensemble des permutations detaille n ayant k exédenes est noté En,k.Une permutation σ ∈ Sn ontient le motif π ∈ Sk si et seulement s'il existe une suited'indies 1 6 i1 < i2 < . . . < ik 6 n tels que σ(i1)σ(i2) . . . σ(ik) est ordonné omme π.Par exemple, la permutation 4132 ontient (en gras) le motif 321 mais ne ontient pas(ou évite) le motif 231. Si T est un ensemble de motifs, on notera Sn(T ) l'ensemble despermutations dans Sn qui évitent tous les motifs appartenant à T . Un motif barré π̄ ∈ Skest une permutation ayant une barre sur ertaines valeurs. Posons 1 6 r 6 k − 1. Soit πla permutation sur [k] obtenue en enlevant les barres de π̄ et π̂ la permutation obtenue de
π̄ en enlevant toutes les (k − r) valeurs barrées et renormalisée omme une permutationde [k − r]. Alors σ ∈ Sn ne ontient pas le motif π̄ si tout motif π̂ dans σ peut êtreétendu en un motif π dans σ. Par exemple, si π̄ = 41̄32, alors σ = 58132674 ∈ S8(41̄32)(voir, [71, 113, 160℄). Il est aussi possible d'introduire des ' :' entre les valeurs d'un motif(exemple 13 : 24). Si deux valeurs onséutives du motif π sont séparées par un ' :' alors lapermutation σ ontient le motif π si les entrées orrespondantes à es éléments sont aussiadjaentes dans σ (et bien sur dans le même ordre que dans π). Par exemple, σ = 13524



6 Notationsne ontient pas le motif π = 13 : 24 mais ontient le motif 1324. Notons qu'il s'agit d'unas partiulier de la dé�nition des motifs dé�nis dans [76℄.Une liste L est un ensemble d'éléments totalement ordonnés. La liste L est la liste
L onsidérée (ou lue) du dernier élément au premier. Les éléments prem(L) et der(L)désignent respetivement les premiers et derniers éléments de la liste. Si L et L′ sont deuxlistes alors on dé�nit la liste L ◦ L′ omme étant la onaténation des deux listes L et L′telle que prem(L) = prem(L ◦ L′).Soit (Ln)n>1 une famille de listes Ln d'éléments de taille n. Si pour tout n > 1 deuxobjets onséutifs de la liste Ln di�èrent sur un nombre de positions indépendant de n, ondit que la liste est en ordre de ode de Gray.



Chapitre IGénération exhaustive de lassesd'objets ombinatoires
I.1 IntrodutionDans e hapitre, on s'intéresse à des algorithmes permettant de générer exhaustivement(et sans répétition) les objets d'une lasse ombinatoire. L'intérêt de tels algorithmes estmultiple : l'obtention d'une liste omplète d'objets (en un temps aeptable) peut êtreutile pour la véri�ation où la déouverte de propriétés ou onjetures, pour la résolutionpratique de ertains problèmes NP-omplets,... La omplexité des algorithmes est donruiale. Elle peut être onstante en moyenne ou dans le pire des as. Une omplexitéonstante en moyenne signi�e que le nombre d'opérations e�etuées est proportionnel aunombre d'objets à générer (CAT - onstant amortized time) et ei indépendamment dela taille des objets ; une omplexité onstante dans le pire des as signi�e que le passaged'un objet à son suesseur se fait toujours en un temps onstant indépendant de la tailledes objets (loopless). Lorsque deux objets onséutifs di�èrent sur un nombre de positionsindépendant de la taille, on dit que la liste est en ordre de ode de Gray. Un algorithmeloopless liste néessairement les objets en ordre de ode de Gray ; la réiproque n'est pasforément vraie.Il existe de nombreux travaux onernant la génération exhaustive e�ae de lassesombinatoires. Par exemple, il existe des algorithmes e�aes pour la génération des per-mutations [91, 166, 155, 148℄, involutions [174℄, up-down permutations [100, 152℄, permu-tations ave un nombre donné d'inversions [151℄... Il est toujours intéressant de relire lesurvol de Carla Savage [154℄ pour les travaux réalisés avant 1997 onernant les odes deGray. On trouvera dans e mémoire de nombreuses référenes plus réentes.Plusieurs méthodes di�érentes ont été utilisées pour l'obtention de tels algorithmes.On peut bien sur iter la méthode de Johnson-Trotter [91, 166℄ pour la génération despermutations en ordre de ode de Gray. Il y a également des méthodes ad-ho liées à lastruture partiulière des objets à générer, mais prinipalement, deux méthodes sont trèssouvent utilisées : la méthode réursive et la méthode ECO.La méthode réursive onsiste à dé�nir la liste des objets de taille n en fontion des listes



8 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresdes objets de tailles inférieures à n. Par exemple, la lasse Bn des mots binaires de taille
n peut s'érire réursivement sous la forme Bn = Bn−1.0© Bn−1.1, ave B1 = {0, 1},où © est l'opérateur de onaténation des listes, et Bn−1 est la liste Bn−1 onsid�éréedans l'ordre inverse (de la �n au début). On obtient ainsi, B2 = {00, 10, 11, 01} et B3 =
{000, 100, 110, 010, 011, 111, 101, 001}. Voir par exemple [84℄. Dans et exemple, la listefournie est aussi en ordre de ode de Gray.La méthode ECO (Enumeration of Combinatorial Objets), introduite par Pinzaniet al. [15℄ pour l'énumération de lasses ombinatoires, onsiste à donner des règles desuession pour étendre un objet de taille n à plusieurs objets de tailles supérieures. Plusformellement, on part de (b), b ∈ N+, et on fournit des règles de suession Ω :

{(k) (e1(k))(e2(k)) . . . (ek(k)), k ∈ N},où ei : N+ −→ N+ ; il s'agit d'expliquer l'évolution des suesseurs (e1(k)), (e2(k)),. . . ,
(ek(k)) en fontion de (k), k ∈ N+. Les entiers positifs (b), (k), (ei(k)) sont appelés éti-quettes. Cela induit un arbre de génération où (b) est l'étiquette de la raine et haquenoeud étiqueté (k) possède k suesseurs étiquetés (e1(k)), (e2(k)),. . . , (ek(k)). Par onsé-quent, (Ω) induit une suite d'entiers positifs (an)n>0 ou an est le nombre de noeuds surle niveau n dans l'arbre de génération. Par exemple, la règle de suession Ω dé�nie par
(2) (2)(2) initialisée par l'étiquette (2) induit la suite an = 2n, i.e., haque niveau n del'arbre de génération assoié ontient 2n noeuds. Les nombres de Catalan peuvent être ob-tenus par ette méthode à l'aide de la règle de suession (k) (2)(3) . . . (k+1) initialiséepar l'étiquette (2).La première partie de e hapitre traîte de la génération CAT alors que la seondetraîte de la génération en ode de Gray.I.2 Génération CATDans ette setion, nous donnons les di�érents résultats obtenus onernant la généra-tion CAT (onstant amortized time) de ertaines lasses d'objets ombinatoires. Rappelonsque la génération CAT onsiste à générer une et une seule fois haque élément d'une lasseen un temps proportionnel au nombre d'objets mais indépendant de la taille des objets.[Dans e paragraphe, nous ne onsidérerons pas les générations en ode de Gray ; en e�et,es générations sont aussi CAT mais possèdent la proprièté supplémentaire que deux objetsonséutifs di�èrent d'un nombre de positions indépendant de la taille.℄De nombreux algorithmes de générations e�aes existent dans la littérature. Par exemple,on peut se réfèrer aux deux survols suivants [98, 155℄ pour la génération de plusieurs lassesde permutations.On présente i-dessous deux algorithmes de génération CAT permettant de générere�aement les permutations ayant un nombre donné d'exédenes, les permutations etles mots de Fibonai et de Luas.I.2.1 Permutations ave un nombre donné d'exédenesCe paragraphe est issu de l'artile [20℄. Soit une permutation σ ∈ Sn. On représente
σ = σ1σ2 . . . σn en notation linéaire. La valeur σi est une exédene de σ si σ(i) > i.



I.2 : Génération CAT 9Les permutations ayant un nombre donné d'exédenes ont été très étudiées dans ledomaine de la ombinatoire énumérative [39, 72, 116, 140℄. Foata et Shützenberger [78℄donnent plusieurs propriétés fondamentales pour es objets. De nombreuses appliationsà l'analyse des algorithmes sont obtenues par Knuth [98℄ et à la ombinatoire des motspar Lothaire [108℄. La statistique relative aux exédenes sur les permutations est appe-lée statistique Eulerienne. Je donne dans e paragraphe un algorithme e�ae (CAT) degénération des permutations ave k exédenes (k > 0). On note En,k l'ensemble des permu-tations de taille n ayant k exédenes. On proède par la méthode réursive en remarquantque En,k peut être onstruit à partir de En−1,k et En−1,k−1.Soit γ ∈ En−1,k une permutation de taille (n − 1) ayant k exédenes, n > 2, 0 6 k 6
n− 2 ; soit i un entier, 1 6 i 6 n− 1. Si on note par σ la permutation dans Sn obtenue àpartir de γ en remplaçant γ(i) par n et en ajoutant γ(i) sur la droite de γ, alors on a :(a) si γ(i) est une exédene dans γ, alors σ ∈ En,k ;(b) sinon, σ ∈ En,k+1.De plus, (c) si σ est obtenue de γ en ajoutant n sur sa droite, alors σ ∈ En,k. Réipro-quement, haque permutation de En,k, n > 2, peut être uniquement obtenue par l'une dees trois onstrutions (a), (b) et (c).Ainsi, nous dé�nissons deux fontions φn et ψn omme suit :Dé�nition I.1. Pour 0 6 k 6 n− 2, un entier i ∈ [n− 1] et une permutation γ ∈ En−1,k,on dé�nit une permutation de taille n : σ = φn−1(i, γ) par

σ(j) =





n si j = i
γ(i) si j = n
γ(j) sinon.On dé�nit aussi ψn−1 de En−1,k vers Sn qui transforme γ ∈ En−1,k en une permutation

σ ∈ En,k obtenue de γ en ajoutant n sur sa droite.Par exemple, si γ = 3142 ∈ E4,2, on a φ4(3, γ) = 31524 ∈ E5,2 ; φ4(2, γ) = 35421 ∈ E5,3et ψ4(γ) = 31425 ∈ E5,2. Plus généralement, on peut remarquer :
φn−1(i, γ) = ψn−1(γ) · 〈i, n〉 = 〈γ(i), n〉 · ψn−1(γ).Pour des raisons de larté, on omettra l'indie n dans φn et ψn.Lemme I.2. Soient n,m, ℓ, k quatre entiers naturels tels que 1 6 m < n, 0 6 ℓ 6 m− 1,et 0 6 k 6 n− 1. Soit aussi γ ∈ Em,ℓ.- S'il existe i, 1 6 i 6 m − 1, tel que γ(i) est une exédene de γ, alors il y a unepermutation σ ∈ En,k telle que σ est obtenue de φ(i, γ) (respetivement ψ(γ)) enappliquant plusieurs fois les fontions φ et ψ si et seulement si : (i) ℓ 6 k et m+1−ℓ 6

n− k.- Maintenant nous onsidérons i, 1 6 i 6 m, tel que γ(i) n'est pas une exédene de γ,alors il y a une permutation σ ∈ En,k telle que σ est obtenue de φ(i, γ) en appliquantplusieurs fois les fontions φ et ψ si et seulement si : (ii) ℓ+1 6 k et m− ℓ 6 n− k.- Si σ ∈ En,k est obtenue de γ ∈ Em,ℓ par la première onstrution et τ ∈ En,k par laseonde, alors σ et τ sont di�érentes.



10 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresMaintenant nous expliquons les prinipales di�ultés pour l'implémentation de la pro-édure gen(m, ℓ) donnée en �gure I.1. La proédure gen(1, 0) génère réursivement toutesles permutations σ ∈ En,k. En e�et, supposons que lorsque l'on exéute l'appel réur-sif gen(m, ℓ), la permutation ourante est σ ∈ Em,ℓ et ses exédenes sont en positions
i1, i2, . . . , iℓ. Le tableau t1 ontient es ℓ positions i1, i2, . . . , iℓ. D'un autre oté les indiesdans [m]\{i1, i2, . . . , iℓ} sont stokés dans t2 de taille r = m − ℓ. Grâe au lemme I.2, laproédure gen(m, ℓ) génère les permutations de Em+1,ℓ ou de Em+1,ℓ+1 en appliquant sur
σ les fontions φ et/ou ψ. Pour obtenir :- ψ(σ) ∈ Em+1,ℓ ; on ajoute l'indie (m+ 1) sur la droite de t2 (t2[r + 1] = m+ 1) eton exéute gen(m+ 1, ℓ).- φ(ij , σ) ave j ∈ [ℓ] ; on ajoute (m + 1) sur la droite de t2 (t2[r + 1] = m + 1). Onatualise σ = σ · 〈t1[j],m + 1〉 et on exéute gen(m+ 1, ℓ).- φ(i, σ) ave i /∈ {i1, i2, . . . , iℓ} ; i.e., pour haque j 6 r, on pose temp = t2[j]. Onajoute temp sur la droite de t1 (t1[ℓ + 1] = temp) et on remplae t2[j] par m + 1 ;alors on atualise σ = σ · 〈temp,m+ 1〉 et on exéute gen(m+ 1, ℓ+ 1).Après haque appel réursif, on atualise t1, t2 et σ pour retrouver leur valeur avant l'appel.Ces opérations requièrent une omplexité O(1). Voir l'algorithme en �gure I.1.

procedure gen(m, ℓ)
r := m − ℓif m = n then output σ ;else if ℓ 6 k and m + 1 − ℓ 6 n − k then

t2[r + 1] := m + 1
gen(m + 1, ℓ)for eah v ∈ [ℓ]

σ := σ · 〈t1[v], m + 1〉
gen(m + 1, ℓ)
σ := σ · 〈t1[v], m + 1〉if ℓ + 1 6 k and m − ℓ 6 n − k thenfor eah v ∈ [r]
t1[ℓ + 1] := t2[v]
temp := t2[v]; t2[v] := m + 1
σ := σ · 〈temp, m + 1〉
gen(m + 1, ℓ + 1)
σ := σ · 〈temp, m + 1〉
t2[v] := temp;end proedure

E4,1 E4,2 E5,11 4231 1 3241 1 52341 14 521342 1432 2 3412 2 15342 15 132453 1243 3 4321 3 12543 16 152434 3214 4 1342 4 12354 17 142355 4213 5 2431 5 42315 18 152346 1324 6 2143 6 52314 19 213457 1423 7 3421 7 14325 20 513428 2134 8 3142 8 15324 21 413259 4132 9 2314 9 12435 22 5132410 3124 10 4312 10 12534 23 3124511 4123 11 2413 11 32145 24 5124312 52143 25 4123513 42135 26 51234Figure I.1 : Algorithme de génération pour les permutations ave un nombre �xé d'ex-édenes et les listes E4,1, E4,2 et E5,1.L'algorithme produit les permutations de En,k en temps amorti onstant (CAT) ; ene�et, dans la proédure le nombre de aluls est proportionnel au nombre d'appels ré-ursifs. De plus, haque appel réursif produit au moins un objet ou produit deux autresappels réursifs. Une implementation Java de et algorithme peut être vue à l'adressehttp ://www.u-bourgogne.fr/jl.baril/applet.html.



I.2 : Génération CAT 11I.2.2 Permutations et mots de Fibonai ou de LuasLe ontenu de ette partie est issu de l'artile [17℄. Nous utiliserons ii la méthode ECO(Enumeration of Combinatorial Objets) dé�nie en 1999 par Pinzani et al. [15℄. Il s'agit defournir des règles de suessions permettant de onstruire un arbre de génération dont lesnoeuds d'un niveau n sont les objets de la lasse ombinatoire onsidérée. On présente i-dessous des algorithmes de génération basés sur ECO permettant de générer e�aement(CAT) les mots de Fibonai et de Luas p-généralisés. L'arbre de génération obtenu nouspermet d'obtenir plusieurs bijetions entre es lasses et des lasses de permutations àmotif exlus. Nous obtenons ainsi la génération CAT de nouvelles lasses de permutations.I.2.2.1 Permutations et mots de Fibonai généralisésUn mot de Fibonai p-généralisé de taille n est un mot binaire de taille n n'ayant pas
p uns onséutifs. Par exemple, le mot 110001010111 est un mot de Fibonai 4 généra-lisé de taille 12. Soit Fn,p l'ensemble des mots de Fibonai p-généralisés de taille n. Laardinalité de ette ensemble est donnée par la suite de Fibonai généralisée fn,p dé�niepar fn,p = fn−1,p + . . . + fn−p,p initialisée par fn,p = 0 si n = 0 et f1,p = 1. En fait, on aplus préisément : |Fn,p| = fn+2,p. On dé�nira par la suite e qu'est une permutation deFibonai généralisée.Le théorème suivant donne les règles de suessions pour la suite fn,p de Fibonai
p-généralisée.Théorème I.3. Pour p > 2, un système de règles de suession (Ωp) pour la suite fn,p deFibonai p-généralisée est donné par :

(Ωp)





(2p−1)
(2p−1) (2p−1)(2p−2)
(2p−2) (2p−1)(2p−3)
. . .
(21) (2p−1)(1)
(1) (2p−1).Par un simple alul utilisant les matries de prodution [64℄, on déduit la fontiongénératrie de la suite engendrée par Ωp [71℄ :

fp(z) =
1 + z + z2 + . . .+ zp−1

1− z − z2 − . . .− zp
=

1

z
·
(

1

1−∑p
i=1 z

i
− 1

)
.Puisque fp(z) −→

p→∞
1

1−2z , Ωp produit une sorte de ontinuité disrète entre les suites deFibonai p-généralisées (p > 2) et la suite 2n.Proposition I.4. L'arbre de génération de (Ωp) peut être odé par les mots de Fibonai
p-généralisés, i.e., les mots binaires n'ayant pas p uns onséutifs. Un mot de taille n estobtenu à partir d'un mot de taille (n− 1) en insérant la valeur 0 ou 1 en dernière position(Voir �gure I.2).



12 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresDans toute la suite une position (ou site) dans un mot (ou une permutation) est unemplaement dans un mot avant la première lettre ou après la dernière lettre ou entre deuxlettres du mot. Lorsque l'on permet l'insertion d'une lettre sur une position d'un mot, alorson dira que la position est un site atif.
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2Figure I.2 : Les inq premiers niveaux de l'arbre de génération odé par les mots de Fibonai3-généralisés.L'arbre de génération préédent induit une bijetion entre Fn,p et deux ensembles depermutations à motifs exlus (voir la dé�nition d'un motif dans une permutation dans leparagraphe Notations et Dé�nitions). Cei explique la raison pour laquelle on peut appelerpermutation de Fibonai p-généralisée une permutation appartenant à l'un de es deuxensembles de permutations.Théorème I.5. L'arbre de génération de (Ωp) peut être odé par les permutations π dans
Sn(321, 312, 234 . . . (p+ 1)1). Les sites atifs de π sont les deux dernières positions si l'éti-quette de π est (2i) ; sinon seulement la dernière position est un site atif. (Voir �gureI.3).
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123_4_ 124_3_ 132_4_ 1342_ 213_4_ 214_3_

12_3_ 13_2_ 21_3_ 231_

1_2_ 2_1_

_1_

1

1235_4_ 1243_5_ 12453_ 1324_5_ 1325_4_

231_4_

1342_5_Figure I.3 : Les inq permiers niveaux de l'arbre de génération de (Ω3) odé par les permuta-tions de Fibonai 3-généralisées Sn(321, 312, 2341). Les sites atifs sont représentés en soulignés.Théorème I.6. L'arbre de génération de (Ωp) peut être odé par les permutations de Fi-bonai généralisées π dans Sn(231, 312, (p+1)p . . . 321). Une permutation π a toujours un



I.2 : Génération CAT 13site atif sur sa dernière position ; de plus, dans le as où le label est (2i), un autre siteatif se situe juste avant l'entrée maximale de la permutation π.I.2.2.2 Permutations de Luas généraliséesUn mot de Luas p-généralisé est un mot de Fibonai p-généralisé n'ayant pas puns onséutifs lorsqu'on onsidère le mot irulairement. Par exemple, le mot 1010011n'est pas un mot de Luas 3-généralisé puisque 111 est ontenu dans le mot (onsidéréirulairement). Soit Ln,p l'ensemble des mots de Luas p-généralisés de taille n. Pour
n < p on impose par onvention que le mot 1n est dans Ln,p. La ardinalité de Ln,p estdonnée par la suite ℓn,p dé�nie par : ℓn,p = ℓn−1,p + . . .+ ℓn−p,p initialisée par ℓn,p = 2n− 1si 0 < n 6 p. En fait on a préisément |Ln,p| = ℓn,p + 1 si n < p, et |Ln,p| = ℓn,p sinon. Lethéorème suivant donne les règles de suession pour la suite de Luas p-généralisée.Théorème I.7. Pour p > 2, un système de règles de suession (Φp) pour la suite deLuas p-généralisée est :

(Φp)





(2′
p−1)

(2′
p−1) (2p−1)(2

′
p−2)

(2′
p−2) (2p−2)(2

′
p−3)

. . .
(2′

1) (21)(1
′)

(1′) (1)
(2p−1) (2p−1)(2p−2)
(2p−2) (2p−1)(2p−3)
. . .
(21) (2p−1)(1)
(1) (2p−1),e qui signi�e que (Φp) produit la suite ℓp,n si n > p et ℓp,n + 1 = 2n sinon.Par un simple alul utilisant les matries de prodution [64℄, la fontion génératriede la suite assoiée à (Φp) est :

ℓp(z) =

∑p−1
i=0 (zi − i · z2p−i)

1− z − z2 − . . . − zp
.On obtient une ontinuité disrète entre la suite de Luas p-généralisée est la suite 2n.L'arbre de génération obtenu ne peut pas être odé diretement par les mots de Luasde Ln,p. Cependant, on peut oder et arbre en utilisant un ensemble Kn,p ⊆ Fn,p ; Kn,p estl'ensemble les mots de Fn,p qui ontiennent au moins deux 0s dans leur pré�xe de longueur

p+ 1.Proposition I.8. L'arbre de génération de (Φp) peut être odé par les mots de l'ensemble
Kp,n. Un mot de taille n est obtenu d'un mot de taille n − 1 en insérant 0 ou 1 sur ladernière position.L'arbre de génération induit aussi une bijetion entre Ln,p et des ensembles de permuta-tions à motifs exlus dont les éléments seront appelés permutations de Luas p-généralisées.



14 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresThéorème I.9. Soit
Tp =





134 . . . (p+ 1)2 : (p + 3)(p + 2)
134 . . . p2 : (p + 2)(p + 3)(p + 1)
. . .
132 : 56 . . . (p+ 3)4.Le système de règles de suession (Φp) produit un arbre de génération odé par lespermutations de Luas p-généralisées Sn(321, 312, 234 . . . (p+ 1)1, Tp). Les sites atifs sontles deux dernières positions si l'étiquette est (2i) ou (2′

i) ; sinon, seulement la dernèreposition est ative (voir �gure I.4).
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2314_5_2135_4_

2143_
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2143_5_Figure I.4 : Les inq premiers niveaux de l'arbre de génération de (Φ3). Chaque noeud estodé par une permutation de Luas dans Sn(321, 312, 2341, 1342 :65, 132 :564).Théorème I.10. Soit
T ′

p =





1(p+ 1)p . . . 32 : (p + 3)(p + 2)
1p(p− 1) . . . 32 : (p + 3)(p + 2)(p + 1)
. . .
132 : (p + 3)(p + 2) . . . 54.L'arbre de génération de (Φp) peut être odé par les permutations de Luas π dans

Sn(231, 312, (p + 1)p . . . 321, T ′
p). Une permutation π a toujours un site atif en dernièreposition ; de plus, dans le as où l'étiquette est (2i) ou (2′

i), elle en possède un autre quiest juste avant l'entrée maximale de π.I.2.2.3 Algorithme et omplexitéTous les ensembles étudiés préédemment peuvent être générés de façon plus ou moinse�ae. Je donne ii seulement les algorithmes de génération des ensembles de Luas
Sn(321, 312, 234 . . . (p+ 1)1, Tp) et Sn(231, 312, (p + 1)p . . . 321, T ′

p). Un résumé de la om-pléxité des algorithmes trouvés est présenté à la �n de e paragraphe dans la table I.1.Notons que le fait de pouvoir générer Kn,p en O(1) nous permet de générer failement Ln,pen O(p).



I.3 : Génération en ode de Gray 15
l1gen(i, k)if i = n then output σ ;else if k 6= 0 then

f1gen(i+ 1, k) ;
σ = σ · 〈i, i + 1〉 ;
l1gen(i + 1, k − 1) ;
σ = σ · 〈i, i + 1〉 ;else f1gen(i+ 1, 0) ;end ;

l2gen(i, k, t)if i = n then output σ ;else if k 6= 0 then
f2gen(i+ 1, k, i + 1) ;for j = i downto t

σ = σ · 〈j, j + 1〉 ;
l2gen(i+ 1, k − 1, t) ;for j = t to i

σ = σ · 〈j, j + 1〉 ;else f2gen(i+ 1, 0, i + 1) ;end ;Ensembles généré Complexité en moyenne
Fp,n O(1)

Sn(321, 312, 234 . . . (p+ 1)1) O(1)

Sn(231, 312, (p + 1)p . . . 321) O(p)

Kp,n O(1)

Lp,n O(p)

Sn(321, 312, 234 . . . (p + 1)1, Tp) O(1)

Sn(231, 312, (p + 1)p . . . 321, T ′
p) O(p)Table I.1 : Complexité moyenne pour la génération de haque lasse.

I.3 Génération en ode de GrayLe ontenu de ette partie est issu des inq artiles [19, 26, 25, 24, 31℄. Elle présentedes odes de Gray pour l'ensemble Ln,p des mots de Luas p-généralisés dé�nis préédem-ment, pour l'ensemble des dérangements, i.e, l'ensemble des permutations n'ayant pas depoint �xe, pour l'ensemble des permutations ayant un nombre donné de yles, ou de mi-nima gauhe-droite, et en�n pour une famille large de lasses de permutations évitant unensemble de motifs.I.3.1 Mots de Luas p-généralisésRappelons que l'ensemble Ln,p des mots de Luas p-généralisés de taille n est l'ensembledes mots binaires de taille n ne ontenant pas p uns onséutifs (les mots étant onsidé-



16 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresrés irulairement). Par exemple, le mot 100011 est dans L6,4 mais n'est pas dans L6,3.L'ensemble des mots de Fibonai p-généralisés est enore noté Fn,p. Remarquons qu'unode de Gray est déjà onnu pour Fn,p [167℄. Nous avons (dans le paragraphe préédent)obtenu une génération en O(p) de Ln,p. Nous donnons ii un ode de Gray pour Ln,p et unalgorithme de génération en O(1).Dans un premier temps on obtient une ondition pour qu'il existe un ode de Graypour Ln,p tel que deux éléments suessifs di�èrent d'une et une seule position. Pour ela,il est néessaire que la di�érene du nombre de mots de Luas ayant un nombre pair deuns ave le nombre de mots de Luas ayant un nombre impair de uns, soit omprise entre-1 et 1.Soient {φn}n>0 et {λn}n>0 les suites de di�érenes de parité orrespondantes aux suitesgénéralisées de Fibonai et Luas :� φn = card(F ′′
n,p)− card(F ′

n,p), et� λn = card(L′′
n,p)− card(L′

n,p).ou F ′′
n,p (resp. L′′

n,p) est l'ensemble des mots de Fibonai (resp. Luas) ayant un nombrepair de uns, et F ′
n,p (resp. L′

n,p) est l'ensemble des mots de Fibonai (resp. Luas) ayantun nombre impair de uns.Lemme I.11. 1. φn véri�e
φn = φn−1 − φn−2 + · · · + (−1)p+1φn−p, pour n > p+ 1, (I.1)2. λn est lié à φn par

λn = φn−2 − 2 · φn−3 + · · ·+ (−1)p+1p · φn−p−1, pour n > p+ 2. (I.2)Proposition I.12. Si φ(z) et λ(z) sont les fontions génératries pour les suites {φn}n>0et {λn}n>0 respetivement alors1.
φ(z) = φ0 + z · (−z)p−1 · 1 + z

1− (−z)p+1
, (I.3)2.

λ(z) =

p+1∑

j=0

λjz
j + zp+2 · (−1)p+1 · 1− (p+ 1)(−z)p + p(−z)p+1

(1− (−z)p+1) · (1 + z)
. (I.4)Corollaire I.13. La suite {λn}n≥p+2 est périodique de période 2(p + 1). De plus, si ondé�nit λn = λn+2(p+1) pour tout n = 0, 1, . . . , p+ 1 alors sa fontion génératrie est

λ(z) =
(−z)p+1 + (p + 1)z + p

(1− (−z)p+1) · (1 + z)
. (I.5)Corollaire I.14. La suite des di�érenes de parités orrespondant aux mots de Luas vé-ri�e

λn,p =

{
(−1)n+1 si (p+ 1) 6 |n,
(−1)n · p si (p+ 1)|n. (I.6)Théorème I.15. Si l'ensemble Ln,p admet un ode de Gray alors (p + 1) 6 |n.



I.3 : Génération en ode de Gray 17Considérons la relation d'ordre suivante utilisée pour obtenir un ode de Gray pour lesmots de Fibonai généralisés [167℄.Dé�nition I.16. On dit que x est plus petit que y en ordre loal ré�éhi, noté par x ≺ y,si ∑i
j=1(1 − xj) est impair et ∑i

j=1(1 − yj) est pair, où i est la position la plus à gauhetelle que xi 6= yi.Soit alors Ln,p la liste ordonnée obtenue ave ette relation d'ordre. On peut montrerque :Théorème I.17. Ln,p est est un ode de Gray optimal. Plus préisément,1. Si (p+ 1) 6 |n alors Ln,p est un 1-ode de Gray pour Ln,p.2. Si (p + 1)|n alors Ln,p est un 2-ode de Gray pour Ln,p et il y a exatement p − 1mots véri�ant d(x, succ(x)) = 2.La table suivante présente les odes de Gray obtenus pour l'ensemble Ln,p lorsque
(n, p) = (4, 2) et (n, p) = (4, 3).

L4,2 L4,30 1 0 0 0 1 1 00 1 0 1 0 1 0 00 0 0 1 0 1 0 10 0 0 0 0 0 0 10 0 1 0 0 0 0 01 0 1 0 0 0 1 01 0 0 0 0 0 1 11 0 1 01 0 0 01 0 0 11 1 0 0Table I.2 : Les listes L4,2 et L4,3. Les modi�ations de bits sont en gras.
Un algorithme de génération CAT pour ette liste est naturellement obtenu par unesimple adaptation de l'algorithme présenté dans [167℄.



18 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresI.3.2 DérangementsUn dérangement de taille n est une permutation π ∈ Sn sans point �xe, 'est à diretelle que π(i) 6= i pour tout i ∈ [n] = {1, 2, . . . , n}. Si Dn est l'ensemble de tous lesdérangements de taille n, une relation de réurrene pour dn = card(Dn) est donnée par :
dn = (n − 1)(dn−1 + dn−2) (I.7)pour n > 2, ave d1 = 0 et d2 = 1, voir par exemple [58, p. 180℄ ou [165, p. 67℄.La onstrution du ode de Gray i-dessous pour l'ensemble Dn est basée sur une preuveombinatoire de la relation (I.7) i-dessus.Dé�nition I.18. 1. Pour n > 3, un entier i ∈ [n − 1], et un dérangement τ ∈ Dn−1,on dé�nit une permutation σ = φn(i, τ) de taille n par
σ(j) =





n si τ(j) = i
i si j = n
τ(j) sinon.2. Pour n > 4, un entier i ∈ [n − 1] et un dérangement τ ∈ Dn−2 on dé�nit unepermutation σ = ψn(i, τ) de taille n par

σ(j) =





i si j = n
n si j = i
τ(j) si j < i et τ(j) < i
τ(j) + 1 si j < i et τ(j) > i
τ(j − 1) si j > i et τ(j − 1) < i
τ(j − 1) + 1 si j > i et τ(j − 1) > i.Remarque : Si σ ∈ Dn, n > 4, et i = σ(n), alors1. si σ(i) 6= n (n n'est pas dans une transposition dans σ) alors σ = φn(i, τ) ave τ la permu-tation représentée par les n− 1 premières entrées de 〈i, n〉 · σ ;2. si σ(i) = n (n est dans une transposition dans σ) alors σ = ψn(i, τ) ave τ la permutationreprésentée par la forme normale de la suite (σ(1), σ(2), . . . , σ(i− 1), σ(i+ 1), . . . , σ(n− 1)).

⋄Soit Dn la liste pour l'ensemble Dn dé�nie par :
Dn = φ(1,Dn−1) ◦ ψ(1,Dn−2)

◦ψ(2,Dn−2) ◦ φ(2,Dn−1)

◦φ(3,Dn−1) ◦ ψ(3,Dn−2)...
=

n−1
©
i=1

(
φ(i,Dn−1) ◦ ψ(i,Dn−2)

)(i+1)

(I.8)pour n > 3, et D1 = ψ(1, ∅) = ψ(2, ∅) = ∅ et D2 = (2, 1). La liste Dn est la liste Dn lue dudernier élément au premier. On dé�nit aussi (Dn)(i) = Dn si i est pair et (Dn)(i) = Dn si iest impair.



I.3 : Génération en ode de Gray 19La �gure I.5 i-dessous illustre la dé�nition du ode de Gray en représentant Dn par unparours de sous-listes lues dans l'ordre habituel ou dans son sens inverse. Des exemplesde listes sont donnés dans la table I.3 i-dessous.

: :�(1;Dn�1) �(2;Dn�1) (1;Dn�2)  (2;Dn�2)�(n� 1;Dn�1)  (n � 1;Dn�2) :
: : ::�(1;Dn�1) �(2;Dn�1) �(3;Dn�1) (1;Dn�2)  (2;Dn�2)  (3;Dn�2)�(n� 1;Dn�1)  (n � 1;Dn�2)

(a) (b)Figure I.5 : La liste Dn : (a) n est pair, (b) n est impair.Table I.3 : Les listes D4 et D5. Dans D5 les sous-listes φ(i,D4) et ψ(i,D3), 1 6 i 6 4,sont respetivement en gras et en italiques.
D4 D51 2341 1 23451 12 35412 23 25413 34 231542 3421 2 34251 13 45132 24 54213 35 312543 4321 3 43251 14 51432 25 45213 36 215344 3412 4 34521 15 41532 26 54123 37 512345 3142 5 35421 16 54132 27 51423 38 251346 4312 6 43521 17 43152 28 45123 39 531247 2413 7 24531 18 31452 29 24153 40 315248 4123 8 45231 19 34152 30 41253 41 351249 2143 9 25431 20 43512 31 21453 42 5321410 54231 21 34512 32 41523 43 3521411 53421 22 53412 33 24513 44 23514Théorème I.19. Deux dérangements suessifs dans la liste Dn di�èrent en au plus quatrepositions.La démonstration de e résultat onsiste à étudier les di�érentes transitions entre lessous-listes de la dé�nition réursive de Dn.Une génération CAT de la listeDn peut être obtenue après quelques onsidérations asseztehniques que je préfère oulter dans e mémoire. J'invite le leteur intéressé à se référerà l'artile orrespondant [31℄. On trouvera également dans e papier une généralisation auxpermutations ave un nombre de points �xes situés entre deux onstantes.



20 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresI.3.3 Permutations ayant un nombre donné de ylesPour 1 6 k 6 n, on désigne par Sn,k l'ensemble des permutations de taille n admettantune déomposition en produit de k yles disjoints. Naturellement, {Sn,k}16k6n est unepartition de Sn. La ardinalité de Sn,k est donnée par les nombres de Stirling signés depremière espèe s(n, k) dé�nis par :
s(n, k) = (n− 1) · s(n− 1, k) + s(n− 1, k − 1) (I.9)ave la ondition initiale s(n, k) = 0 si n 6 0 ou k 6 0, (n, k) 6= (0, 0), et s(0, 0) = 1. Voirpar exemple [165, 179℄.Pour n, k > 1 on dé�nit par S′

n,k l'ensemble des permutations de taille n ave k yleset telles que n est un point �xe (i.e. σ(n) = n) et S′′
n,k = Sn,k\S′

n,k son omplément dans
Sn,k.Les fontions φn et ψn dé�nies i-dessous induisent deux bijetions entre Sn−1,k−1 et
S′

n,k, puis entre [n− 1]× Sn−1,k et S′′
n,k.Dé�nition I.20. 1. Pour 1 6 k < n, un entier i ∈ [n − 1] et une permutation γ ∈

Sn−1,k, on dé�nit une permutation de taille n, σ = ψn(i, γ) par
σ(j) =





γ(i) si j = n
n si j = i
γ(j) sinon.2. Pour n > k > 2 et une permutation γ ∈ Sn−1,k−1, on dé�nit une permutation detaille n, σ = φn(γ) par

σ(j) =

{
n si j = n
γ(j) sinon.Remarquons qu'ave i et γ omme i-dessus, il est faile de voir que :� si γ ∈ Sn−1,k, ψn(i, γ) ∈ S′′

n,k et ψn : [n− 1]× Sn−1,k → S′′
n,k est une bijetion ; et� si γ ∈ Sn−1,k−1, φn(γ) ∈ S′

n,k et φn : Sn−1,k−1 → S′
n,k est une bijetion.Lemme I.21. Soit γ une permutation de taille n − 1, si n > 3 et 1 6 i, j 6 n− 1, i 6= jalors ψ(i, γ) = ψ(j, γ) · 〈i, j, n〉.Lemme I.22. Soit γ et σ deux permutations de taille n− 1 véri�ant σ = γ · 〈i, j, k〉 ave

i, j, k deux à deux di�érents, 1 6 i, j, k 6 n− 1, n > 3 alors ψ(j, σ) = ψ(k, γ) · 〈i, j, k〉.Lemme I.23. Soit γ une permutation de taille n− 1 et σ = γ · 〈i, j〉 ave i 6= j, 1 6 i, j 6
n− 1, n > 3 alors ψ(i, σ) = φ(γ) · 〈i, n, j〉.L'ensemble Sn,k peut alors s'érire :

Sn,k =
n−1⋃

i=1

ψ(i, Sn−1,k) ∪ φ(Sn−1,k−1) (I.10)ave φ(Sn,0) et ψ(i, Sn,n+1) vides.On dé�nit alors la liste Sn,k en distinguant les inq as i-dessous. Comme dans leparagraphe préédent, la liste S(i)
n,k orrespond à la liste Sn,k si i est pair et à Sn,k si i estimpair.



I.3 : Génération en ode de Gray 21* k = 1, n > 1 Pour n > 1, on dé�nit :
Sn,1 =





(1) si n = 1
(2, 1) si n = 2

(3, 1, 2), (2, 3, 1) si n = 3

ψ(1,S3,1) ◦ ψ(2,S3,1) ◦ ψ(3,S3,1) si n = 4

ψ(1,Sn−1,1) ◦
4
©

i=n−1
ψ(i,Sn−1,1)

(i+1) ◦ ψ(2,Sn−1,1) ◦ ψ(3,Sn−1,1) si n > 5.

(a)* k = n, n > 2 Sn,n ontient un seul élément (1, 2, . . . , n− 1, n) pour n > 2, (b)* k = n− 1, n > 3 Pour n > 3, on dé�nit Sn,n−1 =



ψ(1,S2,2) ◦ ψ(2,S2,2) ◦ φ(S2,1) si n = 3

ψ(1,Sn−1,n−1) ◦
2
©

i = n − 1
i 6= n − 2

ψ(i,Sn−1,n−1) ◦ ψ(n − 2,Sn−1,n−1) ◦ φ(Sn−1,n−2) sinon. (c)* k = n− 2, n > 4 Pour n > 4, on dé�nit
Sn,n−2 = ψ(1,Sn−1,n−2) ◦

n−1
©
i=3

ψ(i,Sn−1,n−2)
(i) ◦ φ(Sn−1,n−3) ◦ ψ(2,Sn−1,n−2). (d)* 2 6 k 6 n− 3 Pour 2 6 k 6 n− 3, on dé�nit

Sn,k = ψ(1,Sn−1,k)◦
k+1
©

i=n−1
ψ(i,Sn−1,k)(i) ◦φ(Sn−1,k−1)

(k)◦
2
©
i=k

ψ(i,Sn−1,k)(i−1). (e)Théorème I.24. Les listes Sn,k et S−1
n,k sont des odes de Gray optimaux et yliques. Unepermutation est obtenue à partir de sa préédente en e�etuant un produit par un yle detaille 3.Table I.4 : Les listes S3,k, 1 6 k 6 3, et S4,k pour 1 6 k 6 4. Par exemple, dans S4,2 lessous-listes de la relation (d), ψ(1,S3,2), ψ(3,S3,2), φ(S3,1) et ψ(2,S3,2), sont alternativementen gras et italique.

S3,1 S3,2 S3,3 S4,1 S4,2 S4,3 S4,41 312 1 321 1 123 1 4123 1 4213 1 4231 1 12342 231 2 132 2 4312 2 4321 2 12433 213 3 2413 3 4132 3 14324 3421 4 2143 4 21345 2341 5 1342 5 13246 3142 6 3241 6 32147 31248 23149 243110 142311 3412Toute permutation π ∈ Sn a une unique déomposition omme un produit de transpo-



22 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiressitions de la forme :
π = 〈p1, 1〉 · 〈p2, 2〉 · 〈p3, 3〉 · . . . · 〈pn, n〉 =

n∏

i=1

〈pi, i〉 (I.11)ave 1 6 pi 6 i. Don (I.11) fournit une bijetion Sn −→ Tn ave Tn = [1]× [2]× . . .× [n] ;de plus un mot p1p2p3 . . . pn ∈ Tn est une autre façon de représenter une permuta-tion : on appelera ette repésentation tableau des transpositions. D'un autre oté, un mot
p1p2p3 . . . pn ∈ Tn peut être vu omme la table d'inversions de la permutation σ ∈ Sn :
pi-1 est le nombre d'entrées σj > σi, j < i.La relation entre es deux repésentations n'a jamais été étudiée et est peut être unediretion de reherhe intéressante.Soit maintenant l'ensemble Tn,k des mots dans Tn ave exatement k points �xes, 'est-à-dire k entrées pi telles que pi = i. Puisque le nombre de `transpositions' 〈i, i〉 dans (I.11)est aussi le nombre de yles dans π, Tn,k est l'ensemble des tableaux de transpositionsdes permutations dans Sn,k ; la relation (I.11) induit une bijetion Sn,k −→ Tn,k.D'un autre oté, Tn,k est l'ensemble des tables d'inversions des permutations dans Snayant k minima gauhe-droite (en anglais left-to-right minima) ; un minimum gauhe-droitedans une permutation est une entrée plus petite que toutes les entrées à sa gauhe. Paronséquent, on obtient le résultat bien onnu d'énumération : le nombre de permutationsdans Sn ave k minima gauhe-droite est aussi le nombre de Stirling signé s(n, k). Voirégalement [165℄.En général, une bijetion entre deux ensembles ne onserve pas les petites modi�ationsentre les objets ; C'est le as de la bijetion Sn −→ Tn dé�nie préédemment. Par exemple,si π et π′ sont deux permutations telles que π′ = π · 〈a, b, c〉 alors la déomposition de π′peut di�érer de elle de π par beauoup de transpositions : Prendre π = (7, 1, 2, 3, 4, 5, 6) =
〈1, 1〉 · 〈1, 2〉 · 〈1, 3〉 · 〈1, 4〉 · 〈1, 5〉 · 〈1, 6〉 · 〈1, 7〉 et π′ = (2, 1, 4, 3, 7, 5, 6) = π · 〈1, 3, 5〉 =
〈1, 1〉·〈1, 2〉·〈3, 3〉·〈3, 4〉·〈5, 5〉·〈5, 6〉·〈5, 7〉. Réiproquement, si deux déompositions di�èrentpar au plus deux transpositions, alors les permutations orrespondantes peuvent di�érerpar beauoup d'entrées : prendre π = (2, 3, 4, 5, 6, 1) = 〈1, 1〉·〈1, 2〉·〈2, 3〉·〈3, 4〉·〈4, 5〉·〈5, 6〉et π′ = (2, 4, 1, 6, 3, 5) = 〈1, 1〉 · 〈1, 2〉 · 〈2, 3〉 · 〈2, 4〉 · 〈4, 5〉 · 〈4, 6〉.Soit maintenant la liste Tn,k pour l'ensemble Tn,k, obtenue en remplaçant haque per-mutation de la liste Sn,k par son tableau de transpositions. De façon surprenante, deuxsuites onséutives dans Tn,k di�èrent en au plus deux positions et don 'est un ode deGray ode (voir la table 2). Ce résultat est présenté dans le prohain théorème. Malgrè laressemblane ave le théorème I.24, es deux théorèmes ne sont pas onséquenes l'un del'autre.Théorème I.25. � Tn,k est à la fois un ode de Gray pour l'ensemble des permutationsde taille n ave k yles dans leur représentation en tableau de transposition, et pourl'ensemble des permutations de taille n ave k minimum gauhe-droite dans leurreprésentation en table d'inversion.� Tn,k est partitionnée selon les su�xes et satisfait les desiderata de Walsh : la listepeut don être obtenue en une omplexité loopless. [175℄ .Il est important de noter que si on onsidère la liste des permutations ayant pour tableaud'inversions Tn,k, on n'obtient pas un ode de Gray pour les permutations ayant un nombre



I.3 : Génération en ode de Gray 23Table I.5 : Les listes S4,2 et T4,2. Chaque suite dans T4,2 est le tableau de transpositionsde la permutation orrespondante dans S4,2.
S4,2 T4,24213 12114321 12214132 11312143 11331342 12233241 12133124 11142314 11242431 11321423 12223412 1212donné de minima gauhe-droite. De façon réursive, et en utilisant les dé�nitions (a), (b),(c), (d) et (e) on obtient naturellement un algorithme CAT pour la génération pour Sn,k.Le paragraphe suivant présente alors une onstrution ad-ho permettant d'obtenir unode de Gray optimal pour et ensemble.I.3.4 Permutations ayant un nombre donné de minima gauhe-droiteSoit σ ∈ Sn ; alors σi est un minimum gauhe-droite si σi < σj pour tout j < i.Pour 1 6 k 6 n, on note Sn,k l'ensemble des permutations de taille n ave exatement

k minima gauhe-droite. Par exemple, on a S3,1 = {123, 132}, S3,2 = {213, 231, 312} et
S3,3 = {321}. Naturellement, {Sn,k}16k6n forme une partition pour Sn et il est bien onnu(voir par exemple [165℄, p. 20) que la ardinalité de Sn,k est donnée par les nombres deStirling signés de première espèe s(n, k) dé�nis dans le paragraphe préédent puisqu'ilsénumèrent aussi les permutations de taille n ayant k yles [165, 179℄. C'est la raison pourlaquelle on onserve la notation Sn,k dans e paragraphe.Les fontions φn et ψn dé�nies dans le paragraphe préédent induisent une bijetionentre Sn−1,k−1 ∪ [n − 1] × Sn−1,k et Sn,k telle que sa restrition à Sn−1,k−1 est φn et sarestrition à [n− 1]× Sn−1,k est ψn.Dé�nition I.26. 1. Pour 1 6 k < n, un entier i ∈ [n − 1] et une permutation γ ∈

Sn−1,k, on dé�nit une permutation de taille n, σ = ψn(i, γ) par
σ(j) =





γ(j) si j 6 i
n si j = i+ 1
γ(j − 1) sinon.2. Pour n > k > 2 et une permutation γ ∈ Sn−1,k−1, on dé�nit une permutation detaille n, σ = φn(γ) par

σ(j) =

{
n si j = 1
γ(j − 1) sinon.



24 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresD'un autre oté, on a une autre bijetion entre Sn−1,k−1 ∪ [n]\{1} × Sn−1,k et Sn,k enremplaçant φn et ψn ave les deux fontions φ′
n et ψ′

n données i-dessous.Dé�nition I.27. 1. Pour 1 6 k < n, un entier i ∈ [n]\{1} et une permutation γ ∈
Sn−1,k, on dé�nit une permutation de taille n, σ = ψ′

n(i, γ) par
σ(j) =





γ(j) si γ(j) 6 i− 1
i si j = n
γ(j) + 1 sinon.2. Pour n > k > 2 et une permutation γ ∈ Sn−1,k−1, on dé�nit une permutation detaille n, σ = φ′

n(γ) par
σ(j) =

{
1 si j = n
γ(j) + 1 sinon.Lemme I.28. Soit γ une permutation de taille n − 1, si n > 3 et 1 6 i 6 n − 2, alors

ψ(i, γ) = ψ(i+ 1, γ) · 〈i+ 1, i+ 2〉.Lemme I.29. Soit γ une permutation de taille n − 1, si n > 3 et 1 6 i 6 n − 3, alors
ψ(i, γ) = ψ(i+ 2, γ) · 〈i+ 1, i+ 3, i+ 2〉.Ces deux lemmes peuvent aussi s'érire ave ψ′ :Lemme I.30. Soit γ une permutation de taille n − 1, si n > 3 et 2 6 i 6 n − 1, alors
ψ′(i, γ) = 〈i, i+ 1〉 · ψ′(i+ 1, γ).Lemme I.31. Soit γ une permutation de taille n − 1, si n > 3 et 2 6 i 6 n − 2, alors
ψ′(i, γ) = 〈i, i+ 1, i + 2〉 · ψ′(i+ 2, γ).L'ensemble Sn,k peut s'érire :

Sn,k =

n−1⋃

i=1

ψ(i, Sn−1,k) ∪ φ(Sn−1,k−1) (I.12)ave φ(Sn,0) et ψ(i, Sn,n+1) vides. Si on onsidère maintenant φ′ et ψ′, la relation devient
Sn,k =

n⋃

i=2

ψ′(i, Sn−1,k) ∪ φ′(Sn−1,k−1). (I.13)On dé�nit alors la liste Sn,k en onsidérant les inq as suivants. On donne égalementune représentation de la liste en montrant l'enhaînement des di�érentes sous-listes qui laomposent.* k = n, n > 1 Sn,n, n > 1, ontient un seul élément (n, n− 1, . . . , 2, 1), (a)



I.3 : Génération en ode de Gray 25* k = 1, n > 2 Pour n > 2, on dé�nit les relations (b) :
• Pour n = 2, Sn,1 = (1, 2).
• Pour n = 2m > 2,
Sn,1 = ψ(n− 1,Sn−1,1) ◦

1
©

i=m−1
ψ(2i − 1,Sn−1,1)

(m+i−1) ◦
m−1
©
i=1

ψ(2i,Sn−1,1)
(m+i).

• Pour n = 2m+ 1 > 3,
Sn,1 = ψ(n− 1,Sn−1,1) ◦

1
©

i=m−1
ψ(2i,Sn−1,1)

(m+i) ◦
m
©
i=1

ψ(2i − 1,Sn−1,1)
(m−1+i).

8

n=8 n=9

1 2 3 4 5 6 7 1 2 3 4 5 6 7Figure I.6 : Les relations (b) pour n = 8 et n = 9. Chaque point i orrespond à laliste ψ(i,Sn−1,1) et haque point enerlé i représente la liste ψ(i,Sn−1,1), i.e., la liste
ψ(i,Sn−1,1) dans l'ordre inverse. Par exemple, si n = 8 alors S8,1 = ψ(7,S7,1) ◦ψ(5,S7,1) ◦
ψ(3,S7,1) ◦ ψ(1,S7,1) ◦ ψ(2,S7,1) ◦ ψ(4,S7,1) ◦ ψ(6,S7,1).* k = n− 1, n > 3 On dé�nit les relations (c) (voir �gure I.7),

• Pour n = 2m > 4,
Sn,n−1 = ψ′(n,Sn−1,n−1) ◦ φ′(Sn−1,n−2) ◦

1
©

i=m−1
ψ′(2i,Sn−1,n−1) ◦

m
©
i=2

ψ′(2i− 1,Sn−1,n−1).
• Pour n = 2m+ 1 > 3,
Sn,n−1 = ψ′(n,Sn−1,n−1) ◦ φ′(Sn−1,n−2) ◦

2
©

i=m
ψ′(2i − 1,Sn−1,n−1) ◦

m
©
i=1

ψ′(2i,Sn−1,n−1).Notons que es relations utilisent ψ′ et φ′ au lieu de ψ et φ.
2

n=8 n=90 0

8532 4 6 7 9876543Figure I.7 : Les relations (c) pour n = 8 et n = 9. Chaque point i 6= 0 orrespond àla liste ψ′(i,Sn−1,n−1) et le point 0 représente la liste φ′(Sn−1,n−2). Par exemple, si n = 8alors S8,7 = ψ′(8,S7,7)◦φ′(S7,6)◦ψ′(6,S7,7)◦ψ′(4,S7,7)◦ψ′(2,S7,7)◦ψ′(3,S7,7)◦ψ′(5,S7,7)◦
ψ′(7,S7,7).* k = n− 2, n > 4 On dé�nit les relations (d) (voir �gure I.8),
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• Pour n = 2m > 4,
Sn,n−2 = ψ(n − 1,Sn−1,n−2) ◦ φ(Sn−1,n−3) ◦

1
©

i=m−1
ψ(2i − 1,Sn−1,n−2)

(m+i−1)

◦
m−1
©
i=1

ψ(2i,Sn−1,n−2)
(m+i).

• Pour n = 2m+ 1 > 5,
Sn,n−2 = ψ(n − 1,Sn−1,n−2) ◦ φ(Sn−1,n−3) ◦

1
©

i=m−1
ψ(2i,Sn−1,n−2)

(m+i) ◦
m
©
i=1
ψ(2i −

1,Sn−1,n−2)
(m+1+i).

0n=8 n=9

1 2 3 4 5 6 7 1 2 3 4 5 6 7 8

0Figure I.8 : Les relations (d) pour n = 8 et n = 9. Chaque point i 6= 0 orrespond à laliste ψ(i,Sn−1,n−2) et le point 0 est la liste φ(Sn−1,n−3). Quand le point est enerlé, ononsidere la liste en ordre inverse. Par exemple, si n = 8 alors S8,6 = ψ(7,S7,6) ◦ φ(S7,5) ◦
ψ(5,S7,6) ◦ ψ(3,S7,6) ◦ ψ(1,S7,6) ◦ ψ(2,S7,6) ◦ ψ(4,S7,6) ◦ ψ(6,S7,6).* 2 6 k 6 n− 3 Si 2 6 k 6 n− 3, on dé�nit les relations (e) (voir �gure I.9)

• Pour n = 2m, k impair,
Sn,k = ψ(n − 1,Sn−1,k) ◦

1
©

i=m−1
ψ(2i − 1,Sn−1,k)

(m+i) ◦
(k−1)/2

©
i=1

ψ(2i,

Sn−1,k)
(m+i+1) ◦ φ(Sn−1,k−1)

m+(k−1)/2 ◦
m−1
©

i=(k+1)/2
ψ(2i,Sn−1,k−1)

(m+i).

• Pour n = 2m, k pair,
Sn,k = ψ(n − 1,Sn−1,k) ◦

(k+2)/2

©
i=m−1

ψ(2i− 1,Sn−1,k)
(m+i) ◦ φ(Sn−1,k−1)

m+ k
2

◦
1
©

i=k/2
ψ(2i − 1,Sn−1,k)(m+i−1) ◦

m−1
©
i=1

ψ(2i,Sn−1,k−1)
(m+i).

• Pour n = 2m+ 1, k impair,
Sn,k = ψ(n − 1,Sn−1,k) ◦

(k+1)/2

©
i=m−1

ψ(2i,Sn−1,k)(m+i−1) ◦ φ(Sn−1,k−1)
m+ k+1

2

◦
1
©

i=(k−1)/2
ψ(2i,Sn−1,k)(m+i) ◦

m
©
i=1
ψ(2i − 1,Sn−1,k−1)

(m+i+1).

• Pour n = 2m+ 1, k pair,
Sn,k = ψ(n − 1,Sn−1,k) ◦

1
©

i=m−1
ψ(2i,Sn−1,k)(m+i−1) ◦

(k−1)/2

©
i=1

ψ(2i − 1,

Sn−1,k)
(m+i) ◦ φ(Sn−1,k−1)

m+(k+1)/2 ◦
m
©

i=(k+1)/2
ψ(2i − 1,Sn−1,k−1)

(m+i+1).Théorème I.32. La famille de listes {Sn,k}n>k>1 est un ode de Gray optimal.La démonstration se fait par réurrene et onsiste à examiner toutes les transitionsentre les sous-listes dans les relations (a)-(e).
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1 2 3 4 5 6 7 8

n=8

1 2 3 4 5 6 7

n=9

1 3 4 5 6 7 8

k=4

k=3

2

k=3

k=4

0 0

0Figure I.9 : Les relations (e) pour n = 8, 9 et k = 3, 4. Chaque point i 6= 0 orrespondà la liste ψ(i,Sn−1,k) et le point 0 est la liste φ(Sn−1,k−1). Quand le point est enerlé, ononsidère la liste en ordre inverse. Par exemple, si n = 8 et k = 4 alors S8,4 = ψ(7,S7,4) ◦
ψ(5,S7,4) ◦ φ(S7,3) ◦ ψ(3,S7,4) ◦ ψ(1,S7,4) ◦ ψ(2,S7,4) ◦ ψ(4,S7,4) ◦ ψ(6,S7,4).Table I.6 : Les listes S3,k, 1 6 k 6 3, et S4,k pour 1 6 k 6 4. Par exemple, dans S4,2 lessous-listes de la relation (d), ψ(3,S3,2), φ(S3,1), ψ(1,S3,2), et ψ(2,S3,2), sont alternative-ment en gras et en italique.

S3,1 S3,2 S3,3 S4,1 S4,2 S4,3 S4,41 123 1 213 1 321 1 1234 1 2134 1 3214 1 43212 132 2 231 2 1324 2 2314 2 32413 312 3 1423 3 3124 3 34214 1432 4 4132 4 42315 1342 5 4123 5 43126 1243 6 2413 6 42137 24318 34129 314210 234111 2143Etant donné que l'on a utilisé une dé�nition réursive du ode de Gray, l'implantationd'un algorithme CAT pour l'obtention de ette liste s'obtient naturellement. Une appletjava est disponible sur le site http ://www.u-bourgogne.fr/jl.baril.I.3.5 Permutations évitant un ensemble de motifsDans e paragraphe on donne une onstrution de odes de Gray uni�ée pour un grandnombre de lasses de permutations évitant un ensemble de motifs.Soit σ ∈ Sn ; les sites de σ sont les positions entre deux entrées onséutives, avant lapremière entrée et après la dernière. On suppose que les sites sont numérotés de la droitevers la gauhe de 1 à n + 1. Par exemple, le troisième site de la permutation σ = 463512est entre 5 et 1. De plus, soit σ ∈ Sn(T ), où T est un ensemble de motifs à exlure, on diraque le i-ième site de σ est atif si la permutation γ obtenue à partir de σ en insérant (n+1)sur e site appartient à Sn+1(T ). On notera ette permutation γ par φ(i, σ) et nous dironsque γ est un suesseur (ou �ls) de σ. Les sites atifs d'une permutation σ ∈ Sn(T ) sontressérés à droite (voir [67℄) si tous les sites à droite du site atif le plus à gauhe sont aussi



28 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresatifs. On note par χT (i, σ) le nombre de sites atifs de φ(i, σ). Un ensemble de motifs Test appelé régulier [67℄ si pour tout n > 1 et γ ∈ Sn(T ),- γ a au moins deux sites atifs, et les sites atifs de γ sont ressérés à droite,- il existe σ ∈ Sn−1(T ) et un entier i, 1 6 i 6 n, tel que γ = φ(i, σ),- χT (i, σ) ne dépend pas de σ mais seulement du nombre k de sites atifs de σ ; danse as, on note χT (i, σ) par χT (i, k) si σ a k sites atifs.Pour la suite de e paragraphe, on ne onsidère que des ensembles de motifs T réguliers.Maintenant, pour haque n > 1 et pour haque permutation σ ∈ Sn(T ), on assoie :- une diretion : haut ou bas ; une permutation σ ave la diretion haut (bas respeti-vement) sera notée par σ1 (σ0 respetivement). Une telle permutation sera appeléepermutation orientée.- Une liste de ses suesseurs onsidérés ave leur diretions, i.e. une liste ontenantdes φ(i, σ)j où j ∈ {0, 1} et les indies i sont les sites atifs de σ dans un ordre quel'on va expliiter i-dessous.La liste des suesseurs de σ0 sera obtenue en renversant l'ordre de la liste des suesseursde σ1 et en inversant la diretion de haque élément de la liste.Soit σ1 une permutation orientée dans Sn(T ) ave k sites atifs et soit L la suite unimodaled'entiers où L(i) est le i-ième (1 6 i 6 k) entier de la suite L suivante :
L =

{
3, 5, . . . , (k − 3), (k − 1), k, (k − 2), (k − 4), . . . , 4, 2, 1 si k est pair,
3, 5, . . . , (k − 4), (k − 2), k, (k − 1), (k − 3), . . . , 4, 2, 1 si k est impair.On onsidère aussi la suite L′ dé�nie par :

L′ =

{
2, 4, . . . , (k − 4), (k − 2), k, (k − 1), (k − 3), . . . , 5, 3, 1 si k est pair,
2, 4, . . . , (k − 3), (k − 1), k, (k − 2), (k − 4), . . . , 5, 3, 1 si k est impair.Soit Π(σ1) la liste des suesseurs de σ1 ontenant les k permutations orientées dans

Sn+1(T ) telle que : le j-ième élément est φ(L(j), σ)(i−1) mod 2 pour 1 6 j 6 k − 1 etle k-ième élément est φ(L(k), σ)1. De plus, si on remplae la suite L par L′ dans ettedé�nition, on obtient une liste notée Π′(σ1). Les �gures I.10 et I.11 illustrent les di�érentsas pour les listes Π(σ) et Π′(σ) lorsque σ possède k = 7 ou k = 8 sites atifs.
12345678

k=7 k=8

1234567Figure I.10 : Si k = 7 alors Π(σ1) est la liste
φ(3, σ)0, φ(5, σ)1, φ(7, σ)0, φ(6, σ)1, φ(4, σ)0, φ(2, σ)1, φ(1, σ)1 ; si k = 8, Π(σ1) est
φ(3, σ)0, φ(5, σ)1, φ(7, σ)0, φ(8, σ)1, φ(6, σ)0, φ(4, σ)1, φ(2, σ)0, φ(1, σ)1. Chaque point(resp. point enerlé) étiqueté par ℓ ∈ [1..k] représente φ(ℓ, σ)1 (resp. φ(ℓ, σ)0).
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k=8

123456781234567

k=7Figure I.11 : Si k = 7 alors Π′(σ1) est la liste
φ(2, σ)0, φ(4, σ)1, φ(6, σ)0, φ(7, σ)1, φ(5, σ)0, φ(3, σ)1, φ(1, σ)1 ; si k = 8, Π′(σ1) est
φ(2, σ)0, φ(4, σ)1, φ(6, σ)0, φ(8, σ)1, φ(7, σ)0, φ(5, σ)1, φ(3, σ)0, φ(1, σ)1. Chaque point(resp. point enerlé) étiqueté par ℓ ∈ [1..k] represente φ(ℓ, σ)1 (resp. φ(ℓ, σ)0).Posons dn = ard(Sn(T )). On dé�nit alors réursivement le ode de Gray Sn(T ) pourl'ensemble Sn(T ) :

Sn(T ) =

{
10 si n = 1

©dn−1

i=1 Π̃(σ[i]) sinon,où - σ[i] est la i-ième permutation orientée de la liste Sn−1(T ),- Π̃(σ[i]) = Π′(σ[i]) si : la diretion de σ[i] est 0 et la diretion de σ[i + 1] est 1 ; σ[i]et σ[i + 1] di�èrent en trois positions et ont respetivement au moins trois �ls etexatement deux �ls,- Π̃(σ[i]) = Π′(σ[i]) si : la diretion de σ[i] est 1 et la diretion de σ[i − 1] est 0 ; σ[i]et σ[i − 1] di�èrent de trois positions et ont respetivement au moins trois �ls etexatement deux �ls,- Π̃(σ[i]) = Π(σ[i]) sinon.La table I.7 illustre notre onstrution pour S5(321) et S5(312). Notons que les listes Π et
Π′ apparaîssent dans la onstrution du ode Gray S5(321) ; mais seulement les listes dela forme Π sont utilisées pour S5(312).Maintenant nous étudions plusieurs propriétés qui vont nous permettre de prouver que ettedé�nition induit presque toujours des odes de Gray tels que deux éléments onséutifs dela liste di�èrent en au plus trois positions. Si L est une liste, on note par prem(L) et der(L)le premier et dernier élément de L.Proposition I.33. Soit T un ensemble régulier de motifs. La liste Sn(T ) ontient exate-ment une et une seule fois haque permutations de Sn(T ). Le premier élément de la listeest 123 . . . (n− 1)n et le dernier est 2134 . . . (n− 1)n.Lemme I.34. Soit T un ensemble régulier de motifs. Soit σ une permutation dans Sn(T ),et soit r ∈ {0, 1} sa diretion, alors deux permutations suessives dans Π(σr) di�èrent enau plus trois positions.Lemme I.35. Soit T un ensemble régulier de motifs. Soient σ1 et γ0 deux permutationsorientées onséutives dans la liste Sn(T ). Alors d(σ, γ) = d(der(Π(σ1)), prem(Π(γ0))).Lemme I.36. Soit T un ensemble régulier de motifs. Soient σ0 et γ1 deux permutationsorientées onséutives dans la liste Sn(T ). Si les deux permutations σ et γ ont au moinstrois suesseurs alors on a : d(σ, γ) = d(der(Π(σ0)), prem(Π(γ1))).Lemme I.37. Soit T un ensemble régulier de motifs. Soient σ0 et γ1 deux permutationsorientées onséutives dans la liste Sn(T ). Si les deux permutations σ et γ ont deux su-esseurs, on a : d(σ, γ) = d(der(Π(σ0)), prem(Π(γ1))).



30 Chapitre I : Génération exhaustive de lasses d'objets ombinatoiresLemme I.38. Soit T un ensemble régulier de motifs. Soient σ0 et γ1 deux permutationsorientées onséutives dans la liste Sn(T ) telles que σ = γ · 〈n − 1, n〉. Si σ a au moinstrois �ls et γ a deux �ls alors on a : d(der(Π(σ0)), prem(Π(γ1))) = 3.Lemme I.39. Soit T un ensemble régulier de motifs. Soient σ0 et γ1 deux permutationsorientées onséutives dans la liste Sn(T ) telles que σ et γ di�èrent en trois positions. Si
σ a deux �ls (resp. au moins trois �ls) et γ a au moins trois �ls (resp. exatement deux�ls), alors on a : d(der(Π(σ0)), prem(Π(γ1))) = 3.Lemme I.40. Soit T un ensemble régulier de motifs. Soient σ1 et γ1 deux permutationsorientées onséutives dans la liste Sn(T ) telles que σ = γ · 〈n−1, n〉. Si γ a au moins trois�ls, alors on a : d(der(Π(σ1)), prem(Π(γ1))) = 2. D'un autre oté, si γ a deux �ls alors ona : d(der(Π(σ1)), prem(Π(γ1))) = 3.Remarquons alors que :- si χT (i, k) = 2 pour tout i et k, alors la liste Sn(T ) dé�nie i-dessus est un ode deGray ylique pour Sn(T ) tel que deux éléments onséutifs dans la liste di�èrent sur deuxpositions. En e�et, il su�t d'appliquer les lemmes I.34, I.35, et I.37.- si χT (i, k) > 3 pour tout i et k, alors la liste Sn(T ) dé�nie i-dessus est un ode de Grayylique pour Sn(T ). Deux éléments onséutifs dans la liste di�èrent sur au plus troispositions. Il su�t d'appliquer les lemmes I.34, I.35, I.36 et I.40.Dans la table I.8, on donne plusieurs ensembles T de motifs pour lesquels on peut ap-pliquer notre onstrution dans le but d'obtenir des odes de Gray pour Sn(T ). Notons queette onstrution nous permet d'obtenir des odes de Gray optimaux pour S2n+1(321) et
S2n+1(312), n > 0 (voir la table I.7). En e�et, la di�érene entre le nombre de permutationspaires et impaires dans S2n+1(321) (resp. S2n+1(312)) est au moins deux (voir [160℄). Donnous ne pouvons pas avoir un ode de Gray tel que deux permutations onséutives dif-fèrent par une transposition. Puisque la di�érene entre le nombre de permutations paireset impaires dans S2n(321) (resp. S2n(312)) est zéro, nous ne pouvons pas déduire l'optima-lité de notre ode de Gray pour S2n(321) (resp. S2n(312)) ainsi que pour d'autres lasses.Le ode de Gray pour Sn(321, 312) est optimal et il orrespond à elui trouvé dans [94℄ parune autre méthode.I.4 Conlusion - perspetivesCe hapitre expose mes travaux onernant la génération exhaustive d'une lasse d'ob-jets ombinatoires. La plupart des résultats obtenus étudient la génération de lasses depermutations partiulières. Cependant, il reste plusieurs problèmes ouvert dans e domaine.On peut se demander si les lasses S2n(321) et S2n(312) admettent des odes de Gray telsque deux permutations suessives di�èrent en au plus deux positions. On peut égalementse poser la question de l'existene d'un ode de Gray pour la lasse de permutations ayantun nombre donné de desentes ou de la lasse des permutations ayant un nombre donnéd'exédanes. Il reste don enore de nombreuses lasses de permutations à explorer. En-�n, on peut aussi iter le problème du 'middle level' qui résiste enore à l'ensemble de laommunauté. Il s'agit de trouver un ode de Gray de l'ensemble des mots binaires de tailleimpaire 2n+ 1 ayant n ou n+ 1 uns...
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Table I.7 : Les odes de Gray optimaux pour S5(312) et S5(321). Deux éléments onsé-utifs di�èrent en au plus trois positions.
S5(312) S5(321)12345 32145 24315 12345 13245 2314512354 32154 24351 12354 13254 2315412543 32541 25431 15234 13524 2351412453 32451 24531 51234 13452 2345112435 32415 23541 12534 13425 2341514325 43215 23451 12453 34125 2413514352 43251 23415 12435 34152 2415315432 45321 23154 41235 34512 2451314532 54321 23145 41253 31452 2145313542 43521 21435 45123 31425 2143513452 34521 21453 41523 31524 2153413425 35421 21543 14523 35124 2513413254 34251 21354 14253 31254 2135413245 34215 21345 14235 31245 21345
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Table I.8 : Classes de permutations évitant les motifs de T ave leur fontions de suession
χT (i, k). On donne aussi les di�érents lemmes utilisés pour la preuve du ode de Gray. On ompareaussi les nombres maximum des di�érenes de position entre deux permutations onséutives dans[67℄ et dans notre ode de Gray B. Un point dans la dernière olonne signi�e qu'il n'y a pas deode de Gray onnu pour ette lasse dans la littérature.Classes T χT (i, k) Lemmes [67℄,B

2n−1 [11℄ {321, 312} 2 I.34, I.35, I.37 3, 2Catalan[176℄ {312} i + 1 I.34, I.35, I.36, I.38, I.40 5, 3

{321} k + 1 si i = 1
i sinon I.34, I.35, I.36, I.38, I.39, I.40 5, 3Indie pairFibonai[11℄ {321, 3412} k + 1 si i = 1
2 sinon I.34, I.35, I.37, I.38, I.40 5, 3

{321, 4123} 3 si i = 1
i sinon I.34, I.35, I.36, I.37, I.38, I.40 5, 3

{321, 4321} 3 si i = 3 & k = 3
i + 1 sinon I.34, I.35, I.36, I.38, I.40 ·, 3Pell [11℄ {321, 3412, 4123} 3 si i = 1
2 sinon I.34, I.35, I.37, I.38, I.40 5, 3

{312, 4321, 3421} 3 si i = 2
2 sinon I.34, I.35, I.37, I.38, I.40 ·, 3Shröder [85℄ {4321, 4312} k + 1 si i = 1 ou i = 2
i sinon I.34, I.35, I.36, I.38, I.40 5, 3

{4231, 4132} k + 1 si i = 1 ou i = k
i + 1 sinon I.34, I.35, I.36, I.38, I.40 5, 3

{4123, 4213} k + 1 si k − 1 6 i 6 k
i + 2 sinon I.34, I.35, I.36, I.38, I.40 5, 3Coe�ientbinomialentral[85℄ {4321, 4231, 4312, 4132}
k + 1 si i = 1
3 si i = 2
i sinon I.34, I.35, I.36, I.38, I.40 5, 3

{4231, 4132, 4213, 4123} 3 si i = 1
i + 1 sinon I.34, I.35, I.36, I.38, I.40 5, 3Motifsgénéralisés[11, 54℄ {321, (p + 1)12 . . . p}
k + 1 si i = 1 & k < p
p si i = 1 & k = p
i sinon I.34, I.35, I.36, I.38, I.39, I.40 5, 3

{321, 3412, (p + 1)12 . . . p}
k + 1 si i = 1 & k < p
p si i = 1 & k = p
2 sinon I.34, I.35, I.37, I.38, I.40 5, 3Motzkingénéralisé[10℄ pour p > 2, {321,

(p + 2)1̄(p + 3)2 . . . (p + 1)}
k + 1 si i = 1
i si 2 6 i 6 p
i − 1 sinon I.34, I.35, I.36, I.38, I.39, I.40 ·, 3Shrödergénéralisé [102℄ ∪τ∈Sn−1{(p + 1)τp} k + 1

si k 6 p ou
p + i > k + 1

i + p − 1 sinon I.34, I.35, I.36, I.38, I.40 5, 3



Chapitre IIEtude de strutures énumérées parles nombres de Catalan
II.1 IntrodutionUn grand nombre de lasses d'objets ombinatoires sont énumérées par les nombresde Catalan. C'est par exemple le as, parmi d'autres, des suites de ballot, des arbresbinaires, mots ou hemins de Dyk, des tableaux de Young, des permutations triables aveune pile, des bons parenthésages, des permutations évitant un motif de longueur trois,triangulations,... Une liste de plus de soixante sortes de telles lasses ombinatoires sontrépertoriées par Stanley dans [164℄.D'un point de vue de la théorie des ordres, il existe des ordres partiels sur les ensemblesde Catalan qui induisent une struture de treillis. Le plus onnu est le treillis de Tamariqui peut être obtenu de façon équivalente de trois façons di�érentes. En e�et, les reouvre-ments orrespondent aux transformations élémentaires dans trois lasses de Catalan : une'reparenthèsisation' (x(yz))→ ((xy)z) [79℄, une rotation sur les arbres binaires [132, 161℄,et une basule (�ip en anglais) d'une diagonale dans les triangulations [88, 161℄. Voir aussila référene [127℄. Ensuite il y a le treillis des partitions non-roisées [103℄ : le treillis deKreweras. Deux partitions π et π′ véri�ent π 6 π′ si haque blo de π est un sous-ensembled'un blo de π′. Voir [68, 69, 137, 158℄ et de nombreuses autres référenes dans le survey[159℄. Il y a aussi le treillis de Stanley qui opère sur les hemins de Dyk [164℄. Plus ré-emment, un lien entre les mots de Dyk, les partitions non-roisées et les permutationsévitant le motif 321 permet de dé�nir une struture de treillis distributif sur es ensemblesde Catalan [8, 75℄.Dans la deuxième partie de e hapitre, on présente deux nouvelles strutures en treillissur des ensembles énumérés par les nombres de Catalan. La première onsiste en untreillis sur les mots de Dyk, ou de façon équivalente sur les parenthésages bien formés ; letreillis "phagoyte" opère une mutation sur les parenthèsages de la manière suivante : unsous-parenthésage w((· · · (()) · · · )) est transformé en ((· · · ((w)) · · · )). La seonde exhibele treillis 'taille-gre�e' (en anglais, pruning-grafting) sur les arbres binaires dont la trans-



34 Chapitre II : Etude de strutures énumérées par les nombres de Catalanformation élémentaire onsiste à tailler une erise pour ensuite la gre�er sur la branheimmédiatement à gauhe.Dans la troisième partie de e hapitre, on étudie la distane de rotation entre deuxarbres binaires. Le problème de déterminer en temps polynomial la taille du plus petithemin entre deux arbres binaires situés dans le treillis de Tamari reste enore ouvert. Onfournit ii un algorithme d'approximation de ette distane en temps polynomial.II.2 Treillis de CatalanII.2.1 Le treillis `Phagoyte'Soit D l'ensemble des mots de Dyk sur l'alphabet {(, )}. Il s'agit du langage généré parla grammaire S → λ|(S)|SS, i.e. l'ensemble des mots onstitués des bons parenthèsages.Notons Dn l'ensemble des mots de Dyk ave n parenthèses ouvrantes et n fermantes. Laardinalité de Dn est le n-ième nombre de Catalan : card(Dn) = (2n)!/(n!(n + 1)!). Lesparenthèses ouvrantes (resp. fermantes) de w ∈ Dn sont numérotées de 1 à n en parourant
w de la gauhe vers la droite.Une partition b1/b2/ · · · /bk de [1, n] = {1, 2, · · · , n} en blos bi est dite non-roisée s'iln'existe pas quatre nombres p < q < r < s tels que p, r ∈ bi et q, s ∈ bj ave i 6= j. Don
146/23/5 est une partition non-roisée de [1, 6] (np en abrégé) alors que 135/2/46 est roi-sée. Notons NCn l'ensemble de tous les np de [1, n]. Nous avons card(NCn) = card(Dn).Une np sera érite en listant les éléments dans haque blo en ordre roissant, et lesblos en ordre oissant de leur minima. Il y a di�érentes façons de représenter une np.Par exemple, dans une représentation linéaire, [1..n] apparaît lassiquement sur une droiteréelle et des éléments suessifs dans un même blo sont joints par un ar dans le pre-mier quadrant. Dans ette setion, on utilisera la représentation anonique : soit une np
π ∈ NCn, on dé�nit la relation Rπ sur [1..n] par iRπj si et seulement si i est le plus petitélément du blo de π qui ontient j (i 6 j). La représentation anonique de π est obtenueen traçant le graphe orienté de Rπ sur le premier quadrant. Dans es deux représentations,la propriété 'non-roisée' de la partition orrespond au fait que les ars ne s'intersetentjamais.Puisque card(Dn) = card(NCn), il y a une bijetion expliite entre Dn et NCn [81, 82,158, 159℄. Soit une np π ∈ NCn et sa représentation anonique ; pour haque élémentvisité i ∈ [1, n] (pour i allant de 1 à n), on érit r parenthèses ouvrantes (r > 0) si il ya r ars ommençant en i, puis on érit une parenthèse fermante puisqu'il y a toujoursexatement un seul ar �nissant en i. La �gure II.1 illustre ette bijetion.

w = ((()(()))(()())())
πw = 149/23/57/6/8
cw = (1, 2, 2, 1, 5, 6, 5, 8, 1)On note par πw la np orrespondante au mot de Dyk w. Remarquons alors que lenombre nbl(πw) de blos de πw est égal au nombre d'ourrenes de "()" dans w. Soit

w ∈ Dn, on dé�nit aussi le veteur cw ou cw[i] est le plus petit élément du blo de πw quiontient i (1 6 i 6 n).
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1 92 3 4 5 6 7 8Figure II.1 : La représentation anonique du mot de Dyk w ∈ D9Dans la suite, la relation d'inlusion strite (respetivement large) sera notée par lesymbole ⊂ (respetivement ⊆).Dé�nition II.1. La transformation 'phagoyte' −→ sur Dn est dé�nie par w −→ w′ sion a : w = u′v(n)nu

′′ et w′ = u′(nv)nu
′′, où v est un mot de Dyk non-vide, n > 1 et

u′, u
′′ ∈ {(, )}∗. On note ∗−→ la loture ré�exive et transitive de −→.

()()()()

1/2/3/4
()(())() (()())()(()()())()(()())()()(()) (())()()

()((())) (()(()))

134/2

((()()))

12/34

(())(()) ((())()) ((()))()

1234

(((())))

12/3/4 1/2/3413/2/4 1/24/31/23/414/2/3

123/4 1/234124/3 14/23

Figure II.2 : Le treillis phagoyte D4.Lemme II.2. Pour tout w,w′ ∈ Dn, on a w −→ w′ si et seulement si πw et πw′ véri�ent :� un blo de πw′ est l'union de deux blos b1 et b2 de πw où min(b1) < min(b2) et
b2 = [min(b2),max(b2)] est un intervalle,� haque blo de πw di�érent de b1 et b2 est aussi un blo de πw′.Proposition II.3. (Dn, ∗−→) est un ensemble partiellement ordonné ave un zéro 0 =

()() . . . () et un 1 = ((. . . () . . .)) ; il est gradué par la fontion de rang r(w) = n− nbl(πw).Voir le diagramme de D4 dans la �gure II.2.Théorème II.4. Pour tout w,w′ ∈ Dn, on a w ∗−→ w′ si et seulement si les deux ondi-tions suivantes sont véri�ées :� (C1) haque blo de πw est inlu dans un blo de πw′,



36 Chapitre II : Etude de strutures énumérées par les nombres de Catalan� (C2) pour tous blos b1, b2 ∈ πw, b′ ∈ πw′ tels que b1 ∪ b2 ⊂ b′ et min(b1) < min(b2)alors [min(b2),max(b2)] ⊂ b′.Remarque : La ondition (C1) est l'ordre bien onnu sur les partitions [103, 159℄. La ondition(C2) signi�e que tout blo b′ ∈ πw′ est fait d'un blo bi ∈ πw et d'un ou plusieurs intervallesdisjoints [k, l] pour lesquels un blo bj ∈ πw (j > i) existe tel que k = min(bj) et l = max(bj).
⋄

w = (()(())(())((())))

w1 = (()((((())(())))))

1 2

1

3 4 5 6 7 8 9

1 2 3 4 5 6 7 8 9

i=1 j=5V

W=

W=Figure II.3 : Une transformation 'phagoyte' w −→ w1 ; πw = 19/23/45/678 et πw1 =
19/23678/45.Théorème II.5. Pour tout n, l'ensemble partiellement ordonné (Dn,

∗−→) est un treillis.Dans la proposition suivante, on énumère les éléments max-irrédutibles et min-irrédutiblesde Dn. Rappelons que x ∈ Dn est max-(resp. min)-irrédutible si x = a∨b (resp. x = a∧b)implique x = a ou x = b. En d'autres termes, les éléments max-(resp. min)-irrédutiblessont eux qui ont un unique prédéesseur (resp. suesseur).Proposition II.6. Le nombre d'éléments max-irrédutibles dans le treillis 'phagoyte' Dnest n(n− 1)/2.Proposition II.7. Le nombre d'éléments min-irrédutibles dans le treillis 'phagoyte' Dnest 2n−1 − 1.En utilisant le théorème II.4, on donne ii deux algorithmes pour aluler le min w∧w′et le max w ∨ w′ de deux mots de Dyk w,w′ ∈ Dn.Algorithm min :for i := 1 to n do cw∧w′ [i] := 0 enddofor i := 1 to n do



II.2 : Treillis de Catalan 37if cw∧w′ [i] = 0 thenif cw[i] < i or cw′ [i] < i then
j0 := i ;for j := i to n doif cw∧w′ [j] = 0 and cw[j] = cw[i] and cw′ [j] = cw′ [i] then

cw∧w′ [j] := j0 ;else j0 := j ; endifenddoelsefor j := i to n doif cw[j] = i and cw′ [j] = i then
cw∧w′ [j] := i ; endifenddoendifendifenddoLa omplexité en espae est O(n). La omplexité en temps est O(n2).On peut aussi dé�nir un algorithme réursif pour aluler le max π ⊔ π′ de deux np

π et π′ dans le treillis lassique des partitions non-roisées. Don on suppose que cw⊔w′est déjà alulé pour tout w,w′ ∈ Dn. Supposons que cw et cw′ sont déterminés. Soit dw(respetivement dw′) le veteur dé�ni par dw[i] (respetivement dw′ [i]) omme étant le plusgrand élément du blo de πw (respetivement πw′) qui ontient i.Algorithm max.for i := 1 to n doif cw∨w′ [i] = 0 thenfor j := i to n doif cw⊔w′ [j] = cw⊔w′ [i] then
cw∨w′ [j] := cw⊔w′[i] ;if cw[j] 6= cw[i] thenfor k := j + 1 to dw[j] do

cw∨w′ [k] := cw⊔w′ [i] ; enddoendifif cw′ [j] 6= cw′ [i] thenfor k := j + 1 to dw′ [j] do
cw∨w′ [k] := cw⊔w′ [i] ; enddoendifendifenddoendifenddoPar exemple, si πw = 149/23/57/6/8 et πw′ = 147/23/56/89, les algorithmes donnent

πw∧w′ = 14/23/5/6/7/8/9 et πw∨w′ = 1456789/23.



38 Chapitre II : Etude de strutures énumérées par les nombres de CatalanEn onlusion, nous avons dé�ni une nouvelle struture sur les mots de Dyk (paren-thésages).La transformation v() → (v) dé�nie dans [81℄ est un as partiulier de la transformation'phagoyte'. Cependant, l'ensemble partiellement ordonné obtenu par ette transformationn'est pas un treillis. Il est toutefois semi-modulaire e qui permet à Pallo et Germain dealuler la distane du plus ourt hemin [117℄.Il reste à examiner plusieurs problèmes.Est-e qu'il existe un algorithme pour aluler la fontion de Möbius du treillis 'phagoyte'omme dans [131℄ ?Des aluls expérimentaux montrent que le nombre de reouvrements cov(n) de Dn estégal à 3(2n + 2)!/((n + 1)!(n + 4)!) pour de petites valeurs de n (n 6 6). Nous obtenonsles premiers termes de la suite A003517=[1, 6, 27, 110, · · · ] trouvée dans Sloane Enylo-pedia [162℄. Peut-on prouver que 'est bien ette suite ? Est-e qu'il existe un algorithmeen temps polynomial pour aluler la distane minimale entre deux mots de Dyk dansle treillis 'phagoyte' [117℄ ? Si oui, une nouvelle distane du plus ourt hemin pour-rait être obtenue et ajoutée aux distanes déjà existantes sur les ensembles de Catalan[40, 81, 130, 124, 132, 128, 161℄.II.2.2 La transformation de taille-gre�eDans e paragraphe, on dé�nit une nouvelle transformation sur les arbres binaires quipeut être aratérisée à l'aide des suites de distribution. Cela induit une nouvelle struturede treillis sur Bn.Un arbre binaire ave une raine, ordonné, est un arbre non étiqueté dans lequel tousles noeuds sont soit une feuille (i.e. un noeud sans �ls) soit un noeud interne © ayantdeux �ls. On note par Bn l'ensemble des arbres binaires ave n noeuds internes (donave n+ 1 feuilles). Il est bien onnu que ard(Bn) = |Bn| est égal au nombre de Catalan(
2n
n

)
/(n+1). L'ensemble B des arbres binaires est réursivement dé�ni par B = +©BBen notation polonaise. Il est bien onnu qu'une suite de n erles et (n+1) arrés orrespondà la notation polonaise d'un arbre de Bn si et seulement si dans tout pré�xe propre dela suite, le nombre de erles est plus grand ou égal au nombre de arrés, et le nombretotal de arrés de la suite est exatement le nombre total de erles plus un. Soit TL et

TR les sous-arbres gauhe et droit de T ∈ Bn. Alors on peut érire T = ©TLTR et ondé�nit l'abre miroir T̄ = ©T̄RT̄L. Les feuilles de l'arbre T sont numérotées en préordretransversal (i.e. de la gauhe vers la droite). La suite des profondeurs de T est la suited'entiers ℓT = (ℓT (1), ℓT (2), . . . , ℓT (n+ 1)) où ℓT (i) est le niveau de la i-ième feuille, i.e. lalongueur de l'unique hemin entre la i-ième feuille et la raine [147℄. Soit aussi ℓ̄ la suitemiroir ℓ̄ = (ℓT (n+1), ℓT (n), . . . , ℓT (1)) laquelle est aussi la suite des profondeurs de l'arbremiroir T̄ réursivement dé�ni par T̄ = ©T̄RT̄L et ¯ = . Par exemple, l'arbre dé�ni ennotation polonaise par © ©© © © ©© a la suite des profondeurs
(1, 3, 4, 5, 5, 4, 4, 3). Son miroir est ©©© © ©©© et a la suite desprofondeurs (3, 4, 4, 5, 5, 4, 3, 1). Maintenant onsidérons une suite (a(1), a(2), . . . , a(n+1))ave un entier k ∈ [2, n + 1] tel que a(k − 1) = a(k) = q. Le proessus qui onsiste àremplaer la paire (a(k − 1), a(k)) = (q, q) par q − 1 dans le but d'obtenir une nouvellesuite (a(1), a(2), . . . , a(k−2), q−1, a(k+1), . . . , a(n+1)) est appelé une rédution. Ruskeyet Hu [147℄ donnent la ondition néessaire et su�sante pour qu'une suite de taille (n+ 1)



II.2 : Treillis de Catalan 39représente un arbre binaire de Bn. Une suite (a(1), a(2), . . . , a(n + 1)) est une suite desprofondeurs si et seulement si une série de n rédutions de la gauhe vers la droite produitla suite 0.De plus, la suite des profondeurs d'un arbre binaire obéit à e qu'on appelle l'inéga-lité de Kraft ([80℄, p. 45). Une ondition néessaire [99, p. 404, ex. 3℄ pour une suite
(a(1), a(2), . . . , a(n + 1)) pour être une suite des profondeurs est que :

n+1∑

i=1

2−a(i) = 1.Lemme II.8. [99, p. 404, ex. 3℄ Soit ℓT = (ℓT (1), ℓT (2), . . . , ℓT (n + 1)) une suite desprofondeurs d'un arbre binaire T et soit T ′ un sous arbre de T tel que la raine de T ′ estau niveau k dans T . Si m1 < m2 et (ℓT (m1), ℓT (m1 + 1), . . . , ℓT (m2 − 1), ℓT (m2)) est lasous-suite de ℓT orrespondant aux feuilles de T ′ alors
m2∑

i=m1

2−ℓT (i) = 2−k.La suite 2−ℓT = (2−ℓT (1), 2−ℓT (2), . . . , 2−ℓT (n+1)) est appelée la suite de densité de l'arbrebinaire (la somme de ses valeurs est un). Alors on lui assoie sa suite de distribution ommela suite roissante :
LT = (2−ℓT (1), 2−ℓT (1) + 2−ℓT (2), . . . ,

i∑
j=1

2−ℓT (j), . . . , 1).Dans la suite de e paragraphe, les suites des profondeurs sont notées en minusules (ℓpar exemple) et les suites de distribution en majusules (L). On suppose que 6 est l'ordrehabituel pour deux suites de tailles n, i.e. si ℓ = (ℓ(1), . . . , ℓ(n+1)) et ℓ′ = (ℓ′(1), . . . , ℓ′(n+
1)), on dit que ℓ 6 ℓ′ si ℓ(i) 6 ℓ′(i) pour tout i ∈ [1, n + 1].Dé�nition II.9. La transformation de taille-gre�e → sur Bn ave n > 2 est dé�nie parle reouvrement T → T ′ s'il existe k > 1, τ1 ∈ ©{©, }∗ et τ2 ∈ {©, }∗ tel que
T = τ1 ©k τ2 et T ′ = τ1© ©k−1 τ2. Soit ∗→ la loture ré�exive et transitivede → sur Bn.La transformation de taille-gre�e �taille� en remplaçant une 'petite branhe' T1 =
© de T par une feuille et gre�e ette petite branhe T1 = © à la plae de lafeuille située juste avant T1 dans la notation polonaise de T . Voir la �gure II.4 parexemple.Proposition II.10. Soient T, T ′ ∈ Bn et ℓT , ℓT ′ leurs suites des profondeurs. Alors on a
T → T ′ si et seulement s'il existe p > 1, q > 2 et 2 6 i 6 n tels que
ℓT = (ℓT (1), ℓT (2), . . . , ℓT (i− 2) , p , q , q , ℓT (i+ 2), . . . , ℓT (n+ 1)) et
ℓT ′ = (ℓT (1), ℓT (2), . . . , ℓT (i− 2) , p+ 1 , p+ 1 , q − 1 , ℓT (i+ 2), . . . , ℓT (n+ 1)).
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{ { {

(4, 4, 3, 3, 4, 5, 5, 1)

1/32 . (2, 4, 8, 12, 14, 15, 16, 32)

Polish notation

Feasible sequence

Distribution sequence1/32 . (4, 6, 8, 12, 14, 15, 16, 32)

(3, 4, 4, 3, 4, 5, 5, 1)

1/32 . (4, 8, 10, 12, 14, 16, 24, 32)

(3, 3, 4, 4, 4, 4, 2, 2)

1/32 . (4, 6, 8, 12, 14, 16, 24, 32)

(3, 4, 4, 3, 4, 4, 2, 2)Figure II.4 : Trois transformations de taille-gre�e dans B7.Corollaire II.11. Soient T, T ′ ∈ Bn et LT , LT ′ leurs suites de distribution. Alors ona T → T ′ si et seulement s'il existe p > 1, q > 2 et 2 6 i 6 n tels que LT =
(LT (1), . . . , LT (i− 2), LT (i− 2) + 2−p, LT (i− 2) + 2−p + 2−q, LT (i+ 1), . . . , 1) et
LT ′ = (LT (1), . . . , LT (i− 2), LT (i− 2) + 2−(p+1), LT (i− 2) + 2−p, LT (i+ 1), . . . , 1).Dé�nition II.12. Soient T et T ′ deux arbres di�érents dans Bn. Soit σ1 ∈ ©{©, }∗ leplus long pré�xe ommun de T et T ′ dans la notation polonaise. Supposons que

T = σ1σ2 ©j ©︸ ︷︷ ︸
τ

σ3ou - j > 0, et- σ2 est le mot vide ou σ2 ∈ {©, }∗ et σ2 ne ontient pas d'ourene de τ =
© (i.e. τ =© est l'ourene la plus à gauhe de © dans T après σ1),et- σ3 ∈ {©, }∗.Alors on a néessairement T ′ = σ1σ

′
2 ave σ′

2 ∈ ©{©, }∗.On dé�nit l'arbre U(T, T ′) ∈ Bn (U pour UP) tel que T → U(T, T ′) et
U(T, T ′) = σ1σ2©︸ ︷︷ ︸

τ

©j σ3.De plus, on pose U(T, T ) = T .Par exemple, si :
T =©© © ©© ©©
T ′ =©© ©© © ©©alors σ1 = © © © σ2 = © ©, σ3 = et j = 1. On obtient U(T, T ′) =

©© © ©©© © .Lemme II.13. Soient T et T ′ deux arbres dans Bn tels que leurs suites de distribution LTet LT ′ véri�ent LT > LT ′. Alors U(T, T ′) existe et sa suite de distribution LU(T,T ′) véri�e
LT > LU(T,T ′) > LT ′.



II.2 : Treillis de Catalan 41Dé�nition II.14. Soient T et T ′ deux arbres di�érents dans Bn ave n > 2. Soit σ1 ∈
©{©, }∗ le plus long pré�xe ommun en notation polonaise. Supposons que T = σ1 σ2ave σ2 ∈ {©, }∗. Alors on a néessairement

T ′ = σ1σ
′
2©︸ ︷︷ ︸

τ

©j σ′
3où - j > 0, et- σ′

2 est le mot vide ou σ′
2 ∈ ©{©, }∗ tel que σ′

2 ne ontient pas d'ourrene de
τ =© (i.e. τ est l'ourene de © la plus à gauhe dans T ′ après σ1), et- σ′

3 ∈ {©, }∗.On dé�nit l'arbre D(T, T ′) ∈ Bn (D pour DOWN) tel que D(T, T ′)→ T ′ et
D(T, T ′) = σ1σ

′
2 ©j ©︸ ︷︷ ︸

τ

σ′
3.De plus, on pose D(T, T ) = T .Par exemple, si :

T =©© © © ©© ©
T ′ =©© ©© © © ©alors σ1 = © © ©, σ′

2 = © , σ′
3 = © et j = 1. On obtient D(T, T ′) =

©© ©© ©© © .Lemme II.15. Soient T et T ′ deux arbres dans Bn tels que leurs suites de distribution
LT et LT ′ véri�ent LT > LT ′ . Alors D(T, T ′) existe et sa suite de distribution LD(T,T ′)véri�e LT > LD(T,T ′) > LT ′.Théorème II.16. Soient T et T ′ ∈ Bn, LT et LT ′ leur suites de distribution. Alors on a
T

∗→ T ′ si et seulement si LT > LT ′ .Théorème II.17. Pour tout n, l'ensemble partiellement ordonné (Bn,
∗→) est un treillis.Notons qu'il existe des relations entre les treillis de Catalan déjà onnus. En e�et,rappelons que si T et T ′ sont deux éléments dans le treillis de Kreweras (partition non-roisées) tels que T 6 T ′, alors on a T 6 T ′ dans le treillis de Tamari. Si T 6 T ′ dans letreillis de Tamari, alors T 6 T ′ est aussi vrai dans le treillis de Stanley. Si T 6 T ′ dans letreillis 'phagoyte' dé�ni dans la setion préédente [21℄, alors T 6 T ′ est aussi vrai dansle treillis de Kreweras. L'ensemble des reouvrements du treillis 'phagoyte' est inlu dansl'ensemble des reouvrements du treillis de Kreweras. Cependant, le treillis 'taille-gre�e' nesemble pas avoir des relations similaires ave d'autres treillis. Voir les �gures II.5 et II.6.Le treillis (Bn,

∗→) possède un plus grand élément 1 et un plus petit élément 0 et leursuites des profondeurs sont respetivement ℓ1 = (n, n, n− 1, . . . , 2, 1) et ℓ0 = (1, 2, . . . , n−
1, n, n). (Bn,

∗→) est symétrique ar T ∗→ T ′ si et seulement si T̄ ′ ∗→ T̄ . Le treillis (Bn,
∗→)n'est pas modulaire puisqu'il ontient des pentagones (voir les �gures II.5 et II.6).
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1/16 . (4, 8, 12, 14, 16)

1/16 . (2, 4, 8, 12, 16)

1/16 . (4, 5, 6, 8, 16)

1/16 . (4, 6, 7, 8, 16)

1/16 . (8, 9, 10, 12, 16)

1/16 . (2, 3, 4, 8, 16)

1/16 . (1, 2, 4, 8, 16)

1/16 . (2, 4, 6, 8, 16)

1/16 . (4, 6, 8, 12, 16)

1/16 . (4, 8, 10, 12, 16)

1/16 . (8, 10, 11, 12, 16)

1/16 . (8, 10, 12, 14, 16)

1/16 . (8, 12, 13, 14, 16)

1/16 . (8, 12, 14, 15, 16)

(4,4,3,2,1)

(3,4,4,2,1)

(3,3,3,3,1)

(2,4,4,3,1)

(2,3,4,4,1)

(2,3,3,2,2)

(3,3,2,2,2)

(2,2,3,3,2)

(1,4,4,3,2)

(1,3,4,4,2)

(1,3,3,3,3)

(1,2,4,4,3)

(1,2,3,4,4)

(2,2,2,3,3)

Figure II.5 : Le treillis 'taille-gre�e' B4. Chaque arbre est odé par ses suite de profon-deurs et de distribution.Proposition II.18. Soient T et T ′ deux arbres dans Bn tels que T ∗→ T ′, alors
(i) U(T̄ , T̄ ′)→ T ′,
(ii) T → D(T̄ , T̄ ′),
(iii) le hemin T ′ ← D(T, T ′) ← D(T,D(T, T ′)) ← D(T,D(T,D(T, T ′))) ← . . . ← Test un plus long hemin entre T et T ′,
(iv) le hemin T → U(T, T ′)→ U(U(T, T ′), T ′)→ U(U(U(T, T ′), T ′), T ′)→ . . .→ T ′est un plus ourt hemin entre T et T ′.Corollaire II.19. Soit C le hemin dé�ni par :

1← D(0,1)← D(0,D(0,1)) ← D(0,D(0,D(0,1))) ← . . .← 0.

T appartient à C si et seulement si T véri�e la ondition (A) dé�nie par : T a soit uneunique ourene de © , soit deux ourrenes de © telles qu'il n'existe pas defeuilles entre elles en notation polonaise de T . De plus, si T et T ′ appartiennent au hemin
C et véri�ent T → T ′, alors T ′ est obtenu à partir de T par une transformation de taille-gre�e de l'ourene © la plus à droite dans T .Corollaire II.20. Soit C′ le hemin dé�ni par :

0→ U(0,1)→ U(U(0,1),1) → U(U(U(0,1),1),1) → . . .→ 1.
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�
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�
�
�
�
�
�
�
�

1.

2.

3.

(1, 2, 3, 4, 5, 5)

4.

1/32.(8,16,20,24,28,32)

5.

6.

7.

8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

(1, 2, 3, 5, 5, 4)

(1, 2, 4, 4, 4, 4)

(1, 2, 4, 5, 5, 3)

(1, 3, 3, 3, 4, 4)

(1, 2, 5, 5, 4, 3)

(1, 3, 3, 4, 4, 3)

(2, 2, 2, 3, 4, 4)

(2, 2, 2, 4, 4, 3)

(1, 3, 4, 4, 3, 3)

(1, 3, 4, 5, 5, 2)

(1, 4, 4, 3, 3, 3)

(1, 3, 5, 5, 4, 2)

(1, 4, 4, 4, 4, 2)

(1, 4, 5, 5, 3, 2)

(2, 2, 3, 4, 4, 2)

(1, 5, 5, 4, 3, 2)

(2, 2, 4, 4, 3, 2)

(2, 3, 3, 2, 3, 3)

(3, 3, 2, 2, 3, 3)

(2, 3, 3, 3, 3, 2)

(3, 3, 2, 3, 3, 2)

(2, 3, 4, 4, 2, 2)

(2, 3, 4, 5, 5, 1)

(2, 4, 4, 3, 2, 2)

(2, 3, 5, 5, 4, 1)

(3, 3, 3, 3, 2, 2)

(2, 4, 4, 4, 4, 1)

(2, 4, 5, 5, 3, 1)

(3, 3, 3, 4, 4, 1)

(2, 5, 5, 4, 3, 1)

(3, 3, 4, 4, 3, 1)

(3, 4, 4, 2, 2, 2)

(4, 4, 3, 2, 2, 2)

(3, 4, 4, 3, 3, 1)

(3, 4, 5, 5, 2, 1)

(4, 4, 3, 3, 3, 1)

(3, 5, 5, 4, 2, 1)

(4, 4, 4, 4, 2, 1)

(4, 5, 5, 3, 2, 1)

(5, 5, 4, 3, 2, 1)

1/32.(16,24,28,31,31,32)

1/32.(16,24,28,29,30,32)

1/32.(16,24,26,28,30,32)

1/32.(16,24,26,27,28,32)

1/32.(16,20,24,28,30,32)

1/32.(16,24,25,26,28,32)

1/32.(16,20,24,26,28,32)

1/32.(8,16,24,28,30,32)

1/32.(8,16,24,26,28,32)

1/32.(16,20,22,24,28,32)

1/32.(16,20,22,23,24,32)

1/32.(16,18,20,24,28,32)

1/32.(16,20,21,22,24,32)

1/32.(16,18,20,22,24,32)

1/32.(16,18,19,20,24,32)

1/32.(8,16,20,22,24,32)

1/32.(16,17,18,20,24,32)

1/32.(8,16,18,20,24,32)

1/32.(8,12,16,24,28,32)

1/32.(4,8,16,24,28,32)

1/32.(8,12,16,20,24,32)

1/32.(4,8,16,20,24,32)

1/32.(8,12,14,16,24,32)

1/32.(8,12,14,15,16,32)

1/32.(8,10,12,16,24,32)

1/32.(8,12,13,14,16,32)

1/32.(4,8,12,16,24,32)

1/32.(8,10,12,14,16,32)

1/32.(8,10,11,12,16,32)

1/32.(4,8,12,14,16,32)

1/32.(8,9,10,12,16,32)

1/32.(4,8,10,12,16,32)

1/32.(4,6,8,16,24,32)

1/32.(2,4,8,16,24,32)

1/32.(4,6,8,12,16,32)

1/32.(4,6,7,8,16,32)

1/32.(2,4,8,12,16,32)

1/32.(4,5,6,8,16,32)

1/32.(2,4,6,8,16,32)

1/32.(2,3,4,8,16,32)

1/32.(1,2,4,8,16,32)
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(2, 2, 3, 3, 3, 3)

Figure II.6 : Le treillis 'taille-gre�e' B5. Chaque arbre est odé par ses suites des pro-fondeurs et de distribution.Si T → T ′ est sur le hemin C′ alors T ′ est obtenu à partir de T par la transformation detaille-gre�e la plus à gauhe dans T .Remarque 1 Par le Corollaire II.19, le plus long hemin entre 0 et 1 a une longueur de
2n − (n + 1). Ce sont les nombres Euleriens donnés par la suite A000295 dans [162℄. Leplus ourt hemin entre 0 et 1 a une longueur de (n− 1)2.Maintenant nous montrons que les éléments max-(resp. min) irrédutibles dans Bnsont énumérés par les nombres Euleriens. Rappelons que x ∈ Bn est un élément max-(resp.min)-irrédutible si x = a ∨ b (resp. x = a ∧ b) implique x = a ou x = b.Théorème II.21. Le nombre d'éléments max-(resp. min)-irrédutibles dans le treillis 'taille-gre�e' (Bn,

∗→) est donné par les nombres Euleriens 2n − (n+ 1).Théorème II.22. Le nombre cov(n) de reouvrements dans Bn est égal à ( 2n
n−1

).Une nouvelle struture a été dé�nie sur les arbres binaires via une transformationnaturelle. La simpliité de la dé�nition de la transformation de 'taille-gre�e' est en ontrasteave la di�ulté de la preuve du théorème qui aratérise ette transformation.Des problèmes doivent enore être résolus.Existe-t-il un algorithme e�ae et non-réursif pour aluler la fontion de Möbius dutreillis 'taille-gre�e' des arbres binaires omme dans [131℄ ? On onjeture que la fontion



44 Chapitre II : Etude de strutures énumérées par les nombres de Catalande Möbius prend ses valeurs dans {−1, 0,+1}.Est-e qu'il existe un algorithme en temps polynomial alulant la longueur minimale d'unhemin entre deux arbres binaires dans le treillis [117℄ ? Si un tel algorithme existe, unenouvelle distane de hemin le plus ourt serait obtenue et pourrait être ajoutée dans leatalogue des distanes déjà existantes sur les ensembles de Catalan [81, 130, 132, 128, 161℄.Dé�nissons la valuation v sur (Bn,
∗→) par : v(T ) est la longueur du plus long hemin entre

T et 1. On onjeture que v véri�e que pour tout T et T ′, v(T )+v(T ′) 6 v(T∨T ′)+v(T∧T ′)et T < T ′ =⇒ v(T ) > v(T ′). Si tel était le as, alors d(T, T ′) = v(T ) + v(T ′)− 2v(T ∨ T ′)serait une distane sur (Bn,
∗→) [32, 41℄.Guttmann, Krattenthaler et Viennot [86℄ énumèrent les k-haînes dans les treillis deStanley. Kreweras [103℄ énumère les k-haînes dans les treillis des partitions non-roisées.Plus généralement, Chapoton prouve dans [47℄ que la suite A000260 de [162℄ énumère lenombre d'intervalles dans le treillis de Tamari, i.e. le nombre de paires (T, T ′) telles que

T 6 T ′ : voir aussi [82, p. 27℄. Bernardi et Bonihon [34℄ onstruisent des bijetions entrel'ensemble des intervalles de es treillis et ertaines triangulations (realizers). On a obtenuexpérimentalement le nombre d'intervalles pour les treillis taille-gre�e de petites tailles :
1, 3, 15, 101, 818, 7486, 74648, 793005, 8843056, 102464586, ...Cette suite n'apparaît pas dans [162℄. Est-il possible d'obtenir la fontion génératrie deette suite ?II.3 Distane de rotationCulik et Wood ont dé�ni en 1982 la distane de rotation entre une paire d'arbres bi-naires omme le nombre minimum de rotations néessaires pour transformer l'un en l'autre[59℄ (voir aussi la �gure II.7). Il existe une bijetion expliite bien onnue entre les arbresbinaires et les triangulations. Par onséquent, un système qui est isomorphe aux arbresbinaires munis de la rotation l'est aussi pour les triangulations des polygones onvexesmunis de l'opération de basule d'une diagonale (diagonal-�ip en anglais). Une transfor-mation qui basule une diagonale est une opération qui onvertit une triangulation en uneautre en supprimant une diagonale dans la triangulation et en ajoutant la diagonale quisubdivise le quadrilatère restant dans le sens opposé (voir la �gure II.8). Alors la distanede rotation des arbres binaires et la distane de basule de diagonale des triangulationssont équivalentes.Un problème ouvert est la omplexité du alul de la distane de rotation entre deux arbres.Luas a présenté un algorithme en temps quadratique pour aluler la distane de rotationentre les arbres binaires d'une forme donnée en [109℄. Mais dans le as général, il reste leproblème ouvert de savoir si les distanes peuvent être alulées en temps polynomial.Des bornes supérieures de es distanes ont été exhibées. Quelques auteurs approhentle problème en limitant la transformation élémentaire à une version plus restritive de larotation [40, 55, 56, 53, 110, 128, 146℄. Evidemment es distanes de rotation restreintesmajorent la distane de rotation usuelle. Une autre approhe pour aluler une borne su-périeure utilise l'opération de '�exion' sur les arbres binaires [132℄.Dans [130℄, une borne inférieure assez large de la distane de rotation est obtenue.
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Rotation
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Figure II.7 : La rotation sur les arbres binaires.Dans ette setion, on présente un algorithme polynomial pour aluler des bornesinférieures et supérieures. Des aluls expérimentaux montrent que es bornes sont asseze�aes. Dans la suite de ette setion, on exposera nos résultats en terme de triangulationplut�t que d'arbres binaires.Considérons un n-gon, i.e. un polygone onvexe ave n otés et ave un oté que l'ondistingue en le mettant en haut horizontalement. On étiquète les sommets de 0 à n − 1dans le sens des aiguilles d'une montre tel que les deux sommets en haut ont 0 et n − 1.Chaque triangulation d'un n-gone a n−2 triangles et n−3 diagonales qui ne s'intersetentpas. Soit Tn l'ensemble des triangulations d'un n-gon. Il y a une bijetion expliite entre Tnet l'ensemble des arbres binaires ave n− 2 noeuds internes (et don n− 1 feuilles) [161℄.Voir la �gure II.8. Si T, S ∈ Tn, on note par dist(T, S) le nombre minimum de basules dediagonales néessaires pour transformer T en S.Le degré interne di(T ) d'un sommet i de T ∈ Tn est le nombre de diagonales inidentes à
i (0 ≤ i ≤ n−1). Pour une paire (T, S) de triangulations de Tn, le degré 'omposé' cdi(T, S)est le nombre total de diagonales inidentes au sommet i pour les deux triangulations. Si
T, S ∈ Tn ont une diagonale {i, j} en ommun, on dit que {i, j} est une (2, 2)-diagonalesi cdi(T, S) = cdj(T, S) = 2. Soient deux triangulations de Tn, une diagonale basulableest une diagonale de la triangulation qui peut être basulée en une diagonale apparten-nant à l'autre triangulation [141℄. Soient T, S ∈ Tn, on dé�nit le type d'un sommet i par
typei(T, S) = (k : l) ou k = di(T ) et l = di(S).Dé�nition II.23. ([161℄) Soit T ∈ Tn, on dé�nit la triangulation normalisée NT (i, j)(respetivement N ′

T (i, j)) en respetant la diagonale {i, j} omme suit :(1) NT (i, j) et N ′
T (i, j) ontiennent la diagonale {i, j}(2) NT (i, j) et N ′
T (i, j) ontiennent haque diagonale de T qui ne roisent pas la diagonale

{i, j}(3) si T ontient une diagonale {a, b} qui roise la diagonale {i, j}, alors NT (i, j) (respe-tivement N ′
T (i, j)) ontient les diagonales {a, j} et {b, j} (respetivement {a, i} et {b, i}).Dé�nition II.24. Dans le as où j = i + 2 mod n, on dit que NT (i, i + 2) (respetive-ment N ′

T (i, i + 2)) est la normalisation dans le sens ontraire des aiguilles d'une montre(respetivement sens des aiguilles d'une montre) en respetant le sommet i+ 1 et on note
NT (i, i+ 2) = NT (i+ 1) (respetivement N ′

T (i, i+ 2) = N
′
T (i+ 1)).
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T T'Figure II.8 : Une basule de diagonale dans T8Dé�nition II.25. Soit {i, j} une diagonale de T ∈ Tn telle que di(T ) = dj(T ) = 2. Alors
T peut être doublement normalisée en respetant la diagonale {i, j} pour réer une nouvelletriangulation N ′′

T (i, j) omme suit :(1) on basule dans T la diagonale {i, j}(2) puis on basule la diagonale adjaente au sommet i(3) et on basule la diagonale adjaente au sommet j.Dé�nition II.26. Soit i un sommet de T ∈ Tn tel que di(T ) = 3. On note {a, i}, {b, i}et {c, i} les trois diagonales inidentes au sommet i ave les sommets a, b, c dans le sensdes aiguilles d'une montre. Alors T peut être pseudo-normalisée en respetant le sommet ipour réer une nouvelle triangulation N
′′′
T (i) omme suit : on basule les deux diagonales

{a, i} et {c, i}, et on basule la diagonale du milieu {b, i}.Il est important de noter que haune de es normalisations rée au moins une diago-nale de la forme {i− 1, i+ 1} mod n. Par la suite, les arêtes {i− 1, i} et {i, i+ 1} seront'grignotées' par l'algorithme exposé dans le paragraphe II.3.5.
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II.3 : Distane de rotation 47Lemme II.27. ([161℄) Soient T, S ∈ Tn ; s'il est possible de basuler une diagonale de Tpour réer T1 tel que T1 a une diagonale de plus en ommun ave S qu'elle n'a ave T ,alors il existe un plus ourt hemin de T à S dans lequel la première opération de basulerée T1.Lemme II.28. ([161℄) Soit T, S ∈ Tn, si T et S ont une diagonale en ommun, alors unplus ourt hemin de T à S ne basule jamais ette diagonale.Lemme II.29. ([161℄) Si T, S ∈ Tn ont une diagonale ommune, ette diagonale partage
T (respetivement S) en deux sous-triangulations T ′ et T ′′ (respetivement S′ et S′′) detelles sortes que T ′ et S′ (et don T ′′ et S′′) ont les mêmes sommets. Alors on a l'égalité :
dist(T, S) = dist(T

′
, S

′
) + dist(T

′′
, S

′′
).Lemme II.30. Si T, S ∈ Tn, alors il existe un sommet i tel que cdi(T, S) ≤ 3.En vertu du lemme II.30, on étudie par la suite les di�érents types de sommets quipeuvent apparaître, i.e. (2 : 0), (1 : 1), (3 : 0) et (2 : 1). Le as (1 : 0) est un as partiulierdu lemme II.27.Maintenant on suppose que les hypothèses des lemmes II.27 et II.28 ne sont pas véri�ées.II.3.1 Sommet de type (2 :0)Lemme II.31. Soient T, S ∈ Tn ave un sommet i tel que typei(T, S) = (2 : 0), il existeun plus ourt hemin de T à S dans lequel les deux premières basules réent soit NT (i)ou soit N ′

T (i).Théorème II.32. Soient T, S ∈ Tn ave un sommet i tel que typei(T, S) = (2 : 0), alorson a :
dist(T, S) = min(dist(NT (i), S), dist(N

′
T (i), S)) + 2 et

dist(T, S) ≥ max(dist(NT (i), S), dist(N
′
T (i), S)) + 1.Théorème II.33. Soient T, S ∈ Tn ave une (2, 2)-diagonale {i, j} telle que dT (i) = 2,

dS(i) = 0, dT (j) = 2 et dS(j) = 0, on a :
dist(T, S) = dist(N

′′
T (i, j), S) + 3.II.3.2 Sommet de type (1 :1)Théorème II.34. Soient T, S ∈ Tn ave un sommet i tel que typei(T, S) = (1 : 1) alorsles inégalités suivantes sont vraies :

dist(NT (i), NS(i)) + 1 ≤ dist(T, S) ≤ dist(NT (i), NS(i)) + 2.II.3.3 Sommet de type (3 :0)Théorème II.35. Soient T, S ∈ Tn ave un sommet i tel que typei(T, S) = (3 : 0) alorsles inégalités suivantes sont vraies :
dist(N

′′′
T (i), S) + 1 ≤ dist(T, S) ≤ dist(N ′′′

T (i), S) + 3.



48 Chapitre II : Etude de strutures énumérées par les nombres de CatalanII.3.4 Sommet de type (2 :1)Théorème II.36. Soient T, S ∈ Tn ave un sommet i tel que typei(T, S) = (2 : 1) alorsles inégalités suivantes sont vraies :
dist(T, S) ≥ max(dist(NT (i), NS(i)), dist(N

′
T (i), N

′
S(i))) + 1

dist(T, S) ≤ min(dist(NT (i), NS(i)), dist(N
′
T (i), N

′
S(i))) + 3.II.3.5 Algorithme pour le alul de bornes inférieure et supérieureL'objetif de l'algorithme suivant est de 'grignoter' les arêtes (et par onséquent lessommets) des deux triangulations en appliquant le lemme II.27 et les théorèmes II.32,II.33, II.34, II.35, II.36. Il est néessaire de véri�er au départ s'il existe une diagonale pou-vant être 'basulée' diretement. Dans e as, on fait ette basule immédiatement. Dansle as ontraire, l'existene des types (1 : 0), (2 : 0), (1 : 1), (3 : 0) et (2 : 1) (dans etordre) est alors véri�ée. En fait quelque soit l'ordre, l'algorithme est orret ; on hoisitependant et ordre pour des raisons statistiques. Cela onduit statistiquement (et sur-tout expérimentalement) à un plus petit nombre de basules et don fournit de meilleuresbornes de la distane de rotation.Maintenant nous donnons un algorithme réursif (basé sur le lemme II.30) pour trouverdes bornes inférieure et supérieure (dans notre algorithme low et up) pour la distane derotation entre deux triangulations T, S ∈ Tn . Rappelons que T , S et don aussi (i : j),

(j : i) jouent le même r�le dans notre algorithme.Algorithme (Calul de low et up)Soient T, S ∈ Tnproedure low-up(T,S,n)si n > 3 alorssi T et S ont une diagonale en ommun alors
T := (T1, T2) ; S := (S1, S2) ;
n1 := size(T1) = size(S1) ; n2 := size(T2) = size(S2) ;low-up(T1, S1, n1) ;low-up(T2, S2, n2) ;else si T et S véri�ent le Lemma II.27 alorson basule la diagonale dans T ou dans S

low := low + 1;up := up+ 1low-up(T, S, n) ;sinonsi T et S ont un sommet i de type (2 :0) alorssi T et S ont une (2,2)-diagonale {i, j} alors
T := N ′′

T (i, j) ou S := N ′′
S(i, j)

low := low + 3;up := up+ 3low-up(T, S, n − 2) ;sinon
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T := NT (i) ou S := NS(i)
low := low + 1;up := up+ 2low-up(T, S, n − 1) ;sinonsi T et S ont un sommet i de type (1 :1) alors
T := NT (i) et S := NS(i)
low := low + 1;up := up+ 2low-up(T, S, n − 1) ;sinonsi T et S ont un sommet i de type (3 :0) alors

T := N ′′′
T (i) ou S := N ′′′

S (i)
low := low + 1;up := up+ 3low-up(T, S, n − 1) ;sinon T et S ont un sommet i de type (2 :1)
T := NT (i) et S := NS(i)
low := low + 1;up := up+ 3low-up(T, S, n − 1) ;�n low-upExemples :Si (T, S) sont deux triangulations ∈ T23 de Rogers ([141℄, p. 88), alors l'algorithme préé-dent fournit 20 ≤ dist(T, S) ≤ 29. La distane exate de rotation est 21.Si (T, S) sont les deux triangulations ∈ T20 de Luas ([110℄, p. 261), alors l'algorithmefournit 17 ≤ dist(T, S) ≤ 25. La valeur exate de la distane de rotation est 20.Une applet Java pour aluler les bornes inférieures et supérieures est disponible sur lesite web : http ://www.u-bourgogne.fr/jl.baril/titi.html. Cette applet hoisit la meilleureborne entre les résultats obtenus i-dessus et la borne donnée dans [132℄. La ompléxité entemps est polynomiale : O(n3).II.3.6 Résultats expérimentauxOn présente ii quelques résultats exhaustifs et statistiques. Dans le premier tableau onobtient des résultats exhaustifs pour n 6 13 onernant le ratio des pairs (T, S) véri�ant

(up − low) 6 k ave k = 0, 1, 2, n/2. Dans le seond tableau, on donne des résultatsprobabilistes pour n ∈ [14, 100] en générant aléatoirement un grand nombre de paires
(T, S). On remarque que notre algorithme donne des bornes e�aes pour des grandesvaleurs de n : 99% des paires (T, S) ont des bornes inférieures et supérieures véri�ant
(up− low) 6 n/3.Résultats exhaustifs

n− gons 5 6 7 8 9 10 11 12 13

Up = Low 100(%) 96 88 78 67 57 47 38 33

Up− Low 6 1 100 100 99 99 95 90 82 73 54

Up− Low 6 2 100 100 100 100 100 99 96 91 64

Up− Low 6 n/2 100 100 100 100 100 100 99, 9 99, 9 99, 9



50 Chapitre II : Etude de strutures énumérées par les nombres de CatalanRésultats statistiques
n− gons 14 15 16 17 18 20 30 50 100

Up− Low 6 n/10 81, 5(%) 77 75 71 69 65 59 45 39

Up− Low 6 n/5 98 97 97 96 95 95 95 94 93

Up− Low 6 n/3 99, 9 99, 9 99, 9 99, 9 99, 8 99, 8 99, 8 99, 7 99, 7

Up− Low 6 n/2 99, 9 99, 9 99, 9 99, 9 99, 9 99, 9 99, 9 99, 9 99, 9II.4 ConlusionDans ette partie, nous avons exhibé deux nouvelles strutures naturelles sur des en-sembles de Catalan (parenthésages et arbres binaires). Il reste toutefois de nombreusesquestions onernant es strutures. Par exemple, peut-on trouver la longueur d'un plusourt hemin entre deux éléments de la struture en un temps polynomial ? Cette questionreste enore un problème ouvert pour le treillis de Tamari. Toutefois, nous avons réussi dansla dernière setion à obtenir un algorithme d'approximation pour la distane de rotation.Il reste don de nombreuses diretions de reherhe prometteuses onernant le treillisde Tamari et es deux nouvelles strutures (phagoyte, taille-gre�e)...



Chapitre IIIMotifs dans les permutations
III.1 IntrodutionDans e dernier hapitre, je présente des travaux de reherhe onernant l'étude desmotifs dans les permutations. Il s'agit d'un domaine très abordé depuis es dix dernièresannées. En e�et, de nombreux travaux existent pour l'énumération de lasses de permu-tations à motifs exlus ainsi que pour la génération exhaustive des objets de telles lasses[3, 178, 163, 38, 48, 49, 45, 96, 113, 112℄.La première partie traite d'un problème issu de la bioinformatique présenté en terme depermutations. Une suite du gén�me est alors modélisée par une permutation où haque va-leur orrespond à un gène. On étudie alors l'évolution de la permutation identité lorsqu'onlui applique plusieurs dupliations en miroir ave une perte aléatoire de ertains gènes.On aratérise alors les permutations obtenues après un nombre donné de dupliationset on obtient des algorithmes e�aes de onstrution d'un hemin de dupliations entrel'identité et une permutation donnée quelonque.Dans la seonde partie, on répond à une question proposée par Atkinson et al. : laloture ylique des permutations évitant le motif k(k − 1) . . . 321 a-t-elle une base �nie ?.L'étude de e problème nous donne une nouvelle lasse d'objets ombinatoires énuméréepar les nombres de Catalan. On donne en�n des résultats généraux onernant les loturesylindrique et torique.III.2 Dupliation en miroir du génomeLa dupliation de génome onsiste à opier une partie du génome et de l'insérer dans legénome, suivi par une perte d'une opie de haque gène dupliqué (voir [36, 52, 87, 105, 153℄pour une expliation des di�érentes méthodes de dupliation). D'un point de vue formel,un génome de n gènes est représenté par une permutation de taille n. Dans un artilepréédent, Chaudhuri et al. [50℄ étudient une variante appelée 'tandem dupliation-randomloss model' : La partie dupliquée (de taille K) du génome est insérée immédiatement aprèsla partie originale, suivie par la proédure de perte. Ce modèle est issu de la biologieévolutionnaire où il est appliqué au génome mitohondrial des vertébrés. On donne un



52 Chapitre III : Motifs dans les permutationsexemple du proessus de dupliation de la permutation 123456 suivi par la proédure deperte aléatoire.
123456  1 2 3 4 5 6 1 2 3 4 5 6︸ ︷︷ ︸dupliation  1 2 6 3 4 6 5 6 6 1 6 2 3 6 4 5 6 6︸ ︷︷ ︸proedure de perte  124635.Ce modèle de dupliation sera appélée la W-dupliation (W pour Whole). Chaudhuri etal. introduisent une notion de distane entre deux génomes et ils fournissent un algorithmepour la aluler e�aement dans ertains as. Bouvel et Rossin [43℄ ont aussi étudié emodèle. Ils prouvent que la lasse des permutations obtenues à partir de l'identité après pétapes (la partie dupliquée est ii de longueur K) est aussi une lasse de permutations àmotifs exlus. Plus partiulièrement, dans le as restreint d'une dupliation totale (wholedupliation ouW-dupliation pour abréger), ils obtiennent après pW-dupliations, la lassedes permutations évitant toutes les permutations minimales ayant 2p desentes, minimaledans le sens de la relation d'inlusion des motifs dans une permutation. De plus, ils al-ulent le nombre néessaire et su�sant d'étapes de dupliations de largeur K pour obtenirn'importe quelle permutation à partir de l'identité. Plus réemment, Bouvel et Pergola[42℄ ont montré une aratérisation loale et simple et plusieurs propriétés sur l'ensembledes permutations minimales ave 2p desentes. Réemment Mansour et Yan [115℄ ont aussidonné propriétés sur les permutations minimales.Dans ette setion, on étudie la dupliation totale en miroir ( whole mirror dupliation-random loss model ou (WM-dupliation pour abréger) : C'est le même proessus que pourla W-dupliation sauf que l'on opie le miroir de la portion originale. Ce modèle apparaîtouramment dans les génomes eubatériens dans la plupart des hromosomes [51, 121℄. La�gure III.1 illustre une WM-dupliation pour la permutation σ = 5421673 :

5421673  5 4 2 1 6 7 3 3 7 6 1 2 4 5 5 4 6 2 6 1 6 6 7 6 3 3 7 6 6 1 2 6 4 6 5 5463712.
1 2 3 4 5 6 71234567 1 2 3 4 5 6 7 6 5 4 3 2 11234567 1 2 3 4 5 6 71234567

σ = 5 4 2 1 6 7 3 WM-dupliation σ′ = 5 4 6 3 7 1 2Figure III.1 : Une WM-dupliation de la permutation 5421673. Les points enerléssont supprimés lors de la proédure de perte.Soit Sn l'ensemble des suites s de taille n , s = s1s2 . . . sn, formées d'entiers posi-tifs. Le miroir de s est s̄ = snsn−1 . . . s1. Une sous-suite de s est si1si2 . . . sim pour
1 6 i1 < i2 < . . . < im 6 n. Une sous-suite est appélée une sous-haîne lorsque l'en-semble {ij , 1 6 j 6 m} est un intervalle, i.e. lorsque la sous-suite est formée d'élémentsonséutifs de s. Une montée (resp. une desente) de s est une position i (1 6 i 6 n − 1)ave si < si+1 (resp. si > si+1). Un parours montant (resp. un parours desendant) de
s est une sous-haîne (de longueur au moins un) dans laquelle les éléments sont en ordre



III.2 : Dupliation en miroir du génome 53roissant (resp. ordre déroissant). Plus généralement, un parours montant (ou paroursdesendant) est dit maximal lorsqu'il ne peut pas être étendu en un plus long paroursmontant (resp. parours desendant) dans la suite. Voir Rodney et Wilf [46℄ pour des ré-sultats onernant l'énumération des permutations qui ont un nombre donné de paroursmontant et desendant. Par exemple, si s = 5467312 alors la position 4 est une desente, lasous-haîne 46 est un parours montant, et 467 est un parours montant maximal. Notonsque 5 est aussi un parours montant maximal. Une vallée de s est une sous-haîne qui estun parours desendant suivi d'un parours montant l'un des deux ayant une longueur aumoins deux, i.e. une sous-haîne sksk+1 . . . sℓ, 1 6 k < ℓ 6 n telle qu'il existe j (k < j < ℓ)véri�ant sk > sk+1 > . . . > sj et sj < sj+1 < . . . < sℓ. Une vallée est maximale si lasous-haîne est maximale pour ette propriété. Dans l'exemple i-dessus, les sous-haînes
5467 et 7312 sont les seules vallées maximales de s. On note par val(s) le nombre de valléesmaximales dans s, i.e. la ardinalité de l'ensemble {j, sj < min{sj−1, sj+1}}. Une formuleréursive énumérant les permutations ave un nombre donné de vallées peut être trouvéedans [139℄.D'un autre oté, une suite s de taille n est une permutation lorsque haque si est unélément di�érent dans l'ensemble [n] = {1, 2, . . . , n}. Dans la suite, les permutations serontnotées par des lettres greques : σ, π, τ, . . . Soit Sn l'ensemble de toutes les permutationsde taille n (n > 1). En relation ave les dé�nitions préédentes, toute permutation σontient au plus ⌊

n−1
2

⌋ vallées. Une permutation σ ∈ Sn sera dite alternantes si σ1 >
σ2 < σ3 > σ4 < σ5 > . . . Dans la littérature [33℄, les permutations alternantes sont aussiappelées down-up et sont énumérées par les nombres d'Euler (A000111 [162℄). Par exemple,la permutation 324165 est alternante. Notons qu'une permutation alternante de taille nontient exatement ⌊

n−1
2

⌋ vallées.On rappelle ii la dé�nition d'un motif dans une permutation. Une permutation π detaille k, k 6 n, est un motif (pattern en anglais) de la permutation σ ∈ Sn s'il existe unesous-suite de σ qui est isomorphe à π en onservant l'ordre des éléments ; i.e., s'il y a unesous-suite σi1σi2 . . . σik de σ (ave 1 6 i1 < i2 < . . . < ik 6 n) telle que σiℓ < σim lorsque
πℓ < πm. On érit π ≺ σ pour noter que π est un motif de σ. Une permutation σ qui neontient pas un motif π est dite qui évite π. par exemple, σ = 1423 ontient les motifs132, 312 et 123 ; mais σ évite le motif 321. La lasse de toutes les permutations évitantles motifs π1, π2, . . . , πk est notée S(π1, π2, . . . , πk), et Sn(π1, π2, . . . , πk) est l'ensembledes permutations de taille n évitant π1, π2, . . . et πk. On dit aussi que S(π1, π2, . . . , πk)est une lasse de permutations à motifs exlus de base {π1, π2, . . . , πk}. Une lasse C depermutations est stable pour ≺ si, pour σ ∈ C, pour π ≺ σ, alors on a aussi π ∈ C. Ondonne maintenant une remarque ruiale pour la suite de notre étude.Remarque : Si une lasse C de permutations est stable pour ≺ alors C est aussi une lasse depermutations à motifs exlus possédant la base B = {σ /∈ C, ∀π ≺ σ ave π 6= σ, π ∈ C}.

⋄Dans le prohain paragraphe, on prouve que la lasse des permutations obtenues à partirde l'identité après un nombre donné p de WM-dupliations est la lasse des permutationsave au plus 2p−1−1 vallées. C'est aussi la lasse des permutations évitant les permutationsalternantes de taille 2p +1. De plus, on obtient la longueur du plus ourt hemin entre unepermutation et l'identité. Ensuite dans le paragraphe suivant, on fournit deux algorithmes(d'une omplexité polynomiale) permettant de reonstruire un plus ourt hemin entre



54 Chapitre III : Motifs dans les permutationsl'identité et une permutation quelonque. Le premier trouve le hemin en reulant, 'està dire en partant de la permutation et en allant vers l'identité. Le deuxième utilise unalgorithme e�ae pour générer le ode de Gray binaire ré�éhi [37, 84℄ et reonstruit lehemin en partant de l'identité et en allant vers la permutation. Dans la dernière partie,on donne des résultats pour d'autres modèles de dupliations mélangeant les W- et lesWM-dupliations et déoulant de notre étude.III.2.1 Permutations à motifs exlus et le modèle de WM-dupliationNous étudions ii le modèle de WM-dupliation en terme de permutations à motifsexlus. Nous établissons que la lasse C(p) obtenue à partir de l'identité après p WM-dupliations est exatement la lasse des permutations évitant toutes les permutationsalternantes de taille 2p + 1.Lemme III.1. Soit σ et π deux permutations di�érentes telles que π ≺ σ. Alors σ ontientau moins autant de vallées que π.Lemme III.2. Une permutation obtenue à partir de l'identité après un nombre donné pde WM-dupliations ontient au plus 2p−1 − 1 vallées.Théorème III.3. La lasse C(p) des permutations obtenues à partir de l'identité après unnombre donné p de WM-dupliations est la lasse des permutations ave au plus 2p−1 − 1vallées.Preuve : En onsidérant le lemme III.2, il su�t de prouver que haque permutation σ aveau plus 2p−1 − 1 vallées peut être obtenue à partir de l'identité après p WM-dupliations.On proède par réurrene sur p. En e�et, soit σ une permutation ave k vallées telle que
2p−2 − 1 < k 6 2p−1 − 1. Alors σ peut s'érire σ = ττ ′ où τ orrespond au plus longpré�xe de σ ontenant exatement 2p−2−1 vallées et τ ′ le su�xe restant. On déompose lapermutation τ = u1d1u2d2 . . . uℓdℓ, où ui et di sont respetivement des parours montantet parours desendant dé�nis omme suit : u1 est le premier parours montant maximalsans prendre sa plus grande valeur ; d1 le parours desendant juste après u1 ; u2 le paroursmontant juste après d1 sans prendre sa plus grande valeur, ainsi de suite... Notons que u1peut être vide e qui ne peut pas se produire pour dℓ. Par exemple, τ = 5421673 a ladéomposition : u1 est vide, d1 = 5421, u2 = 6 et d2 = 73. Soit aussi τ ′ = uℓ+1dℓ+1 . . . ukdkla déomposition similaire pour τ ′. Maintenant appliquons le proessus suivant : on lasse enordre déroissant les valeurs apparaîssant dans dℓ ou u1 a�n de réer un parours desendant
Dℓ ; on lasse en ordre roissant les valeurs situées dans uℓ ou dℓ+1 a�n de réer un paroursmontant Uℓ ; on onstruit alors la suite S = UℓDℓ. On lasse dans une suite déroissante
Dℓ−1 les valeurs situées dans dℓ−1 ou uℓ+2, et ainsi de suite. A haque étape j, on insèreles suite obtenues Uj et Dj au début de S. La permutation S = . . . Uℓ−1Dℓ−1UℓDℓ obtenueà la �n du proessus ontient au plus 2p−2 − 1 vallées. Voir �gure III.2 pour un exemplede onstrution de S. Don, par réurrene S peut être obtenue à partir de l'identité après
(p − 1) WM-dupliations. Par onstrution, σ est atteint ave une WM-dupliation de Se qui signi�e que σ peut être onstruite à partir de l'identité ave p WM-dupliations.Notons que la permutation σ a été déomposée en une partition de parours montant



III.2 : Dupliation en miroir du génome 55
1 2 3 4 5 6 7 8 9 10 1112345678

91011 τ τ ′

1 2 3 4 5 6 7 8 9 10 1112345678
91011

σ = 11 6 5 10 3 9 8 1 7 4 2 S = 2 4 7 11 6 5 1 8 9 10 3Figure III.2 : Déomposition σ = ττ ′ et la permutation S obtenue après le proessus dela preuve du Tthéorème III.3. On a τ = 11 6 5 10 3, τ ′ = 9 8 1 7 4 2, u1 est vide, d1 = 11 6 5,
u2 est vide, d2 = 10 3, u3 est vide, d3 = 9 8 1, u4 est vide, d4 = 7 4 2 et, D2 = 10 3,
U2 = 1 8 9 ; D1 = 11 6 5 ; U1 = 2 4 7. Don S = U1D1U2D2 = 2 4 7 11 6 5 1 8 9 10 3.et parours desendant, uj et dj . On utilisera ette déomposition pour l'algorithme dereonstrution d'un plus ourt hemin entre l'identité et σ.Corollaire III.4. Soit σ une permutation et val(σ) le nombre de ses vallées. Dans lemodèle de WM-dupliation, ⌈log2(val(σ) + 1)⌉ + 1 étapes sont néessaires et su�santespour obtenir σ à partir de l'identité.On fournira par la suite deux algorithmes permettant de reonstituer un hemin entrel'identité et une permutation.Théorème III.5. La lasse C(p) des permutations obtenues après un nombre donné p deWM-dupliations est la lasse des permutations évitant les permutations alternantes detaille 2p + 1.Par exemple, C(1) = S(213, 312) et C(2) = S(21435, 31425, 41325, 32415, 42315, 21534,
31524, 51324, 32514, 52314, 41523, 51423, 42513, 52413, 43512, 53412).On obtient aussi le résultat plus général (voir théorème III.6) pour la lasse des permu-tations ayant au plus p vallées. Notons, ave [139, 95, 97℄, une fontion génératrie bivariéepour ette lasse est :

1

1− y (1− 1

y
+

1

y

√
y − 1 · tan(x

√
y − 1 + arctan(

1√
y − 1

))),où y est la variable dédiée au nombre maximal de vallées dans la permutation et x estdédiée à la longueur de la permutation.Théorème III.6. La lasse des permutations ayant au plus p vallées est la lasse despermutations évitant les permutations alternantes de taille 2p+ 3.



56 Chapitre III : Motifs dans les permutationsIII.2.2 Considérations algorithmiquesOn présente ii deux algorithmes pour reonstituer un senario possible deWM-dupliationspour une permutation σ ∈ Sn : le premier onstruit un plus ourt hemin entre l'identitéet σ en reulant de σ vers l'identité ; le deuxième algorithme donne une onstrution duhemin de l'identité vers σ en utilisant le ode de Gray binaire ré�éhi [84℄ et en parou-rant le hemin de l'identité vers σ. On disute aussi de leur omplexité. Notons que si l'onapplique σ−1 à haque élément du hemin on obtient naturellement un plus ourt heminde WM-dupliations entre σ−1 et l'identité.III.2.2.1 Un hemin de 12 . . . n vers σ ∈ Sn obtenu en reulant à partir de σOn explique ii omment on peut établir un algorithme pour onstruire un senario deWM-dupliations de l'identité vers σ ∈ Sn. L'algorithme reonstituera e hemin en reu-lant à partir de σ. On partitionne la permutation σ omme suit : σ = u1d1u2d2 . . . ukdk où
u1 = σ1 . . . σi1 est le parours montant maximal ontenant la première entrée σ1 ; dk est leparours desendant maximal ontenant σn ; d1 est le parours desendant maximal onte-nant σi1+1 ; uk est le parours montant maximal juste avant dk, i.e. la valeur juste avant dkdans σ appartient à uk ; on ontinue le proessus en alternant les parours montant et lesparours desendant jusqu'à e que la permutation σ soit entièrement partitionnée. Atten-tion, ette déomposition n'est pas la même que elle utilisée dans la preuve du théorèmeIII.3.Pour i de 1 à ℓ =

⌊
k+1
2

⌋ , on dé�nit par Ui (resp. Di) le lassement en ordre roissant(resp. déroissant) de ui et dk−i+1 (resp. di et uk−i+1). Soit π = U1D1U2D2 . . . UℓDℓ laonaténation de toutes les sous-haînes lassées Ui et Di où Dℓ peut être vide. Alors πontient au plus (ℓ − 1) =
⌊

k+1
2

⌋
− 1 =

⌊
val(σ)+2

2

⌋
− 1 =

⌊
val(σ)

2

⌋ vallées. Cette étapedemande O(n) aluls puisqu'on peut simultanément déteter et lasser les parours mon-tant et les parours desendant. En itérant e proessus ave ette nouvelle permutation
π, le Corollaire III.4 nous garantit que la proédure BakPath (voir Algorithm 1) onstruitun hemin de l'identité vers σ en (⌈log2(val(σ) + 1)⌉ + 1)O(n), i.e. O(n · log2(n)) dans lepire des as. Par exemple, e proessus appliqué à la permutation σ = 5421673 donne lehemin σ ← 3576421← 1234567 (les parours montant sont en gras).proedure BakPathwhile σ 6= 12 . . . n do- π ← empty- Soit σ = u1d1u2d2 . . . ukdk la partition en parours montant et desendantfor i← 1 to ⌊

k+1
2

⌋ do- Classer en order roissant ui et dk−i+1 et ajouter le résultat sur la droite de π- Classer en ordre déroissant di et uk−i+1 et ajouter le résultat sur la droite de πend for- σ ← πend whileAlgorithm 1: La proédure BakPath fournissant un senario de WM-dupliations del'identité vers σ ∈ Sn.



III.2 : Dupliation en miroir du génome 57III.2.2.2 Un hemin de WM-dupliations de 12 . . . n vers σ ∈ SnIi on onstruit un hemin de WM-dupliations à partir de 12 . . . n vers la permutation
σ ∈ Sn. Contrairement à l'algorithme préédent, ii le hemin est onstruit diretementen ommençant ave l'identité et en allant vers la permutation σ. On déompose la per-mutation σ = u1d1u2d2 . . . ukdk en parours montant et desendant de la même manièreque pour la preuve du théorème III.3. On rappelle ette déomposition : ui et di sont res-petivement parours montant desendant dé�nis omme suit : u1 est le premier paroursmontant sauf sa plus grande valeur ; d1 le parours desendant juste après u1 ; u2 le par-ours montant juste après d1 sauf sa plus grande valeur, ainsi de suite... Notons que u1 peutêtre vide : une telle déomposition est donnée en exemple dans la preuve du théorème III.3.On étiquète maintenant haque parours (montant et desendant) de la déompositionave le ode de Gray binaire ré�éhi [84℄ : on peut le faire en utilisant un algorithmeloopless introduit par Bitner, Ehrlih, et Reingold [37℄. Par exemple, la �gure III.3 montreun tel étiquetage. La struture du ode de Gray binaire ré�éhi Bn est ruiale : Bn =
0 · Bn−1

⋃
1 · Bn−1 initialisé par B1 = {0, 1} où Bn est la liste Bn onsidérée en ordreinverse. Supposons que σ = u1d1 . . . uℓdℓuℓ+1dℓ+1 . . . ukdk où tous les parours de u1 à dℓont une étiquette ave le dernier bit 0, et les autres parours ont 1 omme dernier bit.En aord ave la preuve du théorème III.3, on reonstitue la permutation i-dessus π de

σ en onaténant (sur la gauhe) le lassement en ordre déroissant Dℓ de dℓ et uℓ+1, lelassement en ordre roissant Uℓ de uℓ et dℓ+1, ainsi de suite...A ontrario, à l'étape j de notre algorithme on fait une WM-dupliation de π en : (i)onservant dans la première opie de π les éléments étiquetés 0 sur le jième bit signi�atif,et, (ii) en onservant dans le miroir les éléments étiquetés 1 sur le jième bit signi�atif(voir la �gure III.3 pour un exemple). Cette étape demande seulement O(n) aluls.En itérant e proessus, le Corollaire III.4 nous garantit que la proédure Path (voirAlgorithm 2) onstruit un hemin de l'identité à σ en (⌈log2(val(σ) + 1)⌉ + 1)O(n), i.e.
O(n · log2(n)) dans le pire des as.proedure Path- π = 12 . . . n- Partitionner σ = u1d1u2d2 . . . ukdk en parours montant et desendant- Etiqueter les parours montant et desendant ave le ode de Gray ré�éhi (looplessalgorithm [37℄)for j = 1 to 1 + ⌊log2(k − 1)⌋ do- Faire une WM-dupliation sur π qui onserve dans la première opie de π exatementles éléments étiquetés 0 sur le jième bit.end forAlgorithm 2: La proédure Path donnant un sénario de WM-dupliations de 12 . . . nvers σ ∈ Sn.Une Applet Java pour e dernier algorithme est donnée sur le site internet http ://www.u-bourgogne.fr/jl.baril



58 Chapitre III : Motifs dans les permutations2 3 1 6 8 4 5 9 7000 001 011 010 110 111
123456789 → 245897631 → 231679854 → 231684597Figure III.3 : Etiquetage des parours montant et desendant de σ = 231684597 ave leode de Gray ré�éhi. Exemple de hemin de WM-dupliations à partir de l'identité vers

σ.III.2.3 Autres modèles de dupliationIi, on explore deux variantes du modèle de WM-dupliation : 1) on fait une WM-dupliation de l'identité suivi par plusieurs W-dupliations et, 2) on fait une WM- et/ouW-dupliation de l'identité suivi par plusieurs W-dupliations. Pour es deux as on fournitune aratérisation de la lasse des permutations obtenues après p dupliations.III.2.3.1 Une WM-dupliation suivie par plusieurs W-dupliationsOn a vu auparavant qu'une WM-dupliation de l'identité donne la lasse des permuta-tions ne ontenant pas de vallée. Don, on obtient par réurene que la lasse des permu-tations obtenues après une WM-dupliation de l'identité suivie par (p− 1) W-dupliationsest la lasse des permutations ave au plus 2p−1−1 vallées. On déduit le théorème suivant :Théorème III.7. La lasse des permutations obtenues après une WM-dupliation de l'iden-tité suivie par (p−1) W-dupliations est la lasse des permutations évitant les permutationsalternantes de longueur 2p + 1.III.2.3.2 Une W- ou WM-dupliation suivie par plusieurs W-dupliationsIi, on fait une W- ou WM-dupliation de l'identité suivie par plusieurs W-dupliations.Théorème III.8. La lasse des permutations obtenues après une W- ou WM-dupliationde l'identité suivie par p W-dupliations est l'union de deux lasses : (i) la lasse despermutations ayant au plus 2p − 1 vallées et, (ii) la lasse des permutations ayant au plus
2p+1 − 1 desentes.Corollaire III.9. La lasse C′(p) des permutations obtenues après une W- ou WM-dupliationde l'identité suivie par p W-dupliations est la lasse des permutations évitant les permu-tations de taille 3 · 2p + 1 ayant exatement 2p vallées et 2p+1 desentes.Par exemple, C′(0) = S(4132, 3142, 4312, 3241, 3214, 4231, 4213, 2143) ; on a alulé ex-périmentalement la ardinalité de la base de C′(1), qui est 720. On déduit alors le résultatplus général :Corollaire III.10. La lasse des permutations ayant au plus p vallées et au plus 2p + 1desentes est la lasse des permutations évitant les permutations de taille 3p + 4 et ayantexatement p+ 1 vallées et 2p+ 2 desentes.



III.3 : Cloture ylique de S(k(k − 1) . . . 21) 59Notons que l'ensemble des permutations de taille 3p + 4 ayant exatement p + 1 val-lées et 2p + 2 desentes est aussi l'ensemble des permutations de même taille, ave lemême nombre de vallées et où haque montée est immédiatement préédée par une des-ente (e qui dé�nit une vallée). Cet ensemble a été étudié par Shapiro et al. [157℄ (voiraussi la suite A101280 dans [162℄). En e�et, ils énumèrent les permutations de taille nayant k 'peaks' et ave la proprièté supplémentaire que haque montée est immédiate-ment suivie par une desente. Don, la ardinalité de notre ensemble est obtenue quand
n = 3p + 4 et k = p + 1. Par exemple, les premières ardinalités pour p = 0, 1, 2, 3, 4 sont
8, 720, 230144, 179266560, 277662253056.III.2.4 Future diretion de reherheBeauoup de problèmes relatifs restent ouverts. Par exemple, soit σ1 et σ2 deux per-mutations dans Sn. Peut-on exhiber un algorithme e�ae pour aluler la permutation
π qui minimise la somme d(π, σ1) + d(π, σ2) où d(π, σ) est le nombre minimum de WM-dupliations néessaires pour transformer π en σ ? Peut-on aratériser la lasse de per-mutations à motifs exlus orrespondante aux permutations obtenues à partir de l'identitéaprès une W-dupliation suivie par p WM-dupliations ? Peut-on obtenir des résultats si-milaires pour la dupliation miroir partielle (non totale) ? Peut-on faire un travail similairelorsque l'on permet de faire à haque étape une W ou WM dupliation ?III.3 Cloture ylique de S(k(k − 1) . . .21)Rappelons quelques notations utiles pour la suite de e paragraphe. Soit S (respe-tivement Sn) la lasse des permutations (respetivement permutations de taille n). Ona S =

⋃
n>0 Sn. Comme nous l'avons fait depuis le début de e mémoire, on repré-sente les permutations en notation linéaire, i.e. si i1, i2, . . . , in sont n valeurs distintesdans [n] = {1, 2, . . . , n}, on note la permutation σ ∈ Sn par la suite i1 i2 . . . in si

σ(k) = ik pour 1 6 k 6 n. Par exemple, la permutation identité de taille n, Idn, sera érite
1 2 . . . n. Un segment d'une permutation σ est une sous-suite de la forme σiσi+1 . . . σj−1σjou σjσj+1 . . . σnσ1 . . . σi−1σi ave 1 6 i 6 j 6 n. La ardinalité (ou longueur) d'un seg-ment W sera notée |W |. Une permutation σ = σ1σ2 . . . σn ∈ Sn ontient le motif π ∈ Sk,
k > 2, si et seulement s'il existe une suite d'indies 1 6 i1 < i2 < . . . < ik 6 n telle que
σ(i1)σ(i2) . . . σ(ik) est ordonnée omme π. On érit π ≺ σ pour dire que π est un motifde σ. Une permutation σ qui ne ontient pas π omme motif est dite qui évite π. Soit
B un ensemble de permutations. On denote par Sn(B) (respetivement S(B)) l'ensemble(respetivement la lasse) des permutations dans Sn (respetivement S) évitant tous lesmotifs π ∈ B. Par exemple, 25314 /∈ S5(123) mais 43152 ∈ S5(123). Voir par exemple[39, 160℄. Dans la suite, une sous-suite d'une permutation σ ordonnée suivant le motif
Dk = k(k − 1) . . . 21 sera appelée un Dk-motif de σ. Une lasse C de permutations estfermée (or stable) pour la relation ≺ si, pour tout σ ∈ C, pour tout π ≺ σ, alors on a aussi
π ∈ C. Une telle lasse peut toujours être dé�nie par une lasse de permutations S(B)évitant des motifs. Dans le as où B est minimale (relativement à la relation ≺), B estdite une base.Soit σ = σ1σ2 . . . σn une permutation dans Sn. On dé�nit deux bijetions r (rotationylique) et ℓ (rotation ylindrique) sur Sn de la manière suivante : r(σ) = σnσ1σ2 . . . σn−1



60 Chapitre III : Motifs dans les permutationset ℓ(σ) = (σ1 mod (n)+1)(σ2 mod (n)+1) . . . (σn mod (n)+1). Par souis de simpliité,on dira qu'une permutation σ′ ∈ Sn est une rotation ylique (resp. rotation ylindrique)d'une permutation σ ∈ Sn si σ′ = rk(σ) (resp. σ′ = ℓk(σ)) pour un entier k ∈ [1..n]. Parexemple, 231 et 312 sont toutes les deux des rotations yliques de 123 ∈ S3 ; 213 et 132sont elles des rotations ylindrique de 321 ∈ S3. La loture ylique cc(C) (resp. lotureylindrique cℓ(C)) d'une lasse C est la lasse des permutations qui peuvent être obtenuespar une rotation ylique (resp. rotation ylindrique) d'une permutation de C. En�n, laloture torique tr(C) de C est dé�nie par cc(cℓ(C)) qui est aussi égal à cℓ(cc(C)).De nombreuses études ont été faites sur les lotures de lasses de permutations : énumé-ration des permutations d'une longueur donnée dans la lasse ; aratérisation de la baseassoiée à la lasse ; et réemment leurs liens ave les lasses fermées relativement à larotation ylique. Rappelons maintenant les prinipaux résultats obtenus par Albert et al.(Voir [2℄).Soit C la lasse S(B) ou B est un ensemble de motifs. Nous savons que cc(C) est unelasse à motifs exlus où sa base est l'ensemble des permutations qui sont minimales et quin'appartiennent pas à cc(C). Une permutation est minimale relativement à l'ensemble demotif B lorsque la permutation ontient au moins un motif de B et que tout motif propreà la permutation exlut tous les motifs de B. Soit σ une permutation dans C et θ un motifde σ (relativement à B). Le segment témoin W (θ) de θ est le segment de σ (onsidéréirulairement) ommençant par la valeur juste après la dernière de θ et �nissant par lapremière valeur de θ dans σ. Albert et al. donne une ondition néessaire et su�sante pourque σ appartienne (ou pas) à la loture ylique de C.Lemme III.11. [2℄ σ /∈ cc(C) si et seulement si les segments témoins ouvrent σ.De plus, ils obtiennent une ondition su�sante pour que la lasse cc(C) ait une base deardinalité �nie.Proposition III.12. [2℄ Soit C = S(B), où B est �nie et supposons qu'il existe une borne
∆ dépendant de B seulement telle que, pour tout σ /∈ cc(C), il y a une olletion d'au plus
∆ segments témoins qui ouvrent σ. Alors cc(C) possède une base �nie.Albert et al. déduisent de la proposition III.12 que cc(S(321)), cc(S(231)) et cc(S(4321))ont des bases �nies. Ils montrent aussi que la loture ylique d'une lasse peut avoir unebase in�nie ('est le as de la loture de S(265143)). Ils donnent également plusieurs ré-sultats d'énumération très intéressants.Cette partie est organisée de la façon suivante. Dans un premier temps, on prouve quela loture ylique de S(k(k − 1) . . . 21) a une base �nie B. De plus, on prouve que laplus petite taille d'une permutation minimale de B est 2k − 1, et que es permutationssont énumérées par (2k − 1).ck où ck est le k-ième nombre de Catalan. On aratériseaussi es permutations. Ensuite, on étudie les lotures ylindriques de lasses fermées. Onmontre une dualité ave la loture ylique e qui nous permet de prouver que la lotureylindrique de S(k(k − 1) . . . 21) est aussi à base �nie. En�n, on étudie la loture torique.On donne une ondition su�sante pour que la lasse tr(C) ait une base �nie. On proposeainsi plusieurs questions ouvertes onernant la loture torique de ertaines lasses depermutations. Plus préisément, on a obtenu la preuve que tr(S(321)) est à base �nie,mais nous ne la donnons pas ii. En e�et, la preuve ontient énormément de as à véri�er



III.3 : Cloture ylique de S(k(k − 1) . . . 21) 61et ne ontient pas de onepts partiulièrement intéressants. On �nit en présentant d'autresquestions ouvertes onernant l'énumération de ertaines lotures toriques de lasses.Soit σ = σ1 . . . σn une permutation de taille n telle que σ /∈ cc(S(Dk)) pour k > 3. Pour
x ∈ {1, . . . , n}, on dé�nit Wσ(x) par l'ensemble des sous-suites θ = θ1θ2 . . . θk−1θk de σ(onsidérée irulairement), ordonnées omme Dk = k(k− 1) . . . 21 et telles que x ∈W (θ).Soit Wσ l'union de tous les Wσ(x) pour 1 6 x 6 n. Dans la suite, on omet l'indie σpour Wσ(x) et Wσ puisque e sera impliite en fontion du ontexte. Pour θ, θ′ ∈ W, ondé�nit une relation d'ordre � par : θ′ � θ si et seulement si (a) |W (θ′)| < |W (θ)| ; ou(b) |W (θ′)| = |W (θ)| et le mot assoié θ′

1θ
′
2 . . . θ

′
k est plus petit que θ1θ2 . . . θk en ordrelexiographique. Alors W est un ensemble �ni non vide totalement ordonné. Soit θ sontélément maximum. Alors, σ a une struture spéiale illustrée par la �gure III.4 et déritei-dessous.En e�et, σ peut s'érire (modulo rotation) :

σ = θ1α1θ2α2 . . . θk−1αk−1θkαkou W (θ) = αkθ1, θi ∈ {1, 2, . . . , n} et αi sont des segments de σ pour i ∈ [1, k]. Paronvenane, on pose θk+1 = 0 et θ0 = n+ 1. Pour i ∈ [1, k− 1], on dé�nit la sous-suite α−
i(resp. α+

i ) des éléments dans αi qui sont plus petit que θi+1 (resp. plus grand que θi−1).D'un autre oté, α−
i,j , i ∈ [1, k− 2], j ∈ [i+2, k+1], (resp. α+

i,j , i ∈ [2, k− 1], j ∈ [0, i− 2],)est la sous-suite de α−
i (resp. α+

i ) onstituée par toutes les valeurs plus grandes que θj(resp. moins grandes que θj).Ave es hypothèses, σ véri�e les propriétés struturales suivantes.Fait 1. Pour i ∈ [1, k − 1], αi ne ontient pas de valeur dans l'intervalle [θi+1, θi].S'il existe y ∈ αi tel que y ∈ [θi+1, θi], alors θ′ = θ1 . . . θiyθi+1 . . . θk−1 est une sous-suite de σ appartennant àW tel que |W (θ′)| > |W (θ)| e qui donne une ontraditionave la maximalité de θ.Fait 2. Pour i ∈ [1, k − 1], αi ne ontient pas de valeur dans [θi, θi−1].S'il existe y ∈ αi tel que y ∈ [θi, θi−1], alors θ′ = θ1 . . . θi−1yθi+1 . . . θk est une sous-suite de σ appartennant à W telle que θ � θ′ e qui donne une ontradition.Fait 3. Pour i ∈ [1, k−2], j ∈ [i+2, k], α−
i,j appartient à S(Dj−i) et α−

i appartient à S(Dk−i).Si α−
i,j ontient une sous-suite ρ1ρ2 . . . ρj−i ordonnée ommeDj−i, alors θ′ = θ1 . . . θiρ1 . . . ρj−iθj . . . θk−1appartient à W et véri�e |W (θ′)| > |W (θ)| e qui donne une ontradition.Fait 4. Pour i ∈ [2, k − 1], j ∈ [0, i − 2], α+

i,j appartient à S(Di−j).Si α+
i,j ontient une sous-suite ρ1ρ2 . . . ρj−i ordonnée ommeDi−j , alors θ′ = θ1 . . . θjρ1 . . . ρi−jθi+1 . . . θk−1appartient à W et véri�e θ � θ′ e qui donne une ontradition.Les faits suivants sont une simple généralisation des faits 3 et 4. Les preuves sontobtenues mutatis mutandis.Fait 3'. Pour i ∈ [1, k − 2], j ∈ [i + 2, k], ℓ ∈ [i + 1, k − 1], α−

i,jθi+1α
−
i+1,jθi+2 . . . α

−
ℓ−1,jθℓappartient à S(Dj−i) et α−

i θi+1α
−
i+1θi+2 . . . α

−
ℓ−1θℓ appartient à S(Dk−i).Fait 4'. Pour i ∈ [2, k − 1], ℓ ∈ [i + 1, k], j ∈ [0, ℓ − 3], α+

i,jθi+1α
+
i+1,jθi+2α

+
i+2,j . . . α

+
ℓ−1,jθℓappartient à S(Dℓ−j−1).



62 Chapitre III : Motifs dans les permutationsFigure III.4 : La struture spéiale d'une permutation σ /∈ S(Dk). Une aire remplie neontient pas de point de la forme (i, σi), 1 6 i 6 n. Une suite de j diagonales roissantesdans une aire signi�e que l'aire ne ontient pas de motif (j + 1)j . . . 21.
θ1

θ2

θ3

θ4

θ5

θ6

Fait 1 Fait 2 Fait 4

Fait 3
Fait 4'Fait 3'

Théorème III.13. Soit k > 3 un entier. Alors cc(S(Dk)) possède une base �nie.Preuve. Soit σ = σ1 . . . σn une permutation de taille n qui n'appartient pas à cc(S(Dk)).Le point ruial de la preuve est de trouver un nombre borné (indépendamment de n) desegments témoins qui ouvrent σ. Finalement, on onlura grâe à la proposition III.12.Soit θ = θ1 . . . θk un élément maximum de W. Modulo une rotation ylique, σ peut sedéomposer omme suit :
σ = θ1α1θ2α2 . . . αk−1θkαk.Notons que αk et θ1 = σ1 sont évidemment ouverts parW (θ) puisqueW (θ) = αkθ1. Donil su�t de prouver que αiθi+1 pour 1 6 i 6 k − 1 sont ouverts par un nombre borné desegments témoins.Soit i tel que 1 6 i 6 k−1 et σi la rotation de σ dé�nie par σi = αiθi+1 . . . θkαkθ1α1 . . . θi−1αi−1θi.Par hypothèse, il existe une sous-suite ρ de σi (onsidéré irulairement) telle que θi+1 ∈

W (ρ). Si αi est vide, il n'y a rien à faire puisque αiθi+1 est ouvert par W (ρ). Maintenant,supposons que αi est non vide, et onsidérons la première valeur x1 de αi. Alors, il existeune sous-suite ρ = ρ1ρ2 . . . ρk de σi ordonnée pareil que Dk telle que x1 ∈W (ρ). On prendpour ρ l'élément maximal de W(x1).



III.3 : Cloture ylique de S(k(k − 1) . . . 21) 63On disute sur la première valeur ρ1 de ρ : (i) ρ1 /∈ αi ; (ii) ρ1 ∈ α−
i et (iii) ρ1 ∈ α+

i . Leas (i) est immédiatement résolu puisque ela signi�e que αiθi+1 est ontenu dans W (ρ).Regardons le as (ii) : ρ1 ∈ α−
i . Notons que ρk apparaît sur la droite de θk (dans

σi), puisque sinon θ ne serait pas maximal dans W (ar θ1 ∈ W (ρ) et |W (ρ)| > |W (θ)|).Soit j le plus petit entier, 1 6 j 6 k − 1, tel que ρj appartient à α−
i α

−
i+1 . . . α

−
k−1 maispas à ρj+1. Alors, la struture partiulière (Fait 3') de σ induit que la sous-suite ρ′ =

θi+1θi+2 . . . θi+jρj+1ρj+2 . . . ρk est ordonnée omme Dk et x ∈ W (ρ′). Cela donne uneontradition ave le fait que ρ est un élément maximal de W(x1). Don, le as (ii) ne seproduit jamais.Regardons le as (iii) : ρ1 ∈ α+
i . S'il existe j, 1 6 j 6 k−1 tel que ρj ∈ α+

i et ρj+1 ∈ α−
i ,alors on onsidère ℓ omme étant le plus petit entier j+1 6 ℓ 6 k−1, tel que ρℓ appartientà α−

i . . . α
−
k−1 mais pas ρℓ+1 (ℓ existe ar ρk est sur la droite de θk). Ave le même argumentque pour le as (ii), Fait 3' induit que ρ′ = ρ1 . . . ρjθi+1θi+2 . . . θi+ℓ−jρℓ+1 . . . ρk est unesous-suite dansW(x1) tel que ρ�ρ′. C'est une ontradition. Don la sous-suite ρ1 = ρ véri-�e la propriété que toute valeur de ρ1 est néessairement dans α+

i θi+1α
+
i+1 . . . α

+
k−1θkαkθ1α

−
1 θ2α

−
2 . . . α

−
i−1θi.Moins formellement, on dit que ρ1 est situé au-dessus de θ dans σi. Puisque ette propriétéest ruiale pour la suite de la preuve, on appelle ette propriété la propriété de dominanede ρ1 sur θ.Maintenant on onsidère le plus petit j1, 1 6 j1 6 k − 1, tel que ρ1

j1
appartient à αimais pas ρ1

j1+1. En onsidérant le Fait 4 (ou 4') ave la propriété de dominane de ρ1 sur
θ, on déduit j1 < i− 1.Maintenant, on remplae x1 = x par la valeur x2 de αi juste après ρ1

1 (si elle existe ;sinon on prend x2 = θi+1). Par hypothèse, x2 est aussi ouvert par le segment témoin
W (ρ2) où ρ2 est un autre motif ordonné omme Dk, et tel que ρ2

k appartient à σi sur ladoite de ρ1
k ou sur la gauhe de x2. Ave le même argument que i-dessus, ρ2 a la propriétéde dominane sur ρ1, i.e, moins formellement, la suite ρ2 est au-dessus ρ1. Don, ρ2 ontientau plus j2 6 j1 − 1 valeurs dans α+

i .En itérant e raisonnement pour la valeur juste après ρ2, on onstruit une sous-suite
ρ3 telle que le nombre j3 de ses valeurs dans α+

i véri�e j3 6 j2 − 1.Le proessus �nit après au plus i− 1 étapes. Cela signi�e que αi peut être ouvert parles segments témoins W (ρℓ) pour ertains ℓ, tel que 1 6 ℓ 6 i− 2 6 k− 2, i.e. ave au plus
i − 2 segments témoins, e qui est une borne dépendant de k seulement. Par onséquent
αiθi+1 peut être ouvert par au plus i − 1 segments témoins. Don, σ est ouvert par auplus 1 +

∑k−1
ℓ=1 ℓ = 1 + k(k−1)

2 segments témoins. 2Théorème III.14. cc(S2k−ℓ(Dk)) = S2k−ℓ pour 2 6 ℓ 6 2k − 1.Théorème III.15. cc(S2k−1(Dk)) est énuméré par (2k−1)!− (2k−1)ck−1 ou (ck)k>1 estla suite de Catalan.Notons qu'une permutation de taille (2k−1) σ /∈ cc(S(Dk)) ommençant par 2k−1 neontient pas de motif de la forme 123 (ette remarque est déduite de la preuve du théorèmepréédent). De plus, la preuve du théorème préédent induit une bijetion onstrutive entrel'ensemble des bons parenthésages de taille 2k− 2 et l'ensemble des permutations de taille
2k − 1, ommençant par 2k − 1, et ontenant un motif Dk dans haque rotation ylique.En e�et, on onsidère la représentation binaire b = b1 . . . b2k−2 des bons parenthèsages, i.e.



64 Chapitre III : Motifs dans les permutationsFigure III.5 : Les inq permutations σ ommençant par 7 telles que σ /∈ cc(S7(D4)) :
7654321, 7216543, 7165432, 7615432, 7261543. Le motif le plus à gauhe θ est illustréen gras dans la notation linéaire de σ et illustré par des points vides dans la représentationi-dessous. Les bons parenthèsages orrespondant sont respetivement ((())), (())(), (()()),
()(()) et ()()().

1 2 3 4 5 6 71234567 1 2 3 4 5 6 71234567 1 2 3 4 5 6 71234567
1 2 3 4 5 6 71234567 1 2 3 4 5 6 71234567

bi = 0 si la i-ième parenthèse est une parenthèse fermante, bi = 1 sinon). Par onvenane,on ajoute b2k−1 = 0 sur la droite de b. Maintenant, soit j, 1 6 j 6 2k − 1, le rang duzéro le plus à droite à gauhe du un le plus à droite dans b (si j n'existe pas on pose
j = 2k − 1). Alors, on traverse b de la droite vers la gauhe (de l'indie j à 1), et onétiquète haque zéro en ordre roissant à partir de 1. Finalement, on ontinue d'étiqueter(en ordre roissant) les éléments restants de b de la droite vers la gauhe. Par exemple, leparenthèsage ()((()())((()))) a une représentation binaire 10111010011100000 où j = 9 (engras). Sa permutation orrespondante 17 4 16 15 14 3 13 21 12 11 10 9 8 7 6 5 ontient lemotif D9 dans haque rotation ylique. Voir la �gure III.5 dans le as k = 4.Le théorème III.13 montre que la base B de cc(S(Dk)) est �nie. Les théorèmes III.14et III.15 induisent que la plus petite taille d'une permutation minimale est 2k − 1, etque es permutations sont énumérées par (2k − 1) · ck−1. Il reste à aratériser les autreséléments de la base B, e que je n'ai pas réussi à faire. Notons que Albert et al. ont obtenuexpérimentalement les éléments de la base de cc(S(321)) : 15432, 14325, 164253, 163254et 1472536. Nous avons obtenus expérimentalement que la base de cc(S(4321)) ontient 5permutations minimales de taille 7, 32 de taille 8, 54 de taille 9, et 136 de taille 10.Théorème III.16. Les inversions de taille 2k − 1 qui n'appartiennent pas à cc(S(Dk))sont énumérées par k(k+1)

2 .Pour k = 3, il y a 6 involutions de taille 5 qui n'appartiennent pas à cc(S(D3)) : 54321,
15432, 21543, 32154, 43215 et 14325.III.3.1 La loture ylindriqueDans e paragraphe, on étudie la loture ylindrique cℓ(C) d'une lasse fermée C, i.e.,la lasse des permutations pouvant être obtenues par une rotation ylindrique d'une per-



III.3 : Cloture ylique de S(k(k − 1) . . . 21) 65mutation dans C. On fournit plusieurs résultats généraux faisant des liens entre les loturesylique et ylindrique.Lemme III.17. Si X est un ensemble de permutations alors π ∈ cc(X) ⇐⇒ π−1 ∈
cℓ(X−1). Par onséquent, si X = S(B) alors cc(S(B)) = cℓ(S(B−1))−1. De plus, si la base
B est stable par inversion, i.e. B = B−1, alors cc(S(B)) = cℓ(S(B))−1.Maintenant nous posons C = S(B) où B est une base. Comme pour le as de la rotationylique, cℓ(C) est aussi une lasse de permutations à motifs exlus. Soit σ une permutationdans C et θ un motif (appartenant à B) dans σ. On dé�nit par intervalle témoin de σl'intervalle ylique W ′(θ) =]max(θ)..min(θ)] = [n]\]min(θ)..max(θ)]. Notons que W ′(θ)est un intervalle dans [n] onsidéré irulairement, mais e n'est pas forément un segmentdans σ. On remarque failement que W ′(θ) est aussi un segment témoin de σ−1 (onsidéréirulairement) relativement au motif θ−1. Deux résultats similaires aux lemme III.11 etproposition III.12 peuvent être déduit :Lemme III.18. σ /∈ cℓ(C) si est seulement si les intervalles témoins W ′(θ) ouvrent [n](ou de façon équivalente σ).Proposition III.19. Soit C = S(B), où B est de ardinalité �nie et supposons qu'il existeune borne ∆ dépendante de B seulement telle que, pour tout σ /∈ cℓ(X), il y a une olletiond'au plus ∆ intervalles témoins qui ouvrent σ (ou de façon équivalente [n]). Alors cℓ(X)a une base �nie.Proof. La preuve est obtenue de la même façon que elle de la proposition III.12. 2Théorème III.20. Soit k > 2 un entier. Alors cℓ(S(Dk)) admet une base �nie.Tous les résultats d'énumération obtenus dans [2℄ pour la loture ylique sont aussivalides pour la loture ylindrique.Théorème III.21. cℓ(S2k−1(Dk)) est énuméré par (2k−1)!− (2k−1)ck−1 ou (ck)k>1 estla suite de Catalan.III.3.2 Disussion et ConlusionDans e paragraphe, on donne des résultats généraux onernant la loture torique
tr(C) pour une lasse C de permutations, i.e. tr(C) = cℓ(cc(C)) = cc(cℓ(C)). Soit fu,v,
1 6 u, v 6 n, les fontions dé�nies sur Sn par fu,v(σ) = σ′ où σ′

j = (σ(u+j−2) mod (n)+1−v)
mod (n) + 1, pour j ∈ [1..n]. L'ensemble {fu,v(σ), 1 6 u, v 6 n} ontient exatementtoutes les rotations toriques de σ puisque la permutation fu,v(σ) est égale à la permutation
rn−u+1(ℓn−v+1(σ)).Maintenant supposons que C = S(B) où B est un ensemble �ni de permutations.Soit θ un motif (relativement à B) dans σ ∈ C. L'aire témoin W ′′(θ) de θ dans σ est leproduit diret de σ−1(W (θ)) de θ ave l'intervalle témoin W ′(θ) : W ′′(θ) = σ−1(W (θ))×
W ′(θ). Par exemple, la permutation 7261543 ontient le motif 132 (θ = 265), W (θ) est lesegment 4372, alors σ−1(W (θ)) = {6, 7, 1, 2}, W ′(θ) est l'intervalle 712, et W ′′(θ) est l'aire
{6, 7, 1, 2} × {7, 1, 2}. Voir la �gure III.6 pour une illustration.On obtient alors un résultat similaire aux résultats obtenus préédemment onernantl'appartenane d'une permutation à la loture torique d'une lasse.



66 Chapitre III : Motifs dans les permutationsFigure III.6 : L'aire témoin W ′′(265) pour la permutation 7261543.
1 2 3 4 5 6 71234567Lemme III.22. σ /∈ tr(C) si et seulement si les aires témoins ouvrent [n]× [n] où n estla longueur de σ.Proposition III.23. Soit C = S(B), où B est de ardinalité �nie ; supposons qu'il existeune borne ∆ dépendante de B seulement telle que, pour tout σ /∈ tr(C), il y a une olletiond'au plus ∆ aires témoins qui ouvrent [n]× [n]. Alors tr(C) a une base �nie.Nous avons étudié la base pour la loture de tr(S(321)). Des aluls expérimentauxsuggèrent que tr(S(321)) a une base �nie. De plus la base de tr(S(321)) ontient proba-blement une permutation minimale de longueur 5, 2 de longueur 7, 2 de longueur 8, 39 delongueur 9 et 2 de longueur 10.Cependant, nous nous sommes intéréssés à prouver e résultat. Il semblerait que lapreuve ait été forée mais je préfère ne pas présenter elle i pour les raisons suivantes. Lapreuve demande l'étude de beauoup de as et haun d'eux induisent des sous-as assezlourds à expliiter. En attendant l'obtention d'une preuve élégante de e résultat, si elleexiste, je onsidère que e problème n'est pas enore résolu. Je propose maintenant troisquestions ouvertes.Problème 1 : Est-e que tr(S(321)) a une base �nie ?Problème 2 : Est-e que tr(S(231)) a une base �nie ?Problème 3 : Plus généralement, soit k > 2 un entier ; est-e que tr(S(Dk)) a une base�nie ?Il reste ependant de nombreuses questions en suspens notamment dans le domaine del'énumération des lasses qui sont lotures toriques d'une lasse de permutations à motifsexlus.



Chapitre IVPerspetives
J'ai exposé dans e mémoire les prinipaux travaux de reherhe onernant : la gé-nération exhaustive de lasses d'objets ombinatoires, l'étude de strutures en treillis, etl'étude des motifs dans les permutations.Je propose i-dessous quelques exemples de problèmes enore ouverts onernant lesdomaines traités dans es trois hapitres.Génération exhaustiveTrouver un algorithme permettant de générer e�aement les permutations de taille nayant un nombre donné de desentes (même question en imposant que la liste soit un odede Gray).Trouver un algorithme permettant de générer e�aement en ode de Gray les permu-tations de taille n ayant un nombre donné d'exédenes.Trouver un algorithme permettant de générer en ode de Gray optimal les ensembles

S2n(321) et S2n(312).Construire un paquetage Maple (ou autre) permettant d'implanter tous les algorithmesobtenus.Struture en treillisPoursuivre les reherhes onernant l'obtention d'un algorithme permettant de aluleren temps polynomial la distane de rotation entre deux arbres dans le treillis de Tamari.Exhiber des algorithmes permettant de aluler en temps polynomial la distane entredeux arbres dans les treillis 'phagoyte' et le treillis 'taille-gre�e'.Résoudre la onjeture énonée dans e mémoire : Si v(T ) est la longueur du plus longhemin entre 1 et T alors on onjeture que v(T ) + v(T ′) 6 v(T ∨ T ′) + v(T ∧ T ′) et si
T < T ′ alors v(T ) < v(T ′). Si tel est le as, alors d(T, T ′) = v(T ) + v(T ′) − 2v(T ∨ T ′)serait une distane sur e treillis.Enumérer le nombre d'intervalles dans les deux nouveaux treillis.



68 Chapitre IV : PerspetivesTrouver un algorithme e�ae non-réursif pour aluler la fontion de Möbius dutreillis 'taille-gre�e' et prouver qu'elle prend ses valeurs dans {−1, 0,+1}.Motifs dans les permutationsTrouver un algorithme e�ae permettant de trouver la permutation π qui minimisela somme d(π, σ1) + d(π, σ2) où d(π, σ) est le nombre minimum de WM-dupliations né-essaires pour transformer π en σ.Caratériser la lasse de permutations à motifs exlus orrespondante aux permutationsobtenues à partir de W ou WM-dupliations.Montrer que la loture torique de S(321) est à base �nie. Même question pour S(231).Examiner la �nitude de la base de la loture torique de S(k(k − 1) . . . 321).Autres diretions de reherheContinuer à explorer en terme de permutation des problèmes issus de la bioinformatique(dupliation de gène).Etudier ertains problèmes ombinatoires issus du domaine de l'Image (tomographie).
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Abstract

In this note we consider a series of lattices that are enumerated by the well-known Catalan
numbers. For each of these lattices, we exhibit a matching in a constructive way.
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1 INTRODUCTION

Given a lattice L, we denote the zero (resp. unit) by 0 (resp. 1) if it exists. The meet and the join
of (x, y) are denoted respectively x ∧ y and x ∨ y. x ∈ L is a join (resp. meet)-irreducible element
if x = a ∨ b (resp. x = a ∧ b) implies x = a or x = b. In other words, join (resp. meet)-irreducible
elements have a unique lower (resp. upper) cover. Given a finite lattice L, let J(L) (resp. M(L))
denote the set of nonzero join-irreducible (resp. nonunit meet-irreducible) elements of L. We say that
L has a matching σ if σ is a map of J(L)∪{0} to M(L)∪{1} which is one-to-one and verifies j ≤ σ(j)
for each join-irreducible j [2, 8, 16]. Kung has proved that every consistent lattice has a matching [8].
In this note, we exhibit matchings for three Catalan lattices, i.e. lattices which are enumerated by the
well-known Catalan numbers. The three sets of combinatorial objects which are endowed with a lattice
structure are respectively the well-formed parentheses strings, the binary trees and the noncrossing
partitions. We adopt a constructive point of view. Indeed we build explicit matchings by giving precise
constructions.
For the first two lattices often used in computer science [4, 13, 22], the main idea follows [6, p. 83].
Let C be a particular maximal chain in the lattice L. Let assume that the length of C is equal to
|J(L)|. For j ∈ J(L), let s(j) be the smallest member of C such that j ≤ s(j). We thereby build a
one-to-one map s of J(L) to C − {0}. For m ∈ M(L), let t(m) be the greatest member of C such
that t(m) ≤ m. We thereby build a one-to-one map of M(L) to C − {1}. Using the above bijections,
a matching in L can be constructed.
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2 MATCHINGS IN LATTICES OF WELL-FORMED PARENTHE-

SES STRINGS

A well-formed parentheses string (w.f.p. string in short) is a word on the alphabet {(, )} generated by
the grammar S → (S)|SS|λ where λ is the empty word. We denote by Pn the set of w.p.f. strings
with n open and n close parentheses. It is well-known that |Pn| = cn where cn =

(2n
n

)
/(n + 1) is

the nth Catalan number. Let → denote the adjacent parentheses interchange, i.e. we write w → w ′

(w,w′ ∈ Pn) if there exist x and y ∈ {(, )}+ such that w = x)(y and w′ = x()y. Thus we obtain w′

from w by interchanging two adjacent parentheses. Let
∗→ be the reflexive transitive closure of →.

In order to characterize
∗→, we use the following coding introduced in [15]. Let define the P-sequence

of w ∈ Pn as the integer sequence (pw(1), . . . , pw(n)) where pw(i) is the number of open parenthe-
ses written before the ith close parenthesis of w. For example, if w = (((()()))(()))() ∈ P8 then
pw = (4, 5, 5, 5, 7, 7, 7, 8).
An n-integer sequence p is the P-sequence of a w.f.p. string of Pn iff p(n) = n and for all i ∈ [1, n−1] :
i ≤ p(i) ≤ p(i + 1) [15]. We have shown in [4] the following characterization:

Theorem 1 For all w,w′ ∈ Pn we have w
∗→ w′ iff for all i ∈ [1, n] : pw(i) ≤ pw′(i) .

(Pn,
∗→) is a distributive lattice with 0 and 1 for all n, which is graded by the rank function

r(w) =
∑n

i=1 pw(i). It is well-known that every distributive lattice has a matching [2].
We have p0 = (1, 2, 3, . . . , n) and p1 = (n, n, n, . . . , n). The P-sequences of the meet and the
join of w and w′ ∈ Pn are respectively computed by pw∧w′(i) = min(pw(i), pw′(i)) and pw∨w′(i) =
max(pw(i), pw′(i)) for all i ∈ [1, n]. In short, we write pw∧w′ = min(pw, pw′) and pw∨w′ = max(pw, pw′).

Theorem 2 w is a non-zero join-irreductible element of Pn iff there exist k ∈ [1, n] and l ∈ [2, n] such
that pw = (1, 2, . . . , k − 1, k + l − 1, . . . , k + l − 1︸ ︷︷ ︸

l

, k + l, k + l + 1, . . . , n).

Proof. Let w 6= 0 be a join-irreducible element of Pn. Thus we have {i ∈ [1, n]|pw(i) > i} 6= ∅ since
pw 6= (1, 2, 3, . . . , n). Let denote i1 = min{i ∈ [1, n]|pw(i) > i} and i2 = max{i ∈ [1, n]|pw(i) > i}.
Suppose that pw(i1) < pw(i2). Let us denote i = max{j ∈ [i1, i2[|pw(j) < pw(i2)}. Then we obtain the
following decomposition: pw = max(p′, p′′) with p′ = (pw(1), . . . , pw(i1) − 1, . . . , pw(i2), . . . , pw(n))
and p′′ = (pw(1), . . . , pw(i1), . . . , pw(i), pw(i2)−1, . . . , pw(i2)−1, pw(i2 +1), . . . , pw(n)) which contra-
dicts the fact that w has a unique lower cover. Therefore pw(i1) = pw(i2) = i2 + 1 and we can write
pw = (1, . . . , i1−1, i2+1, . . . , i2+1, . . . , n). The result holds with i1 = k and l = i2−i1+2. Conversely,
if the P-sequence of w is pw = (1, . . . , k − 1, k + l − 1, . . . , k + l − 1, k + l, . . . , n), only one w ′ satisfies
r(w′) = r(w) − 1. This w′ verifies pw′ = (1, . . . , k − 1, k + l − 2, k + l − 1, . . . , k + l − 1, k + l, . . . , n).

Theorem 3 w is a non-unit meet-irreducible element of Pn iff there exist k and l with
1 ≤ l ≤ k ≤ n − 1 such that pw = (k, k, . . . , k︸ ︷︷ ︸

l

, n, . . . , n).

Proof. Let w 6= 1 be a meet-irreducible element of Pn. Thus we have {i ∈ [1, n − 1]|pw(i) <
pw(i + 1)} 6= ∅ since pw 6= (n, n, . . . , n). Let us denote i1 = min{i ∈ [1, n − 1]|pw(i) < pw(i + 1)}
and i2 = max{i ∈ [1, n − 1]|pw(i) < pw(i + 1)}. In the case where i1 < i2, pw could be writ-
ten as pw = min(p′, p′′) with p′ = (pw(1), . . . , pw(i1 − 1), pw(i1) + 1, . . . , pw(i2), . . . , pw(n)) and
p′′ = (pw(1), . . . , pw(i1), . . . , pw(i2−1), pw(i2)+1, pw(i2+1), . . . , pw(n)), contradicting the existence of
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a unique upper cover. Thus i1 = i2 holds and denoting pw(i2) = k, we have pw = (k, . . . , k, n, . . . , n).
Conversely if the P-sequence of w is pw = (k, k, . . . , k, n, n, . . . , n), only one w′ satisfies r(w′) =
r(w) + 1. Thus w′ verifies pw′ = (k, . . . , k, k + 1, n, . . . , n).

Remark. The number of join-irreductibles is equal to the number of meet-irreductibles, namely
n(n−1)

2 . Furthermore, G. Gratzer [6, p. 83] shows that in a distributive lattice, any maximal chain has
length |J(L)|. The tool of this proof is using for constructing a matching of Pn.

Theorem 4 The map σ : J(L) ∪ {0} −→ M(L) ∪ {1} defined by:

for k ∈ [1, n]: σ((1, 2, · · · , k − 1, n, · · · , n)) = (k − 1, · · · , k − 1︸ ︷︷ ︸
k−1

, n, · · · , n)

and if k + l − 1 < n with l ∈ [2, n]:

σ((1, 2, . . . , k − 1, k + l − 1, . . . , k + l − 1︸ ︷︷ ︸
l

, k + l, . . . , n)) = (k + l − 1, . . . , k + l − 1︸ ︷︷ ︸
k

, n, . . . , n︸ ︷︷ ︸
n−k

)

is a matching in L.

Proof. The construction method consists in choosing a maximal chain C of Pn, then in constructing
a non-decreasing one-to-one map of J(L) ∪ {0} to C and finally in constructing a non-increasing one-
to-one map of M(L) ∪ {1} to C.
We choose a maximal chain C = {0 = c0 → c1 → . . . → cn(n−1)/2 = 1} in Pn in the following way. We
start with c0 = 0 and for each w.f.p. string w of C, we apply the adjacent parentheses interchange
)(→ () on the rightmost occurrence )( in w. For example in P5: ()()()()() → ()()()(()) → ()()(()()) →
()()((())) → ()(()(())) → ()((()())) → ()(((()))) → (()((()))) → ((()(()))) → (((()()))) → ((((())))). See
also the bold path in Figure 1.
A non-unit w.f.p. string of this chain C is characterized by a P-sequence of the form (1, 2, . . . , k −
1, pk, n, . . . , n) with 1 ≤ k ≤ n − 1 and k ≤ pk ≤ n − 1.
For j ∈ J(L) ∪ {0}, let s(j) be the smallest member of C such that j ≤ s(j). Thus s(0) = 0 and
s((1, 2, . . . , k − 1, k + l − 1, . . . , k + l − 1︸ ︷︷ ︸

l

, k + l, . . . , n)) = (1, 2, . . . , k − 1, k + l − 1, n, . . . , n). s is

obviously injective and thus is a one-to-one map. For m ∈ M(L) ∪ {1}, let t(m) be the greatest
member of C such that t(m) ≤ m. Thus t(1) = 1 and if k 6= n, l ≥ 1 then

t((k, k, . . . , k︸ ︷︷ ︸
l

, n, . . . , n)) = (1, . . . , l − 1, k, n, . . . , n︸ ︷︷ ︸
n−l

). t is also injective and thus is a one-to-one

map. t−1 is defined by t−1(1) = 1 and if k + l − 1 6= n, t−1((1, 2, . . . , k − 1, k + l − 1, n, . . . , n)) =
(k + l − 1, . . . , k + l − 1︸ ︷︷ ︸

k

, n, . . . , n) and t−1((1, 2, · · · , k − 1, n, · · · , n)) = (k − 1, · · · , k − 1︸ ︷︷ ︸
k−1

, n, · · · , n).

Therefore the map σ = t−1 ◦ s defined previously is a matching in Pn.
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Figure 1: The distributive lattice P4

3 MATCHINGS IN TAMARI LATTICES

The so-called Tamari lattices are orderings of w.f.p. words that were introduced by Tamari fifty years
ago [20] and later shown to be lattices [1, 5, 10, 11]. The Tamari lattices can be described in many
ways via the known bijections between families of Catalan combinatorial objects [3]. A system that
is isomorphic to Tamari lattices is that of triangulations of a polygon related by the diagonal flip
operation [19]. Another system that is isomorphic to Tamari lattices too is that of binary trees related
by rotations [11, 12, 14].
A binary tree is a rooted, ordered tree in which every internal node © has exactly two sons. External
nodes or leaves have no children and are denoted 2. We denote by B the set of binary trees. We
denote by TL and TR the left and right subtrees of T ∈ B if T 6= 2. In Polish notation, we can write
T = ©TLTR.
We denote by Bn the set of binary trees with n internal nodes (and thus with n + 1 leaves). It is
well-known that |Bn| = cn.
The leaves of a binary tree T are numbered by a preorder traversal of T (i.e. from left to right). The
weight |T | of a tree T is the number of leaves of T . Given T ∈ Bn, the weight sequence of T is the
integer sequence wT = (wT (1), . . . , wT (n)) where wT (i) is the weight of the largest subtree of T whose
last leaf is i [11, 14]. Rotation is a transformation → on Bn such that a subtree ©T1 © T2T3 of a
tree of Bn is replaced by the subtree © © T1T2T3 where T1, T2, T3 ∈ B. We have proved in [11] the
following characterization:

Theorem 5 Given T and T ′ ∈ Bn, we have T
∗→ T ′ iff wT (i) ≤ wT ′(i) for all i ∈ [1, n].
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(Bn,
∗→) is a semidistributive lattice for all n, called Tamari lattice, with 0 and 1 [1, 5, 10, 11].

Thus it is a consistent lattice [21] and therefore it has a matching [8]. We have w0 = (1, 1, . . . , 1) and
w1 = (1, 2, 3, . . . , n). The weight sequence of the meet of T and T ′ is easy to compute: wT∧T ′(i) =
min(wT (i), wT ′(i)). See [13] for computing the join. The following characterization can be shown
easily:

Theorem 6 A n-integer sequence w is the weight sequence of a tree of Bn iff for all i ∈ [1, n]:

(i) 1 ≤ wi ≤ i and

(ii) if j ∈ [i − wi + 1, i] then i − wi ≤ j − wj.

Theorem 7 T is a join-irreducible element of Bn iff there exist i and k ∈ [2, n] such that wT (i) = k
with k ≤ i and wT (j) = 1 for all j 6= i.

Proof. All elements of a weight sequence of a tree T are equal to 1 except one iff there exists a
unique occurrence ©© of two consecutive internal nodes in the Polish notation of T . Thus T has a
unique lower cover.

Theorem 8 T is a meet-irreducible element of Bn iff there exist k, l ∈ [1, n] such that
wT = (1, 2, . . . , k, 1, 2, . . . , l, k + l + 1, . . . , n).

Proof. A tree T has a unique upper cover iff there exists a unique occurrence 2© of a leaf followed
by an internal node in the Polish notation of T . If k denotes the number of this leaf, then wT (i) = i
for 1 ≤ i ≤ k. This internal node is the root of a subtree T ′. If l = |T ′

L|, then wT (i) = i − k for
k + 1 ≤ i ≤ k + l.

Remark. The number of join-irreductibles is equal to the number of the meet-irreductibles [1, 10],

namely n(n−1)
2 . Furthermore, Bn has a maximal chain of length |J(L)| (see [10, 13]). The previous

tool is now applied once again.

Theorem 9 The map σ : J(L) ∪ {0} −→ M(L) ∪ {1} defined by :

σ(0) = h(1, · · · , 1) = (1, 2, · · · , n − 1, 1)

for i ≥ 2:

σ((1, 1, · · · , 1︸ ︷︷ ︸
i−1

, 2, 1, · · · , 1)) = (1, 2, 3, · · · , i − 2, 1, 2, · · · , n − i + 2)

and if 3 ≤ k ≤ i:

σ((1, 1, · · · , 1︸ ︷︷ ︸
i−1

, k, 1, · · · , 1)) = (1, 2, 3, · · · , i − k + 1, 1, 2, · · · , k − 2, i, i + 1, · · · , n)

is a matching in L.

5



Proof. First we choose a chain C of maximal length (|J(L)|). The smallest element of C is 0.
In order to obtain the successor of a tree T , we apply the rotation transformation on the rightmost
occurrence of 2© in the Polish notation of T . For example in B5, we obtain the maximal chain:
11111 → 11112 → 11113 → 11123 → 11124 → 11134 → 11234 → 11235 → 11245 → 11345 → 12345.
See also the bold path in Figure 2. The non-unit trees of this maximal chain can be characterized by
a weight sequence of the form:

ck,l = (1, · · · , 1︸ ︷︷ ︸
k

, 1, 2, · · · , l︸ ︷︷ ︸
l

, l + 2, l + 3, · · · , n − k + 1) (1)

with k ≥ 1, l ≥ 1 and k + l ≤ n. Let denote c0,n = (1, 2, · · · , n) = w1.
As in the case of the previous distributive lattice, we construct a non-decreasing one-to-one map f

between J(L)∪{0} and the chain C and then a non-increasing one-to-one map g between M(L)∪{1}
and this chain C. For the first bijection s, we associate to an element j of J(L) ∪ {0} the smallest
element of the chain such that j ≤ s(j) . This allows us to define f between J(L) ∪ {0} and C by
f(0) = w0 = cn−1,1, if 2 < k ≤ i then f((1, 1, · · · , 1, 1︸ ︷︷ ︸

i−1

, k, 1, 1, · · · , 1)) = (1, · · · , 1︸ ︷︷ ︸
i−k+1

, 1, 2, · · · , k − 2︸ ︷︷ ︸
k−2

, k, k+

1, · · · , n − i + k) = ci−k+1,k−2

and f((1, 1, · · · , 1︸ ︷︷ ︸
i−1

, 2, 1, · · · , 1)) = (1, 1, · · · , 1︸ ︷︷ ︸
i−1

, 2, 3, · · · , n − i + 2) = ci−2,n−i+2

Similarly, we associate to an element of M(L) ∪ {1} the greatest element of the chain which is
lower than it. The second non-increasing bijection g is therefore defined between M(L) ∪ {1} and C
by:

g(1) = 1 and if k ≥ 1, l ≥ 1 (k + l ≤ n) then g((1, 2, · · · , k, 1, 2, · · · , l, k + l + 1, · · · , n)) =
(1, · · · , 1︸ ︷︷ ︸

k

, 1, 2, · · · , l︸ ︷︷ ︸
l

, l + 2, l + 3, · · · , n − k + 1) = ck,l.

The inverse function is therefore a non-decreasing one-to-one map and is defined by : g−1(1) = 1

and g−1(ck,l) = (1, 2, · · · , k − 1, k︸ ︷︷ ︸
k

, 1, 2, · · · , l︸ ︷︷ ︸
l

, k+ l−1, · · · , n). Thus σ = g−1 ◦f constitutes a matching

in L.

4 MATCHINGS IN LATTICES OF NONCROSSING PARTITIONS

A partition B1/B2/ . . . /Bk of {1, 2, . . . , n} is called noncrossing if there do not exist four numbers
a < b < c < d such that a, c ∈ Bi and b, d ∈ Bj with i 6= j. For example 12579/34/6/8 is a noncrossing
partition of {1, 2, . . . , 9} (ncp in short) while 13568/2479 is crossing. We denote NCn the set of all
ncp of {1, 2, . . . , n}. We have |NCn| = cn. The refinement order ≤ is defined on NCn in the following
manner: two ncp p and p′ satisfy p ≤ p′ if every block of p is a subset of some block of p′. NCn

is a graded lattice under refinement with 0 and 1 [3, 7, 17, 18]. We have 0 = 1/2/3/ . . . /n and
1 = 123 . . . n. The following characterizations can be proved easily:

Theorem 10 p is a join-irreducible element of NCn iff p = B1/B2/ . . . /Bn−1 with |B1| = 2 and
|Bi| = 1 for 2 ≤ i ≤ n − 1. p is a meet-irreducible element of NCn iff p = B1/B2.

Theorem 11 The map σ : J(L) −→ M(L) defined by :
σ({i, n} /

j /∈{i,n}
{j}) = {i + 1}/{j, j 6= i + 1} for i ∈ [1, n − 2]
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Figure 2: The Tamari lattice B4

σ({n − 1, n} /
j /∈{n−1,n}

{j}) = {1}/{j, j 6= 1}

σ({i, j} /
k/∈{i,j}

{k}) = {i, i + 1, · · · , j}/{k, k /∈ [i, j]} for 1 ≤ i < j ≤ n − 1

is a matching in NCn.

Proof. We just need to verify the surjectivity of σ. Let A = A1/A2 be a ncp in M(L). If there
exists i ∈ {1, 2} such that |Ai| = 1, by definition of σ, A is in the range of σ. Let us suppose now that
there does not exist i ∈ {1, 2} such that |Ai| = 1 and that n is in the block A2. Let i = min{k ∈ A1}
and j = max{k ∈ A1}. Thus, we obtain i < j < n. Now, according to the definition of a ncp, there
is no element c in A2 such that i < c < j < n. This implies that all integers between i and j are in
A1. So, we can write A1 = {i, i + 1, · · · , j}. Therefore, we have σ({i, j} /

k/∈{i,j}
{k}) = {i, i + 1, · · · , j}/

{k, k /∈ [i, j]} and thus σ is a bijection.
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Gray Code for Cayley Permutations
J.-L. Baril

Abstract
A length-n Cayley permutation p of a total ordered set S is

a length-n sequence of elements from S, subject to the condition
that if an element x appears in p then all elements y < x also
appear in p. In this paper, we give a Gray code list for the set of
length-n Cayley permutations. Two successive permutations in
this list di�er at most in two positions.

Keywords : Weak-order, Gray Code, Permutations, Combinations.

1 Introduction and de�nitions
A Gray code for a class of combinatorial objects is an ordered list for the
objects of the class such that two successive objects di�er in a `small
prespeci�ed way', see for example Carla Savage [Sav89].

Let S = {a1, . . . , an} be a total ordered set with a1 < a2 < . . . < an.
A length-n Cayley permutation (C-permutation) p of S is a length-n
sequence p = p1 p2 . . . pn of elements from S satisfying the following
property: if for any i, ai appears in p, then all elements aj , j < i, also
appear in p. In fact, S may contain more than n elements, but in any
C-permutation of length-n only the �rst n elements of S can appear.
For example, if S is the set of natural numbers, then there are thirteen
C-permutations of length three: 000, 001, 011, 012, 010, 021, 101, 102,
100, 201, 110, 120, 210. Without any loss of generality we will consider
only the C-permutations of the set of natural numbers.

Cayley permutations have many interesting combinatorial interpre-
tations; some of the more natural ones are the weak-orders. Recall
that a weak-order is a relation ≤ that is transitive (if x ≤ y and y ≤
c©2003 by J.-L. Baril
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z then x ≤ z) and complete (x ≤ y or y ≤ x always holds ). We can
write x ≡ y if x ≤ y and y ≤ x, and we note x < y if x ≤ y and
y � x. There exists a one-to-one map between C-permutations of
length-n and the weak-orders on n elements. Indeed, a C-permutation
p = p1 p2 . . . pn of length-n can represent the weak-order on the set
{1, 2, . . . , n} de�ned as follows: j is preceded by exactly pj signs <.
For example, the thirteen weak-orders on three elements {1, 2, 3} are:
1 ≡ 2 ≡ 3, 1 ≡ 2 < 3, 1 < 2 ≡ 3, 1 < 2 < 3, 1 ≡ 3 < 2, 1 < 3 < 2,
2 < 1 ≡ 3, 2 < 1 < 3, 2 ≡ 3 < 1, 2 < 3 < 1, 3 < 1 ≡ 2, 3 < 1 < 2,
3 < 2 < 1.

We may also regard C-permutations as certain classes of trees called
Cayley trees [Cay91], as multipartite compositions, or as the di�erent
ways in which n di�erent things can be distributed into an unknown
number of di�erent parcels without blank lot [Gro62].

If we note Wn the set of all C-permutations of length-n, for wn =
card(Wn), this gives [Gro62]:

wn =
∞∑

i=1

2−(i+1) × in,

or recursively

wn =
n−1∑

i=0

(
n

i

)
× wi, for n ≥ 1 with w0 = 1 (1)

where
(
n
i

)
represent the cardinality of the set Cn,i of all i-combinations

of [n] = {0, 1, . . . , n − 1}. Moreover wn
n! is the coe�cient of xn in the

series of (2− ex)−1 [Cay91]. M. More and A.S. Fraenkel [FM84] gave
lexicographic generating and ranking algorithms for C-permutations.

Various studies have been made on Gray codes and generation al-
gorithms for permutations and their restrictions (with given ups and
downs [vBR92], [Kor01], involutions [Wal01], and derangements [BVar])
or their generalizations (multiset permutations [Vaj]). In this paper, we
give a Gray code list for the set of C-permutations of length-n verifying
that two successive elements in the list di�er at most in two positions.
The aim of this article is twofold. One is to propose the �rst Gray code
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for Cayley permutations and thus provide new insights into the com-
binatorics of particular classes of permutations. The other is to show
how the shu�e constructor enables us to obtain new Gray codes and
generating algorithms from similar results for simpler objects.

For a set L of length-n sequences we denote by L an ordered list of
all sequences in L. We note first(L) and last(L) the �rst and the last
element of the list L respectively. The rank of an element of L is the
number of elements which precede it, and so the rank of first(L) is 0.
L is the list obtained by reversing L, and more generally L(i) is the list
L if i is even and L if i is odd ; if L1, ..., Ln are n (n > 1) lists then
©n

i=1Li = L1 ◦ . . . ◦ Ln is their concatenation.

2 The Gray code
Our construction of a Gray code for the set Wn of length-n C-
permutations is based on the combinatorial proof of the relation above
(1). Indeed, if we assume thatW0 contains only the empty word λ then
each element u of Wn (n ≥ 1) can be recursively constructed from a
length-i C-permutation v (0 ≤ i ≤ n− 1) and an i-combination c of n
objects. In addition, v and c are unique.

More formally, let 0 ≤ i ≤ n− 1 and
• c = c1 c2 . . . cn be the binary representation of an i-combination

of n objects,
• v = v1 v2 . . . vi be a C-permutation of length-i.
We de�ne a C-permutation of length-n, u = u1 u2 . . . un, denoted

by (c, v), where each uk, 1 ≤ k ≤ n, is de�ned as:

uk =

{
0 if ck = 0

vj + 1 if ck = 1 is the jth 1 in c.

Note that the number of 1s in c equals the length of v, and in particular
if there are no 1s in c then (c, λ) = 0 0 . . . 0 = c.
For example, if i = 5, n = 8, c = 0 1 1 0 0 1 1 0 1 0 and v = 1 3 0 2 1
then (c, v) = 0 2 4 0 0 1 3 0 2 0.
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We call (c, v) the shu�e of c by v, and c is the trajectory of v in
(c, v); see also [Vaj] where Vajnovszki gives a more general de�nition

for the shu�e operator over combinatorial objects.
If Cn,i denotes the set of all i-combinations of n objects in binary

sequence representation, we have:

Theorem 1 For n ≥ 1,

(1 ) : Cn,i ×Wi ↪→Wn is a one-to-one map for 0 ≤ i ≤ n− 1

(2 )
n−1⋃
i=0

Cn,i ×Wi is isomorphic to Wn.

Proof : (1) Let c, c′ ∈ Cn,i; v, v′ ∈ Wi; and u = (c, v), u′ = (c′, v′).
If u = u′ then uk = 0 i� u′k = 0 and so c = c′. By a simple translation
we have v = v′.

(2) it is su�cient to prove that each C-permutation of length-n can
be uniquely constructed by the shu�e operation from an appropriate
combination c and a C-permutation of length smaller than n.

Let u ∈Wn, and we construct the binary sequence c = c1 . . . cn as:

ck =

{
0 if uk = 0
1 otherwise ∀1 ≤ k ≤ n.

Let i be the weight of c (the number of ones in c), and we de�ne
v = v1 . . . vi ∈ Wi as: for 1 ≤ k ≤ i, vk = uj − 1 if uj is the kth non
zero element in u. We can see that u = (c, v). The uniqueness of the
decomposition is obtained by the �rst point of the present theorem.

2

Now, we extend the shu�e operation to lists of C-permutations
and lists of combinations. If L = `1, `2, `3, . . . is a list of length-i C-
permutations (i ≥ 1) and c ∈ Cn,i then (c,L) is the ordered list

(c, `1) ◦ (c, `2) ◦ (c, `3) ◦ . . . = ©
`∈L

(c,L) and obviously we have:

(c,L) = ©
`∈L

(c, `) = ©
`∈L

(c, `).

Moreover, if C = c1, c2, . . . is a list of combinations in Cn,i then
(C,L) is the list (c1,L) ◦ (c2,L) ◦ (c3,L) . . .. More formally:
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(C,L) = ©
c∈C

(c,L(s)) = ©
c∈C

©
`∈L(s)

(c, `) (2)

where s is the rank of c in C.

Lemma 1

(C,L) =





(C,L) if card(C) is odd

(C,L) if card(C) is even

Proof : Suppose that card(C) is odd. Then:

(C,L) = ©
c∈C

©
`∈L(s)

(c, `)

= ©
c∈C

©
`∈L(s)

(c, `),

where s is the rank of c in C. If we denote by r the rank of c in C then
r = card(C)−s+ 1. Since card(C) is odd, r = s mod 2 and

(C,L) = ©
c∈C

©
`∈L(r)

(c, `)

= (C,L).

When card(C) is even the proof is similar. 2

Now, let d be the Hamming distance on length-n sequences. A 2-
Gray code for a set S is a list S for this set where any two successive
sequences s and s′ verify d(s, s′) ≤ 2. When S is a 2-Gray code for a
set of combinations in binary sequence representation, we say that S is
homogeneous if S is a 2-Gray code, all pairs of successive sequences of S
di�er by a transposition of two bits, and bits between those transposed
are 0s.

Lemma 2 Let C be a homogeneous Gray code for a set C ⊂ Cn,k of
combinations in binary sequence representation and L a 2-Gray code
for a set L ⊂ Wk of Cayley permutations. Then the list (C,L) is a
2-Gray code.

128



Gray Code for Cayley Permutations

Proof : Let u, u′ be two successive elements of the list (C,L). There
are as a whole two cases:

1) u and u′ are de�ned from the same combination c ∈ C and two
successive elements v and v′ of L that are u = (c, v), u′ = (c, v′).
Since L is a 2-Gray code (d(v, v′) ≤ 2) and u and u′ are de�ned along
the same trajectory c, d(u, u′) ≤ 2.

2) The two successive elements u and u′ are de�ned by two com-
binations c and c′ and only one C-permutation v that is u = (c, v),
u′ = (c′, v). Since c and c′ are successive in C and C is homogeneous,
c and c′ di�er in exactly two positions, say i and j, and ck = c′k = 0
for i < k < j. Thus uk = u′k = 0 for i < k < j, ui = u′j , and uj = u′i.
2

In order to de�ne our Gray code for C-permutations, we need a
homogeneous Gray code for the set Cn,k of combinations in binary se-
quence representation.

Various Gray codes are given for combinations, but one of them,
as de�ned by Ruskey, is more interesting for our purpose. It's crucial
that the code is homogeneous which is the case when the Gray code is
two-close. More precisely, we use the following Gray code, which is a
slight variation of Ruskey's Gray code, where each binary sequence is
reversed (see Vajnovszki and Walsh [VW02]):

Cn,k =

=





1n if k = n
0n if k = 0
0.1n−1 ◦ 1 Cn−1,k−2 if k = n− 1

0 Cn−1,1 ◦ 1 0n−1 if k = 1

0 Cn−1,k ◦ 1 0 Cn−2,k−1 ◦ 1 1 Cn−2,k−2 if 1 < k < n− 1 .

(3)

Property 1 [Rus93] The list Cn,k de�ned by (3) satis�es the properties:

(1) Cn,k is a list of all k-combinations of [n]
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(2) first(Cn,k) = 0 1k 0n−k−1

(3) last(Cn,k) = 1k 0n−k

(4) The list Cn,k is a two-close 2-Gray code.

Let Wn be the list for the set Wn and φn,k the sequence de�ned by
φn,n−1 = 0 and for 1 ≤ k ≤ n− 1

φn,n−k−1 = φn,n−k +

(
n

n− k

)
.

For k ≥ 0, we denote by Vk the list W(φn,k)
k and de�ne recursively

the list of all C-permutations by W0 = λ and for n ≥ 1

Wn = (C(0)
n,n−1,Vn−1) ◦ (C(1)

n,n−2,Vn−2) ◦ . . .

. . . ◦ (C(n−2)
n,1 ,V1) ◦ (C(n−1)

n,0 ,V0)

=©n−1
k=0 (C(k)

n,n−1−k,Vn−1−k) =

=©n−1
k=0 (C(k)

n,n−1−k,W
(φn,n−1−k)
n−1−k )

(4)

In table 1 we give the list for the set W4:

Table 1: The list
W4 = (C(0)

4,3 ,W
(0)
3 ) ◦ (C(1)

4,2 ,W
(4)
2 ) ◦ (C(2 )

4 ,1 ,W
(10 )
1 ) ◦ (C(3)

4,0 ,W
(14)
0 ).

The �rst �fty two elements form the sublist (C(0)
4,3 ,W

(0)
3 ); the sub-

list (C(1)
4,2 ,W

(4)
2 ) is in boldface; the sublist (C(2)

4,1 ,W
(10)
1 ) is in italic .

The last element is the single element list (C(3)
4,0 ,W

(14)
0 ).
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1. 0123 14. 1011 27. 1203 40. 1110 53. 1200 66. 0201
2. 0132 15. 1021 28. 1302 41. 1210 54. 2100 67. 0101
3. 0122 16. 1012 29. 1202 42. 1120 55. 1100 68. 0110
4. 0212 17. 2011 30. 2102 43. 2110 56. 1010 69. 0210
5. 0312 18. 2021 31. 3102 44. 2210 57. 2010 70. 0120
6. 0213 19. 3021 32. 2103 45. 3210 58. 1020 71. 0100
7. 0231 20. 2031 33. 2301 46. 2310 59. 1002 72. 0001
8. 0321 21. 2013 34. 3201 47. 2130 60. 2001 73. 0010
9. 0221 22. 3012 35. 2201 48. 3120 61. 1001 74. 1000

10. 0211 23. 2012 36. 2101 49. 2120 62. 0011 75. 0000
11. 0112 24. 1022 37. 1102 50. 1220 63. 0021
12. 0121 25. 1032 38. 1201 51. 1320 64. 0012
13. 0111 26. 1023 39. 1101 52. 1230 65. 0102

Property 2 For n ≥ 1

(1) first(Wn) = 0 1 2 . . . n− 1

(2) last(Wn) = 0 0 . . . 0

(3) Two successive elements of the list Wn di�er in at most two
positions.

Proof : By De�nition 2 of the list Wn, we have first(W1) =
last(W1) = 0 and for n ≥ 1, last(Wn) = 0 0 . . . 0. The recurrence
on n ≥ 1 completes the proof:

first(Wn) = first( (Cn,n−1,Wn−1))
= first( (Cn,n−1, first(Wn−1))
= (0 1 1 . . . 1, 0 1 2 . . . n− 2)
= 0 1 2 3 . . . n− 1.

For the third point of the property, Lemma 2 proves that each block
(C(k)

n,n−1−k,W
(φn,n−1−k)
n−1−k ) is a 2-Gray code.

In order to prove this, we must verify that the last element
of the list (C(k+1)

n,n−k,W
(φn,n−k)
n−k ) and the �rst element of the list

(C(k)
n,n−1−k,W

(φn,n−1−k)
n−1−k ) di�er in at most two positions.
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There are four cases :
• k is even and φn,n−1−k is even. Then we have:

first( (C(k)
n,n−1−k,W

(φn,n−1−k)
n−1−k )) = (first(Cn,n−1−k), first(Wn−1−k))

= 0 1 2 . . . (n− 1− k) 0k

and since φn,n−k = φn,n−1−k − ( n
n−k) then

last( (C(k+1)
n,n−k,W

(φn,n−k)
n−k )) = (last(Cn,n−k), last(Wn−k))

= 0 1 2 . . . (n− 1− k) (n− k) 0k−1.
(5)

• k is odd and φn,n−1−k is even:

first( (C(k)
n,n−1−k,W

(φn,n−1−k)
n−1−k )) = (first(Cn,n−1−k), first(Wn−1−k))

= 1 2 . . . (n− 1− k) 0k+1

and

last( (C(k+1)
n,n−k,W

(φn,n−k)
n−k )) = (last(Cn,n−k), last(Wn−k))

= 1 2 . . . (n− 1− k) (n− k) 0k.
(6)

• k is even and φn,n−1−k is odd:

first( (C(k)
n,n−1−k,W

(φn,n−1−k)
n−1−k )) = (first(Cn,n−1−k), first(Wn−1−k))

= 0 1n−1−k 0k

and

last( (C(k+1)
n,n−k,W

(φn,n−k)
n−k )) = (last(Cn,n−k), last(Wn−k))

= 0 1n−k 0k−1.
(7)

• k is odd and φn,n−1−k is odd:

first( (C(k)
n,n−1−k,W

(φn,n−1−k)
n−1−k )) = (first(Cn,n−1−k), first(Wn−1−k))
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= 1n−1−k 0k+1

and

last( (C(k+1)
n,n−k,W

(φn,n−k)
n−k )) = (last(Cn,n−k), last(Wn−k))

= 1n−k 0k.
. (8)

2

3 Algorithmic considerations
In this part we explain how the recursive de�nition (4) can be imple-
mented into e�cient generating algorithms. Such algorithms already
exist for combinations [EM][RP90], so we will just give the main di�-
culties inimplementing ours.

Successive C-permutations are stored in an array w, and a loop
statement generates the sublists Lk = (C(k)

n,n−1−k,W
(φn,n−1−k)
n−1−k ) for 0 ≤

k ≤ n− 1. For each list Lk, we use an algorithm from Vajnovszki and
Walsh [VW02] to generate the two-close list C(k)

n,n−1−k such that there is
a constant number of computations between successive combinations.
So, for each (n−1−k)-combination c of length-n we produce recursively
the list Wn−1−k or Wn−1−k according to the parity of φn,n−1−k and to
the rank of c in C(k)

n,n−1−k.
In order to store the di�erent combinations c for each level of recur-

sivity, we use (n−1) global arrays Ti (1 ≤ i ≤ n−1). More precisely, if
c = c1 c2 . . . ck is a combination in integer sequence representation, the
array Ti is de�ned by: Ti[0] = c1, for 1 ≤ j ≤ k − 1 Ti[cj ] = cj+1 and
Ti[ck] = n+1. In fact, Ti[cj ] is the position of the (j+1)th entry greater
than (i−1) in the current C-permutation w. Notice that Ti corresponds
to a combination on the trajectory de�ned by Ti−1. The interest of this
representation of combinations is that between two consecutive combi-
nations on the level i we need to change at most one value in the array
Ti, and we don't modify the others. Likewise, between two lists Lk, we
need to modify only one entry on one array Ti. This structure allows
us to assure that this algorithm transforms an object into its successor
in a constant amortized time.
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More precisely, this can be implemented as follows:
- initialize a global array w by first(Wn) = 0 1 2 . . . n− 1

- initialize (n−1) global arrays T1, T2, . . . , Tn according to first(Wn)

- For k from n− 1 downto 0

- while Tn−k 6= last(C(k)
n,n−1−k) do

- Tn−k = succ(Tn−k)

- call resursively the algorithm on the trajectory Tn−k

- modify the array Tn−k according to the relations (5) (6) (7)
(8)

The time complexity of this algorithm is proportional to the total
number of recursive calls. The number of calls of degree 1 is at most
wn, and the others calls have a degree of at least 2. So, we have the
following inequality:

number of recursive calls

number of generated objects
≤ 3,

which proves that the complexity is linear in the number of gener-
ated words.

4 Concluding remarks
Our Gray code veri�es that two successive elements di�er in at most
two positions i and j (i < j) without more restrictions on these indices.
Are there a similar Gray code Wn and constant c (independent of n)
such that i and j verify the |i − j| < c? Moreover, we do not �nd a
Gray code verifying that two successive elements of the list di�er in
only one position. However, if we denote by even(Wn) the number
of C-permutations w = w1 . . . wn ∈ Wn verifying

n∑
i=1

ci is even, and
odd(Wn) = wn−even(wn), we verify easily that for n ≥ 3 : even(Wn) <
odd(Wn) − 2. This inequality proves that there is no Gray code such
that two successive elements di�er in only one position and the entry
on this position di�ers by one.
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Abstract

We give a Gray code and constant average time generating algorithm for derangements, i.e.,
permutations with no 0xed points. In our Gray code, each derangement is transformed into its
successor either via one or two transpositions or a rotation of three elements. We generalize
these results to permutations with number of 0xed points bounded between two constants.
? 2003 Elsevier B.V. All rights reserved.

Keywords: Restricted permutations; Gray codes; Generating algorithms

1. Introduction

Various studies have been made on Gray codes and generating algorithms for per-
mutations and their restrictions (with given ups and downs [9,11] or inversions [6,17],
involutions, and 0xed-point free involutions [18]) or their generalizations (multiset per-
mutations [8,16]). See [7,13] for surveys of permutation generation methods.

A length-n derangement (or rencontre or coincidence) is a permutation �∈ Sn with
no 0xed points, i.e., �(i) �= i for all i∈ [n]={1; 2; : : : ; n}. If Dn is the set of all length-n
derangements, then a recurrence relation for dn = card(Dn) is given by

dn = (n − 1)(dn−1 + dn−2) (1)

for n¿ 2, with d1 =0 and d2 =1; see for instance [4, p. 180] or [14, p. 67]. There are
sequential [1] and parallel [2, p. 650] algorithms for generating derangements in lexico-
graphic order. However, we know of no published algorithms for derangements in Gray
code order. Here, we present such an algorithm which is based on the combinatorial
proof of relation (1) above.
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We represent permutations in one-line notation; i.e., � = (i1; i2; : : : ; in) iF �(k) = ik ,
and if  = (1; 2; : : : ; n) is a length-n integer sequence, then  · � is the sequence
(�(1); �(2); : : : ; �(n)). As a particular case, when ∈ Sn then  ·�∈ Sn is their compo-
sition (or product).

Let i1; i2; : : : ; ik be k diFerent values in [n] = {1; 2; : : : ; n}, 16 k6 n. The cycle
� = 〈i1; i2; : : : ; ik〉 is the following permutation: �(i1) = i2, �(i2) = i3; : : : ; �(ik−1) = ik ,
�(ik)= i1, and �(j)= j for all j �= i‘, 16 ‘6 k. A length-two cycle is a transposition,
and each cycle can be written as a product of transpositions: 〈i1; i2; : : : ; ik〉 = 〈i1; ik〉 ·
〈i1; ik−1〉·: : :·〈i1; i2〉 for k¿ 2. Also, the composition of two cycles with disjoint domains
is commutative, and each permutation is the product of cycles with disjoint domains.
In a permutation ∈ Sn, transposing the positions i and j corresponds to the product
 · 〈i; j〉 and transposing the values x and y corresponds to the product 〈x; y〉 · .

For a length-n integer sequence �=(�(1); �(2); : : : ; �(n)) and a permutation � in Sn,
we say that � is the normal form of � if � is order-isomorphic to �, i.e., �(i)¡�(j)
if and only if �(i)¡�(j) for all 16 i; j6 n. In this case, all the elements of � are
distinct.

In the Gray code we give in the next section, a derangement is obtained from
the previous one via one or two transpositions, and, as a particular case when the
domains of the two transpositions are not disjoint, via a length-three cycle. In Section
3 this code is implemented as a generating algorithm and in Section 4 it is extended
for permutations with a given number of 0xed points and for permutations with the
number of 0xed points between two bounds.

A list L for a set L of integer sequences is an ordered list of the elements of
L. :rst(L) is the 0rst element and last(L) the last element on the list L; L is
the list obtained by reversing L, and obviously :rst(L) = last(L) and :rst(L) =
last(L); L(i) is the list L if i is even, and L if i is odd; if L1 and L2 are
two lists, then L1 ◦ L2 is their concatenation, and generally ©n

i=1Li is the list
L1 ◦L2 ◦ · · · ◦Ln.

2. The Gray code

In this section, 0rst we show how the set Dn can by recursively constructed from
Dn−1 and Dn−2, and then we extend this construction to lists of derangements in order
to obtain a Gray code.

Let � be a length-(n − 1) derangement, n¿ 3, and let i be an integer such that
16 i6 n − 1. If we denote by  the permutation in Sn obtained from � by replacing
the entry with value i by n and appending i in the last position, then  is a length-n
derangement with n not belonging to a transposition.

Similarly, let � be a length-(n− 2) derangement, n¿ 4, and let i be an integer such
that 16 i6 n − 1. If  denotes the permutation in Sn obtained from � by: (1) adding
one to each entry greater than or equal to i, (2) inserting n in position i, and 0nally, (3)
appending i in the last position, then  is a length-n derangement with n belonging to
a transposition (the transposition 〈i; n〉). Moreover, each length-n derangement, n¿ 4,
can be uniquely obtained by one of these constructions.
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More formally, for n¿ 0, let D′
n be the set of length-n derangements where n does

not belong to a transposition and D′′
n its complement, i.e., n belongs to a transposition.

Clearly, D′
1 = D′′

1 = D′
2 = ∅, and D2 = D′′

2 is the single derangement list (2; 1); and
D′

n ∪D′′
n is a two-partition of the set Dn of all length-n derangements. The functions �

and  de0ned below give a bijection between [n− 1]×Dn−1 and D′
n on the one hand

and between [n − 1] × Dn−2 and D′′
n on the other.

De�nition 1. (1) For n¿ 3, an integer i∈ [n − 1] and a derangement �∈Dn−1, we
de0ne a length-n permutation  = �n(i; �) by

(j) =





n if �(j) = i;

i if j = n;

�(j) otherwise:

(2) For n¿ 4, an integer i∈ [n−1] and a derangement �∈Dn−2, we de0ne a length-n
permutation  =  n(i; �) by

(j) =





i if j = n;

n if j = i;

�(j) if j¡ i and �(j)¡i;

�(j) + 1 if j¡ i and �(j)¿ i;

�(j − 1) if j¿ i and �(j − 1)¡i;

�(j − 1) + 1 if j¿ i and �(j − 1)¿ i:

With i and � as above, it is easy to see that

• �n(i; �)∈D′
n and �n : [n − 1] × Dn−1 → D′

n is a bijection; and
•  n(i; �)∈D′′

n and  n : [n − 1] × Dn−2 → D′′
n is a bijection.

So, for dn = card(Dn) we have dn = card(D′
n)+ card(D′′

n )= (n− 1)dn−1 + (n− 1)dn−2

which is a combinatorial proof of (1).
Conversely, we have.

Remark 2. If ∈Dn, n¿ 4, and i = (n), then

(1) if (i) �= n (n is not in a transposition in ) then =�n(i; �) with � the permutation
represented by the 0rst n − 1 entries of 〈i; n〉 · ;

(2) if (i) = n (n is in a transposition in ) then  =  n(i; �) with � the permutation
represented by the normal form of the sequence ((1); (2); : : : ; (i − 1); (i +
1); : : : ; (n − 1)).

In the following we will omit the subscript n for the functions � and  , and it should
be clear by context. Also, we extend the functions � and  in a natural way to sets and
lists of derangements. For i∈ [n − 1] and L a list of length-(n − 1) derangements we
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Fig. 1. The list Dn: (a) n is even, (b) n is odd.

have �(i;L)=�(i;L), �(i; :rst(L))=:rst(�(i;L)), and �(i; last(L))=last(�(i;L)).
Similar results hold for the function  .

Let Dn be the list for the set Dn de0ned by

Dn = �(1;Dn−1) ◦  (1;Dn−2);

◦ (2;Dn−2) ◦ �(2;Dn−1);

◦�(3;Dn−1) ◦  (3;Dn−2);

...

=
n−1
©
i=1

(�(i;Dn−1) ◦  (i;Dn−2))(i+1)

(2)

for n¿ 3, anchored by D1 =  (1; ∅) =  (2; ∅) = ∅ and D2 = (2; 1).
In Fig. 1 below, the list Dn is illustrated for even and odd n by a path, where going

down means generating a sublist in direct order and going up means generating it in
reverse order.

Let fn denote the 0rst derangement in the list Dn and ‘n denote the last one. The
following lemma evaluates fn and ‘n for all n.

Lemma 3. If n¿ 3 then

(1) fn = (2; 3; : : : ; n − 1; n; 1);

(2) ‘n =

{
(2; 3; : : : ; n − 2; n; 1; n − 1) if n is odd;

(2; 3; : : : ; n − 2; 1; n; n − 1) if n is even:

Proof. (1) fn = �(1; fn−1), and by the induction hypothesis, fn = �(1; (2; 3; : : : ;
n − 1; 1)) = (2; 3; : : : ; n − 1; n; 1).
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(2) If n is odd, then

‘n = last(�(n − 1;Dn−1) ◦  (n − 1;Dn−2))

= :rst(�(n − 1;Dn−1))

=�(n − 1; fn−1)

= (2; 3; : : : ; n − 2; n; 1; n − 1):

If n is even, then

‘n = last(�(n − 1;Dn−1) ◦  (n − 1;Dn−2))

= last( (n − 1;Dn−2))

=  (n − 1; fn−2)

= (2; 3; : : : ; n − 2; 1; n; n − 1):

Note that fn(j) = ‘n(j) = j + 1 for all j = 1; 2; : : : ; n − 3.
The next lemma ensures a smooth transition between the sublists in relation (2),

namely between: (i) the list  (i;Dn−2) and  (i + 1;Dn−2), with i odd; (ii) the list
�(i;Dn−1) and �(i+1;Dn−1) with i even; and (iii) the list �(i;Dn−1) and  (i;Dn−2),
or equivalently, the list  (i;Dn−2) and �(i;Dn−1). More precisely, successive derange-
ments in Dn diFer either by one or two transpositions or by a circular shift of three
elements (See Table 1 for two examples).

Lemma 4. (i) If n¿ 4 then

 (i + 1; fn−2) =

{
 (i; fn−2) · 〈i − 1; n〉 · 〈i; i + 1〉 if 1¡i6 n − 2;

 (i; fn−2) · 〈1; 2〉 · 〈n − 1; n〉 if i = 1
(3)

Table 1
The lists D4 and D5

D4 D5

1 2341 1 23451 12 35412 23 25413 34 23154
2 3421 2 34251 13 45132 24 54213 35 31254
3 4321 3 43251 14 51432 25 45213 36 21534
4 3412 4 34521 15 41532 26 54123 37 51234
5 3142 5 35421 16 54132 27 51423 38 25134
6 4312 6 43521 17 43152 28 45123 39 53124
7 2413 7 24531 18 31452 29 24153 40 31524
8 4123 8 45231 19 34152 30 41253 41 35124
9 2143 9 25431 20 43512 31 21453 42 53214

10 54231 21 34512 32 41523 43 35214
11 53421 22 53412 33 24513 44 23514

In D5 the sublists �(i;D4) and  (i;D3), in direct or reverse order, for some i, 16 i6 4, are in bold-face
and italic, respectively.
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or, conversely, by reading this relation left-to-right and replacing i by i − 1,

 (i − 1; fn−2) =

{
 (i; fn−2) · 〈i − 2; n〉 · 〈i − 1; i〉 if 2¡i6 n − 1;

 (i; fn−2) · 〈1; 2〉 · 〈n − 1; n〉 if i = 2:
(4)

(ii) If n¿ 3 then

�(i + 1; fn−1) =

{
�(i; fn−1) · 〈n; i; i − 1〉 if 1¡i6 n − 2;

�(i; fn−1) · 〈1; n − 1; n〉 if i = 1
(5)

or, conversely and by replacing i by i − 1,

�(i − 1; fn−1) =

{
�(i; fn−1) · 〈i − 2; i − 1; n〉 if 2¡i6 n − 1;

�(i; fn−1) · 〈n; n − 1; 1〉 if i = 2:
(6)

(iii) If n= 4

 (i; ‘2) =

{
�(i; ‘3) · 〈i; i + 1〉 if i �= 3;

�(i; ‘3) · 〈1; 3〉 if i = 3:
(7)

If n¿ 5

 (i; ‘n−2) =





�(i; ‘n−1) · 〈n − 2; n − 3; 1〉 if i = 1; n even;

�(i; ‘n−1) · 〈1; n − 3; n − 2〉 if i = 1; n odd;

�(i; ‘n−1) · 〈i − 1; i〉 · 〈n − 3; n − 2〉 if 26 i6 n − 4;

�(i; ‘n−1) · 〈n − 2; n − 3; n − 4〉 if i = n − 3;

�(i; ‘n−1) · 〈n − 4; n − 3; n − 1〉 if i = n − 2;

�(i; ‘n−1) · 〈n − 4; n − 2〉 · 〈n − 3; n − 1〉 if i = n − 1; n even;

�(i; ‘n−1) · 〈n − 1; n − 2; n − 4〉 if i = n − 1; n odd;
(8)

or conversely

�(i; ‘n−1) =  (i; ‘n−2) · �−1 (9)

with � the permutation which occurs in the corresponding case in relation (7) or (8).
So, for example, if n¿ 5, i = n − 1 then:

• �(i; ‘n−1)= (i; ‘n−2) · 〈n−4; n−2〉 · 〈n−3; n−1〉 if n is even (in this case �=�−1),
• �(i; ‘n−1) =  (i; ‘n−2) · 〈n − 1; n − 4; n − 2〉 if n is odd.
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Proof. The proof is direct, and consists essentially of checking each case. For brevity,
we do not give the proof of (iii) which is similar to the 0rst two cases.

(i) If 1¡i6 n − 2 then

 (i + 1; fn−2) = (2; : : : ; i − 1; i; i + 2; n; i + 3; : : : ; 1; i + 1);

 (i; fn−2) = (2; : : : ; i − 1; i + 1; n; i + 2; i + 3; : : : ; 1; i)

and if i = 1 then

 (2; fn−2) = (3; n; 4; : : : ; n − 1; 1; 2);

 (1; fn−2) = (n; 3; 4; : : : ; n − 1; 2; 1);

where the little numbers are indices of array elements.
(ii) If 1¡i6 n − 2 then

�(i + 1; fn−1) = (2; : : : ; i − 1; i; n; i + 2; : : : ; 1; i + 1);

�(i; fn−1) = (2; : : : ; i − 1; n; i + 1; i + 2; : : : ; 1; i)

and if i = 1 then,

�(2; fn−1) = (n; 3; : : : ; n − 1; 1; 2);

�(1; fn−1) = (2; 3; : : : ; n − 1; n; 1):

Corollary 5. Successive derangements in Dn di=er at most in four positions.

Note that Dn is a cyclic Gray code.

3. Generating algorithm

The de0nition given by (2) says that Dn is the concatenation of many lists, which
are all similar in some sense to Dn−1 or Dn−2. This result is formalized in Lemma 9
below, and our generating algorithm for Dn is based on it. Now we give some technical
de0nitions.

Two lists are isomorphic if, in the 0rst list, a sequence is transformed into its
successor via the same permutation as the corresponding sequence in the second list
is transformed into its successor; and two lists are similar if after erasing the constant
entries in the 0rst list, and possibly reversing it, the lists become isomorphic. More
formally.

De�nition 6. Let L and S, respectively, be a list of length-n integer sequences and
a list of permutations in Sn. We say that L is isomorphic to S if:

(1) the lists contain the same number of sequences, say p,
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Table 2
A is isomorphic to D4 and B = �(2;D4) is {1; 2; 3; 4}-similar to D4

D4 A B

2341 5341 51432
3421 3451 41532
4321 4351 54132
3412 3415 43152
3142 3145 31452
4312 4315 34152
2413 5413 43512
4123 4153 34512
2143 5143 53412

Note that A is the reverse of the list obtained by erasing the last entry of each sequence in B.

(2) for all 16 j¡p, if  (resp. �) is the jth sequence in L (resp. permutation in
S) and ′ (resp. �′) is its successor in L (resp. S) then ′ =  · �, where � is
such that �′ = � · �.

De�nition 7. For a length-n integer sequence list L, a set T ⊆ [n] with card(T ) =
m6 n, and a length-m permutation list S, we say that L is T -similar to S if:

(1) for all i∈ [n] \ T , the entry in position i has constant value throughout the list L,
(2) after erasing all entries in positions i∈ [n] \T in each sequence in L the obtained

list is isomorphic to S or to S.

In the list L, indices in T and their corresponding entries are called active (relative
to S).

Clearly, if L is isomorphic to S then L is [n]-similar to S. See Table 2 for an
example of isomorphic and similar lists.

Lemma 8. If n¿ 2 then

(1) for 16 i6 n the list �(i;Dn) is {1; 2; : : : ; n}-similar to Dn,
(2) for 16 i6 n+1 the list  (i;Dn) is {1; 2; : : : ; i− 1; i+1; : : : ; n+1}-similar to Dn.

Proof. Clearly, each derangement in �(i;Dn) has its last position, the (n + 1)th one,
equal to i. Consider  in �(i;Dn) and � in Dn with =�(i; �). Then ′ =�(i; �′) with
′ and �′ the successor of  and �, respectively, and the result holds by considering
the form of � and �′ given in point (1) of Remark 2. (2) This proposition is proved
similarly, by considering the point (2) of Remark 2.

For U ⊂ T ⊆ [n] we say that U is a child-subset (or c-subset) of T if: (1) the
largest element of T is not in U , and (2) 16 card(T \ U )6 2.
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Fig. 2. Generating derangements in Gray code order.

Lemma 9. Let L be a length-n sequence list, T ⊆ [n], and m= card(T )¿ 4. If L is
T -similar to the derangement list Dm then L=L1 ◦L2 ◦ · · · ◦L2(m−1) where each
sublist Lj is Uj-similar to the derangement list Dcard(Uj), with Uj a c-subset of T .

Proof. By Lemma 8 above and applying recursively relation (2).

Obviously, Dn is {1; 2; : : : ; n}-similar to itself and the procedure gen up in Fig.
2 generates the list Dn according to the lemma above: the lists Lj are produced
iteratively, and each of them is generated recursively. So, each call of this procedure
0lls up entries with indices in an active set T ⊆ [n] associated with it, and in a
recursive call T is replaced by a c-subset of T .

In our algorithm, the set T of active indices is represented by four global variables:
the integers head and tail and the arrays succ and pred, de0ned as follows. If at
a computational step T = {i1; i2; : : : ; ik}, then head = i1, tail = ik , succ[ij] = ij+1 and
pred[ij] = ij−1.
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If the active set associated with the current call is T , then the call of gen up(j; t; run)
initiated by the current call generates a sublist that is U -similar to Dj, where

U =

{
T \ {tail} if t = �;

T \ {run; tail} if t =  

(recall that tail=max(T )).
Less formally, gen up(j; �; run) produces a ‘�(i;Dj)-like’ list, and gen up(j;  ; run)

produces a ‘ (i;Dj)-like’ list (see relation (2)), where run is the ith element in the
set T . The call of gen down works as gen up except Dj is replaced by Dj.

For a simpler expression of the generating algorithm we consider initially the active
set T = [n+1], and each call begins by removing tail, the largest element in T . Thus,
before the 0rst call of the generating procedure, the variables which correspond to T
are: head = 1, tail = n + 1, succ[i] = i + 1 for 16 i6 n, and pred[i] = i − 1 for
26 i6 n+ 1. The current derangement is stored in a global variable d, initialized by
d= :rst(Dn).
The main call gen up(n; �; 0) produces the list Dn, n¿ 3, and the value r = 0 is

for convenience; in fact when t = � the value of r is not required. The procedure
which generates the reverse list Dn is called gen down, shown in the appendix, and
essentially executes the statements of gen up in reverse order and replaces the calls of
gen up by gen down and vice versa. Procedures remove(r) and append(r), also shown
in the appendix, remove and append r in the current active set (given by the variables
head, tail, succ and pred).
Between any successive calls at least one update statement is performed, and after

each update statement (including the case n= 3) a new derangement is produced and
printed out. The current derangement d is transformed into its successor according to
relations (3), (5), (7), (8) or (9) in Lemma 4. More precisely, the current derangement
is subject to the transformation given in the appropriate case of Lemma 4, and it acts
on the active indices.

For example, in our algorithm relation (5) becomes:

if i = 1
then d := d · 〈head; pred[tail]; tail〉;
else d := d · 〈tail; run; pred[run]〉;
endif

Clearly, the time complexity of gen up is proportional to the total number of recur-
sive calls. Since each call produces at least one new derangement the time complexity
of gen up(n; t; r) is in O(dn): A C implementation of our algorithm is available at
http://www.u-bourgogne.fr/v.vincent/AA/.

4. Permutations with a given number of �xed points

Here, we generalize the Gray code in the previous sections to permutations with a
given number of 0xed points and permutations with a bounded number of 0xed points.



J-L. Baril, V. Vajnovszki / Discrete Applied Mathematics 140 (2004) 207–221 217

Let c = (c(1); c(2); : : : ; c(n)) be an n-combination of m, n6m, in integer sequence
representation, so that 16 c(i)¡c(i+1)6m for i=1; 2; : : : ; n− 1. Also, let tc = t be
the binary representation of c, i.e., t=(t(1); t(2); : : : ; t(m)) with t(i)=1 if there exists a
j such that c(j)=i, and t(i)=0 elsewhere. With those notations, for a derangement d=
(d(1); d(2); : : : ; d(n))∈Dn we de0ne the length-m sequence u = (u(1); u(2); : : : ; u(m)),
denoted by (c;d), as

u(i) =

{
i if t(i) = 0;

c(d(j)) if t(i) is the jth 1 in t
(10)

and we call u= (c;d) the shu?e of c by d on the trajectory t.
In other words, u acts on indices c(1); c(2); : : : ; c(n) as d, and 0xes the other in-

dices. The shuMe operator over combinatorial objects was formally de0ned in a larger
context in [15,16]. It is not hard to show that (c;d) is a permutation of [m] with
exactly n “deranged” points (i.e. with exactly m−n 0xed points), and in addition, each
such permutation can be uniquely constructed by shuMe operation from an appropri-
ate combination and a derangement. More formally, if u = (u(1); u(2); : : : ; u(m)) is a
permutation of [m] with exactly m − n 0xed points then u= (c;d), where

• c = (c(1); c(2); : : : ; c(n)) is the n-combination of m corresponding to the subset of
[m] where u(i) �= i, and

• d is the normal form of the sequence (u(c(1)); u(c(2)); : : : ; u(c(n))).

Example. If n = 3, m = 6, c = (2; 5; 6), and d = (2; 3; 1) then t = (0; 1; 0; 0; 1; 1) and
(c;d) = (1; 5; 3; 4; 6; 2); or if n = 4, m = 6, c = (1; 2; 4; 5), and d = (2; 4; 1; 3) then

t = (1; 1; 0; 1; 1; 0) and (c;d) = (2; 5; 3; 1; 4; 6).

See also [18] for a similar approach. To summarize, we have:

Lemma 10. If Cm;n is the set of all n-combinations of [m] and Sm;n the set of all
permutations of [m] with exactly m − n :xed points then

: Cm;n × Dn → Sm;n

de:ned by (10) is a bijection.

Also, we extend the shuMe operation in a natural way to lists of derangements: if D=
d1; d2; : : : is a sublist of Dn and c∈Cm;n then (c;D) is the list (c;d1); (c;d2); : : : ,
and (c;D) = (c;D).
A strong Gray code for the set Cm;n of n-combinations of m, in integer sequence

representation, is a list for Cm;n where two successive sequences, say c=(c(1); c(2); : : : ;
c(n)) and c′ = (c′(1); c′(2); : : : ; c′(n)), are such that, for some 16 j6m, c(i) = c′(i)
for all i �= j; see [3,5,12] for such a Gray code.

Lemma 11. If Cm;n is a strong Gray code for the set Cm;n then the list Sm;n de:ned by

Sm;n = ©
c in Cm; n

(c;D(r)
n ) (11)
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is a Gray code for the set Sm;n, where r is the rank of c in Cm;n (the :rst combination
in Cm;n has rank zero) and D(r)

n is Dn or Dn according as r is even or odd.

Proof. The list Sm;n has no repetitions, and, disregarding the order, it equals the set
Sm;n. Moreover, for a 0xed c in Cm;n, the Hamming distance between two derangements
in Dn, say d and d′, equals the Hamming distance between (c;d) and (c;d′). So,
any successive permutations in (c;Dn)—or equivalently in (c;Dn)—diFer in at
most four positions. If c′ is the successor of c in Cm;n then t′ = tc′ and t = tc, the
binary representations of c′ and c, diFer in exactly two positions, say k and ‘, with
t(k)= t′(‘)=0 and t′(k)= t(‘)=1. Since Cm;n is a strong Gray code, the permutations
= (c;d) and = (c′;d) diFer in exactly three positions, namely k; ‘ and i, where
i is such that (i)=‘ and ′(i)=k. Moreover, the index i can be computed in constant
time if d is the 0rst or last derangement in Dn.

The next lemma extends the result of the previous one to permutations where the
number of 0xed points is bounded between two constants. In this case Cm;n denotes
the Eades–McKay Gray code for combinations, and it has (see [5,12])

• :rst(Cm;n) = (1; 2; : : : ; n), and
• last(Cm;n) = (m − n+ 1; m − n+ 2; : : : ; m).

Lemma 12. Let 16 k6 ‘6m and Sm;k;‘ be the set of all permutations in Sm with
i “deranged ” points, k6 i6 ‘. Then the list

Sm;k;‘ =
‘
©
i=k
S

(k−i)
m; i (12)

is a Gray code for the set Sm;k;‘.

Proof. It is suRcient to prove that the last permutation in S(k−i)
m; i and the 0rst one in

S
(k−i+1)
m; i+1 diFer in at most four positions. But last(S(k−i)

m; i )= (c; ei), and :rst(S(k−i+1)
m; i+1 )

= (c′; ei+1), with

(i) c = last(Cm; i) and c′ = last(Cm; i+1) if k − i is even, or
(ii) c = :rst(Cm; i) and c′ = :rst(Cm; i+1) if k − i is odd,

and ej = fj or ej = ‘j; see Lemma 3 and the remark that follows. If u= (c; ei) and
u′ = (c′; ei+1) then: in case (i), u(j) = u′(j) = j for all j = 1; 2; : : : ; m − i − 1 and
u(j)=u′(j)=j+1 for all j=m−i+1; m−i+2; : : : ; m−3; in case (ii), u(j)=u′(j)=j+1
for all j=1; 2; : : : ; i− 3 and u(j)= u′(j)= j for all j= i+2; i+3; : : : ; m. In both cases
u diFers from u′ in at most four positions.

Algorithmic considerations

The lists (c;D(r)
n ) in (11) is c-similar to Dn (c is regarded as a subset of [m])

and the procedure gen up and gen down can easily be transformed to generate these
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lists. In addition, with an eRcient algorithm to compute the successor of c in Cm;n and
with appropriate initial values for the variables and transition statements between lists,
the iterative call of gen up and gen down produces Sm;n in constant average time. See
[16,18] for loopless generating algorithms for Cm;n. Similar considerations hold for the
list Sm;k;‘ de0ned in relation (12). The loopless generation of those lists remains an
open problem.
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Note added in proof. We recently learned of Korsh’ and LaFollette’s [10] algorithm
for generating derangements. Their algorithm has the remarkable properties (a) that
successive permutations diFer by only one transposition or one rotation of three ele-
ments and (b) it is loopless. Our algorithm is based on a recursive counting relation
and so has the advantage of being simpler to describe.

Appendix.

procedure gen down(n; t; r)
var i; run;
begin
tail := pred[tail];
if t =  then remove(r); endif
if n= 3 then d := d · 〈head; tail; succ[head]〉;
else run := pred[tail]

for i := n − 1 downto 1 do
if i is odd
then if n¿ 4 then

gen up(n − 2;  ; run);
endif
update d as in (9);

gen down(n − 1; �; run);
if i �= 1
then update d as in (6); run := pred[run];
endif

else gen up(n − 1; �; run);
update d as in (7) or (8);

if n¿ 4 then
gen down(n − 2;  ; run);
endif
update d as in (4);

run := pred[run];
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endif
enddo

endif
if t =  then append(r); endif
tail := succ[tail];
end

procedure remove(r)
begin
if r = head
then head := succ[r];
else if r = tail

then tail := pred[tail]
else succ[pred[r]] := succ[r];

pred[succ[r]] := pred[r];
endif

endif
end

procedure append(r)
begin
if r ¡head
then head := pred[head];
else if r ¿ tail

then tail := succ[tail]
else succ[pred[r]] := r;

pred[succ[r]] := r;
endif

endif
end
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Abstract

We give a minimal change list for the set of order p length-n Lucas strings, i.e., the set of length-n
binary strings with no p consecutive 1’s nor a 1� prefix and a 1m suffix with �+m�p. The construction
of this list proves also that the order p n-dimensional Lucas cube has a Hamiltonian path if and only
if n is not a multiple of p + 1, and its second power always has a Hamiltonian path.
© 2005 Elsevier B.V. All rights reserved.

Keywords: Minimal change list; Gray code; Fibonacci and Lucas string; Lucas cube; Hamiltonian path

1. Introduction

The Hamming distance between two strings in {0, 1}n is the number of positions in which
they differ. A k-Gray code for a set of binary strings B ⊂ {0, 1}n is an ordered list B for
B, such that the Hamming distance d between any two consecutive strings in B is at most
k. In addition, if the list B minimizes both k = max d(x, x′) and

∑
d(x, x′), where (x, x′)

ranges over all pairs of successive strings in B, then it is called minimal change list or
minimal Gray code. Obviously, a 1-Gray code is a minimal change list.

We call Hamiltonian a graph having a Hamiltonian path and a k-Gray code is a Hamilto-
nian path in Qk

n|B, the restriction of the kth power of the hypercube Qn to the set B.
The set Fn,p, of order p length-n Fibonacci strings, is the set of length-n binary strings

such that there are no p consecutive 1’s. The set Ln,p, of order p length-n Lucas strings,
is the set of all strings in Fn,p which do not begin by 1� and end by 1m with � + m�p.
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In other words, Ln,p is the set of length-n binary strings such that there are no 1p factors if
strings are regarded circularly, i.e., the last entry of a string is followed by the first one.

A number of papers concerning the Fibonacci and Lucas strings have been published
[3,6–9,13,15]. In the present one we introduce an order relation on {0, 1}n which induces a
minimal change list on Ln,p. Note that this order relation yields a 1-Gray code on the set
Fn,p, of order p length-n Fibonacci strings [13].

This paper is the extended version of [2] and the remaining is organized as follows. In
the next section we prove that a 1-Gray code for Ln,p is possible only if (p + 1) does not
divide n. In Section 3 we give such a Gray code and a 2-Gray code when (p + 1) divides
n; both of them are minimal change lists. Few graph theoretic consequences are presented
in Section 4 and in the final part some algorithmic considerations are given.

2. Parity difference relation

For a binary string set B we denote by B ′ (resp. B ′′) the subset of B of strings with an odd
(resp. even) number of 1’s. Let Q(Ln,p) be the order p n-dimensional Lucas cube, i.e., the
restriction of the hypercube Qn to the set Ln,p. The graph Q(Ln,p) is bipartite, and with the
notations above {L′

n,p, L′′
n,p} is a bipartition. No Hamiltonian path is possible in Q(Ln,p)

(or equivalently, 1-Gray code for Ln,p) if |card(L′′
n,p) − card(L′

n,p)| > 1, i.e., the number
of vertices in the two bipartitions differs by more than one.

The main result of this section is Theorem 5. In the following we suppose p > 1 fixed
and more often in this section we will omit the subscript p for the sets Fn,p, Ln,p and other
related things.

Let {�n}n�0 and {�n}n�0 be the parity difference integer sequences corresponding to
Fibonacci and Lucas strings defined by
• �n = card(F ′′

n) − card(F ′
n), and

• �n = card(L′′
n) − card(L′

n).

Lemma 1. (1) �n satisfies

�n = �n−1 − �n−2 + · · · + (−1)p+1�n−p for n�p + 1. (1)

(2) �n is related to �n by

�n = �n−2 − 2 · �n−3 + · · · + (−1)p+1p · �n−p−1 for n�p + 2. (2)

Proof. 1. The recursive definition in [13]

Fn = 0 · Fn−1 ∪ 10 · Fn−2 ∪ 110 · Fn−3 ∪ · · · ∪ 1p−10 · Fn−p for n�p + 1

can be expanded as

F ′
n = 0 · F ′

n−1 ∪ 10 · F ′′
n−2 ∪ 110 · F ′

n−3 ∪ · · · ,
and

F ′′
n = 0 · F ′′

n−1 ∪ 10 · F ′
n−2 ∪ 110 · F ′′

n−3 ∪ · · · ,
and (1) holds.
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2. When n�p + 2 the set Ln is the union of the sets in the table below, where the strings
with prefix 1i−10 are in the ith line and those with the suffix 01j−1 are in the jth column,
1� i, j �p.

0 · Fn−2 · 0, 0 · Fn−3 · 01, · · · 0 · Fn−p · 01p−2, 0 · Fn−p−1 · 01p−1

10 · Fn−3 · 0, 10 · Fn−p−4 · 01, · · · 10 · Fn−p−1 · 01p−2

.

.

.
.
.
.

.

.

.

1p−20 · Fn−p · 0, 1p−20 · Fn−p−1 · 01
1p−10 · Fn−p−1 · 0

In this decomposition, each Fn−k−1 occurs exactly k times, and reading this table diagonally
one has

card(Ln) =
p∑

j=1
j · card(Fn−j−1),

and Fn−k−1 appears as 1s0 · Fn−k−1 · 01t , with s + t = k − 1, thus

card(L′
n) = card(F ′

n−2) + 2 · card(F ′′
n−3) + 3 · card(F ′

n−4) . . . ,

and

card(L′′
n) = card(F ′′

n−2) + 2 · card(F ′
n−3) + 3 · card(F ′′

n−4) . . . ,

so (2) holds. �

The next proposition gives the generating function for the sequences {�n}n�0 (except its
first term) and {�n}n�0 (except its p + 2 first terms).

Proposition 2. If �(z) and �(z) denote the generating functions for the sequences {�n}n�0
and {�n}n�0, respectively, then
(1)

�(z) = �0 + z · (−z)p−1 · 1 + z

1 − (−z)p+1 , (3)

(2)

�(z) =
p+1∑
j=0

�j z
j + zp+2 · (−1)p+1 · 1 − (p + 1)(−z)p + p(−z)p+1

(1 − (−z)p+1) · (1 + z)
. (4)

Proof. 1. For i = 1, 2, . . . , p − 1 all strings in {0, 1}i are in Fi , and half of them are in F ′
i

and other half are in F ′′
i , so �1 = �2 = · · · = �p−1 = 0. If i = p, then a single string in

{0, 1}p does not belong to Fp, namely 1p, so �p = (−1)p+1. By relation (1) we have

�(z) = �0 + z · f (z)

(1 − (−z)p+1)/(1 + z)
,

where f (z) = (−z)p−1 is given by the values of �1, �2, . . . ,�p. See for instance Flajolet
and Sedgewick’s seminal book [4, p. 79].
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2. If �∗(z) = �(z) − ∑p+1
j=0 �j z

j , then relation (2) gives (see again [4])

�∗(z) = (�(z) − �0) · (z2 − 2z3 + · · · + (−1)p+1pzp+1)

and finally

�∗(z) = zp+2 · (−1)p+1 · 1 − (p + 1)(−z)p + p(−z)p+1

(1 − (−z)p+1) · (1 + z)
. � (5)

For n�p + 2, �n is given by the coefficient of zn in (4). The next corollary shows that
the sequence {�n}n�0 is periodic from n�p + 1 and gives its generating function if it is
extended by periodicity to �0, �1, . . . , �p+1.

Corollary 3. The sequence {�n}n�p+2 has the period 2(p + 1). In addition, if one defines
�n = �n+2(p+1) for all n = 0, 1, . . . , p + 1 then its generating function becomes

�(z) = (−z)p+1 + (p + 1)z + p

(1 − (−z)p+1) · (1 + z)
. (6)

Proof. For �∗(z) given by relation (5) it is easy to show that (�∗(z)/zp+2)(1 − z2(p+1)) is
a polynomial of degree less than 2p + 2. Thus �∗(z)/zp+2 is the generating function for a
periodic integer sequence with the period 2(p + 1), and so is �(z) assuming it is extended
by periodicity.

For (6) it is enough to find a polynomial g(z) of degree less than p+2 such that �∗(z)−g(z)

is divisible by z2(p+1), and in this case �(z) = (�∗(z) − g(z))/z2(p+1). It is not hard to check
that g(z) = (−z)p+2((−z)p − 1)/(z + 1) satisfies this and we obtain (6). �

Corollary 4. The parity difference integer sequence corresponding to Lucas strings
satisfies

�n,p =
{

(−1)n+1 if (p + 1)� |n,

(−1)n · p if (p + 1)|n.
(7)

Proof. �(z) in relation (6) can be expressed as

�(z) = p + 1

1 − (−z)p+1 − 1

1 + z

= (p + 1) · ∑
k �0

(−z)k(p+1) − ∑
n�0

(−z)n

and �n,p is the coefficient of zn in �(z). �

Observe that the choice of �i,p, i = 1, 2, . . . , p + 1, in Corollary 3 seems arbitrary
since extended by periodicity. In fact, for i = 1, 2, . . . , p all the 2i strings in {0, 1}i
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are in Li,p, except 1i which contains p consecutive 1’s if strings are regarded circularly.
In this case �i,p = (−1)i+1, and similarly, �p+1,p = (−1)p+1p, which are in accord
with (7).

Theorem 5. If Q(Ln,p) is Hamiltonian then (p + 1)� |n.

Proof. If Q(Ln,p) is Hamiltonian then |�n,p|�1, so (p + 1)� |n. �

The Hamiltonism of Q(Ln,p), when (p + 1)� |n, is shown constructively in the next
section.

3. The Gray codes

We adopt the convention that lower case bold letters represent length-n binary strings,
e.g., x = x1x2 . . . xn; and we use the same group of letters to denote a set A and an ordered
list A for a set A. A list A for the set A ⊂ {0, 1}n is equivalent to an order relation on A:
x < y iff x precedes y in A. For example, if x �= y ∈ {0, 1}n and i is the leftmost position
with xi �= yi then:
• the lexicographic order is given by: x < y iff xi is even (= 0), and yi is odd (= 1);
• the reflected Gray code order due to Frank Gray in 1953 [5] is given by: x < y iff

∑i
j=1 xj

is even (and
∑i

j=1 yj is odd).
We say that an order relation < on a set of strings induces a k-Gray code if the set listed in
< order yields a k-Gray code, i.e., successive strings differ in at most k positions. So, the
reflected Gray code order above induces a 1-Gray code on {0, 1}n; and its restriction to the
strings with fixed density (i.e., strings in {0, 1}n with a constant number of 1’s) induces a
2-Gray code, called revolving door code by Nijenhuis and Wilf [10].

According to [13] we recall the following definition which gives another order relation
on binary strings and all of those presented here are particular cases of genlex order [14],
that is, any set of strings listed in such an order has the property that strings with a common
prefix are contiguous.

Definition 6. We say that x is less than y in local reflected order, denoted by x ≺ y, if∑i
j=1 (1 − xj ) is odd and

∑i
j=1 (1 − yj ) is even, where i is the leftmost position with

xi �= yi .

Remark 7.
(1) x ≺ y iff the prefix x1x2 . . . xi contains an odd number of 0’s.
(2) x ≺ y iff x > y in reflected Gray code order, with x and y the bitwise complement of x

and y.
(3) As the reflected Gray code order, the local reflected order ≺ induces a 1-Gray code on

{0, 1}n and a 2-Gray code on length-n binary strings with fixed density.
(4) In [13] it is shown that, unlike the reflected Gray code order, the local reflected order

≺ induces a 1-Gray code on the set Fn,p.

The main result of this section is Corollary 12 and Theorem 13 which say that ≺ induces
also a minimal Gray on the set Ln,p, of order p length-n Lucas strings.
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If z is a length-k string, we denote by zn/k the length-n prefix of the infinite string zzz . . .,
or equivalently,

zn/k = zz . . . z︸ ︷︷ ︸
�n/k	

zr ,

where r = n mod k, and zr is the length-r prefix of z. In the following, the length-(p + 1)

binary string

� = 1 . . . 1︸ ︷︷ ︸
p−1

00

plays a central role for our purposes.
Let Fn,p and Ln,p be the lists obtained by ordering the sets Fn,p and Ln,p, respectively, by

the relation ≺. In [13] it is proved that the first and the last strings of Fn,p are first(Fn,p) =
0�(n−1)/(p+1) and last(Fn,p) = �n/(p+1). The next lemma gives similar results for Ln,p.

Lemma 8.
(1) first(Ln,p) = 0�(n−1)/(p+1).
(2) last(Ln,p) = �(n−1)/(p+1)0.

Proof. 1. Let f1f2 . . . fn = 0�(n−1)/(p+1) and 1�j �n such that
∑j

i=1 (1 − fi) is even,
then: (1) j > 0 and fj = 0, and (2) fj−1 is the rightmost 1 bit in a contiguous 1’s sequence
of length p − 1 and, by Definition 6, 0�(n−1)/(p+1) has no predecessor in Ln,p in ≺ order.
The proof of 2 is similar, the string �(n−1)/(p+1)0 has no successor in Ln,p. �

Now we describe how we compute the successor of a string in the lists Fn,p and Ln,p.
Since in the lists Fn,p and Ln,p strings with a common prefix are contiguous, the successor
of x ∈ Fn,p (resp. of x ∈ Ln,p) is given by changing the rightmost bit in x such that the
obtained string remains in Fn,p (resp. in Ln,p), and it is greater than x in ≺ order. More
formally we have:

Lemma 9. Let x �= last(Fn,p) and s(x) its successor in Fn,p, then either 1, 2 or 3 below
holds.
(1) x contains an odd number of 0’s and it has not a suffix of the form 1p−10. In this case

s(x) = x1 . . . xn−1(1 − xn).
(2) x contains an even number of 0’s and ends by 1p−10. Then s(x) = x1 . . . xn−20xn.
(3) x contains an even number of 0’s and does not end by 1p−10, or it contains an odd

number of 0’s and ends by 1p−10. Let x1x2 . . . xk−1xk be the length minimal prefix
of x with an odd number of 0’s and such that x = x1x2 . . . xk−1xk0�(n−k−1)/(p+1)

(with �(n−k−1)/(p+1) possibly empty). In this case s(x) = x1x2 . . . xk−1(1 − xk)0
�(n−k−1)/(p+1).

Note that if x is like described in point 3 of Lemma 9 then the required prefixx1x2 . . . xk−1xk

always exists. For example, in F6,3 we have: by point 1, s(010011) = 010010; by point 2,
s(000110) = 000100; and by point 3, s(100100) = 100110 and s(100110) = 110110. In
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[13] a similar idea is used to compute, in constant time, the successor s(x) of a Fibonacci
string x.

Obviously, if x is a Lucas string then s(x) is a Fibonacci string but not necessarily a
Lucas string too. The next proposition states that if we denote by succ(x) the successor of
x ∈ Ln,p in the list Ln,p then succ(x) is either s(x), s2(x) = s(s(x)) or s3(x) = s(s(s(x))).

Proposition 10. Let x ∈ Ln,p, x �= last(Ln,p) and s(x) �∈ Ln,p; then either 1 or 2 below
holds.
(1) (p + 1)|n and x = 1k00�(n−k−2)/(p+1) with 0�k < p − 1. In this case

succ(x) = 1k+10�(n−k−3)/(p+1)0

= s2(x).

(2) x = 1kz1�0 with 0 < k, � < p − 1 and k + ��p − 1. In this case

succ(x) = 1ks(z)1�0

= s3(x).

Proof. When s(x) is not a Lucas string then it is obtained from x by changing the 0 bit
which either follows a 1’s prefix or is in the last position. �

Remark 11.
(1) If (p + 1)|n then there exist exactly p − 1 Lucas strings as in point 1 of Proposition

10, one for each k, 0�k < p − 1. In addition, if x is such a string and d denotes the
Hamming distance then

(a)

d(x, succ(x)) = d(x, s2(x))

= 2,

(b) the string v = 1k00�(n−k−3)/(p+1)0 ∈ Ln,p is the predecessor of x in ≺ order (i.e.,
succ(v) = x) and d(v, succ(x)) = 1. (In fact v = x · succ(x), the bitwise product of
x and succ(x).)

(2) If x is a Lucas string as in point 2 of Proposition 10 then

d(x, succ(x)) = d(1kz1�0, 1kz′1�0)

= d(z, z′)
= 1.

This remark proves the following:

Corollary 12.
(1) If (p + 1)� |n then Ln,p is a 1-Gray code for Ln,p.
(2) If (p + 1)|n then Ln,p is a 2-Gray code for Ln,p and there are exactly p − 1 strings

with d(x, succ(x)) = 2.
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Table 1
The lists L4,2 and L4,3

L4,2 L4,3

0 1 0 0 0 1 1 0
0 1 0 1 0 1 0 0
0 0 0 1 0 1 0 1
0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0
1 0 1 0 0 0 1 0
1 0 0 0 0 0 1 1

1 0 1 0
1 0 0 0
1 0 0 1
1 1 0 0

Changed bits are in bold-face.

0100

0001

0011

0101

0110

0010

1000

1100 1101

10111010

1001
0000 0000

0010

0001

1010

1000

0110

0101 1100

1001

0011

0100

0000
0001 1000 1001

0100

0110

0010

0101

0011

1100

1010

(a) (b) (c)

Fig. 1. (a) The Hamiltonian path F4,3 in Q(F4,3). (b) The ‘path’L4,3 in Q(L4,3), dashed arcs connect distance-2
vertices. (c) An H(1, 2)-path in Q(L4,3).

Theorem 13. Ln,p is a minimal change list for the set Ln,p.

Proof. By Corollary 4, there are no more restrictive Gray code as Ln,p. �

See Table 1 and Fig. 1(b) for the list L4,2 and L4,3.

4. Graph theoretic issues

Here we present some graph theoretic consequences of the previous results.

4.1. Hamiltonicity

For a graph G let Gk be its kth power, where edges connect vertices which are linked by
a path in G of length at most k. A k-Gray code for B ⊂ {0, 1}n is a Hamiltonian path for
Qk

n|B, the restriction of the kth power of the hypercube to the set B. Generally, (Qn|B)k is
a subgraph of Qk

n|B and equality holds if Hamming distance and the shortest path length
coincide on Qn|B; this is the case for B = Fn,p or Ln,p, but not for Dyck words for instance,
since the restriction of Qn to length-n Dyck words is not a connected graph.
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As in Section 2, let Q(Ln,p) = Qn|Ln,p denote the Lucas cube. Corollary 12 says that
Ln,p is a Hamiltonian path in:
• the Lucas cube iff (p + 1)� |n;
• the second power of the Lucas cube elsewhere. (In general, Q(Ln,p) is not 2-connected

as it may be checked for L3,2, and so, the Hamiltonicity of its second power cannot be
obtained trivially from a well-known result in graph theory).

Corollary 14. If (p + 1)|n then
(1) the minimal number of paths covering Q(Ln,p) is p;
(2) the length of the maximal path in Q(Ln,p) is card(Ln,p) − p + 1.

Proof. Point 1 follows from Corollary 12. For point 2, from Remark 11, it results that by
bypassing in Ln,p the p − 1 strings y = succ(x), with d(x, y) = 2, we obtain a maximal
length path in Q(Ln,p). �

When a graph does not have a Hamiltonian path it may be desirable to visit each vertex
but not necessarily once, such that the Hamming distance between two successive vertices
is one. Following [12], a graph is in the class H(s, t) if it has a path that visits every vertex
at least s times and at most t times, and such a path is called H(s, t)-path. Thus a graph is
in H(1, 1) exactly if it is Hamiltonian. In this context, we have:

Corollary 15. If (p + 1)|n then Q(Ln,p) is in H(1, 2).

Proof. When (p+1)|n, by point 1(a) of Remark 11, in the list Ln,p there are strings x which
differ from succ(x) in two positions. For each such string, we insert v—the predecessor of
x, see point 1(b) of Remark 11—between x and succ(x) and one obtains an H(1, 2) path in
Q(Ln,p). �

Notice that in the H(1, 2) paths above exactly p − 1 strings are visited twice, and this is
optimal. See Fig. 1(c) for an H(1, 2) path in Q(L4,3).

4.2. Some structural properties

Let us now recall some definitions concerning a connected graph G with vertices set V :
• the eccentricity of a vertex v is e(v) = maxu∈V d(u, v),

• the diameter of G is diam(G) = maxu,v∈V d(u, v) = maxv∈V e(v),
• the radius of G is rad(G) = minv∈V e(v), and
• the center of G is Z(G) = {u ∈ G | e(u) = rad(G)}.
The next proposition generalizes similar results presented in [9] for Ln,2.

Proposition 16. Let n�1, p�2.

(1) diam(Q(Ln,p)) =
{

n − 1 if p = 2 and n odd,

n otherwise,
(2) e(0n) = n − 
 n

p
�,

(3) rad(Q(Ln,p)) = n − 
 n
p
� and Z(Q(Ln,p)) = {0n}.
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Proof. 1. Let x = 1010 . . . (xi = 1 iff i is odd) and y = 0101 . . . (yi = 1 iff i is even). If
p = 2 and n is even or if p > 2 then x, y ∈ Ln,p and they are at maximal distance equal to
n. If p = 2 and n is odd there does not exist a pair of strings in Ln,p at distance n and it is
easy to find two strings at distance n − 1.

2. Let v = 1p−10 . . . 1p−101k0 with 0�k�p−1. Clearly, v ∈ Ln,p and it has a minimum
number of 0’s, namely 
n/p�, or equivalently, a maximal number of 1’s, equal to n−
n/p�,
So, e(0n) = d(0n, v) = n − 
n/p�. The same result can be obtained by replacing v by any
of its circular shifts.

3. For any Lucas string u �= 0n we construct another Lucas string at distance greater than
n − 
n/p� to u. The bitwise product v · x of a Lucas string v by a binary (not necessarily
Lucas) string x is a Lucas string and d(x, v · x) equals the number of positions i where
vi = 0 and xi = 1.

Let u ∈ Ln,p, u �= 0n, u its bitwise complement and v a circular permutation of the
string 1p−10 . . . 1p−101k0 given in point 2, such that u and v have at least one 0 in the same
position. v ·u ∈ Ln,p and since v has exactly 
n/p� 0’s and at least one of them corresponds
to a 0 in u one has d(u, v · u) < 
n/p�. By the triangle inequality

d(u, v · u) + d(v · u, u)�d(u, u) = n

and so

d(u, v · u)�n − d(u, v · u) > n −
⌈

n

p

⌉
. �

A stable set of a graph is a subset of vertices such that there are not two adjacent vertices
and the stability number, denoted by �(G), is the number of vertices in a stable set of
maximum cardinality.

Proposition 17. �(Q(Ln,p)) = max(card(L′
n,p), card(L′′

n,p)) where {L′
n,p, L′′

n,p} is the
bipartition of Ln,p.

Proof. Let A be the set of maximum cardinality between L′
n,p and L′′

n,p, and B the other
set. Clearly, A is stable and we will prove that any stable set has at most the same cardinality
as A. By Corollaries 4 and 12, the successor succ(x) of x in the list Ln,p induces an injective
function succ : B → A; in addition, x ∈ B and succ(x) ∈ A are connected in Q(Ln,p).
Thus, if a stable set contains x ∈ B then it must not contain succ(x) ∈ A, and so the
cardinality of a stable set does not exceed that of A. �

5. Algorithmic considerations

In [13] is given an exhaustive generating algorithm for the list Fn,p which runs with
constant delay between any two successive strings. Now we show how one can modify this
algorithm in order to produce efficiently the list Ln,p.

Proposition 10 guarantees that at most two Fibonacci strings exist between any two
consecutive Lucas string in Ln,p; and by point 2 of Lemma 8 the last string in Ln,p is
followed by at most one Fibonacci string. So, the algorithm in [13] can be modified to
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generate the list Ln,p by simply bypassing the Fibonacci strings which are not Lucas strings.
The obtained algorithm inherits the constant delay property if one can decide, in constant
time, if the current generated Fibonacci string is also a Lucas string. Additional variables,
as (1) the length of the contiguous prefix of 1’s and (2) the length and the first position of the
rightmost contiguous sequence of 1’s, can be used to distinguish in constant time Fibonacci
from Lucas strings.
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Abstract

The irregularity strength of a simple graph is the smallest integer k for which there exists a weighting
of the edges with positive integers at most k such that all the weighted degrees of the vertices are
distinct. In this paper we study the irregularity strength of circulant graphs of degree 4. We find the
exact value of the strength for a large family of circulant graphs.
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1. Introduction and definitions

All the graphs we deal with are undirected, simple and connected.
Let G = (V , E) be a graph with vertex set V and edge set E.
A function w : E → Z+ is called a weighting of G, and for an edge e ∈ E, w(e)

is called the weight of e. The strength s(w) of w is defined as s(w) = maxe∈E w(e).
The weighted degree of a vertex x ∈ V is the sum of the weights of its incident edges:
dw(x) =∑

e�x w(e). The irregularity strength s(G) of G is defined as s(G) = min{s(w),
w is an irregular weighting of G}.

The study of s(G) was initiated by Chartrand et al. [3] and has proven to be difficult in
general. There are not many graphs for which the irregularity strength is known. For an
overview of the subject, the reader is referred to the survey of Lehel [8] and recent papers
[7,6,1,9,5].
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The irregularity strength of regular graphs was considered by several authors. For a regular
graph G of order n and degree r, let �(G) = �(n + r − 1)/r�. A simple counting argument
gives s(G)��(G).

On the other hand, an upper bound of (n/2) + 9 was given for regular graphs of order
n in [4]. This result was improved recently in [5]. Nevertheless, there is still a great gap
between lower and upper bounds on the irregularity strength of regular graphs.

Moreover, for all the connected regular graphs for which the irregularity strength is
known, we have s(G)��(G) + 1.

The following conjecture is due to Jacobson (see [8,4]):

Conjecture 1. There exists an absolute constant c such that for each regular graph G,
s(G)��(G) + c.

Circulant graphs are a large family of regular graphs which are studied in the context
of interconnection networks [2] and have good properties such as symmetry and vertex-
transitivity.

Definition 1. Let n be an integer and let s1, s2, . . . , sk be a sequence of integers, with
1�s1 < s2 < · · · < sk �n/2. The circulant graph G=Cn(s1, s2, . . . , sk) of order n is a graph
with vertex set V (G) = {0, 1, . . . , n − 1} and edge set E(G) = {(x, x ± si mod n), x ∈
V (G), 1� i�k}. It is a Cayley graph on the additive group of integers modulo n, with set
of generators {s1, s2, . . . , sk}.

In this paper, we study the irregularity strength of circulant graphs of degree 4. We find
the exact value for the irregularity strength of circulant graphs of the form Cn(1, k) with
n�4k + 1. These graphs consists in a cycle of length n plus chords joining vertices at
distance k on the cycle.

We will use the following notations (see Fig. 1): for any t, the vertices of C4t+1(1, k) are
labeled y0, y1, . . . , y2t going clockwise on the cycle and x0 = y0, x1, x2, . . . , x2t going
counterclockwise.

Fig. 1. Notations.
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For a weighting w on C4t+1(1, k), denote by ai (resp. bi) the weight of the edge (xi, xi+1)

(resp. (yi, yi+1)) for 0� i�2t − 1, and by a2t = b2t the weight of the edge (x2t , y2t ), and
let ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ci = w(xi, xi+k) 0� i�2t − k,

c̄i = w(yi, yi+k) 0� i�2t − k,

ci = w(xi, y4t−i−k+1) 2t − k + 1� i�2t,

c̄i = w(yi, x4t−i−k+1) 2t − k + 1� i�2t,

c−i = w(yi, xk−i ) 1� i�k − 1,

c̄−i = w(xi, yk−i ) 1� i�k − 1.

Let us give a construction of C4(t+1)+1(1, k) from C4t+1(1, k) useful for the proof of main
results. Let G = C4t+1(1, k) and let P4 = (x2t+1, x2t+2, y2t+2, y2t+1) be a path of length 3
where t �k�2. We define the graph G.P4 as follows:

V (G.P4) = V (G) ∪ V (P4),

E(G.P4) = E(G)

∖(
k⋃

i=1

{(x2t−k+i , y2t−i+1)} ∪ {(x2t , y2t )}
)

∪ E(P4)

k⋃
i=1

{(x2t−k+2+i , y2t+3−i )}

∪ {(x2t−k+1, x2t+1), (x2t−k+2, x2t+2), (y2t−k+1, y2t+1),

(y2t−k+2, y2t+2)}.

Observe that G.P4 = C4t+5(1, k). Thus for any t �k�2, C4t+1(1, k) can be obtained by
iterating (t − k) times this composition starting from C4k+1(1, k).

2. Preliminaries

Definition 2. For n = 4t + 1, with t �k�2, Cn(1, k) verifies the property Pt if it admits
an irregular weighting of strength s = �(Cn(1, k)) = t + 1 such that:

(i) a2t = b2t = a2t−1 = b2t−1 + 1 = s,

(ii) c2t−i = c̄2t−i = s, for each i, 0� i�k,

(iii) a2t−2i+1 �b2t−2i+1 ��k/2� + 2 − i, for each i, 0� i��k/2� − 1,

(iv) when k is even, a2t−2k+2i+1 � i + 1, for each i, 0� i�k − 1.

Lemma 1. For k�2, C4k+1(1, k) verifies the property Pk .
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Proof. In order to prove that C4k+1(1, k) verifies the property Pk , we construct an irregular
weighting w as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a0 = b0 = 1,

ai =
⌊

i + 1

2

⌋
+ 1 for each i, 1� i�2k,

bi = ai−1 for each i, 1� i�2k,

ci = c̄i = i + 1 for each i, 0� i�k − 1,

ci = c̄i = k + 1 for each i, k� i�2k,

ci = c̄i = 1 for each i, 1 − k� i� − 1.

We can easily verify that we have dw(x0) = dw(y0) = 4, and for each 1� i�2k:

{
dw(xi) = ai + ai−1 + ci + ci−k = 4 + 2i,

dw(yi) = bi + bi−1 + ci + ci−k = 3 + 2i.

Consequently, w is irregular and of strength equal to �(C4k+1(1, k))=k+1 (i.e., statements
(i) and (ii) are verified). Moreover, by construction the remaining statements of property
Pk are also verified: the third statement is verified since a2k−2i+1 �b2k−2i+1 =�(2k −2i +
1)/2�+1��k/2�− i+2. The fourth statement is also verified since a2i+1 =�(2i+2)/2�+
1 = i + 2� i + 1. See part A of Appendix for an example when k = 4. �

3. Results

In this section, we present two propositions. The first one construct an irregular weighting
for C4t+1(1, k) for any t �k. The second proposition allows to give an irregular weighting
for the remaining graphs Cn(1, k), with n = 4t + 2, 4t + 3, 4t + 4 for each t �k.

Proposition 1. For any t with t �k�2, there exists an irregular weighting of C4t+1(1, k)

which verifies the property Pt .

Proof. The proof is done by induction on t. For t = k, the result holds by Lemma 1.
Assume that there exists an irregular weighting of C4t+1(1, k), which verifies the property

Pt . We will construct a weighting of C4t+5(1, k) which verifies property Pt+1.
Let w be an irregular weighting of G = C4t+1(1, k) which verifies the property Pt . Let

G′ = G.P4 = C4t+5(1, k) and w′ be the weighting of G′ constructed from the weighting w

of G as follows:

w′(e) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

w(e) for e ∈ E(G)\M,

w(e) − 1 for e ∈ M,

t + 2 for e ∈ A ∪ B,

t + 1 for e ∈ C,
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where

M =
�k/2�−1⋃

i=1

{(x2t−2i+1, x2t−2i+2), (y2t−2i+1, y2t−2i+2)},

A =
k⋃

i=1

{(x2t−k+i , y2t−i+3)},

B = {(x2t+2, y2t+2), (y2t−k+2, y2t+2), (x2t−k+2, x2t+2), (x2t+1, x2t+2)},
C = {(x2t , x2t+1), (y2t , y2t+1), (x2t−k+1, x2t+1), (y2t+1, y2t+2), (y2t−k+1, y2t+1)}.

Note that, by statement (iii) of property Pt of G, w(e)�2 if e ∈ M . Thus, w′(e)�1 for
each e ∈ E(G′). Moreover, the degrees of the vertices given by the weighting w′ are as
follows:{

dw′(xi) = dw(xi) = 2i + 4 for 0� i�2t − k + 1,

dw′(yi) = dw(yi) = 2i + 3 for 1� i�2t − k + 1.

Observe that for each of the following vertices, the weight of one adjacent edge has been
decreased by one, and the weight of another adjacent edge has been increased by one. So
the weighted degrees are unchanged: for 0� i��k/2� − 2,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

dw′(x2t−2i ) = (a2t−2i−1 − 1) + a2t−2i + c2t−2i−k + (c2t−2i + 1) = dw(x2t−2i ),

dw′(y2t−2i ) = (b2t−2i−1 − 1) + b2t−2i + c̄2t−2i−k + (c̄2t−2i + 1) = dw(y2t−2i ),

dw′(x2t−2i−1) = a2t−2i−1 + (a2t−2i − 1) + c2t−2i−k + (c2t−2i + 1)

= dw(x2t−2i−1),

dw′(y2t−2i−1) = b2t−2i−1 + (b2t−2i − 1) + c̄2t−2i−k + (c̄2t−2i + 1)

= dw(y2t−2i−1).

Moreover, when k is even, the weighted degrees of vertices x2t−k+2 and y2t−k+2 are not
given above. Their weighted degrees are:

{
dw′(x2t−k+2) = a2t−k+1 + a2t−k+2 + c2t−2k+2 + c2t−k+1 = dw(x2t−k+2) + 1,

dw′(y2t−k+2) = b2t−k+1 + b2t−k+2 + c2t−2k+2 + c2t−k+1 = dw(y2t−k+2) + 1.

We can see that, in this case, dw′(x2t−k+2) = dw′(y2t−k+3) and there does not exist a vertex
u ∈ V (G′) such that dw′(u) = dw(y2t−k+2) (see part B of Appendix).

For the vertices of P4 we have⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dw′(x2t+1) = 4t + 6,

dw′(x2t+2) = 4t + 8,

dw′(y2t+1) = 4t + 5,

dw′(y2t+2) = 4t + 7.
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Let a′
i , b

′
i , c′

i and c̄′
i be the values of edges of G′ given by the weighting w′ as defined in

Section 1. We distinguish two cases depending on the parity of k.
Case 1: k is odd.
In order to verify the property Pt+1 for G′, one can see that 1�w′(e)� t + 2 for each

e ∈ E(G′) and for each u, v ∈ V (G′), dw′(u) 
= dw′(v) when u 
= v.
Thus w′ is irregular and the statements (i) and (ii) hold.
The third one (iii) is also verified since

a′
2(t+1)−2i+1 �b′

2(t+1)−2i+1 = t + 1�
⌈

k

2

⌉
+ 2 − i for i = 1 or 2

and

a′
2(t+1)−2i+1 �b′

2(t+1)−2i+1 �b2t−2(i−1)+1 − 1�
⌈

k

2

⌉
+ 2 − (i − 1) − 1

�
⌈

k

2

⌉
+ 2 − i for each i, 3� i�

⌈
k

2

⌉
− 1.

Case 2: k is even (a complete example is given in Appendix). We use a cycle C induced
by the following vertices C = (x2t−k+2, x2t−k+1, . . . , x2t−2k+2). In order for the weighting
to be irregular, it suffices to decrease by two the weighted degree of x2t−k+2 in w′ (i.e., to
obtain dw′(x2t−k+2) = dw(y2t−k+2)) without changing degrees of other vertices.

To do this, we decrease and increase alternately by one the weight of the edges of C
starting from x2t−k+2. As C is odd, the two edges of C which are adjacent to x2t−k+2 are
both decreased by one. Thus the degree of x2t−k+2 is decreased by two. Moreover, for any
other vertex of C, the degree is unchanged.

As G verified statement (iv) of property Pt , then the weights of edges of C which are
decreased are greater or equal to one. In other hand, as the strength of G is equal to t +1 and
edges of C are in G, so by increasing some edges of C by one, the strength of w′ remains
t + 2 = �(G′).

Observe that statements (i)–(iii) of property Pt+1 are proved similarly than in case k odd.
So we now prove statement (iv) for G′. Note that

a′
2(t+1)−2k+2i+1 = a′

2t−2k+2(i+1)+1 = a2t−2k+2(i+1)+1 − 1� i + 1

for 1� i�k − 2.

Moreover, for i = k − 1, a′
2(t+1)−2k+2i+1 = t + 2�k − 1 + 1 = k. �

The following proposition extends the irregular weighting to cases n = 4t + 2, 4t +
3 and 4t + 4, for t �k.

Proposition 2. If C4t+1(1, k) verifies property Pt then there exists an irregular weighting
of C4t+1+i (1, k), for any i, 1� i�3, of strength s′ = �(C4t+1+i (1, k)) = t + 2.

Proof. Observe that �(C4t+1+i (1, k)) = �(4t + 1 + i + 3)/4� = t + 2. We start from
G = C4t+1(1, k) with an irregular weighting verifying property Pt and we add i vertices,



J.-L. Baril et al. / Discrete Mathematics 304 (2005) 1–10 7

1� i�3, by subdividing the edge (x2t , y2t ) in i + 1 edges (see Figs. 2–4, where �1, �2, �1
and �2 are the weights of some edges of the irregular weighting of C4t+1(1, k)).

The new edges and the edges whose endpoints have been modified are weighted as shown
below:

Case i = 1: a weighting is obtained simply by subdividing the edge (x2t , y2t ) in two and
then by giving the weight t + 2 to the two created edges (see Fig. 2).

Case i = 2: we distinguish between the case k odd and k even. The process for both cases
is given in Fig. 3, where dashed edges have weight t + 1 and bold edges are edges whose
weights have been modified.

Case i = 3: we distinguish between the case k odd and k even. The process for both cases
is given in Fig. 4. �

From Propositions 1 and 2, we deduce the following result:

Theorem 1. For n�4k + 1 and k�2,

s(Cn(1, k)) =
⌈

n + 3

4

⌉
.

Corollary 1. For n�4sk + 1,

s(Cn(1, s1, s2, . . . , sk))�
⌈

n + 3

4

⌉
.

Proof. Starting from an irregular weighting of Cn(1, sk) given by Theorem 1, assign
the weight 1 to the other edges of Cn(1, s1, s2, . . . , sk) and the weighting will remain
irregular. �

Fig. 2.An irregular weighting of C4t+2(1, k) on the right is obtained from the irregular weighting of C4t+1(1, k)

on the left.
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β1 −1 β2 +1 t-1

t+1-1α2 +1α1 −1

t+2

t+2

4t+7

t+2

t+2

4t+7

t+2

k is even

4t+6

t+2

t+1

4t+5

k is odd

t+2

4t+3

4t+5

4t+4

4t+3

t

t+1

Fig. 3. An irregular weighting of C4t+3(1, k), with k odd (k = 5) on the left and k even (k = 4) on the right.

β2 −1

t+1-1α2 +1α1 −1

t+1

4t+7
t+2

t+2

t+2

t+1

4t+5

4t+6

t+2 4t+4

t

k is odd k is even

t+2

4t+7

4t+6

t+2

t+2

t+2

t

t+1
4t+5

4t+3

4t+4

4t+3

Fig. 4. An irregular weighting of C4t+4(1, k), with k odd (k = 5) on the left and k even (k = 4) on the right.

4. Concluding remarks

We studied the irregularity strength of circulant graphs Cn(1, k) when k�(n − 1)/4 and
found the exact value. Our method does not seem to work for (n/4)�k�(n/2), because
we have not found an irregular weighting to start the induction process.

But, the isomorphisms of circulant graphs allow us to come back to some cases when
k�(n/4). For instance, the following isomorphisms are easy to see:

⎧⎨
⎩

C2k−1(1, k)�C2k−1(1, 2),

C3k−1(1, k)�C3k−1(1, 3),

C4k−1(1, k)�C4k−1(1, 4).

More generally, if gcd(n, k) = 1 then we have Cn(1, k)�Cn(1, k−1 mod n).
Moreover, our study is also generalized to some circulant graphs Cn(s1, s2) with s1 
= 1

and s2 > s1. If gcd(n, s1) = 1 or gcd(n, s2) = 1 then Cn(s1, s2)�Cn(1, k) for some k.
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Appendix: a complete example when k = 4

Let us give a complete example of the construction of an irregular weighting of C21(1, 4)

from C17(1, 4). The values on the edges represent their weights and the bold values on
vertices represent their weighted degrees.

Part A: an irregular weighting of C17(1, 4) verifying property P4.
Part B: the first step of the extension of the weighting of C17(1, 4) to the graph C21(1, 4)

by composition with P4. Notice that the weighting is not irregular as there is two vertices
of degree 17.

Part C: the weighting of part B is modified to become irregular by using a cycle of length
5 (in bold on the figure) to decrease the weighted degree of one of the two vertices of degree
17 to 15.

1

2

42

4

6

5 7
1 2 2 33

5

42

3

2212 14
4

4

5

5

6

6

64

1

4
1

2
4

6 8 10

5 7 9
1 2 2 33

3

5

5

42

3

231311

12

4

5

5

6

6

6

(A)

(B)

(C)

1

2 32

4
1 2

54

6 8 10 20

5 7 191 2 2

5

4 4

443

33

3

5

5

4
2

3

11 15

12 14 16 18

5-1

4-1

17

17 211916

14 18 20 22
24

2+1 3+1 4-1

3-1 5

8

3-1

15 18 20

16 1713119

10

19 21
3 5 5

23

24

6

6

6

5 5

322 3 4 4

6

6

5

6

1

1

1

1

9 1713
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Abstract We introduce a new lattice structure on Dyck words. We exhibit efficient
algorithms to compute meets and joins of Dyck words.
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1. Introduction

A large number of various classes of combinatorial objects are enumerated by the
well-known Catalan numbers. It is the case, among others, of ballot sequences, planar
trees, Young tableaux, nonassociative products, stack sortable permutations, and so
on. A list of over 60 types of such combinatorial classes of independent interest has
been compiled by Stanley [26]. A certain number of explicit bijections between these
Catalan classes can also be found in the literature.

From an order theoretic point of view, there are some partial ordering relations
on Catalan sets which endow them with a lattice structure. Of much interest are the
following lattices. First, the so-called Tamari lattice can be obtained equivalently
in three different ways. The coverings correspond to elementary transformations
in three Catalan classes, namely to reparenthesizations of letters products [6], to
rotations on binary trees [17, 24], and to diagonal flips in triangulations [10, 24]. See
references in [18]. Second, the lattice of noncrossing partitions is equipped with the
refinement order [11]. Under this partial ordering ≤, two partitions π and π ′ satisfy
π ≤ π ′ if every block of π is a subset of some block of π ′. See [3, 4, 20, 22] and
numerous references in the exhaustive survey [23]. More recently, a link between
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Dyck paths, noncrossing partitions and 321-avoiding permutations allows to define a
new distributive lattice structure on these Catalan sets [1, 5].

In this paper, we introduce a new lattice structure on Dyck words (also called well-
formed parentheses strings). We define a ‘phagocyte’ mutation on Dyck words in the
following way. When in a Dyck word a Dyck subword w occurs immediately at the
left of a word of the form ((· · · (()) · · · )), w is inserted at the center of this word. Thus
we obtain ((· · · ((w)) · · · )). Thereby, when w((· · · (()) · · · )) occurs in a Dyck word,
then w is ‘phagocyted’ by ((· · · (()) · · · )), and so is changed to ((· · · ((w)) · · · )). w has
been ‘gobbled’ by a series of nested parentheses. This elementary mutation endows
the Catalan set of Dyck words with a lattice structure. We show how to compute
meets and joins of Dyck words efficiently. After Grätzer, which cites Tamari lattices
“to dispel the impression that it is always easy to prove that a poset is a lattice”
[9, p. 18], we should like to say that the currently studied lattice falls into the same
category.

2. Dyck Words and Noncrossing Partitions

The set D of Dyck words over {(, )} is the language generated by the grammar S →

λ|(S)|SS, i.e. the set of legal strings of matched parentheses. Let us denote Dn the set
of Dyck words with n open and n close parentheses. The cardinality of Dn is the n-th
Catalan number: card(Dn) = (2n)!/(n!(n + 1)!). The open (resp. close) parentheses
of w ∈ Dn are numbered from 1 to n by traversing w from left to right.

A partition b1/b2/ · · · /bk of [1, n] = {1, 2, · · · , n} into blocks bi is called non-
crossing if there do not exist four numbers p < q < r < s such that p, r ∈ bi and
q, s ∈ b j with i 6= j . Thus 146/23/5 is a noncrossing partition of [1, 6] (ncp in short)
while 135/2/46 is crossing. Let us denote NCn the set of all ncp of [1, n]. We have
card(NCn) = card(Dn). A ncp will be written by listing the elements in each block
in increasing order, and the blocks in increasing order of their minima. There are
various ways to represent a ncp. For example, in the linear representation, [1, n]

appears as usual on the real line and successive elements in the same block are
joined by an arc in the first quadrant. In this paper, we will use what we call the
canonical representation. Given a ncp π ∈ NCn, let us define the relation Rπ on [1, n]

by i Rπ j iff i is the smallest element of the block of π which contains j (i ≤ j). The
canonical representation of π is obtained by drawing the directed graph of Rπ on the
first quadrant. In these two representations, the noncrossing property of the partition
corresponds to the fact that arcs do not intersect.

Since card(Dn) = card(NCn), let us exhibit an explicit bijection between Dn and
NCn [7, 8, 22, 23]. Given a ncp π ∈ NCn and its canonical representation, for each
visited element i ∈ [1, n] (for i going from 1 to n), we write r open parentheses (r ≥ 0)
if there are r arcs starting in i and next we write one close parenthesis since there is
always exactly one arc ending in i . Figure 1 illustrates this bijection.

w = ((()(()))(()())())

πw = 149/23/57/6/8

cw = (1, 2, 2, 1, 5, 6, 5, 8, 1)
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1                                       92 3 4 5 6 7 8

Figure 1 The canonical representation of a Dyck word w of D9.

We denote by πw the ncp corresponding to the Dyck word w. Let us remark that
the number nbl(πw) of blocks of πw is equal to the number of occurrences of ‘()’
in w. Given w ∈ Dn, we define the vector cw where cw[i] is the smallest element of the
block of πw which contains i (1 ≤ i ≤ n).

In the sequel, the strict (respectively, large) inclusion relation will be denoted by
the symbol ⊂ (respectively, ⊆).

3. The Phagocyte Transformation

DEFINITION 1. The phagocyte transformation −→ on Dn is defined by w −→ w′ if
we have w = u′v(n)nu′′ and w′

= u′(nv)nu′′, where v is a non-empty Dyck word, n ≥ 1
and u′, u′′

∈ {(, )}∗. Let
∗

−→ denote the reflexive transitive closure of −→.

LEMMA 1. For all w, w′
∈ Dn, we have w −→ w′ iff πw and πw′ hold:

– one among the blocks of πw′ is the union of two blocks b1 and b2 of πw where
min(b1) < min(b2) and b2 = [min(b2), max(b2)] is an interval,

– every block of πw different from b1 and b2 is also a block of πw′ .

Proof. This result is a simple application of Definiton 1. Remark that in Figure 2,
the covering 1/24/3 → 124/3 is in NC4 but is not in D4 since 24 is not an interval. �

()()()()

14/23

1/2/3/4

()(())() (()())()(()()())()(()())()()(()) (())()()

()((())) (()(()))

134/2

((()()))

12/34

(())(()) ((())()) ((()))()

1234

(((())))

12/3/4 1/2/3413/2/4 1/24/31/23/414/2/3

123/4 1/234124/3

Figure 2 The phagocyte lattice D4.
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PROPOSITION 1. (Dn,
∗

−→) is a poset with zero 0 = ()() . . . () and unit 1 =

((. . . () . . .)), which is graded by the rank function r(w) = n − nbl(πw).

Proof. The integer valued function r defined by r(w) = n − nbl(πw) verifies
obviously r(w′) = r(w) + 1 if w −→ w′. �

See the diagram of D4 in Figure 2. In order to prove that the poset (Dn,
∗

−→) is a
lattice, we first give a Lemma on the structure of noncrossing partitions, and then we
characterize the reflexive transitive closure of the phagocyte transformation.

LEMMA 2. Let π ∈ NCn. If b is a block of π which is not an interval, then there exists
a block b′ of π verifying the following two conditions:

– b′
⊂ [min(b), max(b)]

– b′ is an interval possibly reduced to a singleton.

Proof. Given a block b of π , let us consider in [min(b), max(b)] the leftmost largest
interval I = [x, y] such that I ∩ b = ∅. If I is a block of π , the result holds. If I is not a
block of π , then let us consider the block b1 of π such that x = min(b1). Remark that
b1 exists by the noncrossing property. We have b1 ⊂ I and we repeat this process with
the new block b1 of π . So we construct a finite sequence of non-empty blocks bi (1 ≤

i ≤ r) such that bi+1 ⊂ [min(bi ), max(bi )] for each i . The last block br of the sequence
is an interval possibly reduced to a singleton. Moreover br verifies the condition: br ⊂

[min(b), max(b)]. �

THEOREM 1. For all w, w′
∈ Dn, we have w

∗
−→ w′ iff the following two conditions

(C1) and (C2) hold:

– (C1) every block of πw is a subset of some block of πw′ ,
– (C2) for all blocks b1, b2 ∈ πw, b′

∈ πw′ such that b1 ∪ b2 ⊂ b′ and min(b1) <

min(b2) then [min(b2), max(b2)] ⊂ b′.

Remark 1. Condition (C1) is the well-known refinement order on partitions [11, 23].
Condition (C2) means that any block b′

∈ πw′ is made up of one block bi ∈ πw and
possibly disjoint intervals [k, l] for which one block b j ∈ πw ( j > i) exists such that
k = min(b j ) and l = max(b j ).

Proof. First let us suppose that w
∗

−→ w′ and let us apply the phagocyte transfor-
mation on the Dyck subword v((. . . () . . .)) of w ∈ Dn in order to obtain the Dyck
word w1. Let i ≥ 0 be the number of close parentheses of w before the first open
parenthesis of v and let j > i be the number of close parentheses of w before the
first open parenthesis of the subword ((. . . () . . .)) defined above. So there are in πw

a block b containing i + 1 and a block [ j + 1, j + k] which is an interval with k ≥ 1.
The result is a Dyck word w1 which contains the Dyck subword ((. . . (v) . . .)). Thus
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Figure 3 A phagocyte mutation w −→ w1; πw = 19/23/45/678 and πw1 = 19/23678/45.

πw1 has a block which contains b and [ j + 1, j + k]. See Figure 3. So conditions (C1)

and (C2) are satisfied for w and w1 such that w −→ w1. By applying the phagocyte
mutation several times, conditions (C1) and (C2) are also satisfied for w and w′ such
that w

∗
−→ w′. �

Conversely, suppose that w and w′ verify the two conditions (C1) and (C2),
and denote it by w ≺ w′. Let us consider w, w′

∈ Dn such that w 6= w′ and w ≺

w′. Consider also πw = b1/b2/ . . . and πw′ = b′

1/b′

2/ . . . with min(bi ) < min(bi+1) and
min(b′

i ) < min(b′

i+1) for all i ≥ 1. Let us denote by m the smallest integer such
that bm 6= b′

m. Since b1 = b′

1, . . . , bm−1 = b′

m−1, we have min(bm) = min(b′
m) = i0. By

condition (C1), we have bm ⊂ b′
m since i0 ∈ bm ∩ b′

m. Now let j0 be the smallest
integer such that j0 /∈ bm and j0 ∈ b′

m. Let bp (p ≥ m + 1) be the block of πw which
contains j0. Since j0 ∈ bp ∩ b′

m, we have bp ⊆ b′
m and by the condition (C2) we have

[ j0 = min(bp), max(bp)] ⊆ b′
m. Then there are two cases to consider:

– (a): bp is an interval.
Let denote j0 = min(bp). Let v be the largest Dyck subword of w, the last close
parenthesis of which has the number j0 − 1 and the first open parenthesis of
which has the number y ≥ i0. So there exists in w a Dyck subword v(. . . () . . .)

such that the first open (resp. last close) parenthesis of (. . . () . . .) has the number
j0 = min(bp) (resp. max(bp)). If we apply on w the phagocyte transformation
v(. . . () . . .) −→ (. . . (v) . . .), we obtain a Dyck word w1. We have w1 ≺ w′. Indeed
πw and πw1 have the same blocks except one block which is the union of bm

and bp.
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– (b): bp is not an interval, i.e. bp ⊂
[
min(bp), max(bp)

]
. Let denote j0 = min(bp).

According to Lemma 2, there exists a block bl (l ≥ p) of πw which is an
interval bl = [r, s] included in

[
min(bp), max(bp)

]
. Observe that r = s can occur.

We choose the rightmost block bl . Let b be the block of πw which contains
r − 1 and x = min(b). Let v be the largest Dyck subword of w the last close
parenthesis of which has the number r − 1 and the first open parenthesis of
which has the number y ≥ x. Then, we apply on w the phagocyte mutation
v(. . . () . . .) −→ (. . . (v) . . .) where the first open (resp. last close) parentheses of
the nested parenthesis ((. . . () . . .)) has number r (resp. s). We obtain the Dyck
word w1 which verifies w −→ w1 and w1 ≺ w′ as above.

By repeating this process, we find a finite sequence of Dyck words wk such that
wk ≺ w′ for all k and w −→ w1 −→ w2 . . . −→ wl = w′. By transitivity w

∗
−→ w′

follows.

Remark 2. This proof is constructive since we exhibit a minimal length path between
w and w′ if w

∗
−→ w′.

THEOREM 2. For all n, the poset (Dn,
∗

−→) is a lattice.
Proof. It suffices to show that any two elements of Dn have a greatest lower bound.

The existence of least upper bounds then follows automatically since Dn is finite.
Given w, w′

∈ Dn with w 6= w′, let us consider b ∈ Dn such that b
∗

−→ w, b
∗

−→ w′

and b maximal, i.e. there does not exist b′
∈ Dn (b′

6= b) such that b
∗

−→ b′, b′
∗

−→ w,
b′

∗
−→ w′. Assume that there exists a ∈ Dn maximal such that a

∗
−→ w, a

∗
−→ w′ and

a 6= b. We denote:

πa = A1/A2/ . . . ,

πb = B1/B2/ . . . ,

πw = W1/W2/ . . . ,

πw′ = W ′
1/W ′

2/ . . . .

Let m be the smallest integer such that Am 6= Bm. Obviously there exists x such that
x ∈ Am and x /∈ Bm or x /∈ Am and x ∈ Bm. Let us define Wk (respectively, W ′

l) as the
block of πw (respectively, πw′ ) which contains x. We have Am ⊆ Wk and Am ⊆ W ′

l .
Moreover, Bm ⊂ Wk and Bm ⊂ W ′

l since Am ∩ Bm 6= ∅ and min(Am) = min(Bm). By
Remark 1 we have:

Wk = Ai0 ∪

⋃
i∈I

[ri , ~si ] and

Wk = Bi0 ∪

⋃
j∈J

[u j , ~v j ]
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where i0 ≤ m, and for each i ∈ I (resp. j ∈ J ) ri and si (resp. u j and v j ) are the
minimum and the maximum of the same block of πa (resp. πb). We have as well:
W ′

l = Ai ′
0 ∪

⋃
i ′∈I ′ [r ′

i ′ , ~s ′
i ′ ] and W ′

l = Bi ′
0 ∪

⋃
j ′∈J ′ [u′

j ′ , ~v′
j ′ ].

Since x /∈ Bm and Ai0 = Bi0 for all i0 < m, x belongs to an interval [u j0 , v j0 ], j0 ∈ J ,
where u j0 and v j0 are in a same block Bx of πb (x ∈ Bx). Similarly x belongs to an
interval [u′

j ′
0
, v′

j ′
0
] with j ′

0 ∈ J ′.
Since b verifies the noncrossing property, we have necessarily

[
u j0 , v j0

]
⊆

[
u′

j ′
0
, v′

j ′
0

]
or

[
u′

j ′
0
, v′

j ′
0

]
⊆

[
u j0 , v j0

]

Assume that the first case holds.
If [u′

j ′
0
, v′

j ′
0
] 6= [u j0 , v j0 ] then [u′

j ′
0
, v′

j ′
0
] \ [u j0 , v j0 ] has some elements below and

above the interval [u j0 , v j0 ]. Let us remark that the block containing u′
j ′

0
surrounds

the block Bx .
In order to transform b into w, we must merge the block Bx with the block Bi0 . So

the only possibility is either that the block which contains u′
j ′

0
is in Bi0 or that we also

must merge Bx with Bi0 . This proves that the interval [u′
j ′

0
, v′

j ′
0
] is included into Wk.

Hence, each block included in [u′
j ′

0
, v′

j ′
0
] is also included into Wk and W ′

l , which
is trivially verified if [u′

j ′
0
, v′

j ′
0
] = [u j0 , v j0 ]. We can built b′

∈ Dn such that πb′ and πb

have the same blocks except the block containing u′
j ′

0
which is replaced by its union

with each block of πb included in [u j0 , v j0 ]. So b′
∈ Dn verifies b 6= b′ and b

∗
−→ b′. By

construction b′
∗

−→ w and b′
∗

−→ w′, which contradicts the maximality of b. �

In the following propositions, we enumerate the join- and meet-irreducible ele-
ments of Dn. Recall that x ∈ Dn is a join (resp. meet)-irreducible element if x = a ∨ b
(resp. x = a ∧ b) implies x = a or x = b. In other words, join (resp. meet)-irreducible
elements are the elements that have an unique lower (resp. upper) cover. The proofs
are easily obtained.

PROPOSITION 2. The number of join-irreducible elements in the phagocyte lattice
Dn is n(n − 1)/2.

Proof. It is enough to count all ncps consisting of one block with two elements and
all other blocks having one element. �

PROPOSITION 3. The number of meet-irreducible elements in the phagocyte lattice
Dn is 2n−1

− 1.
Proof. Let denote X = {(p)p, p ≥ 1} and Y = {(q, q ≥ 1}. Then elements we are

interested in are exactly alternative sequences of element in X and Y followed by two
elements in X and some ), i.e. the sequences of the form x1 y2x3 . . . yk−2xk−1xk)

r where
xi ∈ X, yi ∈ Y and r ≥ 0. Thus the number of these sequences equals to the number
of non-trivial compositions of n i.e. 2n−1

− 1. �
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4. Computing Meets and Joins

Using Theorem 1, we exhibit algorithms for computing the meet w ∧ w′ and the join
w ∨ w′ of two Dyck words w, w′

∈ Dn.

Meet algorithm:
for i := 1 to n do cw∧w′ [i] := 0 enddo
for i := 1 to n do

if cw∧w′ [i] = 0 then
if cw[i] < i or cw′ [i] < i then

j0 := i ;
for j := i to n do

if cw∧w′ [ j] = 0 and cw[ j] = cw[i] and cw′ [ j] = cw′ [i] then
cw∧w′ [ j] := j0;

else j0 := j ; endif
endo

else
for j := i to n do

if cw[ j] = i and cw′ [ j] = i then
cw∧w′ [ j] := i ; endif

enddo
endif

endif
enddo

Proof and analysis of the meet algorithm. Suppose the current element cw∧w′ [i] has
been computed for all i < i0. For computing cw∧w′ [i0] there are two cases to consider:

– (1): cw[i0] = i0 and cw′ [i0] = i0.
So there exist two blocks b ∈ πw and b′

∈ πw′ such that i0 = min(b) = min(b′).
We put cw∧w′ [i0] = i0. Now for j ≥ i0, let b j ∈ πw (respectively, b′

j ∈ πw′ ) be the
block of πw (respectively, πw′ ) which contains j . If we have i0 ∈ b j and i0 ∈ b′

j

then we put also cw∧w′ [ j] = i0. We repeat this process for all j ≥ i0.
– (2): cw[i0] < i0 or cw′ [i0] < i0.

Assume that cw[i0] < i0. Thus there exists a block b ∈ πw such that min(b) =

cw[i0] < i0 and i0 ∈ b. Since cw∧w′ [i0] = 0 is not determined by the algorithm, i0

does not belong to the block b′ of πw∧w′ which contains cw[i0] < i0. To construct
a path between w ∧ w′ and w, we must merge the block b′′ of πw∧w′ which
contains i0 with the block b′ since i0 and cw[i0] are in the same block b ∈ πw.
Using Theorem 1, we obtain [min(b′′), max(b′′)] ⊆ b. So b′′ is the greatest interval
b′′

= [i0, k] with k ≥ i0 verifying b′′
⊆ b and b′′ is also included in a block of πw′ .

We repeat this process for all integers greater than i0.

Let σ be the noncrossing partition corresponding to the vector cw∧w′ obtained by
the above algorithm. Then σ verifies the followings properties:

First by construction, each block of σ is included into a block of πw and a block
of πw′ .
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Second if there exist a block bσ in σ and a block bπ in πw (respectively, πw′ ) such
that min(bσ ) = min(bπ ), then πw\bσ is by construction an union of intervals I verifying
(i) I is also a block of σ and min(I) ≥ min(σ ), (i i) I is included into a block of πw

(respectively, πw′ ). From Theorem 1, we obtain σ
∗

−→ πw and σ
∗

−→ πw′ .
Moreover, we determine at each step of algorithm the greatest block verifying the

two previous properties. This means that σ is the greatest noncrossing partition such
that σ

∗
−→ πw and σ

∗
−→ πw′ . Indeed in the case (1), we consider the greatest set

containing i0 which is included into a block of πw and πw′ and in the case (2), we
consider the greatest interval containing i0 which is also included into a block of πw

and πw′ . So, σ corresponds to the noncrossing partition of w ∧ w′.
The space complexity is O(n). The time complexity is O(n2) because computing

nbl(πw) requires O(n) time and the meet algorithm requires two nested loops.
We can easily define a recursive algorithm to compute the join π t π ′ of two ncp π

and π ′ in the classical lattice of noncrossing partitions. So we can suppose that cwtw′

has been computed for all w, w′
∈ Dn. Assume that cw and cw′ are determined. Let dw

(respectively, dw′ ) be the vector defined by dw[i] (respectively, dw′ [i]) is the greatest
element of the block of πw (respectively, πw′ ) which contains i .

Join algorithm.
for i := 1 to n do

if cw∨w′ [i] = 0 then
for j := i to n if

if cwtw′ [ j] = cwtw′ [i] then
cw∨w′ [ j] := cwtw′ [i];
if cw[ j] 6= cw[i] then

for k := j + 1 to dw[ j] do
cw∨w′ [k] := cwtw′ [i]; enddo

endif
if cw′ [ j] 6= cw′ [i] then

for k := j + 1 to dw′ [ j] do
cw∨w′ [k] := cwtw′ [i]; enddo

endif
endif

enddo
endif

enddo

Proof of the join algorithm. Suppose the current element cw∨w′ [i] has been computed
for all i < i0. So we put cw∨w′ [i0] = i0 and for all j > i0 such that j and i0 are in the
same block in πwtw′ , we put cw∨w′ [ j] = cwtw′ [i0]. We discuss the two following cases
(1) and (2):

– (1): If cw[ j] 6= cw[i0]: i0 and j do not belong to the same block in πw. To construct
a path between w and w ∨ w′, we must include the interval

[
j + 1, dw[ j]

]
in

the block of πw∨w′ which contains i0. So if k ∈
[

j + 1, dw[ j]
]
, we put cw∨w′ [k] =

cwtw′ [i0].
– (2): If cw′ [ j] 6= cw′ [i0]. The proof is similar to the proof of (1).
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Let σ (respectively, τ ) be the noncrossing partition obtained by cw∨w′ (respectively,
cwtw′ ). By construction, every block of σ is included into a block of τ , so every block
of πw and πw′ is included into a block of σ .

Moreover, if there exist a block bτ in τ and a block bπ in πw (respectively, πw′ )
such that min(bτ ) = min(bπ ) then bτ\bπ is by construction an union of blocks b in πw

(respectively, πw′ ) with min(b) ≥ min(bτ ). In order to obtain σ from τ , it is necessary
to merge the block bπ with the intervals [min(b), max(b)] (by Theorem 1). So at the
end of the algorithm, σ verifies the conditions (C1) and (C2) of Theorem 1. Thus we
obtain πw

∗
−→ σ and πw′

∗
−→ σ .

The minimality of σ holds since at each step of this algorithm we run only the
necessary operations. Thus σ = πw∨w′ .

For example, if πw = 149/23/57/6/8 and πw′ = 147/23/56/89, the algorithms give
πw∧w′ = 14/23/5/6/7/8/9 and πw∨w′ = 1456789/23.

5. Conclusion

In this paper, a new lattice structure has been defined on the Catalan sets of
Dyck words via a natural transformation. The simple and natural definition of the
phagocyte transformation is unfortunately at odds with the rather complex theorem
which characterizes this transformation.

The greedy transformation v() → (v) defined in [7] is a particular case of the
phagocyte transformation. However the poset obtained by the greedy transformation
is not an effective lattice. Nevertheless, this poset is a graded lower semi-modular
meet-semilattice. This property allows to compute the corresponding shortest path
metric [12].

Some problems remain to be solved.
Is there an algorithm to compute the Möbius function of the phagocyte lattice of

Dyck words as in [16]?
Computer experiments show that the number of coverings cov(n) of Dn is equal to

3(2n + 2)!/((n + 1)!(n + 4)!) for small values of n (n ≤ 6). We obtain the first terms of
the sequence A003517=[1, 6, 27, 110, · · · ] included in the Sloane Encyclopedia [25].
This sequence enumerates two combinatorial classes of objects: (a) The set PI Sn

of permutations on [n] with exactly one increasing subsequence of length three [13]
and (b) the set NI Pn of pairs of non-intersecting paths of length n and distance
three [21]. In order to prove the equality cov(n) = card(PI Sn+1) = card(NI Pn+1),
can we exhibit two explicit bijections between the coverings of Dn and two above
combinatorial classes? Is there a polynomial time algorithm to compute the minimal
path length distance between Dyck words in the phagocyte lattice [12]? If so, a
new shortest-path-type metric could be obtained, and could be added to the existing
metrics on Catalan sets [2, 7, 14, 15, 17, 19, 24]. Let us recall that we still do not know
if the rotation distance on binary trees can be computed in polynomial time.

Acknowledgments We would like to thank the anonymous referees and Jean-Paul Auffrand for
their constructive remarks which have greatly improved this paper.
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Abstract

There remains today an open problem whether the rotation distance between binary trees or equivalently the diagonal-flip
distance between triangulations can be computed in polynomial time. We present an efficient algorithm for computing lower and
upper bounds of this distance between a pair of triangulations.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Culik and Wood defined in 1982 the rotation dis-
tance between a pair of binary trees as the minimum
number of rotations needed to convert one tree into the
other [5]. There exists a well-known explicit bijection
between binary trees and triangulations. Thus a system
that is isomorphic to binary trees related by rotations
is that of triangulations of a convex polygon related by
the diagonal-flip transformation. A diagonal-flip trans-
formation is an operation that converts one triangulation
into another by removing a diagonal in the triangulation
and adding the diagonal that subdivides the resulting
quadrilateral in the opposite way. Thus rotation distance
of binary trees and diagonal-flip distance of triangula-
tions are equivalent.

* Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril),

pallo@u-bourgogne.fr (J.-M. Pallo).

An open problem is the complexity status of com-
puting the rotation distance between two binary trees
or equivalently the diagonal-flip distance between two
triangulations. Lucas has presented a quadratic time al-
gorithm for computing the rotation distance between
binary trees of restricted form [8]. But in the general
case, there remains the open problem whether these dis-
tances can be computed in polynomial time.

Some upper bounds of these distances have been ex-
hibited [6,9,14]. Some authors approach the problem by
limiting the reshaping primitive to a restricted version of
the general rotation operation [1–4,7,13,16]. Obviously
these restricted rotation distances will be bounded be-
low by the usual rotation distance. Another approach for
computing an upper bound uses a “flexion” operation on
binary trees [12].

In [11], a rough lower bound of the rotation distance
is computed using ordinal tools. But to our knowledge,
efficient lower bounds are not found in literature.

In this paper we present a polynomial time algorithm
for computing lower and upper bounds. Computer ex-

0020-0190/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.ipl.2006.07.001
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Fig. 1. A diagonal flip in T8.

periments show that these bounds are efficient. For sim-
plification reasons, we prefer stating our results in terms
of triangulations rather than binary trees.

2. Notations and definitions

Let us consider n-gons, i.e., convex polygons with n

sides and with a distinguished side as the top. We la-
bel the vertices from 0 to n − 1 counterclockwise such
that the top has 0 and n − 1 as two vertices. Any tri-
angulation of the n-gon has n − 2 triangles and n − 3
non-crossing diagonals. Let Tn denote the set of trian-
gulations of the n-gon. There is an explicit bijection
between Tn and the set of binary trees with n−2 internal
nodes (and thus n− 1 leaves) [12,17]. The diagonal-flip
operation on Tn is defined as follows. A diagonal inside
the polygon is removed, creating a face with four sides.
The opposite diagonal of this quadrilateral is inserted in
place of the one removed, restoring the diagram to a tri-
angulation of the polygon [17]. See Fig. 1. If T ,S ∈ Tn,
let dist(T ,S) be the minimum number of diagonal-flips
needed to transform T into S.

The internal degree di(T ) of a vertex i of T ∈ Tn is
the number of diagonals incident to i (0 � i � n−1). In
a pair (T ,S) of triangulations of Tn, the composite de-
gree cdi (T , S) is the total number of diagonals incident
to vertex i in both triangulations. If T ,S ∈ Tn have a
diagonal {i, j} in common, we say that {i, j} is a (2,2)-
diagonal if cdi (T , S) = cdj (T , S) = 2. Given two trian-
gulations of Tn, a flip-to-match diagonal is a diagonal in
one of the triangulations which can be flipped to make
it match a diagonal in the other [15]. Given T ,S ∈ Tn,
we define the type of vertex i by typei (T , S) = (k : l)

where k = di(T ) and l = di(S).

Definition 1. [17] Given T ∈ Tn, we define the normal-
ized triangulation NT (i, j) (respectively N ′

T (i, j)) with
respect to the diagonal {i, j} as follows:

(1) NT (i, j) and N ′
T (i, j) contain the diagonal {i, j};

(2) NT (i, j) and N ′
T (i, j) contain every diagonal of T

that does not cross the diagonal {i, j};
(3) if T contains a diagonal {a, b} that crosses the di-

agonal {i, j}, then NT (i, j) (respectively N ′
T (i, j))

contains the diagonals {a, j} and {b, j} (respec-
tively {a, i} and {b, i}).

Definition 2. In case where j = i +2 mod n, we say that
NT (i, i + 2) (respectively N ′

T (i, i + 2)) is the counter-
clockwise (respectively clockwise) normalization with
respect to the vertex i + 1 and we denote NT (i, i + 2) =
NT (i + 1) (respectively N ′

T (i, i + 2) = N ′
T (i + 1)).

Definition 3. Let {i, j} be a diagonal of T ∈ Tn such that
di(T ) = dj (T ) = 2. Then T can be double-normalized
with respect to the diagonal {i, j} to create a new trian-
gulation N ′′

T (i, j) as follows:

(1) we flip in T the diagonal {i, j},
(2) then we flip the diagonal adjacent to vertex i,
(3) and we flip the diagonal adjacent to vertex j .

Definition 4. Let i be a vertex of T ∈ Tn such that
di(T ) = 3. We denote {a, i}, {b, i} and {c, i} the three
diagonals incident to vertex i with the vertices a, b, c

in clockwise order. Then T can be pseudo-normalized
with respect to vertex i to create a new triangulation
N ′′′

T (i) as follows: we flip the two diagonals {a, i} and
{c, i}, then we flip the middle diagonal {b, i}.

It is worth noting that each of these normaliza-
tions creates at least one diagonal of the form {i − 1,

i + 1} mod n. Then the edges {i − 1, i} and {i, i + 1}
will be “nibbled” away by the algorithm of Section 8.

3. Preliminaries

Lemma 1. [17] Given T ,S ∈ Tn, if it is possible to flip
one diagonal of T creating T1 so that T1 has one more
diagonal in common with S than does T , then there ex-
ists a shortest path from T to S in which the first flip
creates T1.

Lemma 2. [17] Given T ,S ∈ Tn, if T and S have a di-
agonal in common, then a shortest path from T to S

never flips this diagonal.

Lemma 3. [8,17] If T ,S ∈ Tn share a common diag-
onal, this diagonal splits T (respectively S) into two
subtriangulations T ′ and T ′′ (respectively S′ and S′′)
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Fig. 2. Four normalizations of T ∈ T6.

in such a way that T ′ and S′ (and thus T ′′ and S′′) have
the same vertices. Then we have the following formula:

dist(T ,S) = dist(T ′, S′) + dist(T ′′, S′′).

Lemma 4. If T ,S ∈ Tn, then there exists a vertex i such
that cdi (T , S) � 3.

Proof. Let us consider the graph which is obtained by
matching T and S. We have

∑n
i=1 cdi (T , S) = 4(n−3).

Thus the average verifies the inequality

1

n

n∑

i=1

cdi (T , S) = 4(n − 3)

n
< 4

and there exists at least a vertex i such that cdi (T , S) �
3. �

According to Lemma 4, we study in the sequel the
different types of vertices which can occur, i.e. (2 : 0),
(1 : 1), (3 : 0) and (2 : 1). The case (1 : 0) is a particular
case of Lemma 1.

It is important to notice that, in Sections 4–7 below,
we assume that the hypotheses of Lemmas 1 and 2 are
not verified.

4. Properties of vertices of type (2 : 0)

Lemma 5. Given T ,S ∈ Tn with a vertex i such that
typei (T , S) = (2 : 0), there exists a shortest path from T

to S in which the two first flips create either NT (i) or
N ′

T (i).

Proof. Let P : T = T0, T1, T2, . . . , Tp = S be a short-
est path connecting T and S in which Tl and Tl+1 differ
only by one flip. Since di(S) = 0, S contains the diago-
nal {i −1, i +1} mod n. Necessarily there exist in P two
pairs (Tj , Tj+1) and (Tk, Tk+1) such that di(Tj ) = 2,
di(Tj+1) = 1, di(Tk) = 1 and di(Tk+1) = 0. There are
two cases to consider:

Case 1: di+1(Tj+1) > di+1(Tj ). Then we have
NTj

(i) = NTj+1(i) and NTk
(i) = NTk+1(i). Consider the

sequence of triangulations: NP (i) : NT (i) = NT0(i),

NT1(i),NT2(i), . . . ,NTp(i) = NS(i). Successive trian-
gulations of NP (i) are either identical or differ only by
one flip. The length of NP (i) is at most p − 2. Since
dist(T ,NT (i)) = 2, we have built a new shortest path
from T to S which contains NT (i).

Case 2: di−1(Tj+1) > di−1(Tj ). Then we have
N ′

Tj
(i) = N ′

Tj+1
(i) and N ′

Tk
(i) = N ′

Tk+1
(i). The proof

concludes mutatis mutandis. �
Theorem 1. Given T ,S ∈ Tn with a vertex i such that
typei (T , S) = (2 : 0), then we have:

dist(T ,S) = min
(
dist

(
NT (i), S

)
,dist

(
N ′

T (i), S
)) + 2

and

dist(T ,S) � max
(
dist

(
NT (i), S

)
,dist

(
N ′

T (i), S
)) + 1.

Proof. The equality is a straightforward consequence
of Lemma 5. It is worth noting that dist(NT (i),N ′

T (i))

= 1. Thus

dist(T ,S)

� min
(
dist

(
NT (i), S

)
,dist

(
NT (i), S

) − 1
) + 2

= dist
(
NT (i), S

) + 1

and

dist(T ,S) � dist
(
N ′

T (i), S
) + 1

by symmetry. �
Theorem 2. Given T ,S ∈ Tn with a (2,2)-diagonal
{i, j} such that dT (i) = 2, dS(i) = 0, dT (j) = 2 and
dS(j) = 0, we have:

dist(T ,S) = dist
(
N ′′

T (i, j), S
) + 3.

Proof. According to Theorem 1: dist(T ,S) = 2 +
min(dist(NT (i), S),dist(N ′

T (i), S)). Thus there are two
cases to consider (see Fig. 3):

Case 1: dj (NT (i)) = 1. Then we have: dist(NT (i), S)

= dist(N ′′
T (i, j), S)+1 and dist(N ′

T (i), S) � dist(N ′′
T (i,
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Fig. 3. Illustration of the proof of Theorem 2. A simple line is for
distance one and a double line for distance two.

j), S) + 1. Thus there is a shortest path from T to S

which contains N ′′
T (i, j).

Case 2: dj (N
′
T (i)) = 1. Then we have dist(N ′

T (i), S)

= dist(N ′′
T (i, j), S)+1 and dist(NT (i), S) � dist(N ′′

T (i,

j), S) + 1 proving that there exists a shortest path from
T to S which contains N ′′

T (i, j).
The proof concludes with dist(T ,N ′′

T (i, j)) = 3. �
5. Properties of vertices of type (1 : 1)

Theorem 3. Given T ,S ∈ Tn with a vertex i such that
typei (T , S) = (1 : 1) then the following inequalities
hold:

dist
(
NT (i),NS(i)

) + 1

� dist(T ,S)

� dist
(
NT (i),NS(i)

) + 2.

Proof. Let P : T = T0, T1, T2, . . . , Tp = S be a shortest
path connecting T and S in which Tl and Tl+1 differ
only by one flip. Let us consider the path: T = T0,

NT0(i),NT1(i),NT2(i), . . . ,NTp(i), Tp = S of length
p + 2. Two successive trees differ only by one flip,
proving the right inequality. Since typei (T , S) = (1 : 1),
di(T ) = di(S) = 1, there are two cases to consider:

Case 1: there exists in P a tree Tq such that di(Tq) =
0. Thus {i − 1, i + 1} mod n is a diagonal of Tq . By
Lemma 1, there exists a shortest path connecting T

and Tq which contains NT (i). Similarly there exists
a shortest path connecting Tq and S which contains
NS(i). We obtain dist(T ,S) = dist(NT (i),NS(i))+2 >

dist(NT (i),NS(i)) + 1.
Case 2: there exists in P a tree Tr such that di(Tr) =

1 and di(Tr+1) = 2. We necessarily have either NTr (i) =

NTr+1(i) or N ′
Tr

(i) = N ′
Tr+1

(i). In the first case, the
length of the path NP (i) : NT (i),NT1(i),NT2(i), . . . ,

NS(i) connecting NT (i) and NS(i) is p − 1, proving
dist(NT (i),NS(i)) � dist(T ,S) − 1. The second case is
similar, thus completing the proof of the left inequal-
ity. �
6. Properties of vertices of type (3 : 0)

Theorem 4. Given T ,S ∈ Tn with a vertex i such that
typei (T , S) = (3 : 0) then the following inequalities
hold:

dist
(
N ′′′

T (i), S
) + 1 � dist(T ,S)

� dist
(
N ′′′

T (i), S
) + 3.

Proof. The right inequality follows trivially from
dist(T ,N ′′′

T (i)) = 3. Let P : T = T0, T1, T2, . . . , Tp = S

be a shortest path connecting T and S in which Tl

and Tl+1 differ only by one flip. Since di(T ) = 3
and di(S) = 0, necessarily there exist in P three pairs
of trees (Tq, Tq+1), (Tr , Tr+1), (Ts, Ts+1) such that
di(Tq) = 3, di(Tq+1) = 2, di(Tr ) = 2, di(Tr+1) = 1,
di(Ts) = 1, di(Ts+1) = 0. We have either NTr (i) =
NTr+1(i) or N ′

Tr
(i) = N ′

Tr+1
(i). But we have NTs (i) =

NTs+1(i) and N ′
Ts

(i) = N ′
Ts+1

(i). There are two cases to
consider:

Case 1: there exist u,v ∈ {q, r, s} with u �= v such
that NTu(i) = NTu+1(i) and NTv (i) = NTv+1(i). Let
us consider the path NP (i) : NT (i) = NT0(i),NT1(i),

NT2(i), . . . ,NTp(i) = NS(i) = S connecting NT (i)

and S. Indeed NS(i) = S since di(S) = 0. The length of
NP (i) is p − 2 proving dist(NT (i), S)+ 2 � dist(T ,S).

Case 2: there exist u′, v′ ∈ {q, r, s} with u′ �= v′ such
that N ′

Tu′ (i) = N ′
Tu′+1

(i) and N ′
Tv′ (i) = N ′

Tv′+1
(i). Simi-

larly dist(N ′
T (i), S) + 2 � dist(T ,S) holds.

It is enough to observe that dist(NT (i),N ′′′
T (i)) = 1

and dist(N ′
T (i),N ′′′

T (i)) = 1. In particular we deduce
dist(N ′′′

T (i), S) � 1 + dist(NT (i), S) � 1 + dist(T ,S) −
2 proving the left inequality. �
7. Properties of vertices of type (2 : 1)

Theorem 5. Given T ,S ∈ Tn with a vertex i such that
typei (T , S) = (2 : 1) then the following inequalities
hold:

dist(T ,S)

� max
(
dist

(
NT (i),NS(i)

)
,dist

(
N ′

T (i),N ′
S(i)

)) + 1,

dist(T ,S)

� min
(
dist

(
NT (i),NS(i)

)
,dist

(
N ′

T (i),N ′
S(i)

)) + 3.
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Proof. Since di(T ) = 2 and di(S) = 1, we have dist(T ,

NT (i)) = 2 and dist(S,NS(i)) = 1 proving the sec-
ond inequality. For proving the first inequality, let
P : T = T0, T1, T2, . . . , Tp = S be a shortest path con-
necting T and S in which two consecutive trees dif-
fer only by one flip. We denote {i, a} and {i, b} the
two diagonals of T incident to vertex i with a and
b in clockwise order. Now let f � 1 be the small-
est s ∈ [1,p] such that the diagonal {i, a} is not the
first diagonal (in clockwise order) adjacent to i in Ts .
Similarly let � � 1 be the smallest r ∈ [1,p] such that
the diagonal {i, b} is not the last diagonal (in clock-
wise order) adjacent to i in Tr . Thus we necessarily
have NTf −1(i) = NTf

(i) and N ′
T�−1

(i) = N ′
T�

(i). There-
fore we obtain dist(NT (i),NS(i)) � dist(T ,S) − 1 and
dist(N ′

T (i),N ′
S(i)) � dist(T ,S) − 1 proving the first in-

equality. �
8. Computing lower and upper bounds

The goal of the following algorithm is to “nibble” the
edges (and consequently the vertices) of the two trian-
gulations by applying Lemma 1 and then Theorems 1–5.
It is necessary to check whether there is a flip-to-match
diagonal first. In this case, the corresponding flip is car-
ried out. Otherwise, the existence of type (1 : 0), (2 : 0),
(1 : 1), (3 : 0) and (2 : 1) diagonals (in this precise or-
der) should be checked. In fact, whatever the order, the
algorithm is correct. However we choose this precise
order for obvious statistical reasons. It will lead statisti-
cally to minimum number of operations.

Now we provide a recursive algorithm (according to
Lemma 4) to find lower and upper bounds (in our algo-
rithm low and up) for the rotation distance between two
triangulations T ,S ∈ Tn. It should be pointed out that,
in this algorithm, trees T , S and therefore types (i : j),
(j : i) play the same role.

Algorithm (Computing low and up)
Given T ,S ∈ Tn

procedure low-up(T ,S,n)

if n � 3 then
if T and S have a common diagonal then

T := (T1, T2); S := (S1, S2);
n1 := size(T1) = size(S1); n2 := size(T2) = size(S2);
low-up(T1, S1, n1);
low-up(T2, S2, n2);

else
if T and S verify Lemma 1 then

flip the diagonal in T or in S

low := low + 1;up := up + 1

low-up(T ,S,n);

else
if T and S have a vertex i of type (2 : 0) then

if T and S have a (2,2)-diagonal {i, j} then
T := N ′′

T (i, j) or S := N ′′
S (i, j)

low := low + 3;up := up + 3
low-up(T ,S,n − 2);

else
T := NT (i) or S := NS(i)

low := low + 1;up := up + 2
low-up(T ,S,n − 1);

else
if T and S have a vertex i of type (1 : 1) then

T := NT (i) and S := NS(i)

low := low + 1;up := up + 2
low-up(T ,S,n − 1);

else
if T and S have a vertex i of type (3 : 0) then

T := N ′′′
T (i) or S := N ′′′

S (i)

low := low + 1;up := up + 3
low-up(T ,S,n − 1);

else T and S have a vertex i of type (2 : 1)

T := NT (i) and S := NS(i)

low := low + 1;up := up + 3
low-up(T ,S,n − 1);

end low-up

Examples. If (T ,S) are the two triangulations ∈ T23 of
Rogers [15, p. 88], then the above algorithm provides
20 � dist(T ,S) � 29. The exact rotation distance is 21.

If (T ,S) are the two triangulations ∈ T20 of Lucas
[8, p. 261], then the above algorithm provides 17 �
dist(T ,S) � 25. The exact rotation distance is 20.

An applet for computing lower and upper bounds is
available on the web site: http://www.u-bourgogne.fr/jl.
baril/titi.html. This applet will choose the better of the
two upper bounds, either the result of this paper, or the
result of [12]. Let us remark that the upper bound pro-
vided in [12] is often, but not necessarily, better than the
upper bound computed in this paper. This applet uses
the coding of binary trees (or equivalently triangula-
tions) by weight sequences [10] and represents triangu-
lations by adjacency matrices. Recall that the adjacency
matrix MT of T is such that MT (i, j) = 1 if the vertices
i and j are connected in T and MT (i, j) = 0 otherwise.
Between two recursive calls we carry out a flip-to-match
diagonal and some computations in order to obtain the
adjacency matrices of T1 and T2 from that of T . This
step requires a time complexity O(n2). Since the tri-
angulations have n − 3 diagonals the time complexity
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is given by
∑n−3

i=1 i2 and thus the time complexity is
O(n3).

9. Computer experiments

We present here some exhaustive and statistical re-
sults. In the first array we obtain exhaustive values for
n � 13 about the ratio of pairs (T ,S) verifying (up −
low) � k with k = 0,1,2, n/2. In the second array we
provide probabilistic results for some n ∈ [14,100] by
generating a random huge number of pairs (T ,S). We
notice that our algorithm gives efficient lower and upper
bounds for large values of n: 99% of pairs (T ,S) have
upper and lower bounds verifying (up − low) � n/3.

Exhaustive results

Table 1

n-gons 5 6 7 8 9 10 11 12 13

Up = Low 100(%) 96 88 78 67 57 47 38 33
Up − Low � 1 100 100 99 99 95 90 82 73 54
Up − Low � 2 100 100 100 100 100 99 96 91 64
Up − Low � n/2 100 100 100 100 100 100 99.9 99.9 99.9

Statistical results

Table 2

n-gons 14 15 16 17 18 20 30 50 100

Up − Low � n/10 81.5 (% ) 77 75 71 69 65 59 45 39
Up − Low � n/5 98 97 97 96 95 95 95 94 93
Up − Low � n/3 99.9 99.9 99.9 99.9 99.8 99.8 99.8 99.7 99.7

Up − Low � n/2 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9
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Abstract

We give the first Gray code for the set of n-length permutations with a given number of cycles. In this code, each permutation is
transformed into its successor by a product with a cycle of length three, which is optimal. If we represent each permutation by its
transposition array then the obtained list still remains a Gray code and this allows us to construct a constant amortized time (CAT)
algorithm for generating these codes. Also, Gray code and generating algorithm for n-length permutations with fixed number of
left-to-right minima are discussed.
© 2006 Elsevier B.V. All rights reserved.

Keywords: Restricted permutations; Gray codes; Generating algorithms; Transposition array

1. Introduction

Various study have been made on generating algorithms for permutations and their restrictions (with given ups and
downs [5,10], derangements [1], involutions [6], and fixed-point free involutions [16]) or their generalizations (multiset
permutations [15]). See [4,12] for surveys of permutation generation methods. At [7] is given an implementation of
Taylor and Ruskey [11] generating algorithm for n-length permutations with k cycles. However, the generating order
is neither lexicographic nor Gray code order. On the other hand, these codes also called permutation codes or arrays
have some applications for power line communication [2].

Let Sn be the set of all permutations of length n�1. We represent permutations in one-line notation, i.e. if i1, i2, . . . , in
are n distinct values in [n] = {1, 2, . . . , n}, we denote the permutation � by the sequence (i1, i2, . . . , in) if �(k) = ik
for 1�k�n. Moreover, if � = (�(1), �(2), . . . , �(n)) is an n-length permutation then the composition (or product)
� · � is the permutation (�(�(1)), �(�(2)), . . . , �(�(n))). In Sn, a k-cycle � = 〈i1, i2, . . . , ik〉 is an n-length permutation
verifying �(i1)= i2, �(i2)= i3, . . . , �(ik−1)= ik, �(ik)= i1 and �(j)= j for j ∈ [n]\{i1, . . . , ik}; and the domain of �
is the set {i1, . . . , ik}. In particular, a transposition (i.e. a 2-cycle) has domain of cardinality two. It is well known that
each n-length permutation can be uniquely decomposed in a product of cycles with disjoint domains. For 1�k�n, we
denote by Sn,k the set of all n-length permutations which admit a decomposition in a product of k (disjoint) cycles and
{Sn,k}1�k �n forms a partition for Sn. The cardinality of Sn,k is given by the signless Stirling numbers of the first kind
s(n, k) satisfying:

s(n, k) = (n − 1) · s(n − 1, k) + s(n − 1, k − 1) (1)

with the initial conditions s(n, k) = 0 if n�0 or k�0, except s(0, 0) = 1. See for instance [13,18].
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A Gray code for a sequence set S is an ordered list for S in which the Hamming distance between any two consecutive
sequences in the list (the number of positions in which they differ) is bounded by a constant, independent on the size
of the sequences. If this constant is minimal then the code is called optimal. A Gray code is cyclic if the Hamming
distance between the first and the last sequence is also bounded by this constant.

Now we introduce some notations concerning lists.
If S is a list then S is the list obtained by reversing S, and first(S) (last(S), respectively) is the first (last

respectively) element of the list, and obviously first(S) = last(S) and first(S) = last(S); S(i) is the list S if i is
even, and S if i is odd; if S1 and S2 are two lists, then S1 ◦S2 is their concatenation, and generally ©m

i=1Si is the
list S1 ◦ S2 ◦ · · · ◦ Sm. Similarly, ©1

i=mSi is the list Sm ◦ Sm−1 ◦ · · · ◦ S1.
In the following, Sn,k will denote our Gray code for the set Sn,k , fn,k = first(Sn,k) and �n,k = last(Sn,k).
Remark that if � ∈ Sn has k cycles in its (unique) decomposition in cycles with pairwise disjoint domains, and

� = 〈i, j〉, i �= j a transposition in Sn, then the permutation � · � has k − 1 or k + 1 cycles in its decomposition. Indeed,
if i and j belong to the domain of the same cycle in � then this cycle is splited into two cycles in � · �; otherwise two
cycles of � merge into a single cycle in � · �. This shows that there does not exist a Gray code for Sn,k such that two
successive permutations differ in less than three positions.

In this paper, we give the first Gray code for the set Sn,k . In this code successive permutations differ in three positions
(or equivalently, by a product with a three-length cycle) and so, by the remark above it is optimal. By representing each
permutation by its transposition array we provide an other Gray code which allows us to construct a constant amortized
time (CAT) algorithm for generating these codes. Actually, this second Gray code lists n-length permutations with
exactly k left-to-right minima in inversion array representation.

2. Preliminaries

In this section we show how Sn,k can be recursively constructed from Sn−1,k and Sn−1,k−1 which also gives a
constructive proof of the counting relation (1). We also give three lemmas, crucial in our construction of the code.

Let � ∈ Sn−1,k be an (n− 1)-length permutation with k cycles, n�2, n− 1�k�1; let also i be an integer, 1� i < n.
If we denote by � the permutation in Sn obtained from � by replacing the entry in position i by n and appending this
entry in the nth position, then � is an n-length permutation with k cycles.

Similarly, if � ∈ Sn−1,k−1 is an (n − 1)-length permutation with (k − 1) cycles, n�k�2, and if � denotes the
permutation in Sn obtained from � by appending n in the nth position, then � is an n-length permutation with k cycles.
Moreover, each permutation in Sn,k , n�2, can uniquely be obtained by one of these two constructions.

For n, k�1, let S′
n,k be the set of n-length permutations with k cycles where n is a fixed point (i.e. �(n) = n) and

S′′
n,k = Sn,k\S′

n,k is its complement. The next definition formalizes the two constructions above.
Then the functions �n and �n defined below induce a bijection between Sn−1,k−1 and S′

n,k on one hand and between
[n − 1] × Sn−1,k and S′′

n,k on the other.

Definition 1.

(1) For 1�k < n, an integer i ∈ [n−1] and a permutation � ∈ Sn−1,k , we define an n-length permutation �=�n(i, �)
by

�(j) =
{�(i) if j = n,

n if j = i,

�(j) otherwise.

(2) For n�k�2 and a permutation � ∈ Sn−1,k−1, we define an n-length permutation � = �n(�) by

�(j) =
{

n if j = n,

�(j) otherwise.

Remark that with i and � as above, it is easy to see that

• if � ∈ Sn−1,k , �n(i, �) ∈ S′′
n,k and �n : [n − 1] × Sn−1,k → S′′

n,k is a bijection;
and

• if � ∈ Sn−1,k−1, �n(�) ∈ S′
n,k and �n : Sn−1,k−1 → S′

n,k is a bijection.

Please cite this article as: Jean-Luc Baril, Gray code for permutations with a fixed number of cycles, Discrete Mathematics (2006), doi:
10.1016/j.disc.2006.09.007



ARTICLE IN PRESS
J.-L. Baril / Discrete Mathematics ( ) – 3

So, the cardinality of Sn,k is given by s(n, k) = card(S′
n,k) + card(S′′

n,k) = s(n − 1, k − 1) + (n − 1) · s(n − 1, k) which
is a combinatorial proof of (1).

In the following, we will omit the subscript n for the functions �n and �n, and it should be clear from context. Also,
we extend the functions � and � in a natural way to sets and lists of permutations. Moreover for i ∈ [n − 1] and S a
list of (n − 1)-length permutations we have �(i,S) = �(i,S), �(i, first(S)) = first(�(i,S)), and �(i, last(S)) =
last(�(i,S)). If we do not consider the parameter i, we obtain similar results for the function �.

Now, we give some elementaries results which are crucial in the construction of our Gray code.

Lemma 2. Let � be an (n − 1)-length permutation, if n�3 and 1� i, j �n − 1, i �= j then �(i, �) = �(j, �) · 〈i, j, n〉.
Proof. For each (n − 1)-length permutation � = (�1, �2, . . . , �n−1), we have �(j, �) = (�1, . . . , �j−1, n, �j+1, . . . ,

�n−1, �j ). Thus, we obtain

�(j, �) · 〈i, j, n〉 = (�1, . . . , �i−1, n, �i+1, . . . , �n−1, �i )

= �(i, �). �

Lemma 3. Let � and � be two (n − 1)-length permutations satisfying � = � · 〈i, j, k〉 with i, j, k pairwise different,
1� i, j, k�n − 1, n�3 then �(j, �) = �(k, �) · 〈i, j, k〉.
Proof.

�(j, �) = �(j, � · 〈i, j, k〉)
= �(j, (�1, . . . , �i−1, �j , �i+1, . . . �j−1, �k, �j+1, . . . , �k−1, �i , �k+1, . . . , �n−1))

= (�1, . . . , �i−1, �j , �i+1, . . . �j−1, n, �j+1, . . . , �k−1, �i , �k+1, . . . , �n−1, �k)

and

�(j, �) · 〈i, k, j〉 = (�1, . . . , �i−1, �i , �i+1, . . . �j−1, �j , �j+1, . . . , �k−1, n, �k+1, . . . , �n−1, �k)

= �(k, �). �

Lemma 4. Let � be an (n − 1)-length permutation and � = � · 〈i, j〉 with i �= j , 1� i, j �n − 1, n�3 then �(i, �) =
�(�) · 〈i, n, j〉.
Proof.

�(i, �) = �(i, � · 〈i, j〉)
= �(i, (�1, . . . , �i−1, �j , �i+1, . . . , �j−1, �i , �j+1, . . . , �n−1))

= (�1, . . . , �i−1, n, �i+1, . . . , �j−1, �i , �j+1, . . . , �n−1, �j )

and

�(i, �) · 〈i, j, n〉 = (�1, . . . , �i−1, �i , �i+1, . . . , �j−1, �j , �j+1, . . . , �n−1, n)

= �(�). �

3. The gray code

From the remark following Definition 1 results that the set Sn,k can be written as:

Sn,k =
n−1⋃
i=1

�(i, Sn−1,k) ∪ �(Sn−1,k−1) (2)

with �(Sn,0) and �(i, Sn,n+1) empty.
If S is a list of permutations where any two consecutive permutations differ in three positions then so is the image

of S by � or �. Therefore, it is natural to look for a Gray code for the set Sn,k of the form

S1 ◦ S2 ◦ · · · ◦ S� ◦ T ◦ S�+1 ◦ · · · ◦ Sn−1, (3)
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(ii)

n=1

n=2

n=3

k=1 k=3k=2

(iv)

(v)

(i) (iii)

Fig. 1. The five cases for our Gray code.

where

• T is the list �(Sn−1,k−1) or its reverse, and
• Si is �(j,Sn−1,k) or its reverse, for some j.

Notice that (3) is the ordered counterpart of (2).
Primarily, there are three difficulties to construct such a Gray code:

• for each Si , as in the last point above, we must determine a j �n − 1 to apply � to Sn−1,k ,
• decide for each list if it is reversed or not,
• find the place where T must be inserted.

In the next we construct a Gray code of the form given by (3) according to the following cases (see Fig. 1):

(i) k = 1�n,
(ii) 2�k = n,

(iii) 2�k = n − 1,
(iv) 2�k = n − 2,
(v) other cases,

and computer tests enable us to think that there is not simpler expression of such a Gray code.
For each case above, we give a recursive definition for Sn,k , an ordered list for the set Sn,k and we provide its first

fn,k and last element �n,k . Sn,k is the concatenation of n lists as in (3) and we prove that it is a Gray code by showing
that there is a ‘smooth’ transition between successive sublists, that is, the last permutation of a sublist and the first one
of the next sublist differ by a product with a three-length cycle. Recall that, by the remark in introduction, the Gray
code will be optimal.

3.1. The case k = 1, n�1

For n�1 we define,

Sn,1 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(1) if n = 1,

(2, 1) if n = 2,

(3, 1, 2), (2, 3, 1) if n = 3,

�(1,S3,1) ◦ �(2,S3,1) ◦ �(3,S3,1) if n = 4,

�(1,Sn−1,1) ◦ 4©
i=n−1

�(i,Sn−1,1)
(i+1) ◦ �(2,Sn−1,1) ◦ �(3,Sn−1,1) if n�5.

(a)

Remark that the function � does not appear in relation (a).
The lemma below gives the first and the last permutation of the list Sn,1.
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Lemma 5. If n�4 then

(1) fn,1 = (n, 1, 2, 3, . . . , n − 2, n − 1),
(2) �n,1 = (n − 1, 1, n, 3, . . . , n − 2, 2).

Proof.

(1) S2,1 is the list (2, 1) and more generally relation (a) gives fn,1 = �(1, fn−1,1), for n�3. The recurrence on n
completes the proof.

(2) Similarly, we have for n�4, �n,1 = last(�(3,Sn−1,1)) = �(3, fn−1,1) = (n − 1, 1, n, 3, . . . , n − 2, 2). �

Proposition 6. The list Sn,1 defined by (a), n�1, is a Gray code.

Proof. By Lemma 2, we have for n�3 and i �= j :

last(�(i,Sn−1,1)) = �(i, last(Sn−1,1))

= �(j, last(Sn−1,1)) · 〈i, j, n〉
= last(�(j,Sn−1,1)) · 〈i, j, n〉
= first(�(j,Sn−1,1)) · 〈i, j, n〉.

Similarly, last(�(i,Sn−1,1)) = first(�(j,Sn−1,1)) · 〈i, j, n〉.
By Lemma 3,

last(�(1,Sn−1,1)) = �(1, last(Sn−1,1))

= �(1, (n − 2, 1, n − 1, 3, . . . , n − 3, 2))

= �(1, first(Sn−1,1) · 〈1, n − 1, 3〉)
= first(�(n − 1,Sn−1,1)) · 〈1, n − 1, 3〉.

Notice that the transition between �(1,Sn−1,1) and �(n − 1,Sn−1,1) is given in the first point of the proof by setting
i = 1 and j = n − 1. �

3.2. The case k = n, n�2

Obviously,Sn,n is the single element list (1, 2, . . . , n − 1, n) for n�2, (b)

and in this case, there is nothing to do.

3.3. The case k = n − 1, n�3

For n�3 we define

Sn,n−1

=

⎧⎪⎨
⎪⎩

�(1,S2,2) ◦ �(2,S2,2) ◦ �(S2,1) if n = 3,

�(1,Sn−1,n−1) ◦ 2©
i=n−1
i �=n−2

�(i,Sn−1,n−1) ◦ �(n − 2,Sn−1,n−1) ◦ �(Sn−1,n−2) otherwise. (c)

Lemma 7. If n�3 then

(1) fn,n−1 = (n, 2, 3, . . . , n − 2, n − 1, 1),
(2) �n,n−1 = (n − 1, 2, 3, . . . , n − 2, 1, n).
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Proof.

(1) By relation (c), S3,2 is the list (3, 2, 1), (1, 3, 2), (2, 1, 3) and more generally fn,n−1 = first(�(1,Sn−1,n−1)).
So, we obtain fn,n−1 = �(1, fn−1,n−1) = (n, 2, 3, . . . , n − 2, n − 1, 1) with a recurrence on n.

(2) Similarly, �n,n−1 = last(�(Sn−1,n−2)) = �(fn−1,n−2) = (n − 1, 2, 3, . . . , n − 2, 1, n). �

Proposition 8. The list Sn,n−1 defined by (c), n�3, is a Gray code.

Proof. By Lemma 2, and since �(i,Sn−1,n−1) has only one element, the transition between �(i,Sn−1,n−1) and
�(j,Sn−1,n−1), 1� i, j �n − 1 is a product with a three-length cycle. So, it remains to verify that last(�(n −
2,Sn−1,n−1)) differs from first(�(Sn−1,n−2)) by a three-cycle:

last(�(n − 2,Sn−1,n−1)) = �(n − 2, (1, 2, 3, . . . , n − 1))

= �(n − 2, (n − 2, 2, 3, . . . , n − 3, 1, n − 1) · 〈1, n − 2〉),
and by Lemma 4,

last(�(n − 2,Sn−1,n−1)) = �((n − 2, 2, 3, . . . , n − 3, 1, n − 1)) · 〈1, n, n − 2〉
= �(first(Sn−1,n−2)) · 〈1, n, n − 2〉
= first(�(Sn−1,n−2)) · 〈1, n, n − 2〉. �

3.4. The case k = n − 2, n�4

In this case we define for n�4,

Sn,n−2 = �(1,Sn−1,n−2) ◦ n−1©
i=3

�(i,Sn−1,n−2)
(i) ◦ �(Sn−1,n−3) ◦ �(2,Sn−1,n−2). (d)

Lemma 9. If n�4 then

(1) fn,n−2 = (n, 2, 3, . . . , n − 2, 1, n − 1),
(2) �n,n−2 = (n − 1, n, 3, 4, . . . , n − 2, 1, 2).

Proof.

(1) By relation (d), S4,2 is the list (4, 2, 1, 3), (4, 3, 2, 1), (4, 1, 3, 2), (2, 1, 4, 3), (1, 3, 4, 2), (3, 2, 4, 1), (3, 1, 2, 4),

(2, 3, 1, 4), (2, 4, 3, 1), (1, 4, 2, 3), (3, 4, 1, 2) and more generally fn,n−2 = first(�(1,Sn−1,n−2)). So, fn,n−2 =
�(1, fn−1,n−2) and the recurrence on n completes the proof.

(2) Similarly,

�n,n−2 = last(�(2,Sn−1,n−2))

= �(2, fn−1,n−2)

= (n − 1, n, 3, . . . , n − 2, 1, 2). �

Proposition 10. The list Sn,n−2 defined by (d), n�4, is a Gray code.

Proof. By Lemma 2, the transition between �(i,Sn−1,n−2) and �(j,Sn−1,n−2), 1� i, j �n − 1, (or respectively
between �(j,Sn−1,n−2) and �(i,Sn−1,n−2)) is a product by a three-length cycle. It remains to examine the transitions
between �(n − 1,Sn−1,n−2)

(n−1) and �(Sn−1,n−3), and between �(Sn−1,n−3) and �(2,Sn−1,n−2)

last(�(n − 1,Sn−1,n−2)
(n−1)) =

{
(n − 1, 2, 3, . . . , n − 3, n − 2, n, 1) if n even,

(n − 2, 2, 3, . . . , n − 3, 1, n, n − 1) if n odd
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and

first(�(Sn−1,n−3)) = (n − 1, 2, 3, . . . , n − 3, 1, n − 2, n)

=
{

last(�(n − 1,Sn−1,n−2)
n−1) · 〈n − 2, n − 1, n〉 if n even,

last(�(n − 1,Sn−1,n−2)
n−1) · 〈1, n − 1, n〉 if n odd.

Moreover,

last(�(Sn−1,n−3)) = (n − 2, n − 1, 3, 4, . . . , n − 3, 1, 2, n)

= (n − 2, n, 3, 4, . . . , n − 3, 1, n − 1, 2) · 〈2, n − 1, n〉
= �(2, last(Sn−1,n−2)) · 〈2, n − 1, n〉
= first(�(2,Sn−1,n−2)) · 〈2, n − 1, n〉. �

3.5. The case 2�k�n − 3

If 2�k�n − 3, we define

Sn,k = �(1,Sn−1,k) ◦ k+1©
i=n−1

�(i,Sn−1,k)
(i) ◦ �(Sn−1,k−1)

(k) ◦ 2©
i=k

�(i,Sn−1,k)
(i−1). (e)

Lemma 11. If 2�k�n − 3 then

(1) fn,k = (n, 2, 3, . . . , k, 1, k + 1, k + 2, . . . , n − 1)

(2) �n,k =
{

(n − 1, n, 3, . . . , k, 1, k + 1, k + 2, . . . , n − 2, 2) if k �= 2,

(n − 1, n, 1, 3, . . . , n − 2, 2) otherwise.

Proof. By recurrence on n, we havefn,k=first(�(1,Sn−1,k))=�(1, fn−1,k) anchored byfk+2,k=(k+2, 2, 3, . . . , k, 1, k+
1). Similarly, �n,k = last(�(2,Sn−1,k)) = �(2, fn−1,k) also anchored by fk+2,k = (k + 2, 2, 3, . . . , k, 1, k + 1). �

Proposition 12. The list Sn,k defined by (e), 2�k�n − 3 is a Gray code.

Proof. We use Lemma 2 for the transitions from �(i, Sn−1,k) to �(j, Sn−1,k) and from �(j, Sn−1,k) to �(i, Sn−1,k).
It remains to examine the three transitions (i) �(1, Sn−1,k) and �(n − 1, Sn−1,k); (ii) �(k + 1,Sn−1,k)

(k+1) and
�(Sn−1,k−1)

(k); (iii) �(Sn−1,k−1)
(k) and �(k,Sn−1,k)

(k−1).
Case (i): If k �= 2,

last(�(1,Sn−1,k)) = �(1, last(Sn−1,k))

= �(1, (n − 2, n − 1, 3, . . . , k, 1, k + 1, . . . , n − 3, 2))

= �(1, (n − 1, 2, 3, . . . , k, 1, k + 1, . . . , n − 3, n − 2) · 〈1, n − 1, 2〉).
By Lemma 3,

last(�(1,Sn−1,k)) = �(n − 1, (n − 1, 2, 3, . . . , k, 1, k + 1, . . . , n − 3, n − 2)) · 〈2, n − 1, 1〉
= (n − 1, 2, 3, . . . , k, 1, k + 1, . . . , n − 3, n, n − 2) · 〈2, n − 1, 1〉
= �(n − 1, first(Sn−1,k)) · 〈2, n − 1, 1〉.

The case k = 2 is similar.
Case (ii): Let � = first(Sn−1,k) (resp. last(Sn−1,k)) and � = first(Sn−1,k−1) (resp. last(Sn−1,k−1)). We have

� = � · 〈k, k + 1〉. By Lemma 4,

�(k + 1, �) = �(k + 1, � · 〈k, k + 1〉)
= �(�) · 〈k + 1, n, k〉.

Case (iii): The proof is similar as for the case (ii). �
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Table 1
The lists S3,k , 1�k�3, and S4,k for 1�k�4

S3,1 S3,2 S3,3 S4,1 S4,2 S4,3 S4,4

1 312 1 321 1 123 1 4123 1 4213 1 4231 1 1234
2 231 2 132 2 4312 2 4321 2 1243

3 213 3 2413 3 4132 3 1432
4 3421 4 2143 4 2134
5 2341 5 1342 5 1324
6 3142 6 3241 6 3214

7 3124
8 2314
9 2431

10 1423
11 3412

For instance, in S4,2 the sublists of relation (d), �(1,S3,2), �(3,S3,2), �(S3,1) and �(2,S3,2), are alternatively in bold-face and italic.

Note that our Gray code Sn,k is cyclic and optimal for all n, k. See Table 1 for some examples.

Definition 13. For a list of permutations L let denote L−1 the list obtained from L by replacing each permutation
in L by its group theoretical inverse.

By a simple calculation we have:

Theorem 14. The list S−1
n,k is also an optimal cyclic Gray code for n-length permutations with k cycles; i.e. two

successive permutations differ by a product with a three-cycle.

4. Transposition array representation

Here we show that replacing each permutation in the list Sn,k by its transposition array (defined below) the obtained
list still remains an optimal Gray code. Its interest is twofold. First, the recursive definition of Sn,k and the resulting
generating algorithm in the next section express subsequently permutations in transposition array representation. Sec-
ondly, this shows how a map, which generally does not preserve closeness, transforms a Gray code into another one.
See for instance [3] for more about closeness preserving bijections.

Any permutation � ∈ Sn has a unique decomposition as a product of transpositions

� = 〈p1, 1〉 · 〈p2, 2〉 · 〈p3, 3〉 · . . . · 〈pn, n〉 =
n∏

i=1

〈pi, i〉 (4)

with 1�pi � i and obviously any such decomposition provides a permutation. So (4) yields a bijection Sn −→ Tn

with Tn the product set [1] × [2] × · · · × [n], and a string p1p2p3 . . . pn ∈ Tn is yet another way to represent a
permutation called transposition array. Alternatively, a string p1p2p3 . . . pn ∈ Tn can be viewed as the inversion table
of a permutation � ∈ Sn: pi is the number of entries �j > �i , j < i, plus 1.

The relation between the two permutations, one obtained by regarding a given string in Tn as its transposition array
and the other as its inversion table, has never been studied and this might be an interesting direction of research.

Let now Tn,k be the set of strings in Tn with exactly k fixed points, that is, k entries pi with pi = i. Since the
number of ‘identity transpositions’ 〈i, i〉 in (4) equals the number of cycles in �, Tn,k is the set of transposition arrays
of permutations in Sn,k and relation (4) induces a bijection Sn,k −→ Tn,k .

On the other hand, Tn,k is the set of inversion tables of permutations in Sn having k left-to-right minima; a left-to-right
minimum in a permutation is an entry less than all the entries to its left. As a consequence, we obtain the following
enumerative result: the number of permutations in Sn with k left-to-right minima is the signless Stirling number s(n, k).
See also [13].
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Table 2
The lists S4,2 and T4,2

S4,2 T4,2

4213 1211
4321 1221
4132 1131
2143 1133
1342 1223
3241 1213
3124 1114
2314 1124
2431 1132
1423 1222
3412 1212

Each string in T4,2 is the transposition array of the corresponding permutation in S4,2.

Generally, a bijection between two sets can magnify small changes between objects and this is the case with the
bijection Sn −→ Tn defined in (4). For example, if � and �′ are two permutations such that �′ = � · 〈a, b, c〉 then the
decomposition of �′ differ from � by possibly many transpositions: take �= (7, 1, 2, 3, 4, 5, 6)=〈1, 1〉 · 〈1, 2〉 · 〈1, 3〉 ·
〈1, 4〉 · 〈1, 5〉 · 〈1, 6〉 · 〈1, 7〉 and �′ = (2, 1, 4, 3, 7, 5, 6)=� · 〈1, 3, 5〉=〈1, 1〉 · 〈1, 2〉 · 〈3, 3〉 · 〈3, 4〉 · 〈5, 5〉 · 〈5, 6〉 · 〈5, 7〉.
Conversely, if two decompositions differ by at most two transpositions, then the corresponding one-line permutations
can possibly differ by many entries: consider � = (2, 3, 4, 5, 6, 1) = 〈1, 1〉 · 〈1, 2〉 · 〈2, 3〉 · 〈3, 4〉 · 〈4, 5〉 · 〈5, 6〉 and
�′ = (2, 4, 1, 6, 3, 5) = 〈1, 1〉 · 〈1, 2〉 · 〈2, 3〉 · 〈2, 4〉 · 〈4, 5〉 · 〈4, 6〉.

Let now Tn,k be the list for the set Tn,k obtained by replacing each permutation in the list Sn,k by its transposition
array. Surprisingly, in Tn,k two consecutive sequences differ in at most two positions and so it is a Gray code (see
Table 2). This result is shown in the next theorem and despite its very similarity with Theorem 14 they are not a simple
consequence each other.

Definition 15. With the notations above, the permutation

� =
n∏

i=n−j+1

〈pi, i〉

in Sn is called the jth characteristic of �. The nth characteristic of an n-length permutation is the permutation itself, and
it is convenient to consider that the 0th characteristic of any permutation is the identity.

Remark 16. Let � be the jth characteristic of � as above.

(1) The number of cycles in � is (n − �), where � is the number of pi , n − j + 1� i�n, with pi < i,
(2) If � and � have the same number of cycles then � = �.

Remark 17. For � and �, the following are equivalent:

(1) � and � have the same jth characteristic,
(2) � and � have the same ith characteristic for i from 0 to j,
(3) � and � have the entries from n − j + 1 to n in the same respective positions,
(4) �−1 and �−1 have the same entries for each position from n − j + 1 to n.

Now let consider the transformations � and � in Definition 1. If � is a permutation in Sn−1 and �=�(i, �) ∈ Sn then
the first characteristic of � is 〈i, n〉; and if � = �(�) ∈ Sn then the first characteristic of � is the identity (actually, the
‘transposition’ 〈n, n〉). Similar results hold if we replace � and � by sets (or lists) of permutations. Generally, if A is a
list of permutations in Sn−j and

B = �1(�2(. . . �j (A) . . .)) ∈ Sn

Please cite this article as: Jean-Luc Baril, Gray code for permutations with a fixed number of cycles, Discrete Mathematics (2006), doi:
10.1016/j.disc.2006.09.007
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with �i (·) of the form �(·) or �(xi, ·) then each permutation in B has the jth characteristic

n∏
i=n−j+1

〈pi, i〉,

where pi = xn−i+1 if �i (·) = �(pi, ·), and xi = i if �i (·) = �(·).
By recursivity of relations (a)–(e) we have:

Remark 18. For any � ∈ Sn,k , all permutations with the same jth characteristic as �, 0�j �n, form a contiguous
sublist of the list Sn,k defined by the appropriate relation (a)–(e). Actually, j is the depth of recursivity involved to
reach this sublist.

Theorem 19. The list Tn,k is a cyclic Gray code for n-length permutations with k cycles; i.e. two successive permu-
tations differ by one or two transpositions in their decompositions.

Proof. Let � and � be two successive permutations in Sn,k . We will show that their transposition arrays differ in at
most two positions. � and � belong to the same sublist ofSn,k as in relation (3) iff they have the same first characteristic.
By induction, it is enough to show that for two successive sublists �(A) and �(B) in the definition of Sn,k (with �,
� as �(·) or �(i, ·)) the transposition arrays of last(A) and first(B) differ in at most one position. Indeed, we give
below the transposition array representations of the first element fn,k and the last element �n,k of the list Sn,k and with
relations (a)–(e) we can verify that last(A) and first(B) differ in at most one position

fn,k =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 1 . . . 1 if k = 1,

1 2 . . . (n − 1)n if k = n,

1 2 . . . (n − 1)1 if k = n − 1,

1 2 . . . (n − 2)11 if k = n − 2,

1 2 . . . k11 . . . 1 otherwise,

�n,k =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

11 . . . 13 if k = 1,

12 . . . (n − 1)n if k = n,

12 . . . (n − 2)1n if k = n − 1,

12 . . . (n − 2)12 if k = n − 2,

12 . . . k11 . . . 12 otherwise. �

Remark 20.

• Tn,k is at the same time a Gray code for the set of n-length permutations with k cycles in transposition array
representation, and for the set of n-length permutations with k left-to-right minima in inversion table represen-
tation.

• Tn,k is suffix partitioned and satisfies Walsh’s desiderata, so looplessly implementable [17] .

5. Algorithmic considerations

In this part, we explain how the recursive definitions (a)–(e) can be implemented into an efficient algorithm, i.e. in
a CAT algorithm. Such algorithms already exist for derangements or involutions [1,9,10], so we will just give here the
main difficulties to implement our one.

Before the main call of procedure gen_up(n,k) given in Appendix, � is initialized by the identity, so it has n cycles
and is the 0th characteristic of the permutations in Sn,k . Before each recursive call of gen_up(n, k) or gen_down(n, k),
� is, for some j, the jth characteristic of a sublist of permutations in Sn,k .

(1) If � has k cycles, then � is printed, and no recursive call is produced. This corresponds to point 2 of Remark 16 and
to the recursive definition (b).

Please cite this article as: Jean-Luc Baril, Gray code for permutations with a fixed number of cycles, Discrete Mathematics (2006), doi:
10.1016/j.disc.2006.09.007
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(m,k)=(4,1)

3241

<1,4> <2,4> <3,4>

<1,3> <2,3> <2,3> <1,3> <2,3> <1,3>

<1,2> <1,2> <1,2> <1,2> <1,2> <1,2>

4231

p=1234

1432 1243

314223413421241343124123

4213 4321 1423 3412 1342

Fig. 2. The generating tree for the list S4,1 with the decomposition in a product of transpositions of each element. The list S4,1 appears in bold.

(2) If � has (k + (n − j)) cycles then (n − j − 1) calls are produced and before each of them � is updated as
� := 〈i, n− j〉 · �, with i = 1, 2, . . . , n− j − 1 (not necessarily in this order). Each � updated like that is a (j + 1)th
characteristic obtained by a premultiplication by a (not dummy) transposition of the previous jth characteristic.
The number of cycles in � decreases by one. This corresponds to the recursive definition (a) which gives the order
of calls.

(3) Similarly, if the number of cycles in � is more than k but less than (k + (n − j)), then (n − j) calls are produced,
(n − j − 1) of them are those of the point above. Before the additional call, �, the new (j + 1)th characteristic
is unchanged (� is ‘updated’ as � := 〈n − j, n − j〉 · �). This corresponds to the recursive definitions (c)–(e), and
again they give the order of calls.

In our algorithm j is the depth of the recursive call and the order of successive calls directly produced by a given call
is determined by the appropriate definition (a), (c) and (d). See Fig. 2 for the generating tree of S4,1.

This algorithm enable us to ensure that this transforms an object into its successor in CAT. Indeed, excepted for the
calls where n = 2, k = 1, all calls have a degree 0 or at least 2 (see Fig. 2 for an example). Between two recursive
calls, we execute two transpositions, and moreover at least one permutation is generated in each recursive call. This
means that the total amount of computation divided by the number of objects is bounded by a constant (see [14]). Thus
the complexity of this algorithm is O(sn,k). A Java implementation of our algorithm is available from the author on
request.

6. Uncited reference

[8].
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Appendix A.

The call of gen_up(n,k) generates the listSn,k . In order to produceSn,k we consider also the procedure gen_down(n,k)
which has the same instructions of gen_up(n,k) in the inverse order. The notation gen_up/down(n − 1, k) means that
we use gen_up(n,k) or gen_down(n,k) according to the sense of each sublist in relations (a)–(e). To multiplicate (on the
left) a jth characteristic � by a transposition 〈x, n〉, we conserve the inverse �−1 at each level of the recursivity, and we
calculate the product � · 〈�−1(x), �−1(n)〉, i.e we just need to exchange the positions �−1(x) and �−1(n) = n in �.

Please cite this article as: Jean-Luc Baril, Gray code for permutations with a fixed number of cycles, Discrete Mathematics (2006), doi:
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procedure gen_up(n, k)

var i,j;
begin
if n = k

then print(�);
else if n = 4 and k = 1

then � := 〈1, n〉 · �; gen_up(n − 1, k); � := 〈1, n〉 · �;
� := 〈2, n〉 · �; gen_down(n − 1, k); � := 〈2, n〉 · �;
� := 〈3, n〉 · �; gen_down(n − 1, k); � := 〈3, n〉 · �;

else
if k = n − 1
then � := 〈1, n〉 · �; gen_up(n − 1, k); � := 〈1, n〉 · �;

if n − 1 > 1 then
� := 〈n − 1, n〉 · �; gen_up(n − 1, k); � := 〈n − 1, n〉 · �;

endif
for j = n − 3 downto 2 do

� := 〈j, n〉 · �; gen_up/down(n − 1, k); � := 〈j, n〉 · �;
enddo
if n − 2 > 1 then

� := 〈n − 2, n〉 · �; gen_up(n − 1, k); � := 〈n − 2, n〉 · �;
endif
if k�2 then

� := 〈n, n〉 · �; gen_down(n − 1, k − 1);
endif

else
if k = n − 2
then � := 〈1, n〉 · �; gen_up(n − 1, k); � := 〈1, n〉 · �;

for j = 3 to n − 1 do
� := 〈j, n〉 · �; gen_up/down(n − 1, k); � := 〈j, n〉 · �;

endo
if k�2 then

� := 〈n, n〉 · �; gen_up(n − 1, k − 1);
� := 〈2, n〉 · �; gen_down(n − 1, k); � := 〈2, n〉 · �;
endif

else
if k = 1
then � := 〈1, n〉 · �; gen_up(n − 1, k); � := 〈1, n〉 · �;

for j = n − 1 downto 4 do
� := 〈j, n〉 · �;gen_up/down(n − 1, k); � := 〈j, n〉 · �;

endo
� := 〈2, n〉 · �; gen_up(n − 1, k); � := 〈2, n〉 · �;
� := 〈3, n〉 · �; gen_down(n − 1, k); � := 〈3, n〉 · �;

else
� := 〈1, n〉 · �; gen_up(n − 1, k); � := 〈1, n〉 · �;
for j = n − 1 downto k + 1 do

� := 〈j, n〉 · �; gen_up/down(n − 1, k); � := 〈j, n〉 · �;
endo
if k�2 then � := 〈n, n〉 · �; gen_up/down(n − 1, k − 1); endif
for j = k downto 2 do

� := 〈j, n〉 · �; gen_up/down(n − 1, k); � := 〈j, n〉 · �;
endo

endif
endif

endif
endif

end
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Hamiltonian paths for involutions in the square of a Cayley graph

Jean-Lue Baril ∗

LE21 UMR-CNRS 5158
Université de Bourgogne
B.P. 47 870
21078 DIJON-Cedex
France

Abstract

In this paper we give a new construction of a Hamiltonian cycle for the restriction to
involutions of the graph G(Sn)2 , where G(Sn) is the Cayley graph of Sn with respect to
the transpositions. Then we construct a Hamiltonian path in the restriction to fixed-point-free
involutions of G(Sn)2 and by extension we obtain a Hamiltonian path for the restriction of
G(Sn)2 to involutions with a given number of fixed points.

Keywords and phrases : Hamiltonian path, Cayley graph, permutations, involutions.

1. Introduction

Let Sn be the set of n-length permutations. We represent permuta-
tions in one-line notation, i.e., π = (i1, i2, . . . , in) iff π(k) = ik , 1 ≤ k ≤ n.
If σ = (σ1,σ2, . . . ,σn) is an n-length permutation then σ · π is the permu-
tation (σπ(1),σπ(2), . . . ,σπ(n)). Let i1, i2, . . . , ik be k different values in
[n], 1 ≤ k ≤ n. The cycle γ = 〈i1, i2, . . . , ik〉 is the following permu-
tation: γ(i1) = i2 , γ(i2) = i3, . . . ,γ(ik−1) = ik , γ(ik) = i1 , and γ( j) = j for
all j 6= i` , 1 ≤ ` ≤ k. A two length cycle is a transposition. We let by Tn be
the set of transpositions of Sn . For a permutation σ ∈ Sn , transposing the
positions i and j correspond to the product σ · 〈i, j〉 and transposing the
values x and y correspond to the product 〈x, y〉 ·σ .
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An n-length involution is a permutation π ∈ Sn such that π is equal
to its inverse π−1 . An n-length fixed-point-free involution, or f p f i, is an
involution with no fixed point, i.e., an involution σ such that there exists
no i verifying σ(i) = i. Note that the number of fixed points in an
n-length involution has the same parity as n. If In is the set of all n-length
involutions, a recurrence relation for in = card(In) is given by:

in = in−1 + (n− 1) · in−2 (1)

for n ≥ 3, with i1 = 1 and i2 = 2, see for instance [4]. Moreover, if I′n is
the set of all n-length f p f i, a recurrence relation for i′n = card(I′n) is given
by:

i′n = (n− 1) · i′n−2 (2)

for n ≥ 3, with i′1 = 0 and i′2 = 1, see [11]. Note that I′2n+1 is empty.
In the following, we will let In,2m be the set of n-length involutions with
(n− 2m) fixed points.

A path P for a graph is a sequence (or an ordered list) of vertices
of G such that two successive vertices on the path are connected by an
edge. first(P) is the first vertex and last(P) the last vertex of the path
P ; P is Hamiltonian if each vertex of the graph appears exactly once.
Moreover, if the first and the last vertex are connected by an edge, we
say that P is a, Hamiltonian cycle. P is the path obtained by reversing
P , and obviously first(P) = last(P) and first(P) = last(P);P (i) is
the path P if i is even, and P if i is odd; if P1 and P2 are two paths
such that first(P2) and last(P1) are connected by an edge in the graph,
then we define the path P1 ◦ P2 as the concatenation of P1 and P2 ; more
generally, if first(Pi+1) and last(Pi) are connected, 1 ≤ i ≤ n − 1, the
path P1 ◦ P2 ◦ . . . ◦ Pn is denoted©n

i=1Pi .

The Cayley graph G(Sn) of Sn with respect to the set of transpositions
Tn is defined in the following way: the vertices are the elements of Sn and
an edge connects two permutations π and π ′ iff they differ by a product
of only one transposition, i.e., π = π ′ · τ where τ ∈ Tn . See [8, 5, 2] for
instance.

Since the restriction of involutions has no Hamiltonian path, in the
following we study the second power G(Sn)2 which is induced from
G(Sn) by adding the edges between two vertices of distance two in G(Sn).
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In the following, we denote by G(Sn)2

In
the restriction to involutions of the

graph G(Sn)2 . Note immediately that G(Sn)2

In
is not isomorphic to

(G(Sn)
In

)2

since we have strictly
(G(Sn)

In

)2 ⊂ G(Sn)2

In
, for n ≥ 4. For instance, the

two involutions (2, 1, 4, 3) and (4, 3, 2, 1) are connected in G(S4)2

I4
via the

common neighbours (2, 3, 4, 1), which is not an involution, but not in(G(S4)
In

)2 because none of their common neighbours are involutions.

In the next sections, we construct new Hamiltonian paths in G(sn)2

In
;

more precisely, this means that each involution in the path is obtained
from the previous one via a product of one or two transpositions. We will
define this as =n (=′n and =n,2m respectively) a Hamiltonian path for the

graph G(Sn)2

In
( G(Sn)2

I′n
and G(Sn)2

I′n,2m
, respectively).

Various studies have been conducted looking at implementing algo-
rithms for generating involutions [6, 11, 12] by using the terminology of
list or Gray codes. Recall that a k-Gray code for a set is an exhaustive
ordered list such that two consecutive elements in the list differ in at
most k positions. Obviously, a Hamiltonian path =n of G(Sn)2

In
can also be

considered as a 4-Gray code for the set of involutions.

T. Walsh [11, 12] exhibits a 4-Gray code for involutions (or Hamilto-

nian path for G(Sn)2

In
), but the advantage of this paper is that we present

by induction a simple construction of an isomorphic Hamiltonian path.

We also give a new Hamiltonian path for G(Sn)2

I′n
and we extend it to

obtain another Hamiltonian path for G(Sn)2

In,2m
. The improvement of this

paper is that we obtain a recursive construction and derivations simpler
than in [11].

2. Hamiltonian cycle for G(Sn)2

In

In this section, we show how the set In can be recursively constructed
from In−1 and In−2 , and then we extend this construction to lists of

involutions in order to obtain a Hamiltonian path of G(Sn)2

In
.

Let τ be an (n− 1)-length involution, n ≥ 2. If we denote by σ the
permutation in Sn obtained from τ by appending n in the last position,
then σ is an n-length involution. Similarly, if τ is an (n − 2)-length
involution, n ≥ 3, 1 ≤ i ≤ n − 1, and if σ denotes the permutation
in Sn obtained from τ by: (1) adding one to each entry greater than or
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equal to i, (2) appending n in position i, and finally (3) appending i in the
last position, then σ is an n-length involution. Moreover, each n-length
involution, n ≥ 3, can be uniquely obtained by one of these constructions.

More formally, we define below two functions φn and ψn .

Definition 1. For n≥2 and an involution τ ∈ In−1 , we define an n-length
permutation σ = φn(τ) by

σ( j) =





n , if j = n ,

τ( j) , otherwise.

Definition 2. For n ≥ 3, an integer i ∈ [n− 1] and an involution τ ∈ In−2 ,
we define an n-length permutation σ = ψn(i, τ) by

σ( j) =





i if j = n

n if j = i

τ( j) , if j < i and τ( j) < i ,

τ( j) + 1 , if j < i and τ( j) ≥ i ,

τ( j− 1) , if j > i and τ( j− 1) < i ,

τ( j− 1) + 1 , if j > i and τ( j− 1) ≥ i .

With i and τ as above, it is easy to see that:

• φn(τ) ∈ In and φn : In−1 → In is a one-to-one map; and

• ψn(i, τ) ∈ In and ψn : [n− 1]× In−2 → In is a one-to-one map.

Moreover, for each i ∈ [n− 1], we have ψn(i, In−2) ∩φn(In−1) = ∅.
Conversely, if v ∈ In , we have two cases: (i) v(n) = n then v ∈ φn(In−1)

and (ii) v(n) 6= n then let i = v(n) then n = v(i) and we have
v∈ψn(i, In−2). So, for in = card(In) we have in = card(In−1) + (n− 1) ·
card(In−2)= in−1 + (n− 1) · in−2 which is a combinatorial proof of (1).

In the following, we will omit the subscript n for the functions φn

and ψn as it should be clear from context. Also, we extend the functions
φ and ψ in a natural way to sets, lists and paths of involutions. For each
i ∈ [n − 1] and L a list (or path) of (n − 1)-length involutions we have
φ(L) = φ(L), φ(first(L)) = first(φ(L)), and φ(last(L)) = last(φ(L)).
Similar results hold for the function ψ.
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Let =n be the list of vertices of G(Sn)2

In
recursively denned by :

=n = φ(=n−1) ◦
n−1
©
i=1

ψ(i, =n−2)(n+i) (3)

for n ≥ 3, with =1 = (1) and =2 = (1, 2), (2, 1).

If fn denotes the first involution of the list =n and `n denotes the last
one, then we have:

Lemma 1. If n ≥ 2 then

• fn = (1, 2, 3, . . . , n− 1, n),

• `n = (1, 2, 3, . . . , n− 2, n, n− 1).

Proof.

1. By relation (3), =2 is the list (1, 2), (2, 1) and in general fn =φ( fn−1)

= (1, 2, 3, . . . , n− 1, n). A recurrence on n completes the proof.

2. We have `2 = (2, 1), and for n ≥ 3

`n = last
(
ψ(n− 1, =n−2)

)

= first(ψ(n− 1, =n−2))

= ψ(n− 1, fn−2)

= (1, 2, 3, . . . , n− 2, n, n− 1) .

Table 1
The lists of vertices =3 , =4 and =5 . In =5 the sublists φ(=4) and

ψ(2,ψ3), ψ(4, =3) are in bold-face respectively and font

=3 =4 =5

1 123 1 1234 1 12345 11 52341 21 42513
2 213 2 2134 2 21345 12 53241 22 14523
3 321 3 3214 3 32145 13 54321 23 13254
4 132 4 1324 4 13245 14 52431 24 32154

5 4321 5 43215 15 15432 25 21354
6 4231 6 42315 16 45312 26 12354
7 1432 7 14325 17 35142
8 3412 8 34125 18 15342
9 2143 9 21435 19 12543
10 1243 10 12435 20 21543
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Remark that fn( j) = `n( j) = j for all j = 1, 2, . . . , n− 2 and fn differs
from ln by a product of one transposition.

The next lemma ensures a smooth transition between the sublists in
relation (3), namely between: (i) the list ψ(i, =n−2) and ψ(i + 1, =n−2),
(ii) the list φ(=n−1) and ψ(1, =n−2) with n even; and (iii) the list φ(i, =n−1)

and ψ(1, =n−2) with n odd. More precisely, successive involutions in =n

differ either by a product of one or two transpositions or by a circular shift
of three elements.

Lemma 2.

(i) If n ≥ 3 then

ψ(i + 1, fn−2) = ψ(i, fn−2) · 〈i, n, i + 1〉 if 1 ≤ i ≤ n− 2. (4)

(ii) If n ≥ 3 then

ψ(i + 1, `n−2) = ψ(i, `n−2) · 〈i, n, i + 1〉 if 1 ≤ i ≤ n− 3 (5)

and

ψ(n− 1, `n−2) = ψ(n− 2, `n−2) · 〈n− 2, n− 1〉 · 〈n− 3, n〉. (6)

(iii) If n ≥ 3 then

φ(`n−1) =




ψ(1, fn−2) · 〈1, n〉 , if n odd ,

ψ(1, `n−2) · 〈1, n〉 · 〈n− 1, n− 2〉 , if n even.
(7)

Proof. The proof is direct, and consists essentially in checking each case.

(i) If 1 ≤ i ≤ n− 2 then

1 i i + 1 n
ψ(i+1, fn−2) = (1, . . . , i−1, i, n, i+2, i+3, . . ., n−2 n−1, i+1)

ψ(i, fn−2) = (1, . . . , i−1, n, i + 1, i+2, i+3, . . ., n−2 n−1, i)

(ii) If 1 ≤ i ≤ n− 3 then

1 i i + 1 n
ψ(i+1, `n−2) = (1, . . . , i−1, i, n, i+2, . . . n−1, n−2, i+1)

ψ(i, fn−2) = (1, . . . , i− 1, n, i + 1, i + 2, . . . n− 1, n− 2, i)

and
ψ(n− 1, `n−2) = (1, . . . , n− 4, n− 2, n− 3, n, n− 1)

ψ(n− 2, `n−2) = (1, . . . , n− 4, n− 1, n, n− 3, n− 2)
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(iii) 1 n− 2 n− 1 n
φ(`n−1) = (1, . . . , i− 1, i, i + 1, . . ., n− 1, n− 2, n)

ψ(1, `n−2) = (n, . . . , i− 1, i, i + 1, . . ., n− 1, n− 2, 1)

ψ(1, fn−2) = (n, . . . , i− 1, i, i + 1, . . ., n− 2, n− 1, 1). ¤

Theorem 1. The list =n is a Hamiltonian cycle in G(Sn)2

In
.

Proof. In virtue of Lemma 2, two consecutive vertices of the list =n differ
by a product of one or two transpositions. Thus this list corresponds to a

Hamiltonian path in G(Sn)2

In
. ¤

3. Hamiltonian path for G(Sn)2

I′n

In this section, we define a list of f p f i and we prove that it is also a

Hamiltonian path for G(S2n)2

I′2n
.

Let =′2n be the list for the set I′2n recursively defined by:

=′2n =
2n−1
©
i=1

ψ(i, =′2n−2)(i+1) (8)

for n ≥ 2, with =′2 = (2, 1).

If f ′2n denotes the first involution in the list =′2n and `′2n denotes the
last one then we have the following Lemma.

Lemma 3. If n ≥ 1 then

(1) f ′2n = (2n, 2n− 1, . . . , 2, 1).

(2) `′2n = (2, 1, 4, 3, . . . 2n− 2, 2n− 3, 2n, 2n− 1).

Proof.

(1) By relation (8), =′2 is the list (2, 1) and more generally f ′2n =

ψ(1, f ′2n−2) = (2n, 2n− 1, 2n− 2, . . . , 3, 2, 1).

Moreover, `′2n =ψ(2n−1, `′2n−2)=(2, 1, 4, 3, . . . , 2n− 2, 2n− 3, 2n, 2n− 1);
a recurrence on n completes the proof. ¤

The next lemma ensures a smooth transition between the sublists in
relation (3), namely between: (i) the list ψ(i, =′2n−2) and ψ(i + 1, =′2n−2),
(ii) the list ψ(i,ψ′2n−2) and ψ(i + 1, =2n−2). More precisely, successive
involutions in =2n differ either by a product of one or two transpositions
or by a circular shift of three elements.



480 J. L. BARIL

Table 2
The lists of vertices =′

4 and =′
6 . In =′

6 , the sublists ψ(1, =′
4),

ψ(3, =′
4), ψ(5, =′

4) are in bold-face respectively, and ψ(2, =′
4),

ψ(4, =′
4) are in classic font

=′4 =′6
1 4321 1 654321 9 216543
2 3412 2 645231 10 215634
3 2143 3 632541 11 351624

4 361542 12 532614
5 465132 13 432165
6 564312 14 341265
7 546213 15 214365
8 456123

Lemma 4.

(i) If 2n ≥ 4 then

ψ(i + 1, f2n−2) = ψ(i, f2n−2) · 〈i, 2n, i + 1〉 if 1 ≤ i ≤ 2n− 2. (9)

(ii) If 2n ≥ 4 then

ψ(i + 1, `2n−2) = ψ(i, `2n−2) · 〈i, 2n, i + 1〉 if 1 ≤ i ≤ 2n− 2 (10)

and

ψ(2n− 1, `2n−2) = ψ(2n− 2, `2n−2) · 〈2n− 2, 2n, 2n− 1〉. (11)

(iii) If n ≥ 3 then

φ(`n−1) =




ψ(1, fn−2) · 〈1, n〉 · 〈n− 1, n− 2〉, if n odd,

ψ(1, `n−2) · 〈1, n〉, if n even.
(12)

Proof. Directly as the previous proof. ¤

Theorem 2. The list =′2n is a Hamiltonian path of G(S2n)2

I′2n
.

Proof. In vertue of Lemma 4, two consecutive vertices of the list =′2n differ
by a product of one or two transpositions. Thus, it is also a Hamiltonian

path for G(Sn)2

I′2n
. ¤
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4. Involutions with a given number of fixed points

In this section, we exhibit a Hamiltonian path for the restriction of the
graph G(Sn)2 to the set In,2m of involutions with a given number of fixed
points equals to (n− 2m).

We will use the set Cn,2m of n-length combinations which have
2m ones in binary sequence representation. We let G(Cn,2m) be the
graph defined as follows: the vertices are the elements of Cn,2m and
two vertices are connected by an edge iff their binary representations
differ exactly on two positions. Various studies have been conducted on
Hamiltonian paths on this graph, but one of them, defined by Eades and
McKay in the terminology of Gray code [3, 7], is more interesting for our
purposes. Indeed, it is crucial that the path verify that two consecutive
vertices c1 and c2 on the path differ on two positions i and j such that
c1(k) = 0, for all k, i < k < j. Following the Gray code terminology, we
say that the path is homogeneous if it verifies the previous property.

F. Ruskey [7] gives a recursive definition for the list Cn,2m already
constructed by P. Eades and B. McKay.

Definition 3 ([7]).

Cn,2m =





0n , if k = 0 ,

10n−1 ◦ 010n−2 ◦ . . . ◦ 0n−11 , if k =1 ,

Cn−1,2m · 0 ◦ Cn−2,2m−1 · 01 ◦ Cn−2,2m−2 · 11 , if 1< k<n ,

1n , if k = n .

This list has a number of interesting properties which are reflected in
the proposition below.

Proposition 1 ([3, 7]). The list Cn,2m of all 2m-combinations of [n] satisfies the
properties:

(1) first(Cn,2m) = (12m0n−2m),

(2) last(Cn,2m) = (0n−2m12m),

(3) the list Cn,2m is a homogeneous Hamiltonian path for G(Cn,2m).

Let c = (c(1), c(2), . . . , c(2m)) be a 2m-combination of n, 2m ≤ n,
in integer sequence representation, i.e., the entry c(i) is the position of
the ith one in the binary representation. So, 1 ≤ c(i) < c(i + 1) ≤ n
for i = 1, 2, . . . , 2m − 1 and let tc = t be the binary representation of
c, i.e., t = (t(1), t(2), . . . , t(n)) with t(i) = 1 if there exists a j such
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that c( j) = i, and t(i) = 0 elsewhere. With these notations, for an
involution v = (v(1), v(2), . . . , v(2m)) ∈ I′2m we define the n-length
sequence u = (u(1), w(2), . . . , u(n)), denoted by ∃ (c; v), as

u(i) =





i , if t(i) = 0 ,

c(v( j)) , if t(i) is the jth 1 in t,
(13)

and we call u =

∃

(c; v) the shuffle of c by v.
In other words, u acts on indices c(1), c(2), . . . , c(2m) as v, and fixes

the other indices. It is not difficult to show that ∃ (c; v) is an involution
of In with exactly 2m “deranged” points (i.e., with exactly n − 2m fixed
points). Conversely, each such involution can be uniquely constructed by
a shuffle operation from an appropriate combination and an involution
with no fixed point. The shuffle operator over combinatorial objects was
formally defined in a larger context in [1, 10]. To summarize, we have:

Lemma 5. If Cn,2m is the set of all 2m-combinations of [n] and In,2m the set of
all permutations of [n] with exactly (n− 2m) fixed points then

∃ : Cn,2m × I′2m → In,2m

defined by (13) is a bijection.

Also, we extend the shuffle operation in a natural way to lists of
involutions as follows: if =′ = v1, v2, . . . is a sublist of =′2m and c ∈ Cn,2m

then ∃ (c; =′) is the list ∃ (c; v1), ∃ (c; v2), . . ., and ∃ (c; =′) =

∃

(c; =′).

Theorem 3. If Cn,2m is the previous Hamiltonian path for the graph G(Cn,2m)

then the list =n,2m defined by

=n,2m = ©
c∈Cn,2m

∃ (c; =′(r(c))
2m

)
(14)

is a Hamiltonian path for G(Sn)2

In,2m
, where r(c) is the rank of c in Cn,2m (the first

combination in Cn,2m has rank zero) and =
′(r(c))
2m is =′2m or =′2m depending upon

whether if r(c) is even or odd.

Proof. The list =m,2n has no repetitions, and disregarding the order, it
equals the set Im,2n . Moreover, for a combination c in Cm,2n and two
involutions v and v′ in I2n such that v′ = v · τ where τ is a k-cycle of
S2n, k ≥ 2, then ∃ (c; v) and ∃ (c; v′) differ by a product of a k-cycle. So,
any successive permutations in ∃ (c; =′2m) — or equivalently in ∃ (c; =′2m)

— differ by a product of one or two transpositions. If c′ is the successor
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of c in Cn,2m then t′ = tc′ and t = tc , the binary representations of c′ and
c, differ in exactly two positions, say k and `, with t(k) = t′(`) = 0 and
t′(k) = t(`) = 1. According to Proposition 1 the permutations σ =

∃

(c; d)

and σ =

∃

(c′; d) differ in exactly three positions, namely k, ` and i, where
i is such that σ(i) = ` and σ ′(i) = k. ¤

We have, consequently:

Proposition 2.

(1) first(=n,2m) = (2m, 2m− 1, . . . 2, 1, 2m + 1, 2m + 2, . . . n− 1, n), and

(2) last(=n,2m) =





(1, 2, 3, . . . n− 2m, n− 2m + 2, n− 2m + 1, . . . n, n− 1)

or

(1, 2, 3, . . . n− 2m, n, n− 1, . . . n− 2m + 2, n− 2m + 1)

depending on the parity of the cardinality of Cn,2m .

Proof. By recurrence. ¤

Table 3
The path C(5, 4) and the path =55,4 with the sublists of the

recursive definition (14) illustrated in bold-face and classic font

respectively

C(5, 4) =5,4

1 11110 1 43215 9 35142
2 11101 2 53241 10 34125
3 11011 3 54321 11 21435
4 10111 4 52431 12 21543
5 01111 5 15432 13 21354

6 14523 14 32154
7 42513 15 13254
8 45312

5. Concluding remarks

In this paper we give a construction of Hamiltonian paths for G(Sn)2

In
,

G(Sn)2

I′n
and G(Sn)2

In,2m
. Some of these paths are already known in [11] but their

construction is recursive that can be written more simply. Two successive
vertices on the cycle differ by a product of one or two transpositions. We
do not explain here how to implement an algorithm to generate these
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paths. Indeed there exist in the literature similar algorithms (see [1] for
instance). In our case, we can easily see that the time complexity of our
algorithm is proportional to the total number of recursive calls, i.e., in

O(in) for the path in G(Sn)2

In
.
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1 Introduction
Barcucci, Del Lungo, Pergola and Pinzani have developed an Enumerating Com-
binatorial Method (ECO) [6] for the enumeration and the recursive construction
of classes of combinatorial objects. The method is used for enumeration [4, 5, 6],
algebraic characterization such as operations on succession rules [9, 13, 14] or
production matrices [10], generating functions associated with an ECO operator
[2, 11], random and exhaustive generation [1, 3, 18]. The ECO method consists
in producing succession rules to describe certain combinatorial object classes.
A succession rule (Ω) is a system consisting of an axiom (b), b ∈ N+, and a set
of productions:

{(k) (e1(k))(e2(k)) . . . (ek(k)), k ∈ N},

where ei : N+ −→ N+, which explains how to derive the successors (e1(k)),
(e2(k)),. . . , (ek(k)) of any given (k), k ∈ N+. The positive integers (b), (k),
(ei(k)) are called labels of (Ω). The root can be represented by means of a
generating tree where (b) is the label of the root and each node labeled (k) has
k sons labeled (e1(k)), (e2(k)),. . . , (ek(k)). A succession rule (Ω) induces a
sequence of positive integers (an)n≥0 where an is the number of nodes at level
n in the generating tree.

The succession rules for traditional Fibonacci sequences are given by Ban-
derier et al. [2]. In this paper, we extend this result to p-generalized Fibonacci

19
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and Lucas sequences. Moreover, we are interested in families of pattern-avoiding
permutations which can be enumerated in terms of p-generalized Fibonacci or
Lucas sequences. In this regard, a number of papers concerning Fibonacci se-
quences have been published [7, 12, 17, 19, 20, 21] but none have been forthcom-
ing on Lucas. For instance, Mansour described general results (see Theorem 3
in [19]) such that these families are particular cases. However, in [8], an efficient
algorithm is given to generate generalized Lucas binary strings in Gray code
order.

This paper is organized as follows. In the next section, we provide the suc-
cession rules for p-generalized Fibonacci sequences and their connections with
pattern-avoiding permutations. Then we investigate p-generalized Lucas se-
quences by giving succession rules and two sets of pattern-avoiding permutations
which are counted by these sequences. In the last section, we produce constant
amortized time algorithms to generate these different classes of p-generalized
Fibonacci and Lucas permutations.

2 p-generalized Fibonacci sequences

In this part of the study we only consider the results obtained from p-generalized
Fibonacci sequences. Some of the results in this section have already been
presented in [7]. Recall that the p-generalized Fibonacci sequences verify fp,n =∑p

i=1 fp,n−i anchored by fp,n = 0 if n ≤ 0, fp,1 = 1 and let us denote Fp,n

be the set of n-length binary strings without p consecutive ones. Obviously
|Fp,n| = fp,n+2.

2.1 Succession rules

In order to construct generating trees for the p-generalized Fibonacci sequences
we use the ECO method, providing the label of its root and a set of succession
rules which describe, for each node, the label set of its successors. There are
many ways to label fields of succession rules. Here, each node has at most
two successors. So we label each node by (2i) or (1) to encode information
concerning the number of successors (2 or 1); the index i (0 < i < p) allows us
to distinguish nodes having two successors.

For example, the succession rules for the well-known Fibonacci sequences
(p = 2), which appear in [2], can be written as:





(21)
(21) (21)(1)
(1) (21).

The following theorem extends this finding to p-generalized Fibonacci se-
quences.

Theorem 1 For p ≥ 2, a system of succession rules (Ωp) for p-generalized
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Fibonacci sequences is given by:

(Ωp)





(2p−1)
(2p−1) (2p−1)(2p−2)
(2p−2) (2p−1)(2p−3)
. . .
(21) (2p−1)(1)
(1) (2p−1).

Proof. By translating the concept of succession rules into matrix notation [10],
we obtain the production matrix of size p × p, as shown below:

Mp =




1 1 0 . . . 0 0
1 0 1 . . . 0 0

. . . . . . . . .
. . . . . . . . .

1 0 0 . . . 1 0
1 0 0 . . . 0 1
1 0 0 . . . 0 0




.

Here the i-th row (or column) of the production matrix corresponds to the label
(2p−i) for 1 ≤ i ≤ p − 1 and (1) for i = p. For example, the entry in the first
row and the second column is the number of labels (2p−2) produced from the
label (2p−1).

Let dp be the determinant of (x · I − Mp) where x is a variable and I the
unitary matrix of size p × p. It is easy to prove that dp verifies the recurrence
relation: dp = x·dp−1−1 anchored by d1 = x−1. So we obtain the characteristic
polynomial dp = xp − xp−1 − xp−2 − . . . − x − 1.

Using the Hamilton–Cayley theorem we replace x by M and:

Mp
p − Mp−1

p − Mp−2
p − . . . − Mp − I = 0.

Since Mp is invertible, it is equivalent to

Mn
p =

n−1∑

i=n−p

M i
p, ∀n ≥ p.

The succession rules (Ωp) induce a sequence (an)n≥0 where an is the number of
nodes at level n (a0 = 1 since the tree has only one root). By [10], an = uT ·Mn

p ·e
where uT is the row vector (1 0 0 . . .) of length p and e is the column vector
(1 1 1 . . .)T of length p. So the previous equality implies:

an =

n−1∑

i=n−p

ai, ∀n ≥ p.

Moreover each node on level 0 ≤ n ≤ p − 2 has exactly two successors. Thus
the number of nodes on level n ≤ p − 1 is obviously 2n.
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So

an =

{
2n if 0 ≤ n ≤ p − 1∑n−1

i=n−p ai if p ≤ n,

which implies that an is equal to the well-known p-generalized Fibonacci number
fp,n+2. �

By means of simple calculations, we produce the formula of the well-known
generating function of p-generalized Fibonacci [12]:

fp(z) =
1 + z + z2 + . . . + zp−1

1 − z − z2 − . . . − zp
=

1

z
·
(

1

1 − ∑p
i=1 zi

− 1

)
.

Since fp(z) −→
p→∞

1
1−2z , these succession rules produce a kind of discrete con-

tinuity between the p-generalized Fibonacci sequences (p ≥ 2) and the sequences
of binary strings.

The following proposition demonstrates how the p-generalized Fibonacci
strings can be attached to the generating tree of (Ωp).

Proposition 1 The generating tree of (Ωp) can be encoded by the p-generalized
Fibonacci binary strings. An n-length binary string is obtained from one of
length (n − 1) by inserting 0 or 1 into its last position (see Figure 1).

(2  ) 2(2  )2(2  )

(2  )2 (2  )1 (2  )2

(2  ) 2

(2  )

(2  )

(2  ) (2  ) (2  )(2  )

(2  )

(2  ) (2  )

(2  )2 1

2 1 2 (1)

12

2

λ

1 (1) 1 (2  )2(2  )2 2

2(2  )(2  ) (1)2

(2  )1

   0   1

  00  01  10  11

   000   001  010  011   100  101  110

0000 0001  0011 0100  0110  0101 1000  1001 1010  1011

   (1)

1100  1101

(2  )

0010

2

Figure 1: The first five levels of the generating tree encoded by the 3-generalized
Fibonacci binary strings.

Proof. We will prove this by recurrence. Obviously, this is true for the root
which is encoded by the empty binary string λ (for convenience let the level of
the root be 0). Assume that this holds until the level k, i.e. each level i ≤ k
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is encoded by the elements of Fp,i. We will show that this is also true for the
level k + 1.

Let τ be the (k + 1)-length binary string of one node at the level k + 1 and
let δ be its predecessor on the level k.

Firstly, if τ is obtained from δ by inserting 0 on the right then τ also belongs
to Fp,k+1. Secondly, if τ is obtained by inserting 1 on the right of δ then δ has
two children, thus its label is (2i), (1 ≤ i ≤ p − 1).

We distinguish between two cases.

• δ is labeled (2p−1). Here we obtain δ = δ′0 and τ = δ′01 with δ′ ∈ Fp,k−1

via the recurrence hypothesis. Thus τ belongs to Fp,k+1.

• δ is labeled (2i), 1 ≤ i ≤ p − 2. Its predecessor δ1 is labeled (2i+1). We
repeat the process with δ1 until we find a label (2p−1) (notice that the
process always finishes). We have thus constructed a path δ1, . . . , δp−1−i

where δj is the successor of δj+1 for (1 ≤ j ≤ p − 2 − i) and δj is labeled
(2i+j). In particular δp−1−i is labeled (2p−1). So we deduce that δ is of the
form δ = δ′01p−i−1 and τ = δ′01p−i where δ′ ∈ Fp,k−p+i by the recurrence
hypothesis. Since the length p− 1− i of the path verifies p− 1− i ≤ p− 2,
we conclude that τ ∈ Fp,k+1.

Moreover, using Theorem 1, each level n of the tree contains exactly fp,n+2 =
|Fp,n| nodes, which shows that the tree is encoded by the p-generalized Fibonacci
binary strings. �

2.2 Generating trees using pattern avoiding permutations
Let Sn be the set of permutations on [n] = {1, 2, . . . , n}. We represent a per-
mutation π ∈ Sn in online notation: i.e. π = π(1)π(2) . . . π(n). A permuta-
tion π ∈ Sn contains the pattern τ ∈ Sk if and only if a sequence of indices
1 ≤ i1 < i2 < . . . < ik ≤ n exists such that π(i1)π(i2) . . . π(ik) is ordered as τ .
We denote by Sn(τ) the set of permutations of Sn avoiding the pattern τ .

In this subsection, we encode the generating tree of (Ωp) by permutations.
The root is encoded by the identity of length one. Let π be an n-length per-
mutation in the generating tree; each successor is obtained from π by inserting
n + 1 into certain positions also known as the active sites of π.

Theorem 2 The generating tree of (Ωp) can be encoded by the permutations π
in Sn(321, 312, 234 . . .(p + 1)1). The active sites of π are the two last positions
if the label of π is (2i); otherwise only the last position is active (see Figure 2).

Proof. We will prove this by recurrence. Obviously, this is true for the root
which is encoded by the permutation (1) (for convenience let the level of the
root take the value 1). Assume that this holds until the level k ≥ 1, i.e. each
level i ≤ k is encoded by the permutations in Si(321, 312, 234 . . . (p + 1)1). We
will show that this also holds for the level k + 1.

Let τ be the (k + 1)-length permutation of one node of the level k + 1 and
let δ be its predecessor on the level k.
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Figure 2: The first five levels of the generating tree of (Ω3) are encoded by
permutations in Sn(321, 312, 2341). The active sites are represented by under-
scores.

Firstly, if τ is obtained from δ by inserting k + 1 into the last position, then
τ does not contain any occurrence of the forbidden subsequences 321, 312 and
234 . . . (p + 1)1.

Secondly, if τ is obtained by inserting k + 1 into the site (k) of δ (i.e. the
site just before the last entry of δ) then τ does not contain any occurrence of
the forbidden subsequences 321, 312. We will now show that τ also belongs to
Sk+1(234 . . . (p + 1)1). Notice that in this case δ has two children, thus its label
is (2i), (1 ≤ i ≤ p − 1).

We can distinguish two cases.

• δ is labeled (2p−1). Here we obtain δ = δ′k and τ = δ′(k + 1)k with
δ′ ∈ Sk−1(321, 312, 234 . . .(p + 1)1) by the recurrence hypothesis. Thus τ
belongs to Sk+1(321, 312, 234 . . .(p + 1)1).

• δ is labeled (2i), 1 ≤ i ≤ p − 2. Its predecessor δ1 is labeled (2i+1).
We repeat the process with δ1 until we find a label (2p−1). Remark that
the process always finishes. So we have constructed a path δ1, . . . , δp−1−i

where δj is successor of δj+1 for (1 ≤ j ≤ p−2−i) and δj is labeled (2i+j).
In particular δp−1−i is labeled (2p−1). So we deduce that δ is of the form
δ = δ′(k−p+i+2) . . . (k−1)k(k−p+i+1) and τ = δ′(k−p+i+2) . . . (k−
1)k(k + 1)(k − p + i + 1) where δ′ ∈ Sk−p+i(321, 312, 234 . . .(p + 1)1) via
the recurrence hypothesis. Since the length p − 1 − i of the path verifies
p−1−i ≤ p−2, we conclude that τ does not contain any occurrence of the
forbidden subsequence 23 . . . (p+1)1. Hence τ ∈ Sk+1(321, 312, 234 . . .(p+
1)1).
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Moreover, Mansour (Theorem 3, [19]) found the cardinality of Sk+1(321, 312,
τ) for any τ ∈ Sp+1(321, 312). In particular, he obtains that the cardinality of
Sk+1(321, 312, 234...(p + 1)1) is equal to that Fp,k. �

By considering other active sites, we obtain an other set of pattern-avoiding
permutations which is associated with the same generating tree.
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Figure 3: The first five levels of the generating tree of 3-generalized Fibonacci
sequences encoded by permutations Sn(231, 312, 4321). The active sites are
represented by underscores.

Theorem 3 The generating tree of (Ωp) can be encoded by the permutations π
in Sn(231, 312, (p + 1)p . . . 321). A permutation π always has an active site in
the last position; moreover, in the case where the label is (2i), there is another
one just before the maximal entry of π (see Figure 3).

Proof. In fact, an insertion into the last active site or into active site just before
the site of the maximal entry does not produce any patterns of the form 231
and 312. The rest of the proof is similar to the demonstration of Theorem 2. �

3 p-generalized Lucas sequences

In this section, we consider p-generalized Lucas sequences. Recall that the p-
generalized Lucas sequences verify: ℓp,n =

∑p
i=1 ℓp,n−i anchored by ℓp,n = 2n−1

if 0 < n ≤ p, and let Lp,n be the set of n-length binary strings without p con-
secutive ones by considering the strings circularly. Notice that for convenience
we assume here that the string 1n (n < p) belongs to Lp,n. So |Lp,n| = ℓp,n + 1
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if n < p and |Lp,n| = ℓp,n otherwise. We thus exhibit succession rules for p-
generalized Lucas sequences and provide a generating tree for two new associated
classes of pattern-avoiding permutations.

3.1 Succession rules
In Section 2 each node was labeled (1) or (2i) where 1 ≤ i ≤ p − 1. In the
following we consider the label (1) or (1′) for the nodes having one successor
and the labels (2i) or (2′

i) (1 ≤ i ≤ p − 1) for the nodes having two successors.

Theorem 4 For p ≥ 2, a system of succession rules (Φp) for p-generalized
Lucas sequences is expressed by:

(Φp)





(2′
p−1)

(2′
p−1) (2p−1)(2

′
p−2)

(2′
p−2) (2p−2)(2

′
p−3)

. . .
(2′

1) (21)(1
′)

(1′) (1)
(2p−1) (2p−1)(2p−2)
(2p−2) (2p−1)(2p−3)
. . .
(21) (2p−1)(1)
(1) (2p−1),

which means that (Φp) produces ℓp,n if n > p and ℓp,n + 1 = 2n otherwise.

Proof. By translating the concept of succession rules into matrix notation [10],
we obtain the following production matrix of size 2p × 2p. The i-th column
(or row) corresponds to the labels (2′

i) for i ≤ p − 1, (1′) for i = p, (2i) for
p + 1 ≤ i ≤ 2p − 1 and (1) for i = 2p.

Mp =




Ap | Bp

− − − + − − −
Cp | Dp


 ,

Ap =




0 1 0 . . . 0
0 0 1 . . . 0

. . . . . . . . .
. . . . . .

0 0 0 . . . 1
0 0 0 . . . 0




, Bp =




1 0 . . . 0
0 1 . . . 0

. . . . . .
. . . . . .

0 0 . . . 1


 ,

Cp =




0 0 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 0


 , Dp =




1 1 0 . . . 0
1 0 1 . . . 0

. . . . . . . . .
. . . . . .

1 0 0 . . . 1
1 0 0 . . . 0




.
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It is easy to see that the number an of nodes on a level n ≤ p − 1 (the
root being at the zero level) verifies: uT · Mn

p · e = 2n (see Section 2.1 for the
definition of uT and e) and the number of nodes on the level p is uT · Mp

p · e =
2p − 1. Moreover by [10] the distribution on the level p + 1 of the labels (2′

i) for
1 ≤ i ≤ p − 1, (1′), (2i) for 1 ≤ i ≤ p − 1 and (1) is the row vector

rp+1 = uT · Mp+1
p = (0, 0, . . . , 0, 2p − 1, 2p−1 − 1, . . . , 22 − 1, 1).

Thus
rp+1 = (0, 0, . . . , 0, ℓp,p, ℓp,p−1, . . . , ℓp,1)

and
uT · Mp+1

p · e = ℓp,p+1.

By recurrence on i ≥ 1,

rp+i+1 = uT · Mp+i
p · Mp

= (0, 0, . . . , 0, ℓp,p+i−1, ℓp,p+i−2, . . . , ℓp,i) · Mp

= (0, 0, . . . , 0,

p+i−1∑

j=i

ℓp,j , ℓp,p+i−1, ℓp,p+i−2, . . . , ℓp,i+1)

= (0, 0, . . . , 0, ℓp,p+i, ℓp,p+i−1, ℓp,p+i−2, . . . , ℓp,i+1),

and
uT · Mp+i+1

p · e = ℓp,p+i+1, ∀i ≥ 1,

thus the sequence (an)n≥0 induced by (Φp) verifies:

an = uT · Mn
p · e =





0 if n < 0
ℓp,n + 1 if 0 ≤ n ≤ p − 1
ℓp,n if n ≥ p.

We deduce that an is equal to the well known p-generalized Lucas sequence ℓp,n

(except for n ≤ p − 1 where an = ℓp,n + 1). �

By means of simple calculations, we can deduce the generating function of
the sequences corresponding to (Φp) as follows:

ℓp(z) =

∑p−1
i=0 (zi − i · z2p−i)

1 − z − z2 − . . . − zp
.

As for the case of Fibonacci and since ℓp(z) −→
p→∞

1
1−2z , these succession rules

produce a kind of discrete continuity between the p-generalized Lucas sequences
(p ≥ 2) and the sequences of binary strings.

Here the generating tree of (Φp) cannot be encoded by the set Lp,n. However,
it is encoded by another binary string set Kp,n defined as follows: Kp,n ⊆ Fp,n

and each binary string of Kp,n contains at least two 0s in theirs length p + 1
prefix. For example, the only binary string in F2,4 but not in K2,4 is 1010 and
F3,5\K3,5 = {10110, 11011, 11010}. In [16] the authors provide a constructive
bijection φ between Kp,n and Lp,n defined as follows: if x ∈ Kp,n, x can be
written x = 1i0y with 0 ≤ i < p and φ(x) = y01i ∈ Lp,n.
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Proposition 2 The generating tree of (Φp) is encoded by the strings of the
set Kp,n. An n-length binary string is obtained from one of length (n − 1) by
inserting 0 or 1 into its last position (see Figure 4).

Proof. Obviously, this is true for the root which is encoded by the empty binary
string λ (for convenience let the level of the root be 0). Notice that the prede-
cessor of each node on a level k ≤ p − 1 has two successors. This means that
each level k (k ≤ p − 1) is encoded by the set of all binary strings, therefore by
Kp,k. For the level k = p, the nodes are encoded by the binary strings different
from 1p which proves the results for the level p.

Now we will prove the result for k ≥ p + 1 by recurrence. Assume that this
holds until the level k ≥ p, i.e. each level i ≤ k is encoded by the elements of
Kp,i. We will show that this is also true for the level k + 1.

Let τ be the (k + 1)-length binary string of one node of the level k + 1 and
let δ be its predecessor on level k.

Firstly, if τ is obtained from δ by inserting 0 on the right, then τ also belongs
to Kp,k+1. Secondly, if τ is obtained by inserting 1 on the right of δ, then δ has
two children, hence its label is (2i), (1 ≤ i ≤ p − 1).

We distinguish between two cases.

• δ is labeled (2p−1). Here we obtain δ = δ′0 and τ = δ′01 with δ′ ∈ Kp,k−1

by the recurrence hypothesis. Remark that δ′ 6= 1k−1, i.e. it contains at
least one zero. Indeed, since k − 1 ≥ p − 1, if δ′ = 1k−1 then its label is
(1′) and the label of δ is (1) which is a contradiction. Thus τ belongs to
Kp,k+1.

• δ is labeled (2i), 1 ≤ i ≤ p − 2. Since k ≥ p, its predecessor δ1 is labeled
(2i+1). We repeat the process with δ1 until we find a label (2p−1). Note
that since k ≥ p the process always finishes. Indeed if the process does
not reach the label (2p−1), it inevitably meets (2′

j) with j ≥ i. This
would mean that δ = 1p−1−j01j−i and δ would be on the level k = p − i
which contradicts k ≥ p. So we have constructed a path δ1, . . . , δp−1−i

where δj is successor of δj+1 for (1 ≤ j ≤ p − 2 − i). Moreover δj is
labeled (2i+j) and in particular δp−1−i by (2p−1). So we deduce that δ is
of the form δ = δ′01p−i−1 and τ = δ′01p−i where δ′ ∈ Kp,k−p+i using the
recurrence hypothesis. As δp−1−i is labeled (2p−1), δ′ = 1k−p+i implies
that δ′ is labeled (2′

p−1). Thus δ′ = λ and τ = 01p−i which contradicts
k + 1 ≥ p + 1. So, τ has at least two zeros in its length (p + 1) prefix and
we conclude that τ ∈ Kp,k+1.

Via Theorem 4, each level n of the tree contains exactly ℓp,n nodes for n > p
and ℓp,n + 1 nodes for n ≥ p. which is the same cardinality as Kp,n (see [16]).
This shows that the tree is encoded by Kp,n, for n ≥ 1. �

3.2 Generating trees using pattern avoiding permutations
In this subsection, we consider generalized patterns. A barred pattern τ is a
permutation in Sk having a bar over one of its elements. Let τ be a permutation
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Figure 4: The first five levels of the generating tree of 3-generalized Lucas
sequences encoded by K3,n.

on [k] identical to τ but unbarred and τ̂ be the permutation on [k − 1] made
up of the (k − 1) unbarred elements of τ , rewritten to be a permutation on
[k − 1]. Then π ∈ Sn contains the pattern τ if π contains the pattern τ̂ that
cannot be expanded into a pattern τ in π. For example, if τ = 41̄32 then
π = 58132674 ∈ S8(41̄32).

Let us also define other patterns as permutations possibly with added colons
between entries (e.g. τ = 13 : 24). If two consecutive entries in τ are separated
by a colon, then the permutation π contains the pattern τ if the entries of π
corresponding to those elements are adjacent in π (and in the same order given
by τ). For example, 13524 fails to be 13 : 24 avoiding but is 1324 avoiding.
Notice that this is a particular case of the distanced patterns defined in [15].

In the following, we provide two new sets of pattern-avoiding permutations
which are also enumerated by the succession rules (Φp).

Theorem 5 Let us assume

Tp =





134 . . . (p + 1)2 : (p + 3)(p + 2)
134 . . . p2 : (p + 2)(p + 3)(p + 1)
. . .
132 :56 . . . (p + 3)4.

The succession rule (Φp) gives a generating tree encoded by the permutations
in Sn(321, 312, 234 . . .(p+1)1, Tp). The active sites are the two last positions if
the label is (2i) or (2′

i); otherwise only the last position is active (see Figure 5).
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Figure 5: The first five levels of the generating tree of (Φ3)-generalized Lucas
sequences. Each node is encoded by a permutation in Sn(321, 312, 2341, 1342 :
65, 132 :564).

Proof. Obviously, this is true for the root which is encoded by the permutation
of length one (for convenience assume the level of the root is 1). Notice that the
predecessor of each node on a level k ≤ p has two successors. This means that
each level k (k ≤ p) is encoded by the set of permutations avoiding 321 and 312
which is also the sets Sk(321, 312, 234 . . .(p + 1)1, Tp) for k ≤ p. Note also that
each node of level p has two successors with one exception which is labeled (1′)
and encoded by 234 . . . p1. This means that the permutation 234 . . . (p + 1)1
cannot belong to the level p + 1. We therefore obtain the result for the level
p + 1 as well.

Now we will prove the result for k ≥ p + 1 by recurrence. Assume that this
holds up to the level k ≥ p + 1, i.e. each level i ≤ k is encoded by the elements
of Si(321, 312, 234 . . .(p + 1)1, Tp). We will show that this is also true for the
level k + 1.

Let τ be the (k + 1)-length permutation of one node of the level k + 1 and
let δ be its predecessor on the level k.

Firstly, if τ is obtained from δ by inserting k + 1 on the right, then τ also
belongs to Sk+1(321, 312, 234 . . . (p + 1)1, Tp). Secondly, if τ is obtained by
inserting k + 1 just before the last entry of δ then δ has two children, hence its
label is (2i), (1 ≤ i ≤ p − 1).

We distinguish between two cases.

• δ is labeled (2p−1). Here we obtain δ = δ′k and τ = δ′(k + 1)k with δ′ ∈
Sk−1(321, 312, 234 . . .(p + 1)1, Tp) via the recurrence hypothesis. Notice
that δ′ 6= 23 . . . (k − 2)(k − 1)1 since k − 1 ≥ p. Indeed if δ′ = 23 . . . (k −



ECO-GENERATION FOR P -GENERALIZED FIBONACCI AND LUCAS PERMUTATIONS 31

2)(k−1)1 then the node of δ′ is labeled (1′) and thus the label of δ would be
(1) which is a contradiction. Thus τ belongs to Sk+1(321, 312, 234 . . . (p +
1)1, Tp).

• δ is labeled (2i), 1 ≤ i ≤ p−2. Since k ≥ p+1, its predecessor δ1 is labeled
(2i+1). We repeat the process with δ1 until we find a label (2p−1). Note
that since k ≥ p + 1 the process always finishes. Indeed, if the process
does not reach the label (2p−1), it inevitably meets (2′

j) where j ≥ i. This
would mean that δ = 23 . . . (p− 1− j)(p− j)1(p− j +2)(p− j +3) . . . (p−
i)(p + 1 − i)(p − j + 1) and δ would be on the level k = p + 1 − i which
contradicts k ≥ p+1. So we have constructed a path δ1, . . . , δp−1−i where
δj is the successor of δj+1 for (1 ≤ j ≤ p − 2 − i). Moreover δj is labeled
(2i+j) and in particular δp−1−i is labeled (2p−1). So we deduce that δ is
of the form δ = δ′(k − p + i + 2)(k − p + i + 3) . . . (k − 1)k(k − p + i + 1)
and τ = δ′(k − p + i + 2)(k − p + i + 3) . . . k(k + 1)(k − p + i + 1) where
δ′ ∈ Sk−p+i(321, 312, 234 . . .(p+1)1, Tp) by the recurrence hypothesis. As
δp−1−i is labeled (2p−1), δ′ = 23 . . . (k − p + i)1 implies that δ′ is labeled
(2′

p−1). Thus δ′ = 1 and τ = 13 . . . (p− i+1)(p− i+2)2 which contradicts
k + 1 = p − i + 2 ≥ p + 2. So δ′ 6= 23 . . . (k − p + i)1 and we conclude that
τ ∈ Sk+1(321, 312, 234 . . .(p + 1)1, Tp).

According to [16] Sk+1(321, 312, 234 . . .(p + 1)1, Tp) and Kp,k+1 have the same
cardinality which shows that the tree is encoded by the permutations in Sn(321,
312, 234 . . . (p + 1)1, Tp) for n ≥ 1. �
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Figure 6: The first five levels of the generating tree of 3-generalized Lucas
sequences. Each node is encoded by a permutation in Sn(231, 312, 4321, 1432 :
65, 132 :654).

Now we will obtain similar results for another permutation set.
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Theorem 6 Let us assume

T ′
p =





1(p + 1)p . . . 32 : (p + 3)(p + 2)
1p(p − 1) . . . 32 : (p + 3)(p + 2)(p + 1)
. . .
132 : (p + 3)(p + 2) . . . 54.

The generating tree of (Φp) can be encoded by the permutations π in
Sn(231, 312, (p + 1)p . . . 321, T ′

p). A permutation π always has an active site
on the last position; moreover in the case where the label is (2i) or (2′

i), it has
another one just before the maximal entry of π (see Figure 6).

Proof. We will prove this using the same method as we did in the proof of
Theorem 5. �

4 Algorithmic considerations

In this section, we provide efficient algorithms to generate the different per-
mutation sets obtained in Sections 1 and 2. More precisely, the complexity
of our algorithms is always in Constant Amortized Time (CAT). Recall that
an algorithm is CAT if the number of computations after a small amount of
preprocessing is proportional to the number of objects generated.

4.1 Generation for Fibonacci permutations

Consider now the generating tree of Sn(321, 312, 234 . . .(p + 1)1). We provide
below a simple recursive procedure for the generation of Sn(321, 312, 234 . . .(p+
1)1) using the succession rules (Ωp) defined in Section 1. The generation is
anchored by f1gen(1, p − 1) where σ is initialized by the identity permutation
12 . . . n.

In the procedure f1gen(i, k), i is the level of the recursive call (i.e. the level
in the tree) and the index k corresponds to the label (2k) for 1 ≤ k ≤ p − 1 and
(1) for k = 0. Between two recursive calls of f1gen, the current permutation σ
is updated by transposing its entry σ(i) with σ(i + 1), i.e. σ = σ · 〈i, i + 1〉.

f1gen(i, k)

if i = n then output σ;

else

if k 6= 0 then
f1gen(i + 1, p − 1);
σ = σ ·〈i, i+1〉; {transpose the entries σ(i) and σ(i+1)}
f1gen(i + 1, k − 1);
σ = σ · 〈i, i + 1〉;

else f1gen(i + 1, p − 1);
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end ;

By comparing (in the generating tree) the number of nodes having one suc-
cessor with the number of nodes with two successors and the number of objects
generated, we show that the generation of Fibonacci permutations sets is CAT.

Proposition 3 The procedure f1gen generates Sn(321, 312, 234 . . .(p+1)1) in
constant amortized time.

Proof. Let n,p ∈ N and T be the tree induced by the recursive calls of the pro-
cedure f1gen and m the number of leaves of T . T has the following properties:
(a) the root has 2 successors, (b) if a node x has a single successor, say y, then
y is a terminal node or it has two successors.

By using these properties, we deduce

• by merging in T each one successor node with its child, we obtain a com-
plete binary tree with (m − 1) internal nodes which is the number of two
successor nodes.

• the number of one successor nodes is less than the number of two successor
nodes.

So T has less than 2(m − 1) internal nodes.
We have:

#recursive calls

#generated objects
=

#internal nodes of T

m
≤ 2(m − 1)

m
≤ 2.

Moreover, the number of operations in each f1gen(i, k) is negligible, thus
the average cost of f1gen is a constant. Therefore, this algorithm is CAT. �

For the generation of Sn(231, 312, (p + 1)p . . . 321), we give the procedure
f2gen(i, k, t) and we run f2gen(1, p − 1, 1) anchored by σ = 12 . . . n. The first
two parameters are the same as above, and t corresponds to the position of the
entry i in the permutation σ. Here, between two recursive calls, we must insert
i + 1 (which is on the (i + 1)-th position of σ) just before the entry i (which
is in the position t). So we apply to σ the product of successive transpositions
〈i, i + 1〉, 〈i − 1, i〉, . . ., 〈t, t + 1〉; i.e. σ = σ · 〈i, i + 1〉 · 〈i − 1, i〉 · . . . · 〈t, t + 1〉.

f2gen(i, k, t)

if i = n then output σ;

else

if k 6= 0 then
f2gen(i + 1, p − 1, i + 1);
for j = i downto t

σ = σ · 〈j, j + 1〉;
f2gen(i + 1, k − 1, t);
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for j = t to i

σ = σ · 〈j, j + 1〉;
else f2gen(i + 1, p − 1, i + 1);

end ;

Proposition 4 The procedure f2gen generates Sn(231, 312, (p+1)p . . .321) in
constant amortized time.

Proof. Clearly, according to the algorithm, the number of operations between
two recursive calls in f2gen(i, k) is O(p). Thus, similarly to the proof above,
we have the average cost of f2gen in O(p). So, this algorithm is also CAT. �

Remark 1 A simple adaptation of the procedure f1gen for the binary strings
gives the generation of the p-generalized Fibonacci strings in Fp,n in constant
amortized time.

4.2 Generation of Lucas permutations
As for p-generalized Fibonacci permutations, we also obtain CAT algorithms
for the generation of Lucas permutation sets in Section 3.2. More precisely,
the number of computations divided by the number of generated objects is
in O(1) (respectively O(p)) for Sn(321, 312, 234 . . .(p + 1)1, Tp) (respectively
Sn(231, 312, (p + 1)p . . . 321, T ′

p)). The procedures are constructed in the same
way as for f1gen and f2gen in the previous subsection, thus we just exhibit here
the procedure l1gen which generates the set Sn(321, 312, 234 . . .(p+1)1, Tp) and
the produce l2gen which generates the set Sn(231, 312, (p+1)p . . .321, T ′

p). No-
tice that these procedures use f1gen and f2gen and are anchored by l1gen(1, p−
1) and l2gen(1, p − 1, 1). Moreover the set Kp,n can be generated in constant
average cost O(1) by a simple adapted algorithm for binary strings. And by
means of an ad hoc data structure we obtain the generation of Lp,n in constant
average cost O(p).

l1gen(i, k)

if i = n then output σ;
else

if k 6= 0 then
f1gen(i + 1, k);
σ = σ · 〈i, i + 1〉;
l1gen(i + 1, k − 1);
σ = σ · 〈i, i + 1〉;

else f1gen(i + 1, 0);
end;

l2gen(i, k, t)

if i = n then output σ;
else

if k 6= 0 then
f2gen(i + 1, k, i + 1);
for j = i downto t

σ = σ · 〈j, j + 1〉;
l2gen(i + 1, k − 1, t);
for j = t to i

σ = σ · 〈j, j + 1〉;
else f2gen(i + 1, 0, i + 1);

end;
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An applet for the generation of theses permutation sets is available on the
web site http://www.u-bourgogne.fr/ jl.baril/applet.html.

5 Concluding remarks
In this paper, we use the ECO method to show several algorithms for the genera-
tion of different sets of binary strings or pattern-avoiding permutations enumer-
ated by the p-generalized Fibonacci or Lucas sequences. Each given algorithm
runs in constant amortized time. We summarize our results in Table 1 where,
for each studied set, we give the average complexity of our algorithm.

p-generalized Fibonacci and Lucas sets Average complexity

Fp,n O(1)

Sn(321, 312, 234 . . .(p + 1)1) O(1)

Sn(231, 312, (p + 1)p . . . 321) O(p)

Kp,n O(1)

Lp,n O(p)

Sn(321, 312, 234 . . .(p + 1)1, Tp) O(1)

Sn(231, 312, (p + 1)p . . . 321, T ′
p) O(p)

Table 1: Average complexity for each generating algorithm.

However, some problems are still left open. Indeed, can one generate these
permutation sets in Gray code order? Some results concerning Fibonacci permu-
tation sets are given in [16] but none are for Lucas permutations. Can one find
other pattern-avoiding permutation sets enumerated by p-generalized Fibonacci
and Lucas sequences? This will also be interesting to exhibit constructive bi-
jection between the permutation sets found in this paper.
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a b s t r a c t

We introduce a new lattice structure Bn on binary trees of size n. We exhibit efficient
algorithms for computing meet and join of two binary trees and give several properties
of this lattice. More precisely, we prove that the length of a longest (resp. shortest) path
between 0 and 1 in Bn equals to the Eulerian numbers 2n− (n+1) (resp. (n−1)2) and that
the number of coverings is

(
2n
n−1

)
. Finally, we exhibit a matching in a constructive way.

Then we propose some open problems about this new structure.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction

This paper introduces a new operation on rooted, ordered, binary trees called the pruning-grafting transformation. We
show that this transformation endows the set of binary trees with a new lattice structure. This is a new attempt to define a
lattice structure on a Catalan set, i.e. a set of combinatorial objects enumerated by Catalan numbers.
The set Bn of binary treeswith n internal nodes related by rotations is a lattice, the so-called n-th Tamari lattice [24]. These

lattices have been extensively studied for algebraic and combinatorial purposes. A number of references on this subject are
available in [28]. Like rotation, our pruning-grafting transformation is a simple and natural operation on binary trees. But as
for rotation, the characterization of this transformation is unfortunately rather complex.
The idea developed in this paper is both similar to, and different from the tool introduced by Parker and Ram in [30].

Similar because our pruning-grafting operation resembles their balancing exchange. But different because binary trees used
in [30] for constructing Huffman codes are unordered, whereas the binary trees in our paper are ordered.
Ordered binary trees of Bn are enumerated by the well-known n-th Catalan number

(2n
n

)
/(n + 1). A large number of

various classes of combinatorial objects are Catalan sets. It is the case, among others, of ballot sequences, planar trees, Young
tableaux, nonassociative products, stack sortable permutations, and so on. A list of over 60 types of such combinatorial
classes of independent interest has been compiled by Stanley [39, p. 219]. A certain number of explicit bijections between
these Catalan classes can also be found in the literature.
Of much of interest are the following lattices. First the uppermentioned Tamari lattices can be obtained equivalently

in two other ways. The coverings correspond to reparenthesizations of letters products [14] and to diagonal flips in
triangulations [4,19,37]. Then the lattice of noncrossing partitions, the so-called Kreweras lattice, is equipped with the
refinement order [21]. See [11,12,31,35] and numerous references in the exhaustive survey [36]. Also, Dyck words [3,17]
have been endowed by lattice structures. In [1,13] the authors studied the Stanley lattices in term of Dyck paths.
Thepaper is organized as follows. Firstwe recall some classical definitions onbinary trees. Thenwe show thatBn equipped

with the pruning-grafting transformation is a lattice. We exhibit an efficient algorithm for computing the meet and join of
two binary trees. We study some properties of this lattice and conclude by some open problems.

∗ Corresponding author. Tel.: +33 0380393801.
E-mail addresses: barjl@u-bourgogne.fr (J.L. Baril), pallo@u-bourgogne.fr (J.M. Pallo).
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2. Distribution sequences of binary trees

A binary tree is a rooted, ordered, unlabeled tree in which every node is either a leaf (i.e. a node without child) or
an internal node © having two children. We denote by Bn the set of binary trees with n internal nodes (and thus with
n + 1 leaves). It is well-known that card(Bn) = |Bn| equals the Catalan number

(2n
n

)
/(n + 1). The set B of binary trees

is recursively defined by B = + ©BB in Polish or linear notation. It is well known that a sequence with n circles and
(n + 1) squares corresponds to the Polish notation of a tree of Bn iff in every proper prefix of this sequence, the number of
circles is greater or equal to the number of squares, the last one being a square. Let TL and TR be the left and right subtrees
of T ∈ Bn. Thus, we can write T = ©TLTR. The leaves of a binary tree T are numbered by a preorder traversal (i.e. from
left to right). The order of leaves is significant. The feasible sequence of T (also called path-length sequence) is the integer
sequence `T = (`T (1), `T (2), . . . , `T (n + 1)) where `T (i) is the level number of the i-th leaf, i.e. the length of unique path
between the i-th leaf and the root [34]. Let also ¯̀ be the mirror sequence ¯̀ = (`T (n + 1), `T (n), . . . , `T (1)) which is the
feasible sequence of the mirror tree T̄ recursively defined by T̄ = ©T̄RT̄L and ¯ = . For example the tree defined in
Polish notation by © © © © © © © has the feasible sequence (1, 3, 4, 5, 5, 4, 4, 3). Its mirror is
©©© © ©©© and has the feasible sequence (3, 4, 4, 5, 5, 4, 3, 1). Now let us consider a sequence
(a(1), a(2), . . . , a(n + 1)) with an integer k ∈ [2, n + 1] such that a(k − 1) = a(k) = q. The process of replacing the pair
(a(k− 1), a(k)) = (q, q) by q− 1 in order to get the new sequence (a(1), a(2), . . . , a(k− 2), q− 1, a(k+ 1), . . . , a(n+ 1))
is called a reduction. Ruskey and Hu [34] give the following necessary and sufficient condition so that an (n + 1)-length
sequence represents a binary tree of Bn. A sequence (a(1), a(2), . . . , a(n+ 1)) is feasible iff a series of n reductions from the
left or right (in any order) reduce the original sequence to the single integer 0.
Moreover, the feasible sequence of a binary tree obeys what we call Kraft equality, a special case of the Kraft inequality

of noiseless coding theory (see [15], p. 45). A necessary condition [20, p. 404, ex. 3] for a sequence (a(1), a(2), . . . , a(n+1))
to be feasible is that:

n+1∑
i=1

2−a(i) = 1.

Lemma 1 ([20, p. 404, ex. 3]). Let `T = (`T (1), `T (2), . . . , `T (n + 1)) be a feasible sequence of a binary tree T and let T ′ be
a subtree of T where the root of T ′ is at level k in T . If m1 < m2 and (`T (m1), `T (m1 + 1), . . . , `T (m2 − 1), `T (m2)) is the
subsequence of `T corresponding to the leaves of T ′ then

m2∑
i=m1

2−`T (i) = 2−k.

The sequence 2−`T = (2−`T (1), 2−`T (2), . . . , 2−`T (n+1)) is called the density sequence of the binary tree (the sum of its entries
is one). So we define its associated distribution sequence as the ascending sequence:

LT =

(
2−`T (1), 2−`T (1) + 2−`T (2), . . . ,

i∑
j=1

2−`T (j), . . . , 1

)
.

In the sequel of this paper, the feasible sequences are denoted by lowercase letters (` for instance) and their distribution
sequences by uppercase letters (L). We assume that ≤ is the usual ordering on two n-length sequences, i.e. if ` =
(`(1), . . . , `(n+ 1)) and `′ = (`′(1), . . . , `′(n+ 1)), we say that ` ≤ `′ if `(i) ≤ `′(i) for all i ∈ [1, n+ 1].

3. The pruning-grafting transformation

In this section, we define a new transformation on binary trees which can be characterized using distribution sequences.
This induces a new structure lattice on Bn.

Definition 1. The pruning-grafting transformation→ on Bnwith n ≥ 2 is defined by the covering T → T ′ if there exist k ≥ 1,
τ1 ∈ ©{©, }

∗ and τ2 ∈ {©, }∗ such that T = τ1 ©k τ2 and T ′ = τ1© ©
k−1 τ2. Let

∗
→ be the reflexive

transitive closure of→ on Bn.

The pruning-grafting transformation prunes by replacing a ‘‘little’’ subtree T1 = © of T by a leaf and grafts this
subtree T1 = © instead of the leaf just before T1 in the Polish notation of T . See Fig. 1 for instance.

Proposition 1. Let T , T ′ ∈ Bn and `T , `T ′ be their corresponding feasible sequences. Then we have T → T ′ iff there exist p ≥ 1,
q ≥ 2 and 2 ≤ i ≤ n such that

`T = (`T (1), `T (2), . . . , `T (i− 2) , p , q , q , `T (i+ 2), . . . , `T (n+ 1)) and
`T ′ = (`T (1), `T (2), . . . , `T (i− 2) , p+ 1 , p+ 1 , q− 1 , `T (i+ 2), . . . , `T (n+ 1)).
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Fig. 1. Three pruning-grafting transformations in B7 .

Proof. One can easily prove that the condition is necessary. Conversely, let us assume that the feasible sequences of T and T ′
are `T = (`T (1), `T (2), . . . , `T (i−2), p, q, q, `T (i+2), . . . , `T (n+1)) and `T ′ = (`T (1), `T (2), . . . , `T (i−2), p+1, p+1,
q− 1, `T (i+ 2), . . . , `T (n+ 1)).
We distinguish between two cases.
(1) The i-th leaf of T is a left leaf. Since the i-th and (i+ 1)-th leaves have the same level number q, the Polish notation of

T is τ ©
k

i-th(i+1)-th
. . .where τ ∈ ©{©, }∗ and k ≥ 1. Thus, T ′ is obtained from T by a pruning-grafting transformation.

(2) Assume that the i-th leaf of T is a right leaf. Since the i-th and (i+1)-th leaves have the same level number q, T can be
written T = τ

i-th
©
k

(i+1)-th
. . .where τ ∈ ©{©, }∗ and k ≥ 1. Since the (i− 1)-th and i-th leaves of T ′ have level p+ 1,

T ′ is of the form τ ©
i-th
. . .. Moreover, the (i+ 1)-th leaf of T ′ is attached to a node of τ that also is the parent of the i-th

leaf in T . This would mean that the level number of the (i+1)-th leaf of T ′ is at least qwhich contradicts the hypothesis. �

Corollary 1. Let T , T ′ ∈ Bn and LT , LT ′ their distribution sequences. Then we have T → T ′ iff there exist p ≥ 1, q ≥ 2
and 2 ≤ i ≤ n such that LT = (LT (1), . . . , LT (i − 2), LT (i − 2) + 2−p, LT (i − 2) + 2−p + 2−q, LT (i + 1), . . . , 1) and
LT ′ = (LT (1), . . . , LT (i− 2), LT (i− 2)+ 2−(p+1), LT (i− 2)+ 2−p, LT (i+ 1), . . . , 1).

Definition 2. Let T and T ′ be two different trees of Bn. Let σ1 ∈ ©{©, }∗ be the longest common prefix of T and T ′ in
their Polish notation. Let us assume that

T = σ1σ2 ©j©︸ ︷︷ ︸
τ

σ3

where

- j ≥ 0, and
- σ2 is the empty word or σ2 ∈ {©, }∗ and σ2 does not contain any occurrence of τ = © (i.e. τ = © is the
leftmost occurrence of© in T after σ1), and
- σ3 ∈ {©, }∗.

Then we necessarily have T ′ = σ1σ ′2 with σ
′

2 ∈ ©{©, }
∗.

We define the tree U(T , T ′) ∈ Bn (U for up) such that T → U(T , T ′) and

U(T , T ′) = σ1σ2©︸ ︷︷ ︸
τ

©
j σ3.

Moreover, we set U(T , T ) = T .

For example, if:

T = ©© © ©© ©©

T ′ = ©© ©© © ©©

then σ1 = ©© © σ2 = ©©, σ3 = and j = 1. We obtain U(T , T ′) = ©© © ©©© © .

Lemma 2. Let T and T ′ be two trees in Bn such that their distribution sequences LT and LT ′ verify LT > LT ′ . Thus, U(T , T ′) exists
and its distribution sequence LU(T ,T ′) verifies LT > LU(T ,T ′) ≥ LT ′ .

Proof. Via Definition 2, U(T , T ′) exists since LT > LT ′ implies T = σ ν and T ′ = σ © ν ′ with σ ∈ ©{©, }∗ and
ν, ν ′ ∈ {©, }∗. Let us prove the inequality LU ≥ LT ′ where LU = LU(T ,T ′). Let r = min{i ≥ 1|LT (i) > LT ′(i)} and let t be the
smallest i > r such that T is of the form T = . . .©

i-th(i+1)-th
. . .. Let T0 be the smallest subtree in T containing the r-th and

t-th leaves. In Polish notation let T0 = ©T1T2. The r-th leaf belongs to T1 and the t-th belongs to T2. The rightmost leaf of T1
is numbered by s ≥ r in T . With these hypotheses, we necessarily have the following properties:



J.L. Baril, J.M. Pallo / Theoretical Computer Science 409 (2008) 382–393 385

(a) `T (r) ≥ `T (r + 1) and `T (i) > `T (i+ 1) for r + 1 ≤ i ≤ s− 1;
(b) `T (i) < `T (i+ 1) for s+ 1 ≤ i ≤ t − 1.

As `T and `T ′ have the same entries for i ≤ r − 1, we have LT (r − 1) = LT ′(r − 1). Moreover, LT (r) > LT ′(r) implies that
`T (r) < `T ′(r) and Lemma 1 shows that there exists r0, r0 ≥ r+1, such that LT (r−1)+2−`T (r) = LT (r−1)+

∑r0
i=r 2

−`T ′ (i),
i.e. LT (r) = LT ′(r0).
In the case where r verifies r+ 1 ≤ s, then the (r+ 1)-th leaf of T is attached to a node of the common prefix of T and T ′.

Thus, we necessarily have `T (r + 1) ≤ `T ′(r0+ 1). Therefore, there exists r1 with r < r0 < r1, such that LT (r + 1) = LT ′(r1).
By repeating this process until reaching the s-th leaf, we prove that there exists s′ ≥ s+ 1 such that LT (s) = LT ′(s′).
Now we first want to show that there exists s′ ≥ t such that LT ′(s′) = LT (s) and s ≤ t − 1.
If s′ < t , the hypothesis gives us LT ′(s′ + 1) ≤ LT (s′ + 1). This means that 2−`T ′ (s

′
+1)
≤ 2−`T (s+1) + · · · + 2−`T (s

′
+1).

Since s + 1 ≤ s′ < t , the inequalities follow `T (s + 1) < `T (s + 2) < · · · < `T (s′ + 1) and we obtain 2−`T ′ (s
′
+1)
≤

2−`T (s+1)+2−`T (s+2)−1 < 2−`T (s+1)+1. Thus, `T ′(s′+1) ≥ `T (s+1) and there exists s′′ ≥ s′+1 such that LT ′(s′′) = LT (s+1).
If s′′ ≤ t − 1, we repeat this process for the index s+ 2 and so on, and we stop it when s′′ holds s′′ ≥ t .
So, we have obtain s′ such that s ≤ t − 1 and s′ ≥ t with LT ′(s′) = LT (s). Notice that if s = t − 1, then we necessarily

have LT (t − 2) = LT ′(s).
Since LT ′(i) ≤ LT (i) for all i, we obtain LT ′(i) ≤ LT (i) = LU(i) for i ≤ t − 2 and i ≥ t + 1.
In the case where i = t − 1, we obtain

LU(t − 1)− LT ′(t − 1)= LT (t − 1)− 2−`T (t−1)+1 − LT ′(t − 1)
= LT (t − 1)− LT (t − 2)+ LT (t − 2)− 2−`T (t−1)+1 − LT ′(t − 1)
= 2−`T (t−1)+1 + LT (t − 2)− LT ′(t − 1)
≥ 2−`T (t−1)+1 + LT (s)− LT ′(t − 1)
≥ 2−`T (t−1)+1 + LT (s)− LT ′(s′) ≥ 2−`T (t−1)+1.

If i = t , we have

LU(t)− LT ′(t)= LT (t − 1)− LT ′(t)
≥ LT (s)− LT ′(t)
≥ LT (s)− LT ′(s′) ≥ 0. �

Definition 3. Let T and T ′ be two different trees of Bn with n ≥ 2. Let σ1 ∈ ©{©, }∗ be their longest common prefix in
their Polish notation. Let us assume that T = σ1 σ2 with σ2 ∈ {©, }∗. Then we necessarily have

T ′ = σ1σ ′2©︸ ︷︷ ︸
τ

©
j σ ′3

where

- j ≥ 0, and
- σ ′2 is the empty word or σ

′

2 ∈ ©{©, }
∗ such that σ ′2 does not contain any occurrence τ = © (i.e. τ is the leftmost

occurrence of© in T ′ after σ1), and
- σ ′3 ∈ {©, }

∗.

We define the tree D(T , T ′) ∈ Bn (D for down) such that D(T , T ′)→ T ′ and

D(T , T ′) = σ1σ ′2 ©
j
©︸ ︷︷ ︸

τ

σ ′3.

Moreover, we set D(T , T ) = T .

For example, if:

T = ©© © © ©© ©

T ′ = ©© ©© © © ©

then σ1 = ©© ©, σ ′2 = © , σ ′3 = © and j = 1. We obtain D(T , T ′) = ©© ©© ©© © .

Lemma 3. Let T and T ′ be two trees in Bn such that their distribution sequences LT and LT ′ verify LT > LT ′ . Thus, D(T , T ′) exists
and its distribution sequence LD(T ,T ′) verifies LT ≥ LD(T ,T ′) > LT ′ .

Proof. Via Definition 3, D(T , T ′) exists since LT > LT ′ implies T = σ ν and T ′ = σ © ν ′ with σ ∈ ©{©, }∗ and
ν, ν ′ ∈ {©, }+. Let us prove the inequality LD ≤ LT where LD = LD(T ,T ′). Let r = min{i ≥ 1|LT (i) > LT ′(i)} and let s
be the smallest i ≥ r such that T ′ is of the form T ′ = σ © . . .©

i-th(i+1)-th
. . . where σ is the common prefix of T and

T ′. Since LD differs from LT ′ at indices s and s + 1, the inequality LD(i) = LT ′(i) ≤ LT (i) holds for i /∈ {s, s + 1}. Now
let us examine LD(i) − LT (i) for i ∈ {s, s + 1}. Using Lemma 1, we deduce easily that LT (r) ≥ LT ′(s + 1). This provides
LD(s)− LT (s) = LT ′(s+ 1)− LT (s) ≤ LT (r)− LT (s) ≤ 0.
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For the index s+ 1, LD(s+ 1)− LT (s+ 1) = LT ′(s+ 2)− LT (s+ 1)− 2−(`T ′ (s+2)+1). We distinguish two cases:
(1) if there exists k ≤ s+ 1 such that LT ′(s+ 2) ≤ LT (k) then we clearly have LD(s+ 1)− LT (s+ 1) ≤ 0;
(2) otherwise (i.e. k ≥ s + 2), LT ′(s + 2) > LT (s + 1). Thus, 2−`T ′ (s+2) >

∑s+1
i=r+1 2

−`T (i) and ∀ i ∈ [r + 1, s + 1],
2−`T (i) < 2−`T ′ (s+2) which means `T (i) ≥ `T ′(s + 2) + 1, ∀ i ∈ [r + 1, s + 1]. This implies that there exists k ≥ r + 1
such that LT (k) = LT ′(s + 2). The hypothesis LT ′ < LT induces k ≤ s + 2 and with k ≥ s + 2 we obtain k = s + 2, i.e.
LT ′(s+ 2) = LT (s+ 2).
Therefore, LT ′(s + 1) + 2−`T ′ (s+2) = LT (s + 1) + 2−`T (s+2) and since LT ′(s + 1) ≤ LT (r) ≤ LT (s) < LT (s + 1), we obtain

2−`T (s+2) < 2−`T ′ (s+2) (i.e. `T (s+ 2) ≥ `T ′(s+ 2)+ 1). Thus,
LD(s+ 1)− LT (s+ 1)= LT ′(s+ 2)− LT (s+ 1)− 2−(`T ′ (s+2)+1)

= LT (s+ 2)− LT (s+ 1)− 2−(`T ′ (s+2)+1)

= 2−`T (s+2) − 2−(`T ′ (s+2)+1) ≤ 0. �

Theorem 1. Giving T and T ′ ∈ Bn. Let LT and LT ′ be their distribution sequences. Then we have T
∗
→ T ′ iff LT ≥ LT ′ .

Proof. Let us assume that T ∗
→ T ′, i.e. there exists a path T = T0 → T1 → T2 → · · · → Tk = T ′ (k ≥ 1). Via Corollary 1,

the distribution sequences LTi of Ti verify: LT ≥ LT1 ≥ LT2 ≥ · · · ≥ LTk−1 ≥ LT ′ . Thus, we obtain LT ≥ LT ′ .
Conversely, assume that LT and LT ′ verify LT ≥ LT ′ with T 6= T ′. Let i0 ≥ 1 be the smallest integer i such that LT (i) > LT ′(i).

There are two cases to consider:
(1) there doesn’t exist any internal node© after the i0-th leaf in T . Since `T (i) = `T ′(i) for i < i0 and `T (i0) < `T ′(i0), the

Polish notation of T and T ′ can be written as T = σ k for k ≥ 1, σ ∈ ©{©, }∗ and T ′ = σ © . . .where σ is the longest
common prefix of T and T ′. Thus, the number of nodes of T ′ is greater than those of T which is a contradiction
(2) there exists an internal node© after the i0-th leaf in T . This means that there exists an occurrence of© after the

i0-th leaf in T . Via Lemma 2, we have T → U(T , T ′) and if LU is the distribution sequence of U(T , T ′) then LT > LU ≥ LT ′ .
By iterating this process, we obtain T

∗
→ T ′. �

Theorem 2. For all n, the poset (Bn,
∗
→) is a lattice.

Proof. It suffices to show that any two elements of Bn have a least upper bound. The existence of greatest lower bound then
follows automatically since Bn is finite with as least element 0 and as greatest element 1 defined by `0 = (1, 2, . . . , n− 1,
n, n) and `1 = (n, n, n − 1, . . . , 2, 1). Let T and T ′ be two different trees in Bn and LT and LT ′ their distribution sequences.
In this proof, we construct a tree S ∈ Bn that is candidate to be the join element of T and T ′ and we show that this element
is really the join.
Given τ and τ ′ in Bn, we define the following function join(τ ,τ ′):

Function join(τ ,τ ′)
begin

while τ 6= τ ′ do
i0 := min{i ∈ [1, n]|Lτ (i) 6= Lτ ′(i)}
if Lτ (i0) < Lτ ′(i0) then
ν ′ := U(τ ′, τ ) (thus τ ′ → ν ′)
τ ′ := ν ′

else
ν := U(τ , τ ′) (thus τ → ν)
τ := ν

endif
enddo
return τ

end

For example, if we perform this function for τ = (2, 2, 3, 3, 3, 3) and τ ′ = (1, 5, 5, 4, 3, 2) (i.e. Lτ =
1
32 (8, 16, 20, 24, 28, 32) and Lτ ′ =

1
32 (16, 17, 18, 20, 24, 32)), then i0 = 1 and Lτ (1) < Lτ ′(1); we replace τ

′ by U(τ ′, τ ) =
(2, 2, 4, 4, 3, 2) that have the distribution sequence 1

32 (8, 16, 18, 20, 24, 32); i0 = 3 and Lτ (3) > Lτ ′(3), we replace τ by
U(τ , τ ′) = (2, 2, 3, 4, 4, 2) whose distribution sequence is 132 (8, 16, 20, 22, 24, 32). Yet, i0 = 3, and Lτ (3) > Lτ ′(3), we
replace τ by U(τ , τ ′) = (2, 2, 4, 4, 3, 2)which implies that τ = τ ′. The function returns τ = (2, 2, 4, 4, 3, 2).
In order to construct the tree S = T ∨ T ′, we apply the function join(τ ,τ ′) with τ = T and τ ′ = T ′. At the end of this

process, τ and τ ′ are the same tree: we obtain τ = τ ′ = S. So we have constructed a path P between T and S such that
P : T → τ1 → · · · → τk = S and a path P ′ between T ′ and S such that P ′ : T ′ → τ ′1 → · · · → τ ′k′ = S. Moreover, if LS is
the distribution sequence of S, we obviously have LS(i) = LT (i) = LT ′(i) for i < i0 and LS(i0) = min (LT (i0), LT ′(i0)).
Now, we show that the tree S is really the least upper bound of T and T ′. For this, let T ′′ be a tree in Bn such that T

∗
→ T ′′

and T ′
∗
→ T ′′ and prove us that S

∗
→ T ′′ or equivalently LT ′′ ≤ LS in term of distribution sequences.

In the case where there exists i1 ∈ [1, i0[ such that LT ′′(i) = LS(i) for 1 ≤ i < i1 and LT ′′(i1) 6= LS(i1), we necessarily have
LT ′′(i1) < LT (i1) = LT ′(i1). Using Lemma 3, there exists S(1) = D(T ′′, T ) = D(T ′′, T ′) ∈ Bn such that S(1) → T ′′, T

∗
→ S(1) and
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T ′
∗
→ S(1). If we denote by LS(1) the distribution sequence of S

(1) then we have LS(1) ≤ LT and LS(1) ≤ LT ′ . By repeating this
process with S(1), we obtain a path S(0) = T ′′ ← S(1) ← · · · ← S(m) such that T

∗
→ S(m), T ′

∗
→ S(m) and the distribution

sequence LS(m) of S
(m) verifies LS(m)(i) = LS(i) = LT (i) = LT ′(i) for 1 ≤ i < i0. Thus, LS(m) ≤ LT and LS(m) ≤ LT ′ .

Moreover, if we have LT (i0) < LT ′(i0) (resp. LT (i0) > LT ′(i0)) then, via Lemma 2, τ1
∗
→ S(m) (resp. τ ′1

∗
→ S(m)).

We repeat all this process as follows: if LT (i0) < LT ′(i0), we replace T by τ1 and T ′′ by S(m); or, if LT (i0) > LT ′(i0), we
replace T ′ by τ ′1 and T

′′ by S(m), and so on.

At the end of this process, S
∗
→ S(m) which proves that S corresponds to the least upper bound of T and T ′. �

Fig. 2. The pruning-grafting lattice B4 . Each tree is encoded with its feasible and distribution sequences.

Notice that some relations do exist between the already known Catalan lattices. Indeed, recall that if T and T ′ are two
elements in the Kreweras lattice such that T ≤ T ′, then T ≤ T ′ occurs in the Tamari lattice. If T ≤ T ′ in the Tamari lattice,
then T ≤ T ′ occurs in the Stanley lattice. If T ≤ T ′ in the phagocyte lattice defined in [3], then T ≤ T ′ occurs in the
Kreweras lattice. The covering set of the phagocyte lattice is included in the covering set of Kreweras lattice. However, the
pruning-grafting lattice does not appear to have some similar relations with these lattices, see Figs. 2 and 3.

4. Some properties of (Bn,
∗
→)

The lattice (Bn,
∗
→) has a greatest 1 and a least element 0 and their feasible sequences are respectively, `1 = (n, n,

n − 1, . . . , 2, 1) and `0 = (1, 2, . . . , n − 1, n, n). (Bn,
∗
→) is symmetric because T

∗
→ T ′ iff T̄ ′

∗
→ T̄ . The lattice (Bn,

∗
→) is

not modular since it contains pentagons (see Figs. 2 and 3).
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Fig. 3. The pruning-grafting lattice B5 . Each tree is encoded with its feasible and distribution sequences.

Proposition 2. Let T and T ′ be two trees of Bn such that T
∗
→ T ′, then

(i) U(T̄ , T̄ ′)→ T ′,

(ii) T → D(T̄ , T̄ ′),

(iii) the path T ′ ← D(T , T ′)← D(T ,D(T , T ′))← D(T ,D(T ,D(T , T ′)))← · · · ← T is a longest path between T and T ′,

(iv) the path T → U(T , T ′)→ U(U(T , T ′), T ′)→ U(U(U(T , T ′), T ′), T ′)→ · · · → T ′ is a shortest path between T and T ′.

Proof. The two first items are deduced from the symmetry of the lattice.
Let us prove (iii). First, notice that if T ′ is obtained from T by one pruning-grafting transformation, T ′ cannot be obtained

from T by two or more consecutive pruning-grafting transformations (we call this remark R1).
We proceed by induction on the length of a longest path between T and T ′. The property holds when the length of the

longest path is two. Indeed, let T → T1 → T ′ be a longest path between T and T ′. If T ′ has not two lower covers then
T1 = D(T , T ′) and we obtain directly the result. Otherwise, T ′ has at least two lower covers, T1 and T2 and assume that
T1 6= D(T , T ′). As the longest length between T and T ′ is two, we easily see that there exists a two length path between T
and T ′ such that T → D(T , T ′) → T ′ which gives the results. This is true because we do not have T = D(T , T ′) with the
remark R1. Now, let us assume that the property holds when the length of the longest path between T and T ′ is ` ≥ 2 and
let us examine the case for a longest path of length ` + 1. Let also T = T0 → T1 → · · · → T`+1 = T ′ be a longest path of
length `+ 1 between T and T ′.
If T` = D(T , T ′) and using the recurrence hypothesis for the path T → · · · → T` we conclude directly.
Now, we assume that T` 6= D(T , T ′). This induces that T ′ has at least two lower covers T` and D(T , T ′). We apply the

recurrence hypothesis for the path between T and T`. This means that the path can be of the form T → T1 → · · · → T`−1 =
D(T , T`)→ T` → T ′.
Moreover, the remark R1 allows us to prove that D(T , T ′) 6= T`−1. Then we distinguish two cases: (I) D(T ,D(T , T ′)) =

T`−1, (II) D(T ,D(T , T ′)) 6= T`−1 and we will prove that the second case does not occur.
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Case (I). In this case, we can conclude directly that there exists a longest path of the form T → T1 → · · · → T`−1 →
D(T , T ′)→ T ′. See the following diagram for an illustration of this case.

T ′

D(T , T ′)

::vvvvvvvvv
T`

aaBBBBBBBB

T`−1

ddHHHHHHHHH

>>||||||||

with

T ′= σ1© ©
r σ2© ©

s σ3
D(T , T ′)= σ1 ©r+1 σ2© ©

s σ3
T`= σ1© ©

r σ2 ©
s+1 σ3

T`−1= σ1 ©r+1 σ2 ©
s+1 σ3

where r, s ≥ 0, σ1 ∈ ©{ ,©}∗ and σ2, σ3 ∈ { ,©}∗.

Case (II). This induces the following diagram which gives a contradiction with the hypothesis that T → T1 → · · · →
T`−1 → T` → T ′ is a longest path between T and T ′.

T ′

D(T , T ′)

::vvvvvvvvv
T`

aaBBBBBBBB

S

OO

T`−1

ddIIIIIIIIII

FF

with

T ′= σ1© ©
r

©
s σ2

D(T , T ′)= σ1 ©r+1 ©
s σ2

S= σ1 ©r © ©
s σ2

T`= σ1© ©
r−1

©
s+1 σ2

T`−1= σ1 ©r ©
s+1 σ2

where r ≥ 1, s ≥ 0, σ1 ∈ ©{ ,©}∗ and σ2 ∈ { ,©}∗.

This case does not occur since this would mean that the path T → T1 → · · · → T`−1 → T` → T ′ is not a longest path
between T and T ′.
In conclusion, only the first case appears and we have constructed a path of length (` + 1) between T and T ′ such that

T → · · · → D(T , T`)→ D(T , T ′)→ T ′ which proves the results by induction.
The item (iv) is obtainedmutatis mutandis. Indeed, we also proceed by induction on the length of the path between T and

T ′. With the remark R1, the result holds when the length of the shortest path is less or equal than two. Let us assume that
the property holds when the length of the shortest path between T and T ′ is less or equal than ` ≥ 2 and let us examine
the case for a shortest path of length ` + 1. Let also T = T0 → T1 → · · · → T`+1 = T ′ be a shortest path of length ` + 1
between T and T ′.
If T1 = U(T , T ′) and using the recurrence hypothesis for the path T1 → · · · → T` → T ′, we conclude directly.
Now, let us assume that T1 6= U(T , T ′). This induces that T has at least two upper covers T1 and U(T , T ′). We apply the

recurrence hypothesis for the path between T1 and T ′. This means that the path can be of the form T → T1 → U(T1, T ′) =
T2 → · · · → T ′.
Thus, we distinguish two cases: (I) T2 = U(U(T , T ′), T ′), (II) T2 6= U(U(T , T ′), T ′) and we will prove that the second case

does not occur.
Case (I). T2 = U(U(T , T ′), T ′); as previously, we can conclude directly that there exists a shortest path of the form
T → U(T , T ′)→ U(T1, T ′) = T2 → · · · → T ′.
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Case (II). T2 6= U(U(T , T ′), T ′); we have the following diagram:

T3

U(T , T ′)

;;xxxxxxxxx
T2

__???????

T1

OO

T

ZZ444444444444444

??~~~~~~~~

with
T = σ1 ©r ©

s σ2
T1= σ1 ©r © ©

s−1 σ2
T2= σ1 ©r+1 ©

s−1 σ2
T3= σ1© ©

r
©
s−1 σ2

U(T , T ′)= σ1© ©
r−1

©
s σ2

where r, s ≥ 1 σ1 ∈ ©{ ,©}∗ and σ2 ∈ { ,©}∗. This case produces a contradiction with the hypothesis that the path
T → T1 → T2 → · · · → T ′ is a shortest path between T and T ′. Thus, only the case (I) occurs and there is a shortest path
between T and T ′ of the form T → U(T , T ′)→ · · · → T ′ which gives the result by induction. �

Corollary 2. Let C be the path defined by:

1← D(0, 1)← D(0,D(0, 1))← D(0,D(0,D(0, 1)))← · · · ← 0.

T belongs toC if and only if T verifies the condition (A) defined by: T has either a unique occurrence of© , or two occurrences
of© such that there does not exist any leaf between them in the Polish notation of T . Moreover, if T and T ′ belong to the path
C and verify T → T ′, then T ′ is obtained from T by a pruning-grafting transformation of the rightmost occurrence of© in T .

Proof. 1has only one occurrence of© thus1 verifies condition (A). Assume that T ′ ∈ C verifies (A).Weput T = D(0, T ′)
(thus T ′ ← T ). If T ′ has only one occurrence of © then T = D(0, T ′) has at most two occurrences of © , and
there does not exist any leaf between them. Thus, T ′ is necessarily obtained from T by a pruning-grafting of the rightmost
occurrence of© . If T ′ has exactly two occurrences of© such that there does not exist any leaf between them. Then
T = D(0, T ′) has either a unique occurrence of© or two occurrences such that there does not exist any leaf between
them. By induction all trees T ∈ C hold (A). Conversely, let T be a tree verifying (A). It is straightforward to obtain T from 0
by successive pruning-grafting transformations of rightmost occurrences of© . �

Corollary 3. Let C ′ be the path defined by:

0→ U(0, 1)→ U(U(0, 1), 1)→ U(U(U(0, 1), 1), 1)→ · · · → 1.

If T → T ′ is on the path C ′ then T ′ is obtained from T by the leftmost possible pruning-grafting transformation in T .

Proof. Indeed, if T and T ′ belong toC ′ such that T → T ′, then T ′ = U(T , 1) and T ′ is clearly obtained from T by the leftmost
possible pruning-grafting transformation on T . �

Remark 1. Via Corollary 2, the longest path between 0 and 1 has length 2n − (n + 1). These are the Eulerian numbers
given by the sequence A000295 of [38]. Indeed, if T → T ′ belongs to this path then T ′ is obtained from T by a pruning-
grafting transformation of the rightmost occurrence© in T . Let us denote by `(n) the length of the longest path in Bn
between 1 and 0. Then there are `(n − 1) pruning-grafting transformations between 0 and T1 with the feasible sequence
(1, n, n, n − 1, . . . , 2); there are n transformations between T1 and T2 with feasible sequence (2, 3, 4, . . . , n − 1, n, n, 1);
there are `(n − 1) transformations between T2 and 1. This means that `(n) verifies the recurrence relation `(n) =
2 · `(n− 1)+ nwith `(2) = 1, which implies that `(n) = 2n − (n+ 1).

On the other hand, the shortest path has the length (n − 1)2. Indeed, with Corollary 3 we obtain the successor (in the
shortest path) of a tree T by the leftmost possible pruning-grafting transformation in T . Thus, there are (n − 1) pruning-
grafting transformations between 0 and the tree T1 with feasible sequence (2, 2, 2, 3, 4, . . . , n − 2, n − 1, n − 1). After
iterating this process (n− 1) times from T1, we obtain directly that `(n) = (n− 1)2.
This result allows us to compute the complexity of the above join algorithm for computing the least upper bound T ∨ T ′

of two binary trees T , T ′ ∈ Bn. The while loop is performed at most twice the length of a shortest path between 0 and 1, i.e.
2(n− 1)2. A loop iteration takes O(n) time. Thus, the time complexity is O(n3) in the worst case.
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Now, we prove that the join (resp. meet) irreducible elements in Bn are enumerated by the Eulerian numbers. Recall that
x ∈ Bn is a join (resp. meet)-irreducible element if x = a ∨ b (resp. x = a ∧ b) implies x = a or x = b. In other words, join
(resp. meet)-irreducible elements are the elements that have a unique lower (resp. upper) cover.

Theorem 3. The number of join (resp. meet)-irreducible elements in the pruning-grafting lattice (Bn,
∗
→) is given by the Eulerian

number 2n − (n+ 1).

Proof. A join-irreducible element T (T 6= 0) of Bn can be characterized as follows: (1) it contains exactly one node having
two leaves as children and these leaves are not the last two of the tree; or (2) it contains exactly two nodes with two leaves
as children and one of these nodes is the parent of the two last leaf of T . There exists a one-to-one map between theses
elements and the Dyck paths of semi-length n having exactly one long descent (i.e. descent of length at least two). Indeed,
we associatewith the Polish notation of T the Dyck path defined as follows: a© is replaced byU = (1, 1) and a is replaced
by D = (1,−1) except the last leaf which is not considered. For example, if n = 4, the Dyck path associated with the join-
irreducible element© ©© © is UDUUDDUD. If T 6= 0 verifies (1), then its Polish notation verifies σ© k

where k ≥ 1 and σ ∈ ©{©, }∗ does not contain any occurrence of© . Thus, its corresponding Dyck path has a unique
long descent (i.e. a unique maximal sequence D . . .D of length at least two). If T verifies (2), then its Polish notation verifies
σ © σ ′© where σ , σ ′ ∈ ©{©, }∗ do not contain any occurrence of© . Thus, its corresponding Dyck path
also has a unique long descent. Conversely, a Dyck path with a unique long descent can be associated with a Polish notation
of a tree verifying (1) or (2). Thus, this map induces a one-to-one map between join-irreducible elements of Bn and Dyck
paths of semi-length n having exactly one long descent. These elements are enumerated by the Eulerian numbers [20,33].
Using the symmetry of the lattice, we deduce the same result for the meet-irreducible elements. �

Theorem 4. The number cov(n) of coverings in Bn is equal to
( 2n
n−1

)
.

Proof. Recall that a covering of Bn corresponds to an edge of Bn, i.e. a pruning-grafting transformation in Bn. Thus, there
exists a bijection between the covering set of Bn and the long descents (i.e. descents of length at least two) in all Dyck paths
of semilength n. Indeed, we associate with the Polish notation of a tree T ∈ Bn a Dyck pathP as follows: each© is replaced
by U = (1, 1) and each is replaced by D = (1,−1) except the last which is not considered. Thus, the number of
possible pruning-grafting transformations from T is equal to the number of occurrences© that are not on the left of T .
By symmetry, if T ′ = T , it is also the number of occurrences© that are not on the right of T ′. Thus, this corresponds
to the number of long descents of the Dyck path P . Then cov(n) is the number of long descents in all Dyck paths of semi-
length n. Deutsch [9,38] proved that this number is

( 2n
n−1

)
. We obtain the sequence A001791 of [38]. For example, cov(3) = 4

because in the five Dyck paths of semilength 3, namelyUDUDUD,UDUUDD,UUDDUD,UUDUDD, andUUUDDD, we have four
long descents (shown in bold-face). �

Let J(Bn) (resp. M(Bn)) denote the set of nonzero join-irreducible (resp. nonunit meet-irreducible) elements of Bn. We
say that Bn has a matching g if g is a map of J(Bn) ∪ {0} toM(Bn) ∪ {1} which is one-to-one and verifies τ ≤ g(τ ) for each
join-irreducible τ [2,10,22,32]. Kung [22] has proved that every consistent lattice has a matching. In the sequel, we build a
matching of Bn in a constructiveway.

Theorem 5. For all n, there exists a matching in (Bn,
∗
→).

Proof. Let C be the particular maximal chain defined as follows: T0 = 1 and Ti = D(0, Ti−1). Following Remark 1, we have
T2n−(n+1) = 0. By Corollary 2, a tree on the path C verifies: T ∈ C iff in the Polish notation of T we have: (a) there are at
most two occurrences of© , and (b) there does not exist any leaf between two different occurrences© .
We will build an one-to-one map f betweenM(Bn) ∪ {1} and C such that σ ≥ f (σ ) for σ ∈ M(Bn) ∪ {1}. The symmetry

of the lattice induces a one-to-one map f between J(Bn)∪ {0} and C such that τ ≤ f (τ ) for τ ∈ J(Bn)∪ {0}. Using these two
bijections, we obtain a matching.
Recall that (cf. proof of Theorem 3) an element σ belongs to M(Bn) ∪ {1} if and only if (1) it contains exactly one node

having two leaves as children; or (2) it contains exactly two nodes with two leaves as children and one of these nodes is
the parent of the two first leaf of T . Let M1 (resp. M2) be the set of meet-irreducible in the case (1) (resp. (2)). We have
M(Bn) ∪ {1} = M1 ∪M2 and we define the map f as follows:

• if σ ∈ M1, f (σ ) = σ ;
• if σ ∈ M2, σ can be written in terms of feasible sequences:

σ = (σ2, σ2, σ3, . . . , σk−1, σk, σk, σk+2, . . . , σn, σn+1)with k ≥ 3 where there exists r , 2 ≤ r ≤ k − 1, such that σi ≥ σi+1
for i ≤ r − 1 and σi ≤ σi+1 for r ≤ i ≤ k. Thus, if k ≥ 4, we set f (σ ) = (σr − 1, σr+1, . . . , σk−2, σk−1 + 1, . . . , σk−1 +
r − 2, σk−1 + r − 1, σk−1 + r − 1, σk, σk, σk+2, . . . , σn, σn+1); if k = 3 then σ ∈ C and we set f (σ ) = σ . For example, if
σ = (4, 4, 3, 2, 3, 4, 7, 7, 6, 5, 2) then k = 7, r = 4 and f (σ ) = (1, 3, 5, 6, 7, 7, 7, 7, 6, 5, 2).
Obviously f (σ ) ∈ C, f (σ ) ≤ σ and by construction f (σ ) = f (σ ′) implies σ = σ ′. Notice that f (σ ) is the smallest

element of C such that σ ≥ f (σ ). Via the symmetry of Bn, we obtain a bijection f from J(Bn) ∪ {0} to C defined by: for
τ ∈ J(Bn) ∪ {0}, f (τ ) = f (τ ), and such that τ ≤ f (τ ). Therefore, the composition g = f −1 ◦ f is a matching of Bn since g is
a map from J(Bn) ∪ {0} toM(Bn) ∪ {1}which is one-to-one and verifies τ ≤ g(τ ) for every τ ∈ J(Bn) ∪ {0}. �
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5. Conclusion and open problems

In this paper, a new lattice structure has been defined on the Catalan sets of binary trees via a natural transformation.
The simple and natural definition of the pruning-grafting transformation is unfortunately at odds with the rather complex
theorem which characterizes this transformation.
Some problems remain to be solved.
Is there an efficient and nonrecursive algorithm to compute the Möbius function of the pruning-grafting lattice of binary

trees as in [26]? We conjecture that this Möbius function takes its values in {−1, 0,+1}.
Is there a polynomial time algorithm to compute the minimal path length distance between two binary trees in the

pruning-grafting lattice [23]? If so, a new shortest-path-type metric could be obtained, and could be added to the existing
metrics on Catalan sets [17,25,27,29,37]. Let us recall that we still do not know if the rotation distance on binary trees can
be computed in polynomial time.
Let us define the integer-valued function v on (Bn,

∗
→) by v(T ) be the length of a longest path between T and 1. We

conjecture that v is an anti-monotone supervaluation, i.e. v verifies for all T and T ′: v(T )+ v(T ′) ≤ v(T ∨ T ′)+ v(T ∧ T ′)
and T < T ′ =⇒ v(T ) > v(T ′). Were it the case, therefore d(T , T ′) = v(T ) + v(T ′) − 2v(T ∨ T ′) would be a metric on
(Bn,

∗
→) [5,7].
Guttmann, Krattenthaler andViennot [18] enumerate the k-chains in the Stanley lattices, i.e, the number of k-noncrossing

Dyckpaths. Kreweras [21] enumerates the k-chains in the lattices of noncrossing partitions.More generally, Chapotonproves
in [8] that the sequenceA000260 of [38] enumerates the number of intervals in the Tamari lattices, i.e. the number of ordered
pairs (T , T ′) such that T ≤ T ′: see also [16, p. 27]. Bernardi and Bonichon [6] construct bijections between the set of intervals
of these lattices and the realizers of triangulations. Here, we obtain experimentally the numbers of intervals for the pruning-
grafting lattices for small sizes:

1, 3, 15, 101, 818, 7486, 74648, 793005, 8843056, 102464586, ...

This sequence does not appear in [38]. Is it possible to obtain the generating function of this sequence?
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Abstract 

Let pnF ,  be the set of all n-length binary strings such that there are at 

least p consecutive 0s between two 1s. Chinburg et al. [3] give a Gray 
code for the set pnF ,  such that two consecutive elements differ in at 

most two positions which are optimal for n large. In this paper, we 
construct a more restrictive Gray code for pnF ,  in the sense where our 

Gray code contains more transitions with one move than theirs. 
Moreover, using a combinatorial isomorphism between the set of                
n-length binary strings and the set of n-length permutations avoiding 
123 and 132, we provide a bijection from pnF ,  to ( ,213,132,1231+nS  

( ) ( ) ( ) )1243132 +++ ppp  that induces a Gray code for the set 

( ( ) ( ) ( ) ).1243132,213,132,1231 ppppSn ++++  All these codes can 

be generated by implementing a recursive algorithm in constant 
amortized time. 
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1. Introduction and Definitions 

Let 2≥p  and 1≥n  be two positive integers. A ( )p,1 -composition of 

n consists of an ordered sequence of the integers 1 and p whose sum is n. 
For instance, there are three ( )3,1 -compositions of 4: 31,1111 ++++  

and .13 +  Let pnC ,  be the set of all ( )p,1 -compositions of n and pnc ,  its 

cardinality. In [4], the authors derive the following recurrence relation 
for the total number of ( )p,1 -compositions of n: 

,,,1, ppnpnpn ccc −− +=  

anchored by 1, =pnc  for .0 pn ≤≤  The generating function of this 

sequence is .
1

1
pxx −−

 Notice here that for ,2=p  we obtain the well- 

known Fibonacci numbers [7, 11, 16, 18]. In the literature, there exist 
several combinatorial interpretations of this recurrence relation. Indeed, 
the sequence pnc ,  also counts the number of tilings of p-by-n rectangles 

with straight polyominoes, i.e., 1-by-p tiles (see Figure 1). Moreover, Di 
Cera and Kong [5] consider that pnc ,  is the number of ways to cover a 

linear lattice of n sites with molecules that are p sites wide, where there 
is no overlap of molecules, but gaps are allowed. In this representation, 
each molecule of size p corresponds to a summand p in a ( )p,1 -
composition of n, and an empty site on the lattice corresponds to the 
summand 1. So we obtain a straightforward interpretation in terms of 
binary strings of length ( )1+− pn  with at least 1−p  zeros between two 
ones: by reading the lattice from left to right, each empty site corresponds 

to the bit 0 and each molecule of size p is represented by ,10 1−p  except 
for a molecule touching the last site which is represented by 1 (see Figure 
1). In the sequel, we set ,1≥n  1≥p  and pnF ,  will be the set of binary 

strings of length n with at least p zeros between two ones. So there is a 
bijection between the sets pnF ,  and 1, ++ ppnC  for 1≥n  and .1≥p  
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Figure 1. Combinatorial interpretations for a ( )3,1 -composition of 9. 

We will use the following definitions and notations throughout this 

paper. The Hamming distance d between two strings in { }n
nB 1,0=  is 

the number of positions in which they differ. A k-Gray code for a binary 
string set nn BL ⊂  is an ordered list nL  for nL  such that the Hamming 
distance between any two consecutive strings in nL  is at most k where k 

is independent of n. The code is called optimal if k is minimal. For 
instance, the list 000, 001, 011, 010, 110, 111, 101, 100 is an optimal              
1-Gray code for binary strings of length three. We will denote by 

( )nfirst L  ( ),( nlast L  respectively) the first (last, respectively) element of 

;nL  nL  is the list obtained by reversing .nL  Thus, if ,...,,, 21 rn lll=L  

with ,1≥r  then we get the following identities ,,...,,, 121 llll rrn −=L  

( ) ( )nn lastfirst LL =  and ( ) ( ).nn firstlast LL =  Let i be an integer, we set 

n
i
n LL =  whether i is even and n

i
n LL =  otherwise. Let α be a non 

empty binary string and let nL  be a non empty list. Then nα  is the 
string which consists in the concatenation of n copies of α, while nL⋅α  
( )lyrespective,α⋅nL  is the list obtained by concatening α in front of 
(behind, respectively) each element of .nL  Let nL  and nL′  be two lists. 

Then nn LL D  is the list obtained by concatening nL  and .nL′  For 
instance, if 010,0003 =L  and ,111,1013 =′L  then we get =′33 LL D  

.111,101,010,000  All these definitions can also be considered for lists of 
n-length permutations. 

A number of papers concerning Gray codes for Fibonacci or Lucas 
strings have been published [1, 2, 18]. Some Gray codes are given for 
compositions of a positive integer n [10, 19] or for compositions of n with 
parts of size at most k [18]. Chinburg et al. [3] provide Gray codes for 

pnF ,  such that two consecutive elements differ in at most two positions, 

and they prove the optimality for n large. 
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In the second section, we give another Gray code for the set pnF ,  of 

n-length binary strings with at least 2≥p  zeros between two ones. This 
Gray code is more complicated than [3] but it has the advantage that it 
contains more transitions with one move than theirs. Moreover in the 

third section, using a combinatorial isomorphism between { }n
nB 1,0=  

and the set ( )132,1231+nS  of permutations avoiding the patterns 123 

and 132, we construct a bijection from pnF ,  to 

( ( ) ( ) ( ) ).1243132,213,132,1231 "ppppSn ++++  

This induces a Gray code for 

( ( ) ( ) ( ) ).1243132,213,132,1231 "++++ pppSn  

In the last section, we show how these codes can be generated by 
implementing a recursive algorithm in constant amortized time. 

Notice that if ,1=p  then Vajnovszki [18] gives a 1-Gray code for 
.1,1, ≥nFn  

In order to construct our Gray code we decompose pnF ,  in the 

following way. 

Theorem 1. Let n and p be positive integers. Then 

=pnF ,  

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

≥⋅⋅

−≤<+

⋅⋅

+≤<

−

= −−−−

−

−−=
−−

−−

= −−−−

−

=
−−

.2,1000

,121,100

1000

,10,1000

1

0 ,1,

1

1
1

2

0 ,1,

1

0
1

pnifFF

pnpif

FF

pnif

p

k
kp

pkpn
p

ppn

p

pnk
kkn

pn

k
kp

pkpn
p

ppn

n

k
kknn

∪
∪
∪

∪

∪

∪∪

∪

 

Proof. In the recurrence relation (1) we replace the term pinF ,−  by 

100 ,1,1
p

ppinpin FF ⋅⋅ −−−−− ∪  for i from 1 to ( ).1−p  
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2. Gray Code for pnF ,  

First we define our Gray code pn,F  for the set pnF ,  with ,12 −≤ pn  

=pn,F  

1 2 1
0

12 1
1 ,1

3 1
1 ,0

10 0 0 10 , if 0 1

0 10 0 10 0

0 10 , if 1 2 1.

n n n n k k
k

pp n p n k k p
n p pk n p

n p n k p k
n p k pk

n p

p n p

− − − −
=

−− − − −
−= − −

− − − −
− − −=

⎧ < ≤ +⎪
⎪ ⋅ ⋅⎨
⎪
⎪ ⋅ + < ≤ −⎩

D D ○

D○ D

D○

F F

F

 

In the following, the length- ( )1+p  binary string p10=χ  is central. 

Therefore we denote by ( )1+χ pn  the prefix of length n of the infinite string 

...,χχχ  or equivalently, ( )

( )⎣ ⎦

,...
1

1
r

pn

pn χχχχ=χ
+

+
�
�	�  where ( ),1mod += pnr  and 

rχ  is the length-r prefix of χ. 

With these notations, we easily obtain ( ) ,1
,

+χ= p
n

pnfirst F  ( )pnlast ,F  

1
1

0 +
−

χ⋅= p
n

 and two successive elements in pn,F  differ in at most two 

positions. 

In the sequel, we define the Gray code for pn 2≥  by distinguishing 
on the parity of p. 

2.1. For pn 2≥  and p even 

Definition 1. Let n, p and 1≥k  be integers such that 22 ≥≥ pn  
and p even. Then 

,n p =F  

( ) ( )

( )

( ) ( )

1 1
, 1 1 ,

1 1 1
,1 1 ,

2
0 1 ,

0 0 10 , if 0 mod 1

0 10 0

0 10 , if mod +1 .

pp i p i
n p p i n p i p
p k i p i k p

n p pi k n p i p
k k i p i
i n p i p

n p

n k p

− +
− = − + −

− − − +
−= − − + −

− −
= − + −

⎧ ⋅ ⋅ = +
⎪
⎪ ⋅ ⋅⎨
⎪
⎪ ⋅ =⎩

D ○

○ D

D○

F F

F F

F
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Proposition 1. Let n and p be integers such that 22 ≥≥ pn  and p 
even. Then 

• ( ) ( ),1mod11
, +χ⋅χ=χ= ⎥⎦

⎥
⎢⎣
⎢

++ pfirst n
p
n

p
n

pnF  

• ( ) ( ) ( ).1mod100 1
1

1
1

, +−χ⋅χ⋅=χ⋅= ⎥⎦
⎥

⎢⎣
⎢

+
−

+
−

pnlast p
n

p
n

pnF  

Proof. We will prove this result by induction on .2pn ≥  Recall that 

we have ( ) 1
,

+χ= p
n

pnfirst F  and ( ) 1
1

, 0 +
−

χ⋅= p
n

pnlast F  for .12 −≤ pn  

Suppose that ( ).1mod01 +=+ pn  Then by induction, the following 
identities hold: 

( ) ( ) ( ) ( )
p

ppn
p

pn
p

ppnpn firstfirst 00 1mod1
1

1

,1,1 ⋅χ⋅χ=⋅= +−+
⎥⎦
⎥

⎢⎣
⎢

+
−+

−++ FF  

thus 

( ) ( ) ( ) .1
1

1mod1
11

1

,1
+
+

++
−⎥⎦
⎥

⎢⎣
⎢

+
+

+ χ=χ⋅χ⋅χ= p
n

pn
p
n

pnfirst F  

Suppose that ( )1mod1 +=+ pkn  with ,1 pk ≤≤  then 

( ) ( ( ) ( ) ) 1
,111,1 100 −

−−+−++ ⋅= kp
pkpnpn firstfirst FF  

 
( )

11
11

1001 −+
−+−+

⋅⋅χ= kpp
kpn

 

thus 

( ) .10 1
1

1
1

111
1

,1
+
+

+
−+

−
−

+
−+

+ χ=χ⋅χ=⋅χ⋅χ= p
n

k
p

kn
kp

kn

pnfirst F  

We proceed in the same way for the last element. 

Suppose that ( ),1mod01 +=+ pn  then 

( ) ( ( ) ( ) ) 111
1

1
,111,1 1000100 −

−
+
−+

−
−−+−++ ⋅χ⋅=⋅= ppp

pn
pp

pppnpn lastlast FF  
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thus 

( ) .010010010 1
1

11
11

111
11

,1
+
+

−+
−−+

−
−

+
−−+

+ χ⋅=χ⋅=⋅⋅χ⋅= p
n

pp
pn

ppp
pn

pnlast F  

Suppose that ( ) ,1,1mod1 pkpkn ≤≤+=+  then 

 ( ) ( ( ) ( ) ) 2
,211,1 100 −

−−+−++ ⋅= kp
pkpnpn lastlast FF  

( ) ( )
21

21

1000 −+
−−+−

⋅χ⋅= kpp
kpn

 

( )
211

11

1000 −
−

+
−−+

⋅χ⋅= kpp
kn

 

thus 

 ( ) 211
1

,1 10010 −
−

+
−+

+ ⋅⋅χ⋅= kpp
kn

pnlast F  

( )
21

11

100 −+
−+++

χ⋅= kp
kpn

 

.0 1
1
+
+

χ⋅= p
n

 

Theorem 2. pn,F  is a Gray code for any integers n and p such that 

pn 2≥  and p even. With [3], it is optimal for n sufficiently large. Two 
consecutive elements differ in at most two positions. 

Proof. We prove this theorem for ( ).1mod0 += pn  By induction, it 
suffices to verify that every transitions between consecutive sublists 
modify at most two bits. 

For the transition between p
ppn 0, ⋅−F  and ( ) ,10,1

p
ppn ⋅+−F  we have: 

( ( ) ( ( ) ))10,0 ,1,
p

ppn
p

ppn firstlastd ⋅⋅ +−− FF  

 1100,00 1
2

1
1

=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⋅χ⋅⋅χ⋅= +

−−
+
−−

pp
pn

pp
pn

d  
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For the transition between ( )
ip

pipn 100,1 ⋅−+−F  and ( ) ( ) ⋅+−+− pipn ,11F  

,100 1+ip  we have: 

 ( ( ( ) ) ( ( ) ( ) ))1
,11,1 100,100 +

+−+−−+− ⋅⋅ ip
pipn

ip
pipn firstlastd FF  

( ) ( ) ( )

.21000,1000 11
111

1
11

=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⋅χ⋅⋅χ⋅= ++

−+−+−
+

−−+−
ipp

ipn
ipp

ipn

d  

Similarly, for the transition between ( )
ip

pipn 100,1 ⋅−+−F  and 

( ) ( ) ,100 1
,11

+
+−+− ⋅ ip

pipnF  we have: 

( ( ( ) ) ( ( ) ( ) ))1
,11,1 100,100 +

+−+−−+− ⋅⋅ ip
pipn

ip
pipn firstlastd FF  

( ) ( ) ( )

.2100,100 11
11

1
1

=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⋅χ⋅χ= ++

+−+−
+

−+−
ipp

ipn
ipp

ipn

d  

When ( ) ,0,1mod ≠+= kpkn  we just provide, without details, the 
different Hamming distances between the last and the first elements of 
two consecutive sublists. We have: 

( ( ) ( ( ) )) 110,0 ,1
1

, =⋅⋅ +−
+
−

pk
ppn

pk
ppn firstlastd FF  

and the other transitions permute two opposite bits (i.e., the Hamming 
distance between the last and the first elements of two consecutive lists 
is 2). 

2.2. For pn 2≥  and p odd 

In this part we decompose the set ,2,, pnF pn ≥  in the following way: 

∪∪
p

k

kp
pkpn

p
ppnpn FFF

0
,1

1
,1, ,1000

=
−−−

+
−− ⋅⋅=  

where we consider that the set pp
pF 100,1 ⋅−  contains a single element 

.100 1 pp−  This definition is needed to obtain a recursive definition for our 
Gray code for .2pn ≥  
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Definition 2. Let n, p and ,1≠k  ,0 pk ≤≤  be integers such that 
22 ≥≥ pn  and p odd. Then 

=pn,F  

( )

( )

1
2 1, 1,

1 1
1,1

1
1, 1,

1
1,1

1 1 1
1, 1,1

2
0 1,

0 10 0

0 10 , if 0 mod 1 ,

0 1 0

0 10 , if 1 mod 1 ,

0 10 0

p p p
n p p n p p

p i p i
n p i pi

p p
n p p n p p

p i p i
n p i pi

p k i p i k p
n p i p n p pi k

k k i
i n p i p

n p

n p

+
− − − −

− +
− − −=
+

− − − −
+
− − −=

− − − +
− − − − −= −

− −
= − − −

⋅ ⋅

⋅ = +

⋅ ⋅

⋅ = +

⋅ ⋅

⋅

D

D ○

D

D○

○ D

D○

F F

F

F F

F

F F

F ( )0 10 , if mod 1 .p i n k p

⎧
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪ = +⎪⎩

 

Proposition 2. Let n and p be integers such that 22 ≥≥ pn  and p 
odd. Then 

• ( ) ( ),1mod
11

, +
⎥⎦
⎥

⎢⎣
⎢

++ χ⋅χ=χ= pn
p
n

p
n

pnfirst F  

• ( ) ( ) ( ).00 1mod1
1
1

1
1

, +−
⎥⎦
⎥

⎢⎣
⎢

+
−

+
−

χ⋅χ⋅χ⋅= pn
p
n

p
n

pnlast F  

Proof. We omit the proof of Proposition 2 since it is similar to the p 
even case. 

Theorem 3. pn,F  is a Gray code for any integers n and p such that 

22 ≥≥ pn  and p odd. With [3], it is optimal for n sufficiently large. Two 
consecutive elements differ in at most two positions. 

Proof. We prove this theorem for ( ).1mod0 += pn  By induction, it 
suffices to verify that each transition between consecutive sublists 
modifies at most two bits. 

For the transition between pp
ppn 100,12 ⋅−−F  and ,0 1

,1
+

−− ⋅ p
ppnF  

we have: 
( ( ) ( ))1

,1,12 0,100 +
−−−− ⋅⋅ p

ppn
pp

ppn firstlastd FF  

.200,1000 11
2

1
22

=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⋅χ⋅⋅χ⋅= ++

−−
+
−−

pp
pn

ppp
pn

d  
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For the transition between 1
,1 0 +

−− ⋅ p
ppnF  and ,100,2

p
ppn ⋅−−F  we 

have: 

( ( ) ( ))100,0 ,2
1

,1
p

ppn
p

ppn firstlastd ⋅⋅ −−
+

−− FF  

.1100.,0 1
2

11
1

=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
χ⋅χ= +

−−
++

−−
pp

pn
pp

pn

d  

For the transition between ( )
ip

pipn 100,1 ⋅−+−F  and ( ) ( ) ⋅+−+− pipn ,11F  

,100 1+ip  we have: 

( ( ( ) ) ( ( ) ( ) ))1
,11,1 100,100 +

+−+−−+− ⋅⋅ ip
pipn

ip
pipn firstlastd FF  

( ) ( ) ( )

.21000,1000 11
111

1
11

=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⋅χ⋅⋅χ⋅= ++

−+−+−
+

−−+−
ipp

ipn
ipp

ipn

d  

Similarly, for the transition between ( )
ip

pipn 100,1 ⋅−+−F  and 

( ) ( ) ,100 1
,11

+
+−+− ⋅ ip

pipnF  we have: 

( ( ( ) ) ( ( ) ( ) ))1
,11,1 100,100 +

+−+−−+− ⋅⋅ ip
pipn

ip
pipn firstlastd FF  

( ) ( ) ( )

.2100,100 11
11

1
1

=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⋅χ⋅χ= ++

+−+−
+

−+−
ipp

ipn
ipp

ipn

d  

When ( ),1mod += pkn  ,0≠k  we just provide, without details, the 
different Hamming distances between the last and the first elements of 
two consecutive sublists. We have: 

( ( ) ( )) 110,0 ,1
1

,1 =⋅⋅ −−
+

−−
pk

ppn
pk

ppn firstlastd FF  

and the other transitions permute two opposite bits (i.e., the Hamming 
distance between the last and the first elements of two consecutive lists 
is 2). 

By converting each binary string of pn,F  in its corresponding 
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( )1,1 +p -composition in ,1,1 +−+ ppnC  we obtain a list .1,1 +−+ ppnC  

Moreover, an element is obtained from its predecessor either by 
transposing one part of size 1+p  with an adjacent part of size 1; or by 
gathering 1+p  adjacent parts of size 1 in one of size ;1+p  or by dividing 
a part of size 1+p  in 1+p  parts of size one (see Table 1). Moreover it is 
straightforward to prove that our Gray code contains more transitions of 
one move than this one of [3]. 

3. Gray Code for ( ( ) ( ) ( ) )1243132,213,132,1231 "ppppSn ++++  

Let nS  be the set of permutations on [ ] { }....,,2,1 nn =  We represent 
a permutation nSp ∈  in one-line notation: i.e., ( ) ( ) ( ).21 npppp "=  A 
permutation nSp ∈  contains the pattern kS∈τ  if and only if a sequence 
of indices niii k ≤<<<≤ "211  exists such that ( ) ( ) ( )kipipip "21  is 

ordered as τ. For example, the permutation 4132 contains (in bold-face) 
the pattern 321 but avoids the pattern 231. We denote by ( )τnS  the set of 

permutations of nS  avoiding the pattern τ. A barred pattern τ  is a 

permutation in kS  having a bar over certain of its elements. Put 

.11 −≤≤ kr  Let τ be a permutation on [ ]k  identical to τ  but unbarred 
and τ̂  be the permutation on [ ]rk −  made up of the ( )rk −  unbarred 
elements of ,τ  rewritten to be a permutation on [ ].rk −  Then nSp ∈  
does not contain the pattern τ  if every pattern τ̂  in p can be expanded 

into a pattern τ in p. For example, if ,3214=τ  then ∈= 58132674p  

( )32148S  (see, [6, 12, 15]). 

In this part, we will construct a bijection from pnF ,  to ( ,132,1231+nS  

( ) ( ) ( ) )1243132,213 "pppp +++  that induces a Gray code for ( ,1231+nS  

( ) ( ) ( ) ).1243132,213,132 "pppp +++  

We first give definitions about isomorphisms between two 
combinatorial classes. 
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Table 1. The lists ,2,6F  3,8C  and two combinatorial interpretations. 

For instance, in 2,6F  the sublists of Gray code, ,0024, ⋅F  00123 ⋅,F  

and 001022, ⋅F  are alternatively in bold-face and italic 

 

Two objects are close if they differ in some pre-specified way, usually 
a small Hamming distance (see [14]). A combinatorial isomorphism 
between two combinatorial classes is a bijection between them such that 
two objects in a class are close if and only if their images under this 
bijection are also close. Juarna and Vajnovszki [9] found an isomorphism 
ϕ between nB  and ( )132,1231+nS  which is found as a generalization of 
the Simion-Schmidt injection [15]. 

Definition 3. For any binary string { }n
nbbbb 1,021 ∈= "  we 

construct a permutation ( ) 1+∈φ= nSbp  which has its i-th entry ip  
given by the following rule. If [ ] { },...,,,\1 121 −+= ii pppnX  we set 

⎩
⎨
⎧

=
=

=
.1ifinelementlargestsecondthe

,0ifinelementlargestthe
ii

ii
i bX

bX
p  



GRAY CODE FOR COMPOSITIONS OF n WITH PARTS 1 AND p 79 

For example, if ,1000100=b  then ( ) .78653421=φ b  Thus, the map φ 

is an isomorphism from nB  to ( )132,1231+nS  in the sense that the 

closeness as defined in the article [9], i.e., two binary strings in nB  are 
close if they differ in a single position; and two transpositions in 

( )132,1231+nS  are close if they differ by the transposition of two entries. 

In the sequel of the paper, we consider the following definitions: 

Definition 4. (1) Two binary strings in nB  are close if they differ in a 
single position, or by a transposition of two bits. 

(2) Two permutations in ( )132,123nS  are close if they differ by a 
transposition, or by a product of two transpositions. 

With these definitions, we obtain the following lemma: 

Lemma 1. Let nBbb ∈′,  and ( ) ( ) ( ).132,123, 1+∈′φ=φ= nSbpbp  If 

b and b′  are close in ,nB  then p and p′  are close in ( ).132,123nS  

Proof. In [9], the authors prove that if b and b′  differ by one position, 
then ( )bp φ=  and ( )bp ′φ=′  differ by two positions and conversely. 

Let us suppose that b is obtained from b′  by transposing two bits (the 
i-th and the j-th). We have: 

njjii bbbbbbbb """ 111121 01 +−+−=  

and 
.10 111121 njjii bbbbbbbb """ +−+−=′  

We set .00 111121 njjii bbbbbbbb """ +−+−=′′  Since b ′′  differs from b 

and b′  by a single position, ( )b ′′φ  differs from ( )bφ  and ( )b′φ  by a 

transposition. Therefore ( )bφ  differs from ( )b′φ  by two transpositions. 

Lemma 2. ( ( )( )( ) )1243132,213,132,123: 1, "ppppSF npn +++→φ +  

is a bijection. 

Proof. Recall that ( ) ( ).132,1231+⊂φ nn SB  Let us prove that 

( ) ( ( ) ( ) ( ) ).1243132,213,132,1231, "ppppSF npn +++=φ +  
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Each permutation ( )132,1231+∈ nSp  can be decomposed in the 

following way (see [18]). There exist indices "" <<<<= rkkk 100  

nkm =<  such that p is a sequence of m blocks: 

 

such that: (i) the rightmost elements of each block are in decreasing order 
(i.e., );21 mkkk pppn >>>= "  and (ii) in each block containing at least 

two elements, the first element equals the last one minus one (i.e., 
),111 −=+− rr kk pp  and all elements, except the last one, are consecutive 

integers in decreasing order (i.e., 11 += +AA pp  for ).111 −<≤+− rr kk A  

Notice that the blocks of permutation ( )132,1231+∈ nSp  avoiding 

213 are of size at most two. This means that ( )pb 1−φ=  does not contain 

the sequence 11. Conversely, if nBb ∈  does not contain a sequence 11, 

then ( )bφ  avoids 213. Moreover, if p avoids ( ) ( ) ( ) ,1243132 "pppp +++  

then p contains at least ( )1−p  blocks of size one between two blocks of 

size two. This means that ( )pb 1−φ=  contains at least p 0s between two 

ones, thus ., pnFb ∈  Conversely, if ,, pnFb ∈  then we easily obtain that 

( )bφ  avoids ( ) ( ) ( ) .1243132 "pppp +++  Therefore 

( ) ( ( ) ( ) ( ) ).1243132,213,132,1231, "ppppSF npn +++=φ +  

Theorem 4. ( )pn,Fφ  is a Gray code for the set 

( ( ) ( ) ( ) )1243132,213,132,1231 "ppppSn ++++  

such that two successive elements differ by a transposition, or a product of 
two transpositions (i.e., by at most four positions). 

Proof. The proof is deduced directly from Lemma 1 and Lemma 2. 

In Table 2, we show our Gray code for the sets ,3,7F  4,10C  and 

( ).1254367,213,132,1238S  
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Table 2. The lists 4,103,7 , CF  and ( ).1254367,213,132,1238S  In 

3,7F  the sublists ,, 00010031 ⋅F  ,, 000100030 ⋅F  ,, 000033 ⋅F  

000133 ⋅,F  and 0001032 ⋅,F  are alternatively in bold-face and 

italic 

 

4. Algorithmic Considerations and Concluding Remarks 

In this section, we just give the main difficulties to implement an 
algorithm generating the Gray code pn,F  obtained in Section 2. More 

precisely, the complexity of our algorithm will be in Constant Amortized 
Time (CAT). Recall that an algorithm is CAT if the number of 
computations after a small amount of preprocessing is proportional to the 
number of objects generated. 

Our procedure ( )1,,gen pn  generates all elements of the list pn,F  in 

an array t anchored by the first element of the list. On the other hand, 
( )1,,gen pn  generates the list ., pnF  It produces iteratively recursive 

calls for generating each sublist of our Gray code. Between any successive 
calls, at least one update statement is performed (according to the 
transitions of the different sublists), and after each update statement, a 
new permutation is produced and printed out. Clearly, the time 
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complexity of ( )0,,gen pn  is proportional to the total number of recursive 
calls. Since each call produces at least one new element, the time 
complexity is ( ),, pnFO  (i.e., an average complexity )).1(O  A simple 

adaptation of this algorithm allows us to generate our Gray code                  

for ( ( ) ( ) ( ) )1243132,213,132,1231 "ppppSn ++++  with the average 

complexity ( ).1O  A java implementation of our algorithm is available at 
http://www.u-bourgogne.fr/LE2I/jl.baril/compoapplet.html. 

One can obtain the java code by sending a request to the authors. 

In this paper, a new Gray code for pnF ,  is provided. It is optimal for 

n sufficiently large (see [3]). Moreover it contains more transitions of one 
move than this one in [3]. This induces a Gray code for ( )p,1 -
compositions. Moreover, we construct a bijection between pnF ,  and                

the set of ( )1+n -length permutation avoiding 123, 132, 213 and 

( ) ( ) ( ) .1243132 "pppp +++  This bijection induces a Gray code for 

( ( ) ( ) ( ) )1243132,213,132,1231 "ppppSn ++++  

such that two successive permutations differ by a transposition or a 
product of two transpositions. Can we find a 3 or 2-Gray code for 

( ( ) ( ) ( ) )?1243132,213,132,1231 "ppppSn ++++  

Can we find other pattern set T such that there is a one-to-one map 
between ( )TSn 1+  and ?, pnF  
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by the numbers of Schröder, Pell, even index Fibonacci numbers and the central binomial
coefficients. A general efficient generating algorithm is also given.
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1. Introduction

Let Sn be the set of all permutations of length n (n �
1). We represent permutations in one-line notation, i.e. if
i1, i2, . . . , in are n distinct values in [n] = {1,2, . . . ,n}, we
denote the permutation σ ∈ Sn by the sequence i1i2 . . . in

if σ(k) = ik for 1 � k � n. For instance, the identity per-
mutation of length n, idn , will be written 12 . . . (n − 1)n.
Moreover, if γ = γ (1)γ (2) . . . γ (n) is an n-length per-
mutation then the composition (or product) γ · σ is the
permutation γ (σ (1))γ (σ (2)) . . . γ (σ (n)). In Sn , a k-cycle
σ = 〈i1, i2, . . . , ik〉 is an n-length permutation satisfy-
ing σ(i1) = i2, σ (i2) = i3, . . . , σ (ik−1) = ik , σ(ik) = i1 and
σ( j) = j for j ∈ [n]\{i1, . . . , ik}; in particular, a transpo-
sition is a 2-cycle. A permutation σ = σ1σ2 . . . σn ∈ Sn

contains the pattern γ ∈ Sk (k � 2) if and only if a se-
quence of indices 1 � i1 < i2 < · · · < ik � n exists such that
σi1σi2 . . . σik is ordered as γ . We denote by Sn(γ ) the set
of permutations in Sn avoiding the pattern γ . For example,
25314 /∈ S5(123) but 43152 ∈ S5(123).

E-mail address: barjl@u-bourgogne.fr.

Several algorithms for generating permutation classes
have been published (generated in lexicographic order
or in constant time per permutation, in the amortized
sense). For example, efficient algorithms are known for
derangements [1], up-down permutations [7,19], permu-
tations with a fixed number of inversions [12] and for
permutations avoiding a pattern [9]. On the other hand, al-
gorithms for generating permutation classes in Gray code
order are given for permutations [14,22] and their restric-
tions [17,19,20], derangements [3,16], with a fixed number
of cycles [2], involutions and fixed-point free involutions
[25] or their generalizations (multiset permutations [24]).
Juarna and Vajnovszki [15] presented Gray codes and gen-
erating algorithms for two classes of pattern avoiding per-
mutations: Sn(123,132), Sn(123,132, p(p −1) . . . 1(p +1)).
In a recent paper, Dukes et al. [11] give Gray codes and
generating algorithms for classes of pattern avoiding per-
mutations enumerated by Catalan, Schröder, Pell, even in-
dex Fibonacci numbers and the central binomial coeffi-
cients: two consecutive elements in their codes differ in
at most four or five positions. Inspired by their article,
we give here Gray codes for Catalan permutations and for

0020-0190/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.ipl.2009.03.025
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some other classes: two consecutive elements differ in at
most three (or two) positions. This induces optimal Gray
codes for some of these classes: Sn(321) and Sn(312) for
n odd. Notice that in [8] or [23], Gray codes are given
for some classes previously mentioned, but they do not
provide them in term of classes of pattern avoiding permu-
tations. Despite the fact that some well-known bijections
exist between these classes they do not conserve the Gray
code property.

This paper is organized as follow. In Section 2, we give
the construction for our Gray codes based on the ECO
method [4]. We obtain sufficient conditions showing that
our construction produces Gray codes. Thus we investigate
several classes of avoiding pattern permutation sets in Ta-
ble 2. In the third and last sections, we shortly explain our
generating algorithm to list our Gray codes. We present an
implementation of our algorithm, and we discuss its com-
plexity.

2. Construction for our Gray codes

In this part, we develop a general construction that
provides Gray codes for several classes of pattern avoid-
ing permutations. This construction is a refinement of that
given in [11] and, in some cases, yields codes that are op-
timal. The construction is based on the method ECO [4].
It consists in determining a recursive construction for the
considered class based on local expansion performed on
the objects. Each object is produced exactly once by an ob-
ject of lower size.

Let σ ∈ Sn; the sites of σ are the positions between two
consecutives entries, before the first and after the last en-
try. We suppose that the sites are numbered, from right
to left, from 1 to n + 1. For example, the 3rd site of the
permutation σ = 463512 is between the entries 5 and 1.
Moreover, let σ ∈ Sn(T ), where T is a set of forbidden pat-
terns, the ith site of σ is said active if the permutation γ
obtained from σ by inserting (n + 1) into this site belongs
to Sn+1(T ). We will denote this permutation γ by φ(i, σ )

and we will say that γ is a successor (or son) of σ . The ac-
tive sites of a permutation σ ∈ Sn(T ) are right-justified (see
[11]) if all sites to the right of the leftmost active site are
also active. We denote by χT (i, σ ) the number of active
sites of φ(i, σ ). A set of patterns T is called regular [11] if
for any n � 1 and γ ∈ Sn(T ),

– γ has at least two active sites, and the active sites of
γ are right-justified,

– there exist σ ∈ Sn−1(T ) and an integer i, 1 � i � n,
such that γ = φ(i, σ ),

– χT (i, σ ) does not depend on σ but only on the num-
ber k of active sites of σ ; in this case, we will denote
χT (i, σ ) by χT (i,k) if σ has k active sites.

For the remainder of this paper, we only consider regular
set T of patterns. Now, for each n � 1 and for any permu-
tation σ ∈ Sn(T ), we associate:

– a direction: up or down; a permutation σ with the di-
rection up (down respectively) will be denoted by σ 1

(σ 0 respectively). Such a permutation will be called a
directed permutation,

– a list of its sons considered with their directions, i.e.
a list consisting of some φ(i, σ ) j where j ∈ {0,1} and
i are the active sites of σ in an order that we will
describe below.

The list of successors of σ 0 will be obtained by reversing
the list of successors of σ 1 and by reversing the direction
of each element of the list.

Let σ 1 be a directed permutation in Sn(T ) with k active
sites and let L be a unimodal sequence of integers where
L(i) denotes the ith (1 � i � k) integer of the following
sequence L:

L =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

3,5, . . . , (k − 3), (k − 1),k, (k − 2),

(k − 4), . . . ,4,2,1 if k is even,

3,5, . . . , (k − 4), (k − 2),k, (k − 1),

(k − 3), . . . ,4,2,1 if k is odd.

We also consider the sequence L′ defined as follows:

L′ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2,4, . . . , (k − 4), (k − 2),k, (k − 1),

(k − 3), . . . ,5,3,1 if k is even,

2,4, . . . , (k − 3), (k − 1),k, (k − 2),

(k − 4), . . . ,5,3,1 if k is odd.

Let Π(σ 1) be the list of successors of σ 1 consisting of k
directed permutations in Sn+1(T ) such that: the jth el-
ement is φ(L( j),σ )(i−1) mod 2 for 1 � j � k − 1 and the
kth element is φ(L(k),σ )1. Moreover, if we replace the se-
quence L by L′ in this definition, we obtain a list that we
denote Π ′(σ 1). Figs. 1 and 2 illustrate the different cases
for the lists Π(σ) and Π ′(σ ) for σ having k = 7 or k = 8
active sites.

Now, we set dn = card(Sn(T )) and we recursively define
our Gray code Sn(T ) for Sn(T ) as follows:

Sn(T ) =
{

10 if n = 1,⊕dn−1
i=1 Π̃(σ [i]) otherwise,

where

– σ [i] is the ith directed permutation of the list Sn−1(T ),
– Π̃(σ [i]) = Π ′(σ [i]) if: the direction of σ [i] is 0 and

the direction of σ [i + 1] is 1; σ [i] and σ [i + 1] differ
in three positions and have respectively at least three
sons and exactly two sons,

– Π̃(σ [i]) = Π ′(σ [i]) if: the direction of σ [i] is 1 and
the direction of σ [i − 1] is 0; σ [i] and σ [i − 1] differ
in three positions and have respectively at least three
sons and exactly two sons,

– Π̃(σ [i]) = Π(σ [i]) otherwise.

Table 1 illustrates our construction for S5(321) and S5(312).
Notice that the lists Π and Π ′ appear in the construction
of the Gray code S5(321); but only the lists of the form Π

are used for S5(312).
For the remainder of this paper, we study several prop-

erties that allow us to prove this definition gives almost all
Gray codes such that two consecutive elements in the list
differ in at most three positions. If L is a list, we denote
by first(L) and last(L) the first and last element of L.
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Fig. 1. If k = 7 then Π(σ 1) is the list φ(3, σ )0, φ(5, σ )1, φ(7, σ )0, φ(6, σ )1, φ(4, σ )0, φ(2, σ )1, φ(1, σ )1; if k = 8, Π(σ 1) is φ(3, σ )0, φ(5, σ )1, φ(7, σ )0,

φ(8, σ )1, φ(6, σ )0, φ(4, σ )1, φ(2, σ )0, φ(1, σ )1. Each point (resp. encircled point) numbered by � ∈ [1..k] represents φ(�,σ )1 (resp. φ(�,σ )0).

Fig. 2. If k = 7 then Π ′(σ 1) is the list φ(2, σ )0, φ(4, σ )1, φ(6, σ )0, φ(7, σ )1, φ(5, σ )0, φ(3, σ )1, φ(1, σ )1; if k = 8, Π ′(σ 1) is φ(2, σ )0, φ(4, σ )1, φ(6, σ )0,

φ(8, σ )1, φ(7, σ )0, φ(5, σ )1, φ(3, σ )0, φ(1, σ )1. Each point (resp. encircled point) numbered by � ∈ [1..k] represents φ(�,σ )1 (resp. φ(�,σ )0).

Table 1
The optimal cyclic Gray codes for S5(312) and S5(321). Two consecutive
elements differ in at most three positions.

S5(312) S5(321)

12345 32145 24315 12345 13245 23145
12354 32154 24351 12354 13254 23154
12543 32541 25431 15234 13524 23514
12453 32451 24531 51234 13452 23451
12435 32415 23541 12534 13425 23415
14325 43215 23451 12453 34125 24135
14352 43251 23415 12435 34152 24153
15432 45321 23154 41235 34512 24513
14532 54321 23145 41253 31452 21453
13542 43521 21435 45123 31425 21435
13452 34521 21453 41523 31524 21534
13425 35421 21543 14523 35124 25134
13254 34251 21354 14253 31254 21354
13245 34215 21345 14235 31245 21345

Proposition 1. Let T be a regular set of patterns. The list Sn(T )

contains exactly once all permutations in Sn(T ). The first el-
ement of the list is 123 . . . (n − 1)n and the last element is
2134 . . . (n − 1)n.

Proof. This holds for n = 1 and n = 2 since S1(T ) = {1}
and S2(T ) = {12,21} where T is a regular pattern set
that does not contain the pattern 21. By induction, let
us suppose that this is true for all k, 2 � k < n. Then,
first(Sn(T )) = φ(1,first(Sn−1(T ))) = 1234 . . . (n − 1)n, and
last(Sn(T )) = φ(1, last(Sn−1(T ))) = 2134 . . . (n − 1)n. The
fact that the list Sn(T ) contains each of the permutations
exactly once is deduced directly from the above recursive
definition of Sn(T ). �
Lemma 2. Let T be a regular set of patterns. Let σ be a per-
mutation in Sn(T ), and let r ∈ {0,1} be its direction, then two
successive permutations in Π(σ r) differ in at most three posi-
tions.

Proof. Let α and β the two successive permutations in
Π(σ r). Thus if k is the number of active sites of σ , there
exists i and j, i �= j, 1 � i, j � k, such that α = φ(i, σ ) and
β = φ( j, σ ). Considering the definitions of the sequences
L or L′ , we distinguish two cases: (a) if i = j − 1 then
α = β · 〈i, j〉 which induces the result; (b) if i = j − 2 then

α = β · 〈i, j, i + 1〉 and the two permutations α and β dif-
fer in three positions. The other cases (i.e. j = i − 1 and
j = i − 2), are similar. �
Lemma 3. Let T be a regular set of patterns. Let σ 1 and γ 0 be
two consecutive directed permutations in the list Sn(T ). Then
d(σ ,γ ) = d(last(Π(σ 1)),first(Π(γ 0))).

Proof. Indeed, let us assume that σ has k sons and γ has
� sons. Then we have:

d
(
last

(
Π

(
σ 1)),first

(
Π

(
γ 0)))

= d
(
φ
(
L(k),σ

)
, φ

(
L(�), γ

))
= d

(
φ(1, σ ),φ(1, γ )

) = d(σ ,γ ). �
Lemma 4. Let T be a regular set of patterns. Let σ 0 and γ 1 be
two consecutive directed permutations in the list Sn(T ). If both
permutations σ and γ have at least three successors then we
have: d(σ ,γ ) = d(last(Π(σ 0)),first(Π(γ 1))).

Proof. Since each permutation σ and γ has at least three
sons, their corresponding sequences L satisfy L(1) = 3.
Thus, we have:

d
(
last

(
Π

(
σ 0)),first

(
Π

(
γ 1)))

= d
(
φ
(
L(1),σ

)
, φ

(
L(1), γ

))
= d

(
φ(3, σ ),φ(3, γ )

) = d(σ ,γ ). �
Lemma 5. Let T be a regular set of patterns. Let σ 0 and γ 1

be two consecutive directed permutations in the list Sn(T ). If
both permutations σ and γ have two successors then we have:
d(σ ,γ ) = d(last(Π(σ 0)),first(Π(γ 1))).

Proof. Since each permutation σ and γ has two sons,
their corresponding sequences L verify L(1) = 2. Thus, we
have:

d
(
last

(
Π

(
σ 0)),first

(
Π

(
γ 1)))

= d
(
φ
(
L(1),σ

)
, φ

(
L(1), γ

))
= d

(
φ(2, σ ),φ(2, γ )

) = d(σ ,γ ). �
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Lemma 6. Let T be a regular set of patterns. Let σ 0 and γ 1

be two consecutive directed permutations in the list Sn(T ) such
that σ = γ · 〈n − 1,n〉. If σ has at least three sons and γ has
two sons then we have: d(last(Π(σ 0)),first(Π(γ 1))) = 3.

Proof. Since the permutation σ has at least three sons, it
has a corresponding sequence L such that L(1) = 3; as γ
has two sons its corresponding sequence L is such that
L(1) = 2. Thus, we have:

d
(
last

(
Π

(
σ 0)),first

(
Π

(
γ 1)))

= d
(
φ
(
L(1),σ

)
, φ

(
L(1), γ

))
= d

(
φ(3, σ ),φ(2, γ )

)
= d

(
φ
(
3, γ · 〈n − 1,n〉), φ(2, γ )

)
= d

(
φ
(
2, γ · 〈n − 1,n〉) · 〈n − 1,n〉, φ(2, γ )

)
= d

(
φ(2, γ ) · 〈n − 1,n,n + 1〉, φ(2, γ )

) = 3. �
Lemma 7. Let T be a regular set of patterns. Let σ 0 and γ 1

be two consecutive directed permutations in the list Sn(T ) such
that σ and γ differ in three positions. If σ has two sons (resp.
at least three sons) and γ has at least three sons (resp. exactly
two sons), then we have: d(last(Π(σ 0)),first(Π(γ 1))) = 3.

Proof. Since the permutation σ has two sons, it has a cor-
responding sequence L such that L(1) = 2; as γ has at
least three sons its corresponding sequence L′ is such that
L′(1) = 2. Thus, we have:

d
(
last

(
Π

(
σ 0)),first

(
Π

(
γ 1)))

= d
(
φ
(
L(1),σ

)
, φ

(
L′(1), γ

))
= d

(
φ(2, σ ),φ(2, γ )

) = 3. �
Lemma 8. Let T be a regular set of patterns. Let σ 1 and γ 1

be two consecutive directed permutations in the list Sn(T ) such
that σ = γ · 〈n−1,n〉. If γ has at least three sons, then we have:
d(last(Π(σ 1)),first(Π(γ 1))) = 2. On the other hand if γ has
two sons then we have: d(last(Π(σ 1)),first(Π(γ 1))) = 3.

Proof. Let us assume that the permutation σ has k sons.
Thus its corresponding sequence L is such that L(k) = 1.
Let us assume that γ has at least three sons. It correspond-
ing sequence L is such that L(1) = 3. Thus, we have:

d
(
last

(
Π

(
σ 1)),first

(
Π

(
γ 1)))

= d
(
φ
(
L(k),σ

)
, φ

(
L(1), γ

))
= d

(
φ(1, σ ),φ(3, γ )

)
= d

(
φ
(
1, γ · 〈n − 1,n〉), φ(3, γ )

)
= d

(
φ(1, γ ) · 〈n − 1,n〉, φ(3, γ )

)
= d

(
φ(1, γ ) · 〈n − 1,n〉, φ(1, γ ) · 〈n − 1,n〉〈n,n + 1〉)

= d
(
φ(1, γ ),φ(1, γ ) · 〈n − 1,n + 1〉) = 2.

The proof for γ with two sons is similar. �
Remark that:

– if χT (i,k) = 2 for all i and k, the list Sn(T ) defined
above is a cyclic Gray code for Sn(T ) such that two
consecutive elements in the list differ in two positions.
Indeed, it suffices to apply Lemmas 2, 3, and 5.

– If χT (i,k) � 3 for all i and k, then the list Sn(T ) de-
fined above is a cyclic Gray code for Sn(T ). Two con-
secutive elements in the list differ in at most three
positions. It suffices to apply Lemmas 2, 3, 4 and 8.

In Table 2, we give several avoiding pattern sets T for
which we can apply our construction in order to obtain
Gray codes for Sn(T ). Notice that this construction al-
lows us to obtain optimal Gray code for S2n+1(321) and
S2n+1(312), n � 0. Indeed the difference between the num-
ber of even and odd permutations in S2n+1(321) (resp.
S2n+1(312)) is at least two (see [21]). Thus we cannot have
a Gray code such that two consecutive permutations dif-
fer by a transposition. Since the difference between the
number of even and odd permutations in S2n(321) (resp.
S2n(312)) is zero, we cannot deduce the optimality of
our Gray code for S2n(321) (resp. S2n(312)) and for other
classes. Besides the Gray code for Sn(321,312) is optimal
and it corresponds to the one in [15] which is obtained by
another method.

3. Algorithmic considerations

In this part, we provide the procedure gen_up(size,k)

for generating our Gray codes for Sn(T ) characterized by
the succession functions χT (k, i) given in Table 2. We ini-
tialize σ := 123 . . . (n − 1)n and the call gen_down(1,2)

produces the Gray code Sn(T ) (the procedure gen_
down(size,k) consists in the statements of gen_up(size,k)

in reverse order). This algorithm is inspired from the one
in [11]. Only the order of the statements are modified ac-
cording to the two sequences L and L′ . Notice that the
sequence L′ is used if and only if we have the hypotheses
of Lemma 7, i.e. when the current permutation σ pro-
duces a list Π ′ obtained from L′ . This algorithm enables
us to ensure that we transform an object into its suc-
cessor in constant amortized time. Indeed, the degree of
each call is not 1; moreover, between two recursive calls
we execute at most two transpositions when we update
the current permutation σ . Moreover at least one per-
mutation is generated in each recursive call. This means
that the total amount of computation divided by the
number of objects is bounded by a constant. Thus the
complexity of this algorithm is O(|Sn(T )|). An applet for
the generation of Gray codes Sn(T ) for each set T cited
in Table 2, is available on the web site http://www.u-
bourgogne.fr/jl.baril/applet.html.

procedure gen_up(size,k)

dr := 0;
if size = n then output σ ;
else

for i := 1 to k do
update σ
if we have hypotheses of Lemma 7 then

gen_down(size + 1,χT (k, L′(i)));
dr := 1 − dr;
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Table 2
Classes of permutations avoiding patterns in T with their corresponding succession functions χT (i,k). We give also the different lemmas that are used in
order to obtain a Gray code and the maximum numbers such that two consecutive permutations differ in [11] and in our Gray code.

Classes T χT (i,k) Lemmas [11], B

2n−1 [6] {321,312} 2 2, 3, 5 3, 2

Catalan [26] {312} i + 1 2, 3, 4, 6, 8 5, 3

{321} k + 1 if i = 1
i otherwise

2, 3, 4, 6, 7, 8 5, 3

Even index
Fibonacci [6]

{321,3412} k + 1 if i = 1
2 otherwise

2, 3, 5, 6, 8 5, 3

{321,4123} 3 if i = 1
i otherwise

2, 3, 4, 5, 6, 8 5, 3

{321,4321} 3 if i = 3 and k = 3
i + 1 otherwise

2, 3, 4, 6, 8 ·, 3

Pell [6] {321,3412,4123} 3 if i = 1
2 otherwise

2, 3, 5, 6, 8 5, 3

{312,4321,3421} 3 if i = 2
2 otherwise

2, 3, 5, 6, 8 ·,3

Schröder [13] {4321,4312} k + 1 if i = 1 or i = 2
i otherwise

2, 3, 4, 6, 8 5, 3

{4231,4132} k + 1 if i = 1 or i = k
i + 1 otherwise

2, 3, 4, 6, 8 5, 3

{4123,4213} k + 1 if k − 1 � i � k
i + 2 otherwise

2, 3, 4, 6, 8 5, 3

Central binomial
coefficient [13]

{4321,4231,4312,4132} k + 1 if i = 1
3 if i = 2
i otherwise

2, 3, 4, 6, 8 5, 3

{4231,4132,4213,4123} 3 if i = 1
i + 1 otherwise

2, 3, 4, 6, 8 5, 3

Generalized
pattern [6,10]

{321, (p + 1)12 . . . p} k + 1 if i = 1 and k < p
p if i = 1 and k = p
i otherwise

2, 3, 4, 6, 7, 8 5, 3

{321,3412, (p + 1)12 . . . p} k + 1 if i = 1 and k < p
p if i = 1 and k = p
2 otherwise

2, 3, 5, 6, 8 5, 3

Generalized
Motzkin [5]

for p � 2,

{321, (p + 2)1̄(p + 3)2 . . . (p + 1)}
k + 1 if i = 1
i if 2 � i � p
i − 1 otherwise

2, 3, 4, 6, 7, 8 ·, 3

Generalized
Schröder [18]

⋃
τ∈Sn−1

{(p + 1)τ p} k + 1 if k � p or
p + i � k + 1

i + p − 1 otherwise

2, 3, 4, 6, 8 5, 3

A dot in the last column means that there is no Gray code for these classes in the literature.

else
update σ
if dr = 1 then gen_up(size + 1,χT (k, L(i)));
else gen_down(size + 1,χT (k, L(i)));
end if
dr := 1 − dr;

end if
end if
end procedure;
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This paper studies proper k-tuple edge-colorings of graphs that distinguish neighboring
vertices by their sets of colors. Minimum numbers of colors for such colorings are
determined for cycles, complete graphs and complete bipartite graphs. A variation inwhich
the color sets assigned to edges have to form cyclic intervals is also studied and similar
results are given.
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1. Introduction

The graphs considered in this paper are undirected and without loops. For a graph G = (V , E)with vertex set V and edge
set E, let∆(G) (or simply∆ for short) be its maximum degree.
A proper k-tuple edge-coloring φ of a graph G is a mapping from E to Nk such that edges incident with the same vertex

receive disjoint color sets. The k-tuple version of the vertex-coloring problem was first considered by Stahl [12]. For any
vertex x of G, let Sφ(x) denote the union of the color sets of all edges incident to x (we will omit the subscript φ if no
confusion is possible). A proper k-tuple edge-coloring is said to be neighbor-distinguishing (ND) if S(x) 6= S(y) ∀xy ∈ E. The
least number of colors needed for a k-tuple ND-coloring of a graph Gwill be called its k-tuple ND-chromatic index and will be
denoted by χ ′a(G; k). Notice that a graphwith an isolated edge does not admit a k-tuple ND-coloring for any k. Consequently,
even if not specified, all graphs we deal with are assumed to have no single edge as a component.
The study of 1-tuple ND-colorings of graphs was initiated in [16] under the name of adjacent strong edge-colorings and

with the notation χ ′a(G) = χ ′a(G; 1). In [1], Balister et al. proved that χ
′
a(G) ≤ 5 for graphs of maximum degree 3 and

χ ′a(G) ≤ ∆+ 2 for bipartite graphs. In [2], the 1-tuple ND-chromatic index of multidimensional meshes was determined.
The bound χ ′a(G) ≥ ∆ is trivial. Moreover if G contains two adjacent vertices of degree ∆ then χ ′a(G) ≥ ∆ + 1. The

following conjecture was made in [16]:

Conjecture 1 ([16]). Let G 6= C5 be a connected graph of maximum degree∆; then

∆ ≤ χ ′a(G) ≤ ∆+ 2.

∗ Corresponding author.
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In relation with this conjecture, Hatami [7] has shown that χ ′a(G) ≤ ∆ + 300 for any graph G of maximum degree
∆ > 1020. Greenhill and Ruciński [5] prove the conjecture for almost all 4-regular graphs. Edwards et al. [4] showed that
∆+ 1 colors are sufficient for planar bipartite graphs of maximum degree∆ ≥ 12.
Some extensions and variations were also considered: total ND-colorings [15,3], ND-colorings from lists [8] and non

proper ND-colorings [6]. For other related distinguishing coloring parameters, see [13].
Not surprisingly, Conjecture 1 cannot be extended to k-tuple edge-colorings, in the light of Shannon’s well-known

chromatic index theorem. Hence, the aim of this paper is to study k-tuple ND-colorings of graphs. We also study a variation
of k-tuple ND-coloring where the set of colors assigned to each edge has to form a cyclic interval: a k-tuple ND-coloring φ of
a graph Gwith colors from {0, . . . ,N − 1} is said to be a cyclic k-tuple ND-coloring if the color set φ(xy) of the edge between
x and y is an interval modulo N (of size k) which will be denoted by φ(xy) = [i, i+ k− 1]N for some i, 0 ≤ i ≤ N − 1, where
[a, b]N = [a mod N, (a+ 1) mod N, . . . , b mod N]. The least number of colors needed for a cyclic k-tuple ND-coloring of a
graph Gwill be called its cyclic k-tuple ND-chromatic index and will be denoted by χ ′ac(G; k).
Observe that for any graph G and any k ≥ 1, χ ′ac(G; k) ≥ χ

′
a(G; k), and, as we will show later, there exist several classes

of graphs for which χ ′ac(G; k) > χ ′a(G; k).
Without the ND constraint, k-tuple edge-colorings lead to the definition of the fractional chromatic index χ ′f (G) which

can be defined by χ ′f (G) = infk
χ ′(G;k)
k = mink

χ ′(G;k)
k [14]. In the same vein, cyclic k-tuple edge-colorings of graphs lead

to the definition of the circular chromatic index [10,11]: the circular chromatic index of G is the ratio minimum N/k for
which there exists an edge-coloring of G by cyclic (or circular) intervals modulo N of size k. Notice that, as can be seen in the
remainder of the paper, there are graphs G for which χ ′a(G; k)/k is a strictly decreasing function of k, and thus the infimum
is never reached (which is not the case without the ND constraint).
The paper is organized as follows. Section 2 presents some general simple results about the k-tuple ND-chromatic and

cyclic k-tuple ND-chromatic indices of graphs. In Section 3, we determine the k-tuple ND-chromatic and cyclic k-tuple
ND-chromatic indices of paths and cycles. In Section 4, k-tuple ND-chromatic and cyclic k-tuple ND-chromatic indices of
complete and complete bipartite graphs are determined. Section 5 concludes the paper by presenting a conjecture about
the ND-chromatic index of a multigraph.

2. General observations

We begin with some simple observations that will be used throughout the rest of the paper.
Let INj,k be the cyclic interval [j, j + k − 1]N . If N and k are clear from the context, we will permit ourselves to write Ij

instead of INj,k. Let also INk = {I
N
j,k, 0 ≤ j ≤ N − 1}.

Observation 1. For any graph G,

χ ′ac(G; k) ≤ kχ
′

a(G).

Proof. Starting from an ND-coloring of G with χ ′a(G) colors, a cyclic k-tuple ND-coloring of G with N = kχ
′
a(G) colors can

be obtained simply by replacing each color i by the color interval Iki. �

Observation 2. For any graph G and any integers k and k′ with 1 ≤ k′ < k,

χ ′a(G; k) ≤ χ
′

a(G; k
′)+ χ ′(G; k− k′).

In particular, χ ′a(G; k) ≤ χ
′
a(G)+ (k− 1)χ

′(G).

Remember that a graph is class 1 if χ ′(G) = ∆(G) and class 2 if χ ′(G) = ∆(G) + 1. Thus, derived from the above
observation, we have the following:

Observation 3. For any class 1 graph G,

χ ′a(G; k) ≤ χ
′

a(G)+ (k− 1)∆(G).

As a corollary, we easily obtain the next proposition:

Proposition 2. For a class 1 graph G,

• if G has two adjacent vertices of maximum degree and if χ ′a(G) = ∆(G)+ 1, then χ
′
a(G; k) = k∆(G)+ 1;

• if χ ′a(G) = ∆(G), then χ
′
a(G; k) = k∆(G).

For instance, the cycle C6p is class 1 and χ ′a(C6p) = 3; thus χ
′
a(C6p; k) = 2k.
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3. The path Pn and cycle Cn

Let Pn be the path of order n, with vertex set V = {0, 1, . . . , n− 1} and edge set E = {ei = i(i+ 1), 0 ≤ i ≤ n− 2} and
let Cn be the cycle of order nwith vertex set V and edge set E = {ei = i(i+ 1) mod n, 0 ≤ i ≤ n− 1}.
For the path, we easily obtain the following theorem:

Theorem 3. For n ≥ 4 and k ≥ 1, χ ′ac(Pn; k) = χ
′
a(Pn; k) = 2k+ 1.

Proof. The theorem directly follows from Proposition 2 since Pn is class 1 and χ ′a(Pn) = 3. However, a cyclic k-tuple ND-
coloring φ can be simply constructed by setting φ(ei) = INki,k for 0 ≤ i ≤ n− 1 and N = 2k+ 1. �

In order to determine the cyclic k-tuple ND-chromatic index of the cycle, we need some notation. Let the gap gap(INa,k, I
N
b,k)

be the number of integers between the last element of INa,k and the first of I
N
b,k consideredmoduloN , i.e. gap(I

N
a,k, I

N
b,k) = b−a−

k mod N . Notice that this definition is not symmetrical since there exist many cases such that gap(INa,k, I
N
b,k) 6= gap(I

N
b,k, I

N
a,k).

Any cyclic k-tuple coloring of the cycle Cn can naturally be associated with the sequence of gaps between intervals of
consecutive edges. For instance, for the cycle C9 with k = 4 and N = 10 colors, the sequence S = (2, 1, 0, 0, 0, 0, 0, 0, 1)
corresponds with intervals (I0, I6, I1, I5, I9, I3, I7, I1, I5) along the edges (e0, e1, . . . , en−1) of the cycle.
Notice also that in order for a sequence S = (s1, s2, . . . , sn) of gaps to correspond with a cyclic k-tuple coloring of the

cycle Cn with N colors, we must have
∑n
i=1 si + kn ≡ 0 mod N (because the gap between the last interval and the first one

is completely determined by the n− 1 other gaps).

Lemma 4. For k ≥ 1 and n ≥ 4 even, χ ′ac(Cn; k) ≤ 2k+ 2.

Proof. We define a cyclic k-tuple ND-coloring of Cn with N = 2k+ 2 colors by giving its sequence of gaps S:

S = (2, 2, . . . , 2︸ ︷︷ ︸
n
2−1

, 1, 0, 0, . . . , 0︸ ︷︷ ︸
n
2−1

, 1).

The associated coloring is clearly proper since S does not contain any gap of size at least 3. The coloring is also ND since the
sequence does not contain any subsequence of length 2 of the form 0, 2; 2, 0 or 1, 1 that are the only cases which prevent
the coloring from being ND when N = 2k+ 2. �

Lemma 5. For k ≥ 2 and n odd, n ≥ 2k+ 3, χ ′ac(Cn; k) ≤ 2k+ 2.

Proof. We define a cyclic k-tuple ND-coloring of Cn with 2k+ 2 colors by giving its sequence of gaps S:

S =


(2, 2, . . . , 2︸ ︷︷ ︸

n−k−3
2

, 1, 0, 0, 0, . . . , 0, 1) if k is even,

(2, 2, . . . , 2︸ ︷︷ ︸
n−k−4
2

, 1, 0, 1, 0, 0, . . . , 0, 1) otherwise.

As above, it can be shown that the associated coloring is ND. In addition, we just need to verify that n−k−32 ≥ 1 for k even,
and n−k−42 ≥ 1 otherwise. Indeed, n−k−3 ≥ 2k+3−k−3 ≥ k ≥ 2when k is even; and n−k−4 ≥ 2k+3−k−4 = k−1 ≥ 2
for k odd and k ≥ 2. �

Theorem 6. For n ≥ 3 and k ≥ 1,

χ ′ac(Cn; k) =


5 if (n, k) = (5, 1),

2k+
⌈
2k
n− 1

⌉
if n < 2k+ 1 is odd,

2k+ 1 if n ≡ 0 mod (2k+ 1),
2k+ 2 otherwise .

Proof. The case (n, k) = (5, 1) is trivial.
We shall now show that χ ′ac(Cn; k) = 2k+ 1 if and only if n ≡ 0 mod (2k+ 1).
LetN = 2k+1 and n ≡ 0 mod (2k+1). The k-tuple coloring φ of Cn defined by φ(ej) = Ikj, 0 ≤ j ≤ n−1, or equivalently

by the gap sequence S = (0, . . . , 0) is clearly proper and ND since φ(en−1) = I2k2 = Ik+1 6= φ(e1) = Ik. This coloring is
exhibited in Fig. 1 for (n, k) = (7, 3).
On the other hand, it is easily seen that any cyclic k-tuple ND-coloring of Cn with 2k+ 1 colors is isomorphic to φ up to a

renumbering of the colors since in that case the interval of colors that can be assigned to an edge ei is completely determined
by the intervals assigned to its two preceding edges ei−1 and ei−2. Thus a cyclic k-tuple ND-coloring of Cn with 2k+ 1 colors
exists only if n ≡ 0 mod (2k+ 1).
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Fig. 1. A cyclic 3-tuple ND-coloring of C7 with N = 7 colors.

Fig. 2. A cyclic 10-tuple ND-coloring of C9 with N = 23 colors and its associated sequence of gaps (1, 0, 1, 0, 0, 0, 0, 0, 0).

We now show that if n < 2k + 1 and n is odd then χ ′ac(Cn; k) = 2k + d
2k
n−1e. It is sufficient to show that χ

′
ac(Cn; k) ≤

2k+d 2kn−1e since χ
′
ac(C2p+1; k) ≥ χ

′(C2p+1; k) ≥ k
2p+1
p = k(2+

1
p ) (because at most p edges of C2p+1 can be given the same

color).
Let n = 2p+ 1, with p ≤ k− 1 and let s = pd kpe − k.

Consider the k-tuple coloring φ of C2p+1 with N = 2k+ d 2kn−1e colors defined by the following sequence of gaps:

S = (1, 0, 1, 0, . . . , 1, 0︸ ︷︷ ︸
2s

, 0, 0, . . . , 0, 0).

Remark that 0 ≤ s ≤ p k+pp − k = p.
As S does not contain (a) any gap of size at least 2, or (b) any subsequence of the form 1, 1, and since the sum of gaps

plus nk equals 0 modulo 2k+d 2kn−1e, then φ is a k-tuple ND-coloring of Cn with 2k+d
2k
n−1e colors. An illustration is given in

Fig. 2 for (n, k) = (9, 10) (and thus s = 2).
We end the proof by showing that χ ′ac(Cn; k) = 2k+ 2 for the remaining cases. By the above, we know that χ

′
ac(Cn; k) >

2k+ 1 if n 6≡ 0 mod (2k+ 1). Thus, by virtue of Lemma 4 and Lemma 5, we have that χ ′ac(Cn; k) ≤ 2k+ 2 for these cases,
which completes the proof. �

Theorem 7. For n ≥ 3 and k ≥ 1,

χ ′a(Cn; k) =


5 if (n, k) = (5, 1),

2k+
⌈
2k
n− 1

⌉
if n < 2k+ 1 is odd,

2k+ 2 if n = 4 or (n, k) = (7, 2),
2k+ 1 otherwise.

Proof. Recall that for any graph G and any k ≥ 1, χ ′a(G; k) ≤ χ ′ac(G; k). Then, with Theorem 6, it remains to treat the
following cases:
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Fig. 3. The cases n = 4 and (n, k) = (7, 2).

• n = 4 or (n, k) = (7, 2). It is easily seen that a k-tuple ND-coloring with 2k+ 1 colors does not exist in these cases and
a k-tuple ND-coloring with 2k+ 2 colors is illustrated in Fig. 3.
• When n is odd, we have that χ ′a(C2p+1; k) ≥ χ

′(C2p+1; k) ≥ k
2p+1
p = k(2 +

1
p ) = 2k + d

2k
n−1e (since at most p edges of

C2p+1 can be given the same color).
• k = 2, n ≥ 5, n 6= 7. In this part we consider five subcases depending on the residues of nmodulo 5:
Subcase 0: n ≡ 0 mod 5 and n ≥ 5. We color the cycle by using the sequence of color sets S1 =

({0, 1}, {2, 3}, {0, 4}, {1, 2}, {3, 4}) repetitively on each group of five consecutive edges of Cn.
Subcase 1: n ≡ 1 mod 5 and n ≥ 6. For n = 5q+ 1, we color the cycle by using (q− 1) times the sequence S1 and one time
the sequence S2 = ({0, 1}, {2, 3}, {0, 4}, {1, 3}, {0, 2}, {3, 4}).
Subcase 2: n ≡ 2 mod 5 and n ≥ 12. for n = 5q+ 2 with q ≥ 2, we color the cycle by using (q− 2) times the sequence S1
and two times the sequence S2.
Subcase 3: n ≡ 3 mod 5 and n ≥ 8. for n = 5q+ 3, we color the cycle by using (q− 1) times the sequence S1 and one time
the sequence S3 = ({0, 1}, {2, 3}, {0, 4}, {1, 2}, {3, 4}, {0, 2}, {1, 3}, {2, 4}).
Subcase 4: n ≡ 4 mod 5 and n ≥ 9. For n = 5q+ 3, we color the cycle by using (q− 1) times the sequence S1 and one time
the sequence S4 = ({0, 1}, {2, 3}, {0, 4}, {1, 2}, {0, 3}, {1, 4}, {0, 2}, {1, 3}, {2, 4}).
In each case we obtain a 2-tuple ND-coloring of Cn with 5 = 2k+ 1 colors.
• k ≥ 3 and n = 2p is even. By Observation 2, we have χ ′a(C2p; k) ≤ χ

′
a(C2p; 2)+ χ

′(C2p; k− 2) = 5+ 2(k− 2) = 2k+ 1.
• k ≥ 3 and n odd, n ≥ 2k+ 1 ≥ 7. We set N = 2k+ 1, n = qN + r with 0 ≤ r ≤ N − 1 and q ≥ 1.
Subcase 1: n ≡ 0 mod N . We color the cycle by using the periodic coloring E defined by Ei = INik,k, for i ≥ 0.

Subcase 2: n 6≡ 0 mod N . We provide a k-tuple ND-coloring for each value of the residue of r modulo 6 by giving the
sequence of color sets to assign to the edges in a consecutive manner (see Fig. 4 for an illustration of the construction).
– (i) r ≡ 0 mod 6. Starting from the qN-first color sets of E, we append the r-first color sets of the following periodic
coloring F :
F0 = {0, 1, 3, 4, . . . , k}, F1 = {2, k+ 1, . . . , 2k− 1}, F2 = {1, 3, 4, . . . , k, 2k}, F3 = {0, k+ 1, . . . , 2k− 1}, F4 = IN1 ,

F5 = INk+1 with Fi = Fi−6 for i ≥ 6.
– (ii) r ≡ 1 mod 6. We discuss on the parity of k.

For k odd, starting from the ((q−1)N+k)-first color sets of E, we append the k+1 color sets defined for 0 ≤ i ≤ d k2e−2
by 

{⌈
k
2

⌉
+ i, . . . , 2k−

⌈
k
2

⌉
, 2k+ 1− i, . . . , 2k

}
{
0, 1, 2, . . . ,

⌈
k
2

⌉
− 1+ i, 2k+ 1−

⌈
k
2

⌉
, . . . , 2k− 1− i

} and by


{
k− 1, k+ 1, . . . , 2k−

⌈
k
2

⌉
, 2k+ 2−

⌈
k
2

⌉
, . . . , 2k

}
{0, 1, . . . , k− 2, k},

where a color set of the form {a, . . . , b, c, . . . , d}with c > d has to be understood as {a, . . . , b}.
Then, we complete this coloring by using the r-first color sets of G defined at the end of this subcase.
For k even, we start by the ((q−1)N+k+1)-first color sets of E; we append the k color sets defined for 0 ≤ i ≤ k

2 −1
by 

{
k
2
+ i, . . . , k− 1, k+ 1, . . . , 2k−

k
2
, 2k− i+ 1, . . . , 2k

}
{
0, 1, . . . ,

k
2
− 1+ i, k, 2k+ 1−

k
2
, . . . , 2k− i− 1

}
;

and we complete this coloring by using the r-first color sets of the periodic coloring G defined by
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0 21 3 4 5 6 7 8

0 21 3 4 5 6 7 8

(i) r = 0 mod 6; n = 15; k = 4. (ii) r = 1 mod 6; n = 25; k = 4.

0 21 3 4 5 6 7 8

0 21 3 4 5 6 7 8

(iii) r = 2 mod 6; n = 17; k = 4. (iv) r = 3 mod 6; n = 21; k = 4.

0 21 3 4 5 6 7 8
0 21 3 4 5 6 7 8

(v) r = 4 mod 6; n = 22; k = 4. (vi) r = 5 mod 6; n = 23; k = 4.

Fig. 4. Structure of the k-tuple ND-colorings of Cn when n 6≡ 0 mod (2k+ 1), n odd.

G0 = INk+1, G1 = I
N
0 , G2 = I

N
k , G3 = {1, 2, . . . , k− 1, 2k}, G4 = {0, k+ 1, k+ 2, . . . , 2k− 1}, G5 = I

N
1 with Gi = Gi−6

for i ≥ 6.

– (iii) r ≡ 2 mod 6. To the qN − 2-first sets of E, we add the two sets {1, 3, 4, . . . , k+ 1} and {2, k+ 2, k+ 3, . . . , 2k} and
we append the r-first color sets of the following periodic coloring H defined by
H0 = {0, 1, 3, 4, . . . , k}, H1 = INk+1, H2 = I

N
0 , H3 = {k, k + 1, . . . , 2k − 2, 2k}, H4 = {0, 1, 3, 4, . . . , k − 1, 2k − 1},

H5 = {2, k+ 1, k+ 2, . . . , 2k− 2, 2k}with Hi = Hi−6 for i ≥ 6.
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– (iv) r ≡ 3 mod 6. Starting from the (qN − 1)-first sets of the coloring found in subcase (ii); we complete with
{0, 2, . . . , k − 2, k, 2k + 1 − d k2e} ({0, 3, 5} if k = 3) and we append the r-first color sets of the following periodic
coloring J:
J0 = {1, k + 1, . . . , 2k − d k2e, 2k + 2 − d

k
2e, . . . , 2k}, J1 = {0, 2, . . . , k}, J2 = I

N
k+1, k, J3 = {0, . . . , k − 2, k},

J4 = {k− 1, k+ 1, . . . , 2k− d k2e, 2k+ 2− d
k
2e, . . . , 2k}, J5 = {0, 2, . . . , k− 2, k, 2k+ 1− d

k
2e}with Ji = Ji−6 for i ≥ 6.

– (v) r ≡ 4 mod 6. Starting from the (qN − 2)-first sets of the coloring E; we add the two sets {1, 3, 4, . . . , k + 1} and
{0, 2, k+ 2, k+ 3, . . . , 2k− 1} and we append the r-first color sets of the following periodic coloring K :
K0 = {1, 3, 4, . . . , k, 2k}, K1 = {0, k + 1, . . . , 2k − 1}, K2 = IN1 , K3 = INk+1, K4 = {0, 1, 3, 4, . . . , k − 1, k},

K5 = {2, k+ 1, k+ 2, . . . , 2k− 2, 2k− 1}with Ki = Ki−6 for i ≥ 6.
– (vi) r ≡ 5 mod 6. To the qN-first sets of the coloring found in subcase (iv); we append the r-first color sets of the
following periodic coloring L:
L0 = {1, k+1, . . . , 2k−d k2e, 2k+2−d

k
2e, . . . , 2k}, L1 = {2, . . . , k, 2k+1−d

k
2e}, L2 = {0, k+1, . . . , 2k−d

k
2e, 2k+

2− d k2e, . . . , 2k}, L3 = I
N
1 , L4 = I

N
k+1, L5 = {0, 2, . . . , k}with Li = Li−6 for i ≥ 6. �

4. The complete graph Kn and complete bipartite graph Kn,n

Let V (Kn) = {0, 1, . . . , n − 1} and E(Kn) = {eij, 0 ≤ i, j ≤ n − 1}, with eij = ij and let V (Km,n) = {x0, x1, . . . , xn−1} ∪
{y0, y1, . . . , yn−1} and E(Km,n) = {eij, 0 ≤ i ≤ m− 1, 0 ≤ j ≤ n− 1}, with eij = xiyj.

Theorem 8. For any n ≥ 3 and k ≥ 1,

χ ′a(Kn; k) = χ
′

ac(Kn; k) =
{
k(n− 1)+ 2 if n is even,
kn if n is odd.

Proof. First, remark that a k-tuple ND-coloring of Kn with N colors can exist only if there exist n distinct subsets of
{0, . . . ,N − 1} of size k(n− 1) such that each number from {0, . . . ,N − 1} appears an even number of times.
Thanks to this remark, we can see that if n is even, then χ ′a(Kn; k) ≥ k(n− 1)+ 2 since in any n sets of k(n− 1) elements

among k(n− 1)+ 1 (in each set, one color is not present and thus appears in the (n− 1) other sets), all elements appear an
odd number of times, which is impossible.
If n is odd, n = 2p + 1 for some p, the fact that χ ′a(K2p+1; k) ≥ k(2p + 1) can be shown by contradiction: assume

that k(2p + 1) − 1 colors suffice. Then, among any 2p + 1 sets of k(2p) colors among k(2p + 1) − 1, there is at
least one color that belongs to each set (assume that each color is present in at most 2p sets; then we would have
2p(k(2p + 1) − 1) ≥

∑2p+1
i=1 2pk = 2pk(2p + 1), a contradiction), thus an odd number of times, which is impossible.

The fact that χ ′ac(K2p+1; k) ≤ k(2p + 1) (and thus that χ
′
a(K2p+1; k) ≤ k(2p + 1)) comes directly from Observation 1, as

χ ′a(K2p+1) = 2p+ 1.
If n is even, then Kn is class 1 and χ ′a(Kn) = n + 1 [16]. Thus, by Observation 3, we have that χ

′
a(Kn; k) ≤ n + 1 + (k −

1)(n−1) = k(n−1)+2. It remains to show that χ ′ac(K2p; k) ≤ k(2p−1)+2. In order to do that, we shall start with a cyclic
edge-coloring of K2p for which all vertices have the same set of colors and modify it by increasing or decreasing by one the
color intervals of some edges in order vertices to have sets of colors different from each other.
Let φ be the cyclic k-tuple proper coloring of Kn with N − 2 = k(n− 1) colors defined for 0 ≤ i < j ≤ n− 1 as follows:

φ(eij) =

{
IN−2k(i+j),k if 0 ≤ i < j ≤ n− 2,

IN−22ki,k otherwise.

Notice that each vertex x has color set S(x) = {0, 1, . . . ,N − 3} and that each color interval can also be considered modulo
N = k(n− 1)+ 2 since IN−2k(i+j),k = I

N
k(i+j),k and I

N−2
2ki,k = I

N
2ki,k.

Now we modify this coloring in order to obtain a cyclic k-tuple ND-coloring with N colors (all intervals are modulo N in
the rest of the proof). We distinguish two cases depending on the residue of nmodulo 4.
Case 1: n ≡ 0 mod 4. We increase by one each color of the interval φ(eij), i < j, for (i, j) such that

3n
4
≤ i < j ≤ n− 1

j = n− 1 and
n
4
≤ i ≤

n
2
− 1

j+ i < n− 1 and 0 ≤ i ≤
n
4
− 2 and

3n
4
≤ j ≤ n− 2

j+ i < n− 1 and
n
4
≤ i < j ≤

3n
4
− 2,

and we decrease by one each color of the interval φ(eij), i < j, for (i, j) such that

0 ≤ i ≤
n
4
− 1 and j = n− 1− i.
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This construction is illustrated in Appendix A for the case n = 12 and k = 3.
Let φ′ be this new coloring. The vertices can be classified into four groups depending on their twomissing colors that are

given by the next table.

Group Missing colors for i i
(a) k− 1 and k( 3n4 + i) [0, n4 − 1]
(b) k( n4 + i) and N − 1 [

n
4 ,
3n
4 −1]

(c) k− 1 and k(i+ 1− n
4 ) [

3n
4 , n−2]

(d) k− 1 and k n2 n− 1

Now let us verify that φ′ is a cyclic k-tuple ND-coloring for Kn when n ≡ 0 mod 4. If we compare missing color sets in the
same group, it is straightforward to see that they are different. Notice that a missing color set of the group (b) contains the
color N − 1 that does not belong to the sets in other groups. Moreover, the color k− 1 belongs to each missing color set of
the groups (a), (c) and (d). It then suffices to remark that the second missing colors of two such sets cannot be the same.
Case 2: n ≡ 2 mod 4. The process is similar to that of Case 1 except that some color intervals are increased by two: we
increase by one each color interval φ(eij), i < j, for (i, j) such that

⌊
3n
4

⌋
≤ i < j ≤ n− 1

j = n− 1 and
⌊n
4

⌋
≤ i ≤

n
2
− 1

j+ i < n− 1 and 0 ≤ i ≤
⌊n
4

⌋
− 1 and

⌊
3n
4

⌋
≤ j ≤ n− 2

j+ i < n− 1 and
⌊n
4

⌋
≤ i < j ≤

⌊
3n
4

⌋
− 1,

we yet increase by one each color interval φ(eij) for (i, j) = (b n4c, b
3n
4 c−1) and (i, j) = (b

n
4c+1, b

3n
4 c−2), andwe decrease

by one each color interval φ(eij), i < j, for (i, j) such that

0 ≤ i ≤
⌊n
4

⌋
− 1 and j = n− 1− i.

Let φ′ be this new coloring. This construction is illustrated in Appendix A for the case n = 14 and k = 3.
We can see that each vertex i, 0 ≤ i ≤ n− 1, has exactly two missing colors that are given by the next table.

Group Missing colors for i i
(a) k− 1 and k(b 3n4 c + i) [0, b n4c − 1]
(b) k(b n4c + i) and k(n− 2)+ 1 [b

n
4c, b

n
4c + 1]

(c) k(b n4c + i) and k(n− 1)+ 1 [b
n
4c + 2, b

3n
4 c − 3]

(d) k(b n4c + i) and k(n− 2)+ 1 [b
3n
4 c − 2, b

3n
4 c − 1]

(e) k(i− b n4c) and k(n− 1)+ 1 b
3n
4 c

(f) k− 1 and k(i− b n4c) [b
3n
4 c + 1, n− 2]

(g) k− 1 and 2kb n4c n− 1

Like for the case n ≡ 0 mod 4, it can be shown that φ′ is a cyclic k-tuple ND-coloring for Kn when n ≡ 2 mod 4. �

For complete bipartite graphs Km,n, the only ‘‘interesting’’ case is when m = n (if m 6= n then adjacent vertices have
different degrees).

Theorem 9. For any n ≥ 2 and k ≥ 1,

χ ′a(Kn,n; k) = χ
′

ac(Kn,n; k) = kn+ 2.

Proof. Let X and Y be the two sets of vertices of the bipartition. Firstly, it can be seen that χ ′a(Kn,n; k) ≥ kn+ 2. Assume, to
the contrary, that a k-tuple ND-coloring of Kn,n with kn+ 1 colors exists. Then, as each vertex of Kn,n has degree kn, the set
of missing colors S̄(v) on each vertex v consists of only one color and as {S̄(x), x ∈ X} = {S̄(y), y ∈ Y }, then for each vertex
x ∈ X , there exists a vertex y ∈ Y such that S̄(x) = S̄(y) or equivalently such that S(x) = S(y), a contradiction.
Secondly, we show that χ ′ac(Kn,n; k) ≤ kn + 2 by constructing such a cyclic k-tuple ND-coloring, using an argument

similar to the one of the proof of Theorem 8 for the complete graph. Indeed, our coloring distinguishes all vertices of Kn,n,
not only adjacent ones.
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As for the complete graph, we start with the cyclic k-tuple proper coloring φ of Kn,n with N − 2 = kn colors defined for
0 ≤ i, j ≤ n− 1 by

φ(eij) = IN−2k(n+i−j−1),k.

Notice that each vertex x has color set S(x) = {0, 1, . . . ,N − 3}. Now we modify this coloring in order to obtain a cyclic
k-tuple ND-coloring with N = kn+ 2 colors. We distinguish two cases depending on the residue of nmodulo 2.
Case 1: n ≡ 0 mod 2. We increase by one each φ(eij) for (i, j) such that 0 ≤ i ≤ j ≤ n − 2, and we decrease by one each
φ(ei(i−1)) for i ∈ [ n2 , n− 1], resulting in a coloring φ

′. This construction is illustrated in Appendix B for the case n = 12 and
k = 3. It can be seen that the missing color sets on two vertices xi and yj are always different since we have

S̄φ′(xi) =


{k(i+ 1),N − 1} for i ∈

[
0,
n
2
− 1

]
,

{k(i+ 1), k− 1} for i ∈
[n
2
, n− 1

]
.

S̄φ′(yj) =


{k(n− j− 1),N − 1} for j ∈

[
0,
n
2
− 2

]
,

{k(n− j− 1), k− 1} for j ∈
[n
2
− 1, n− 2

]
,

{N − 2,N − 1} for j = n− 1.

Thus φ′ is a cyclic k-tuple ND-coloring of Kn,n with N + 2 = kn+ 2 colors when n ≡ 0 mod 2.
Case 2: n ≡ 1 mod 2. We also increase by one each φ(eij) for (i, j) such that 0 ≤ i ≤ j ≤ n − 2; we decrease by one
each φ(ei(i−1)) for i ∈ [ n+12 , n − 1] and we further increase by one φ(eii) for i = b

n
2c − 1, resulting in a coloring φ

′. This
construction is illustrated in Appendix B for the case n = 11 and k = 3. It can be seen that themissing colors on two vertices
xi and yj are always different since we have

S̄φ′(xi) =


{k(i+ 1),N − 1} for i ∈

[
0,
⌊n
2

⌋]
, i 6= b

n
2
c − 1,

{k(i+ 1),N − k− 1} for i =
⌊n
2

⌋
− 1,

{k(i+ 1), k− 1} for i ∈
[⌊n
2

⌋
+ 1, n− 1

]
.

S̄φ′(yj) =



{k(n− j− 1),N − 1} for j ∈
[
0,
⌊n
2

⌋
− 2

]
,

{k(n− j− 1),N − k− 1} for j =
⌊n
2

⌋
− 1,

{k(n− j− 1), k− 1} for j ∈
[⌊n
2

⌋
, n− 2

]
,

{N − 2,N − 1} for j = n− 1.

Thus φ′ is a cyclic k-tuple ND-coloring of Kn,n with N = kn+ 2 colors when n ≡ 1 mod 2. �

5. Concluding remarks

We have turned our attention on k-tuple ND-colorings of graphs or, equivalently, to ND-colorings of k-uniform
multigraphs (multigraphs where each edge has multiplicity k). However, it seems also interesting to study ND-colorings
of non-uniformmultigraphs. Going in this direction, we propose the following ‘Vizing-like’ conjecture for the ND-chromatic
index of a (not necessarily uniform) multigraph. It extends the one given in [16] for graphs and is similar with the one given
for the total chromatic number of a multigraph (see [9], Section 4.9):

Conjecture 10. For any connected multigraph G of order at least 3, G 6= C5, and of multiplicity µ(G),

χ ′a(G) ≤ ∆(G)+ µ(G)+ 1.

Appendix A. Cyclic 3-tuple ND-colorings of K12 and K14

Construction of the cyclic 3-tuple ND-coloring φ′ given in the proof of Theorem 8: below are the matrices of the color
intervals on the edges of K12 and K14 (to simplify, only the first color of each cyclic interval is given). Values increased by one
are in bold; values decreased by one are underlined and values increased by two are overlined (and in bold). The column-
vectors on the right are the sets of the two missing colors S̄(i) of each vertex i.
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Appendix B. Cyclic 3-tuple ND-colorings of K12,12 and K11,11

Construction of the cyclic 3-tuple ND-coloring φ′ given in the proof of Theorem 9: below are the matrices of the color
intervals on the edges of K12,12 and K11,11 (to simplify, only the first color of each cyclic interval is given). Values increased
by one are in bold; values decreased by one are underlined and values increased by two are overlined (and in bold). The two
column-vectors on the right of each matrix are the sets of the two missing colors of the vertices xi and yj.
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Abstract

In this paper, we develop a constant amortized time (CAT) algorithm for generating permutations
with a �xed number of excedances. We obtain a Gray code for permutations having one excedance.
We also give a bijection between the set of n-length permutations with exactly one excedance
and the set Sn(321, 2413, 3412, 21534)\{123 . . . (n − 1)n}. This induces a Gray code for the set
Sn(321, 2413, 3412, 21534)\{123 . . . (n− 1)n}.
Keywords: Eulerian numbers, permutation, excedance, descent, pattern avoiding permutation,
Gray code, generating algorithm.

1 Introduction
Let Sn be the set of all permutations of length n (n ≥ 1). We represent permutations

in one-line notation, i.e., if i1, i2, . . . , in are n distinct values in [n] = {1, 2, . . . , n}, we
denote the permutation σ ∈ Sn by the sequence i1i2 . . . in if σ(k) = ik for 1 ≤ k ≤ n. For
instance, the identity permutation of length n, idn, will be written 12 . . . (n − 1)n. Moreover,
if γ = γ(1)γ(2) . . . γ(n) is an n-length permutation then the composition (or product) γ · σ is
the permutation γ(σ(1))γ(σ(2)) . . . γ(σ(n)). In Sn, a k-cycle σ = 〈i1, i2, . . . , ik〉 is an n-length
permutation verifying σ(i1) = i2, σ(i2) = i3, . . . , σ(ik−1) = ik, σ(ik) = i1 and σ(j) = j for
j ∈ [n]\{i1, . . . , ik}; in particular, a transposition is a 2-cycle. Now, let us consider σ ∈ Sn. We
say that σ(i), 1 ≤ i ≤ n, is a strict excedance (or excedance for short) of σ if σ(i) > i. For
0 ≤ k ≤ n−1, we denote by En,k the set of all n-length permutations with exactly k excedances.
Obviously, {En,k}0≤k≤n−1 forms a partition for Sn and it is well known (see for instance [9])
that the cardinality of En,k is given by the Eulerian numbers e(n, k) satisfying:

e(n, k) = (n− k) · e(n− 1, k − 1) + (k + 1) · e(n− 1, k) (1)

anchored by e(n, 0) = 1 and e(n, n − 1) = 1 for n ≥ 1. Notice that e(n, k) also enumerates the
n-length permutations with exactly k descents (σ(i) is a descent of σ ∈ Sn (1 ≤ i ≤ n − 1), if
σ(i) > σ(i+ 1)). Moreover, e(n, 1) is the number of Dyck paths of semi-length n having exactly
one long ascent [23] (i.e., ascent of length at least two).

Eulerian numbers have been widely studied in enumerative combinatorics [9, 11, 18, 19].
Foata and Schützenberger [12] give several fundamental properties of these numbers; some ap-
plications to analysis of algorithms are given by Knuth [14] and to combinatorics on words
by Lothaire [17]. Many of these references study Eulerian numbers as a distribution statistic
(called Eulerian statistic) in Sn. However, an e�cient algorithm does not exist for generating
all n-length permutations with a given number of excedances. Algorithms for generating other
permutation classes have been published (generated in lexicographic order and in constant time
per permutation, in amortized sense). For example, e�cient algorithms are known for derange-
ments [1], involutions [20], up-down permutations [8, 22], permutations with a �xed number of
inversions [10], Fibonacci and Lucas permutations [5]. Also, several algorithms for generating
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permutation classes in Gray code order are given for permutations [13, 24] and their restrictions
[15, 20, 21], derangements [7, 16], with a �xed number of cycles [4], involutions and �xed-point
free involutions [26] or their generalizations (multiset permutations [25]).

In this paper, we provide an algorithm for generating n-length permutations with a �xed
number of excedances, in Constant Amortized Time (CAT). An improvement of this algorithm
allows us to list permutations with exactly one excedance in Gray code order. This code is
optimal and two consecutive elements in the list di�er in at most three positions. We construct a
bijection between permutations with exactly one excedance and the set of avoiding permutations
Sn(321, 3413, 3412, 21534)\{123 . . . (n− 1)n} and we also obtain a Gray code for this last set.

2 Generating permutations with a given number of excedances
In this section, we provide a CAT algorithm for generating the set En,k, i.e. the set of

n-length permutations with k excedances.

2.1 Algorithm
Here, we show how one can recursively construct En,k from En−1,k and En−1,k−1 which will

induce a constructive proof of the enumerating relation (1). We also give a lemma, crucial in the
construction of our algorithm.

Let γ ∈ En−1,k be an (n− 1)-length permutation with k excedances, n ≥ 2, 0 ≤ k ≤ n− 2;
let i be an integer, 1 ≤ i ≤ n− 1. If we denote by σ the permutation in Sn obtained from γ by
replacing γ(i) by n and by appending γ(i) on the right of γ, then we consider two cases:

(a) if γ(i) is an excedance in γ, then σ ∈ En,k;
(b) otherwise, σ ∈ En,k+1.

Moreover, (c) if σ is obtained from γ by appending n on the right, then σ ∈ En,k. Conversely,
each permutation in En,k, n ≥ 2, can be uniquely obtained by one of these three constructions
(a), (b) and (c), which gives a combinatorial proof of the relation (1).

Then we de�ne below the functions φn and ψn as follow:

De�nition 1. For 0 ≤ k ≤ n−2, an integer i ∈ [n−1] and a permutation γ ∈ En−1,k, we de�ne
an n-length permutation σ = φn−1(i, γ) by

σ(j) =





n if j = i
γ(i) if j = n
γ(j) otherwise.

We also de�ne the function ψn−1 from En−1,k to Sn that transforms γ ∈ En−1,k in the permu-
tation σ ∈ En,k obtained from γ by appending n on its right.

For example, if γ = 3142 ∈ E4,2, we have φ4(3, γ) = 31524 ∈ E5,2; φ4(2, γ) = 35421 ∈ E5,3

and ψ4(γ) = 31425 ∈ E5,2. More generally and with the same hypothesis of De�nition 1, we can
easily remark that:

φn−1(i, γ) = ψn−1(γ) · 〈i, n〉 = 〈γ(i), n〉 · ψn−1(γ).

In the sequel of this paper, we will omit the index n in φn and ψn since it will be known by
the context.

The above comments induce the following straightforward lemma that is the key of our
algorithm.

Lemma 2.1. Let n,m, `, k be four natural numbers such that 1 ≤ m < n, 0 ≤ ` ≤ m − 1, and
0 ≤ k ≤ n− 1. Let also γ ∈ Em,`.

- If there exists i, 1 ≤ i ≤ m − 1, such that γ(i) is an excedance of γ, then there is a
permutation σ ∈ En,k such that σ is obtained from φ(i, γ) (respectively ψ(γ)) by applying
several times the functions φ and ψ if and only if: (i) ` ≤ k and m+ 1− ` ≤ n− k.
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- Now let us consider i, 1 ≤ i ≤ m, such that γ(i) is not an excedance of γ, then there is
a permutation σ ∈ En,k such that σ is obtained from φ(i, γ) by applying several times the
functions φ and ψ if and only if: (ii) `+ 1 ≤ k and m− ` ≤ n− k.

- If σ ∈ En,k is obtained from γ ∈ Em,` by the �rst previous construction and τ ∈ En,k from
the second, then σ and τ are di�erent.

Now we explain the main di�culties in implementing our procedure gen(m, `) given in
Figure 1. The procedure gen(1, 0) generates recursively all permutations σ ∈ En,k. Indeed, let
us consider that when we run the recursive call gen(m, `), the current permutation is σ ∈ Em,`
where its excedances are in positions i1, i2, . . . , i`, (i.e. the excedances of σ are σ(i1), . . . , σ(i`)).
Then, an array t1 contains these ` positions i1, i2, . . . , i`. On the other hand, the indices in
[m]\{i1, i2, . . . , i`} are stored in an array t2 of length r = m − `. By considering the necessary
conditions of Lemma 2.1, the procedure gen(m, `) generates permutations in Em+1,` or Em+1,`+1

by applying to σ the functions φ and/or ψ. In order to obtain:

- ψ(σ) ∈ Em+1,`; we add the index (m+ 1) on the right of array t2 (t2[r + 1] = m+ 1) and
we call gen(m+ 1, `).

- φ(ij , σ) with j ∈ [`]; we add (m + 1) on the right of t2 (t2[r + 1] = m + 1). We update
σ = σ · 〈t1[j],m+ 1〉 and we call gen(m+ 1, `).

- φ(i, σ) with i /∈ {i1, i2, . . . , i`}; i.e., for each j ≤ r, we put temp = t2[j]. We add temp
on the right of t1 (t1[` + 1] = temp) and we replace t2[j] by m + 1; then we update
σ = σ · 〈temp,m+ 1〉 and we call gen(m+ 1, `+ 1).

After each recursive call, we update t1 and t2 and σ in order to obtain the previous con�gu-
ration before the call. These statements require a complexity in O(1) (i.e. independent of the
permutation length). See Figure 1 for our generating algorithm and for some examples.

procedure gen(m, `)
r := m− `
if m = n then output σ;
else

if ` ≤ k and m + 1 − ` ≤ n− k then
t2[r + 1] := m + 1
gen(m + 1, `)
for each v ∈ [`]

σ := σ · 〈t1[v],m + 1〉
gen(m + 1, `)
σ := σ · 〈t1[v],m + 1〉

if ` + 1 ≤ k and m− ` ≤ n− k then
for each v ∈ [r]

t1[` + 1] := t2[v]
temp := t2[v]; t2[v] := m + 1
σ := σ · 〈temp,m + 1〉
gen(m + 1, ` + 1)
σ := σ · 〈temp,m + 1〉
t2[v] := temp;

end procedure

E4,1 E4,2 E5,1

1 4231 1 3241 1 52341 14 52134
2 1432 2 3412 2 15342 15 13245
3 1243 3 4321 3 12543 16 15243
4 3214 4 1342 4 12354 17 14235
5 4213 5 2431 5 42315 18 15234
6 1324 6 2143 6 52314 19 21345
7 1423 7 3421 7 14325 20 51342
8 2134 8 3142 8 15324 21 41325
9 4132 9 2314 9 12435 22 51324
10 3124 10 4312 10 12534 23 31245
11 4123 11 2413 11 32145 24 51243

12 52143 25 41235
13 42135 26 51234

Figure 1: Generating algorithm for permutations with a �xed number of excedances and
the lists E4,1, E4,2 and E5,1.

2.2 Complexity
Here we do not consider the trivial case k = 0 (k = n − 1 resp.) where En,0 = {12 . . . n}

(En,n−1 = {2 . . . n1} resp.). Let us assume k 6= 0 and k 6= n − 1. Then our algorithm produces
all permutations of En,k in constant amortized time (CAT); i.e. the amount of computation is
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proportional to the number of generated objects. Indeed, in our procedure the computation is
proportional to the number of recursive calls performed by it, and each call generates a combi-
natorial object, or produces at least two calls. A Java implementation of this algorithm can be
viewed at http://www.u-bourgogne.fr/jl.baril/applet.html.

3 Gray code for permutations with exactly one excedance
In this part, we will adapt the previous algorithm for generating En,1, n ≥ 1, in a Gray

code order. A Gray code is a family {Ln}n≥0 of lists of n-length sequences such that in each list
the Hamming distance d between any two consecutive sequences (i.e. the number of positions
in which they di�er) is bounded by a constant independently of their length. If this constant is
minimal then the code is called optimal.

Now we explain how one can modify the procedure of Figure 1 in order to produce a Gray
code listing for En,1. Let us remark that the generating tree associated with the previous
algorithm has the following properties:

- for each k ≤ n − 1, a permutation σ ∈ Ek,1 has two sons: φ(i, σ) if σ(i) is the excedance
in σ; and ψ(σ);

- for each k ≤ n−2, σ = idk = 12 . . . k has (k+1) sons: ψ(idk) = idk+1, φ(1, idk), . . . , φ(k−
1, idk), φ(k, idk);

- for k = n− 1, σ = idn−1 = 12 . . . (n− 1) has (n− 1) sons: φ(1, idn−1), . . . , φ(n− 1, idn−1).

This means that each level k ≤ n−1 of the generating tree contains all permutations of Ek,1∪{idk}
and the last level n contains those of En,1. Then for each k ≤ n − 1 and for a permutation
σ ∈ Ek,1 ∪ {idk}, we associate:

• a direction, up or down. A permutation σ with the direction up (down respectively) will
be denoted by σ1 (σ0 respectively).

• a list of its sons in the generating tree considered with their directions. The list of successors
of σ0 is obtained by reversing the list of successors of σ1 and by reversing the direction of
each element of the list.

Now, let σ1 ∈ Ek,1 ∪ {idk}. We de�ne the sequence L of integer where L(i) denotes the ith
integer of the sequence L:

L =

{
k − 1, k − 3, k − 5, . . . , 1, 2, 4, . . . , k if k is even,
k − 1, k − 3, k − 5, . . . , 2, 1, 3, . . . , k if k is odd,

and we distinguish two cases:
- if σ1 has two sons where σ(i) is an excedance, the list of its successors is φ(i, σ)0, ψ(σ)1.

- if σ1 = id1
k, k ≤ n− 1, the list of its successors is

φ(L(1), σ)0, φ(L(2), σ)1, . . . , φ(L(k), σ)(k−1) mod 2, ψ(σ)1,

Recall that for σ0, we take the reverse list of σ1.
So we recursively de�ne our Gray code En,1 ∪ {idn} for En,1 ∪ {idn} as follow:

En,1 =

{
11 if n = 1

©en−1,1+1
i=1 Π(i) otherwise,

where Π(i) is the list of the ith permutation of the En−1,1∪{idn−1} considered with its direction,
and © is the concatenation operator for lists. See Figure 2 for instance.

Theorem 2. The list En,1 ∪ {idn} de�ned above is an optimal Gray code for En,1 ∪ {idn}. Two
consecutive elements in the list di�er in at most three positions. Consequently, the restricted list
En,1 is also an optimal Gray code for the set En,1.
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Proof. We proceed by induction on n. The property is true for n ≤ 3. We assume that it holds
for k ≤ n− 1 and we will prove that En,1 ∪ {idn} is a Gray code.
First, we consider transitions between the successors of a permutation σ ∈ En−1,1 ∪ {idn−1},
i.e. the transitions of the form (i) φ(i, σ), φ(j, σ) for 1 ≤ |i − j| ≤ 2, or (ii) φ(i, σ), ψ(σ), with
1 ≤ i, j ≤ n − 1. For the transition (i), we easily have φ(i, σ) = φ(j, σ) · 〈j, i, n〉. For (ii), we
have φ(i, σ) = ψ(σ) · 〈i, n〉. Thus two successive permutations in En,1∪{idn}, that have the same
predecessors in En−1,1 ∪ {idn−1}, di�er in at most three positions.

Now we assume that σ and τ are two successive permutations in En,1 ∪ {idn} that do
not have the same predecessor in En−1,1 ∪ {idn−1}. Let σ1 ∈ En−1,1 ∪ {idn−1} (respectively
τ1 ∈ En−1,1 ∪ {idn−1}) be the predecessor of σ (respectively τ). Via the recurrence hypothesis,
σ1 and τ1 di�er by at most three positions. We distinsguish three cases:

- (a) If σ1 has the direction 1 (up), and τ1 the direction 0 (down), then σ = ψ(σ1) and
τ = ψ(τ1) which implies that σ and τ di�er by at most three positions.

- (b) If σ1 has the direction 0, and τ1 the direction 1, then they necessarily have the same
predecessor γ ∈ En−2,1 ∪ {idn−2}.
If γ = idn−2 then σ1 = φ(i, idn−2), τ1 = φ(j, idn−2) with 1 ≤ |i − j| ≤ 2 and 1 ≤ i, j ≤
n − 2; or σ1 = φ(n − 2, idn−2) and τ1 = ψ(idn−2) = idn−1. Therefore, for the �rst case,
σ = φ(i, σ1), τ = φ(j, τ1) and τ = σ · 〈j, i, n − 1〉; and for the second case, we have
σ = φ(n − 2, σ1) and τ = φ(n − 2, idn−1) which means τ = σ · 〈n − 1, n〉. Thus σ and τ
di�er in at most three positions.
If γ 6= idn−2 then we obtain σ1 = φ(i, γ) and τ1 = ψ(γ) (or conversely) where γ(i) is the
only one excedance of γ. Thus we have σ = φ(i, σ1) and τ = φ(i, τ1), which implies that
τ = σ · 〈n− 1, n〉. Thus σ and τ di�er in at most three positions.

- (c) If σ1 has the direction 1, and τ1 the direction 1, then they necessarily have the same
predecessor idn−2 ∈ En−2,1∪{idn−2}. Thus, σ1 = φ(n−2, idn−2), τ1 = idn−1 and we have
σ = φ(n− 2, σ1) and τ = φ(n− 2, idn−1) which also prove that σ and τ di�er in at most
three positions.

For the optimality, it su�ces (for instance) to remark for instance that E4,1∪{id4} contains seven
odd permutations and �ve even permutations. This allows us to prove that we can not obtain
Gray code for E4,1 ∪ {id4} such that two consecutive permutations di�er by two positions. 2

Notice that, since idn is the last permutation of the Gray code En,1 ∪ {idn}, the restricted
list En,1 is also an optimal Gray code. Figure 2 illustrates the generating tree for E4,1.

(n,k)=(4,1)

21
21

12
12

213
213

312
231

2134 2143 2341 2314

1

1

3124 3142

321
312

1342

0

1324

132
132

1423 4123 1243

123
123

2134 4132 4123 3124 3214 4213 1423 1324 1432 4231 1243

1

0 1

0 1 0 1 1

0 1 0 1 0 1 0 1 0 1

Figure 2: The generating tree for the Gray codes E4,1. Each permutation of E4,1 with
its direction, lies on the �rst line of the leaves (in boldface). The second line generates
permutations in S4(321, 2413, 3412, 21534)\{1234} studied in Section 4.

Remark 3.1. Notice that we can obtain the generating tree of En,1 ∪ {idn} using the method
ECO [2, 3]. Indeed, the following succession rules
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(2) root
(k) → (21)

k−1(k + 1)
(21) → (21)

2

also provide En,1∪{idn}. Here, the rules for obtaining a successor of a permutation σ ∈ Ek,1
is not the classical insertion between two entries of σ; but we obtain the successor of σ by
appending (k + 1) at the end of σ and by a product (on the right) of a transposition 〈i, k + 1〉
for some i ∈ [k + 1].

This rule does not satisfy the stability property introduced in [6]. However, the rule is
almost stable since the label of the root is the only one that does not produce two labels (2).
Consequently, the method in [6] allows to construct a Gray code in a particular representation
of En,1 ∪ {idn} (which is not the classical representation of a permutation).

4 A bijection between En,1 ∪ {12 . . . n} and Sn(T ) with T =
{321, 2413, 3412, 21534}
In this part we give a correspondence between En,1 ∪ {12 . . . n} and a set of avoiding per-

mutations Sn(321, 2413, 3412, 21534). A permutation σ = σ1σ2 . . . σn ∈ Sn contains the pattern
γ ∈ Sk (k ≥ 2) if and only if a sequence of indices 1 ≤ i1 < i2 < . . . < ik ≤ n exists such that
σi1σi2 . . . σik is ordered as γ. We denote by Sn(γ) the set of permutations of Sn avoiding the
pattern γ. For example, 2341 /∈ S4(123) but 4312 ∈ S4(123).

Now, we de�ne the function φ′ below:

De�nition 2. For an integer i ∈ [n − 1] and a permutation γ ∈ Sn−1, we de�ne an n-length
permutation σ = φ′n−1(i, γ) by

σ(j) =





n if j = i
γ(j) if j ≤ i− 1
γ(j − 1) otherwise.

Thus the permutation φ′n−1(i, γ) is obtained from γ by inserting n just before γ(i).

For example, φ′5(3, 52431) = 526431. As for the function φ, we will omit the index in φ′n.

Theorem 3. If we replace φ by φ′ in the de�nition of our Gray code En,1∪{idn}, we also obtain
an optimal Gray code for the set Sn(321, 2413, 3412, 21534) such that two successive permutations
di�er in at most three positions.

Proof. Let us prove that our generating tree considered with φ′, creates all permutations of
the set Sn(321, 2413, 3412, 21534). We proceed by induction on n. This holds for n ≤ 5. Let
us assume that the result is true for k ≤ n. Let σ be a permutation on the level n + 1.
Therefore, σ is obtained from a permutation τ in Sn(321, 2413, 3412, 21534). If τ = idn then
σ = φ′(i, idn) with 1 ≤ i ≤ n, or σ = ψ(idn) = idn+1, which implies that σ belongs to the set
Sn+1(321, 2413, 3412, 21534). If τ 6= idn then σ = φ′(n, τ) or σ = ψ(τ), and σ is still in the set
Sn+1(321, 2413, 3412, 21534).
Conversely, let us prove that each permutation σ ∈ Sn+1(321, 2413, 3412, 21534) belongs to the
level n+ 1 of the generating tree. If we have σ(n) = n+ 1 or σ(n+ 1) = n+ 1 then there exists
τ ∈ Sn(321, 2413, 3412, 21534) such that, either σ = φ′(n, τ) or σ = ψ(τ). This proves that σ
belongs to the level n + 1 of the generating tree. For the other cases, there exists i ≤ n − 1,
such that σ(i) = n + 1. Since σ avoids 321, we necessarily have σ(i + 1) < σ(i + 2) < . . . <
σ(n + 1). Since σ avoids 2413 and 3412, we necessarily have σ(j) < σ(i + 1) for j ≤ i − 1.
Since σ avoids 21534 then σ(1) < σ(2) < . . . < σ(i − 1). For all these reasons, we obtain
σ = 123 . . . (i− 1)(n+ 1)i(i+ 1) . . . n = φ(i, idn) which induces that σ belongs to the generating
tree. This means that the generating tree with φ′ allows us to generates all permutations in the
set Sn(321, 2413, 3412, 21534). It also provides a Gray code for the set Sn(321, 2413, 3412, 21534)
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such that two successive permutations di�er in at most three positions. This can be proved in
the same way as Theorem 2. 2

This theorem induces a constructive bijection betweenEn,1∪{idn} and Sn(321, 2413, 3412, 21534).

Corollary 4.1. Let σ ∈ Ek−1,1 ∪ {idk−1}, we recursively de�ne the maps fk from Ek,1 ∪ {idk}
to Sk(321, 2413, 3412, 21534), 1 ≤ k ≤ n by:
• f1(id1) = id1,

• fk(ψ(σ)) = ψ(fk−1(σ)),
• fk(φ(i, idk−1)) = φ′(i, idk−1), for k ≤ n,
• fk(φ(i, γ)) = φ′(k − 1, fk−1(γ)), if γ 6= idk−1.

Then fk is a bijection such that fk(idk) = idk. Moreover, fk(σ) can be obtained from σ in linear
time.

Proof: The fact that fk is a bijection from Ek,1 ∪ {idk} to Sk(321, 2413, 3412, 21534) is directly
deduced from Theorem 3. Now let us prove that fk(σ) can be obtained from σ in linear time.
Indeed, for the trivial case where σ(k) = idk then fk(σ) = σ and there is nothing to do. Now
let us assume that σ 6= idk and γ ∈ Ek−1,1 ∪ {idk−1} be its predecessor in the generating tree.
Therefore, if σ(k) = k then fk(σ) = ψ(fk−1(γ)). Now let us consider σ(k) 6= k. Thus, there exists
i, 1 ≤ i ≤ k − 1 such that σ(i) = k is the only one excedance of σ and we have γ(i) = σ(k). We
distinguish two cases. (a) If σ(k) = i then we necessarily have γ = idk−1 and fk(σ) = φ′(i, idk−1).
(b) If σ(k) 6= i then γ 6= idk−1 and fk(σ(k)) = φ′(k − 1, fk−1(γ)). The recursivity is stopped
when γ reaches an identity permutation, i.e., when we reach the trivial case explained above.
This means that the case (a) is performed only one time in order to construct fk(σ); for the
other levels of the recursivity, we update the current permutation by appending a value on its
right and eventually by a product on the right of a transposition. This proves that fk(σ) can be
obtained in linear time.



For example, f4(3214) = f4(ψ(321)) = ψ(f3(321)) = ψ(f3(φ(1, 12))) = ψ(φ′(1, 12)) =
ψ(312) = 3124.

Remark 4.1. The list fn(En,1) is also an optimal Gray code for the set of avoiding permutations
Sn(321, 2413, 3412, 21534)\{idn}. Two consecutive elements in the list di�er in at most three
positions. Notice that despite this last result, this bijection is not an isomorphism in the sense
where the images of two close elements are close. Indeed, if d is the Hamming distance, we have
for instance d(12345, 52143) = 3 and d(f5(12345), f5(52143)) = d(12345, 31254) = 5. See Table
1 for an illustration of our bijection onto the Gray code En,1.

Now, let us consider the map φ′′ de�ned as follow:

De�nition 3. For an integer i ∈ [n − 1] and a permutation γ ∈ Sn−1, we de�ne an n-length
permutation σ = φ′′n−1(i, γ) by

σ(j) =





n if j = γ−1(i)
γ(j) if j ≤ γ−1(i)− 1
γ(j − 1) otherwise.

Thus the permutation φ′′n−1(i, γ) is obtained from γ by inserting n just before i.

For example, φ′′5(3, 52431) = 524631.

Remark 4.2. If we replace φ by φ′′ in the de�nition of our Gray code En,1 ∪ {idn}, we also
obtain a generating tree for the set Sn(231, 4132, 4213, 21534) which can not be directly im-
plemented in a CAT algorithm. Notice that the generating tree obtained does not list the set
Sn(231, 4132, 4213, 21534) in Gray code order. We do not provide the proof of this remark since
it can be obtained mutatis mutandis from this one of Theorem 2.
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Table 2: The Gray codes E4,1, E5,1, and their images by the bijection of Corollary 4.1:
S4(T )\{1234} and S5(T )\{12345} where T = {321, 2413, 3412, 21534}.

E4,1 E5,1

1 2134 1 21345 14 15234
2 4132 2 51342 15 15243
3 4123 3 51324 16 13245
4 3124 4 41325 17 14325
5 3214 5 41235 18 15324
6 4213 6 51234 19 52314
7 1423 7 51243 20 42315
8 1324 8 31245 21 12435
9 1432 9 32145 22 12534
10 4231 10 52143 23 12543
11 1243 11 52134 24 52341

12 42135 25 15342
13 14235 26 12354

S4(T )\{Id4} S5(T )\{Id5}
1 2134 1 21345 14 13452
2 2143 2 21354 15 13254
3 2341 3 21453 16 13245
4 2314 4 21435 17 14235
5 3124 5 23415 18 14253
6 3142 6 23451 19 41253
7 1342 7 23154 20 41235
8 1324 8 23145 21 12435
9 1423 9 31245 22 12453
10 4123 10 31254 23 12534
11 1243 11 31452 24 51234

12 31425 25 15234
13 13425 26 12354

5 Final remarks
In this paper, we give an e�cient (CAT) algorithm for generating permutations with a �xed

number of excedances. An improvement of this algorithm allows us to obtain optimal Gray
code for permutations with exactly one excedance. We provide a constructive bijection between
En,1 and the set Sn(321, 2413, 3412, 21534)\{12 . . . (n−1)n} which induces an optimal Gray code
for Sn(321, 2413, 3412, 21534)\{12 . . . (n− 1)n}. Moreover we remark that there is a one-to-one
map from Sn(321, 2413, 3412, 21534) to Sn(231, 4132, 4213, 21534) that does not induces a Gray
code for the second set. Can one �nd a Gray code for the set Sn(231, 4132, 4213, 21534)? More
generally, can one �nd a Gray code for the set En,k for 2 ≤ k ≤ n− 1? Is it possible to obtain a
set of avoiding permutations which is in bijection with En,k for 2 ≤ k ≤ n−1? Eulerian numbers
also enumerate permutations of length n with a �xed number of descents; can one develop an
e�cient (CAT) algorithm for generating these objects?
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In this paper we study the problem of the whole mirror duplication-random loss model
in terms of pattern avoiding permutations. We prove that the class of permutations
obtained with this model after a given number p of duplications of the identity is the
class of permutations avoiding the alternating permutations of length 2p + 1. We also
compute the number of duplications necessary and sufficient to obtain any permutation of
length n. We provide two efficient algorithms to reconstitute a possible scenario of whole
mirror duplications from identity to any permutation of length n. One of them uses the
well-known binary reflected Gray code (Gray, 1953) [10]. Other relative models are also
considered.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction and notation

The well-known genome duplication consists in copy-
ing a part of the original genome inserted into itself, fol-
lowed by the loss of one copy of each of the duplicated
genes (see [2,9,11,14,17] for an explanation of different
methods of duplication). From a formal point of view, a
genome of n genes is represented by a permutation of
length n. In a previous article, Chaudhuri et al. [7] investi-
gated a variant called the tandem duplication-random loss
model: the duplicated part (of size K ) of the genome is in-
serted immediately after the original portion, followed by
the loss procedure. This model comes from evolutionary
biology where it has been applied to the vertebrate mito-
chondrial genomes. Chaudhuri et al. introduce a notion of
distance between two genomes and they provide an algo-
rithm to compute it efficiently for certain regions of the
parameter space. Bouvel and Rossin [5] have also studied

* Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril),

remi.vernay@u-bourgogne.fr (R. Vernay).

this model. They proved that the class of permutations ob-
tained from the identity after p steps (of width K ) is also
a class of pattern avoiding permutations. More particularly,
they investigate the restricted case of a whole duplication
(W-duplication for short): the whole duplication consists
in copying entirely the permutation on its right and the
loss procedure consists to delete one of the two copies of
each gene. Here, we give an example of the process of a
W-duplication followed by the loss procedure on the per-
mutation 123456:

123456 � 1 2 3 4 5 6 1 2 3 4 5 6︸ ︷︷ ︸
duplication

� 1 2 � 3 4 � 5 6 � 1 � 2 3 � 4 5 � 6︸ ︷︷ ︸
loss procedure

� 124635.

So, they prove that the permutations obtained after p W-
duplications is the class of permutations avoiding all min-
imal permutations with 2p descents, minimal in the sense
of pattern-involvement relation on permutations. More-
over, they computed the number of duplication-loss steps

0020-0190/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.ipl.2010.04.016
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Fig. 1. A WM-duplication of the permutation 5421673. The encircled points are deleted by the loss procedure.

of width K necessary and sufficient to obtain any permuta-
tion. More recently, Bouvel and Pergola [4] showed a local
and simpler characterization and several properties of the
set of minimal permutations with 2p descents.

In this article, we focus on the whole mirror duplication-
random loss model (WM-duplication for short): it consists
in copying the mirror of the permutation on its right fol-
lowed by the loss procedure. This model very likely occurs
in one half of eubacterial genomes, and possibly in most
chromosomes [8,15]. Fig. 1 illustrates a WM-duplication for
the permutation σ = 5421673:

5421673 � 5 4 2 1 6 7 3 3 7 6 1 2 4 5︸ ︷︷ ︸
mirror duplication

� 5 4 � 2 � 1 6 � 7 � 3 3 7 � 6 1 2 � 4 � 5︸ ︷︷ ︸
loss procedure

� 5463712.

Let Sn denote the set of n-length sequences s = s1s2 . . . sn of
positive integers. The mirror of s is s̄ = snsn−1 . . . s1. A sub-
sequence of s is a sequence si1 si2 . . . sim for 1 � i1 < i2 <

· · · < im � n. A subsequence is called a substring when the
set {i j, 1 � j � m} is an interval, i.e. when the subsequence
appears as consecutive elements in s. An ascent (resp. a de-
scent) of s is any position i (1 � i � n − 1) with si < si+1
(resp. si > si+1). A run up (resp. a run down) of s is a sub-
string (of length at least one) in which the elements are in
increasing order (resp. decreasing order). More generally, a
run up (or run down) is said to be maximal when it can-
not be extended in a longer run up (resp. run down) in the
sequence. We refer the reader to Rodney and Wilf [6] for
results concerning the enumeration of permutations that
have a given number of runs up and down. For instance, if
s = 5467312 then position 4 is a descent, the substring 46
is a run up, and 467 is a maximal run up. Note that 5 is
also a maximal run up. A valley of s is a substring which is
a run down followed by a run up each of the length of at
least two, i.e. a substring sksk+1 . . . s� , 1 � k < � � n, such
that there is j (k < j < �) verifying sk > sk+1 > · · · > s j and
s j < s j+1 < · · · < s� . A valley is maximal if the substring is
maximal for this property. In the above example, the sub-
strings 5467 and 7312 are the only maximal valleys of s.
We denote by val(s) the number of maximal valleys in s,
i.e. the cardinality of the set { j, s j < min{s j−1, s j+1}}. A re-

cursive formula enumerating permutations with a given
number of valleys can be found in [16].

On the other hand, a sequence s of length n is a per-
mutation whenever each si is a distinct member of the
[n] = {1,2, . . . ,n}. In the sequel, permutations will be de-
noted by Greek letters: σ ,π, τ , . . . . Let Sn be the set of all
permutations of length n (n � 1). In relation to the previ-
ous definition, any permutation σ contains at most �n−1

2 �
valleys. A permutation σ ∈ Sn is alternating if σ1 > σ2 <

σ3 > σ4 < σ5 > · · · . In the literature [1], alternating per-
mutations are also called down-up permutations and are
enumerated by the Euler numbers (A000111 [19]). For in-
stance, the permutation 324165 is alternating. Notice that
an alternating permutation of length n contains exactly
�n−1

2 � valleys.
A permutation π of length k, k � n, is a pattern of a

permutation σ ∈ Sn if there is a subsequence of σ which
is order-isomorphic to π ; i.e., if there is a subsequence
σi1σi2 . . . σik of σ (with 1 � i1 < i2 < · · · < ik � n) such that
σi� < σim whenever π� < πm . We write π ≺ σ to denote
that π is a pattern of σ . A permutation σ that does not
contain π as a pattern is said to avoid π . For example, σ =
1423 contains the patterns 132, 312 and 123; but σ avoids
the pattern 321. The class of all permutations avoiding
the patterns π1,π2, . . . ,πk is denoted S(π1,π2, . . . ,πk),
and Sn(π1,π2, . . . ,πk) denotes the set of permutations of
length n avoiding π1,π2, . . . and πk . We also say that
S(π1,π2, . . . ,πk) is a class of pattern-avoiding permuta-
tions of basis {π1,π2, . . . ,πk}. A class C of permutations is
stable for ≺ if, for any σ ∈ C , for any π ≺ σ , then we also
have π ∈ C . We now formulate a remark that is crucial for
the present study.

Remark 1. If a class C of permutations is stable for ≺ then
C is also a class of pattern avoiding permutations of basis
B = {σ /∈ C,∀π ≺ σ with π �= σ ,π ∈ C}.

The paper is organized as follow. In Section 2, we prove
that the class of permutations obtained from the identity
after a given number p of whole mirror duplications is
the class of permutations with at most 2p−1 − 1 valleys.
This is the class of permutations avoiding the alternating
permutations of length 2p + 1. Moreover, we obtain the
length of a shortest path between any permutation and the
identity. In Section 3, we yield two algorithms (and their
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Fig. 2. The three non-isomorphic configurations in the proof of Lemma 1.

complexity) which construct such a shortest path. One of
them uses an efficient algorithm for generating the well-
known binary reflected Gray code [3,10]. In Section 4, we
give some results about other models of duplications using
W- and WM-duplications.

2. Pattern avoiding permutations and the mirror
duplication-random loss model

In this section we study the WM-duplication random
loss model in terms of pattern avoiding permutations. We
establish that the class C(p) obtained from the identity af-
ter p WM-duplications is exactly the class of permutations
avoiding all alternating permutations of length 2p + 1.

Lemma 1. Let σ and π be two different permutations such that
π ≺ σ . Then σ contains at least many valleys as π does.

Proof. It is sufficient to check the result for σ ∈ Sn and
π ∈ Sn−1 since a straightforward induction will complete
the proof. Let σ ∈ Sn and π ∈ Sn−1 such that π ≺ σ , then
π is order-isomorphic to a subsequence of σ obtained
from σ by deleting only one entry of σ . We distinguish
three non-isomorphic configurations illustrated in Fig. 2.
More precisely, if we delete the encircled value in config-
uration (b), this reduces the number of valleys of σ . This
does not occur for (a) and (c) where the number of val-
leys remains invariant after deletion of the encircled value.
In all cases, a deletion of value in σ can not increase the
number of valleys. �
Lemma 2. A permutation obtained from the identity after a
given number p of WM-duplications contains at most 2p−1 − 1
valleys.

Proof. We obtain the proof by induction. The result holds
for p = 1; indeed a mirror duplication of the identity can-
not create a valley. Now, let us assume that each permu-
tation π obtained from the identity after (p − 1) mirror
duplications contains at most 2p−2 − 1 valleys. Let σ be
a permutation obtained from the identity after p mirror
duplications. Then σ is obtained from a permutation π
with 2p−2 − 1 valleys after exactly one mirror duplication.
Therefore σ can be written as the concatenation of two
subsequences of π and π̄ : i.e. σ = ττ ′ where τ (resp. τ ′)
is a subsequence of π (resp. π̄ ). According to Lemma 1, τ
and τ ′ contains at most 2p−2 −1 valleys. As the concatena-
tion of τ and τ ′ can (eventually) create one valley between
them, σ contains at most 2 · (2p−2 − 1)+ 1 = 2p−1 − 1 val-
leys which achieves the induction. �

Theorem 1. The class C(p) of permutations obtained from the
identity after a given number p of mirror duplications is the
class of permutations with at most 2p−1 − 1 valleys.

Proof. After considering Lemma 2, it suffices to prove that
any permutation σ with at most 2p−1 − 1 valleys can
be obtained from the identity after p mirror duplications.
We proceed by induction on p. Indeed, let σ be a per-
mutation with k valleys, 2p−2 − 1 < k � 2p−1 − 1. Then
σ can be written σ = ττ ′ where τ corresponds to the
longest prefix of σ containing exactly 2p−2 − 1 valleys
and τ ′ the remaining suffix. We decompose the permu-
tation τ = u1d1u2d2 . . . u�d� , where ui and di are respec-
tively runs up and down defined as follows: u1 is the first
run up excepted its top value; d1 the run down just af-
ter u1; u2 the run up just after d1 excepted its top value,
and so on. Notice that u1 can be empty which does not
occur for d� . Remark that we have � = 2p−2 and thus
k < 2�. For example, τ = 5421673 has the decomposi-
tion: u1 is empty, d1 = 5421, u2 = 6 and d2 = 73. Let
also u�+1d�+1 . . . ukdk . . . u2�d2� be the similar decomposi-
tion for τ ′ . In this decomposition, the runs ui and di are
empty for i > k. Now let us perform the following pro-
cess: we sort in decreasing order the values that appear
in d� or u�+1 which creates a run down D�; we sort in
increasing order the values in u� or d�+1 which creates a
run up U�; we construct the sequence S = U�D� . We sort
in a decreasing order sequence D�−1 the values in d�−1 or
u�+2, and so on. At each step j, we insert the obtained
ordered sequence U j and D j at the beginning of S . The
permutation S = U1 D1 . . . U�−1 D�−1U� D� obtained at the
end of this process contains at most 2p−2 − 1 valleys. See
Fig. 3 for an example of construction of S . Thus, by in-
duction, S can be obtained from the identity after (p − 1)

mirror duplications. By construction σ is reached by one
mirror duplication of S . Indeed, from any Ui (resp. Di ),
1 � i � �, we can reconstitute the corresponding ui and
d2�−i+1 (resp. di and u2�−i+1). Therefore σ can be con-
structed from the identity with p mirror duplications.

Notice that the permutation σ is decomposed in a par-
tition into runs up and down u j and d j . We will use this
decomposition in Section 3.2 to reconstitute a path of WM-
duplications from the identity to σ . �
Corollary 1. Let σ be a permutation and val(σ ) the number
of its valleys. In the mirror duplication model, 
 log2(val(σ ) +
1)� + 1 steps are necessary and sufficient in order to obtain σ
from the identity permutation.

Proof. Let p be the integer such that 2p−2 − 1 < val(σ ) �
2p−1 − 1, i.e. p = 
 log2(val(σ ) + 1)� + 1. According to The-
orem 1, p = 
 log2(val(σ ) + 1)� + 1 steps are sufficient to
obtain σ from the identity. It is also necessary since σ
contains at least 2p−2 valleys which means that σ cannot
be obtained from the identity in (p − 1) steps at most. �

In the next part we will provide algorithms in order
to reconstitute a shortest path between the identity and a
given permutation.
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Fig. 3. Decomposition σ = ττ ′ and the permutation S obtained after the process in the proof of Theorem 1. We have τ = 10 13 9 6 12 3, τ ′ = 11 8 1 5 7 4 2,
u1 = 10, d1 = 13 9 6, u2 is empty, d2 = 12 3, u3 is empty, d3 = 11 8 1, u4 = 5, d4 = 7 4 2 and, D2 = 12 3, U2 = 1 8 11; D1 = 13 9 6 5; U1 = 2 4 7 10.
Thus S = U1 D1U2 D2 = 2 4 7 10 13 9 6 5 1 8 11 12 3.

Theorem 2. The class C(p) of permutations obtained after a
given number p of WM-duplications is the class of permutations
avoiding the alternating permutations of length 2p + 1.

Proof. Indeed, the permutations obtained after p mirror
duplications is stable for the relation ≺, i.e. if σ ∈ C(p)

and π ≺ σ then π ∈ C(p) (see Lemma 1). Thus (see Re-
mark 1), C(p) is also a class of pattern avoiding permuta-
tions S(B) where B is the set of minimal (relatively to ≺)
permutations σ that are not in C(p). Such a minimal per-
mutation σ contains exactly 2p−1 valleys. Indeed, σ /∈ C(p)

means val(σ ) � 2p−1 and any permutation with at least
2p−1 + 1 valleys is not minimal since it contains a pattern
π /∈ C(p) with 2p−1 valleys. Moreover, the configuration
σi−1 < σi < σi+1 and σi−1 > σi > σi+1 can not occur since
if we delete σi we do not decrease the number of valleys.
Also we necessarily have σ1 > σ2. Thus we deduce that
σ is an alternating permutation with 2p−1 valleys and its
length is 2p + 1. �

For example, C(1) = S(213,312) and C(2) = S(21435,

31425,41325,32415,42315,21534,31524,51324,32514,

52314,41523,51423,42513,52413,43512,53412).

We also obtain a more general result (see Theorem 3)
for the class of permutations having at most p valleys. No-
tice that, with [16,12,13], a bivariate generating function
for this class is:

1

1 − y

(
1 − 1

y
+ 1

y

√
y − 1

× tan

(
x
√

y − 1 + arctan

(
1√

y − 1

)))
,

where the coefficient of xn yk is the number of permuta-
tions of length n with at most k valleys.

Theorem 3. The class of permutations having at most p valleys
is the class of permutations avoiding the alternating permuta-
tions of length 2p + 3.

Proof. The proof is obtained mutatis mutandis. �

3. Algorithmic considerations

In this section, we present two algorithms that pro-
vide a possible scenario of whole mirror duplications and
losses for any σ ∈ Sn . Both construct a shortest path of
WM-duplications from identity to σ . The first algorithm
reconstitutes the path in reverse order, i.e., we start from
σ and at each step we compute the predecessor of the
current permutation until the identity. The second algo-
rithm computes the successor of the current permutation
by starting from the identity until σ . These two algorithms
give (generally) two different paths. The second method is
interesting in the sense where it uses the special struc-
ture of the reflected binary Gray code [10]. Moreover, in
the case where we want to get the first (resp. last) ele-
ments of the path, Algorithm 2 (resp. Algorithm 1) will be
more efficient. Finally, we discuss the complexity of these
algorithms.

Notice that if we have a shortest path P of WM-dupli-
cations from identity to σ , we can easily obtain a shortest
path of WM-duplications from σ−1 to the identity by ap-
plying σ−1 on each permutation of P .

3.1. A path from 12 . . .n to σ ∈ Sn: Algorithm 1

Here we explain how we can establish an algorithm
in order to construct a scenario of WM-duplications from
identity to σ ∈ Sn by reconstructing this path from σ ,
i.e. at each step we find the predecessor of the current
permutation and the process finishes when the identity
is reached. We partition the permutation σ as follow:
σ = u′

1d′
1u′

2d′
2 . . . u′

kd′
k where u′

1 = σ1 . . . σi1 is the maximal
run up containing the first entry σ1; d′

k is the maximal
run down containing σn; d′

1 is the maximal run down
containing σi1+1; u′

k is the maximal run up just before
d′

k , i.e. the value just before d′
k in σ belongs to u′

k; we
continue this process by alternating runs up and down un-
til the permutation σ is entirely partitioned. Notice that
this decomposition is not the same as we have done in
the proof of Theorem 1. For i from 1 to � = � k+1

2 �, we
define by Ui (resp. Di ) the increasing (resp. decreasing)
order sorting of u′

i and d′
k−i+1 (resp. d′

i and u′
k−i+1). Let

π = U1 D1U2 D2 . . . U�D� be the concatenation of all sorted
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Algorithm 1 The procedure BackPath producing a scenario
of WM-duplications from 12 . . .n to σ ∈ Sn .

procedure BackPath
while σ �= 12 . . .n do

– π ← empty
– Let σ = u′

1d′
1u′

2d′
2 . . . u′

kd′
k be the partition into runs up and runs

down
for i ← 1 to � k+1

2 � do
– Sort in increasing order u′

i and d′
k−i+1 and append the sorted

substring on the right of π
– Sort in decreasing order d′

i and u′
k−i+1 and append the sorted

substring on the right of π
end for
– σ ← π

end while

substrings Ui and Di where D� can be empty. Therefore
π contains at most (� − 1) = � k+1

2 � − 1 = � val(σ )+2
2 � −

1 = � val(σ )
2 � valleys. This step requires O(n) computations

since we can simultaneously detect and sort the runs up
and down. By iterating this process with this new permu-
tation π , Corollary 1 ensures that the procedure BackPath
(see Algorithm 1) constructs a path from identity to σ in
(
 log2(val(σ )+1)�+1)O(n), i.e. O(n · log2(n)) in the worst
case. For instance, this process applied to the permutation
σ = 5421673 gives the path σ ← 3576421 ← 1234567
(the runs up are in boldface).

3.2. A path from 12 . . .n to σ ∈ Sn: Algorithm 2

In this section, we construct a path of WM-duplications
from 12 . . .n to the permutation σ ∈ Sn , i.e. we start
from the identity and at each step we find the suc-
cessor of the current permutation; the process finishes
when σ is reached. We decompose the permutation σ =
u1d1u2d2 . . . ukdk . . . u2�d2� in runs up and down in the
same way as we have done in the proof of Theorem 1. We
recall this decomposition: ui and di are respectively runs
up and down defined as follows: u1 is the first run up ex-
cepted its top value; d1 the run down just after u1; u2 the
run up just after d1 excepted its top value, and so on. No-
tice that u1 can be empty: such a decomposition is given
as example in the proof of Theorem 1.

We now label each run in this decomposition with the
reflected binary Gray code [10]: we can do this using a
loopless algorithm introduced by Bitner, Ehrlich, and Rein-
gold [3]. For instance, Fig. 4 shows such a labeling. The
structure of the binary reflected Gray code Bn is crucial:
Bn = 0 · Bn−1 ∪ 1 · Bn−1 anchored by B1 = {0,1} and where
Bn is the list Bn considered in the reverse order. The first
runs from u1 to d� have 0 as their least significant bit,
then those have 1. According to the proof of Theorem 1,
we reconstitute the previous permutation π of σ by con-
catenating (on the left) the sorting in decreasing order D�

of d� and u�+1, the sorting in increasing order U� of u�

and d�+1, and so on.
Conversely, at the step j of our algorithm we perform

a WM-duplication of π by: (i) keeping in the first copy of
π the elements labeled 0 on the jth least significant bit,
and, (ii) keeping in the mirror the elements labeled 1 on
the jth least significant bit (see Fig. 4 for an example). This
step requires only O(n) computations.

Algorithm 2 The procedure Path producing a scenario of
WM-duplications from 12 . . .n to σ ∈ Sn .

procedure Path
– π = 12 . . .n
– Partition σ = u1d1u2d2 . . . ukdk into runs up and runs down
– Label the runs up and runs down with the reflected binary Gray code

(loopless algorithm [3])
for j = 1 to 1 + � log2(k − 1)� do

– Make a WM-duplication step on π that keeps in the first copy of
π exactly the elements whose label has 0 in its jth least signific-
ant bit.

end for

Fig. 4. Labeling of σ = 231684597 with the binary reflected Gray code ac-
cording to the runs up and down. Example of a path of WM-duplications
from the identity permutation to σ .

By iterating this process, Corollary 1 ensures that the
procedure Path (see Algorithm 2) constructs a path from
the identity to σ in (
 log2(val(σ ) + 1)� + 1)O(n), i.e.
O(n · log2(n)) in the worst case. Remark that Algorithm
2 is more efficient than Algorithm 1 in the case where
we want to get the first permutations of the path. An im-
plementation of our algorithm is available on http://www.
u-bourgogne.fr/jl.baril/id2perm.php.

4. Other models of duplication

In this section, we investigate two variants of the whole
mirror duplication: 1) we do one WM-duplication of the
identity followed by several W-duplications and, 2) we do
one WM- or/and W-duplication of the identity followed by
several W-duplications. For these two cases we provide a
characterization of the class of permutations obtained after
p duplications.

4.1. One WM-duplication followed by several W-duplications

We have seen in the first section that one WM-du-
plication of the identity gives the class of permutations
without valley. Thus, we obtain by induction that the class
of permutations obtained after one WM-duplication of the
identity followed by (p − 1) W-duplications is included in
the class of permutations with at most 2p−1 − 1 valleys.

Theorem 4. The class of permutations obtained after one WM-
duplication of the identity followed by (p − 1) W-duplications
is the class of permutations with at most 2p−1 − 1 valleys.

Proof. Theorem 1 induces that the class of permutations
obtained after one WM-duplication of the identity is the
class of permutations without valley. Thus the result is true
for p = 1. Now we proceed by induction. Let us assume
that the class of permutations obtained after one WM-du-
plication of the identity followed by (p−1) W-duplications
is the class of permutations with at most 2p−1 − 1 valleys.
Let σ be a permutation in this last class. If we apply one
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W-duplication on σ , we obtain a permutation π with at
most 2(2p−1 − 1) + 1 = 2p − 1 valleys. Now it suffices to
prove that any permutation π with at most 2p − 1 valleys
can be obtained after one W-duplication of a permutation
σ with at most 2p−1 − 1 valleys. Indeed, let π be a per-
mutation with k valleys, 2p−1 − 1 < k � 2p − 1. As we have
done in the proof of Theorem 2, we write π = ττ ′ where
τ corresponds to the longest prefix of π containing exactly
2p−1 − 1 valleys and τ ′ the remaining suffix. We decom-
pose the permutation τ = u1d1u2d2 . . . u�d� , where ui and
di are respectively runs up and down defined as follows:
u1 is the first run up excepted its top value; d1 is the run
down just after u1; u2 is the run up just after d1 excepted
its top value, and so on. We necessarily have � = 2p−1

and thus k < 2�. Let also u�+1d�+1 . . . ukdk . . . u2�d2� be the
similar decomposition for τ ′ . Now let us perform the fol-
lowing process: we sort in increasing order the values that
appear in u1 or u�+1 which creates a run up U1; we sort
in decreasing order the values in d1 or d�+1 which creates
a run down D1; we construct the sequence S = U1 D1. We
sort in an increasing order sequence U2 the values in u2
or u�+2, and so on. At each step j, we insert the obtained
ordered sequences U j and D j on the right of S . The per-
mutation S = U1 D1 . . . U�−1 D�−1U�D� obtained at the end
of this process contains at most 2p−1 − 1 valleys. By con-
struction π is reached by one W-duplication of S since we
can reconstitute ui and u�+i from Ui (resp. di and d�+i
from Di ). We conclude by induction. �

The following corollary is directly deduced from Theo-
rem 4 with the same proof as for Theorem 2.

Corollary 2. The class of permutations obtained after one WM-
duplication of the identity followed by (p −1) W-duplications is
the class of permutations avoiding the alternating permutations
of length 2p + 1.

4.2. One W- or WM-duplication followed by several
W-duplications

In this part, we perform one W- or WM-duplication
of the identity followed by several W-duplications. Let
us recall that an ascent (resp. a descent) of an n-length
permutation σ is a position i, 1 � i � n − 1, such that
σ(i) < σ(i + 1) (resp. σ(i) > σ(i + 1)).

Theorem 5. The class of permutations obtained after one W- or
WM-duplication of the identity followed by p W-duplications is
the union of the two classes: (i) permutations having at most
2p − 1 valleys and, (ii) permutations with at most 2p+1 − 1
descents.

Proof. After one W- or WM-duplication of the identity
we obtain the union of the class of permutations without
valley with the class of permutations with at most one de-
scent. A straightforward induction on p allows us to obtain
the result using Theorems 1 and 4. �
Corollary 3. The class C′(p) of permutations obtained after
one W- or WM-duplication of the identity followed by p W-

duplications is the class of permutations avoiding the permu-
tations of length 3 · 2p + 1 having exactly 2p valleys and 2p+1

descents.

Proof. Let σ be a minimal permutation which is not in
C′(p). The minimality of σ induces that σ does not con-
tain any run up of size at least three. By contradiction, if
it is the case then by deleting the second value of the run
up, the obtained sequence is isomorphic to a permutation
which is also not in C′(p). Also σ cannot begin by an as-
cent for the same reasons. The permutation σ necessarily
has 2p valleys and 2p+1 descents. Indeed, if σ contains at
least 2p+1 + 1 descents, it contains a run down of length
at least three which contradicts the fact that σ is minimal.
A simple calculation allows us to show that σ is necessar-
ily of length 3 · 2p + 1. �

For example, C′(0) = S(4132,3142,4312,3241,3214,

4231,4213,2143); we have computed the cardinality of
the basis of C′(1), which is 720. In the same way, we have
the more general corollary:

Corollary 4. The class of permutations having at most p val-
leys and at most 2p + 1 descents is the class of permutations
avoiding the permutations of length 3p +4 having exactly p +1
valleys and 2p + 2 descents.

Notice that the set of permutations of length 3p + 4
having exactly p + 1 valleys and 2p + 2 descents is also
the set of permutations with the same length, the same
number of valleys and where every ascent is immedi-
ately preceded by a descent (which defines a valley). This
set was studied by Shapiro et al. [18] (see also the se-
quence A101280 in [19]). Indeed, they enumerate the per-
mutations of length n having k peaks and with the ad-
ditional property that every ascent is immediately fol-
lowed by a descent. Thus, the cardinality of our set is
obtained when n = 3p + 4 and k = p + 1. For instance, the
first cardinalities for p = 0,1,2,3,4 are 8,720,230144,

179266560,277662253056.

5. Further research directions

In this paper, the whole mirror duplication model is
studied. However, many relative open problems still need
to be considered. For example, let σ1 and σ2 be two per-
mutations in Sn . Can one exhibit an efficient algorithm
to compute the permutation π which minimizes the sum
d(π,σ1)+d(π,σ2) where d(π,σ ) is the minimum of WM-
duplication steps required to transform π into σ ? Can
one characterize the class of avoiding permutations corre-
sponding to the permutations obtained from the identity
after one W-duplication followed by p WM-duplications?
More generally, can we characterize the permutations ob-
tained after p steps of either W- or WM-duplications? Can
one obtain similar results with the tandem mirror duplica-
tion model: the mirror of the duplicated part (of size K )
is inserted immediately after the original portion and we
apply the loss procedure.
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1. Introduction and notation

Let S (resp. Sn) be the class of permutations (resp. of length n). We represent permutations in one-line notation, i.e. if
i1, i2, . . . , in are n distinct values in [n] = {1, 2, . . . , n}, we denote the permutation σ ∈ Sn by the sequence i1i2 · · · in if
σ(k) = ik for 1 ≤ k ≤ n. For instance, the identity permutation of length n, Idn, will be written 1 2 · · · n. A segment of a
permutationσ is a subsequence of the formσiσi+1 · · · σj−1σj orσjσj+1 · · · σnσ1 · · · σi−1σi where 1 ≤ i ≤ j ≤ n. The cardinality
(or length) of a segment W will be denoted |W |. A permutation σ = σ1σ2 · · · σn ∈ Sn contains the pattern π ∈ Sk, k ≥ 2,
if and only if a sequence of indices 1 ≤ i1 < i2 < · · · < ik ≤ n exists such that σ(i1)σ (i2) · · · σ(ik) is ordered as π . We
write π ≺ σ to denote that π is a pattern of σ . A permutation σ that does not contain π as a pattern is said to avoid π .
Let B be a set of permutations. We denote by Avn(B) (resp. Av(B)) the set (resp. the class) of permutations in Sn (resp. S)
avoiding all patterns π ∈ B. For example, 25314 ∉ Av5(123) but 43152 ∈ Av5(123). See for instance [2,3]. In the following,
a subsequence of a permutation σ order-isomorphic to Dk = k(k − 1) · · · 21 will be called a Dk-pattern of σ . A class C
of permutations is closed (or stable) for the involvement relation ≺ if, for any σ ∈ C, for any π ≺ σ , then we also have
π ∈ C. Such a class can always be defined by a class Av(B) of pattern-avoiding permutations. In the case where B is minimal
(relatively to the relation ≺), B is called a basis.

Let σ = σ1σ2 · · · σn be a permutation in Sn. We define two bijections r (cyclic rotation) and ℓ (lift rotation) on Sn as:
r(σ ) = σnσ1σ2 · · · σn−1 and ℓ(σ ) = (σ1 mod (n) + 1)(σ2 mod (n) + 1) · · · (σn mod (n) + 1). For the sake of simplicity,
we will say that a permutation σ ′

∈ Sn is a cyclic rotation (resp. lift rotation) of a permutation σ ∈ Sn if σ ′
= rk(σ ) (resp.

σ ′
= ℓk(σ )) for some k ∈ [1 · · · n]. For instance, 231 and 312 are both cyclic rotations of 123 ∈ S3; 213 and 132 are both

lift rotations of 321 ∈ S3. The cyclic closure cc(C) (resp. lift closure cl(C)) of a class C is the class of permutations that can be
obtained by a cyclic rotation (lift rotation) from a permutation inC. Finally, the toric closure tr(C) ofC is defined by cc(cl(C))
which is also equal to cl(cc(C)).

Given a closed class of permutations, two well-studied problems are that of finding its enumeration and its basis. We are
interested in these questions for cyclically closed classes, introduced by Albert et al. (See [1]).

Let C be the class Av(B) where B is a set of patterns. We know that cc(C) is a pattern-avoiding class where its basis is
the set of permutations that are minimal with respect to not lying in cc(C). Let σ be a permutation in C and θ be a pattern
of σ , i.e, a subsequence of σ order-isomorphic to a member of B. Modulo a cyclic rotation of σ , we assume that σ = sαtβ
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θ6

Fig. 1. The special structure of a permutation σ ∉ Av(Dk). A filled area does not contain any point of the form (i, σi), 1 ≤ i ≤ n. A sequence of j increasing
diagonals in an area means that it does not contain a pattern (j + 1)j · · · 21.

where α (resp. β) is the first (resp. last) value of θ . The witnessed segment W (θ) of θ is the segment sα. Albert et al. give a
necessary and sufficient condition for σ to be (or not) in the cyclic closure of C.

Lemma 1 ([1]). σ ∉ cc(C) if and only if the witnessed segments cover σ .

Moreover, they obtain a sufficient condition for the class cc(C) to be finitely based.

Proposition 1 ([1]). Let C = Av(B), where B is finite and suppose there is a bound ∆ depending on B alone such that, for all
σ ∉ cc(C), there is a collection of at most ∆ witnessed segments that cover σ . Then cc(C) is finitely based.

Albert et al. deduce from Proposition 1 that cc(Av(321)), cc(Av(231)) and cc(Av(4321)) are finitely based. They also
show that the cyclic closure of a finitely based class can fail to be finitely based (it is the case for the class Av(265143)). They
provide several results about enumeration.

This paper is organized as follows. In Section 2, we prove that the cyclic closure of Av(k(k − 1) · · · 21) has a finite basis
B. Moreover, we prove that the smallest length of a minimal permutation of B is 2k − 1, and that these basis permutations
are enumerated by (2k − 1).ck where ck is the kth Catalan number. We also characterize these permutations. In Section 3,
we investigate the lift closure of closed classes. We show a duality with the cyclic closure which allows to prove that the lift
closure of Av(k(k− 1) · · · 21) is finitely based. In Section 4, we study the toric closure. We give a sufficient condition for the
class tr(C) to be finitely based. We have obtained a proof that tr(Av(321)) is finitely based, but we do not give it. Indeed,
the proof requires many cases to check and it does not contain any interesting concept. We finish the paper by presenting
several open problems.

2. Cyclic closure

Let σ = σ1 · · · σn be a permutation of length n such that σ ∉ cc(Av(Dk)) for k ≥ 3. For x ∈ {1, . . . , n}, we define Wσ (x)
to be the set of subsequences θ = θ1θ2 · · · θk−1θk of σ (considered cyclically), order-isomorphic to Dk = k(k − 1) · · · 21
and such that x ∈ W (θ). Let Wσ be the union of all Wσ (x) for 1 ≤ x ≤ n. In the following, we will omit the subscript σ
for Wσ (x) and Wσ since it should be clear from context. For θ, θ ′

∈ W , we define an order relation E by: θ ′ E θ if and
only if (a) |W (θ ′)| < |W (θ)|; or (b) |W (θ ′)| = |W (θ)| and the associated word θ ′

1θ
′

2 · · · θ ′

k is smaller than θ1θ2 · · · θk in
lexicographic order. Thus W is a non-empty finite totally-ordered set. Let θ be its maximal element. Then, σ has a special
structure illustrated in Fig. 1 and described below.

Indeed, σ can be written (modulo rotation):

σ = θ1α1θ2α2 · · · θk−1αk−1θkαk
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where W (θ) = αkθ1, θi ∈ {1, 2, . . . , n} and αi are segments of σ for i ∈ [1, k]. By convenience, we set θk+1 = 0 and
θ0 = n + 1. For i ∈ [1, k − 1], we define the subsequence α−

i (resp. α+

i ) of elements in αi that are smaller than θi+1 (resp.
greater than θi−1). On the other hand, α−

i,j, i ∈ [1, k − 2], j ∈ [i + 2, k + 1], (resp. α+

i,j, i ∈ [2, k − 1], j ∈ [0, i − 2],) is the
subsequence of α−

i (resp. α+

i ) constituted by all values greater than θj (resp. smaller than θj).
With these hypotheses, σ verifies the following structural properties.

Fact 1. For i ∈ [1, k − 1], αi does not contain any value in the interval [θi+1, θi].
If there exists y ∈ αi such that y ∈ [θi+1, θi], then θ ′

= θ1 · · · θiyθi+1 · · · θk−1 is a subsequence of σ belonging to W
such that |W (θ ′)| > |W (θ)| which is a contradiction with the maximality of θ .

Fact 2. For i ∈ [1, k − 1], αi does not contain any value in [θi, θi−1].
If there exists y ∈ αi such that y ∈ [θi, θi−1], then θ ′

= θ1 · · · θi−1yθi+1 · · · θk is a subsequence of σ belonging to W
such that θ E θ ′ which is a contradiction.

Fact 3. For i ∈ [1, k − 2], j ∈ [i + 2, k], α−

i,j lies in Av(Dj−i) and α−

i lies in Av(Dk−i).
If α−

i,j contains a subsequence ρ1ρ2 · · · ρj−i order-isomorphic to Dj−i, then θ ′
= θ1 · · · θiρ1 · · · ρj−iθj · · · θk−1 belongs

to W and verifies |W (θ ′)| > |W (θ)| which is a contradiction.
Fact 4. For i ∈ [2, k − 1], j ∈ [0, i − 2], α+

i,j lies in Av(Di−j).
If α+

i,j contains a subsequence ρ1ρ2 · · · ρj−i order-isomorphic to Di−j, then θ ′
= θ1 · · · θjρ1 · · · ρi−jθi+1 · · · θk−1

belongs to W and verifies θ E θ ′ which is a contradiction.
The following facts are simple generalizations of Facts 3 and 4. The proofs are obtainedmutatis mutandis.

Fact 3′. For i ∈ [1, k − 2], j ∈ [i + 2, k], ℓ ∈ [i + 1, k − 1], α−

i,jθi+1α
−

i+1,jθi+2 · · · α−

ℓ−1,jθℓ lies in Av(Dj−i) and
α−

i θi+1α
−

i+1θi+2 · · · α−

ℓ−1θℓ lies in Av(Dk−i).
Fact 4′. For i ∈ [2, k − 1], ℓ ∈ [i + 1, k], j ∈ [0, ℓ − 3], α+

i,jθi+1α
+

i+1,jθi+2α
+

i+2,j · · · α
+

ℓ−1,jθℓ lies in Av(Dℓ−j−1).

Theorem 1. Let k ≥ 3 be an integer. Then cc(Av(Dk)) is finitely based.

Proof. Let σ = σ1 · · · σn be a permutation of length n which does not belong to cc(Av(Dk)). The crucial point of the proof
is to find a bounded number (independently of n) of witnessed segments that cover σ . Finally, we will conclude through
Proposition 1.

Let θ = θ1 · · · θk be the maximal element of W . Modulo cyclic rotation, σ can be decomposed as follows:

σ = θ1α1θ2α2 · · · αk−1θkαk.

Notice that αk and θ1 = σ1 are obviously covered by W (θ) since W (θ) = αkθ1. Thus, it suffices to prove that αiθi+1 for
1 ≤ i ≤ k − 1 are covered by a bounded number of witnessed segments.

Let i such that 1 ≤ i ≤ k−1 and σ i be the rotation of σ defined by σ i
= αiθi+1 · · · θkαkθ1α1 · · · θi−1αi−1θi. By hypothesis,

there is a subsequence ρ of σ i (considered cyclically) such that θi+1 ∈ W (ρ). If αi is empty, there is nothing to do since
αiθi+1 is covered by W (ρ). Now, let us suppose that αi is not empty, and let us consider the first value x1 of αi. Then, there
is a subsequence ρ = ρ1ρ2 · · · ρk of σ i order-isomorphic to Dk such that x1 ∈ W (ρ). We take for ρ the maximal element of
W(x1).

We discuss on the first value ρ1 of ρ: (i) ρ1 ∉ αi; (ii) ρ1 ∈ α−

i and (iii) ρ1 ∈ α+

i . The case (i) is straightforward since this
means that αiθi+1 is included intoW (ρ).

Let us examine (ii): ρ1 ∈ α−

i . Notice that ρk appears on the right of θk (in σ i), since otherwise θ would not be maximal
in W (because θ1 ∈ W (ρ) and |W (ρ)| > |W (θ)|). So, let j be the smallest integer, 1 ≤ j ≤ k − 1, such that ρj belongs to
α−

i α−

i+1 · · · α−

k−1 but not ρj+1. Then, the special structure (particularly Fact 3′) of σ necessarily induces that the subsequence
ρ ′

= θi+1θi+2 · · · θi+jρj+1ρj+2 · · · ρk is order-isomorphic to Dk and x ∈ W (ρ ′). This gives a contradiction with the fact that ρ
is the maximal element of W(x1). Therefore, the case (ii) never occurs.

Let us examine (iii): ρ1 ∈ α+

i . If there exists j, 1 ≤ j ≤ k − 1 such that ρj ∈ α+

i and ρj+1 ∈ α−

i , then we consider ℓ being
the smallest integer j + 1 ≤ ℓ ≤ k − 1, such that ρℓ belongs to α−

i · · · α−

k−1 but not ρℓ+1 (ℓ exists since ρk is on the right
of θk). So, with the same argument as for (ii), Fact 3′ necessarily induces that ρ ′

= ρ1 · · · ρjθi+1θi+2 · · · θi+ℓ−jρℓ+1 · · · ρk is a
subsequence in W(x1) such that ρ E ρ ′. This is a contradiction. Therefore, the subsequence ρ1

= ρ verifies the property
that any value of ρ1 is necessarily in α+

i θi+1α
+

i+1 · · · α+

k−1θkαkθ1α
−

1 θ2α
−

2 · · · α−

i−1θi. Less formally, we say that ρ1 lies over θ

in σ i. Since this property is crucial for the following of the proof, we call this property the dominance property of ρ1 over θ .
Now we consider the smallest j1, 1 ≤ j1 ≤ k − 1, such that ρ1

j1
belongs to αi but not ρ1

j1+1. By considering Fact 4 (or 4′)
with the dominance property of ρ1 over θ , we deduce j1 < i − 1.

Now, we replace x1 = x by the value x2 of αi just after ρ1
1 (if it exists; otherwise, we take x2 = θi+1). By hypothesis, x2 is

also covered by a witnessed segmentW (ρ2) where ρ2 is another pattern order-isomorphic to Dk, and such that ρ2
k belongs

in σ i on the right of ρ1
k or on the left of x2. With the same argument as above, ρ2 has the dominance property over ρ1, i.e,

less formally, the sequence ρ2 lies over ρ1. Therefore, ρ2 necessarily contains at most j2 ≤ j1 − 1 values in α+

i .
By iterating the reasoning for the value just after the first value of ρ2, we construct a subsequence ρ3 such that the

number j3 of its values in α+

i verifies j3 ≤ j2 − 1.
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The process finishes after at most i − 1 steps. This means that αi can be covered by the witnessed segments W (ρℓ) for
some ℓ, such that 1 ≤ ℓ ≤ i−2 ≤ k−2, i.e. with at most i−2 witnessed segments, which is a bound depending on k alone.
Therefore, αiθi+1 can be covered by at most i−1witnessed segments. Thus, σ is covered by at most 1+

∑k−1
ℓ=1 ℓ = 1+

k(k−1)
2

witnessed segments. �

Theorem 2. For 2 ≤ ℓ ≤ 2k − 1, cc(Av2k−ℓ(Dk)) = S2k−ℓ.

Proof. The proof is straightforward for 2k − ℓ ≤ k, i.e., ℓ ≥ k. In the following of the proof, we take ℓ such that
2 ≤ ℓ ≤ k − 1 and we establish the result by contradiction. So, let us assume that there exists σ of length 2k − ℓ such
that σ ∉ cc(Av2k−ℓ(Dk)) with 2 ≤ ℓ ≤ k − 1. Modulo cyclic rotation, we set σ1 = 2k − ℓ. Let θ = θ1 · · · θk be the leftmost
subsequence of σ order-isomorphic to Dk. We have θ1 = 2k − ℓ and we discuss the value of θk: (i) θk = k − ℓ + 1 and (ii)
θk ≤ k − ℓ.

Case (i). We deduce θ1 = 2k − ℓ, θ2 = 2k − ℓ − 1, . . . , and θk = k − ℓ + 1. The cyclic rotation σ 1 of σ beginning with
θk also contains a subsequence θ1 order-isomorphic to Dk. As θ is the leftmost pattern in σ , θ1 does not begin after θ1 in σ 1.
This means that θ1

1 is at most k − ℓ + 1, and thus θ1
k ≤ k − ℓ + 1 − k + 1 = 2 − ℓ ≤ 0 which induces a contradiction.

Case (ii). We have θk ≤ k − ℓ. The cyclic rotation σ 1 of σ beginning with θk also contains a subsequence θ1 order-
isomorphic to Dk. We consider the leftmost subsequence in σ 1. We necessarily have θ1

1 on the left of θ1 and θ1
k on the right

of θ1 (in σ 1). Moreover θ1 and θ have a nonempty intersection (since 2k − ℓ < 2k). Let σ 2 be the cyclic rotation of σ
beginning with θ1

k and θ2 be the leftmost subsequence in σ 2 order-isomorphic to Dk. We necessarily have: θ2
1 is on the left

of θk and after θ1
k (in σ 2). θ2 necessarily contains at least one element x of θ1

1 · · · θ1
k−1. We discuss the position of x relatively

to θ1.
If x is after θ1 in σ 2, then we also have θ2

k after θ1.
If x is before θ1 in σ 2. As θ2 also contains an element y of θ such that y appears after x, we deduce that θ2

k is on the right of
θ1 in σ 2. With the same reasoning, we construct an infinite sequence of Dk-patterns θ i different verifying the property that
θ1 is between θ i

1 and θ i
k which provides a contradiction. �

Theorem 3. The set cc(Av2k−1(Dk)) is enumerated by (2k−1)!−(2k−1)ck−1 where (ck)k≥1 is thewell-known Catalan sequence.

Proof. It suffices to prove that permutations of length 2k−1 such that σ ∉ cc(Av2k−1(Dk)) and σ1 = 2k−1 are enumerated
by ck−1. Letσ = σ1σ2 · · · σ2k−1 be a permutation that does not belong to cc(Av2k−1(Dk)) and such thatσ1 = 2k−1. Obviously
σ contains the pattern Dk. We consider the leftmost pattern θi1θi2 · · · θik in σ (we necessarily have θi1 = 2k − 1).

Now we discuss the value of θik .
Case 1: θik = k. This means that θij = 2k − j for 1 ≤ j ≤ k, σi ≤ k − 1 for i > ik and σ contains a decreasing subsequence
order-isomorphic to Dk. Let σ 1 be the cyclic rotation of σ beginning with k. By hypothesis, σ 1 contains a subsequence order-
isomorphic to Dk. The only one possibility is that this subsequence is exactly k(k − 1) · · · 21.

Moreover, remark that the value just after k+1 is necessarily at least k, i.e, k+1 and k are consecutive in σ . This is due to
the hypothesis that θ is the leftmost pattern in σ . Moreover, for the same reason, two successive decreasing values cannot
appear between k+ 2 and k+ 1. More generally, there does not exist i decreasing values after k+ i for 0 ≤ i ≤ k− 1 which
characterizes the Catalan numbers. Conversely, such a permutation does not belong to cc(Av2k−1(Dk)). See Fig. 2 for k = 4.
Case 2: θik ≤ k − 1. We repeatmutatis mutandis the reasoning of the case (ii) in the proof of Theorem 2. �

Notice that a (2k − 1)-length permutation σ ∉ cc(Av(Dk)) beginning with 2k − 1 does not contain the pattern 123.
Moreover, the previous proof induces a constructive bijection between the set of well-formed parentheses of size 2k−2 and
the set of permutations of length 2k− 1, beginning with 2k− 1, and containing a pattern Dk in each of their cyclic rotations.
Indeed, we consider the binary representation b = b1 · · · b2k−2 of awell-formed parentheses, i.e. bi = 0 if the ith parenthesis
is a closed parenthesis, bi = 1 otherwise). For convenience we add b2k−1 = 0 on the right of b. Now, let j, 1 ≤ j ≤ 2k− 1, be
the rank of the rightmost zero on the left of the rightmost one in b (if j does not exist we set j = 2k − 1). Then, we traverse
b from right to left (from indices j to 1), and we label each zero in increasing order from 1. Finally, we continue to label (in
increasing order) the unlabeled elements of b from right to left. For instance, the parenthesis ()((()())((()))) has a binary
representation 10111010011100000 where j = 9 (in boldface). Its corresponding permutation 17 4 16 15 14 3 13 21 12 11
10 9 8 7 6 5 contains the pattern D9 in each cyclic rotation. See Fig. 2 when k = 4.

Theorem 1 shows that the basis B of cc(Av(Dk)) is finite. Theorems 2 and 3 imply that the smallest length of a minimal
permutation is 2k − 1, and that these permutations are enumerated by (2k − 1) · ck−1. It remains to characterize the other
elements of B. Notice that Albert et al. have experimentally obtained the basis elements of cc(Av(321)) which are 15432,
14325, 164253, 163254 and 1472536. We have experimentally checked that the basis of cc(Av(4321)) contains 5 minimal
permutations of length 7, 32 of length 8, 54 of length 9, and 136 of length 10.

Theorem 4. The inversions of length 2k − 1 which do not lie in cc(Av(Dk)) are enumerated by k(k+1)
2 .

Proof. Let σ be an involution of length 2k− 1 that does not belong to cc(Av(Dk)). We distinguish two cases: (i) there exists
i, k ≤ i ≤ 2k − 2, such that σ2k−i = 2k − 1; and (ii) there exists i, 1 ≤ i ≤ k − 1, such that σ2k−i = 2k − 1.
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Fig. 2. The five permutations σ beginning with 7 such that σ ∉ cc(Av7(D4)): 7654321, 7216543, 7165432, 7615432, 7261543. The leftmost pattern θ is
illustrated in boldface for the one-line notation of σ and with empty points in the representations below. The corresponding well-formed parentheses are
respectively ((())), (())(), (()()), ()(()) and ()()().

The first case (i) implies that there is, k ≤ i ≤ 2k − 2, such that σ2k−i = 2k − 1 and σ2k−1 = 2k − i. Moreover, if we
take j, 1 ≤ j < 2k − i, such that σ2k−j = 1 then this induces σ1 = 2k − j. This means that the cyclic rotation of σ beginning
with 2k− 1, contains from right to left the subsequence 1, 2k− i, 2k− jwhich contradicts the remark just after Theorem 3.
Thus, there exists j, 1 ≤ j < 2k − i, such that σj = 1 and σ1 = j. A similar argument as above allows us to conclude that σ
is necessarily 2k − i − 1, . . . , 1, 2k − 1, . . . , 2k − i.

For the second case, there exists i, 1 ≤ i ≤ k− 1, such that σ2k−i = 2k− 1 and σ2k−1 = 2k− i. In the same way as above,
we deduce that there does not exist j, j > 2k − i, such that σj = 1. Thus, let us consider j, j < 2k − i, such that σj = 1 and
σ1 = j. If j = 2k − i − 1 then it is straightforward to see that we necessarily have σ = (2k − 2) · · · 1(2k − 1) · · · (2k − i).
If j ∈ [k − i, 2k − i − 2] then we easily see that there does not exist some involutions verifying this hypothesis. If
j ∈ [1 · · · k − i − 1] then the only one involution is σ = j · · · 1(2k − i − 1) · · · (j + 1)(2k − 1) · · · (2k − i). To summarize,
there are

∑
i∈[1···k−1](k − i − 1) + k =

k(k+1)
2 such involutions. �

For k = 3 there are 6 involutions of length 5 that do not lie in cc(Av(D3)): 54321, 15432, 21543, 32154, 43215 and 14325.

3. Lift closure

In this section, we study the lift closure cl(C) of a closed class C, i.e., the class of permutations that can be obtained by a
lift of a permutation in C. We provide several general results which make links between cyclic and lift closures.

Lemma 2. If X is a set of permutations then π ∈ cc(X) ⇐⇒ π−1
∈ cl(X−1). Consequently, if X = Av(B) then cc(Av(B)) =

cl(Av(B−1))−1. Moreover, if the basis B is stable by inversion, i.e. B = B−1, then cc(Av(B)) = cl(Av(B))−1.
Proof. Indeed, π ∈ cc(X) means there exists σ = σ1 · · · σn ∈ X such that π = rk(σ ) = σk · · · σnσ1 · · · σk−1. With
r(σ )−1

= ℓ(σ−1) we deduce π−1
= ℓk(σ−1). Thus π−1

∈ cl(Av(X−1)). By symmetry, we conclude π−1
∈ cl(Av(X−1))

implies π ∈ cc(X). The straightforward relation Av(B−1) = Av(B)−1 induces the consequences. �
Now we set C = Av(B) where B is a basis. As for the case of the cyclic rotation, cl(C) also is a class of avoiding

permutations. Let σ be a permutation in C and θ be a pattern (in B) of σ . We define by witnessed interval of σ the cyclic
interval W ′(θ) = [n]\]min(θ) · · ·max(θ)]. Notice that W ′(θ) is an interval in [n] considered cyclically, but it is not
necessarily a segment in σ . We can easily remark that W ′(θ) is also the witnessed segments of σ−1 (considered cyclically)
relatively to the pattern θ−1. Two similar results of Lemma 1 and Proposition 1 can be deduced below.

Lemma 3. σ ∉ cl(C) if and only if the witnessed intervals W ′(θ) cover [n] (or equivalently σ ).
Proof. By applying Lemmas 1 and 2, we obtain: σ ∉ cl(C) if and only if σ−1

∉ cc(C−1), i.e. iff the witnessed segments
(relatively to θ−1 and σ−1) cover σ−1 (or equivalently [n]). With the remark above, this is equivalent to the covering of [n]
by the witnessed intervalsW ′(θ) of σ . �

Proposition 2. Let C = Av(B), where B is finite and suppose there is a bound∆ depending on B alone such that, for all σ ∉ cl(X),
there is a collection of at most ∆ witnessed intervals that cover σ (or equivalently [n]). Then cl(X) is finitely based.
Proof. The proof is a direct consequence of Proposition 1 and Lemma 3. �
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Fig. 3. The witnessed areaW ′′(265) for the permutation 7261543.

Theorem 5. Let k ≥ 2 be an integer. Then cl(Av(Dk)) is finitely based.

Proof. This theorem is a consequence of Theorem1 combinedwith Lemma2. Indeed,wehave cl(Av(Dk)) = cc(Av(Dk))
−1

=

Av(B)−1
= Av(B−1) where B is a finite basis. �

All enumeration results of [1] for the cyclic closure are also valid for the lift closure.

Theorem 6. cl(Av2k−1(Dk)) is enumerated by (2k − 1)! − (2k − 1)ck−1 where (ck)k≥1 is the well-known Catalan sequence.

Proof. This corollary is deduced from Theorem 3. �

4. Going further and conclusion

In this section, we give some general results about the toric closure tr(C) for a class C of permutations, i.e. tr(C) = cl
(cc(C)) = cc(cl(C)). Let fu,v, 1 ≤ u, v ≤ n, be the function defined on Sn by fu,v(σ ) = σ ′ where σ ′

j = (σ(u+j−2) mod (n)+1 −

v)mod (n)+1, for j ∈ [1 · · · n]. The set {fu,v(σ ), 1 ≤ u, v ≤ n} contains exactly all toric rotations of σ since the permutation
fu,v(σ ) equals the permutation rn−u+1(ℓn−v+1(σ )).

Now assume that C = Av(B) where B is a finite set of permutations. Let θ be a pattern (relatively to B) in σ ∈ C.
The witnessed area W ′′(θ) of θ in σ is the direct product of σ−1(W (θ)) of θ with the witnessed interval W ′(θ): W ′′(θ) =

σ−1(W (θ)) × W ′(θ). For instance, the permutation 7261543 contains the pattern 132 (θ = 265), W (θ) is the segment
4372, thus σ−1(W (θ)) = {6, 7, 1, 2},W ′(θ) is the interval 712, and W ′′(θ) is the area {6, 7, 1, 2} × {7, 1, 2}. See Fig. 3 for
an illustration.

We also obtain similar general results as for the cyclic (or lift) closure.

Lemma 4. σ ∉ tr(C) if and only if the witnessed areas cover the area [n] × [n] where n is the length of σ .

Proof. If the witnessed areas of σ cover [n] × [n], then no toric rotation of σ lies in C. Indeed, the toric rotations σ ′ of σ
defined by σ ′

j = (σ(u+j−2) mod (n)+1−v)mod (n)+1, for j ∈ [1 · · · n], where (u, v) ∈ W ′′(θ), all contain θ as a patternwithout
wrap-around and none of these permutations lie inC. Conversely, if the witnessed areas do not cover a point (u, v) then the
toric rotation σ ′ of σ defined as above, contains no pattern (without wrap-around) and thus lies in Av(C). Consequently, σ
lies in tr(Av(C)). �

Proposition 3. Let C = Av(B), where B is finite and suppose there is a bound∆ depending on B alone such that, for all σ ∉ tr(C),
there is a collection of at most ∆ witnessed areas that cover σ . Then tr(C) is finitely based.

Proof. The proof are obtained mutatis mutandis as for Proposition 1. �

We have obtained a proof that tr(Av(321)) is finitely based, but we do not present it because it is very technical and
requires a lot of cases. Experimental calculations suggest that this basis contains one element of length 5, 2 of length 7, 2 of
length 8, 39 of length 9 and 2 of length 10. Thus the problem of finding a nice proof that tr(Av(321)) is finitely based remains
open. We also have the following open questions:

Problem 1. Is tr(Av(231)) finitely based?

Problem 2. Is tr(Av(k · · · 21)) finitely based for k ≥ 4?

Problem 3. Given a finite basis B, is it decidable if cc(Av(B)) is finitely based?
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Abstract

Inspired by the definition of the barred pattern-avoiding permutation, we intro-
duce the new concept of dotted pattern for permutations. We investigate permu-
tations classes avoiding dotted patterns of length at most 3, possibly along with
other classical patterns. We deduce some enumerating results which allow us to ex-
hibit new families of permutations counted by the classical sequences: 2n, Catalan,
Motzkin, Pell, Fibonacci, Fine, Riordan, Padovan, Eulerian.
Keywords: pattern avoiding permutation class; dotted pattern

1 Introduction and notation

Let Sn be the set of permutations on [n] = {1, 2, . . . , n}, i.e., all one-to-one correspon-
dences from [n] into itself. We represent a permutation π ∈ Sn in one-line notation
π = π(1)π(2) . . . π(n). For instance the identity permutation idn of length n will be writ-
ten 12 . . . n. A permutation π ∈ Sn avoids the pattern τ ∈ Sk if and only if there does
not exist a sequence of indices 1 ≤ i1 < i2 < · · · < ik ≤ n such that π(i1)π(i2) . . . π(ik) is
order-isomorphic to τ (see [13, 15]). We denote by Sn(τ) the set of permutations of Sn

avoiding the pattern τ . For example, if τ = 321 then 34125 ∈ S5(τ) while 43512 /∈ S5(τ).
Many classical sequences in combinatorics appear as the cardinality of pattern-avoiding
permutation classes. A large number of these results were firstly obtained by West and
Knuth [9, 13, 15, 17, 18] (see the surveys of Kitaev and Mansour [8, 10]).

In the literature we can also find the concept of barred pattern (see [7, 16], [11] for a
systematic study of these patterns and [2, 5, 15, 19] for some applications). Let τ be a
permutation in Sk and b = b1 . . . bk ∈ {0, 1}k. The barred pattern τ̄ is a permutation in
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Sk obtained from τ by copying the entries of τ and by putting a bar over τi if and only if
bi = 1. For example, if τ = 312 and b = 001 then τ̄ = 312̄. Let r be the number of barred
entries in τ̄ (or equivalently the number of ones in b). We denote the permutation on
[k − r] made up of the (k − r) unbarred elements of τ̄ by τ̂ , rewritten to be a permutation
on [k − r]. Obviously τ contains the pattern τ̂ and we will say that τ extends the pattern
τ̂ according to the binary string b (the positions of the extended entries are the same as
the positions of 1s in b). The permutation π ∈ Sn avoids the pattern τ̄ if and only if
each occurrence of the pattern τ̂ in π can be extended into an occurrence of the pattern
τ in π according to b. For example, if τ̄ = 213465 then b = 001100, 3124576 ∈ S7(τ̄)
and 3142576 /∈ S7(τ̄). Moreover we will say that π ∈ Sn weakly avoids the pattern τ̄ if
and only if each occurrence of the pattern τ̂ in π can be extended into an occurrence of
the pattern τ in π (without considering the string b). Let Sw

n (τ̄) be the set of n-length
permutations that weakly avoid τ̄ . For example, if τ̄ = 123̄ then 1243 ∈ Sw

4 (τ̄) when
1243 /∈ S4(τ̄ ) since the sequence 24 cannot be extended into a pattern 123 according to
b = 001. By definition the weak avoidance is less restrictive than the classical avoidance:
Sn(τ̄) ⊂ Sw

n (τ̄ ). Surprisingly and to my knowledge, the weak avoidance has not been
studied in the literature. One reason could be that the weak avoidance on permutation
classes does not provide the classical integer sequences (2n, Fibonacci, Motzkin, Catalan,
...). However using a variation of this concept we retrieve most of these sequences.

Now we define a dotted pattern τ̇ which adds dots over some entries τi, i ∈ I ⊂ [k],
of τ ∈ Sk. For each j /∈ I, let τ̄ j be the barred permutation of length k obtained from
τ by adding a bar over the entry τj . We will say that a permutation π avoids τ̇ if and
only if π weakly avoids τ̄ j for all j /∈ I. For example, if τ̇ = 132̇ then τ̄ 1 = 1̄32, τ̄ 2 = 13̄2
and S5(τ̇ ) = {15243, 15432, 13254, 13542}; if τ̇ = 231̇ then τ̄ 1 = 2̄31, τ̄ 2 = 23̄1 and
S3(τ̇ ) = {123, 231}. Less formally, if τ j is the pattern τ̄ j without its barred entry then
π avoids τ̇ if and only if each pattern τ j (j /∈ I) can be extended into the pattern τ in
π (without restriction for the position of the extended entry). A particular case of this
definition was studied in [3].

By convention we set Sn(τ̇) = Sn in the case where all entries of τ̇ are dotted. In the
sequel we consider that the pattern τ̇ contains at least one dotted entry and one undotted
entry. More generally we always have

Sn(τ) ⊆ Sn(τ j) ⊆ Sn(τ̇) ⊆ Sw
n (τ̄ j) for all j /∈ I, and

Sn(τ̇) =
⋂

j /∈I

Sw
n (τ̄ j).

We say that π contains τ̇ if π does not avoid τ̇ .
Moreover the Wilf equivalences are also valid: i.e., if δ = τ̇ then we have

|Sn(δ)| = |Sn(δ
r)| = |Sn(δc)| = |Sn(δ−1)|

where δr denotes the reverse of δ where the positions of dots are also reversed (i.e., for
i ∈ I, the position i is replaced with n− i+1), δc denotes the complement of δ where the
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positions of dots are preserved, and δ−1 denotes the inverse of δ where the dots are over
the entries i for i ∈ I.

In this paper, we present some enumeration results for some classes of permutations
avoiding dotted patterns. More precisely, Section 2 presents some basic general lemmas
concerning sets of permutations avoiding dotted patterns. Section 3 investigates exhaus-
tively the sets of permutations avoiding one pattern 21̇ possibly along with one classical
pattern of length 3. Section 4 deals with dotted patterns of length 3. Several open ques-
tions are given about the enumeration of one dotted patterns of length 3. However we
present others enumeration results for the case where the dotted pattern is associated with
one or more other classical patterns. This study allows us to exhibit several new families
of avoiding permutations that are enumerated by the well known sequences: Catalan,
Motzkin, Fibonacci, Riordan, binary, Fine, Padovan, Eulerian.

2 Some general results

In this section we provide some general lemmas about sets of permutations avoiding dotted
patterns. As defined in Section 1, we consider a dotted pattern τ̇ and the permutation
τ ∈ Sk obtained from τ̇ by deleting its dots. If I ⊂ [k] is the set of dotted positions in τ̇
then we also need patterns τ̄ j and τ j for j /∈ I (see Section 1 for these definitions).

Lemma 1 Let τ̇ be a dotted pattern with only one undotted entry. Then we have

Sn(τ̇ ) = Sw
n (τ̄ )

where the pattern τ̄ is obtained from τ by adding a bar over the entry corresponding to
the only one undotted entry of τ̇ .

Proof. Here only one position j is undotted in τ̇ . So we have I = [k]\{j} which induces
only one barred pattern τ̄ j . By definition, π avoids τ̇ if and only if π weakly avoids τ̄ j = τ̄
which achieves the proof. 2

Lemma 2 Let τ̇ be a dotted pattern such that all patterns τ j, j /∈ I, are identical. Then
Sn(τ̇) = Sw

n (τ̄ j) for each j /∈ I.

Proof. Let j and k be two integers that do not lie in I. Recall that τ j (resp. τk) is the
permutation obtained from τ̄ j (resp. τ̄k) by deleting its barred entries. By definition, a
permutation π avoids τ̇ if and only if each pattern τ j (j /∈ I) can be extended into the
pattern τ in π. Therefore we directly deduce Sn(τ̇ ) = Sw

n (τ̄ j) for each j /∈ I. 2

Now Lemma 2 induces the following result:

Lemma 3 Let τ̇ = k(k+1) . . . nδ̇ be a dotted pattern such that δ̇ is obtained from δ ∈ Sk−1

by dotting all its entries. Then Sn(τ̇) = Sw
n (k(k + 1) . . . nδ).

In the remainder of this study, we focus on the enumeration of permutation classes
avoiding dotted patterns.
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3 Avoiding a dotted pattern of length 2

In this section, we present some enumeration results for permutations (and involutions)
avoiding a dotted pattern of length 2, possibly along with one or more classical patterns.
Considering the Wilf equivalences, we obviously obtain

|Sn(21̇)| = |Sn(12̇)| = |Sn(1̇2)| = |Sn(2̇1)|.

Moreover Lemma 1 induces Sn(21̇) = Sw
n (2̄1) and with the definition of the weak avoidance

we also obtain Sn(21̇) = Sw
n (21̄).

Now let us give some useful definitions and notations. A fixed point of a permutation
π ∈ Sn is an integer i ∈ [n] such that πi = i. A permutation without fixed point will be
called derangement, and the set of n-length derangements is denoted Dn. A strong fixed
point of a permutation π ∈ Sn is an integer i ∈ [n] such that πi = i and πj < πi < πk for
all j, k verifying j < i < k. An involution of length n is a permutation π ∈ Sn such that
π2 = idn. Let In be the set of n-length involutions.

Theorem 1 The set Sn(21̇) is the set of the permutations with no strong fixed point.

Its generating function is known (see A052186, [14]) and given by F (x)
1+xF (x)

where F (x) =∑
n>=0

n!xn.

Proof. Let π be an n-length permutation having a strong fixed point i. We have πi = i
and πj < πi < πk for j < i < k. Consequently, the entry i cannot be extended into a
pattern 21 in π. Thus π /∈ Sn(21̇). Conversely, if π contains an entry πi that cannot be
extended into a pattern 21 then we necessarily have πj < πi < πk for j < i < k which
implies that πi = i. Thus π contains a strong fixed point i which completes the proof. 2

Theorem 2 The set Sn(21̇, 12̇) is the set of the permutations π with no strong fixed point
and without i such that πi = n − i + 1 and πj > πi > πk for j < i < k. We have
|Sn(21̇, 12̇)| = 2|Sn(21̇)| − n!.

Proof. By symmetry a permutation avoiding 12̇ has no i such that πi = n − i + 1 and
πj > πi > πk for j < i < k. Thus there does not exist a permutation π ∈ Sn, n ≥ 2, that
contains both the patterns 21̇ and 12̇. So we have |Sn(21̇, 12̇)| = |Sn|−2(|Sn|−|Sn(21̇)|) =
2|Sn(21̇)| − n!. 2

Pattern Sequence Sloane [14]

{21̇}, {12̇}, {1̇2}, {2̇1} no strong fixed point A052186

{21̇, 12̇} 2|Sn(21̇)| − n! new

Table 1: Enumeration for the sets of permutations avoiding dotted patterns of length 2
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3.1 21̇ and one classical pattern of length 3

In this part we give exhaustive results about the cardinalities of the sets of permutations
avoiding 21̇ and one classical pattern of length 3. We also consider the sets of involutions
avoiding these patterns.

Theorem 3 For n ≥ 3, the set Sn(21̇, 123) is enumerated by cn − 2 (see A120304, [14])
where cn = 1

n+1

(
2n
n

)
is the nth Catalan number.

Proof. It is well known that Sn(123) is enumerated by the nth Catalan number (see
for instance [4]). Now if π ∈ Sn(123) contains 21̇ then Theorem 1 implies that there
exists a strong fixed point i in π. There are only two possibilities: either i = 1 and
π = 1n(n − 1) . . . 2 or i = n and π = (n − 1) . . . 21n. Thus |Sn(21̇, 123)| = cn − 2 for all
n ≥ 3. 2

Theorem 4 The set Sn(21̇, 321) is enumerated by the Fine numbers fn (see A000957,
[14]) defined by cn = 2fn + fn−1 where f1 = 0, f2 = 1 and cn is the nth Catalan number.

Proof. In [12], it is proved that the number of permutations π ∈ Sn(321) with no fixed
point is enumerated by the Fine numbers. Thus it suffices to verify that a permutation π ∈
Sn(321) with no strong fixed point does not contain any fixed point. For a contradiction,
let us assume that π contains a fixed point πi = i. Theorem 1 shows that there exists
j 6= i such that at least one of the following conditions is true: (a) j < i and πj > πi; (b)
j > i and πj < πi. For the case (a), this implies that there does not exist πk, k > i such
that πk < πi = i. Therefore each value of the set {1, 2, . . . , i − 1, j} appears (in π) on
the left of πi which contradicts the hypothesis πi = i. The case (b) is obtained similarly.
Thus |Sn(21̇, 321)| = |Sn(321) ∩ Dn| where Dn is the set of n-length permutations with
no fixed point (derangements). By [12], we conclude that Sn(21̇, 321) is enumerated by
the nth Fine number fn. 2

Theorem 5 The set Sn(21̇, 231) is enumerated by the Fine numbers fn defined by cn =
2fn + fn−1 where f1 = 0, f2 = 1 (see A000957, [14]) and cn is the nth Catalan number.

Proof. We use the well known bijection ϕ between Sn(321) and Sn(231) found by Simion
and Schmidt [13] (see also Bóna [4], Lemma 4.3, p. 130). They consider the right-to-left
minima of π ∈ Sn(231); i.e., the entries πi of π such that πj ≥ πi for all j > i. The
bijection ϕ keeps the right-to-left minima of π ∈ Sn(231) fixed and to place all other
entries in increasing order. For example, if π = 85214376 ∈ S8(231) then the right-to-left
minima are 1, 3 and 6 (in boldface) and ϕ(π) = 24517386 ∈ S8(321). As a strong fixed
point also is a right-to-left minimum the bijection ϕ preserves the strong fixed points.
Thus ϕ induces a bijection from Sn(21̇, 231) to Sn(21̇, 321). We conclude using Theorem
4. 2

Theorem 6 The set Sn(21̇, 213) is enumerated by the sequence cn − cn−1 = 3(2n−2)!
(n+1)!(n−2)!

(see A000245, [14]) where cn is the nth Catalan number.
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Proof. Let π be a permutation in Sn(21̇, 213). As π avoids 213, π can be decomposed as
follows: π = kδγ where δ (resp. γ) is a sequence made up of the values in {(k +1), . . . , n}
(resp. values in {1, 2, . . . , (k − 1)}) such that δ and γ also avoid the pattern 213 (see
Bóna [4], p. 132). Now since π avoids 21̇ the first entry k of π must be different from
1. It is straightforward to see that this condition is also sufficient. Thus the cardinality
of Sn(21̇, 213) is exactly cn − cn−1 where cn is the nth Catalan number. Thus we deduce

|Sn(21̇, 213)| = 3(2n−2)!
(n+1)!(n−2)!

. 2

The Wilf equivalences applied to the above results allow us to obtain the enumeration
for all sets of permutations avoiding 21̇ with a classic pattern of length 3:

Pattern Sequence Sloane

{21̇, 321}, {21̇, 312}, {21̇, 231} Fine A000957

{21̇, 132}, {21̇, 213} cn − cn−1 = 3(2n−2)!
(n+1)!(n−2)!

A000245

{21̇, 123} cn − 2 A120304

Table 2: Enumeration for the sets of permutations avoiding 21̇ and one classical pattern
of length 3

Now we present a similar study for the sets of involutions avoiding 21̇ and a classical
pattern of length 3. Recall that In denotes the set of involutions of length n, i.e., the set
of n-length permutations π such that π2 = idn.

Theorem 7 The following statements hold:

i) For n ≥ 1, |In(21̇)| = dn where dn is recursively defined by d1 = 0 and for n ≥ 2,

dn = |In| −
n−1∑
r=1

dr · |In−1−r|.

For instance dn = 0, 1, 1, 4, 9, 31, 94, 337, 1185, 4540 for n ≤ 10.

ii) For n ≥ 3, |In(21̇, 123)| =
(

n
⌊n

2
⌋
)

− 2.

iii) For n ≥ 3, |In(21̇, 132)| = |In(21̇, 213)| =
(

n−1
⌊n−2

2
⌋
)
,

iv) For n ≥ 3, |In(21̇, 231)| = |In(21̇, 312)| = fibn where fibn is the nth Fibonacci
number defined by fib1 = 0, fib2 = 1 and fibn = fibn−1 + fibn−2 for n ≥ 3.

v) For n ≥ 1, |I2n(21̇, 321)| = cn and |I2n+1(21̇, 321)| = 0 where cn is the nth Catalan
number.

Proof. i) Let π be an n-length involution that contains 21̇. By Theorem 1, π can be
written π = δkγ where k ≥ 2, δ ∈ Sk−1(21̇) and γ is a subsequence of elements in
{k + 1, . . . , n}. As δ belongs to Sk−1 and π is an involution, δ ∈ Ik−1(21̇). On the other
hand γ considered as a permutation in Sn−k is necessarily an involution. Therefore the
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set of involutions that contain 21̇ is enumerated by
n∑

k=2

|Ik−1(21̇)| · |In−k| which induces

that for n ≥ 2,

|In(21̇)| = |In| −
n∑

k=2

|Ik−1(21̇)| · |In−k|.

ii) It is straightforward to see that only two involutions containing 21̇ avoid 123: 1n(n −
1) . . . 2 and (n − 1) . . . 21n. Thus for n ≥ 3 we have

|In(21̇, 123)| = |In(123)| − 2 =

(
n

⌊n
2
⌋

)
− 2.

iii) An n-length permutation π that contains 21̇ and avoids 132 can be written π =
δk(k + 1) . . . n where k ≥ 2, δ ∈ Ik−1(21̇). So if an = |In(21̇, 132)| then an = |In(132)| −
1 −

n−1∑
r=2

ar =
(

n
⌊n

2
⌋
)
− 1 −

n−1∑
r=2

ar for n ≥ 3 anchored by a2 = 1. In order to prove the result

we proceed by induction on n ≥ 3. For n = 3 then a3 =
(

3
⌊ 3
2
⌋
)

− 1 − 1 = 1 thus the result

holds. For n ≥ 3 we have,

an =

(
n

⌊n
2
⌋

)
− 1 −

n−1∑

r=2

ar =

(
n − 1

⌊n
2
⌋

)
+

(
n − 1

⌊n
2
⌋ − 1

)
− 1 −

(
n − 2

⌊n−3
2

⌋

)
−

n−2∑

r=2

ar.

With the recurrence hypothesis and after considering the two cases n odd/even, we deduce
an =

(
n−1

⌊n−2
2

⌋
)
.

iv) We set an = |In(21̇, 231)|. Let π be an involution of In(21̇, 231). As π avoids 21̇,
πn = n does not occur. Thus we distinguish two cases: (a) πn = n − 1 and πn−1 = n; and
(b) πn < n − 1.

For the case (a), the permutation π′ ∈ Sn−2 obtained by deleting the two last entries
of π also is an involution in In−2(21̇, 231). Conversely, each permutation π ∈ In(21̇, 231)
(verifying the condition (a)) can be obtained from a permutation π′ as above.

For the case (b), let us assume πk = n with k < n − 1. We consider π′ ∈ Sn−1

obtained by deleting the entry πk = n in π. As π avoids 231, n − 1 is on the right of
n in π. Moreover, we necessarily have πk+1 = n − 1 because otherwise the subsequence
(k + 1)πn−1πn is a pattern 231. Iterating this process, π and π′ can be written π =
δn(n − 1) . . . k and π′ = δ(n − 1) . . . k where δ ∈ Ik−1(21̇, 231). This induces that π′

is a permutation in In−1(21̇, 231). Conversely each permutation π ∈ In(21̇, 231) can be
obtained from a permutation π′ ∈ In−1(21̇, 231) by inserting n just after the entry π′

k−1.
Therefore we deduce, for n ≥ 3 that an = an−1 + an−2 anchored by a1 = 0 and a2 = 1.

This defines the Fibonacci sequence.
v) Let π ∈ I2n+1(21̇, 321). As the length of π is odd, there exists a fixed point πk = k.
As π avoids 21̇, there exists j < k (or j > k) such that πj > πk (or πj < πk). In these
two cases this means that there exists a pattern 321 that is πjkππj

(or ππj
kπj) which is a

contradiction. Thus |I2n+1(21̇, 321)| = 0.
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Now let π ∈ I2n(21̇, 321). In this case, we refer to a result of Deutsch, Robertson, and
Saracino [6], which states that the number of 321-avoiding involutions on [2n] with no
fixed points is cn. Indeed, π is 21̇-avoiding iff it has no fixed point (which follows from
the 321-avoiding property and the fact that π is an involution). 2

Pattern Sequence Sloane

21̇ d1 = 0 and dn = |In| −
n−1∑
r=1

dr · |In−1−r| new

{21̇, 123}
(

n
⌊n

2
⌋
)

− 2 new

{21̇, 132}, {21̇, 213}
(

n−1
⌊n−2

2
⌋
)

A037952

{21̇, 231}, {21̇, 312} Fibonacci A000045

{21̇, 321} cn
2

if n is even; and 0 otherwise A126120

Table 3: Enumeration for the sets of involutions avoiding 21̇ and one classical pattern of
length 3

3.2 21̇ and two classical patterns of length 3

In this part we give exhaustive results about the cardinalities of the sets of permutations
avoiding 21̇ and two classical patterns of length 3. For n ≥ 5, we have |Sn(21̇, 123, 321)| =
|Sn(123, 321)| = 0.

Theorem 8 The set Sn(21̇, 123, 213) is enumerated by 2n−1 −1 for n ≥ 2 (see A000225).

Proof. It is well known that Sn(123, 213) is enumerated by 2n−1. Theorem 3 proves
that Sn(21̇, 123) is the set Sn(123) except the two permutations π = 1n(n − 1) . . . 2
and π′ = (n − 1) . . . 21n. However only π belongs to Sn(213). Therefore we deduce
|Sn(21̇, 123, 213)| = |Sn(123, 213)| − 1 = 2n−1 − 1. 2

Theorem 9 The set Sn(21̇, 132, 213) is enumerated by 2n−1 −1 for n ≥ 2 (see A000225).

Proof. Let π be a permutation in Sn(21̇, 132, 213). Using the proof of Theorem 6, π can
be decomposed as follows: π = kδγ where k 6= 1, δ (resp. γ) is a sequence made up of the
values in {(k + 1), . . . , n} (resp. {1, 2, . . . , (k − 1)}) such that δ and γ avoid the pattern
213. The fact that π ∈ Sn(132) implies that δ ∈ Sn(132, 213) and γ does not contain any
pattern 21. As |Sn(132, 213)| = 2n−1, we deduce that the cardinality of Sn(21̇, 132, 213)

is exactly
n−1∑
i=1

2i−1 = 2n−1 − 1. 2

Theorem 10 The set Sn(21̇, 123, 231) is enumerated by (n−1)n
2

− 1 for n ≥ 3 (see
A000096).
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Proof. It is well known that Sn(123, 231) is enumerated by the polygonal number (n−1)n
2

+

1. Theorem 3 shows that Sn(21̇, 123) is the set Sn(123) except the two permutations
π = 1n(n − 1) . . . 2 and π′ = (n − 1) . . . 21n. Therefore we deduce |Sn(21̇, 123, 231)| =

|Sn(123, 231)| − 2 = (n−1)n
2

− 1. 2

Theorem 11 The set Sn(21̇, 321, 132) is enumerated by n − 1 for n ≥ 2 (see A007953).

Proof. Let π be a permutation in Sn(21̇, 321, 132). As π avoids 21̇, π1 6= 1 and π 6= 12 . . . n.
Let us assume that πi = 1 for some i ≥ 2. We have πi−1 > πi = 1. As π avoids 321,
1 < π1 < π2 < . . . < πi−1 and πi+1 < πi+2 < . . . < πn. As π avoids 132, the values
π1, . . . , πi−1 are necessarily consecutive. As π avoids 21̇, π does not contain any strong
fixed point, which means that there does not exist any value greater than πi−1 to the
right of 1 in π. Thus πi−1 = n and π = k(k + 1) . . . n12 . . . (k − 1) with k 6= 1. Therefore
|Sn(21̇, 321, 132)| = n − 1 for n ≥ 2. 2

Theorem 12 The set Sn(21̇, 132, 231) is enumerated by 2n−2 for n ≥ 2 (see A034008).

Proof. Let π be a permutation in Sn(21̇, 132, 231). The case π1 6= n does not occur.
To see this, assume for a contradiction that π1 = k ≤ n − 1. As π avoids 231 and 132
we necessarily have πn = n which is a contradiction with the avoidance of 21̇. Thus we
have π1 = n. Moreover if π′ is the permutation in Sn−1 obtained from π by deleting
its first value n then π′ also belongs to Sn−1(132, 231). Conversely, if we add n on the
left from a permutation in Sn−1(132, 231), the obtained permutation obviously belongs to
Sn(21̇, 132, 231). Therefore we have |Sn(21̇, 132, 231)| = |Sn−1(132, 231)| = 2n−2. 2

Theorem 13 The set Sn(21̇, 132, 312) is enumerated by 2n−2 for n ≥ 2 (see A034008).

Proof. This proof is similar to that of Theorem 12 since a permutation π ∈ Sn(21̇, 132, 312)
can be written π = π′1 where π′ avoids 132 and 312. As Sn(132, 312) is enumerated by
2n−1, the set Sn(21̇, 132, 312) also is. 2

Theorem 14 The set Sn(21̇, 321, 312) is enumerated by the Fibonacci sequence defined
by fib2 = fib3 = 1 and fibn = fibn−1 + fibn−2 for n ≥ 4 (see A000045).

Proof. Let π be a permutation in Sn(21̇, 321, 312). As π avoids 21̇ we have πn 6= n.
Moreover, π avoids 312 and 321 implies that πn−1 necessarily equals to n and we also have
either πn−2 = n − 1 or πn = n − 1. If πn = n − 1 then the permutation π′ obtained from
π by deleting the two last values also belongs to Sn−2(21̇, 321, 312). On the other hand,
if πn−2 = n − 1 then the permutation π′ obtained from π by deleting πn−1 = n belongs
to Sn−1(21̇, 321, 312). Conversely, each permutation π ∈ Sn(21̇, 321, 312) can be obtained
from a permutation π′ as previous. Therefore, |Sn(21̇, 321, 312)| = |Sn−1(21̇, 321, 312)| +
|Sn−2(21̇, 321, 312)| which defines the Fibonacci sequence. 2

Theorem 15 The set Sn(21̇, 312, 231) is enumerated by the Fibonacci sequence defined
by fib2 = fib3 = 1 and fibn = fibn−1 + fibn−2 for n ≥ 4 (see A000045).
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Proof. Let π be a permutation in Sn(21̇, 312, 231). As π avoids 21̇ we have πn 6= n.
Moreover, π avoids 312 and 231 implies that there exists i ≥ 1 such that πi = n and
πi+1 = n − 1. If i = n − 1 then the permutation π′ obtained from π by deleting the two
last value n(n−1) also belongs to Sn−2(21̇, 312, 231). On the other hand, if i < n−1 then
the permutation π′ obtained from π by deleting πn−1 = n belongs to Sn−1(21̇, 312, 231).
Conversely, each permutation π ∈ Sn(21̇, 321, 312) can be obtained from a permutation
π′ as previous. Therefore, |Sn(21̇, 312, 231)| = |Sn−1(21̇, 312, 231)| + |Sn−2(21̇, 312, 231)|
which defines the Fibonacci sequence. 2

Pattern Sequence Sloane

{21̇, 123, 321} 0, 1, 2, 4, 0, 0, 0 . . .

{21̇, 123, 132}, {21̇, 123, 213}, {21̇, 132, 213} 2n−1 − 1 A000225

{21̇, 123, 231}, {21̇, 123, 312} (n−1)n
2

− 1 A000096

{21̇, 132, 231}, {21̇, 132, 312},

{21̇, 213, 231}, {21̇, 213, 312}
2n−2 A034008

{21̇, 132, 321}, {21̇, 213, 321} n − 1 A007953

{21̇, 231, 312}, {21̇, 231, 321}, {21̇, 312, 321} Fibonacci A000045

Table 4: Exhaustive results for 21̇ and two classical patterns of length 3.

3.3 21̇ and two classical patterns of length 3 or 4

Below we present three results for permutations avoiding 21̇ and two patterns of length
greater than two. We also present an open question for permutations avoiding the patterns
{21̇, 231, 4123}.

Theorem 16 The set Sn(21̇, 231, 4321) is enumerated by the Pell numbers (see A000129).

Proof. Let π be a permutation in Sn(21̇, 231, 4321). We necessarily have n−2 ≤ πn ≤ n−1.
Indeed, Theorem 1 implies that πn 6= n; moreover if πn ≤ n − 3 then (as π avoids 231) all
values in the interval I = [πn + 1, n − 1] appear in decreasing order to the right of n in π.
As π avoids 4321, the set I contains at most one element which produces a contradiction
with πn ≤ n − 3. Thus we have either πn = n − 1 or πn = n − 2.

Let π′ be a permutation in Sn−1(21̇, 231, 4321) and π be the permutation in Sn obtained
from π′ by increasing by one the entries n − 1 and n − 2 (resp. the entry n − 1) and by
appending n−2 (resp. n−1) on the right. Then π ∈ Sn(21̇, 231, 4321). Conversely, a per-
mutation π ∈ Sn(21̇, 231, 4321) such that πn = n−2 (resp. πn = n−1 and πn−1 6= n) can
be obtained by the previous construction from a permutation π′ ∈ Sn−1(21̇, 231, 4321).
On the other hand, let π′ be a permutation in Sn−2(21̇, 231, 4321) and π be the per-
mutation in Sn obtained from π′ by appending the sequence n(n − 1) on the right.
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Then π ∈ Sn(21̇, 231, 4321). Conversely, a permutation π ∈ Sn(21̇, 231, 4321) such that
πn = n − 1 and πn−1 = n can be obtained from π′ ∈ Sn−2(21̇, 231, 4321) by this construc-
tion. Therefore we have |Sn(21̇, 231, 4321)| = 2|Sn−1(21̇, 231, 4321)|+ |Sn−2(21̇, 231, 4321)|
anchored by |S2(21̇, 231, 4321)| = 1 and |S3(21̇, 231, 4321)| = 2. We obtain the Pell num-
bers (see A000129). 2

Theorem 17 The set Sn(21̇, 321, 2143) is enumerated by 2n−1 − n + 1 (see A000325),
i.e., an instance of the Eulerian numbers plus one.

Proof. Let π be a permutation of Sn(21̇, 321, 2143). We will say that π has a descent in
position i ∈ [n] if πi > πi+1. We distinguish two cases: (a) π contains only one descent;
and (b) π contains at least two descents (notice that π cannot be the identity permutation
since idn does not avoid 21̇). First, we will enumerate n-length permutations verifying
the condition (a). Let us assume that the only descent occurs at position i ≥ 1. We
necessarily have πi+1 = 1. To see this, assume to the contrary that πi+1 ≥ 2. As π avoids
321, the value 1 is on the left of πi; as π contains only one descent π1 = 1 holds which
contradicts that π avoids 21̇. Moreover, we have πi = n. Otherwise, if πi 6= n then n
either is the last entry or just before a value smaller than it. This is a contradiction. The
permutation π can be written π = δn1γ. where δ (resp. γ) is an increasing subsequences

of [π1, n − 1] (resp. [2, n − 1]). The cardinality of such permutations is
n−1∑
i=1

(
n−2
k−1

)
= 2n−2.

Now let us examine the case (b). The permutation π contains at least two descents.
Let i be the position of the leftmost descent (πi > πi+1). As π avoids 21̇ we have π1 6= 1
and πn 6= n; as π avoids 321 we have πi+1 = 1; as π avoids 2143, if πj > πj+1 for j > i + 1
then πj+1 < π1 and πn = π1 − 1. These conditions define a particular structure for π:
π = k . . . (k + i− 1)1δnℓ . . . k − 1 for some ℓ, 2 ≤ ℓ ≤ k − 1. Therefore these permutations

are enumerated by:
n−1∑
k=3

n−k∑
i=1

(
n−i−2
k−3

)
= 2n−2−n+1. Thus |Sn(21̇, 321, 2143)| = 2n−1−n+1.

2

Theorem 18 The set In(21̇, 231, 4321) is enumerated by the Padovan sequence (see
A000931).

Proof. The proof of Theorem 16 shows the form of a permutation π ∈ Sn(21̇, 231, 4321).
Indeed, we have either π = δn(n − 1) or π = δn(n − 1)(n − 2). We de-
duce |In(21̇, 231, 4321)| = |In−2(21̇, 231, 4321)| + |In−3(21̇, 231, 4321)| anchored by
|I1(21̇, 231, 4321)| = 0 and |I2(21̇, 231, 4321)| = 1 which gives the Padovan sequence (see
A000931). 2

Now we present an open question about the Pisot sequence a(n) defined by a(4) = 5,

a(5) = 11 and a(n + 1) is the nearest integer to a(n)2

a(n−1)
.

Problem 1 The set Sn(21̇, 231, 4123) is enumerated by a sequence b(n) that takes values
5, 11, 24, 52, 113, 246, 536, 1168 for 4 ≤ n ≤ 11. Is it true that b(n) is the Pisot sequence
for n ≥ 4 (see A021008)?
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Pattern Sequence Sloane

{21̇, 231, 4321} Pell A000129

Involutions avoiding {21̇, 231, 4321} Padovan A000931

{21̇, 321, 2143} 2n−1 − n + 1 A000325

Table 5: Permutations avoiding 21̇ and two classical patterns of length 3 or 4

4 Avoiding a dotted pattern of length 3

In this section we investigate the avoidance of one dotted pattern of length 3, possibly
along with other classical patterns. We obtain several results when we avoid one dotted
pattern of length 3 and one or more classical patterns. Unfortunately, we could not
determine the cardinality of Sn(τ̇) where τ̇ is a 3-length dotted pattern of the form τ1τ2τ̇3.
Thus we present three open problems:

Problem 2 The set Sn(231̇) is enumerated by the sequence a(n, 0) that takes values
1, 1, 2, 5, 17, 71, 357, 2101 for n ≥ 1 (see A101897). Is it possible to prove that this se-

quence is recursively defined by: a(n, 0) =
n∑

k=1

(−1)k−1 · a(n, k) where a(n, k) =
n−k∑
j=0

a(n −
k, j) · a(j + k − 1, k − 1) for 0 < k ≤ n anchored by a(0, 0) = 0.

Problem 3 Is it possible to obtain the cardinalities of the sets Sn(123̇)? The first val-
ues are 1, 1, 2, 7, 35, 218, 1598 for n ≥ 1. This sequence does not appear in the Sloane
Encyclopedia [14].

Problem 4 The set Sn(132̇) is enumerated by the sequence b(n) that takes values
1, 1, 2, 4, 13, 58, 299, 180 for n ≥ 1. Is it possible to prove that this sequence is recursively
defined by: b(n + 1) = a(n, 0) − b(n) where a(n, 0) is defined in Problem 2?

4.1 Avoiding 231̇ and 321 - Catalan

Before presenting the main results we provide two basic technical lemmas.

Lemma 4 Let n ≥ 1 be an integer. A permutation π belongs to Sn(321) if and only if
for every i ≥ 1, we have πi = min{πi, πi+1, . . . , πn} or πi = max{π1, π2, . . . , πi}.

Proof. Let π be an n-length permutation avoiding 321 and i be an integer such that
πi > πi+1. Since π avoids 321, it does not contain any value greater than πi before πi.
Thus πi = max{π1, π2, . . . , πi}. A similar argument gives πi = min{πi, πi+1, . . . , πn} if
πi < πi+1. Conversely, if π contains the pattern 321 then there are i < j < k such
that πi > πj > πk. Thus πj is neither the maximum of elements to its left and nor the
minimum of elements to its right which gives the result. 2
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Lemma 5 Let n ≥ 1 be an integer and π be a permutation in Sn(321). Then π avoids
231̇ if and only if πi 6= i − 1 for i ≥ 2.

Proof. Let π ∈ Sn(231̇, 321). Let us assume that π 6= idn avoids 231̇ and there exists i ≥ 2
such that πi = i − 1. Lemma 4 states that either πi = i − 1 = min{πi, πi+1, . . . , πn} or
πi = i − 1 = max{π1, π2, . . . , πi}. The first case implies that there exists j < i such that
πj > i−1. Therefore the subsequence πjπi cannot be extended into the pattern 231 which
is a contradiction. The second case does not occur since i − 1 cannot be the maximum of
i positive integers. Conversely, if π contains 231̇, then there exists i < j such that πi > πj

where the subsequence πiπj cannot be extended in π to a 231 pattern. As π avoids 321,
all entries before πj are smaller than πj . Thus πj ≥ j and there exists j ≥ 2 such that
πj 6= j − 1. 2

Theorem 19 The set Sn(231̇, 321) is enumerated by the (n−1)th Catalan number cn−1 =
1
n

(
2(n−1)

n−1

)
(see A000108).

Proof. Let π be a permutation in Sn(231̇, 321). For k ∈ [n + 1]\{n}, we define the
permutation δ ∈ Sn+1 by: δn+1 = k, and δi = πi + 1 if πi ≥ k, and δi = πi otherwise.

It is straightforward to verify that if k > πn then δ ∈ Sn+1(231̇, 321) (Lemma 5 excludes
the case k = n). We have the same remark when πn = n and k ≤ n − 1. Conversely, each
permutation δ ∈ Sn+1(231̇, 321) can uniquely be obtained by this construction for some k
and π ∈ Sn(231̇, 321) with k 6= n. Indeed, Lemma 5 implies δn+1 6= n. Now let us assume
that there exists i ≤ n such that δi = i > δn+1. As δ avoids 321, we have δj < i for j < i.
Thus the (n + 1 − i) values (i + 1), . . . , (n + 1) are necessarily on the right of δi = i, and
by considering the value δn+1 < i, there are (n + 2 − i) values on the right of δi which
cannot be possible. Consequently, this case does not occur. The permutation π verifies
πj 6= j − 1 for j ≥ 2. Lemma 5 implies that π ∈ Sn(231̇, 321). Thus each permutation π
such that πn = k, k ≤ n − 2 (resp. k = n), produces (n − k) (resp. n) permutations of
size (n + 1) verifying πn+1 = k + 1, . . . , n − 1, n+ 1 (resp. πn+1 = 1, 2, . . . , n − 1, n+ 1). If
we label by (k) a permutation π such that πn = n − k then such a permutation produces
k permutations of size n + 1 labeled (2), (3), . . . , (k + 1) and 12 is labeled (2). This is the
definition of succession rules for Catalan numbers (see the method ECO [1, 2]). 2

Theorem 20 The set Sn(231̇, 321, 213) is enumerated by the (n − 1)th central polygonal
sequence

(
n−1

2

)
+ 1 (or Lazy Caterer’s sequence, see A000124).

Proof. Let π ∈ Sn(231̇, 321, 213) and π 6= idn. We consider the smallest i such that there
exists j > i verifying πi > πj . As π avoids 321 and 213, we immediately have πk < πj

for k < i; πk > πi for i < k < j; and πj < πk < πi for k > j. As π avoids 231̇, there
exists at least one value between the entries πi and πj , i.e., i < j − 1. Conversely, each
permutation verifying these properties belongs to Sn(231̇, 321, 213). Therefore, if we also

consider idn then the cardinality of Sn(231̇, 321, 213) is
n∑

j=3

j−2∑
i=1

1 =
(

n−1
2

)
+ 1. 2
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4.2 Avoiding 231̇ and 132 - Motzkin

Theorem 21 The set Sn(231̇, 132) is enumerated by the (n − 1)th Motzkin number (see
A001006).

Proof. Let Mn be the set Sn(231̇, 132) and mn its cardinality. Let π be a permutation in
Mn. We write π as follows: π = δnγ where δn and γ are two subsequences of [n] (γ is
not empty). See Figure 1 for an illustration of the decomposition. As π avoids 132, the
set of values in δn necessarily constitutes an interval [s, n] for some s ≤ n. Consequently,
γ is a permutation in Ss−1. As π avoids 231̇ and 132, γ ∈ Ms−1 and δn can be viewed as
a permutation in Mn−s+1. Conversely, such a permutation π = δnγ verifying the above

conditions on δn and γ belongs to Mn. We deduce that mn =
n−1∑
s=1

mn−sms−1 anchored by

m0 = m1 = 1. 2

δ

γ
s

Figure 1: The special structure of a permutation in Sn(231̇, 132)

4.3 Avoiding 231̇, 312 and 213 - Fibonacci

Theorem 22 The set Sn(231̇, 312, 213) is enumerated by the Fibonacci sequence (see
A000045).

Proof. Let π be a permutation in Sn(231̇, 312, 213). As π avoids 312 and 213, we have
either π1 = 1 or πn = 1. If πn = 1 then the permutation π′ obtained from π by deleting
πn = 1 and by decreasing by one all other values also belongs to Sn−1(231̇, 312, 213).
Moreover, as π avoids 231̇ we cannot have π′

n−1 = 1 (otherwise πn−1 = 2 and πn = 1
contradicts that π avoids 231̇). Thus we have π′

1 = 1 and thus π1 = 2. Let π′′ be the
permutation obtained from π′ by deleting the first entry 1 and by decreasing by one all
other values, then π′′ ∈ Sn−2(231̇, 312, 213). Conversely, if π′′ ∈ Sn−2(231̇, 312, 213) then
the permutation π obtained from π′′ by appending 2 (resp. 1) at the left (resp. at the
right) then π ∈ Sn(231̇, 312, 213). On the other hand, if π1 = 1 then the permutation
π′ obtained from π by deleting π1 = 1 and by decreasing by one all other values also
belongs to Sn−1(231̇, 312, 213). Conversely, each permutation π ∈ Sn(231̇, 312, 213) can
be obtained from a permutation π′ ∈ Sn−1(231̇, 312, 213) by adding the entry one on the
left and by increasing by one all other values. Finally, if a(n) = |Sn(231̇, 312, 213)| then
a(n) = a(n − 1) + a(n − 2) anchored by a(1) = 1, a(2) = 1. 2
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4.4 Avoiding 123̇, 213 and 231 - Binary

Theorem 23 The set Sn(123̇, 213, 231) is enumerated by the binary sequence 2n−2 (see
A034008).

Proof. Let π be a permutation in Sn(123̇, 213, 231). As π avoids 213 and 231, such a
permutation necessarily has: either πi = max{π1, . . . , πi} or πi = max{π1, . . . , πi}. Thus
we have π1 = 1 or π1 = n. If π1 = 1 then π2 = 2 since π avoids 123̇. Consequently
each permutation π can be written as either π = nπ′ or π = 12π′′ where π′ (resp. π′′)
belongs to Sn−1(123̇, 213, 231) (resp. Sn−2(213, 231)). Finally, by induction we obtain
|Sn(123̇, 213, 231)| = 2n−3 + 2n−3 = 2n−2. 2

4.5 Avoiding 2̇13, 231 - Riordan

Theorem 24 The cardinality of the set Sn(2̇13, 231) is given by the generating function
(1−z−

√
1−2 z−3 z2)z

1+z+
√

1−2 z−3 z2 (see A005043 for the Riordan sequence).

Proof. It is well known that a permutation π ∈ Sn(231) can be written kδγ where k ≥ 1,
δ ∈ Sk−1(231) and γ is a sequence of values in {k +1, . . . , n} that also avoids 231. Such a
permutation can be illustrated by a rooted binary tree T with n nodes as follows: T is the
rooted binary tree with its left subtree Tℓ (resp. right subtree Tr) represents δ (resp. γ
considered as a permutation in Sn−k(231)). Using the classical pre-order bijection between
binary trees and Dyck paths the permutation π can be viewed as a Dyck path. See Figure
2 for an example of the correspondence between π ∈ Sn(231), its binary tree with n nodes,
and its associated Dyck path.

5

1

2

3

4

6

7

Figure 2: A permutation π = 4213765 ∈ S7(2̇13, 231) with its corresponding binary
tree and the associated Dyck path UUUDDUDDUUUDDD where U = (1, 1) and D =
(1, −1).

As π avoids 2̇13, the sequence γ also avoids 2̇13; k 6= 1 and δ and γ are not empty.
Moreover the avoidance of 2̇13 implies that: (a) each subsequence πiπj of π with πi < πj

can be expanded into a 213 pattern; and (b) each subsequence πiπj of π with πi > πj

can be expanded into a 213 pattern. These two conditions also hold for the subsequence
γ. Moreover the sequence kδ always verifies (b) since γ contains the value n. Thus the
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permutation π belongs to Sn(2̇13, 231) if and only if γ avoids 2̇13 and 231, and δ verifies
(a).

Now if we consider these conditions in the context of Dyck path (via the above bi-
jection), the condition δ verifies (a) means that the Dyck path corresponding to the
left subtree Tℓ (of size at least 2) does not contain any occurrence of UDU . To see this,
assume for a contradiction that Tℓ contains an occurrence UDU . Then π verifies πi = k
and πi+1 = k+1 for some i and k such that πj > k if j < i. Thus the subsequence k(k+1)
cannot be expanded into a 213-pattern in π which contradicts the condition δ. So, these
Dyck paths are enumerated by the Motzkin numbers (see [14], A001006). Therefore, the
cardinalities of Sn(2̇13, 231) is given by the generating function: A(z) = z2M(z)(z+A(z))
where M(z) is the generating function of the Motzkin numbers. Thus we obtain

A(z) =

(
1 − z −

√
1 − 2 z − 3 z2

)
z

1 + z +
√

1 − 2 z − 3 z2
,

which is equal to z(R(z) − 1) where

R(z) =
2(

1 + z +
√

1 − 2 z − 3 z2
)

is the well-known Riordan generating function. 2

From this previous proof, we directly deduce the following corollary.

Corollary 1 The cardinality of the set Sw
n (2̄13)∩Sn(231) is given by the Motzkin numbers

(see A001006).

4.6 Avoiding 231̇, 2413 and 3142 - Catalan

Theorem 25 The set Sn(231̇, 2413, 3142) is enumerated by the (n−1)th Catalan number.

Proof. Let π be a permutation in Sn(231̇, 2413, 3142). As π avoids the two patterns 2413
and 3142, π is separable; i.e., π can be written either (a) π = δγ where δ ∈ Sk for some
k ≤ n − 1, or (b) π = δγ where γ ∈ Sk for some k ≤ n − 1. For each case, we assume
that δ is minimal in the sense that δ does not belong to the considered case. Moreover, π
avoids 231̇ implies that δ and γ also avoid 231̇; and for the case (b), δ is not reduced to
one element. Thus the structure of permutations in the cases (a) or (b) induces the two
following equalities.

Let A(z) (resp. B(z)) be the generating function for permutations avoiding 231̇ and
verifying (a) (resp. verifying (b)); let F (z) = A(z) + B(z) + 1 the generating function for
the set Sn(231̇, 2413, 3142).

{
A(z) = zF (z) + B(z)(F (z) − 1) and

B(z) = (A(z) − z)(F (z) − 1).

If we sum these two equalities we obtain:

F (z)2 − 3F (z) + z + 2 = 0.
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Thus we conclude F (z) = 3−
√

1−4z
2

which is exactly 1+zC(z) where C(z) is the well-known
Catalan sequence. 2

Pattern Sequence Sloane

{231̇, 321}, cn−1 A000108

{231̇, 321, 213}
(

n−1
2

)
+ 1 A000124

{231̇, 132} Motzkin A001006

{231̇, 312, 213}, {231̇, 312, 132} Fibonacci A000045

{312̇, 132} Riordan A005043

{132̇, 213, 231} 2n−2 A034008

{231̇, 2413, 3142}, cn−1 A000108

Table 6: Some results for a dotted pattern of length 3 and other classical patterns.
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Vertex Distinguishing Edge- and

Total-Colorings of Cartesian and other

Product Graphs

Jean-Luc Baril∗, Hamamache Kheddouci†and Olivier Togni∗

Abstract

This paper studies edge- and total-colorings of graphs in which
(all or only adjacent) vertices are distinguished by their sets of colors.
We provide bounds for the minimum number of colors needed for such
colorings for the Cartesian product of graphs along with exact results
for generalized hypercubes. We also present general bounds for the
direct, strong and lexicographic products.

Keywords : graph, edge-coloring, vertex-distinguishing, adjacent vertex-

distinguishing, total coloring, total adjacent vertex-distinguishing, graph prod-

ucts.

1 Introduction

All the graphs we deal with are simple, finite and with no component K2,
where Kn stands for the complete graph of order n. Let G = (V, E), be a
graph with vertex set V and edge set E. An edge between vertex x and
vertex y is denoted by xy. Let ∆(G) be the maximum degree of the graph.

A proper edge-coloring c is a mapping from E to N such that edges
incident with the same vertex receive distinct values (or colors). For any
vertex x of G, let S(x) denote the set of the colors of all edges incident to x
(if necessary, we write Sc(x) to indicate which coloring is used). A proper
edge coloring is said to be

• vertex distinguishing (VD) if S(x) 6= S(y), ∀x, y ∈ V, x 6= y;

• adjacent vertex distinguishing (AVD) if S(x) 6= S(y), ∀xy ∈ E.

∗LE2I, UMR 5158 CNRS, Université de Bourgogne, BP 47870, 21078 Dijon cedex,
France, {barjl, otogni}@u-bourgogne.fr

†LIESP, Université Claude Bernard Lyon1, 843, Bd. du 11 novembre 1918, 69622
Villeurbanne Cedex France, hkheddou@bat710.univ-lyon1.fr

1



A total coloring of a graph G is a mapping from V ∪ E to N such
that neighboring elements receive distinct colors. For a total coloring, let
S(x) be the set of the colors of all edges incident to x plus the color of
x: S(x) = {c(e)|e = xy} ∪ {c(x)}. A total adjacent vertex distinguishing
(TAVD) coloring is a total coloring satisfying S(x) 6= S(y), ∀xy ∈ E.

The minimum number of colors among all VD-colorings, AVD-colorings
and TAVD-colorings respectively of a graph G will be called the VD-
chromatic index, AVD-chromatic index and TAVD-chromatic index denoted
by χ′

s(G), χ′
a(G) and χ′′

a(G) respectively.
The notation χ′(G), χ(G) and χ′′(G) is used to represent respectively

the chromatic index, the chromatic number and the total chromatic number
of G, as usual. A coloring using the least number of colors with respect to
the given constraints will be called a minimal coloring.

The notion of VD-coloring was introduced in [BS97] and independently
in [ČHS96] where χ′

s(G) is called the observability.
A lower bound for the VD-chromatic index is given by π(G) = min{k :(

k
d

)
≥ nd for 1 ≤ d ≤ ∆(G)} where nd is the number of vertices of degree

d. Moreover, it is conjectured in [BS97] that χ′
s(G) ≤ π(G) + 1 for any

graph G 6= K2. This conjecture has been solved for graphs of maximum
degree two [BBS02] and for graphs verifying ∆(G) ≥

√
2|V (G)| + 4 and

δ(G) ≥ 5 (where δ(G) is the minimum degree of G) [BKLS04]. It was
proved in [BHBLW99] that χ′

s(G) ≤ |V (G)| + 1 and in [BHBLW01] the
authors obtained χ′

s(G) ≤ ∆(G) + 5 if δ(G) ≥ n
3 .

The study of AVD-colorings is more recent. In [BGLS07], the authors
proved that χ′

a(G) ≤ 5 for graphs of maximum degree 3 and χ′
a(G) ≤

∆(G) + 2 for bipartite graphs. In [BKT06], the AVD-chromatic index of
multidimensional meshes was determined. AVD-colorings are also studied
in [EHW06, GR06] under the name of neighbour-distinguishing edge col-
orings. The bound χ′

a(G) ≥ ∆(G) is trivial. Moreover if G contains two
adjacent vertices of degree ∆(G) then χ′

a(G) ≥ ∆(G) + 1. The following
conjecture was made in [ZLW02]:

Conjecture 1 ([ZLW02]) Let G 6= C5 be a graph of maximum degree ∆,
then

∆ ≤ χ′
a(G) ≤ ∆ + 2.

In relation with this conjecture and using a probabilistic argument, Hatami
proved recently that χ′

a(G) ≤ ∆(G) + 300 provided that ∆(G) > 1020.
As remarked in [EHW06, ZCL+06], the AVD-chromatic index of some

regular graphs is in relation with their total chromatic number. More pre-
cisely, if G is a regular graph with χ′

a(G) = ∆(G)+1 then χ′′(G) = ∆(G)+1
and the converse also holds. Therefore, some of the results of the present

2



paper about the AVD-chromatic index are also new results about the to-
tal chromatic number while some other were already known earlier, see
[KM03, ZŽ04].

Total adjacent vertex distinguishing colorings were considered in [ZCL+05,
LWZW06] in which the authors conjecture that χ′′

a(G) ≤ ∆ + 3.

In this paper we shall consider VD, AVD and TAVD-colorings of prod-
ucts of graphs (see definitions below), trying to derive bounds for χ′

s, χ′
a and

χ′′
a of the product of two graphs in term of the value of the same parameter

on the factors. In Section 2, we present general bounds for the Cartesian
product. As an application, we determine in Sections 3 and 4, the AVD and
TAVD-chromatic index of the generalized hypercube and present in Section
5 tight lower and upper bounds for its VD-chromatic index. Section 6 pro-
vides bounds for VD, AVD and TAVD-chromatic indices of direct, strong
and lexicographic products.

We use the following notation from [IK00] for the standard graph prod-
ucts. Let G2H , G × H , G ⊠ H and G ◦ H be the Cartesian, direct (also
called Krönecker or categorical), strong and lexicographic product of G and
H respectively. The vertex set of any of these products is V (G) × V (H)
and the edge sets are defined below:
E(G2H) = {(a, x)(b, y), ab ∈ E(G) and x = y or xy ∈ E(H) and a = b}.
E(G × H) = {(a, x)(b, y), ab ∈ E(G) and xy ∈ E(H)}.
E(G ⊠ H) = E(G2H) ∪ E(G × H).
E(G ◦ H) = {(a, x)(b, y), ab ∈ E(G) or a = b and xy ∈ E(H)}.

The d-dimensional generalized hypercube (also known as Hamming graph)
Kd

n is the Cartesian product of the complete graph Kn by itself d times:
Kd

n = Kn2Kn2 . . .2Kn. The hypercube Qd is the graph Kd
2 .

2 General results for Cartesian products

We first present general results for the VD, AVD and TAVD-coloring of the
Cartesian product of graphs.

For AVD-colorings of the Cartesian product of a graph and a path or a
cycle, the following results were proved in [BKT06]:

Theorem 1 ([BKT06]) Let d ≥ 2 be an integer and let G be a graph of
maximum degree ∆ ≤ d − 1. If there exists an AVD-coloring of G with d
colors, then

χ′
a(G2P2) ≤ d + 1,

χ′
a(G2Pk) ≤ d + 2, for k ≥ 3.
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Theorem 2 ([BKT06]) Let d ≥ 2 be an integer and let G be a graph of
maximum degree ∆ ≤ d − 1 and of minimum degree δ ≥ 2. If there exists
an AVD-coloring of G with d colors, then

χ′
a(G2Ck) ≤ d + 2.

The following theorem gives an upper bound on χ′
s and χ′

a for the
Cartesian product of general graphs.

Theorem 3 For any two graphs G and H different from K2, the following
hold

χ′
s(G2H) ≤ χ′

s(G) + χ′
s(H),

χ′
a(G2H) ≤ χ′

a(G) + χ′
a(H).

Proof : Note that the product G′ = G2H consists of |V (G)| copies of
H ; and there is a perfect matching between any two copies of H if the
corresponding vertices of G are adjacent. By symmetry, G′ also contains
|V (H)| copies of G. Let cG and cH be two minimal VD- (AVD-)colorings
of G and H respectively such that the colors of cG are different from those
used by cH . A VD-coloring (AVD-coloring) c′ of G′ is obtained as follows:
each copy of G in G′ is colored by cG and each copy of H in G′ is colored
by cH .

Indeed, let (a, x) be a vertex of G′. We have Sc′((a, x)) = ScG(a) ∪
ScH (x) and so, (a, x) is distinguished from another (adjacent for AVD-
coloring) vertex (b, y) because a is distinguished from b in G or x is distin-
guished from y in H . 2

Notice that, despite the proof of the above theorem is quite simple, it
allows to find the exact value of the AVD-chromatic index for graphs G and
H verifying χ′

a(G) = ∆(G) and χ′
a(H) = ∆(H) (for instance, this is the

case for trees with no two adjacent vertices of maximum degree [ZLW02]).

For the TAVD-chromatic index of the Cartesian product of two graphs,
we have the following.

Theorem 4 Let G and H be two graphs different from K2 such that χ(H) ≤
χ′′

a(G), then
χ′′

a(G2H) ≤ χ′′
a(G) + χ′

a(H).

Proof : Let G′ = G2H , cG be a minimal TAVD-coloring of G and cH

be a minimal AVD-coloring of H such that the colors of cG are different
from those used by cH . We also color the vertices of H with the colors
0, 1, . . . , χ(H) − 1. Let α = χ′′

a(G) and denote by σi the permutation on
0, 1, . . . , α − 1 defined by σi(k) = (k + i) mod α, for 0 ≤ k ≤ α − 1 and
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0 ≤ i ≤ χ(H) − 1. By extension, the total coloring c′
G = σi(cG) is defined

by c′
G(x) = σi(cG(x)) ∀x ∈ V (G) ∪ E(G).
In order to obtain an AVD-coloring c′ of G′, we first use σi(cG) to color

each copy Gj of G in G′, where i is the color (given by the proper vertex
coloring of H) of the vertex corresponding to the copy Gj . Since χ(H) ≤ α,
all permutations σi are pairwise different;

A TAVD-coloring c′ of G′ = G2H is obtained as follows: each copy Gj

of G in G′ is totally colored by σi(cG), where i is the color (given by the
proper vertex coloring of H) of the vertex of H corresponding to copy Gj

and each copy of H in G′ is colored by cH .
Notice that since χ(H) ≤ α, all permutations σi are pairwise different

thus the colors assigned to vertices of G′ form a proper coloring. Moreover,
as for the previous theorem, the fact that c′ is a TAVD-coloring is easily
shown since the colors on the vertices induce a proper vertex coloring and
adjacent vertices are distinguished either by their sets of colors from cG or
by their sets of colors from cH . 2

We now propose two better results in more specific cases for the AVD
and TAVD-chromatic indices.

Theorem 5 Let G be a graph such that the degree of each vertex is rel-
atively prime with χ′

a(G), and let H be a graph verifying χ(H) ≤ χ′
a(G)

then
χ′

a(G2H) ≤ χ′
a(G) + ∆(H).

Proof : Let G′ = G2H , cG be an AVD-coloring of G in χ′
a(G) colors and

γH be a proper edge coloring of H in χ′(H) colors distinct from those used
by cG. We also color the vertices of H with the colors 0, 1, . . . , χ(H) − 1.

Similarly with the proof of the previous theorem, let α = χ′
a(G) and

denote by σi the permutation on 0, 1, . . . , α − 1 defined by σi(k) = (k +
i) mod α, for 0 ≤ k ≤ α − 1 and 0 ≤ i ≤ χ(H) − 1. Let also c′

G = σi(cG)
be the coloring defined by c′

G(e) = σi(cG(e)) ∀e ∈ E(G).
In order to obtain an AVD-coloring c′ of G′, we first use σi(cG) to color

each copy Gj of G in G′, where i is the color (given by the proper vertex
coloring of H) of the vertex corresponding to the copy Gj .

Since χ(H) ≤ α, all permutations σi are pairwise different; moreover, if
x is a vertex of G, and xi (resp. xj) its corresponding vertex in Gi (resp.
Gj), then the color set of xi in Gi is different from the color set of xj in
Gj . Then, we have two cases to consider:
Case 1: χ′(H) = ∆(H)

In this case, we use the proper coloring γH of H to color each copy of
H in G′. Let (a, x) and (b, y) be two adjacent vertices of G′. Without
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loss of generality, we have Sc′((a, x)) = ScG(a) ∪ SγH (x) and Sc′((b, y)) =
σi(ScG(b)) ∪ SγH (y), for some i.

If x = y (i.e. (a, x) and (b, y) are in the same copy of G), then i = 0
and Sc′((a, x)) 6= Sc′((b, y)) since ScG(a) 6= ScG(b).

If x 6= y, as (a, x) and (b, y) are adjacent then so are x and y in H ,
thus x and y have different colors and so i 6= 0. If SγH (y) 6= SγH (x), we
have immediately Sc′((a, x)) 6= Sc′((b, y)). If SγH (y) = SγH (x), we prove
that ScG(a) 6= σi(ScG(a)). Indeed, by contradiction, let d be the degree of
a in G; if S = ScG(a) = σi(ScG(a)) = {s1, . . . , sd}, then we have modulo
α = χ′

a(G): sj + i = sk ∈ S for each j, 1 ≤ j ≤ d. If we sum all equalities,
we obtain d.i = 0 mod α. So, the hypothesis that d and α are relatively
prime gives σi = σ0 = Id which is a contradiction.

Therefore, when χ′(H) = ∆(H) we have χ′
a(G2H) ≤ χ′

a(G) + ∆(H).
Case 2: χ′(H) = ∆(H) + 1

Remark that in this case, for each vertex x of H , there exists (at least)
one color j such that j 6∈ SγH (x) (the missing color). In order to complete
the coloring c′ of G′, we use the proper edge-coloring γH to color each copy
of H . Then, from the above remark, for each copy Gi of G in G′, there is
a color that is not used by any of the edges incident with any vertex of Gi.
So we modify the coloring σi(cG) of each copy Gi of G′ by changing the
color zero by this missing color. With a similar proof as for the first case,
we can show that χ′

a(G2H) ≤ χ′
a(G) + ∆(H). 2

Theorem 6 Let G be a graph such that the degree of each vertex plus one is
relatively prime with χ′′

a(G), and let H be a graph verifying χ(H) ≤ χ′′
a(G)

then
χ′′

a(G2H) ≤ χ′′
a(G) + ∆(H).

Proof : We modify the previous proof as follow: each AVD-coloring is
replaced by a TAVD-coloring; thus χ′

a(G) is changed in χ′′
a(G); each set of d

colors {s1, s2, . . . , sd} is changed in a set of d+1 colors {s1, s2, . . . , sd, sd+1}
and the equality d · i = 0 mod α becomes (d + 1) · i = 0 mod α. 2

Now, if α is taken to be the smallest prime number greater than χ′
a(G)

(respectively χ′′
a(G)) then we obtain the two following corollaries.

Corollary 1 Let G be a graph and let p be the smallest prime number
greater than or equal to χ′

a(G). If H is a graph verifying χ(H) ≤ p then

χ′
a(G2H) ≤ p + ∆(H).

Corollary 2 Let G be a graph and let p be the smallest prime number
greater than or equal to χ′′

a(G). If H is a graph verifying χ(H) ≤ p then

χ′′
a(G2H) ≤ p + ∆(H).
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3 AVD-coloring of the generalized hypercube

In this section, we determine the AVD-chromatic index of the generalized
hypercube Kd

n. We first need to compute the AVD-chromatic index of
K2p2K2.

Lemma 1 For p ≥ 2

χ′
a(K2p2K2) = 2p + 1.

Proof : In order to construct the graph K2p2K2, we consider two copies
K and K ′ of K2p. Let V (K) = {x0, x1, . . . , x2p−1} and let V (K ′) =
{x′

0, x
′
1, . . . , x

′
2p−1}. Let c be the coloring of K2p defined by:

c(xixj) = i + j mod (2p + 1) with 0 ≤ i < j ≤ 2p − 1.

In the following, each integer is considered modulo (2p + 1).
Remark that the equality 2i = i − 1 has no solution for i ∈ [0..2p − 1],

and it is easy to see that the color set S(xi) of each vertex xi is exactly
S(xi) = {0, 1, . . . , 2p}\{2i, i − 1}.

Moreover, for i ∈ [0..2p − 1], i − 1 ∈ [0..2p]/{2p − 1} and 2i ∈ [0..2p]/
{2p − 1}. So, the color 2p − 1 is the only one which appears in each set
S(xi). Moreover, if we suppose i 6= j then the two equalities 2j = i − 1
and 2i = j − 1 induce that 3(i + 1) = 0 which is impossible when 3 does
not divide 2p + 1. This proves that c is an AVD-coloring when 3 does not
divide 2p + 1.

Now we define another coloring c′ for the second copy K ′ of K2p by
setting:

c′(x′
ix

′
j) = σ(c(xixj)) with 0 ≤ i, j ≤ 2p − 1,

where x′
i is the corresponding vertex of xi in the second copy K ′ of K2p

and the permutation σ is defined by:

σ(i − 1) = 2i, with 1 ≤ i ≤ 2p.

An illustration of the colorings c and c′ is given in Appendix for p = 3.
As above, remark that if 3 does not divide 2p + 1 and if i 6= 2p − 1

then σ2(i) = i has no solution. This proves that σ has no cycle of length
two in its decomposition into a product of disjoint cycles and c′ is also an
AVD-coloring if 3 does not divide 2p + 1.

In this case (3 does not divide 2p + 1), we give the color 2i to each edge
xix

′
i in K2p2K2. So, in K2p2K2, the vertex xi has no incident edge of color

i − 1, and the vertex x′
i has no incident edge of color σ(2i). Since σ has

no cycle of length 2 in its decomposition then σ(2i) 6= i − 1. Consequently,
S(xi) 6= S(x′

i) in K2p2K2.
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So, we have obtained an AVD-coloring of K2p2K2 with 2p + 1 colors
when 3 does not divide 2p+1 (see Figure 1 for an AVD-coloring of K42K2).

In the case where 3 divides 2p + 1, we modify the coloring c into an
AVD-coloring d as follows:

Recall that σ has a unique cycle of length two in its disjoint cycles
decomposition. Let (a, b) be this cycle where a > b. We have necessarily
a = 2 2p+1

3 − 2 and b = 2p+1
3 − 2 since σ2(i) = i has only one solution.

Remark also that a = 2(b + 1) = σ(b).
We define the coloring d by:

{
d(xa+1+kx2p−1−k) = a with 0 ≤ k ≤ 2p − 2 − a,
d(xa+1+kx2p−k) = a − 1 with 1 ≤ k ≤ 2p − 2 − a,

and in the other cases

d(xixj) = c(xixj).

This coloring is also an AVD-coloring for K2p with 2p + 1 colors. It is
easy to see that the color set S(xi) of each vertex xi is exactly S(xi) =
{0, 1, . . . , 2p}\{2i, i − 1} for i 6= a + 1, i 6= a/2 + p, and S(xa+1) =
{0, 1, . . . , 2p}\{b, a − 1}, S(xa/2+p) = {0, 1, . . . , 2p}\{a, a/2 + p − 1}

Recall that we had previously with the coloring c
S(xa+1) = {0, 1, . . . , 2p}\{b, a} and S(xa/2+p) = {0, 1, . . . , 2p}\{a−

1, a/2 + p − 1}.
As above, excepted the color 2p − 1, all colors appear in at least one

color set.
Now, we define another AVD-coloring d′ for the second copy of K2p by

setting:

d′(x′
ix

′
j) = σ′(d(xixj)) ∀ 0 ≤ i, j ≤ 2p − 1 with





σ′(i) = σ(i) ∀i 6= b and i 6= a/2 + p − 1
σ′(b) = a − 1
σ′(a/2 + p − 1) = a

An illustration of the colorings d and d′ is given in Appendix for p = 4.
By construction, σ′ has no cycle of length 2 in its decomposition into

a product of disjoint cycles. Indeed, we have ‘broken’ the cycle (a, b) of
length 2 in σ.

In K2p2K2, for each i, the color sets S(xi) of xi and S(x′
i) of x′

i are
distinct and verify S(x′

i) = σ′(S(xi)). Moreover, as for the previous case,
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for each i there exists a color which appears neither in S(x′
i) nor in S(xi).

We give this color to the edge xix
′
i for each vertex xi of K2p. Thus, we

obtain an AVD-coloring for K2p2K2 in 2p+1 colors when 3 divides 2p+1.
Finally, as K2p2K2 is regular of degree 2p, we obtain χ′

a(K2p2K2) ≥
2p + 1 and thus χ′

a(K2p2K2) = 2p + 1.
2

Theorem 7 For any integers n ≥ 2 and d ≥ 2,

χ′
a(Kd

n) = d(n − 1) + 1.

Proof : It is known that χ′
a(Kn) = χ′

s(Kn) = n + 1 − ǫ(n), where ǫ(n) = 1
for odd n and 0 for even n.

When n is odd, n = 2p + 1 for some p, we proceed by induction on
d. The result is true for d = 1. Assume that χ′

a(Kd−1
2p+1) = 2p(d − 1) + 1,

thus χ′
a(Kd−1

2p+1) and ∆(Kd−1
2p+1) = 2p(d − 1) are relatively prime and using

Theorem 5 with G = Kd−1
2p+1 and H = K2p+1, we have that χ′

a(Kd
2p+1) =

2pd + 1.
When n = 2p is even, we obtain d(2p−1)+1 ≤ χ′

a(Kd
2p) ≤ d(2p−1)+2.

We show that χ′
a(Kd

2p) = 2p + 1 by induction on d.
When d = 2, by Lemma 1, there axists an AVD-coloring of K2p2K2 with

2p + 1 colors, and applying Theorem 5 with G = K2p2K2 and H = Kp,
we conclude that χ′

a((K2p2K2)2Kp) = 3p. Now, we add p − 1 perfect
matchings to (K2p2K2)2Kp in order to obtain K2

2p, all the edges of each
perfect matching being colored with a new color. We therefore obtain
χ′

a(K2
2p) = 4p − 1.

We suppose by induction that χ′
a(Kd

2p) = d(2p − 1) + 1 for d ≥ 2 and

prove that χ′
a(Kd+1

2p ) = (d + 1)(2p − 1) + 1. As Kd+1
2p = Kd

2p2K2p, Kd+1
2p

contains 2p copies of Kd
2p. Let {xj

i , 0 ≤ i ≤ (2p)d−1} be the set of vertices

of the jth copy (1 ≤ j ≤ 2p). So, we color each copy with the different
AVD-colorings cj , 1 ≤ j ≤ 2p such that: c1 is an AVD-coloring of Kd

2p in

d(2p − 1) + 1 colors, and if j ≥ 2, we define cj(x
j
ix

j
k) = c1(x

j
i+j−1x

j
k+j−1)

where the subscripts are modulo (2p)d. In order to obtain Kd+1
2p , we add

2p − 1 perfect matchings between the 2p copies of Kd
2p, all the edges of

each perfect matching being colored with a new color. So, χ′
a(Kd+1

2p ) =
d(2p − 1) + 1 + (2p − 1) = (d + 1)(2p − 1) + 1.

2
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2

41

x0
x1 x′

0

x2

41

2 4

0

0 2
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x′
1

x′
2

33

x′
3

Figure 1: An AVD-coloring for K42K2 with 5 colors

4 TAVD-coloring of the generalized hyper-
cube

In this section, we determine the TAVD-chromatic index of the generalized
hypercube Kd

n. In order to do that, we first need to compute the TAVD-
chromatic index of K2

2p+1.

Lemma 2 For p ≥ 2
χ′′

a(K2
2p+1) = 4p + 2.

Proof : Let V (K2
2p+1) = {xj

i |0 ≤ i, j ≤ 2p} and E(K2
2p+1) = {xj

ix
j′

i |0 ≤
i, j, j′ ≤ 2p, j 6= j′} ∪ {xj

ix
j
i′ |0 ≤ i, i′, j ≤ 2p, i 6= i′}. Define a total coloring

c of K2
2p+1 by





c(xj
i ) = 2i + j mod (4p + 2),

c(xj
i x

j
i′) = i + i′ + j mod (4p + 2),

c(xj
i x

j′

i ) = i + j + j′ + 2p + 1 mod (4p + 2).

We now show that c is a TAVD-coloring. By the above definition,
S(xj

i ) = {0, . . . 4p+1} \ {i+ j+2p+1 mod (4p + 2)}. Hence, for i′ 6= i and

j′ 6= j, we have S(xj
i ) 6= S(xj

i′) and S(xj
i ) 6= S(xj′

i ). 2

Theorem 8 For any integers n ≥ 2 and d ≥ 2,

χ′′
a(Kd

n) = (n − 1)d + 2.

10



Proof : It is known [ZCL+05] that χ′′
a(Kn) = χ′′

s (Kn) = n+2−ǫ(n), where
ǫ(n) = 0 for odd n and 1 for even n.

We proceed by induction on d, by considering two cases depending on
the parity of n.

When n is even, n = 2p for some p, the result is true for d = 1. Assume
that χ′′

a(Kd−1
2p ) = (2p − 1)(d − 1) + 2, thus χ′′

a(Kd−1
2p ) and ∆(Kd−1

2p ) + 1 =

(2p−1)(d−1)+1 are relatively prime and using Theorem 6 with G = Kd−1
2p

and H = K2p, we have that χ′′
a(Kd

2p) = (2p − 1)d + 2.
When n = 2p+1 is odd, the result is true for d = 2 by Lemma 2. Assume

that χ′′
a(Kd

2p+1) = 2pd + 2. Thus χ′′
a(Kd−1

2p+1) and ∆(Kd−1
2p+1) + 1 = 2pd + 1

are relatively prime and using Theorem 6 with G = Kd−1
2p+1 and H = K2p+1,

we have that χ′′
a(Kd

2p+1) = 2pd + 2.

Therefore, we have proved that χ′′
a(Kd

n) = (n − 1)d + 2.
2

5 VD-coloring of the generalized hypercube

Finding a minimal VD-coloring for the product of a graph by K2 seems to
be difficult, nevertheless we present two simple upper bounds.

Theorem 9 For any graph G, χ′
s(G2K2) ≤ 2χ′

s(G) + 1.

Proof : A VD-coloring of G2K2 can be simply obtained by coloring the
edges of each of the two copies of G with two VD-colorings using χ′

s(G)
colors distinct from each other and by coloring the edges between the two
copies by a new color. 2

Given a graph G with an edge-coloring c, we say that a color j touches
a vertex x if j ∈ Sc(x).

Theorem 10 If there exists a VD-coloring of G with d colors such that
one color touches each vertex, then there exists a VD-coloring of G2K2

with d + 2 colors such that one of them touches each vertex.

Proof : Assume that c is a VD-coloring of G with colors {0, 1, . . . , d − 1}
such that the color 0 touches each vertex of G. Color each of the two copies
of G in G2K2 with the coloring c and replace the color 0 by the color d
in the first copy and by the color d + 1 in the second copy. Now, give the
color 0 to the edges of the perfect matching between the two copies. The
coloring obtained is clearly VD since the coloring in each copy is VD and
a vertex of a copy is distinguished with a vertex of the other copy since
different colors touch them. Moreover, the color 0 touches each vertex of
G2K2. 2

11



This theorem allows to obtain the known fact that χ′
s(Qn) ≤ 2n (see

[ČHS96]). Notice that the authors of [ČHS96] have given the asymptotic
value of χ′

s(Qn) but finding the exact value still remains an open problem.

Theorem 11 For any integers n ≥ 3 and d,

d(n − 1) ≤ χ′
s(K

d
n) ≤ d(2⌊n

2
⌋ + 1).

Proof : Obviously, χ′
s(K

d
n) ≥ ∆(Kd

n) + 1 = d(n − 1) + 1. The relation is
true for d = 1. By recurrence on d and with Theorem 3, when n = 2p + 1,
χ′

s(K
d
2p+1) ≤ χ′

s(K
d−1
2p+1) + χ′

s(K2p+1) ≤ d(2p + 1).
The case n = 2p is similar.

2

Theorem 12 For any integers p ≥ 1 and d ≥ 1,

• if d ≤ ln(2p + 1) + 1 then χ′
s(K

d
2p+1) = d(2p + 1),

• if d ≤ ln(2p) then χ′
s(K

d
2p) ≥ 2dp − 1.

Proof :
For the first assertion, in order to see if d(2p+1) colors are sufficient to

obtain a VD-coloring, we compare
(
(2p+1)d−1

2dp

)
=

(
(2p+1)d−1

d−1

)
with (2p+1)d.

Let us define:

A =

(
(2p+1)d−1

d−1

)

(2p + 1)d−1
=

((2p + 1)d − 1)((2p + 1)d − 2) . . . (2dp + 1)

(d − 1)(2p + 1)(d − 2)(2p + 1) . . . 1(2p + 1)
.

Thus ln(A) =
d−1∑
ℓ=1

ln( 2dp+ℓ
ℓ(2p+1) ) =

d−1∑
ℓ=1

ln(2dp+ℓ
2p+1 ) −

d−1∑
ℓ=1

ln(ℓ).

With the well-known Darboux sums inequalities, we obtain

ln(A) ≤
d∫

ℓ=1

ln(2dp+ℓ
2p+1 )dℓ −

d−1∫
ℓ=1

ln(ℓ)dℓ and (with Maple),

≤ (1 + 2dp)ln(1 + d−1
2dp+1 ) + (d − 1)ln( d

d−1 ) − 1,

< d − 1 (since ln(1 + x) < x for x 6= 0).
So, if d ≤ ln(2p + 1) + 1 then ln(A) < ln(2p + 1) and A < 2p + 1.

Thus when d ≤ ln(2p + 1) + 1, χ′
s(K

d
2p+1) ≥ d(2p + 1). With the previous

theorem, we obtain the result.
The proof of the second point is similar. 2

6 Other products

We first present a simple fact about TAVD-colorings that will be useful.

12



Fact 1 For any graph G,

χ′′
a(G) ≤ χ′(G) + χ(G).

Actually, coloring separately the edges and the vertices of the graph gives
a proper total coloring and the colors assigned to vertices of G distinguish
adjacent vertices.

As a consequence, the TAVD-chromatic index of a bipartite graph B
with two adjacent vertices of maximum degree is ∆(B) + 2 since ∆(B) + 2
colors are necessary to color and distinguish two adjacent vertices of degree
∆(B).

6.1 Direct product

Theorem 13 For any two graphs G and H different from K2, the following
hold

χ′
s(G × H) ≤ χ′

s(G)χ′
s(H),

χ′
a(G × H) ≤ min{χ′(G)χ′

a(H), χ′
a(G)χ′(H)},

χ′′
a(G × H) ≤ min{χ′(G)χ′′

a(H), χ′′
a(G)χ′(H)}.

Proof : Let G′ = G × H . For the first inequality, given two minimal VD-
colorings cG and cH of G and H respectively, color each edge (a, x)(b, y) of
G′ with the color (cG(ab), cH(xy)). The color set of a vertex (a, x) of G′ is
then S((a, x)) = ScG(a)×ScH (x). Hence, for any two distinct vertices (a, x)
and (b, y) of G′, we have S((a, x)) 6= S((b, y)) since either ScG(a) 6= ScG(b)
or ScH (x) 6= ScH (y), or both.

For the second inequality, we can suppose without loss of generality that
min{χ′(G)χ′

a(H), χ′
a(G)χ′(H)} = χ′

a(G)χ′(H). Let cG be an AVD-coloring
of G with colors 0, 1, . . . , α− 1, where α = χ′

a(G). Let γH be a proper edge
coloring of H in χ′(H) colors.

An AVD-coloring c′ of G′ is obtained by setting for each ab ∈ E(G), xy ∈
E(H):

c′((a, x)(b, y)) = (cG(ab), γH(xy)).

The fact that c′ is AVD is easily seen: we have Sc′((a, x)) = ScG(a) ×
SγH (x). Hence, for any two adjacent vertices (a, x) and (b, y) of G′, we have
S((a, x)) 6= S((b, y)) since ScG(a) 6= ScG(b) (a and b are adjacent vertices
of G).

The third inequality can be shown in a same way, replacing χ′
a by

χ′′
a, AVD by TAVD and for each vertex (a, x) of G′, setting c′((a, x)) =

(cG(a), 0). 2

13



Theorem 14 For any graph G, the following holds

χ′
a(G × K2) ≤ χ′

a(G).

Moreover, equality holds if G is bipartite, or if G is regular and χ′
a(G) =

∆(G) + 1, or if χ′
a(G) = ∆(G).

Proof : An AVD-coloring c′ of G × K2 is obtained by setting for ab ∈
E(G), xy ∈ E(K2):

c′((a, x)(b, y)) = cG(ab).

In other words, we give the color of the edge ab to the edge (a, x)(b, y). So,
if ScG(a) = {a1, a2, . . . , ak} then we have also Sc′((a, x)) = {a1, a2, . . . , ak}
and it is clear that c′ is an AVD-coloring of G × K2. In the case where
G is bipartite, then G × K2 consists in two disconnected copies of G and
so χ′

a(G × K2) = χ′
a(G). In the case where G is regular of degree ∆ and

χ′
a(G) = ∆+1, then G×K2 is also regular and we have χ′

a(G×K2) ≥ ∆+1
and χ′

a(G × K2) ≤ χ′
a(G) = ∆ + 1. So, χ′

a(G × K2) = ∆ + 1. In the case
where χ′

a(G) = ∆, then clearly, χ′
a(G × K2) = ∆.

2

Theorem 15 For any m ≥ 3, n ≥ 3,

χ′
a(Pm × Pn) =

{
4 if m = n = 3
5 otherwise.

Proof : If m = n = 3, then Pm × Pn is the disjoint union of a 4-cycle and
a 4-star. Hence four colors suffice to AVD-color P3 × P3.

If m ≥ 3, n ≥ 3 and m + n > 6 then, in [BKT06], we proved that
χ′

a(Pm2Pn) = 5 and the coloring used is such that the four edges of each
4-length cycle in Pm2Pn have pairwise different colors. Now, it is easily
seen that Pm × Pn consists in two connected isomorphic components with
two adjacent vertices of degree 4 (thus χ′

a(Pm × Pn) ≥ 5) that are induced
subgraphs of some grid Pm′2Pn′ (see Figure 2). Thus, two adjacent vertices
of degree 4 in Pm×Pn have obviously different sets of colors. Moreover, two
adjacent vertices of degree 2 have different sets of colors since they belong
to a cycle of length 4 in Pm′2Pn′ .

2

6.2 Strong product

Theorem 16 For any two graphs G and H different from K2, the following
hold

χ′
s(G ⊠ H) ≤ min{χ′

s(G2H) + χ′(G × H), χ′(G2H) + χ′
s(G × H)},

14
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Figure 2: The product P8 × P4 with a component (in bold) included in
P62P5.

χ′
a(G ⊠ H) ≤ χ′

a(G2H) + χ′
a(G × H),

χ′′
a(G ⊠ H) ≤ χ′(G ⊠ H) + χ(G)χ(H).

Proof : Remember that the edge set of G ⊠ H is the union of the edge
set of G2H and of G × H . To obtain a VD-coloring of G ⊠ H , VD-color
the edges of G2H in χ′

s(G2H) colors and properly color the edges of
G × H in χ′(G × H) new colors. Then the coloring is clearly proper and
the vertices are distinguished by the VD-coloring of G2H . The same goes
when exchanging the roles of G and H . We then obtain χ′

s(G ⊠ H) ≤
min{χ′

s(G2H) + χ′(G × H), χ′(G2H) + χ′
s(G × H)}.

For the AVD-coloring of G⊠H , AVD-color the edges of G2H in χ′
a(G2H)

colors and AVD-color the edges of G × H in χ′
a(G × H) new colors. This

coloring is clearly proper and two adjacent vertices are distinguished either
by the colors of the edges of G2H or by the colors of the edges of G × H .

The third inequality is a direct consequence of Claim 1 since χ(G⊠H) ≤
χ(G)χ(H) (see [IK00], page 246). 2

6.3 Lexicographic product

Theorem 17 For any two graphs G and H different from K2, the following
hold

χ′
s(G ◦ H) ≤ χ′

s(G) + χ′
s(H) + (|V (H)| − 1)χ′(G),
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χ′
a(G ◦ H) ≤ χ′

a(G) + χ′
a(H) + (|V (H)| − 1)χ′(G),

χ′′
a(G ◦ H) ≤ χ′(G ◦ H) + χ(G)χ(H).

Proof : Assume G is of order n ≥ 3 and H is of order m ≥ 3. The graph G◦
H consists in n copies of H , two copies being linked by a complete bipartite
graph Km,m if the corresponding vertices of G are adjacent. Thus, the edges
between two copies of H can be decomposed into m perfect matchings. To
obtain a VD-coloring of G ◦ H :

• VD-color the edges of each copy of H with χ′
s(H) colors,

• for any edge e of G, color one of the m perfect matchings between the
two copies of H corresponding to e with the color of e in a VD-coloring
of G in χ′

s(G) new colors,

• properly color the edges of the remaining perfect matchings with (m−
1)χ′(G) new colors.

For the AVD-coloring, the proof is the same as above, replacing VD by
AVD and χ′

s by χ′
a.

For the TAVD-coloring, as for the strong product, the third inequality
follows from Claim 1 since χ(G ◦ H) ≤ χ(G)χ(H) ([IK00], page 246). 2

7 Concluding remarks

We have obtained bounds for the VD, AVD and TAVD-chromatic indices
of the Cartesian product of two graphs and we have shown that some of
these bounds are optimal since they allow to determine the AVD and TAVD-
chromatic indices of generalized hypercubes. General bounds for the direct,
strong and lexicographic products have also been determined. Notice that,
despite Theorems 3, 13, 16, 17 have quite simple proofs, they give the exact
value of the adjacent vertex distinguishing chromatic index if the factors
G and H are such that χ′

a(G) = ∆(G) and χ′
a(H) = ∆(H) (for instance,

this is the case for trees with no two adjacent vertices of maximum de-
gree [ZLW02]). However, the bounds we obtained for the TAVD-chromatic
index of the direct, strong and lexicographic products do not seem to be
very tight. It could be interesting to investigate this more in details.
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[IK00] W. Imrich and S. Klavžar. Product graphs. Wiley-Interscience
Series in Discrete Mathematics and Optimization. Wiley-
Interscience, New York, 2000. Structure and recognition, With
a foreword by Peter Winkler.

[KM03] A. Kemnitz and M. Marangio. Total colorings of Cartesian
products of graphs. In Proceedings of the Thirty-Fourth South-
eastern International Conference on Combinatorics, Graph
Theory and Computing, volume 165, pages 99–109, 2003.

[LWZW06] J. Li, W. Wang, Z. Zhang, and Z. Wang. Adjacent vertex-
distinguishing total coloring on square, cube, biquadratic of
pathes. Int. J. Pure Appl. Math., 29(1):7–13, 2006.

17



[ZCL+05] Z. Zhang, X. Chen, J. Li, B. Yao, X. Lu, and J. Wang. On
adjacent-vertex-distinguishing total coloring of graphs. Sci.
China Ser. A, 48(3):289–299, 2005.

[ZCL+06] Z. Zhang, X. Chen, J. Li, B. Liang, and P. Qiu. A note on the
relation of adjacent strong edge coloring and total coloring of
graphs. Submitted, 2006.

[ZLW02] Z. Zhang, L. Liu, and J. Wang. Adjacent strong edge coloring
of graphs. Appl. Math. Lett., 15(5):623–626, 2002.
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Appendix

c(K6) =




x0 x1 x2 x3 x4 x5 Missing colors
x0 1 2 3 4 5 0, 6
x1 1 3 4 5 6 0, 2
x2 2 3 5 6 0 1, 4
x3 3 4 5 0 1 2, 6
x4 4 5 6 0 2 1, 3
x5 5 6 0 1 2 3, 4




c′(K ′
6) =




x′
0 x′

1 x′
2 x′

3 x′
4 x′

5 Missing colors
x′

0 4 6 1 3 5 0, 2
x′

1 4 1 3 5 0 2, 6
x′

2 6 1 5 0 2 3, 4
x′

3 1 3 5 2 4 0, 6
x′

4 3 5 0 2 6 1, 4
x′

5 5 0 2 4 6 1, 3




d(K8) =




x0 x1 x2 x3 x4 x5 x6 x7 Missing colors
x0 1 2 3 4 5 6 7 0, 8
x1 1 3 4 5 6 7 8 0, 2
x2 2 3 5 6 7 8 0 1, 4
x3 3 4 5 7 8 0 1 2, 6
x4 4 5 6 7 0 1 2 3, 8
x5 5 6 7 8 0 2 4 1, 3
x6 6 7 8 0 1 2 3 4, 5
x7 7 8 0 1 2 4 3 5, 6
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d′(K ′
8) =




x′
0 x′

1 x′
2 x′

3 x′
4 x′

5 x′
6 x′

7 Missing colors
x′

0 3 6 8 1 4 5 7 0, 2
x′

1 3 8 1 4 5 7 0 2, 6
x′

2 6 8 4 5 7 0 2 1, 3
x′

3 8 1 4 7 0 2 3 5, 6
x′

4 1 4 5 7 2 3 6 0, 8
x′

5 4 5 7 0 2 6 1 3, 8
x′

6 5 7 0 2 3 6 8 1, 4
x′

7 7 0 2 3 6 1 8 4, 5
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ECO-generation for some restricted classes of

compositions

Jean-Luc Baril, Phan-Thuan Do

Abstract

We study several restricted classes of compositions by giving
one-to-one maps between them and different classes of restricted
binary strings or pattern avoiding permutations. Inspired by the
ECO method [8], new succession rules for these classes are pre-
sented. Finally, we obtain generating algorithms in Constant
Amortized Time (CAT) for theses classes.

Keywords : Composition of an integer, ECO method, succession rule,

generating tree, pattern avoiding permutation.

1 Introduction

A composition of an integer n is an ordered collection of one or more
positive integers whose sum is n. So, a composition c of n can be
written c = (c1, c2, . . . , ck) with c1 + c2 + · · · + ck = n and ci ≥ 1
for all i ≤ k. The integer k corresponds to the number of parts of
the composition. Let C(n) be the set of compositions of n. It is well
known that the cardinality of C(n) is 2n−1 and there is a one-to-one
correspondence between C(n) and binary strings of length n − 1 (see
Definition 1). There are many studies about enumeration of compo-
sitions and their restrictions: (1, p)-compositions, i.e., compositions
whose parts are 1 or p have been introduced in [12, 15, 16]; composi-
tions with no occurrence of part p have been studied in [17]; see also
[1, 14, 24, 25, 27, 28, 30, 32]. However, a very few articles deal with
their exhaustive generations. Some Gray codes are given for composi-
tions of a positive integer n in [31, 37]; for compositions with parts of

c©2013 by Jean-Luc Baril, Phan-Thuan Do
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size smaller than p in [36]; or for (1, p)-compositions in [12, 15]. These
papers mostly study the classes of compositions in terms of binary
strings. On the other hand, in [30], some results are provided using re-
stricted permutations for a few classes of compositions, but they cannot
be considered as avoidance patterns. More recently, a generalization
of the Simion-Schmidt injection [35] gave a bijection between binary
strings and pattern avoiding permutations [29] which creates a natural
link between compositions and pattern avoiding permutations. For ex-
ample, the class of compositions is in one-to-one correspondence with
the class of permutations avoiding 321 and 312 [4, 26]; the set of com-
positions of n with all parts of sizes smaller than (p + 1) is enumerated
by the p-generalized Fibonacci numbers, see [4, 11, 27, 28] and there
is a bijection between this set and permutations avoiding the patterns
321, 312 and 234 · · · (p + 1)1.

In this paper, we use the ECO method [8] (Enumeration Combi-
natorial Object method) in order to generate some restricted classes
of compositions represented as binary strings or pattern avoiding per-
mutations. The ECO method is a recursive description of a combi-
natorial object class which explains how an object of size n can be
reached from one and only one object of smaller size (see for example
[2, 3, 5, 6, 7, 13, 18, 19, 21, 22, 23]). It consists to define a system
of succession rules for a combinatorial object class which induces a
generating tree such that each node is labeled by the number of its
successors. In fact, the set of successions rules describes for each node
the label of its successors. More formally, the root of the generating
tree is labeled (b), b ∈ N+, and we define the rules Ω:

{(k) (e1(k))(e2(k)) · · · (ek(k)), k ∈ N},

where ei : N+ −→ N+. This means that each node labeled (k) has k
successors labeled (e1(k)), (e2(k)),. . . , (ek(k)). For ` ≥ 1, the symbol
` means that the succession rule transforms an element of size n into

another one of size n + `. For ` = 1 we frequently omit the superscript
` over  .

By coding each node of the generating tree with either a binary
string or a permutation, we deduce new bijections between classes of
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restricted compositions, pattern avoiding permutations and restricted
binary strings.

This paper is organized as follows. Section 2 recalls the defini-
tion of pattern avoiding permutations, and gives existing links between
compositions, binary strings and pattern avoiding permutations. Sec-
tions from 3 to 7 present succession rules for compositions with a given
number of parts, compositions with at most p parts, (1, p)-compositions
and compositions without parts of a given size. Moreover, each induced
generating tree will be encoded by binary strings and pattern avoid-
ing permutations. Finally, we deduce efficient algorithms (Constant
Amortized Time algorithms) for generating all these classes (Constant
Amortized Time means that the total amount of computation divided
by the number of objects is bounded by a constant independent of the
size of objects).

2 Definitions and notations

Let Sn be the set of permutations on [n] = {1, 2, . . . , n}. We represent
a permutation π ∈ Sn in one line notation: i.e., π = π1π2 · · · πn, where
πi = π(i) for all i ≤ n. A permutation π ∈ Sn contains the pattern
τ ∈ Sk if and only if a sequence of indices 1 ≤ i1 < i2 < · · · < ik ≤ n
exists such that π(i1)π(i2) · · · π(ik) is order-isomorphic to τ . We denote
by Sn(τ) the set of n-length permutations avoiding the pattern τ , i.e.,
permutations that do not contain τ . For instance, the permutation
523164 contains the pattern 321 while 314265 ∈ S6(321). Moreover,
we consider a barred pattern τ̄ , i.e., a permutation in Sk having a bar
over one or several consecutive entries (see [34]). Let r, 1 ≤ r ≤ k − 1,
be the number of barred elements in τ̄ ; τ be the permutation on [k]
identical to τ̄ but unbarred; and τ̂ be the permutation on [k − r] made
up of the k − r unbarred elements of τ̄ rewritten to be a permutation
on [k − r]. Let b = b1 · · · bk ∈ {0, 1}k such that bi = 1 if and only
if the i-th entry of τ̄ is barred. Then π ∈ Sn avoids the pattern τ̄
if and only if each pattern τ̂ in π can be expanded into a pattern τ
in π such that the positions of the extended entries correspond to the
positions of 1s in b. For example, if τ̄ = 2134, then b = 0011 and
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2134 ∈ S4(τ̄ ) and 21435 /∈ S5(τ̄) since 43 can not be expanded into a
pattern 43ab, where 4 < a < b. Now we define a special pattern denoted
τ̇ = 23 · · · (p − 1)p1̇ (see [10]). A permutation π avoids τ̇ if and only if
each pattern 23 · · · (p−1)1 can be extended to a pattern 23 · · · (p−1)p1
such that the positions of the extended values do not matter, i.e., each
pattern 23 · · · (p − 1)1 is contained in a pattern 23 · · · (p − 1)p1 of π.
For instance, if τ̇ = 231̇, then 2341 ∈ S4(τ̇ ) and 21 /∈ S2(τ̇) while
2341 /∈ S4(234̄1).

It is well-known that the set C(n + 1) of compositions of n + 1 is in
one-to-one correspondence with the set B(n) of binary strings of length
n. The following bijection ϕ shows this correspondence.

Definition 1 Let c = (c1, c2, . . . , ck) be a composition of n + 1.
The bijection ϕ between C(n + 1) and B(n) is defined by: ϕ(c) =
1c1−101c2−10 · · · 1ck−1−101ck−1.

For instance, if c = (1, 3, 2, 3), then ϕ(c) = 01101011.
On the other hand, Juarna and Vajnovszki in [29] gave a bijec-

tion φ between the binary strings in B(n) and the permutations in
Sn+1(321, 312). This bijection is considered as a generalization of the
Simion-Schmidt injection [35].

Definition 2 Let b = b1b2 · · · bn ∈ B(n). The bijection φ between B(n)
and Sn+1(321, 312) is defined by: π = φ(b) ∈ Sn+1 which has its i-th
value πi given by the following rule: if Xi = [n+1] \{π1, π2, . . . , πi−1},
then

πi =

{
the minimum value in Xi, if bi = 0, or i = n + 1
the second minimum value in Xi, if bi = 1.

For instance, if b = 01101011, then φ(b) = 134265897.

3 Compositions of n with parts of size at

most p

The set C≤p(n) of compositions of n with parts of size at most p is
enumerated by the (n+1)-th p-generalized Fibonacci number (see [11]).
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The map ϕ (Section 2) induces a bijection between C≤p(n) and the
set B<p(n − 1) of binary strings of size n − 1 without p consecutive
ones. It is proved [4, 11] that there are also one-to-one correspondences
with the two classes of permutations Sn(321, 231, (p + 1)12 · · · p) and
Sn(321, 312, 23 · · · (p + 1)1). These permutation classes admit known
succession rules (see [4, 26] and Table 1) and they can be generated in
constant amortized time (see also [11, 9, 33, 36] for Gray code listing).

4 Compositions of n with exactly p parts

The set Cp(n) of compositions of n with exactly p parts is enumer-
ated by the binomial coefficient

(n−1
p−1

)
. Also, Cp(n) is in one-to-one

correspondence with the set Bp−1(n − 1) of binary strings of length
n − 1 and having exactly p − 1 zeros. The function ϕ (see Sec-
tion 2) shows such a bijection. The following theorem gives a sys-
tem of succession rules in order to generate the sets Bp−1(n − 1) and
Sn(132, 312, (p + 1) · · · 21, 12 · · · (n − p + 1)(n − p + 2)). In this part,
we say that the level of a node in the generating tree is the length of
the unique path between the root and this node, plus p (thus the root
is on the level p).

Theorem 1 For p ≥ 1, a system (Ωp) of succession rules for the set
Cp(n) is:

(Ωp)

{
(p)
(k) (1)(2) · · · (k − 1)(k).

Each level n ≥ p of the generating tree induced by (Ωp) can be
coded by the binary strings of Bp−1(n − 1) or by the permutations in
Sn(132, 312, (p + 1) · · · 21, 12 · · · (n − p + 1)(n − p + 2)). A node other
than the root and labeled (k) is coded by a binary string of the form
b = b′10k−1 (resp. a permutation π = π′n(k − 1)(k − 2) · · · 21) and
its successors are obtained from b (resp. π) either by inserting 1 (resp.
n+1) between two entries of the suffix 10k−1 (resp. n(k−1)(k−2) · · · 21)
or by appending 1 (resp. n + 1) on the right (see Figure 1).

Proof. We attach the binary string 0p−1 to the root of the generating
tree obtained by (Ωp) and we proceed by induction on the level n of
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(3)
00/321

(1)
001/3214

(1)
0011/32145

(1)

(2)
010/3241

(1)
0101/32415

(1)

(2)
0110/32451

(1) (2)

(3)
100/3421

(1)
1001/34215

(1)

(2)
1010/34251

(1) (2)

(3)
1100/34521

(1) (2) (3)

Figure 1. The first levels of the generating tree (Ω3) (the level of the root is
3). Each node on the level n is coded by one binary string in B2(n − 1) or by
one permutation in Sn(132, 312, 4321, 12 · · ·(n − 2)(n − 1)).

the tree (the root being on the level p by convenience). So we assume
that the level (n − 1) generates once each binary string of Bp−1(n − 2).
Let b ∈ Bp−1(n − 2) such that b = b′0k, k ≤ p − 1, where b′ is either
empty or has 1 on its right. Therefore, by inserting 1 on the right
of b, or between two entries of the suffix 0k, or on the left of 0k, we
produce k + 1 binary strings of Bp−1(n − 1) and each binary string
c = b′10k−`+110`−1 obtained by this process has ` successors labeled
(1), (2), . . . , (`). Conversely, each binary string of Bp−1(n − 1) can be
uniquely obtained from an element of Bp−1(n−2) by this construction.

Now, we define a map φ′ from Bp−1(n − 1) to Sn(132, 312).
Let b = b1b2 · · · bn−1 ∈ Bp−1(n − 1). If π = φ′(b1b2 · · · bn−1), then

π1 = p and for i ≥ 2,

πi =

{
p − ` if bi−1 is the `-th 0 from the left
p + ` if bi−1 is the `-th 1 from the left.

For instance, if p = 5 and n = 9, then φ′(10011010) = 564378291.
In fact, the image by φ′ of an element in Bp−1(n − 1) is a permutation
of Sn(132, 312) verifying π1 = p, or equivalently a permutation of
Sn(132, 312) that avoids the two patterns (p + 1) · · · 21 and 12 · · · (n −
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p+1)(n−p+2). Now let us prove that φ′ is a bijection from Bp−1(n−1)
to Sn(132, 312, (p + 1) · · · 21, 12 · · · (n − p + 1)(n − p + 2)). Indeed, a
permutation π in Sn(132, 312, (p+1) · · · 21, 12 · · · (n−p+1)(n−p+2))
verifies that πi is either max{πj , j ≤ i} or min{πj , j ≤ i} which are
respectively represented by 1 and 0 in order to obtain a binary string
b of length n − 1 (we do not consider the bit corresponding to π1).
Obviously, if π avoids (p+1)p · · · 21 (resp. 12 · · · (n− p+1)(n− p+2))
then b does not contain p zeros (resp. n−p+1 ones) which means that
b contains exactly p − 1 zeros. Moreover, if c = b′10`10k−` is obtained
from b = b′10k ∈ Bp−1(n−2) by inserting 1, then φ′(c) is obtained from
φ′(b) by inserting n on the same position from the right. 2

Notice that the set Sn(132, 312, (p + 1) · · · 21, 12 · · · (n − p + 1)(n −
p + 2)) depends on a pattern of length n − p + 2. However, it remains
the open question: is it possible to find a finite basis B (independent
of n) such that Sn(B) is enumerated by

(
n−1
p−1

)
?

5 Compositions of n with at most p parts

The set C#p(n) of compositions of n with at most p parts is enumerated
by

∑p
k=1

(n−1
k−1

)
. Moreover, C#p(n) is in one-to-one correspondence with

the set B#(p−1)(n − 1) of binary strings of length n − 1 and having
at most p − 1 zeros. The function ϕ (see Section 2) shows such a
bijection. The following theorem gives succession rules in order to
generate B#(p−1)(n − 1). Since B#(p−1)(n − 1) =

⋃p−1
i=0 Bi(n − 1), these

rules are obtained by a simple adaptation of the rules described in the
previous section. Here we say that the level of a node in the generating
tree is the length of the unique path between the root and this node
(the root is on the level 0).

Theorem 2 For p ≥ 1, a system (Ω#p) of succession rules for the set
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λ/1

(30)
0/21

(3)
00/321

(1)
001/3214

(1)

(2)
010/3241

(1) (2)

(3)
100/3421

(1) (2) (3)

(2)
10/231

(1)
101/2314

(1)

(2)
110/2341

(1) (2)

(1)
01/213

(1)
011/2143

(1)

(1)
1/12

(1)
11/123

(1)
111/1234

(1)

Figure 2. The first levels of the generating tree (Ω#3). Each node on the
level n is coded by one permutation in Sn+1(132, 312, 4321) or by one binary
string in B#2(n). Encircled subtrees correspond to the subsets Bi(n − 1) for
0 ≤ i ≤ 2.

C#p(n) is:

(Ω#p)





(20)
(k0)  ((k + 1)0)(k − 1) · · · (2)(1), if 2 ≤ k < p
(p0)  (p)(p − 1) · · · (2)(1)
(k)  (1)(2) · · · (k), if 1 ≤ k ≤ p.

Each level n ≥ 0 of the generating tree induced by (Ω#p) can be
coded by the binary strings of B#(p−1)(n) or by the permutations in
Sn+1(132, 312, (p + 1) · · · 21).

• A node labeled (k0), 2 ≤ k ≤ p, is coded by the binary string
0k−2 (resp. the permutation (k−1)(k−2) · · · 21) and its successors are
obtained either by appending 0 (resp. k) on the left or by inserting 1
(resp. k) between two zeros, on the right or on the left (resp. on the
same position from the right as for binary strings).

• All other nodes obey to the rules described in Theorem 1.
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Proof. The proof is directly deduced from Theorem 1. Indeed, a node
labeled (k0), 2 ≤ k ≤ p, produces k−1 nodes labeled (1), (2), . . . , (k−1)
which have the same succession rules as those of Theorem 1, and either
one node labeled ((k + 1)0) if k 6= p or one node labeled (k) otherwise.
This means that the subtree T rooted by a node labeled (k0), k 6= p,
has one subtree T1 rooted by a node labeled ((k + 1)0) that generates
the sets Bk(n−1) for n−1 ≥ k (see Theorem 1). Now let T2 = T\T1 be
the subtree of T obtained by deleting all nodes of T1. So, T2 generates
the set Bk−1(n − 1) for n − 1 ≥ k − 1. Finally, the complete generating
tree of (Ω#p) is exactly the union of subtrees Ti for 0 ≤ i ≤ p − 1,
where Ti generates the set Bi(n−1), where n−1 ≥ i. This proves that
(Ω#p) generates B#(p−1)(n). By duality and with the same argument,
it also generates all permutations in Sn+1(132, 312, (p + 1) · · · 21) (see
Figure 2). 2

6 Compositions of n with parts 1 and p

Let C1,p(n) be the set of compositions of n with parts 1 and p. The
following bijection ϕ′ (see for example [12]) gives a bijection between
C1,p(n) and the set B≥p−1(n−p+1) of binary strings of length n−p+1
with at least p − 1 zeros between two ones.

Definition 3 Let c = (c1, c2, . . . , c`) be a composition of n such that
ci ∈ {1, p} for all i ≤ `. We define the bijection ϕ′ between C1,p(n) and
B≥p−1(n − p + 1) by the following algorithmical process. We initialize
b = λ (the empty string). For each i from 1 to `, if ci = 1, then we
modify b by appending 0 on its right; otherwise (i.e., ci = p), we modify
b by appending 10p−1 on its right. Finally, we delete p − 1 zeros on the
right of b which defines a binary string b of length n − p + 1 with at
least p − 1 zeros between two ones.

For instance, if n = 12, p = 3 and c = (1, 3, 1, 3, 3, 1), then ϕ′(c) =
0100010010.

Theorem 3 For p ≥ 2, a system (Ω1,p) of succession rules for the
(1, p)-compositions is given by:
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(Ω1,p)





(2)
(2) (2)(10)
(1i) (1i+1), for 0 ≤ i < p − 2
(1p−2) (2).

Each level n of the generating tree induced by (Ω1,p) can be coded by the
binary strings in B≥p−1(n) (the root is on the level 0). A binary string
of length n can be obtained from a string of length n − 1 by inserting 0
or 1 on the last position (see Figure 3).

Proof. We will prove by induction that the nodes on the level k can be
coded by the binary strings of the set B≥p−1(k) for all k ≥ 0. Remark
that this is true for the root which is coded by the empty string λ (by
convenience the level of the root will be 0). So let us assume that each
level j ≤ k is coded by the elements of B≥p−1(j).

Let α be a binary string of length k + 1 on the level k + 1 and let
β ∈ B≥p−1(k) be its predecessor on the level k.

If α is obtained from β by inserting 0 on its right, then α also
belongs to B≥p−1(k + 1). If α is obtained by inserting 1 on the right
of β, then β has two sons, so its label is (2), and its predecessor γ is
labeled by (2) or (1p−2), then β = γ0.

(i) If γ is labeled (1p−2), its predecessor γ1 is labeled (1p−3). We
repeat this process until γp−2, i.e., until we reach the label (10).
Then γp−2 is obtained from a binary string β′ labeled (2) by
inserting 1 on the right of β′.

Thus α is of the form α = β1 = β′10p−11. Moreover, β′ ∈
B≥p−1(k − p) by the recurrence hypothesis. We conclude that
α ∈ B≥p−1(k + 1).

(ii) If γ is labeled (2), its predecessor γ1 is labeled (1p−2) or (2). If
γ1 is labeled (1p−2), we return to the case (i) just above, so α has
at least p− 1 consecutive zeros between two ones. If γ1 is labeled
(2), we repeat the process by replacing γ1 with γ and it will finish
when: either we reach the label (1p−2) which corresponds to the
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case (i), or we reach the root labeled (2). In any case, α contains
p−1 consecutive zeros between two ones. Then α ∈ B≥p−1(k+1).

Conversely, we consider α ∈ B≥p−1(k + 1) and we construct a path
on the generating tree (Ω1,p) which generates this string. We distin-
guish two cases:

• α = α′10j , where j ≤ p−1. So α′1 ∈ B≥p−1(k+1−j). Therefore,
α′ is labeled (2) and α is obtained from α′ with either the path
(2)/α′  (10)/α

′1  (11)/α
′10  · · ·  (1j)/α

′0j or (2)/α′  
(10)/α

′1 (11)/α
′10 · · · (1p−2)/α

′10p−2  (2)/α′10p−1;

• α = α′′10j , where j ≥ p. Then α′ = α′′10p−1 ∈ B≥p−1(k + p − j).
So, α is obtained from α′ with a path of nodes all labeled (2) in
the generating tree.

We repeat the same process by replacing α with α′ and we will find
the path from the root of the generating tree (Ω1,p) to reach α. For
instance, α = 010010001, the path to reach α from the root in the
generating tree (Ω1,3) is:

(2)/λ (2)/0 (10)/01 (11)/010 (2)/0100  (10)/01001  
(11)/010010  (2)/0100100  (2)/01001000  (10)/010010001.

We finally conclude that the generating tree induced by (Ω1,p) is
coded by the set B≥p−1(n) of binary strings of length n with at least
p − 1 zeros between two ones. 2

Theorem 4 Each level n ≥ 0 of the generating tree of (Ω1,p) can be

coded by the permutations in Sn+1(231, 312, 321, 2134 · · · (p + 1)(p +
3)(p + 2)). A permutation of length n is obtained from a permutation
π of length (n − 1) by inserting n either on the right of π or just before
its last entry (see Figure 3).

Proof. In [12], Baril and Moreira showed there is a bijection f between
B≥p−1(n) and Sn+1(231, 312, 321, 2134 · · · (p + 1)(p+3)(p+2)). More-
over, the insertion of 0 (resp. 1) on the right of b ∈ B≥p−1(n) is equiva-
lent to the insertion of (n+1) on the right of π = f(b) (resp. just before
the last entry). This means that Sn+1(231, 312, 321, 2134 · · · (p + 1)(p+
3)(p + 2)) also codes the generating tree (Ω1,p). 2
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(2)
λ/1

(10)
1/21

(11)
10/213

(2)
100/2134

(10)
1001/21354

(2)
1000/21345

(2)
0/12

(10)
01/132

(11)
010/1324

(2)
0100/13245

(2)
00/123

(10)
001/1243

(11)
0010/12435

(2)
000/1234

(10)
0001/12354

(2)
0000/12345

Figure 3. The first five levels of the generating tree (Ω1,3). Each node on the
level n is coded by one permutation in Sn(231, 312, 321, 213465) or by one
binary string in B≥2(n − 1).

7 Compositions of n without part of size p

Let Cp̂(n) be the set of compositions of n without part of size p. The
bijection ϕ (see Section 2) transforms Cp̂(n) into the set B

p̂−1
(n − 1)

of the binary strings of length (n − 1) without run of ones of length
p − 1 knowing that a run of ones is a maximal substring of consecutive
ones. For instance, the binary string b = 0110011101 contains three
runs of ones illustrated in boldface. In this section, we consider the
concept of jumping succession rules introduced in [23]. This allows the
construction of an element of size greater than n + 1 from an element
of size n (see Section 1).

Theorem 5 For p ≥ 2, a system of jumping succession rules (Ωp̂) for
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the compositions without part of size p is given by:

(Ωp̂)





(20)
(2i) (20)(2i+1), for 0 ≤ i ≤ p − 3

(2p−2)
1 (20)

2 (2p−1)
(2p−1) (20)(2p−1).

Each level n of the generating tree of (Ωp̂) is coded by the set B
p̂−1

(n)

(the root is on the level 0). Let b be a binary string in B
p̂−1

(n) corre-
sponding to a node of level n. Then b has two successors:
- if the two successors of b are on the level n + 1, they are obtained by
inserting 0 or 1 on the right of b.
- if one successor of b is on the level n + 1 and the other on the level
n + 2, we insert 0 on the right of b in order to obtain the successor on
the level n+1 and we insert 11 on the right of b in order to obtain that
on the level n + 2 (see Figure 4).

Proof. We proceed by induction. The root of the tree is coded by the
empty string λ (by convenience the level of the root is 0). We assume
that each level k ≤ n is coded by the elements of B

p̂−1
(k). Let α be

the binary string of length (n+1) corresponding to a node on the level
n+1 and let β be its predecessor on the level n or n−1, then β belongs
to B

p̂−1
(n) or B

p̂−1
(n − 1).

(i) If β is on the level n − 1, then β is labeled (2p−2), α is labeled
(2p−1) and α is obtained from β by inserting 11 on its right. Thus
β is obtained from its predecessor β1 labeled (2p−3) (if p− 3 > 0)
by inserting 1 on its right. We repeat this process until we create
βp−2, i.e., until we reach a node labeled (20). Necessarily βp−2 is
obtained from its predecessor β′ by inserting 0 on its right. Thus
α = β11 = β′01p, and α does not contain any run of ones of
length p − 1, which implies that α ∈ B

p̂−1
(n + 1).

(ii) If β is on the level n, then α is obtained from β by inserting 0 or
1 on its right.
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- if α is obtained from β by inserting 0 on its right, then α obvi-
ously belongs to B

p̂−1
(n + 1).

- if α is obtained from β by inserting 1 on its right, then β is
labeled (2) or (2i), with i < p − 2:

(a) if β is labeled (2), it is obtained from its predecessor (also
labeled (2)) by inserting 1 on its right. We repeat this pro-
cess until we reach the label (2p−2). So we retrieve the case
(i) above. Then, α = α′1` = β′01p1`, with ` > 0, and
β′ ∈ B

p̂−1
(n − p − l). Therefore α ∈ B

p̂−1
(n + 1).

(b) if β is labeled (2i), with the same process of the case (i), we
have α = β′1i+1, with β′ ∈ B

p̂−1
(n − i) with i + 1 < p − 1.

Thus α ∈ B
p̂−1

(n + 1).

Conversely, each string α in B
p̂−1

(n + 1) can be constructed on

the level n + 1 of the generating tree (Ωp). Indeed, if β = α0, then
β ∈ B

p̂−1
(n + 2). So β can be decomposed as 1c1−101c2−10 · · · 1c`−10

such that c = (c1, c2, . . . , c`) ∈ C
p̂−1

(n + 3) (see the bijection ϕ : Cp̂(n +

1)  B
p̂−1

(n)). Let β = β′1c`−10, then β′ ∈ B
p̂−1

(n + 2 − c`). We
distinguish two cases:

• if c` < p, then β is obtained from β′ on the generating tree (Ωp)
by the path
(21) (22) · · · (2c`−1) (20),

• if c` > p, then β is obtained from β′ on the generating tree (Ωp)
by the path

(21) (22) · · · (2p−2)
2 (2p−1) (2p−1)

c`−p−1  (20).

We repeat this process by replacing β with β′ and we obtain a path
from the root to β on the generating tree (Ωp̂). For instance, on the
generating tree (Ω3̂), if α = 1110100, then the path for reaching α from
the root is:
(20)/λ  (21)/1

2 (22)/111  (20)/1110  (21)/11101  
(20)/111010  (20)/1110100. 2
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(20)
λ/1

(21)
1/21

(22)
111/2341

(20) (22)

(20)
10/213

(21)
101/2143

(22)

(20)

(20)
100/2134

(21) (20)

(20)
0/12

(21)
01/132

(22)

(20)
010/1324

(21) (20)

(20)
00/123

(21)
001/1243

(22)

(20)

(20)
000/1234

(21) (20)

Figure 4. The first levels of the generating tree (Ω3̂). Each node on the level
n ≥ 0 is coded by a permutation in Sn+1(312, 321, 2341̇) or by a binary string
in B2̂(n).

In order to code the generating tree by permutations avoiding pat-
terns, we use the new pattern 23 · · · n1̇ presented in Section 2.

Theorem 6 Each level n of the generating tree induced by (Ωp̂) can be
coded by the permutations π ∈ Sn(312, 321, 23 · · · (p + 1)1̇) as follows:
• If the two successors of π belong to the level (n+1), they are obtained
by inserting n + 1 on the right or just before the last entry of π.
• If a successor of π is on the level (n + 1) and the other on the level
(n+2), we insert n+1 on the right of π in order to obtain the successor
on the level n+1, and we insert (n+1)(n+2) just before the last entry
of π in order to obtain that of the level (n + 2) (see Figure 4).

In order to prove this theorem, we present the following proposition.

Proposition 1 The map φ defined in Section 2 is a bijection from
Bp̂(n) to Sn+1(312, 321, 23 · · · (p + 2)1̇).
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Proof. Recall that φ is a bijection from the set of binary strings of
length n to the set of (n + 1)-length permutations avoiding 321 and
312. So we will prove that φ(Bp̂(n)) = Sn+1(321, 312, 23 · · · (p + 2)1̇).

Let b be a binary string in Bp̂(n) and π be its image by φ in
Sn+1(321, 312). As φ(b) ∈ Sn+1(321, 312), there exist (see [36]) some
indices 0 = k0 < k1 < · · · < kr < · · · < km = n such that π is divided
into m blocks

π = π1π2 · · · πk1 · · · πkr−1+1πkr−1+2 · · · πkr · · ·
· · · πkm−1+1πkm−1+2 · · · πkm

satisfying the two following conditions:

(i) the rightmost elements of each block are in increasing order (i.e.,
1 = πk1 < πk2 < · · · < πkm);

(ii) each block πkr−1+1πkr−1+2 · · · πkr having at least two elements is
of the form (a + 1)(a + 2) · · · (a + kr − kr−1 − 1)a with a = πkr .

For instance, if b = 110111, then π = 2315674. It is remarkable from
the definition of φ that if we add on the last position of b one occur-
rence of 0 and then divide the obtained binary string into separated
blocks where each block contains exactly one occurrence of 0 at its
end, then we obtain m blocks corresponding to the m blocks of φ(b).
Furthermore, the number of consecutive 1s in each block of b is also
the number, minus one, of elements of the respective block in φ(b) (see
Definition 2). This leads us to the following claim: for q ≥ 2, if one sub-
sequence of φ(b) is a pattern 23 . . . q1 (of length q), then this sequence
must belong to only one block of φ(b) (since the smallest element of
each block of φ(b) is greater than the largest element of the previous
blocks of φ(b)). Moreover, since b does not contain exactly p consecu-
tive 1s, φ(b) does not contain any block of length p + 1 exactly. Hence,
if the subsequence 23 . . . p(p + 1)1 appears in φ(b), then we can extend
it (without considering positions of extended entries) into a sequence
23 . . . (p+1)(p+2)1, which means that φ(b) avoids 23 . . . (p+1)(p+2)1̇.

Conversely, we take a permutation π of Sn+1(321, 312, 23 . . . (p +
1)(p+2)1̇). We also have the decomposition of π into blocks as above. It
needs to show that φ−1(π) belongs to Bp̂(n). This is induced by the fact

112



ECO-generation for some restricted classes of . . .

that all blocks of π considered as subsequences of π are either of length
less than p + 1 (if they do not contain the reduced pattern 23 . . . p(p +
1)1) or more than p+1 (if they contain the extended pattern 23 . . . (p+
2)1). Therefore, φ−1(π) is a binary string without p consecutive 1s. 2

Now, the proof of Theorem 6 is obtained using the following remark.
The insertion of 0 (resp. 1) on the right of b ∈ Bp̂(n) is equivalent to
the insertion of n + 1 on the right of π = φ(b) (resp. just before the
last entry). And also the insertion of 11 on the right of b ∈ Bp̂(n) is
equivalent to the insertion of (n + 1)(n + 2) just before the last entry
of π = φ(b). This means that Sn(312, 321, 23 · · · (p + 1)1̇) also codes
the generating tree (Ωp̂).

8 Algorithmic considerations and conclusion

In this section, we explain how all studied classes can be generated
efficiently.

Let π ∈ Sn; the sites of π are the positions between two consecutive
entries, before the first and after the last entry. We suppose that the
sites are numbered from 1 to n+1 and from right to left. For example,
the third site of the permutation π = 463512 is between the entries 5
and 1. Moreover, let τ be an n-length permutation (or equivalently a
binary string) on a generating tree defined by a succession rule (Ω).
Then, the i-th site of τ is said active if the element obtained from τ
by the insertion of a value into this site also belongs to the generating
tree. The active sites of τ are right-justified (see [20]) if all sites to the
right of the leftmost active site are also active. If each element on the
generating tree is right-justified, we will say that the generated class is
regular. It is crucial to notice that all classes defined in this paper are
regular.

An algorithm runs in Constant Amortized Time (CAT) if the
amount of computations, after a small amount of preprocessing, is pro-
portional to the number of generated objects. Many CAT algorithms
exist in the literature, but we will take that presented in [20, 33]. This
recursive algorithm acts on regular classes and enables us to ensure
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that we can generate all successors of a given node in constant amor-
tized time. Thus the total amount of computations is proportional to
the number of recursive calls. Moreover, the number obj of generated
objects is at least c−c1

2 , where c is the total number of recursive calls,
and c1 is the number of recursive calls of degree one. So, for each
generating tree of this study, we will calculate c1.

- We immediately have c1 = 0 for the generating tree defined in
Section 7 and c

obj evolves as O(1).

- In Section 6, a simple observation gets c1 ≤ p(c − c1) and c
obj

evolves as O(p).

- The generating tree of Section 5 is constituted of several generating
trees of Section 4. So it suffices to compute c1 for Section 4 (see below).

- In Section 4, each node produces exactly once a node of degree
one. Thus the number of nodes of degree one and on levels at most
n − 1 in the generating tree (Ωp) is equal to

c1 =

n−1∑

i=p−1

(
i

p − 1

)
.

A simple calculation proves that if p ≥ bn
2 c and n ≥ 4, then c1 ≤

2
( n
p−1

)
, which means that the number of nodes of degree one divided

by 2 is smaller than the number of generated objects obj =
( n
p−1

)
for

p ≥ bn
2 c. In this case, the complexity is O(1). The case p ≤ bn

2 c
is obtained mutatis mutandis by interchanging 0 with 1 in the binary
strings of the generating tree.

Finally, this means that the total amount of computation divided
by the number of objects is bounded by a constant independently to
the size of the objects. Therefore all studied classes in this paper can
be generated in Constant Amortized Time (CAT) using an algorithm
similar to that of [20, 33]. We summarize our results in Table 1 that
contains the succession rules of each studied class and their correspond-
ing pattern avoiding permutation classes.
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Table 1. Classes of compositions, corresponding succession rules and corre-
sponding classes of pattern avoiding permutations.

Classes Succession rules Avoided patterns

C(n)
(2)
(2) (2)(2)

{321, 312} [4, 26]

(2)
(k) (k + 1)(1)k−1 {321, 231} [4, 26]

Cp(n)
(p)
(k) (1)(2) · · · (k)

{132, 312, (p + 1)p · · · 21,
12 · · · (n − p)(n − p + 1)}

C#p(n)

(20)
(k0)  ((k + 1)0)(k − 1) · · · (2)(1) for 2 ≤ k < p
(p0)  (p)(p − 1) · · · (2)(1)
(k)  (1)(2) · · · (k − 1)(k) for 1 ≤ k ≤ p

{132, 312, (p + 1)p · · · 21}

C≤p(n)

(20)
(20) (20)(21)
(2i) (20)(2i+1), for 1 ≤ i < p − 2
(2p−2) (20)(1)
(1) (20)

{321, 312, 234 · · · (p + 1)1} [4, 11]

(2)
(k) (k + 1)(1)k−1

(p) (p)(1)k−1
{312, 231, (p + 1)p · · · 321} [4, 11]

C1,p(n)

(2)
(2) (10)(2)
(1i) (1i+1), for 0 ≤ i < p − 2
(1p−2) (2)

{231, 312, 321,
2134 · · · (p + 1)(p + 3)(p + 2)}

Cp̂(n)

(20)
(2i) (20)(2i+1), for 0 ≤ i ≤ p − 3

(2p−2)
1 (20)
2 (2p−1)

(2p−1) (20)(2p−1)

{312, 321, 23 · · · (p + 1)1̇}
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Recently, Elizalde (2011) [2] has presented a bijection between the set Cn+1 of cyclic
permutations on {1,2, . . . ,n+1} and the set of permutations on {1,2, . . . ,n} that preserves
the descent set of the first n entries and the set of weak excedances. In this paper, we
construct a bijection from Cn+1 to Sn that preserves the weak excedance set and that
transfers quasi-fixed points into fixed points and left-to-right maxima into themselves. This
induces a bijection from the set Dn of derangements to the set Cq

n+1 of cycles without
quasi-fixed points that preserves the weak excedance set. Moreover, we exhibit a kind
of discrete continuity between Cn+1 and Sn that preserves at each step the set of weak
excedances. Finally, some consequences and open problems are presented.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction and notation

Let Sn be the set of permutations of length n, i.e., all
one-to-one correspondences from [n] = {1,2, . . . ,n} into
itself. We represent a permutation σ ∈ Sn in one-line nota-
tion, σ = σ1σ2 . . . σn where σi = σ(i), 1 � i � n. Moreover,
if γ = γ (1)γ (2) . . . γ (n) is a length n permutation then
the product γ · σ is the permutation γ (σ1)γ (σ2) . . . γ (σn).
In Sn , a k-cycle σ = 〈i1, i2, . . . , ik〉 is a length n permu-
tation verifying σ(i1) = i2, σ(i2) = i3, . . . , σ (ik−1) = ik ,
σ(ik) = i1 and σ( j) = j for j ∈ [n]\{i1, . . . , ik}. In partic-
ular, a 2-cycle is called a transposition. Let Cn ⊂ Sn be the
set of n-cycles. The elements of Cn will be called cyclic
permutations (or cycles for short). Obviously Cn+1 and Sn

have the same cardinality.
Any permutation σ ∈ Sn is uniquely decomposed as a

product of transpositions of the following form:

E-mail address: barjl@u-bourgogne.fr.

σ = 〈p1,1〉 · 〈p2,2〉 · 〈p3,3〉 · · · 〈pn,n〉 =
n∏

i=1

〈pi, i〉, (1)

where pi are some integers such that 1 � pi � i � n. Con-
versely, any such decomposition provides a permutation
in Sn . Therefore, (1) yields a bijection from Sn to the prod-
uct set Tn = [1]×[2]×· · ·×[n]. Then we have another way
to represent a permutation:

Definition 1. The transposition array of a permutation σ =∏n
i=1〈pi, i〉 ∈ Sn is defined by p1 p2 . . . pn ∈ Tn .

For example, if σ = 1 4 5 6 3 2 then its decompo-
sition into transpositions is 〈1,1〉 · 〈2,2〉 · 〈3,3〉 · 〈2,4〉 ·
〈3,5〉 · 〈4,6〉, and its corresponding transposition array is
1 2 3 2 3 4. Notice that this decomposition is used in [1] in
order to obtain Gray codes for restricted classes of length
n permutations.

Let σ be a permutation in Sn . A descent of σ is a
position i, 1 � i � n − 1, such that σ(i) > σ(i + 1). Let
D(σ ) be the set of descents of σ . An excedance (resp.

0020-0190/$ – see front matter © 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.ipl.2012.10.003
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weak excedance) of σ is a position i, 1 � i � n, such that
σ(i) > i (resp. σ(i) � i). The set of excedances (resp. weak
excedances) of σ will be denoted E(σ ) (resp. W E(σ )).
A left-to-right maximum is a position i, 1 � i � n, such
that σ(i) > σ( j) for all j < i. The set of left-to-right
maxima of σ will be denoted L(σ ). A fixed point of σ
is a position i such that σ(i) = i. Let F (σ ) be the set
of fixed points of σ . A quasi-fixed point of σ is a posi-
tion i such that σ(i) = i + 1. Let Q F (σ ) be the set of
quasi-fixed points. For instance, if σ = 1 3 5 2 4 6 then
D(σ ) = {3}, E(σ ) = {2,3}, W E(σ ) = {1,2,3,6}, L(σ ) =
{1,2,3,6}, F (σ ) = {1,6} and Q F (σ ) = {2}. Let Dn be the
set of length n derangements (permutations without fixed
points).

A combinatorial statistics on Sn is a map f : Sn → N.
The distribution of f is the sequence (ai)i∈N where ai is
the cardinality of f −1(i). Many statistics on Sn have been
widely studied (number of descents, inversions and ex-
cedances, major index, . . .), see [4,10,7,8,11] for instance.
Descent and excedance statistics were first studied by
MacMahon [10] and can be considered as mirror images
of each other. Indeed, the numbers of descents and ex-
cedances have the same distribution on the length n per-
mutations. They are called Eulerian statistics. Foata [6]
presents a bijection from Sn to itself which exchanges ex-
cedances and descents. In the literature, descents of a per-
mutation are mostly studied for their many applications.
For instance, descents appears in theory of lattice path
enumeration (see Gessel and Viennot [9]).

More recently, Elizalde [2] constructs a bijection from
Sn to Cn+1 that preserves the descent set on the first
(n − 1) positions.

Theorem 1. (See [2].) For every n, there is a bijection ϕ :
Cn+1 → Sn such that if π ∈ Cn+1 and σ = ϕ(π), then

D(π) ∩ [n − 1] = D(σ ).

Moreover, this bijection also preserves the weak ex-
cedance set:

E(π) = W E(π) = W E(σ ).

Inspired by this theorem, we present similar results for
other statistics. Section 2 shows how one can character-
ize n-cycles, left-to-right maxima, (quasi-)fixed points, and
(weak) excedances using the transposition array represen-
tation. In Section 3, we give a constructive bijection from
Sn to Cn+1 that preserves the weak excedance set and
that transfers fixed points into quasi-fixed points and left-
to-right maxima into themselves. As a consequence, we
deduce a bijection from the set Dn of derangements (per-
mutations without fixed points) to the set Cq

n+1 of length
n + 1 cycles without quasi-fixed points that preserves the
set of excedances. In Section 4, we exhibit a kind of dis-
crete continuity between Sn and Cn+1 that preserves at
each step the set of weak excedances. Finally, we deduce
a bijection (preserving the excedance set) between Sn and
the set T 0

n of elements in Cn in which one entry has been
replaced with 0.

2. Preliminaries

In this section, we give several elementary lemmas
in order to characterize special points of a permutation
(left-to-right maximum, fixed point, excedance, . . .) us-
ing the transposition array representation. They will be
used throughout the paper. Before this, we state the two
straightforward claims:

Claim 1. For every j � 1, the permutation
∏ j

i=1〈pi, i〉 fixes all
values strictly larger than j.

Claim 2. If k < � and if for all i � � we have pi �= k, then the
permutation

∏n
i=�〈pi, i〉 fixes k.

In [1], it is shown how an n-cycle can be characterized
with its transposition array representation.

Lemma 1. (See [1, Remark 16].) Let σ be a permutation in Sn

and p = p1 p2 . . . pn be its transposition array. Then σ is an n-
cycle if and only if its transposition array contains only one fixed
point, i.e., p1 = 1 and pi �= i for i � 2. More generally, the num-
ber of cycles of σ is n − � where � is the number of indices i,
1 � i � n, such that pi �= i.

Proof. A simple induction on j starting at j = 1 shows
that the number of cycles (relatively to the classical de-
composition into disjoint cycles) in

∏ j
i=1〈pi, i〉 is (n − �),

where � is the number of i, 1 � i � j, such that pi �= i. �
Lemma 2. Let σ be a permutation in Sn and p1 p2 . . . pn be
its transposition array. Then k is a left-to-right maximum of σ if
and only if there exists i � k such that (a) pi = k, and (b) p j > k
for j > i.

Proof. Assume that k is a left-to-right maximum of σ . We
have σ( j) � σ(k) for j � k and in particular σ(k) � k.
Since σ = 〈p1,1〉 · 〈p2,2〉 · · · 〈pn,n〉 with 1 � pi � i � n,
and using Claims 1 and 2, the fact σ(k) � k induces the
existence of i � k such that pi = k. We choose the right-
most i � k verifying this property. So, Claims 1 and 2 give
σ(k) = i. Assume for a contradiction that there is j, j > i,
such that p j < pi = k; we choose the rightmost j. This
implies σ(p j) = j > i = σ(k) with p j < k, which contra-
dicts the fact that k is a left-to-right maximum. So (b)
is verified. Using Claims 1 and 2, the converse becomes
straightforward. �
Lemma 3. Let σ be a permutation in Sn and p1 p2 . . . pn be its
transposition array. Then k is a fixed (resp. quasi-fixed) point
of σ if and only if (a) pk = k (resp. pk+1 = k), and (b) there
does not exist i > k such that pi = k (resp. i > k + 1 such that
pi = k).

Proof. Assume that k is a fixed point of σ = 〈p1,1〉 ·
〈p2,2〉 · · · 〈pn,n〉 with 1 � pi � i � n, i.e., σ(k) = k. Sup-
pose for a contradiction there exists i > k such that pi = k;
we take the rightmost i verifying this property. Claims 1
and 2 give σ(k) = i > k which contradicts our hypothesis.
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Thus σ verifies (b). Claim 2 induces σ(k) = σ ′(k) where
σ ′ = 〈p1,1〉 · 〈p2,2〉 · · · 〈pk,k〉. Since σ(k) = k, Claim 1 in-
duces pk = k. The converse is straightforward. The proof
is obtained mutatis mutandis whenever we replace fixed
points with quasi-fixed points. �
Lemma 4. Let σ be a permutation in Sn and p1 p2 . . . pn be its
transposition array. Then k is an excedance (resp. a weak ex-
cedance) of σ if and only if there exists i > k (resp. i � k) such
that pi = k.

Proof. Assume that k is an excedance of σ = 〈p1,1〉 ·
〈p2,2〉 · · · 〈pn,n〉 with 1 � pi � i � n, i.e., σ(k) > k. Sup-
pose for a contradiction that there is no i > k such that
pi = k. Claim 2 induces σ(k) = σ ′(k) with σ ′ = 〈p1,1〉 ·
〈p2,2〉 · · · 〈pk,k〉. We deduce σ(k) � k which contradicts
the fact that k is an excedance. The converse is straight-
forward using Claims 1 and 2, and by taking i to be the
rightmost i such that pi = k. The reasoning is similar for
the case where k is a weak excedance. �

In order to illustrate these lemmas, we present an ex-
ample for each of them. For instance, if we set σ = 2413
then σ is a 4-cycle and its transposition array p1 p2 p3 p4 =
1122 contains only one fixed point (p1 = 1). Moreover,
k = 2 is a left-to-right maximum of σ and there is i =
4 � 2 such that pi = 2 and p j > 2 for j > 4. k = 2 is an
excedance and 2 appears on the right of p2 in the trans-
position array 1122 of σ . For σ = 2431, k = 3 is a fixed
point, its transposition array is 1132 and we have p3 = 3
and there does not exist i > 3 such that pi = 3. Finally,
k = 1 is a quasi-fixed point, we have p2 = 1 and there does
not exist i > 2 such that pi = 1.

3. Fixed points, weak excedances and left-to-right
maxima

Let φ be the map from Sn to Sn+1 defined, for every
σ ∈ Sn , by

φ(σ ) = 〈1,1〉 · 〈p1,2〉 · 〈p2,3〉 · · · 〈pn,n + 1〉,
where the transposition array of σ is p1 p2 . . . pn .

For example, φ(321) = φ(〈1,1〉 · 〈2,2〉 · 〈1,3〉) = 〈1,1〉 ·
〈1,2〉 · 〈2,3〉 · 〈1,4〉 = 4312. By construction the transposi-
tion array 1p1 p2 . . . pn of φ(σ ) has only one fixed point,
that is on the first position. With Lemma 1, the permu-
tation φ(σ ) is a cyclic permutation and then belongs to
Cn+1. Therefore φ is a bijection from Sn to Cn+1 (see Ta-
ble 1 for n = 3). Obviously, this construction allows to go
back from φ(σ ) to σ .

Now we prove that the bijection φ transforms the set
of weak excedances of σ ∈ Sn into the excedance set of
φ(σ ) ∈ Cn+1.

Remark 1. If σ ∈ Sn has no fixed points, then E(σ ) =
W E(σ ). This holds in particular when σ is a cycle of
length at least 2.

Theorem 2. The bijection φ : Sn → Cn+1 satisfies for any
σ ∈ Sn,

Table 1
The bijection φ from S3 to C4. Column T (σ ) (resp. T (φ(σ ))) gives the
transposition array of σ (resp. φ(σ )). The weak excedances are illustrated
in boldface. The last three columns give respectively the sets of left-to-
right maxima, fixed points and weak excedances of σ .

σ T (σ ) φ(σ ) T (φ(σ )) L(σ ) F (σ ) W E(σ )

123 123 2341 1123 {1,2,3} {1,2,3} {1,2,3}
132 122 2413 1122 {1,2} {1} {1,2}
213 113 3142 1113 {1,3} {3} {1,3}
231 112 3421 1112 {1,2} ∅ {1,2}
312 111 4123 1111 {1} ∅ {1}
321 121 4312 1121 {1} {2} {1,2}

W E(σ ) = E
(
φ(σ )

) = W E
(
φ(σ )

)
.

Moreover if k is a weak excedance of σ then σ ′(k) = σ(k) + 1
where σ ′ = φ(σ ), and we have

F (σ ) = Q F
(
φ(σ )

)
.

Proof. Let σ be a permutation in Sn and p1 p2 . . . pn its
transposition array, i.e., σ = 〈p1,1〉 · 〈p2,2〉 · · · 〈pn,n〉. The
transposition array of φ(σ ) is q1q2 . . .qn+1 = 1p1 p2 . . . pn .
By Lemma 4, k is a weak excedance of σ if and only if
there exists i � k such that pi = k which is equivalent
to the existence of j � k + 1 such that q j = k. Thus, by
Lemma 4 again, k is a weak excedance of σ if and only if
k is an excedance of φ(σ ), and W E(σ ) = E(φ(σ )). More-
over, for k ∈ W E(σ ), let i0 be the rightmost i � k such that
pi = k. Claims 1 and 2 give σ(k) = i0, and since qi0+1 =
pi0 = k, we obtain σ ′(k) = i0 + 1 where σ ′ = φ(σ ). Thus
we have F (σ ) ⊆ Q F (φ(σ )). For k ∈ W E(φ(σ )), Remark 1
induces that k ∈ E(φ(σ )), and Lemma 4 ensures the exis-
tence of i > k such that qi = k. Let i0 be the rightmost i.
Claims 1 and 2 give σ ′(k) = i0, and since qi0 = pi0−1 = k,
we obtain σ(k) = i0 − 1 which allows to conclude. �

As a consequence of Theorem 2 we deduce:

Corollary 1. The bijection φ : Sn → Cn+1 satisfies for any
σ ∈ Sn,

L(σ ) = L
(
φ(σ )

)
and,

if k is a left-to-right maximum of σ then σ ′(k) = σ(k) + 1
where σ ′ = φ(σ ).

Proof. Let k be a left-to-right maximum of σ , i.e., σ( j) �
σ(k) for j � k. Since it also is a weak excedance, Theo-
rem 2 induces σ ′(k) = σ(k)+1 where σ ′ = φ(σ ). Consider
j < k. If j is a weak excedance of σ , then we have σ( j) <

σ(k) and with Theorem 2, σ ′( j) = σ( j) + 1 < σ(k) + 1 =
σ ′(k). Otherwise σ( j) < j and then Theorem 2 ensures
that j is not a weak excedance of σ ′ and σ ′( j) < j < k <

σ ′(k) = σ(k) + 1. Thus we have k ∈ L(φ(σ )). The converse
is obtained similarly. �

See Table 1 for an illustration of Theorem 2 and Corol-
lary 1 for n = 3.

As the bijection φ moves fixed points into quasi-fixed
points, Theorem 2 and Remark 1 induce the following re-
sult:
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Fig. 1. Gluing of c = 〈n, c1, c2, . . . , cr〉 and d = 〈k − 1,d1,d2, . . . ,ds〉.

Table 2
The sets S4(k) for k = 1,2,3,4. The weak excedances on positions {1,2,3}
are illustrated in boldface.

S4(1) S4(2) S4(3) σ ∈ S4(4) = S3 · 4 W E(σ ) ∩ {1,2,3}
4123 4123 4123 3124 {1}
3142 3142 2143 2134 {1,3}
4312 4312 4213 3214 {1,2}
2413 2413 2413 2314 {1,2}
2341 1342 1243 1234 {1,2,3}
3421 1423 1423 1324 {1,2}

Corollary 2. The bijection φ from the set Dn of derangements
(i.e., length n permutations without fixed points) to the set Cq

n+1
of length (n + 1) cycles without quasi-fixed points is a bijection
such that: for any σ ∈ Dn,

E(σ ) = E
(
φ(σ )

)
.

Moreover, if k is an excedance of σ then σ ′(k) = σ(k)+1 where
σ ′ = φ(σ ).

4. A discrete continuity preserving the set of weak
excedances

In this part, we give a kind of discrete continuity be-
tween Sn and Cn+1 that preserves at each step the set of
weak excedances. For 1 � k � n, we denote by Sn(k) the
set of permutations σ ∈ Sn such that: (a) σ(n) � k; and
(b) all integers of the interval [k,n] lie in a same cycle of
σ (in the decomposition of σ into disjoint cycles). Obvi-
ously, Sn+1(1) = Cn+1 and Sn+1(n + 1) is obtained from Sn

by adding n + 1 to the right of each permutation of Sn .
Table 2 shows the different sets S4(k) for k = 1,2,3,4.

Definition 2. For k ∈ {2, . . . ,n}, we define hk : Sn(k) →
Sn(k − 1) by:

hk(σ ) =
{

σ if σ ∈ Sn(k − 1),

σ · 〈σ−1(k − 1),n〉 otherwise.

For Definition 2 to be valid, we need to prove that
hk(σ ) is indeed in Sn(k − 1) for any σ ∈ Sn(k). Let σ
be a permutation in Sn(k). Its decomposition into dis-
joint cycles contains a cycle c = 〈n, c1, c2, . . . , cr〉 with
r � 0, c1 � k and such that [k,n] ⊆ {n, c1, c2, . . . , cr}. The
case r = 0 means that c is reduced to the cycle c = 〈n〉.
In the case where σ /∈ Sn(k − 1), k − 1 does not ap-
pear in c and thus, it lies in another cycle d = 〈k −
1,d1,d2, . . . ,ds〉, s � 0. Therefore, the decomposition of
hk(σ ) = σ · 〈σ−1(k − 1),n〉 = σ · 〈ds,n〉 into disjoint cycles
is obtained from that of σ by gluing c and d into the cycle

〈n,k − 1,d1, . . . ,ds, c1, c2, . . . , cr〉. See Fig. 1 for an illustra-
tion of the gluing. So, this implies that hk(σ ) ∈ Sn(k − 1).

Theorem 3. For k ∈ {2, . . . ,n}, hk is a bijection.

Proof. Let us prove that hk is a bijection. In order to show
the injectivity we take σ and π in Sn(k) such that hk(π) =
hk(σ ). We distinguish three cases.

(1) If π and σ belong to Sn(k − 1) then hk(π) = π and
hk(σ ) = σ , and π = σ .

(2) If π and σ do not belong to Sn(k − 1) then we have
σ · 〈 j,n〉 = π · 〈�,n〉 where j = σ−1(k −1) and � = π−1(k −
1). Let c = 〈n, c1, c2, . . . , cr〉 (resp. c′ = 〈n, c′

1, c′
2, . . . , c′

r′ 〉)
be the cycle containing n in π (resp. σ ), and d = 〈k − 1,

d1,d2, . . . ,ds〉 (resp. d′ = 〈k − 1,d′
1,d′

2, . . . ,d′
s′ 〉) be the cy-

cle of π (resp. σ ) containing � (resp. j). We have c �= d,
c′ �= d′ , ds = �, d′

s′ = j. hk(π) (resp. hk(σ )) is obtained by
gluing c and d (resp. c′ and d′) as explained just after Def-
inition 2. Because hk(π) = hk(σ ), we deduce that

〈n,k − 1,d1, . . . ,ds, c1, c2, . . . , cr〉
= 〈

n,k − 1,d′
1, . . . ,d′

s′ , c′
1, c′

2, . . . , c′
r′
〉
.

Since c1 � k, c′
1 � k, [k,n] ⊆ {c1, c2, . . . , cr} and [k,n] ⊆

{c′
1, c′

2, . . . , c′
r′ }, we necessarily have s = s′ , r = r′ , ci = c′

i
for i � r, and di = d′

i for i � s. Thus we obtain σ = π .
(3) The case π ∈ Sn(k)\Sn(k−1) and σ ∈ Sn(k−1) does

not occur since the last entry of hk(σ ) is at least k while
the last value of hk(π) is k − 1.

Therefore hk is injective.
Now let us consider π ∈ Sn(k − 1). If π also belongs

to Sn(k) then π is the image of π by hk . If π does not
belong to Sn(k) then we necessarily have π(n) = k − 1. Let
c = 〈n,k − 1, c1, . . . , cr〉 be the cycle of π containing n and
i0 be the smallest i such that ci � k. Then the permutation
σ obtained from π by splitting c into the two cycles c′ =
〈n, ci0 , ci0+1, . . . , cr〉 and d = 〈k − 1, c1, . . . , ci0−1〉, belongs
to Sn(k) and satisfies hk(σ ) = π . Thus hk is surjective. �

A consequence of Theorem 3 is that the cardinality of
the sets Sn+1(k) is n! for each k ∈ {1,2, . . . ,n+1}. A simple
combinatorial argument proves the following remarkable
equality.

Remark 2. For all k ∈ {1,2, . . . ,n}, we have

n! = (n − k + 1) ·
k−1∑
i=0

(
k − 1

i

)
(n − k + i)!(k − i − 1)!.
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Table 3
The bijection f −1 from S3 to T 0

3 and the bijection ψ from S3 to C4. Excedances are illustrated
in boldface.

σ f −1(σ ) ψ(σ ) E( f −1(σ )) = E(σ ) E+(σ ) ∪ {1} = E(ψ(σ ))

123 012 4123 ∅ {1}
132 031 3142 {2} {1,3}
213 201 2413 {1} {1,2}
231 230 2341 {1,2} {1,2,3}
312 302 4312 {1} {1,2}
321 310 3421 {1} {1,2}

Both sides of the above equality count the cardinality
of Sn+1(k). Indeed, a permutation σ belongs to Sn+1(k)

if and only if σ(n + 1) � k and each integer in [k,n + 1]
lies into the same cycle c = 〈n + 1, c1, c2, c3, . . .〉 of σ . So,
there are (n − k + 1) choices for c1 = σ(n + 1) ∈ [k,n]. In
order to complete c we choose a set I of i values among
{1,2, . . . ,k − 1}, 0 � i � k − 1 and we consider all arrange-
ments of elements of the set I ∪ [k,n]\{c1}. Thus, for a
given i, 0 � i � k−1, there are (n−k+1) ·(k−1

i

) · (n−k+ i)!
possible cycles c and (k − i − 1)! choices for the remaining
values. Moving i from 0 to k − 1, we obtain the above for-
mula.

Theorem 4. For k ∈ {2, . . . ,n}, the bijection hk : Sn(k) →
Sn(k − 1) satisfies for any σ ∈ Sn(k),

W E(σ ) ∩ {1,2, . . . ,n − 1} = W E
(
hk(σ )

)
.

Proof. Let σ ∈ Sn(k). Notice that n is never a weak ex-
cedance of hk(σ ).

The case hk(σ ) = σ is trivial. Now let us assume that
σ ′ = hk(σ ) = σ · 〈 j,n〉 where j = σ−1(k − 1). We necessar-
ily have j � k − 1 and σ(n) � k.

Let us take i ∈ {1,2, . . . ,n − 1}. In the case where i �= j
and i �= n, we obtain σ ′(i) = σ(i); then i is a weak ex-
cedance of σ if and only if it is also one for σ ′ = hk(σ ).

If i = j then σ ′(i) = σ(n). As σ ∈ Sn(k), we have
σ(n) � k and then σ(n) > k − 1. We obtain j = i � k − 1
and σ(i) = σ( j) = k − 1, and hence i is a weak ex-
cedance of σ . Moreover, we have σ ′(i) = σ(n) > k − 1
so that i is a weak excedance of σ ′ . Finally, we have
W E(σ ) ∩ {1,2, . . . ,n − 1} = W E(hk(σ )). �
Corollary 3. There is a bijection h from Sn to Cn+1 that pre-
serves the set of all weak excedances.

Proof. We set h = h2 ◦ h3 ◦ · · · ◦ hn−1 ◦ hn ◦ hn+1 from
Sn+1(n + 1) to Sn+1(1) = Cn+1. Since Sn+1(n + 1) is the set
of permutations in Sn after adding n + 1 on the right, we
have W E(σ ) = W E(σ · (n + 1)) ∩ {1,2, . . . ,n}. Theorem 4
allows to conclude that W E(σ ) = W E(h(σ )). �

Notice that the bijection h does not transform fixed
points into quasi-fixed points (see for instance h(132) =
3421), unlike the bijection φ in Section 3.

5. Consequences and open problems

In this section we give some direct consequences of our
study and we propose two open problems concerning the
descent sets on cyclic permutations and derangements.

Following the notation from [2,3], let T 0
n be the set

whose elements are n-cycles in one-line notation in which
one entry has been replaced with 0. For example, T 0

3 =
{031,201,230,012,302,310}. Obviously the cardinality of
T 0

n is n!. Let σ be an element of T 0
n , we say that k,

1 � k � n, is an excedance of σ whenever σ(k) > k and
E(σ ) will be denote the set of excedances of σ . Theorem 5
is a counterpart of Elizalde’s result [2] for the set of ex-
cedances on T 0

n .
If E is a subset of [n] then we define the set E+ ⊆

{2,3, . . . ,n + 1} by:

E+ = {e + 1 | e ∈ E}.
Moreover, we define the involution χn from Sn into it-
self as follows: for any n � 1 and σ ∈ Sn , χn(σ )(i) =
n + 1 − σ(n + 1 − i) for i � n. For instance, we have
χ4(4132) = 3241. Less formally, χn(σ ) is obtained from
σ ∈ Sn by reading the complement of σ from right to left.
In the following we will omit the subscript n for χ ; it
should be clear from the context.

Using the map φ : Sn → Cn+1 presented in Section 3,
we consider the bijection ψ from Sn to Cn+1 defined by:

ψ(σ ) = χ
(
φ
(
χ(σ )

))
.

For example, ψ(312) = χ(φ(231)) = χ(3421) = 4312; see
Table 3 for an illustration of this map when n = 3.

The following corollary appears as a direct consequence
of Theorem 2.

Corollary 4. The bijection ψ : Sn → Cn+1 satisfies for any
σ ∈ Sn,

E+(σ ) ∪ {1} = E
(
ψ(σ )

)
.

Proof. It is obvious that an n-cycle has 1 as excedance;
thus 1 ∈ E(ψ(σ )). Now if k /∈ E+(σ ) ∪ {1} then we have
k > 1, σ(k − 1) � k − 1 and n + 1 − (k − 1) = n + 2 − k is a
weak excedance of χ(σ ), and we have χ(σ )(n + 2 − k) =
n+1−σ(k −1). With Theorem 2, n+2−k is an excedance
of φ(χ(σ )), and we have φ(χ(σ ))(n + 2 − k) = n + 1 −
σ(k − 1) + 1. Thus, χ(φ(χ(σ )))(n + 2 − (n + 2 − k)) = n +
2 − (n + 1 −σ(k − 1)+ 1), i.e., χ(φ(χ(σ )))(k) = σ(k − 1) �
k − 1 which induces that k is not an excedance of ψ(σ ).
Each implication of this reasoning can be also viewed as
an equivalence which achieves the proof. �
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Theorem 5. Let n be a positive integer. There is a bijection f
between T 0

n and Sn such that if σ ∈ T 0
n , then

E(σ ) = E
(

f (σ )
)
.

Proof. Let σ be an element of T 0
n ; σ is obtained from a

cycle π by replacing π(k) with 0 for some k, 1 � k � n.
Assume that the cyclic representation of π is 〈a1,a2, . . . ,

an−1,k〉 where ai ∈ [n]\{k} for all i � n − 1. Let us consider
π ′ defined by the cyclic representation π ′ = 〈a1 + 1,a2 +
1, . . . ,an−1 + 1,k + 1,1〉. Obviously, we have E(σ )+ ∪{1} =
E(π ′). Now, we set f (σ ) = ψ−1(π ′) where ψ is the bijec-
tion defined above. We immediately have:

E(σ )+ ∪ {1} = E
(
π ′)

= E
(

f (σ )
)+ ∪ {1},

which means E(σ ) = E( f (σ )). �
Thus we can directly deduce:

Corollary 5. For any n and any I ⊆ [n − 1],
∣∣{τ ∈ T 0

n , E(τ ) = I
}∣∣ = ∣∣{σ ∈ Sn, E(σ ) = I

}∣∣.
This last result appears as a counterpart of the follow-

ing Elizalde’s result for descents:

Theorem 6. (See [2].) For any n and any I ⊆ [n − 1],
∣∣{τ ∈ T 0

n , D(τ ) = I
}∣∣ = ∣∣{σ ∈ Sn, D(σ ) = I

}∣∣.
We conclude this paper by giving two open problems

about descent statistics (see [5] for some other open prob-
lems about descent statistics). Experimental investigations
allow us to think that the answer to these two problems is
positive. Problem 1 appears as a counterpart of Corollary 2
for descent statistics. Problem 2 would be a generalization
of the Elizalde’s result (Theorem 1, p. 2) and appears as a
counterpart of Theorem 4 for descent statistics.

Problem 1. Is it true that there exists a bijection from the
set of derangements Dn to the set Cq

n+1 of (n + 1)-cycles
without quasi-fixed points that preserves the set of de-
scents in {1,2, . . . ,n − 1}?

For 1 � k � n, we denote S ′
n(k) the set of permuta-

tions σ ∈ Sn such that the cycle of σ that contains n is
of length k.

Problem 2. For k ∈ {2, . . . ,n}, is it true that there is a bi-
jection h′

k from S ′
n(k) to S ′

n(k − 1) that preserves the set of
descents in {1,2, . . . ,n − 2}, i.e.,

D(σ ) ∩ {1,2, . . . ,n − 2} = D
(
h′

k(σ )
) ∩ {1,2, . . . ,n − 2}?
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Abstract

In [1], the author provided a Gray code for the set of n-length per-
mutations with a given number of left-to-right minima in inversion
array representation. In this paper, we give the first Gray code for
the set of n-length permutations with a given number of left-to-right
minima in one-line representation. In this code, each permutation is
transformed into its successor by a product with a transposition or
a cycle of length three. Also a generating algorithm for this code is
given.

Keywords: Stirling numbers, permutations, left-to-right minima, Gray
codes, generating algorithms.

1 Introduction

Let Sn be the set of all permutations of length n (n ≥ 1). We repre-
sent permutations in one-line notation, i.e. if i1, i2, . . . , in are n distinct
values in [n] = {1, 2, . . . , n}, we denote the permutation σ ∈ Sn by
the sequence (i1, i2, . . . , in) if σ(k) = ik for 1 ≤ k ≤ n. Moreover, if
γ = (γ(1), γ(2), . . . , γ(n)) is an n-length permutation then the composi-
tion (or product) γ · σ is the permutation (γ(σ(1)), γ(σ(2)), . . . , γ(σ(n))).
In Sn, a k-cycle σ = 〈i1, i2, . . . , ik〉 is an n-length permutation verify-
ing σ(i1) = i2, σ(i2) = i3, . . . , σ(ik−1) = ik, σ(ik) = i1 and σ(j) = j for
j ∈ [n]\{i1, . . . , ik}; in particular, a transposition is a 2-cycle (k = 2). Now,
let σ ∈ Sn. We say that σ(i) is a left-to-right minimum of σ if σ(i) < σ(j)
for j < i. For instance, permutation 231546 has two left-to-right minima (2
and 1) and 654321 has six left-to-right minima. For 1 ≤ k ≤ n, we denote
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by Sn,k the set of all n-length permutations with exactly k left-to-right
minima. For instance, we have S3,1 = {123, 132}, S3,2 = {213, 231, 312}
and S3,3 = {321}. Obviously, {Sn,k}1≤k≤n forms a partition for Sn and it
is well known (see for instance [14], p. 20) that the cardinality of Sn,k is
given by the signless Stirling numbers of the first kind s(n, k) satisfying:

s(n, k) = (n− 1) · s(n− 1, k) + s(n− 1, k − 1) (1)

with the initial conditions s(n, k) = 0 if n ≤ 0 or k ≤ 0, except s(0, 0) = 1.
Notice that s(n, k) also enumerates the n-length permutations with exactly
k cycles. [1, 14, 18].

A Gray code is a family {Ln}n≥0 of lists of n-length sequences such that
in each list the Hamming distance between any two consecutive sequences
(i.e. the number of positions in which they differ) is bounded by a constant
independently of the length of the sequences. If this constant is minimal
then the code is called optimal. A Gray code is cyclic if the Hamming
distance between the first and the last sequence is also bounded by this
constant. There are many studies on generating permutations: in any
order (or lex order) [5, 13], in Gray code order [4, 15]. Some other results
are published for restricted permutations [3, 6, 8, 10, 12], derangements
[2, 7], with a fixed number of cycles [1], involutions and fixed-point free
involutions [17] or their generalizations (multiset permutations [16]). At
[9] is given an implementation of U. Taylor and F. Ruskey [11] generating
algorithm for n-length permutations with k left-to-right minima. However
the generating order is neither lexicographic nor Gray code order.

In this paper, we provide the first Gray code for permutations (in one-
line notation) with a fixed number of left-to-right minima. In this code two
successive permutations differ in at most three positions (or equivalently,
by a product with a 2 or 3-cycle). This code is optimal; indeed, it is easy
to check that the set S4,3 = {3214, 3241, 3421, 4231, 4312, 4213} can not
be list such that two consecutive elements differ in at most two positions.
This means there does not exist any Gray code for the complete family
{Sn,k}n≥k≥1 such that two consecutive permutations in a list Sn,k differ in
at most two positions. However by considering the set I = N × {1}, we
can obtain a Gray code for {Sn,k}(n,k)∈I such that the Hamming distance
between any two consecutive permutations is two (this case will not be
presented here).

Notice that in [1], the author gave a Gray code for n-length permuta-
tions with exactly k cycles and deduces a Gray code for n-length permuta-
tions with exactly k left-to-right minima in inversion array representation
but not in one-line notation. Since there is not known gray code-preserving
bijection between these representations it is of interest to construct directly
a Gray code for permutations with a fixed number of left-to-right minima
in the natural representation, i.e. in one-line notation. This is the main
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motivation of our work. In order to obtain this result, we first give two
combinatorial interpretations of the recursive relation (1) which allows us
to obtain in Section 3 two recursive definition-(2) and (3)- for the set Sn,k;
then, by considering them in terms of lists, we show how one can recursively
construct a Gray code for Sn,k. Finally we give a constant amortized time
algorithm for generating our code.

2 Preliminaries

In this section we recursively construct Sn,k from Sn−1,k and Sn−1,k−1

which allows us to obtain a constructive proof of the enumerating relation
(1). We also provide two lemmas, crucial in our construction of the code.

Let γ ∈ Sn−1,k be an (n − 1)-length permutation with k left-to-right
minima, n− 1 ≥ k ≥ 1; let also i be an integer, 1 ≤ i ≤ n− 1. If we denote
by σ the permutation in Sn obtained from γ by inserting the entry n in
the i-th position (i.e. between γ(i) and γ(i + 1)), then σ is an n-length
permutation with k left-to-right minima.

Similarly, if γ ∈ Sn−1,k−1 is an (n − 1)-length permutation with (k −
1) left-to-right minima, n ≥ k ≥ 2, and if σ denotes the permutation
in Sn obtained from γ by appending n before the first position, then σ
is an n-length permutation with k left-to-right minima. Moreover, each
permutation in Sn,k, n ≥ 2, can uniquely be obtained by one of these two
constructions.

The functions φn and ψn defined below induce a bijection between
Sn−1,k−1 ∪ [n − 1] × Sn−1,k and Sn,k such that its restriction to Sn−1,k−1

is φn and its restriction to [n− 1]× Sn−1,k is ψn.

Definition 1 1. For 1 ≤ k < n, an integer i ∈ [n−1] and a permutation
γ ∈ Sn−1,k, we define an n-length permutation σ = ψn(i, γ) by

σ(j) =





γ(j) if j ≤ i
n if j = i+ 1
γ(j − 1) otherwise.

2. For n ≥ k ≥ 2 and a permutation γ ∈ Sn−1,k−1, we define an n-length
permutation σ = φn(γ) by

σ(j) =

{
n if j = 1
γ(j − 1) otherwise.

On the other hand, we have another bijection between Sn−1,k−1∪ [n]\{1}×
Sn−1,k and Sn,k by replacing φn and ψn with the two functions φ′n and ψ′

n

given in Definition 2 below. Indeed, let us consider σ ∈ Sn,k, n ≥ 2;
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if σ(n) = 1 then γ = (σ(1) − 1)(σ(2) − 1) . . . (σ(n − 1) − 1) belongs to
Sn−1,k−1 and φ′(γ) = σ; if σ(n) = i, i 6= 1, then we define γ in Sn−1,k

as the permutation obtained from σ by deleting the last entry i and by
decreasing by one each entry greater than i, i.e., σ = ψ′(i, γ). Also, each
permutation σ in Sn,k can be uniquely obtained from one of these two
constructions.

Definition 2 1. For 1 ≤ k < n, an integer i ∈ [n]\{1} and a permu-
tation γ ∈ Sn−1,k, we define an n-length permutation σ = ψ′

n(i, γ)
by

σ(j) =





γ(j) if γ(j) ≤ i− 1
i if j = n
γ(j) + 1 otherwise.

2. For n ≥ k ≥ 2 and a permutation γ ∈ Sn−1,k−1, we define an n-length
permutation σ = φ′n(γ) by

σ(j) =

{
1 if j = n
γ(j) + 1 otherwise.

In the following, we will omit the subscript n for the functions φn, ψn,
φ′n and ψ′

n, and it should be clear from context. Also, we will extend the
functions φ, ψ, φ′ and ψ′ in a natural way to sets and lists of permutations.
Moreover, if S is a list then S is the list obtained by reversing S, and
first(S) (last(S) respectively) is the first (last respectively) element of the
list, and obviously first(S) = last

(
S
)

and first
(
S
)

= last(S); S(i) is the

list S if i is even, and S if i is odd; if S1 and S2 are two lists, then S1 ◦S2 is

their concatenation, and generally
m

©
i=1
Si is the list S1◦S2◦. . .◦Sm. Similarly,

1

©
i=m
Si is the list Sm ◦ Sm−1 ◦ . . . ◦ S1. Finally, for i ∈ [n − 1] and S a list

of (n− 1)-length permutations we have ψ(i,S) = ψ(i,S), ψ(i, first(S)) =
first(ψ(i,S)), and ψ(i, last(S)) = last(ψ(i,S)). We obtain similar results
for the function ψ′ and for φ, φ′ if we do not consider the parameter i.

In the sequel, Sn,k will denote our Gray code for the set Sn,k.
Here we give some elementary results which are crucial in the construc-

tion of our Gray code.

Lemma 1 Let γ be an (n − 1)-length permutation, if n ≥ 3 and 1 ≤ i ≤
n− 2, then ψ(i, γ) = ψ(i+ 1, γ) · 〈i+ 1, i+ 2〉.

Lemma 2 Let γ be an (n − 1)-length permutation, if n ≥ 3 and 1 ≤ i ≤
n− 3, then ψ(i, γ) = ψ(i+ 2, γ) · 〈i+ 1, i+ 3, i+ 2〉.
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These two Lemmas can also be written for ψ′ as follows:

Lemma 3 Let γ be an (n − 1)-length permutation, if n ≥ 3 and 2 ≤ i ≤
n− 1, then ψ′(i, γ) = 〈i, i+ 1〉 · ψ′(i+ 1, γ).

Lemma 4 Let γ be an (n − 1)-length permutation, if n ≥ 3 and 2 ≤ i ≤
n− 2, then ψ′(i, γ) = 〈i, i+ 1, i+ 2〉 · ψ′(i+ 2, γ).

3 The Gray code

From the remarks before Definition 1 results that the set Sn,k can be written
as:

Sn,k =
n−1⋃

i=1

ψ(i, Sn−1,k) ∪ φ(Sn−1,k−1) (2)

with φ(Sn,0) and ψ(i, Sn,n+1) empty. Notice that if we consider φ′ and ψ′

the previous relation becomes

Sn,k =

n⋃

i=2

ψ′(i, Sn−1,k) ∪ φ′(Sn−1,k−1). (3)

If S is a list of permutations where any two consecutive permutations
differ in p positions (p ≥ 1) then so is the image of S by ψ, ψ′, φ or φ′.
Therefore, it is natural to look for a Gray code for the set Sn,k of the form

S1 ◦ S2 ◦ . . . ◦ S` ◦ T ◦ S`+1 ◦ . . . ◦ Sn−1 (4)

where T is the list φ(Sn−1,k−1) or its reverse, and Si is ψ(j,Sn−1,k) or its
reverse, for some j. Notice that (4) is an ordered counterpart of (2) and
we have a similar result by considering relation (3).

In order to construct our Gray code, we distinguish five cases (i) k =
1 ≤ n, (ii) 2 ≤ k = n, (iii) 2 ≤ k = n − 1, (iv) 2 ≤ k = n − 2 and
(v) the other cases. For each case we give a recursive definition for an
ordered list Sn,k of the set Sn,k, and we provide its first element fn,k and
last element `n,k. Sn,k is the concatenation of n lists as in (4) and we
prove that it is a Gray code by showing that there is a ‘smooth’ transition
between successive sublists. That is, the last permutation of a sublist and
the first one of the next sublist differ in at most three positions. By the
remark in introduction, the Gray code will be optimal.

3.1 The case k = n, n ≥ 1

Obviously, Sn,n, n ≥ 1, contains only one element (n, n − 1, . . . , 2, 1),
(a)
and in this case, there is nothing to do.
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3.2 The case k = 1, n ≥ 2

For n ≥ 2 we define the relations (b):
• For n = 2, Sn,1 = (1, 2).
• For n = 2m ≥ 2,

Sn,1 = ψ(n−1,Sn−1,1)◦
1

©
i=m−1

ψ(2i−1,Sn−1,1)(m+i−1)◦
m−1

©
i=1

ψ(2i,Sn−1,1)(m+i).

• For n = 2m+ 1 ≥ 3,

Sn,1 = ψ(n−1,Sn−1,1)◦
1

©
i=m−1

ψ(2i,Sn−1,1)(m+i)◦
m

©
i=1
ψ(2i−1,Sn−1,1)(m−1+i).

Remark that the function φ does not appear in these relations. See
Figure 1 for an illustration of this code.
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n=8 n=9

1 2 3 4 5 6 7 1 2 3 4 5 6 7

Figure 1: The relations (b) for n = 8 and n = 9. Each point i corre-
sponds to the list ψ(i,Sn−1,1) and each encircled point i represents the list

ψ(i,Sn−1,1), i.e., the reverse list of ψ(i,Sn−1,1). For instance, if n = 8 then

S8,1 = ψ(7,S7,1) ◦ψ(5,S7,1) ◦ψ(3,S7,1) ◦ψ(1,S7,1) ◦ψ(2,S7,1) ◦ψ(4,S7,1) ◦
ψ(6,S7,1).

The lemma below gives the first and the last permutations of the list
Sn,1.

Lemma 5 If n ≥ 3 then

1. fn,1 = (1, 2, 3, . . . , n− 2, n− 1, n)

2. `n,1 = (1, 2, 3, . . . , n− 2, n, n− 1).

Proof. This holds if n = 2. For n ≥ 2, relations (b) give fn,1 = ψ(n −
1, fn−1,1) and `n,1 = ψ(n− 2, `n−1,1) = ψ(n − 2, fn−1,1). We obtain the
results by induction.

Proposition 1 In the list Sn,1 defined by (b), n ≥ 2, two consecutive
permutation differ in at most three positions.
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Proof. The transitions between ψ(1,Sn−1,1) and ψ(2,Sn−1,1) (or between

ψ(1,Sn−1,1) and ψ(2,Sn−1,1)) are given by Lemma 3. The transitions be-

tween ψ(i,Sn−1,1) and ψ(i+ 2,Sn−1,1) (or ψ(i,Sn−1,1) and ψ(i+2,Sn−1,1))
are given by Lemma 4. Finally, for n even n ≥ 3, we obtain

last(ψ(n− 1,Sn−1,1)) = ψ(n− 1, last(Sn−1,1))
= (1, 2, 3, . . . , n− 3, n− 1, n− 2, n)
= (1, 2, 3, . . . , n− 3, n, n− 2, n− 1) · 〈n− 2, n〉
= ψ(n− 3, first(Sn−1,1)) · 〈n− 2, n〉
= first(ψ(n− 3,Sn−1,1)) · 〈n− 2, n〉

which gives a smooth transition (product by a transposition) between the
two first sublists when n is even. 2

3.3 The case k = n− 1, n ≥ 3

We define the relations (c) (see Figure 2),
• For n = 2m ≥ 4,

Sn,n−1 = ψ′(n,Sn−1,n−1)◦φ′(Sn−1,n−2)◦
1

©
i=m−1

ψ′(2i,Sn−1,n−1)◦
m

©
i=2
ψ′(2i−

1,Sn−1,n−1).
• For n = 2m+ 1 ≥ 3,

Sn,n−1 = ψ′(n,Sn−1,n−1)◦φ′(Sn−1,n−2)◦
2

©
i=m

ψ′(2i−1,Sn−1,n−1)◦
m

©
i=1
ψ′(2i,Sn−1,n−1).

Notice that these relations consider ψ′ and φ′ instead of ψ and φ.

2

n=8 n=90 0

8532 4 6 7 9876543

Figure 2: The relations (c) for n = 8 and n = 9. Each point i 6= 0
corresponds to the list ψ′(i,Sn−1,n−1) and the point 0 represents the list
φ′(Sn−1,n−2). For instance, if n = 8 then S8,7 = ψ′(8,S7,7) ◦ φ′(S7,6) ◦
ψ′(6,S7,7) ◦ ψ′(4,S7,7) ◦ ψ′(2,S7,7) ◦ ψ′(3,S7,7) ◦ ψ′(5,S7,7) ◦ ψ′(7,S7,7).

Lemma 6 If n ≥ 3 then

1. fn,n−1 = (n− 1, n− 2, n− 3, . . . , 2, 1, n)

2. `n,n−1 = (n, n− 2, n− 3, . . . , 2, 1, n− 1).
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Proof. By relations (c) we obtain by induction fn,n−1 = ψ′(n,Sn−1,n−1) =

(n− 1, n− 2, . . . , 2, 1, n) and `n,n−1 = ψ′(n− 1,Sn−1,n−1) = (n, n− 2, n−
3, . . . , 2, 1, n− 1).

Proposition 2 In the list Sn,n−1 defined by (c), n ≥ 3, two consecutive
permutations differ in at most three positions.

Proof. Here, we just consider the transitions between sublists which are not
considered by Lemma 3 and 4. It remains the transitions (1) ψ′(n,Sn−1,n−1)◦
φ′(Sn−1,n−2) and (2) φ′(Sn−1,n−2) ◦ ψ′(n− 2,Sn−1,n−1).
For the case (1),
last(ψ′(n,Sn−1,n−1)) = (n− 1, n− 2, . . . , 3, 2, 1, n)

= (n− 1, n− 2, . . . , 3, 2, n, 1) · 〈n− 1, n〉
= φ′(fn−1,n−2) · 〈n− 1, n〉
= first(φ′(Sn−1,n−2)) · 〈n− 1, n〉.

For the case (2),
last(φ′(Sn−1,n−2)) = (n, n− 2, n− 3, . . . , 3, 2, n− 1, 1)

= (n, n− 1, n− 3, . . . , 3, 2, 1, n− 2) · 〈2, n, n− 1〉
= first(ψ′(n− 2,Sn−1,n−1)) · 〈2, n, n− 1〉.

2

3.4 The case k = n− 2, n ≥ 4

We define the relations (d) (see Figure 3),
• For n = 2m ≥ 4,

Sn,n−2 = ψ(n−1,Sn−1,n−2)◦φ(Sn−1,n−3)◦
1

©
i=m−1

ψ(2i−1,Sn−1,n−2)(m+i−1)◦
m−1

©
i=1

ψ(2i,Sn−1,n−2)(m+i).

• For n = 2m+ 1 ≥ 5,

Sn,n−2 = ψ(n − 1,Sn−1,n−2) ◦ φ(Sn−1,n−3) ◦
1

©
i=m−1

ψ(2i,Sn−1,n−2)(m+i) ◦
m

©
i=1
ψ(2i− 1,Sn−1,n−2)(m+1+i).

Lemma 7 If n ≥ 4 then

1. fn,n−2 = (n− 2, n− 3, . . . , 2, 1, n− 1, n)

2. `n,n−2 = (n− 2, n− 3, . . . , 2, 1, n, n− 1).

Proof. By induction and with relations (d) we obtain
fn,n−2 = ψ(n−1, first(Sn−1,n−2)) = ψ(n−1, (n−2, n−3, . . . , 2, 1, n−1)) =
(n− 2, n− 3, . . . , 2, 1, n− 1, n) and
`n,n−2 = ψ(n−2, first(Sn−1,n−2)) = ψ(n−2, (n−2, n−3, . . . , 2, 1, n−1)) =
(n− 2, n− 3, . . . , 2, 1, n, n− 1). 2
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0n=8 n=9

1 2 3 4 5 6 7 1 2 3 4 5 6 7 8

0

Figure 3: The relations (d) for n = 8 and n = 9. Each point i 6= 0
corresponds to the list ψ(i,Sn−1,n−2) and the point 0 is the list φ(Sn−1,n−3).
When the point is encircled, we consider the inverse list. For instance, if
n = 8 then S8,6 = ψ(7,S7,6) ◦ φ(S7,5) ◦ ψ(5,S7,6) ◦ ψ(3,S7,6) ◦ ψ(1,S7,6) ◦
ψ(2,S7,6) ◦ ψ(4,S7,6) ◦ ψ(6,S7,6).

Proposition 3 In the list Sn,n−2 defined by (d), n ≥ 4, two consecutive
permutations differ in at most three positions.

Proof. After applying Lemma 1 and 2, it remains the transitions (1)
ψ(n− 1,Sn−1,n−2) ◦φ(Sn−1,n−3), (2) ψ(n− 1,Sn−1,n−2) ◦φ(Sn−1,n−3), (3)

φ(Sn−1,n−3)◦ψ(n− 3,Sn−1,n−2) and (4) φ(Sn−1,n−3)◦ψ(n−3,Sn−1,n−2).
For the cases (1) and (2),
last(ψ(n− 1,Sn−1,n−2)) = (n− 1, n− 3, n− 4, . . . , 3, 2, 1, n− 2, n)

= (n, n− 3, n− 4, . . . , 3, 2, 1, n− 2, n− 1) · 〈1, n〉
= φ(fn−1,n−3) · 〈1, n〉
= first(φ(Sn−1,n−3)) · 〈1, n〉
= last(φ(Sn−1,n−3)) · 〈1, n− 1, n〉.

For the case (3),
last(φ(Sn−1,n−3)) = (n, n− 3, n− 4, . . . , 2, 1, n− 1, n− 2)

= (n− 1, n− 3, n− 4, . . . , 2, n, 1, n− 2) · 〈1, n− 2, n− 1〉
= last(ψ(n− 3,Sn−1,n−2)) · 〈1, n− 2, n− 1〉.

For the case (4),
first(φ(Sn−1,n−3)) = (n, n− 3, n− 4, . . . , 2, 1, n− 2, n− 1)

= (n− 2, n− 3, n− 4, . . . , 2, n, 1, n− 1) · 〈1, n− 2, n− 1〉
= first(ψ(n− 3,Sn−1,n−2)) · 〈1, n− 2, n− 1〉.

2

3.5 The case 2 ≤ k ≤ n− 3

If 2 ≤ k ≤ n− 3, we define relations (e) (see Figure 4)
• For n = 2m, k odd,

Sn,k = ψ(n−1,Sn−1,k)◦
1

©
i=m−1

ψ(2i−1,Sn−1,k)(m+i)◦
(k−1)/2

©
i=1

ψ(2i,Sn−1,k)(m+i+1)◦

φ(Sn−1,k−1)m+(k−1)/2 ◦
m−1

©
i=(k+1)/2

ψ(2i,Sn−1,k−1)(m+i).

• For n = 2m, k even,
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Sn,k = ψ(n−1,Sn−1,k)◦
(k+2)/2

©
i=m−1

ψ(2i−1,Sn−1,k)(m+i) ◦φ(Sn−1,k−1)m+k/2 ◦
1

©
i=k/2

ψ(2i− 1,Sn−1,k)(m+i−1) ◦
m−1

©
i=1

ψ(2i,Sn−1,k−1)(m+i).

• For n = 2m+ 1, k odd,

Sn,k = ψ(n−1,Sn−1,k)◦
(k+1)/2

©
i=m−1

ψ(2i,Sn−1,k)(m+i−1)◦φ(Sn−1,k−1)m+(k+1)/2◦
1

©
i=(k−1)/2

ψ(2i,Sn−1,k)(m+i) ◦
m

©
i=1
ψ(2i− 1,Sn−1,k−1)(m+i+1).

• For n = 2m+ 1, k even,

Sn,k = ψ(n−1,Sn−1,k)◦
1

©
i=m−1

ψ(2i,Sn−1,k)(m+i−1)◦
(k−1)/2

©
i=1

ψ(2i−1,Sn−1,k)(m+i)◦

φ(Sn−1,k−1)m+(k+1)/2 ◦
m

©
i=(k+1)/2

ψ(2i− 1,Sn−1,k−1)(m+i+1).

0

n=8

1 2 3 4 5 6 7

n=9

1 2 3 4 5 6 7 8

n=8

1 2 3 4 5 6 7

n=9

1 3 4 5 6 7 8

k=4

k=3

2

k=3

k=4

0 0

0

Figure 4: The relations (e) for n = 8, 9 and k = 3, 4. Each point i 6= 0
corresponds to the list ψ(i,Sn−1,k) and the point 0 is the list φ(Sn−1,k−1).
When the point is encircled, we consider the inverse list. For instance, if
n = 8 and k = 4 then S8,4 = ψ(7,S7,4) ◦ ψ(5,S7,4) ◦ φ(S7,3) ◦ ψ(3,S7,4) ◦
ψ(1,S7,4) ◦ ψ(2,S7,4) ◦ ψ(4,S7,4) ◦ ψ(6,S7,4).

Lemma 8 If 2 ≤ k ≤ n− 3 then

1. fn,k = (k, k − 1, k − 2, . . . , 2, 1, k + 1, k + 2, . . . , n− 2, n− 1, n)

2. `n,k = (k, k − 1, k − 2, . . . , 2, 1, k + 1, k + 2, . . . , n− 2, n, n− 1)

Proof. We obtain the result with fn,k = first(ψ(n − 1,Sn−1,k)) = ψ(n −
1, fn−1,k) anchored by fk,k = (k, k − 1, k − 2, . . . , 3, 2, 1). Similarly, `n,k =
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last(ψ(n − 2,Sn−1,k)) = ψ(n − 2, fn−1,k) also anchored by fk,k = (k, k −
1, k − 2, . . . , 3, 2, 1). 2

Proposition 4 In the list Sn,k defined by (e), 2 ≤ k ≤ n− 3, two consec-
utive permutations differ by at most three positions.

Proof. After applying Lemma 1 and 2, it remains the transitions (1) ψ(k−
1,Sn−1,k)◦φ(Sn−1,k−1), (2) φ(Sn−1,k−1)◦ψ(k+1,Sn−1,k), (3) ψ(k − 1,Sn−1,k)◦
φ(Sn−1,k−1), (4) φ(Sn−1,k−1)◦ψ(k + 1,Sn−1,k), (5) ψ(n−1,Sn−1,k)◦ψ(n−
3,Sn−1,k).

Case 1:
last(ψ(k − 1,Sn−1,k)) = (k, k − 1, . . . , 2, n, 1, k + 1, k + 2, . . . , n− 1, n− 2)

= (n, k − 1, . . . , 2, 1, k, k + 1, k + 2, . . . , n− 1, n− 2) · 〈1, k + 1, k〉
= first(φ(Sn−1,k−1)) · 〈1, k + 1, k〉.

Case 2:
first(ψ(k + 1,Sn−1,k)) = (k, k − 1, . . . , 2, 1, k + 1, n, k + 2, . . . , n− 2, n− 1)

= (n, k − 1, . . . , 2, 1, k, k + 1, k + 2, . . . , n− 2, n− 1) · 〈1, k + 1, k + 2〉
= last(φ(Sn−1,k−1)) · 〈1, k + 1, k + 2〉.

Case 3:
last(ψ(k − 1,Sn−1,k)) = (k, k − 1, . . . , 2, n, 1, k + 1, k + 2, . . . , n− 2, n− 1)

= (n, k − 1, . . . , 2, 1, k, k + 1, k + 2, . . . , n− 2, n− 1) · 〈1, k + 1, k〉
= last(φ(Sn−1,k−1)) · 〈1, k + 1, k〉.

Case 4:
first(ψ(k + 1,Sn−1,k)) = (k, k − 1, . . . , 2, 1, k + 1, n, k + 2, . . . , n− 1, n− 2)

= (n, k − 1, . . . , 2, 1, k, k + 1, k + 2, . . . , n− 1, n− 2) · 〈1, k + 1, k + 2〉
= last(φ(Sn−1,k−1)) · 〈1, k + 1, k + 2〉.

Case 5:
first(ψ(n− 3,Sn−1,k)) = (k, k − 1, . . . , 2, 1, k + 1, . . . , n− 3, n, n− 2, n− 1)

= (k, k − 1, . . . , 2, 1, k + 1, . . . , n− 3, n− 1, n, n− 2) · 〈n− 2, n− 1, n〉
= last(ψ(n− 1,Sn−1,k)) · 〈n− 2, n− 1, n〉.

2

The family of lists {Sn,k}n≥k≥1 is an optimal cyclic Gray code. See
Table 1 for some examples. Moreover, let denote S−1

n,k the list obtained
from Sn,k by replacing each permutation in Sn,k by its group theoretical
inverse. Thus, by a simple calculation, the family of lists {S−1

n,k}n≥k≥1 is
also an optimal cyclic Gray code for the n-length permutations with k left-
to-right minima; i.e. two successive permutations in a list S−1

n,k differ by a
product with a transposition or a 3-cycle.

4 Algorithmic considerations

In this part, we explain how the recursive definitions (a), (b), (c), (d)
and (e) can be implemented into an efficient algorithm, i.e. in a constant
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Table 1: The lists S3,k, 1 ≤ k ≤ 3, and S4,k for 1 ≤ k ≤ 4. For instance, in

S4,2 the sublists of relation (d), ψ(3,S3,2), φ(S3,1), ψ(1,S3,2), and ψ(2,S3,2),
are alternatively in bold-face and italic.

S3,1 S3,2 S3,3 S4,1 S4,2 S4,3 S4,4
1 123 1 213 1 321 1 1234 1 2134 1 3214 1 4321
2 132 2 231 2 1324 2 2314 2 3241

3 312 3 1423 3 3124 3 3421
4 1432 4 4132 4 4231
5 1342 5 4123 5 4312
6 1243 6 2413 6 4213

7 2431
8 3412
9 3142
10 2341
11 2143

amortized time (CAT) algorithm. Such algorithms already exist for de-
rangements, permutations with k cycles or involutions [1, 2, 10, 12], so we
will just give here the main difficulties to implement our one.
According to the relation (4) and the cases (a), (b), (c), (d) and (e), the pro-
cedure gen up(n, k) given in Appendix produces iteratively the sublists Si
and T that are recursively generated. So, each call of this procedure fills up
entries with indices in an active set T ⊂ [n] associated with it, and for each
recursive call T = {i1, i2, . . . , ik} is replaced by an active subset T ′ such
that T = T ′ ∪{ij} where j ∈ [k]. As we did it for the generating algorithm
the Gray code for derangements [2], the current active set T is represented
by four global variables: the integers head, tail, and the two arrays succ
and pred defined as follows. If at a computational step T = {i1, i2, . . . , ik},
then we let head = i1, tail = ik, succ[ij ] = ij+1 and pred[ij ] = ij−1. So,
before each recursive call of the procedure corresponding to the active set
T ′, (1) the procedure remove(ij) delete the index ij in T , (2) we perform
the recursive call relatively to T ′ = T\{ij}, (3) the procedure append(ij)
add the index ij in T .
In our algorithm, we consider initially the active set T = [n + 1], and the
procedure gen up(n, k) generates permutations of Sn,k in an array p an-
chored by the first element of the list. The procedure type() prints out the
current permutation of p.
Between any successive calls at least one update statement is performed
(according to the relations (a), (b), (c), (d) and (e)), and after each update
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statement a new permutation is produced and printed out. The procedure
generates at least two recursive calls or produces a permutation. Clearly,
the time complexity of gen up is proportional to the total number of re-
cursive calls. Since each call produces at least one new element the time
complexity is O(sn,k). A java implementation of our algorithm is avalaible
at http : //www.u-bourgogne.fr/LE2I/jl.baril/leftapplet.html.

5 Appendix

The call of gen up(n,k) generates the list Sn,k. In order to produce Sn,k we
consider also the procedure gen down(n,k) which has the same instructions
of gen up(n,k) in the reverse order. The notation gen up/down(n − 1, k)
means that we use gen up(n,k) or gen down(n,k) according to the sense of
each sublist in the relations (a), (b), (c), (d) and (e). The notation 〈i, j〉
means that the current permutation p is composed (on the right) by the
transposition 〈i, j〉.
public static void gen_up(int n, int k)

{ if(k==n) type();

if(k==1)

if(n==3) {type();<succ[head],succ[succ[head]]>;type();}

else

{ run=pred[tail];remove(run);gen_up(n-1,k);append(run);

<run,pred[run]>;<pred[run],pred[pred[run]]>;

if(n mod 2==0)

<pred[tail],pred[pred[tail]]>;

for(i=n-3;i>=1;i=i-2)

{run=pred[pred[run]];remove(run);gen_up/down(n-1,k);append(run);

if(i>=3)

{<run,pred[run]>;<pred[run],pred[pred[run]]>;}

else <succ[head],succ[succ[head]]>;

}

if(i==-1) {i=2;run=succ[succ[head]];} else {i=1;run=succ[head];}

for(int j=i;j<=n-2;j=j+2)

{remove(run);gen_up/down(n-1,k);append(run);

if(j+2<=n-2){<run,succ[run]>;<succ[run],succ[succ[run]]>;run=succ[succ[run]];}

}

}

if(k==n-1)

if(n==3){type();<pred[tail],pred[pred[tail]]>;type();

<pred[pred[pred[tail]]],pred[pred[tail]]>;

<pred[tail],pred[pred[tail]]>;type();}

else

{ type();<pred[tail],pred[pred[tail]]>;run=pred[tail];

remove(run);gen_up(n-1,k-1);append(run);

run=succ[head];<pred[tail],pred[pred[tail]]>;<pred[tail],run>;type();

run=head;

for(i=n-4;i>=2;i=i-2)

{run=succ[succ[run]];<run,succ[run]>;<run,pred[tail]>;type();}

<pred[tail],pred[pred[pred[tail]]]>;type();

if(i==0) {i=3;run=pred[pred[tail]];} else {i=2;run=pred[tail];}

for(int j=i+2;j<=n-1;j=j+2)

{run=pred[pred[run]];<run,pred[run]>;<run,pred[tail]>;type();}

}

if(k==n-2)

{ run=pred[tail];

remove(run);gen_up(n-1,k);append(run);

if(n mod 2==0)

{<head,pred[tail]>;<pred[tail],pred[pred[tail]]>;}

else {<head,pred[tail]>;}

run=head;

remove(run);gen_up/down(n-1,k-1);append(run);

<pred[pred[pred[tail]]],pred[pred[tail]]>;<head,pred[pred[pred[tail]]]>;

run=pred[tail];

for(i=n-3;i>=1;i=i-2)

{run=pred[pred[run]];

remove(run);gen_up/down(n-1,k);append(run);

if(i>=3) {<run,pred[run]>;<pred[run],pred[pred[run]]>;}

13



else {<succ[head],succ[succ[head]]>;}

}

if(i==-1) {i=2;run=succ[succ[head]];} else {i=1;run=succ[head];}

for(int j=i;j<=n-2;j=j+2)

{remove(run);gen_up/down(n-1,k);append(run);

if(j+2<=n-2){<run,succ[run]>;<succ[run],succ[succ[run]]>;run=succ[succ[run]];}

}

}

if(k!= n && k!= 1 && k!= n-1 && k!= n-2)

{ run=pred[tail];

remove(run);gen_up(n-1,k);append(run);

if(n mod 2==0){<run,pred[run]>;<pred[run],pred[pred[run]]>;}

else {<run,pred[pred[run]]>;}

run=pred[tail];

for(i=n-3;i>=1;i=i-2)

{ run=pred[pred[run]];

remove(run);gen_up/down(n-1,k);append(run);

if(i==k+1)

{<pred[run],run>;<head,pred[run]>;run1=head;

remove(run1);gen_up/down(n-1,k-1,run1,sens);append(run1);

<head,pred[run]>;<pred[run],run>;

}

if(i>=3) {<run,pred[run]>;<pred[run],pred[pred[run]]>;}

else {<succ[head],succ[succ[head]]>;}

}

if(i==-1) {i=2;run=succ[succ[head]];} else {i=1;run=succ[head];}

for(int j=i;j<=n-2;j=j+2)

{ remove(run);gen_up/down(n-1,k);append(run);

if(j==k-1)

{ <succ[run],run>;<head,succ[run]>;

run1=head;

remove(run1);gen_up/down(n-1,k-1);append(run1);

<head,succ[run]>;<succ[run],run>;

}

if(j+2<=n-2){<run,succ[run]>;<succ[run],succ[succ[run]]>;run=succ[succ[run]];}

}

}

}
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1. Introduction and notations

The set D of Dyck words over {(, )} is the language de-
fined by the grammar S � λ|(S)|S S where λ is the empty
word, i.e. the set of well-formed parentheses strings. Let
Dn be the set of Dyck words of length 2n, i.e. with n
open and n close parentheses. The cardinality of Dn is the
nth Catalan number cn = (2n)!/(n!(n + 1)!) (see A000108
in [23]). For instance, D3 consists of the five words ()()(),
(())(), ()(()), (()()) and ((())). A large number of various
classes of combinatorial objects are enumerated by the
Catalan sequence. This is the case, among others, for ballot
sequences, planar trees, binary rooted trees, nonassocia-
tive products, stack sortable permutations, triangulations
of polygons, and Dyck paths. See [24] for a compilation
of such Catalan sets. Some of them are endowed with a
partial ordering relation [1–3,10,20,21]. For instance, the
coverings of the so-called Tamari lattices [11,13,14,16,18,
22,25] can be defined by different elementary transforma-

* Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril),

pallo@u-bourgogne.fr (J.-M. Pallo).

Fig. 1. The left-rotation transformation on binary trees.

tions depending on the Catalan set considered. The most
known is the semi-associative law x(yz) −→ (xy)z for
well-formed parenthesized expressions involving n vari-
ables. Also, the Tamari lattice of order n can be defined on
the set Tn of binary rooted trees with n + 1 leaves. Indeed,
from a well-formed parenthesized expression on n vari-
ables, we consider the bijection that recursively constructs
the binary rooted tree where the left (resp. right) sub-
tree is defined by the left (resp. right) part of the expres-
sion. For example, the binary rooted trees associated to the
two expressions x(yz) and (xy)z are illustrated in Fig. 1.
Moreover, the semi-associative law on parenthesized ex-
pressions is equivalent to the well-known left-rotation on
binary trees showed in Fig. 1.

0020-0190/$ – see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.ipl.2013.10.001
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Now, let T ∈ Tn be a binary tree with n + 1 leaves.
Reading T in prefix order and replacing each internal node
(resp. each leaf except the last) with an open (resp. a close)
parenthesis, we obtain a bijection from Tn to Dn that
translates the left-rotation transformation into the elemen-
tary transformation (u)(−→ ((u) where u is a Dyck word.
This transformation will be also called left-rotation. More
precisely, we say that d′ ∈ Dn is obtained from d ∈ Dn by
a left-rotation if d = α(u)(β and d′ = α((u)β where u is
a Dyck word and α (resp. β) is some prefix (resp. suffix)
of some Dyck word. The inverse transformation is called
right-rotation. For instance, (())((()(())())()) is obtained from
(())(()(())() )(()) by a left-rotation.

We define the rotation distance between two Dyck
words as the minimum number of left- and right-rotations
necessary to transform one word into the other. There re-
mains today an open problem whether the rotation dis-
tance can be computed in polynomial time. Previous works
on rotation distance have focused on approximation algo-
rithms [4,7,18,19].

In this paper, we study this rotation on the restricted
set M of Motzkin words defined by the grammar S �
λ|(S S). In Section 2, an upper semimodular join semilattice
is constructed. In this structure, we compute the length
of a shortest path between two Motzkin words. This dis-
tance can also be interpreted as the length of a geodesic
between these two Motzkin words in a Tamari lattice, i.e.
the length of a shortest path between them by browsing
through Motzkin words only. So, a new upper bound is
obtained for the classical rotation distance between two
Motzkin words in a Tamari lattice. For some specific pairs
of Motzkin words, this bound is exactly the value of the
well-known rotation distance in a Tamari lattice. In Sec-
tion 3, enumerating results are given for join and meet
irreducible elements, minimal elements and coverings.

2. Motzkin geodesics

Let M be the set of Motzkin words, i.e. the language
over {(, )} defined by the grammar S � λ|(S S). Let Mn
be the set of Motzkin words of length 2n, i.e. with n open
and n close parentheses. The cardinality of Mn is the nth
term of the Motzkin sequence A001006 in [23]. For ex-
ample, M4 = {(((()))), ((()())), (()(())), ((())())}. Obviously
we have Mn ⊆ Dn for n � 1. We refer to [8] and [24] for
several combinatorial classes enumerated by the Motzkin
numbers.

The following lemma shows how the left-rotation be-
tween two Motzkin words can be expressed by a natural
transformation −→ in Mn .

Lemma 1. Let m,m′ ∈ Mn. Then, the word m′ is obtained from
m by a left-rotation if and only if m′ is obtained from m by a left-
transformation u(v) −→ (uv) where u and v are two Motzkin
words, i.e. m = αu(v)β and m′ = α(uv)β where u, v ∈ M and
α (resp. β) is some prefix (resp. suffix) of some Motzkin word.

Proof. Let m and m′ be two Motzkin words such that
m′ is obtained from m by a left-rotation. Thus, there is
a Dyck word u such that m = α(u)(β and m′ = α((u)β

where α and β are some prefix and some suffix of m

and m′ . Since m′ is a Motzkin word, it necessarily is of
the form m′ = α((u)v)β ′ where (u) and v are Motzkin
words with β = v)β ′ . We deduce that m = α(u)(v)β ′ . Fur-
thermore, the fact that (v) and (u) are Motzkin words
necessarily implies that m is of the form m = α′((u)(v))β ′′
and thus, m′ = α′(((u)v))β ′′ for some α′ and β ′′ . Thus the
left-rotation between two Motzkin words is equivalent to
the transformation w(v) −→ (w v) where w = (u) �= λ and
v are two Motzkin words. Conversely, let us assume that
m′ is obtained from m by a transformation u(v) −→ (uv)

where u and v are two Motzkin words. Since, a Motzkin
word is obtained by the grammar S � λ|(S S), we nec-
essarily have m = α(u(v))β and m′ = α((uv))β for some
prefix and some suffix α and β which directly induces that
m′ is obtained from m by a left-rotation. �

In the remainder of the paper, given m,m′ ∈ Mn , we
write m −→ m′ if m′ is obtained from m by the left-
rotation defined in the previous lemma. The right-rotation
will be the inverse of −→. Let

∗−→ denote the reflexive
and transitive closure of the rotation transformation −→
in Mn .

In order to characterize this left-rotation −→, we ex-
hibit a bijection between Motzkin words and Motzkin
paths. A Motzkin path of length n is a lattice path start-
ing at (0,0), ending at (n,0), and never going below the
x-axis, consisting of up steps U = (1,1), horizontal steps
H = (1,0), and down steps D = (1,−1). Let Pn be the
set of Motzkin path of length n − 1. It is well known that
Motzkin paths are enumerated by the Motzkin numbers
(A001006 in [23]).

Let φ be the bijection between Mn and the set Pn of
Motzkin paths of length n − 1 defined as follows:

– if m = () then φ(m) = λ;
– if m = (uv) where u, v are two non-empty Motzkin

words, then φ(m) = Uφ(v)Dφ(u);
– if m = (u) where u is a non-empty Motzkin word, then

φ(m) = Hφ(u).

For instance, if m = (()((()()))) then φ(m) = UHUDD.

Proposition 1. Let m and m′ be two Motzkin words in Mn.
Then m −→ m′ if and only if φ(m′) is obtained from φ(m) by
applying one of the two following transformations: UH −→ HU
and UD −→ HH.

Proof. Let m and m′ be two Motzkin words where m′ is
obtained from m by a left-rotation in the Tamari lattice
of order n. By Lemma 1, we deduce that m = α(u(v))β

and m′ = α((uv))β where α and β are some prefix and
some suffix of m and m′ . Therefore φ(m′) is obtained from
φ(m) by replacing the factor φ((u(v))) with φ(((uv))). If v
is empty, then we have φ((u(v))) = UDφ(u), φ(((uv))) =
HHφ(u) and φ(m′) is obtained from φ(m) by a trans-
formation UD −→ HH. If v is not empty, then we have
φ((u(v))) = UHφ(v)Dφ(u), φ(((uv))) = HUφ(v)Dφ(u) and
φ(m′) is obtained from φ(m) by a transformation UH −→
HU. This reasoning can also be considered for the con-
verse. �
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Fig. 2. The Motzkin semilattice M6. Each Motzkin word m is associated with its Motzkin path φ(m) and its height sequence χm .

A sequence of non-negative integers χ = χ(0)χ(1) . . .

χ(n−1) will be called height sequence of length n if χ(0) =
χ(n − 1) = 0 and |χ(i) − χ(i − 1)| � 1 for 1 � i � n − 1.
Obviously, there is a one-to-one correspondence between
Motzkin words in Mn and height sequences of length n: if
m ∈ Mn , then we associate the height sequence χm de-
fined by χm(0) = 0 and for i � 1, χm(i) − χm(i − 1) = 1
(resp. −1, 0) if the ith step is U (resp. D and H) in the
Motzkin path φ(m). For instance, if m = (()(()(()))) ∈ M6,
then φ(m) = UUHDD and χm = 012210. Notice that the
height sequence of a Motzkin word m corresponds to the
ordinates of the different steps in the path φ(m).

Proposition 2. Let m and m′ be two Motzkin words in Mn.
Then m −→ m′ if and only if there exists i, 1 � i � n − 1, such
that χm′ (i−1) = χm′ (i) = χm(i)−1 and for all j �= i, χm′ ( j) =
χm( j).

Proof. Using Proposition 1, m −→ m′ if and only if φ(m′)
is obtained from φ(m) by one of the two transformations

UH −→ HU and UD −→ HH. Considering the height se-
quences χm and χm′ , this implies the existence of some i
such that χm( j) = χm′ ( j) for j �= i, and χm′ (i − 1) =
χm′ (i) = χm(i)−1. For the converse, let us assume that the
height sequences χm and χm′ satisfy for some i, χm′ ( j) =
χm( j) for j �= i, and χm′ (i − 1) = χm′ (i) = χm(i) − 1. Since
χm is a height sequence, we have |χm(i + 1) − χm(i)| � 1.
This implies that |χm′(i + 1) − χm′ (i) − 1| � 1 and thus
χm′ (i + 1) − χm′ (i) � 0. Finally, if χm′ (i + 1) = χm′ (i) (resp.
χm′ (i + 1) = χm′ (i) + 1) then φ(m′) is obtained from φ(m)

by the transformation UD −→ HH (resp. UH −→ HU). �
Proposition 3. The poset (Mn,

∗−→) is graded by the rank

function r(m) = ρ − ∑n−1
i=0 χm(i) where ρ = � (n−1)2

4 	.

Proof. The poset (Mn,
∗−→) is graded by the rank func-

tion r whenever m
∗−→ m′ and r(m′) = r(m) + 1 if and

only if m −→ m′ . So, Proposition 2 induces that (Mn,
∗−→)

is graded by the rank function r(m) = ρ − ∑n−1
i=0 χm(i)
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where the parameter ρ = � (n−1)2

4 	 is the maximal value of
∑n−1

i=0 χm(i) among all Motzkin words m. That is, we have

ρ = ∑n−1
i=0 χm(i) with m = 0123 . . . n−1

2 . . . 3210 if n is odd,
and m = 0123 . . . n

2 −1 n
2 −1 . . . 3210 otherwise. For the two

cases, a simple calculation provides ρ = � (n−1)2

4 	. �
Remark 1. In the previous proposition, we use the defini-
tion of a graded poset given by Grätzer (see [12], p. 233).
Notice that other authors like Stanley do not use the
same definition (see [24], p. 99). Indeed they require that
the minimal elements need to have the same rank (see
Fig. 2).

Proposition 4. For m, m′ ∈ Mn, we have m
∗−→ m′ if and only

if the sequences χm and χm′ satisfy the two conditions:

(a) χm′ (i) � χm(i) for all 0 � i � n − 1, and
(b) there does not exist i, 1 � i � n − 1, such that χm′ (i − 1) >

χm′ (i) < χm(i).

Proof. Let m and m′ , m �= m′ , such that their correspond-
ing height sequences χm and χm′ satisfy the conditions
(a) and (b). Since m �= m′ , there exists some i such that
χm′ (i) < χm(i). We choose the rightmost i with this prop-
erty. We necessarily have χm′ (i + 1)−χm′ (i) = χm(i + 1)−
χm′ (i) > χm(i + 1) − χm(i) � −1 and thus χm′ (i + 1) �
χm′ (i). Now, there exists some j, j � i, such that χm′ ( j) �
χm′ ( j − 1). By contradiction, if there does not exist such
a j then χm′ ( j) > χm′ ( j − 1) for j � i. With χm′ (0) = 0,
we obtain χm′ (i) = i and χm(i) > χm′ (i) = i gives a con-
tradiction. So, we have χm′ (k) + 1 = χm′ (k + 1) for j � k �
i − 1, which implies χm′ ( j) = χm′ (i) − (i − j). On the other
hand, we necessarily have χm( j) � χm(i) − (i − j). Using
χm′ (i) < χm(i), we deduce that χm′ ( j) < χm( j) with the
condition χm′ ( j) � χm′ ( j − 1). Using Proposition 2, there
exists a Motzkin word m1 satisfying m1 −→ m′ and such
that χm1 (k) = χm′ (k) for k �= j and χm1 ( j) = χm′ ( j) + 1. By
construction, the two sequences χm1 and χm′ also satisfy
(a) and (b). Repeating iteratively this process for m and mi ,
i � 1, there is a positive integer r so that m −→ mr −→
· · · −→ m2 −→ m1 −→ m′ .

Conversely, let us assume that m
∗−→ m′ . Using Propo-

sition 2, it is straightforward to see that the height se-
quences χm and χm′ satisfy (a). Moreover, if we have the
path m −→ m1 −→ · · · −→ mr = m′ for some integer r � 1,
Proposition 2 ensures that the height sequence of m1 is ob-
tained from χm by decreasing by one an entry χm(i) such
that χm(i + 1) � χm(i) > χm(i − 1). Therefore, m and m1
satisfy also (b), and a simple induction proves that m and
mr = m′ satisfy (b). �

By construction, the poset (Mn,
∗−→) is included in the

Tamari lattice of order n (see Fig. 3). Moreover the previous
result proves that it is contained into the Motzkin lattice
defined by Ferrari and Munarini in [9]. More precisely, the
elements are the same, the partial order is dual but our
poset has less covering relations.

Fig. 3. The Motzkin semilattice M4 included into the Tamari lattice of or-
der 4.

Theorem 1. The poset (Mn,
∗−→) is a join semilattice with 1 =

(((. . .))) as maximum element.

Proof. Obviously, Proposition 4 induces that 1 = (((. . .)))

is the maximum element (its height sequence is 0 . . . 0). In
order to prove that the poset is a join semilattice, we show
that any two elements of Mn have a least upper bound.
Let m and m′ be two different Motzkin words and χm and
χm′ their height sequences. Now, we construct algorithmi-
cally a Motzkin word m′′ ∈ Mn (or equivalently its height
sequence χm′′ ) that is a candidate to be the join element
of m and m′ , and we will show that this element really is
the join.
Join algorithm. (See Algorithm 1.) The inputs are the
height sequences of m and m′ and the output is the height
sequence of the join m ∨ m′ .

For example, if we perform Algorithm 1 for χm =
0121112110 and χm′ = 0101111010, Part I gives χm′′ =
0101111010, and Part II modifies χm′′ into χm′′ =
0000000010.

Part I of Algorithm 1 computes for all i, 0 � i � n − 1,
χm′′ (i) = min{χm(i),χm′ (i)}. Since the statements of Part II
do not increase any value χm′′ (i), the two following con-
ditions χm′′ (i) � χm(i) and χm′′(i) � χm′ (i), 0 � i � n − 1,
remain true throughout Algorithm 1.

Statements of Part II modifies χm′′ so that there does
not exist i such that χm′′ (i − 1) > χm′′ (i) and (χm′′ (i) <

χm(i) or χm′′ (i) < χm′ (i)). For this, we traverse χm′′ from
right to left and for each i such that χm′′ (i − 1) > χm′′ (i)
and (χm′′(i) < χm(i) or χm′′(i) < χm′ (i)), we replace χm′′ ( j)
with χm′′ (i) from j = i − 1 down to j0 + 1 where j0 is the
rightmost index j � i − 1 satisfying χm′′ ( j) = χm′′ (i).
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Algorithm 1. Join algorithm.
procedure Join(χm,χm′ )
// Part I
for i ← 0 to n − 1 do

χm′′ (i) ← min{χm(i),χm′ (i)}
end for
// Part II
i ← n − 1
while i > 0 do

if χm′′ (i) < χm′′ (i − 1) and (χm′′ (i) < χm(i) or χm′′ (i) < χm′ (i)) then
x ← χm′′ (i)
i ← i − 1
while χm′′ (i) > x do

χm′′ (i) ← x
i ← i − 1

end while
else

i ← i − 1
end if

end while
return χm′′

At the end of Algorithm 1, Proposition 4 ensures that
χm′′ is a height sequence of a Motzkin word m′′ so that

m
∗−→ m′′ and m′ ∗−→ m′′ .

Now, we will prove that m′′ really is the least upper
bound of m and m′ . Let s be a Motzkin word in Mn such
that m

∗−→ s and m′ ∗−→ s and let us prove that m′′ ∗−→ s.
Proposition 4 implies that we have (a) χs(i) � χm(i) and
χs(i) � χm′ (i) for i � 0, and (b) there does not exist i such
that χs(i − 1) > χs(i) and (χs(i) < χm(i) or χs(i) < χm′ (i)).

We distinguish two cases,

– χs(i) � χm′′ (i) for all i, 0 � i � n − 1; then for all j
satisfying χs( j) < χm′′ ( j) � min{χm( j),χm′ ( j)}, there
is a Motzkin word w (w = m or w = m′) such that
χs( j) < χw( j). Since we have w

∗−→ s, Proposition 4
implies that χs( j − 1) � χs( j) < χm′′ ( j). Proposition 4

allows to conclude that m′′ ∗−→ s.
– There exists i such that χs(i) > χm′′ (i). Let us re-

call that χs(i) � min{χm(i),χm′ (i)}. Then we have
χm′′ (i) < min{χm(i),χm′ (i)} which means that χm′′(i)
was obtained from min{χm(i),χm′ (i)} using Part II
of Algorithm 1.. More precisely, there is i1 > i such
that χm′′ (i1) = χm′′ ( j) < min{χm( j),χm′ ( j)} for i �
j � i1 − 1, and χm′′ (i1) = min{χm(i1),χm′ (i1)}, and
χm′′ (i1 −1) > χm′′(i1), and (χm′′(i1) < χm(i1) or χm′′ (i1) <

χm′ (i1)).
Thus, since χs(i) > χm′′ (i), χs( j) � min{χm( j),χm′ ( j)}
for all j, χm′′ (i1) = min{χm(i1),χm′ (i1)} and χm′′ (i1) =
χm′′ ( j) for i � j � i1 − 1, there exists i2, i < i2 � i1
such that χs(i2) = χm′′(i) with χs(i2 − 1) > χs(i2) and
(χs(i2) < χm(i2) or χs(i2) < χm′ (i2)) which is a con-

tradiction with the fact that m
∗−→ s and m′ ∗−→ s.

Therefore, this case does not occur.

Finally, we obtain m′′ ∗−→ s and m′′ is really the least upper
bound of m and m′ . �
Proposition 5. The semilattice (Mn,

∗−→) is upper semimod-
ular, i.e. for all m1,m2,m3 ∈ Mn with m1 �= m2 , m3 −→ m1
and m3 −→ m2 , there exists m4 ∈ Mn such that m1 −→ m4
and m2 −→ m4 .

Proof. Let χmi be the height sequences of mi , 1 � i � 4.
With Proposition 2, the sequence χm1 (resp. χm2 ) is ob-
tained from χm3 by decreasing by one the value χm3 ( j)
(resp. χm3 (k)) with j < k, χm3 ( j) − 1 � χm3 ( j − 1) and
χm3 (k) − 1 � χm3 (k − 1). In the case where k � j + 2,
the sequence χm4 obtained from m1 by decreasing by one
χm1 (k) is clearly a height sequence of a Motzkin word m4
satisfying m1 −→ m4 and m2 −→ m4. The case k = j + 1
does not occur. Indeed, we necessarily have the two condi-
tions χm3 ( j) − 1 � χm3 ( j − 1) and χm3 ( j + 1) − 1 � χm3 ( j)
that imply χm1 ( j) = χm3 ( j)−1 � χm3 ( j +1)−2 = χm1 ( j +
1) − 2 which contradicts the fact that χm1 is an height se-
quence of the Motzkin word m1. �

Let m and m′ be two Motzkin words in Mn . A geodesic
between m and m′ in the Tamari lattice of order n is
a shortest path between them browsing through only
some Motzkin words, i.e. lying in Mn only. Let d(m,m′)
be the length of a geodesic between m and m′ . Equiva-
lently, d(m,m′) is the minimum of left- and right-rotations
needed to transform m into m′ in (Mn,

∗−→). Obviously,
d(m,m′) is an upper bound of the classical rotation dis-
tance between m and m′ in the Tamari lattice of order n.

Theorem 2. Let m and m′ be two Motzkin words in Mn. Then,
we have d(m,m′) = ∑n−1

i=0 (χm(i) + χm′ (i) − 2χm∨m′ (i)).

Proof. (Mn,
∗−→) is an upper semimodular join-semilatti-

ce, with a maximal element and graded by the rank func-

tion r(m) = � (n−1)2

4 	−∑n−1
i=0 χm(i) (see Proposition 3, The-

orem 1 and Proposition 5). Then, from [5,6,15] we have:
d(m,m′) = 2r(m ∨ m′) − r(m) − r(m′) and thus d(m,m′) =∑n−1

i=0 (χm(i) + χm′ (i) − 2χm∨m′ (i)). �
Remark 2. A consequence of Theorem 2 is that the clas-
sical rotation distance (in a Tamari lattice) between two
Motzkin words m and m′ is less than or equal to d(m,m′) =∑n−1

i=0 (χm(i) + χm′ (i) − 2χm∨m′ (i)) (see [4,7,17,19] for
bounds of the rotation distance). Moreover, this bound
can give the exact value of the classic rotation dis-
tance for some particular pairs of Motzkin words. Let
us define m = (()(()(() . . . (()) . . .))) = αnβn and m′ =
((()(() . . . (()()) . . .))) = (αn−1()βn where α = (() and β =).
A simple calculation proves that d(m,m′) = n − 1 which
also is the classic rotation distance between m and m′ in
a Tamari lattice. For instance, if n = 3 then we have m =
(()(()(()))), m′ = ((()(()()))), χm = 012210, χm′ = 001210
and d(m,m′) = 2; which is exactly the rotation distance in
a Tamari lattice between m and m′ (see [4]).

3. Some properties of (Mn,
∗−→)

In this part, we present several enumerating results for
some characteristic elements of the semilattice (Mn,

∗−→).

Proposition 6. The generating function for the number of min-

imal elements in (Mn,
∗−→) is given by

1 − √
1 − 4x2 − 4x3

2x2
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(see A007477, [23]).

Proof. A minimal element in (Mn,
∗−→) is a Motzkin

word m such that its associated path φ(m) satisfies
the property that each horizontal step H is either fol-
lowed by a down step D or ends the path. We dis-
tinguish three cases: (i) φ(m) is empty; (ii) φ(m) = H ;
and (iii) φ(m) = Uφ(m1)Dφ(m2) where m1 and m2 are
two minimal Motzkin words. Thus, the generating func-
tion for the number of minimal Motzkin paths is A(x) =
1 + x + x2 A(x)2 which gives A(x) = 1−

√
1−4x2−4x3

2x2 . �
Recall that m ∈ Mn is a join (resp. meet) irreducible el-

ement if m = a∨b (resp. m = a∧b) implies m = a or m = b.
Since the set Mn is finite, join (resp. meet) irreducible ele-
ments are elements that have a unique lower (resp. upper)
cover.

Proposition 7. The generating function for the number of meet-

irreducible elements in (Mn,
∗−→) is given by x

(1−x−x2)(1−x)2

(see A001924, [23]).

Proof. A meet-irreducible element in (Mn,
∗−→) is a

Motzkin word m ∈ Mn such that its associated Motzkin
path φ(m) contains only one occurrence of UH or UD.
Let an (resp. bn) be the cardinality of the set of meet-
irreducible elements (resp. starting with U ) in Mn . More-
over, if φ(m) starts with U then it can be written φ(m) =
U k M where 1 � k � � n

2 	 and M is a word of length
n − k consisting of k down steps and n − 2k horizontal

steps. Thus, we obtain bn = ∑� n
2 	

k=1

(n−k
k

)
that is the se-

quence A000071 in [23]. Notice that this sequence are Fi-
bonacci numbers minus 1. Finally, since an = an−1 + bn we
have a recurrence which gives precisely sequence A001924
in [23]. �
Proposition 8. The generating function for the number of join-

irreducible elements in (Mn,
∗−→) is given by

1 − 2x2 − √
1 − 4x2 − 4x3

2x
√

1 − 4x2 − 4x3
.

Proof. A join-irreducible element in (Mn,
∗−→) is a Motz-

kin word m ∈ Mn such that its associated Motzkin path
φ(m) contains only one occurrence of HU or HH. Let
A(x) (resp. B(x)) be the generating function for the join-
irreducible elements in Mn (resp. for the minimal ele-
ments in Mn). An element m ∈ Mn is join-irreducible if
and only if φ(m) can be written in one of the three follow-
ing forms: (i) Uφ(m′)Dφ(m′′) where m′ is join-irreducible
and m′′ is a minimal element; (ii) Uφ(m′)Dφ(m′′) where
m′ is a minimal element and m′′ is join-irreducible; and
(iii) Hφ(m′) where m′ is a non-empty minimal element.
We deduce A(x) = 2x2 A(x)B(x) + x(B(x) − 1) and since

B(x) = 1−
√

1−4x2−4x3

2x2 , we obtain A(x) = 1−2x2−
√

1−4x2−4x3

2x
√

1−4x2−4x3
.

The first values of this sequence are 0,0,1,1,4,7,18,39,

90,206,470,1085,2492,5762 for 1 � n � 14. �

Proposition 9. The generating function for the number of cov-

erings in (Mn,
∗−→) is given by

(1 − x)(1 − x − 2x2 − √
1 − 2x − 3x2)

2x(1 − 2x − x2)
.

Proof. Let C(x) = ∑
n�0 cnxn be the generating function

for the number of coverings of (Mn,
∗−→). In order to enu-

merate the coverings m −→ m′ in (Mn,
∗−→), we count

the possible elementary transformations UH −→ HU and
UD −→ HH for Motzkin paths M = φ(m). So, we distin-
guish two cases: (i) M = HM1 where M1 is a Motzkin
path; and (ii) M = UM1DM2 where M1 and M2 are two
Motzkin paths.

For the case (i), the generating function for coverings
whose lower path M has the form M = HM1 is clearly
xC(x).

Now let us consider the case (ii) M = UM1DM2 where
M1 and M2 are two Motzkin paths. A covering derived
from M can be of three different forms:

– it can be derived from a covering of M1 or M2; thus
there are

∑n−2
i=0 (ci + cn−2−i) possible coverings of this

form, and the corresponding generating function is

2 x2C(x)
1−x ;

– it can be of the form M = UHM′
1DM2 −→ M ′ =

HUM′
1DM2 where M ′

1 and M2 are two Motzkin paths;
thus the generating function is x3M(x)2 where M(x) =
1−x−

√
1−2x−3x2

2x2 is the generating function for Motzkin
numbers;

– it can be of the form M = UDM2 −→ M ′ = HHM2
where M2 is a Motzkin path. Thus the generating func-
tion is x2M(x).

Putting this together, the generating function C(x) sat-
isfies the equation:

C(x) = xC(x) + x3M(x)2 + 2
x2C(x)

1 − x
+ x2M(x)

and we obtain

C(x) = (1 − x)(1 − x − 2x2 − √
1 − 2x − 3x2)

2x(1 − 2x − x2)
.

The first values of this sequence are 0,0,1,3,9,26,

73,202,553,1504,4073,11 003,29 689,80 094 for 1 � n �
14. �
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Equivalence classes of permutations modulo excedances

Jean-Luc Baril, Toufik Mansour and Armen Petrossian

We introduce a new equivalence relation on permutations where
two permutations are equivalent if and only if they coincide on their
excedance sets. This paper studies equivalence classes for several
subsets of permutations. Enumerating results are presented for per-
mutations, cycles and permutations avoiding one or two patterns
of length three. Also, an open question are proposed.

Keywords: permutations; equivalence class; excedance; pattern; Bell, Motzkin, Catalan, Fi-
bonacci numbers.

1. Introduction and notations

Let Sn be the set of permutations of length n, i.e., all one-to-one correspondences from
[n] = {1, 2, . . . , n} into itself. The one-line notation of a permutation π ∈ Sn is π1π2 · · · πn

where πi = π(i) for i ∈ [n]. A cycle in Sn is a n-length permutation π such that there exist some
indices i1, i2, . . . , in with π(i1) = i2, π(i2) = i3, . . . , π(in−1) = in and π(in) = i1. According to
the context, a cycle will be also denoted by its cyclic notation π = 〈i1, i2, . . . , in〉. Let Cn ⊂ Sn

be the set of all cycles of length n.
Let π be a permutation in Sn. An excedance of π is a position i, 1 ≤ i ≤ n, such that

π(i) > i. The set of excedances of π will be denoted E(π). For instance, if π = 4 1 6 3 5 7 2
then E(π) = {1, 3, 6}. The graphical representation of π is the set of points in the plane at
coordinates (i, πi) for i ∈ [n]. We define its associated rook placement R(π) on the triangular
board consisting of the cells located atop the diagonal y = x in the graphical representation
of the permutation. For short, R(π) will be called excedance board of π. Obviously, a point
(i, πi) appears in the excedance board of π if and only if i is an excedance of π. See Figure 1
for the graphical representation of a permutation with its associated excedance board.

We consider the equivalence relation ∼ on Sn in which two permutations π and σ are
considered to be equivalent if they coincide on their excedance sets, i.e., E(π) = E(σ)
and π(i) = σ(i) for i ∈ E(π), or again π and σ have the same excedance board. Let
Eq(π, Sn) denote the set of permutations being equivalent to π in Sn. For instance, we have
Eq(43215, S5) = {43215, 43125}. The set (resp. the cardinality of the set) of distinct equiva-
lence classes in Sn is denoted S∼

n (resp. #S∼
n ). All these definitions will remain available by

replacing the set Sn with a subset of Sn.

1
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Figure 1: Graphical representation of σ = 4 1 6 3 5 7 2 with its excedance board and its
associated partition.

The theory of permutation statistics has a long history and has grown at a rapid place
in the last few decades. Two classical statistics have been received lot of attention, namely
number of descents and number of excedances in a permutation (see [5] and references therein).
Recently, Elizalde [6] studied number of permutations that avoid a fixed set T of patterns
according to the number of fixed points and excedances. In this paper, we study the number
of distinct equivalence classes in either S∼

n or S∼
n (T ) with a fixed set T of patterns.

A permutation π ∈ Sn avoids the pattern τ ∈ Sk if and only if there does not exist
a sequence of indices 1 ≤ i1 < i2 < · · · < ik ≤ n such that π(i1)π(i2) . . . π(ik) is order-
isomorphic to τ (see [13, 14]). We denote by Sn(τ) the set of permutations of Sn avoiding the
pattern τ . For example, if τ = 123 then 52143 ∈ S5(τ) while 21534 /∈ S5(τ). Many classical
sequences in combinatorics appear as the cardinality of pattern-avoiding permutation classes.
A large number of these results were firstly obtained by West and Knuth [9, 12, 13, 14, 15, 16]
(see books of Kitaev [8] and Mansour [11]).

In Section 2, we prove that equivalence classes for Sn are enumerated by the nth Bell
number. We also prove that the number of classes in Cn is given by the sequence the sequence
of the number of irreducible set partitions of [n] (see A074664 in the on-line Encyclopedia of
Integer Sequences [17]). In Section 3, we give enumerating results for permutations avoiding
one pattern of length three (see Table 1). When the pattern is 132, the number of classes is
given by the Motzkin numbers which provides a kind of discrete continuity between Catalan
and Motzkin numbers. The case where permutations avoid the pattern 123 remains an open
question. In Section 4, we investigate permutations avoiding two patterns of length three (see
Table 3).

2. Equivalence classes for Sn and Cn

A partition of [n] is any collection of non-empty pairwise disjoint subsets, called blocks, whose
union is [n]. Let Pn be the set of partitions of [n]. A partition Π is said to be in standard
form if it is written Π = B1/B2/ · · · , where the blocks Bi are arranged so that their smallest
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Pattern Sequence Sloane an, n ≥ 1

{} Bn A000110 1, 2, 5, 15, 52, 203, 877, 4140, 21147

{132}, {213} Mn A001006 1, 2, 4, 9, 21, 51, 127, 323, 835

{123} Open question New 1, 2, 4, 8, 19, 41, 98, 221, 526

{312}, {321} 1
n+1

(
2n
n

)
A000108 1, 2, 5, 14, 42, 132, 429, 1430, 4862

{231} New 1, 2, 4, 9, 21, 50, 121, 296, 729

Table 1: Number of equivalence classes for permutations avoiding at most
one pattern of S3, where Bn (resp. Mn) are the Bell numbers (resp.
Motzkin numbers) defined by the generating function

∑
k≥0

xk
∏k

j=1(1−jx)
(resp.

1−x−
√

1−2x−3x2

2x2 ).

elements are in increasing order. For convenience, we assume also that elements in a same
block are arranged in increasing order. An atomic partition is a partition that does not have
a proper subset of blocks with a union equal to a subset [j] with 1 ≤ j ≤ n − 1.

From a permutation π ∈ Sn, we associate the partition Π ∈ Pn defined as follows. Two
elements x < y belong to the same block in Π if and only if there exist k ≥ 1 and i1 =
x < i2 < · · · < ik = y such that πij

= ij+1 for 1 ≤ j ≤ k − 1. For instance, the partition
associated to π = 4163572 is Π = 14/2/367/5 (see Figure 1). Indeed, if i1 = 1 then we have
i1 = 1 < i2 = πi1 = 4 and πi2 = 3 < 4 which induces that 14 is a block; if i1 = 2 then we
have πi1 = 1 < 2, so 2 is a block; if i1 = 3 then we have i1 = 3 < i2 = πi1 = 6 < i3 = πi2 = 7
and πi3 = 2 < 7, so 367 forms a block, and so on. Notice that this definition appears as a
counterpart for permutations of the partition associated to a rook placement on a Ferrers
board (see Stanley [18], p. 75, or Mansour [10], p. 99).

2.1. For Sn - Bell numbers

Theorem 2.1. The sets S∼
n , n ≥ 1, are enumerated by the Bell numbers.

Proof. Two permutations lie in a same equivalence class Eq(π, Sn) if and only if they have
the same excedance board R(π). Then they have the same associated partition. Moreover, the
associated partitions of two non-equivalent permutations are different.

Conversely, let Π = B1/B2/ · · · /Bk be a partition of [n] in the standard form and such
that each block Bi, 1 ≤ i ≤ k is arranged in increasing order. We define the permutation
π ∈ Sn such that πi = j if j is just after i into a same block (j is the smallest element
greater than i in the block) and the image by π of the largest element of a block is the
smallest element of this block. For instance, if Π = 14/2/367/5 we obtain the permutation
π = 4261573. By construction, this process defines a permutation in Sn such that Π is its
associated partition. So, there is a bijection between S∼

n and the set Pn of partitions of [n].
Therefore, S∼

n is enumerated by the n-th Bell number. 2
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2.2. For Cn - A074664

Lemma 1. The associated partition of a cyclic permutation π ∈ Cn is atomic.

Proof. For π ∈ Cn, let Π = B1/B2/ · · · /Bk be its associated partition in standard form. For

a contradiction, we assume that Π is not atomic, i.e., there exists a proper subset of blocks

B1, B2, . . . , Bℓ, ℓ < k with a union equal to a subset [j] for some j ∈ [n − 1]. Then for any
i ∈ [j], we have πi ∈ [j]. Indeed, if there was i ≤ j such that πi > j, then i would be an

excedance and πi would be in a same block. This case does not occur since the hypothesis

induces that the block containing i and πi is included in [j]. Therefore, the image by π of the

interval [j], j < n, still remains [j], which contradicts the fact that π is a cycle in Cn. 2

Theorem 2.2. The sets C∼
n , n ≥ 1, are enumerated by the sequence A074664 in [17].

Proof. The previous lemma proves that the associated partition of a cycle in Cn is necessarily

atomic. Moreover, the associated partitions of two non-equivalent cycles are different. Now,

we will prove that for any atomic partition Π ∈ Pn, there exists a cycle π ∈ Sn having Π as
associated partition (see the definition on the previous page). Let Π = B1/B2/ · · · /Bk be an

atomic partition (not necessarily in standard form). Let us assume that 1 ∈ B1 and put i1 = 1.

For 1 ≤ i ≤ k, we denote by M(Bi) (resp. m(Bi)) the maximum (resp. minimum) element in

the block Bi. In the case where M(B1) 6= n, the atomicity of Π induces that there is a block
Bi2 such that 1 < m(Bi2) < M(Bi1) < M(Bi2). We choose the block Bi2 having its smallest

element the lowest possible. Iterating this process by replacing Bi1 with Bi2 , we exhibit a

sequence of blocks Bi1 , Bi2 , . . . , Bir
such that m(Bij

) < m(Bij+1
) < M(Bij

) < M(Bij+1
) for

1 ≤ j ≤ r−1 and such that Bir
contains the value n. Let π be the cycle in Cn defined as follows:

π = 〈Bi1Bi2 · · · Bir
A1A2 · · · As〉 where each block Bij

, 1 ≤ j ≤ r has its elements in increasing

order, and the blocks Ai, 1 ≤ i ≤ s, are the remaining blocks of the partition Π ordered

by their decreasing minima and each of them ordered in increasing order. By construction

π is a cycle in Cn, and it is straightforward to see that Π is its associated partition. Using
Lemma 1, we have exhibited a constructive bijection between C∼

n , n ≥ 1, and the subset of

atomic partitions in Pn which is enumerated by the sequence A074664 in [17] (see Bergeron

and Zabrocki [4]). 2

A permutation π = π1π2 · · · πn ∈ Sn is called indecomposable if there does not exist i < n

such that π1π2 · · · πi is a permutation of [i]. Let Indn, n ≥ 1, be the sets of indecomposable

permutations of length n. Lemma 1 remains valid if we replace cyclic permutation with inde-
composable permutation. Moreover, since a cyclic permutation is necessarily indecomposable,

the proof of the following theorem is obtained, mutatis mutandis, from the proof of Theorem

2.2.

Theorem 2.3. The sets Ind∼
n , n ≥ 1, are enumerated by the sequence A074664 in [17].
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3. Equivalence classes for Sn(α) with α ∈ S3

In this section, we study enumerating results about the equivalence classes of sets of permu-
tations avoiding one pattern of length three.

For the pattern 321, the excedances of π ∈ Sn(321) determine π completely which means
that every permutation π ∈ Sn(321) is the unique element in its equivalence class. Therefore,
the cardinality of the set S∼

n (321) is given the n-th Catalan number (see sequence A000108
in [17]).

For the pattern 312, we use the Simion-Schmidt bijection modulo symmetry from Sn(321)
to Sn(312) (see [13]). Since this bijection preserves the position of points (i, πi) whenever
πi > i, we directly conclude that the cardinality of the set S∼

n (312) is given by the cardinality
of Sn(312), that also is the n-th Catalan number. We have not succeeded to find the cardinality
of S∼

n (123) for any n ≥ 1 (first values are 1, 2, 4, 8, 19, 41, 98, 221, 526). So, we leave open this
problem.

In order to study other patterns, we define some other equivalence relations between two
permutations by extending the definition of an excedance. Let π be a permutation in Sn. A
k-excedance of π, 1 − n ≤ k ≤ n, is a position i, 1 ≤ i ≤ n, such that π(i) > i − k. The
set of k-excedances of π will be denoted Ek(π). For instance, if π = 312 then E−2(π) = ∅,
E−1(π) = E0(π) = E1(π) = {1} and E2(π) = [3]. Obviously, for any π ∈ Sn, we have
E0(π) = E(π), E1−n(π) = ∅ and En(π) = [n]. For any k, 1 − n ≤ k ≤ n, we define the k-
equivalence relation ∼k on Sn in which two permutations π and σ are equivalent if and only if
they coincide on their k-excedance sets, i.e., π(i) = σ(i) for i ∈ Ek(π) = Ek(σ). Clearly, when
k = 0 we retrieve the equivalence relation defined in the introduction. Let Eqk(π, Sn) denote
the set of permutations in Sn k-equivalent to π; we call it the k-class of π. For instance,
we have Eq0(43215, S5) = Eq(43215, S5) = {43215, 43125}, Eq2(43215, S5) = {43215} and
Eq−4(43215, S5) = S5. The set of distinct k-classes in Sn is denoted S∼k

n .

3.1. The sets S∼
n (132) and S∼

n (213)- Motzkin

We focus our study on the pattern 132 and the symmetry reverse → complement → inverse
will provide the result for 213.

Theorem 3.1. The sets S∼
n (132), n ≥ 1, are enumerated by the Motzkin numbers.

Proof. For k ≥ 0, let Mk
n be the number of k-classes in Sn(132). Let π be a permutation

in Sn(132). Since π avoids the pattern 132, π can be written π = σγi, 1 ≤ i ≤ n, where
γi is a subsequence of [i] avoiding the pattern 132 and σ is obtained from a permutation
σ′ ∈ Sn−i(132) by adding i on all its entries, i.e., σ(j) = i + σ′(j) for 1 ≤ j ≤ n − 1 − i.

We distinguish two cases: (1) i ≥ n − k, and (2) i ≤ n − k − 1.
Case 1. In this case, n is either a k-excedance (i.e., πn = i ≥ n−k+1) or πn = i = n−k. The
decomposition of π = σγi is illustrated by the left part of Figure 2. The blue (resp. green)
square corresponds to σ (resp. γ), and the filled gray area does not contain any point (j, πj).
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It is straightforward and crucial to see that for a given i, i ≥ n−k, the above decomposition
of π induces that:

an integer j > n− i is a k-excedance of π if and only if j −n+ i is a (k + i−n)-excedance
of γi where γi is considered as a permutation in Si(132).

Using the decomposition of π = σγi, the number of k-classes having a representative
ending by i ≥ n − k is equal to the product between the number of (k + i − n)-classes of
Si−1(132) and the number of subsequences σ of length n−i avoiding 132, that is Mk+i−n

i−1 ·cn−i

where cn−i = 1
n−i+1

(2(n−i)
n−i

)
is the (n − i)th Catalan number. Varying i from n − k to n, the

number of k-classes having a representative with a last element greater or equal than n − k is
exactly Mk

n−1c0 + Mk−1
n−2c1 + . . . + M0

n−k−1ck.
Now, let us examine the second case.

Case 2. We assume i ≤ n − k − 1 and we will prove that each k-class contains a permutation
having its last element equal to one. Let π be a permutation such that πn = i ≤ n − k − 1
and let us assume that πn = i 6= 1. Using the decomposition π = σγi, the value 1 appears
in γ, i.e., πj = 1 implies j ≥ n − i + 1. Since π avoids 132, all values after πj = 1 appear in
increasing order in the one-line representation of π and are less or equal than i. This implies
that for ℓ ≥ j, πℓ are less or equal than i − (n − ℓ).

Now, let us define the permutation π′ ∈ Sn(132) such that π′
n = 1, π′

ℓ = πℓ if ℓ ∈ [j − 1],
and π′

ℓ = πℓ+1 for ℓ ∈ [j, n − 1]. By construction, π′ ∈ Sn(132) and π belongs to the same
k-class. Thus, the number of k-classes (in this case) is equal to the number of (k + 1)-classes
in Sn−1(132) (we omit the last value 1 of π′), which is given by Mk+1

n−1 (see the right part of
Figure 2).

In accordance with the two previous cases, we obtain the following recursive formula for
k ≥ 0, n ≥ 1 and n > k:

Mk
n = Mk+1

n−1 + Mk
n−1c0 + Mk−1

n−2c1 + . . . + M0
n−k−1ck

anchored with Mn
n = cn for n ≥ 0, where cn is the nth Catalan number (see A000108 in [17]).

Setting Dn(x) =
∑

k≥0 Mk
k+nxk for n ≥ 1, the bivariate generating function F (x, u)

where the coefficient of xkun is the number of k-classes in Sn+k(132) satisfies F (x, u) =∑
n≥1 Dn(x)un. A simple calculation from the previous recurrence relation provides the func-

tional equation for n ≥ 3:

Dn(x) = C(x)Dn−1(x) +
Dn−2(x) − Dn−2(0)

x

with D1(x) = C(x)−1
x and D2(x) = D1(x)−1

x where C(x) = 1−√
1−4x

2x is the generating function
for the Catalan numbers.

With this last relation, we obtain:

F (x, u)(x − C(x)xu − u2) = D1(x)xu + D2(x)xu2 − C(x)xD1(x)u2 − u2F (0, u).



Equivalence classes of permutations modulo excedances 7

Using the kernel method (see [1, 9]), we compute

x =
u

2
(1 + u − 2u2 −

√
1 − 2u − 3u2).

This induces F (0, u) = 1−u−
√

1−2u−3u2

2u2 which is the generating function for the Motzkin

numbers. Therefore, M0
n is the nth term of the Motzkin sequence.

Finally, a simple calculation provides

F (x, u) =
u − u

√
1 − 4x − ux + u2 − u2

√
1 − 4x − x + x

√
1 − 2u − 3u2

x(2x − u + u
√

1 − 4x − 2u2)
.

2

i

n − k

γ

σ

Mk+1
n−1

Figure 2: Illustration of the two cases studied in the proof of Theorem 4.

The bivariate generating function obtained in the proof of Theorem 3.1 provides a kind of

discrete continuity between the well-known Catalan and Motzkin sequences (see Table 2). See

[3] for another discrete continuity between these sequences and [2] for a discrete continuity

between Fibonacci and Catalan sequences. Using Maple, the first terms of the Taylor expansion

of F (x, u) are u + 2u2 + 4u3 + 9u4 + 21u5 + 51u6 + 127u7 + 2xu + 5xu2 + 12xu3 + 30xu4 +

76xu5 + 196xu6 + 5x2u + 14x2u2 + 37x2u3 + . . ..
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Table 2: Number Mk
n of k-classes in Sn(132) for some n and k, n > k ≥ 0.

k \ n 1 2 3 4 5 6 7

0 1 2 4 9 21 51 127

1 2 5 12 30 76 196

2 5 14 37 99 265

3 14 42 118 331

4 42 132 387

5 132 429

3.2. The set S∼
n (231)

Theorem 3.2. The generating function for the number of classes in Sn(231), n ≥ 1, is given

by the continued fraction:

1

1 + [a1] −
x

1 + [a2] − x

1 + [a3] −
x

1 + [a4] + · · ·

where [aℓ] = x2(1−xℓ−1)
1−x for ℓ ≥ 1.

Proof. For k ≤ 0, let Mk
n be the number of k-classes in Sn(231). Recall that two permutations

σ and π lie in a same k-class if and only if they coincide on positions i satisfying πi > i− k or

σi > i− k. Let π be a permutation in Sn(231) and denote by i, 1 ≤ i ≤ n, the index such that

πi = n. Since π avoids the pattern 231, π can be written π = σnγ, where σ is a permutation

of [i − 1] avoiding the pattern 231 and γ is obtained from a permutation γ′ ∈ Sn−i(231) by

adding i − 1 on all its entries, i.e., γ(j) = i − 1 + γ′(j) for i + 1 ≤ j ≤ n.

We distinguish two cases: (1) i ≤ n − 1 + k, and (2) i > n − 1 + k.

Case 1. In this case, i is a k-excedance since πi = n > i − k + 1 > i − k. Notice that for a

given i, i ≤ n − 1 + k, the above decomposition of π induces that:

an integer j 6= i is a k-excedance of π if and only either j is a k-excedance of σ, or j−i+1

is a (k − 1)-excedance of γ′ considered as a permutation in Sn−i(231).

Thus, the number of k-classes having a representative with n in position i is equal to the

product Mk
i−1 · Mk−1

n−i . Varying i from 1 to n − 1 + k, the number of k-classes in this case is

exactly
∑n−2+k

i=0 Mk−1
n−1−iM

k
i .

Now, let us examine the second case.
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Case 2. We have i > n − 1 + k and i is not a k-excedance. We will prove that the k-class of π
contains a permutation having its last element equal to n.

Let us consider the permutation π′ defined by π′ = σγn. It is straightforward to check
that π′ avoids 231 and that π′ belongs to the same k-class of π. Thus, the number of k-classes
(in this case) is equal to the number of k-classes having a representative ending with n, which
is given by Mk

n−1. In accordance with the two previous cases, we obtain the following recursive
formula for k ≤ 0 and n ≥ 1:





Mk
n = Mk

n−1 +
n−2+k∑

ℓ=0

Mk
ℓ Mk−1

n−1−ℓ for n − 1 > −k,

Mk
n = 1 for n − 1 ≤ −k.

Let Dk(x) =
∑

n≥0 Mk
nxn be the generating function for the number of k-classes in

Sn(231). Some elementary calculations from the previous recurrence relation provide the fol-
lowing functional equation for k ≤ 0:

Dk(x)

(
1 + x(

1 − x−k

1 − x
− 1) − xDk−1(x)

)
= 1.

Finally, we obtain Dk(x) expressed as a continued fraction

1

1 + [a−k+1] − x

1 + [a−k+2] − x

1 + [a−k+3] − x

1 + [a−k+4] + · · ·

where [aℓ] = x2(1−xℓ−1)
1−x for ℓ ≥ 1. When k = 0, we obtain the expected result. 2

By the equation of Dk(x) (see line 4), wee see that

lim
k→−∞

Dk(x)

(
1 − x + x

1 − x−k

1 − x
− xDk−1(x)

)
= 1.

Let D(x) = limk→−∞ Dk(x) and assume that |x| < 1. Then D(x)
(
1 − x + x

1−x − xD(x)
)

= 1,

which implies that either D(x) = 1/(1 − x) or D(x) = (1 − x)/x. Since Dk(0) = 1 for all
k < 0, we have that D(0) = 1. Hence, D(x) = limk→−∞ Dk(x) = 1

1−x

Finally, the first terms of the Taylor expansion of the continued fraction D0(x) can be
obtained by replacing the rest of the continued fraction by its limit 1

1−x . More precisely, if we
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need the first five terms then we expand the rational fraction

1

1 + [a1] −
x

1 + [a2] −
x

1 + [a3] − x

1 + [a4] +
x

1−x

which provides 1 + x + 2x2 + 4x3 + 9x4 + O(x5).

4. Equivalence classes for Sn(α, β) with α and β in S3

In this part, we give enumerating results for classes of permutations avoiding two patterns
of length three. Below, we present proofs for the most interesting cases which appear in the
last three rows of Table 3, i.e., for the cases where the equivalence classes are not all reduced
to a single permutation. All other cases can be easily proved using similar arguments or by
applying classical symmetries on permutations (inverse, reverse, and complement).

4.1. The set S∼
n (123, 231) - A096777

Theorem 4.1. The number of classes in S∼
n (123, 231), n ≥ 1, is given by

1 +
1

2
· ⌈n − 2

3
⌉ · (1 − 2n + 3⌈n − 2

3
⌉) + ⌊n

2
⌋ · (2n − 1 − 2⌊n

2
⌋)

(see sequence A096777 in [17]).

Proof. Let π be a permutation in Sn(123, 231). For k ∈ [n + 1], we define the subsequence
σ(k) = n(n−1) . . . (n−k+1) if k ≤ n, and σ(k) is empty if k = n+1. Thus, a permutation π ∈
Sn(123, 231) has a unique decomposition of the form π = σ(k)γ(ℓ)δ where δ = (n−k) · · · (ℓ+1)
and γ(ℓ) = ℓ(ℓ − 1) · · · 21 with k ∈ [n + 1] and ℓ ∈ [n − k − 1] (see Figure 3 for an illustration
of this decomposition).

Let an (respectively bk
n) be the number of classes in Sn(123, 231) (respectively starting

with σ(k) for k ≤ ⌊n
2 ⌋). The above decomposition induces that

an = 1 +

⌊ n

2
⌋−1∑

k=1

bk
n + (n − 1)

for n ≥ 1. Indeed, if k ≥ ⌊n
2 ⌋ then σ(k) fills the semi-diagonal y = n − x + 1 in the excedance

board, and π and n(n − 1) · · · 21 belong to the same class. There is only one class whenever
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σ(k)

γ(ℓ)

δ

Figure 3: Illustration of the decomposition of a permutation in Sn(123, 231).

k ≥ ⌊n
2 ⌋. The second term

∑⌊ n

2
⌋−1

k=1 bk
n corresponds to permutations having a non-empty σ(k)

that does not fill the semi-diagonal, i.e., 1 ≤ k ≤ ⌊n
2 ⌋ − 1; and the last term n − 1 enumerates

classes of permutations having an empty σ(k).

Now, we will calculate bk
n.

For convenience, we will say that γ (resp. δ) intersects the excedance board of π if the

associated block of γ (resp. δ) illustrated in red (resp. green ) in Figure 3 has a non-empty

intersection with the excedance board of π.

Using Figure 3, a simple observation provides that γ and δ does not intersect the excedance

board if and only if ℓ ≤ k + 1 and ℓ + n − ℓ − k ≤ ℓ + k + 1 which is equivalent to n − 2k − 1 ≤
ℓ ≤ k + 1. This case can occur whenever k + 1 ≥ n − 2k − 1, that is k ≥ ⌈n−2

3 ⌉.
We distinguish two cases.

Case 1. If k ∈ [1, ⌈n−2
3 ⌉−1] then there is at least one block issue from γ or δ that intersects

the excedance board of π. This means that γ and δ are entirely determined by ℓ that describes

the interval [n − k − 1]. Therefore, in this case bk
n = n − k − 1 and this case contains exactly

∑⌈ n−2

3
⌉−1

k=1 (n − k − 1) classes.

Case 2. If k ≥ ⌈n−2
3 ⌉ then there exists ℓ, n − 2k − 1 ≤ ℓ ≤ k + 1, such that the two blocks

associated to γ and δ do not intersect the excedance board of π. Moreover, all permutations

obtained by varying ℓ from n − 2k − 1 to k + 1 lie in a unique class for a given k. Now, let us

assume that either ℓ ∈ [n − 2k − 2] or ℓ ≥ k + 2. If ℓ ∈ [n − 2k − 2] then the block associated

to γ intersects the excedance board of π that also determines δ. The number of classes in this

subcase is exactly n − 2k − 2 for a given k, k ≥ ⌈n−2
3 ⌉. If ℓ ≥ k + 2 then the block associated

to δ intersects the excedance board of π that also determines γ. The number of classes in this

subcase is exactly n − k − 1 − (k + 2) + 1 = n − 2k − 2. So, we have bk
n = 2(n − 2k − 2) + 1

and the total number of classes satisfying Case 2 is exactly
∑⌊ n

2
⌋−1

k=⌈ n−2

3
⌉(2(n − 2k − 2) + 1).
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In accordance with these two cases, we finally obtain

an = 1 + n − 1 +

⌈ n−2

3
⌉−1∑

k=1

(n − k − 1) +

⌊ n

2
⌋−1∑

k=⌈ n−2

3
⌉
(2(n − 2k − 2) + 1).

With a simple calculation on this formula, we obtain the expected result and the sequence
A096777 in [17]. 2

4.2. The set S∼
n (132, 231) - Fibonacci

Theorem 4.2. The sets S∼
n (132, 231), n ≥ 1, are enumerated by the Fibonacci sequence (the

n-th Fibonacci number Fn is defined by Fn = Fn−1 + Fn−2 with F0 = F1 = 1, see sequence
A000045 in [17]).

Proof. For n ≥ 1, we denote by an the cardinality of S∼
n (132, 231). Let π be a permutation

avoiding 132 and 231. Thus, π can be written either (1) π = π1 · · · πn−1n or (2) π = nπ2 · · · πn.
The number of classes in Sn(132, 231) satisfying case (1) is also the number an−1 (we omit
the last value n). Now, let us study the second case. There exists j ≥ 2 such that πj = 1 and
π1 = n > π2 > · · · > πj = 1 < πj+1 < · · · πn. It is straightforward to see that πi ≤ i − 1 for
i ≥ j. So, we set π′ = (π2−1) · · · (πj−1−1)(πj+1−1) · · · (πn−1). Obviously, π′ ∈ Sn−2(132, 231)
and there is a one-to-one correspondence between classes of Sn(132, 231) having n in first
position, and classes of Sn−2(132, 231). Finally the number of classes in Sn(132, 231) (in this
case) is equal to an−2 (we omit n and 1 in π). According to the two previous cases, we have
an = an−1 + an−2 anchored with a1 = 1 and a2 = 2 which defines the Fibonacci sequence. 2

4.3. The set S∼
n (123, 132) - A052955

Theorem 4.3. The sets S∼
n (123, 132), n ≥ 1, are enumerated by 2

n+1

2 − 1 if n odd, and by
3 · 2n

2
−1 − 1 otherwise (see sequence A052955 in [17]).

Proof. Let π be a permutation avoiding 123 and 132. Let i1 < i2 < · · · < ik be the indices of the
right-to-left maxima of π, i.e., the indices ij , j ∈ [k], such that π(ij) > π(ℓ) for ℓ > ij . Then π
can be obtained by gluing from left to right the blocks (π(ij)−1)(π(ij)−2) · · · (π(ij+1)+1)π(ij)
for 1 ≤ j ≤ k by setting π(i1) = n and for convenience ik+1 = n + 1 and π(ik+1) = 0.

We distinguish two cases: (1) i1 > ⌊n
2 ⌋, and (2) i1 ≤ ⌊n

2 ⌋.
Case 1. We have i1 > ⌊n

2 ⌋. So, π can be written π = (n − 1)(n − 2) · · · (π(i2) + 1)nγ where γ
has all its values less or equal than π(i2) and so that these values do not lie in the excedance
board of π. We set π′ = (n − 1)(n − 2) · · · (π(i2) + 1)nπ(i2)(π(i2) − 1) · · · 3 2 1. Obviously, π′

avoids 123 and 132, and π′ and π belong to the same class. Varying i1 from ⌊n
2 ⌋ to n, the

number of classes (in this case) is exactly
∑n

k=⌊ n

2
⌋+1 1 = n − ⌊n

2 ⌋.
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Case 2. We have i1 ≤ ⌊n
2 ⌋. We will prove that there is a permutation π′ in the class of π such

that π′ = (n − 1)(n − 2) · · · (π(i2) + 1)nδi1(i1 − 1) · · · 21.
Let r be the smallest index j such that π(ij) ≤ ij . Less formally, the point (ir, π(ir)) is

the highest point that does not lie in the excedance board of π.

Since i1 ≤ ⌊n
2 ⌋ and π(i1) = n, we necessarily have r ≥ 2. The permutation π can be

written π = γ (π(ir)− 1) · · · (π(ir+1)+ 1)π(ir)σ where all values in γ appear in the excedance

board of π, and all values in σ do not lie in the excedance board of π. So, there exists an

index t = πir
, ir−1 < t ≤ ir, such that π(t) = t = πir

.

Now let us consider the permutation π′ obtained from π by replacing the block (π(ir) −
1) · · · (π(ir+1) + 1)π(ir) with the block

(π(ir−1 + 1)) · · · π(t − 1)π(ir)π(t) · · · (π(ir+1) + 1).

Moreover, we replace σ by the decreasing sequence (π(ir) − 1) · · · 21. It is straightforward to

see that π and π′ lie in the same class. Moreover, π′ is in the expected form π′ = (n − 1)(n −
2) · · · (π(i2) + 1)nδi1(i1 − 1) · · · 21 where δ is a subsequence of length n − 2i1 that avoids 123

and 132.

Thus, the number of classes in Sn(123, 132) such that the point (i1, n) lies in the excedance

board is exactly the number an−2i1 of classes in Sn−2i1(123, 132). Varying i1 from 1 to ⌊n
2 ⌋,

the number bn of classes (in this case) is given by bn =
∑⌊ n

2
⌋

i1=1 an−2i1 with a1 = 1 and a2 = 2.

Considering the two cases, we obtain

an = n − ⌊n

2
⌋ +

⌊ n

2
⌋∑

i1=1

an−2i1

and finally a simple calculation provides an = 2an−2 + 1 with a1 = 1 and a2 = 2 which is the

sequence A052955 in [17]. 2
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a b s t r a c t

We investigate new equivalence relations on the setD of Dyck paths relatively to the three
statistics of double rises, peaks and valleys. Two Dyck paths are r-equivalent (respectively
p-equivalent and v-equivalent) whenever the positions of their double rises (respectively
peaks and valleys) are the same. Then, we provide generating functions for the numbers of
r-, p- and v-equivalence classes of D .

© 2014 Elsevier B.V. All rights reserved.

1. Introduction and notations

A large number of various classes of combinatorial objects are enumerated by the Catalan numbers (A000108 in the on-
line encyclopedia of integer sequences [10]). It is the case, among others, for planar trees, Young tableaux, stack sortable
permutations, Dyck paths, and so on (see [11]).

A Dyck path of semilength n, n ≥ 0, is a lattice path starting at (0, 0), ending at (2n, 0), and never going below the x-axis,
consisting of up steps U = (1, 1) and down steps D = (1, −1). Let D be the set of all Dyck paths. Any non-empty Dyck path
P ∈ D has a unique first return decomposition of the form P = UαDβ where α and β are two Dyck paths (see [1]).

A double rise of a Dyck path is an occurrence UU of two consecutive up steps. A peak (resp. valley, resp. zigzag) is an
occurrence of UD (resp. DU , resp. DUD). More generally, a pattern consists of consecutive steps of a Dyck path. We will say
that a pattern is at position i, i ≥ 1, in a Dyck path whenever the first step of the pattern appears at the ith step of the Dyck
path. The height of a pattern is the minimal ordinate reached by this pattern. For instance, the path P = UUDUDUUDDD
contains two double rises at positions 1 and 6, three peaks at positions 2, 4, 7, and one zigzag of height one at position 3.

In the literature, many statistics on Dyck paths have been studied. Almost always, it is shown how we can enumerate
Dyck paths according to several parameters, such as length, number of peaks or valleys, number of double rises, number
of returns to the x-axis (see for instance [1–9,12]). Here, we take a new approach to study these statistics. We define three
equivalence relations on D .

Two Dyck paths of the same semilength are r-equivalent (resp. p-equivalent and v-equivalent) whenever the positions of their
double rises (resp. peaks and valleys) are the same.

∗ Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), armen.petrossian@u-bourgogne.fr (A. Petrossian).
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Table 1
Number of equivalence classes for Dyck paths.

Pattern Sequence Sloane an, 1 ≤ n ≤ 9

{UU}, {DD}
1−x+

√
1−2x−3x2

1−3x+x2+x3+(1−x2)
√

1−2x−3x2
New 1, 2, 4, 9, 22, 56, 147, 393, 1065

{UD}
1−6x+12x2−8x3+x4

(1−2x)2(1−3x+x2)
New 1, 2, 5, 14, 41, 121, 354, 1021, 2901

{DU}
1−2x

1−3x+x2

A001519
1, 2, 5, 13, 34, 89, 233, 610, 1597

For instance, the pathUDUUDDUD is r-equivalent toUDUUDUDD since they coincide on the unique double rise at position
3. The paths UUDUUDDDUDUUDD and UUDDUDUUUDDUDD are p-equivalent since they coincide on their four peaks at
positions 2, 5, 9 and 12.

In this paper, we provide generating functions for the numbers of r-, p- and v-equivalence classes in D , with respect to
the semilength (see Table 1). The general method used in Sections 2–4 consists of exhibiting one-to-one correspondences
between some subsets of Dyck paths and the different sets of equivalence classes by using combinatorial reasonings, and
then, evaluating algebraically the generating functions for these subsets.

2. Equivalence classes modulo double rises

Throughout this section, we study the r-equivalence in D .
Let A be the set of Dyck paths where all occurrences of DUD are at height 0 or 1, and where the pattern DUDD does not

appear. For instance, the Dyck path UUDUDDUDUD does not belong to A, while UUDUDUUDDD ∈ A, and the Dyck paths of
semilength three in A are UDUDUD, UDUUDD, UUUDDD and UUDDUD.

Lemma 1. There is a bijection between A and the set of r-equivalence classes of D .

Proof. Let P be a Dyck path in D . Let us prove that there exists a Dyck path P ′
∈ A (with the same semilength as P) such

that P and P ′ belong to the same class.
Before describing the construction of P ′, it is worth to notice the following fact.
If a Dyck path P avoids DUDD then for any zigzag DUD at height h ≥ 2 there is an occurrence of DDD at height h − 1 on its

right.
Indeed, a zigzag DUD at height h ≥ 2 is followed by a subpath Q ∈ D , which is followed by the first D reaching height

h − 1 after this zigzag. Obviously, Q is neither empty nor it ends with UD, since otherwise an occurrence of DUDD would
appear. Hence, Q ends with DD, thus forming an occurrence of DDD at height h − 1. This occurrence DDD will be called the
right abutment of the zigzag DUD.

Now, we define a sequence of Dyck paths P0 = P, P1, P2, . . . , Pk−1, Pk = P ′, k ≥ 1.
For any i, 1 ≤ i ≤ k, the Dyck path Pi is obtained from Pi−1 by performing successively the two following processes (1)

and (2):

(1) If Pi−1 = a0
k

j=1 U
rjaj, where a0 = (UD)λ, λ ≥ 0, aj avoids UU , j ∈ [k] and each rj is taken to be maximal, then set

P ′

i−1 = a0
k

j=1 U
rjDµj(UD)νj , where νj and νj + µj are the number of U ’s and the number of D’s in aj respectively.

(2) Swap the leftmost zigzag of height at least two in P ′

i−1 with its right abutment, to obtain Pi.

The process finishes because performing (1) and (2) necessarily shifts to the right the position of the leftmost zigzag of
height at least two. At the end of the process, the Dyck path P ′ belongs to A since it contains neither an occurrence of DUDD
nor a zigzag at height of at least two. Moreover, all Dyck paths P0 = P, P1, . . . , Pk = P ′ belong to the same equivalence class.

For instance, let us define P = P0 = UUUUDUDDUUUDDUDDDD. Performing (1), we obtain UUUUDDUDUUUDDDDDUD
and after (2) we have P1 = UUUUDDDDUUUDDUDDUD. The process continues since there is an occurrence of DUDD in P1.
After (1), we have UUUUDDDDUUUDDDUDUD that does not contain any occurrence of zigzag at height at least two. The
process finishes with P ′

= P2 = UUUUDDDDUUUDDDUDUD. See Fig. 1 for an illustration of this example.
Now, it suffices to prove that two different Dyck paths P and P ′ with the same semilength in A cannot belong to the

same class. Let us assume that P and P ′ belong to the same class. In the case where P does not contain any double rise, we
necessarily have P = P ′

= (UD)n. Whenever P contains at least one double rise, we decompose P and P ′ as follows:

P = α0U r1α1U r2α2 . . .U rkαk and P ′
= α′

0U
r1α′

1U
r2α′

2 . . .U rkα′

k

where k ≥ 1, αi, α′

i , 0 ≤ i ≤ k, do not contain any double rise and where each ri ≥ 2, 1 ≤ i ≤ k, is maximal.
Obviously, we necessarily have α0 = α′

0 = (UD)s0 for some s0 ≥ 0. Moreover, for i ≥ 0, αi (resp. α′

i ) contains neither
a double rise nor an occurrence of DUDD which means that αi (resp. α′

i ) is necessarily of the form αi = Dti(UD)si for some
ti ≥ 1 and si ≥ 0 (resp. α′

i = Dt ′i (UD)s
′
i for some t ′i ≥ 1 and s′i ≥ 0).
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Fig. 1. Illustration of the example described in the proof of Lemma 1.

Since P and P ′ belong to the same class, we have ti + 2si = t ′i + 2s′i for all i ≥ 0. For a contradiction, let us assume that
there is j ≥ 0 such that sj ≠ s′j (we choose the smallest j ≥ 0). Without loss of generality, we set sj < s′j .

So, the difference between the height h of the first point of αj (which also is the height of the first point of α′

j ) and the
height of the last point of αj (resp. α′

j ) is tj (resp. t
′

j ). The equality tj +2sj = t ′j +2s′j induces that tj − t ′j ≥ 2which implies that
α′

j has the height of its last point out of the interval [0, 1]. Since P and P ′ do not have any zigzag at height at least two, we
deduce that α′

j does not contain any zigzag, that is s′j = 0. A contradiction is obtained, since sj < s′j . Finally we necessarily
have αi = α′

i for 1 ≤ i ≤ k, and then P = P ′ which completes the proof. �
Before proving Theorem 1, we give a preliminary result in Lemma 2. Let B be the set of Dyck paths where all zigzags are

at height 0, and without zigzag at the end. For instance, the Dyck paths of semilength three in B are UDUUDD and UUUDDD.

Lemma 2. The generating function of the set B with respect to the semilength is given by

2 − x2 − x + x
√
1 − 2x − 3x2

1 − x +
√
1 − 2x − 3x2

.

Proof. Let B(x) be the generating function of the setB with respect to the semilength. Let P be a non-empty Dyck path ofD
and P = UαDβ its first return decomposition where α and β are two Dyck paths. Then, a non-empty Dyck path P belongs
to B if and only if α avoids DUD, and β belongs to B. It is well known (see for instance [12]) that the generating function
for the set of Dyck paths avoiding DUD is given by 1 + xM(x), where

M(x) =
1 − x −

√
1 − 2x − 3x2

2x2

is the generating function for the classicalMotzkin sequence (A001006 in [10]). Therefore,wededuce the functional equation

B(x) = 1 + x · (1 + x · M(x)) · (B(x) − x)

whereM(x) is the generating function for the Motzkin sequence defined above. A simple calculation provides the expected
result. �

Theorem 1. The generating function for the set of r-equivalence classes in D (i.e., modulo the positions of the double rises) with
respect to the semilength is given by

1 − x +
√
1 − 2x − 3x2

1 − 3x + x2 + x3 + (1 − x2)
√
1 − 2x − 3x2

.

Proof. By Lemma 1, it suffices to provide the generating function A(x) for the the set A, with respect to the semilength. Let
P be a non-empty Dyck path of A. It has a unique first return decomposition of the form P = UαDβ where α belongs to B
and β belongs to A. This induces the functional equation A(x) = 1+ x · B(x) · A(x) where B(x) is the generating function for
the set B (see Lemma 2 for the calculation of B(x)), giving the required result. �

3. Equivalence classes modulo peaks

Throughout this section, we study the p-equivalence in D .
Let E be the set of Dyck paths such that there is no peak UD both on the right of an occurrence of DD and on the left of an

occurrence of UU . For instance, UUDDUUDDUUUDDD does not belong to E , while UUDUUUDDUUDDDD belongs to E .
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Fig. 2. Illustration of the example described in the proof of Lemma 3.

Lemma 3. There is a bijection between E and the set of p-equivalence classes of D .

Proof. Let P be a Dyck path in D\E . Let us prove that there exists a Dyck path P ′
∈ E of the same semilength as P such that

P and P ′ belong to the same class.
We define a sequence of Dyck paths P0 = P, P1, P2, . . . , Pk−1, Pk = P ′, k ≥ 1.
For any i, 1 ≤ i ≤ k, the Dyck path Pi is obtained from Pi−1 by performing the following process.
We write

Pi−1 = αUDrβU sDγ

where r, s ≥ 2, α (resp. γ ) avoids DD (resp. UU) and β = UδD for some δ. Notice that this decomposition is unique.
We set

Pi = αUDr−tU tβDtU s−tDγ

where t = min{r − 1, s − 1}.
Now, let us consider the decomposition of Pi (as above)

Pi = α′UDr ′β ′U s′Dγ ′

where α′, β ′, γ ′, r ′ and s′ satisfy the same properties as α, β , γ , r and s. Since at least one of the two values r − t and
s − t is equal to one, we can assume r − t = 1 without loss of generality. So, we deduce that α′ begins with αUDU tU and
γ ′ ends with γ which implies that the length of Dr ′β ′U s′ is smaller than the length of DrβU s. Thus, the process finishes
whenever either β ′ becomes empty or there is no occurrence of DD lying on the left of an occurrence of UU , i.e., Pk ∈ E .
Moreover, this construction preserves the positions of peaks which implies that Pi−1 and Pi belong to the same class. So,
at the end of the process P ′ belongs to E and to the same p-equivalence class of P . See Fig. 2 for an illustration whenever
Pi−1 = UUDDUUUDUDDUUUDDDD and Pi = UUDUUUUDUDDDUUDDDD (α,β and γ appear respectively in underlined type,
bold face and overlined type in Pi−1).

Now, it suffices to prove that two different Dyck paths P and P ′ in E cannot belong to the same class. Let us assume that P
and P ′ belong to the same class. Whenever P and P ′ contain k peaks, k ≥ 1, we can decompose uniquely P and P ′ as follows:

P = U r1Ds1U r2Ds2 . . .U rkDsk and P ′
= U r ′1Ds′1U r ′2Ds′2 . . .U r ′kDs′k

where ri, si ≥ 1 and r ′

i , s
′

i ≥ 1 for 1 ≤ i ≤ k.
Since the positions of peaks in P and P ′ are the same, we have r1 = r ′

1, sk = s′k and si + ri+1 = s′i + r ′

i+1 for 1 ≤ i ≤ k− 1.
For a contradiction, let us assume that there is j ≥ 1 such that sj ≠ s′j (we choose the smallest j ≥ 1). Without loss of

generality, we consider sj < s′j and thus s′j ≥ 2. Since P ′ belongs to E , we necessarily have r ′

ℓ = 1 for all ℓ ≥ j + 2. As sj < s′j
the height of the (j + 1)th peak of P is greater than the height of the (j + 1)th peak of P ′. Since r ′

ℓ(= 1) is minimal for any
ℓ ≥ j + 2, the height of the ℓth peak of P is greater than the height of the ℓth peak of P ′ for all ℓ ≥ j + 1. We obtain a
contradiction with sk = s′k which means that the kth peak of P and P ′ are located at the same height. Thus, we necessarily
have P = P ′ which completes the proof. �

Theorem 2. The generating function for the set of p-equivalence classes of D (i.e., modulo the positions of peaks) with respect
to the semilength is given by

1 − 6x + 12x2 − 8x3 + x4

(1 − 2x)2(1 − 3x + x2)
.

Proof. By Lemma 3, it suffices to provide the generating function E(x) of the set E , with respect to the semilength. Every
nonempty path P ∈ E is decomposed as P = UαDβ , where either α is empty and β ∈ E , or α is a nonempty element of E
that contains DDU and β = (UD)λ, λ ≥ 0, or α avoids DDU and β avoids DUU . It is known that the generating function of
Dyck paths avoiding DDU (equivalently DUU) is equal to 1−x

1−2x (see [1]). The above decomposition gives that

E(x) = 1 + xE(x) + x

E(x) − 1 −

1 − x
1 − 2x


1

1 − x
+ x


1 − x
1 − 2x

− 1


1 − x
1 − 2x

,

which implies the results. �
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Fig. 3. Illustration of the example described in the proof of Lemma 4.

4. Equivalence classes modulo valleys

Throughout this section, we study the v-equivalence in D .
Let H be the set of Dyck paths such that the height of any valley DU is at most one. For instance, UUDDUUDUDD belongs

to H , while UUUDUDDUDD does not belong to H since its first valley DU is at height 2.

Lemma 4. There is a bijection between H and the set of v-equivalence classes of D .

Proof. Let P be a Dyck path in D . Let us prove that there exists a Dyck path P ′
∈ H of the same semilength as P such that

P and P ′ belong to the same class.
Before describing the construction of P ′, it is easy but worth to notice the following fact.
If a Dyck path P contains a valley DU of height at least one, then there exists an occurrence of UU on its left and an occurrence

of DD on its right.
Let DU be a valley of height h ≥ 2. We call left-abutment (resp. right-abutment) of this valley the rightmost occurrence

of UU located on the left of the valley (resp. the leftmost occurrence of DD located on the right of the valley). Of course, the
right- and left-abutments are at height at least h − 1.

For instance, if P = UUUUDUDDUUUDDUDDDD then the second valley DU (bold face) has its left-abutment at position
3 (underlined) and its right-abutment at position 12 (overlined).

Now, we define a sequence of Dyck paths P0 = P, P1, P2, . . . , Pk = P ′, k ≥ 1.
For any i, 1 ≤ i ≤ k, the Dyck path Pi is obtained from Pi−1 by performing the following process.
We consider the leftmost valley of height at least two andwe replace its left-abutmentUU withUD and its right-abutment

DDwith UD.
The process finishes because at each step the leftmost valley of Pi−1 at height h ≥ 2 is moved into a valley in Pi at height

h − 2. At the end of the process, the Dyck path P ′ belongs to H since it does not contain any valley of height at least two.
Moreover, all Dyck paths P0, P1, . . . , Pk belong to the same equivalence class.

For instance, if we perform the above process on P = UUUUDUDDUDDUUDDDUD, then we obtain P1 =

UUUDDUUDUDDUUDDDUD and P2 = P ′ is given by UUUDDUDDUUDUUDDDUD (see Fig. 3 for an illustration of this example).
Now, it suffices to prove that two different Dyck paths P and P ′ of the same semilength in H cannot belong to the same

class. Let us assume that P and P ′ belong to the same class. Whenever P and P ′ contain k valleys (k ≥ 0), we can uniquely
decompose P and P ′ as follows:

P = U r1Ds1U r2Ds2 . . .U rk+1Dsk+1 and P ′
= U r ′1Ds′1U r ′2Ds′2 . . .U r ′k+1Ds′k+1

where ri, si ≥ 1 and r ′

i , s
′

i ≥ 1 for 1 ≤ i ≤ k + 1.
Since the positions of valleys are the same in P and P ′, we have si + ri = s′i + r ′

i for 1 ≤ i ≤ k+ 1. For a contradiction, let
us assume that there is j ≥ 1 such that sj ≠ s′j (we choose the smallest j ≥ 1). Without loss of generality, we assume s′j < sj.
Considering sj + rj = s′j + r ′

j we deduce from s′j ≤ sj − 1 the inequality r ′

j − s′j ≥ rj − sj + 2.
Notice that the height of the jth valley in P (resp. P ′) is given by

j
i=1(ri − si) (resp.

j
i=1(r

′

i − s′i)). Therefore, as P and
P ′ belong to H , we necessarily have 0 ≤

j
i=1(ri − si) ≤ 1 and 0 ≤

j
i=1(r

′

i − s′i) ≤ 1.
Thus, we have:

j
i=1

(r ′

i − s′i) =

j−1
i=1

(r ′

i − s′i) + r ′

j − s′j

=

j−1
i=1

(ri − si) + r ′

j − s′j

≥

j−1
i=1

(ri − si) + rj − sj + 2 = 2 +

j
i=1

(ri − si) ≥ 2.

This means that P ′ has its jth valley of height greater than or equal two, which is a contradiction. Thus, we necessarily
have P = P ′, which completes the proof. �
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Theorem 3. The generating function for the set of v-equivalence classes of D (i.e., modulo the positions of valleys) with respect
to the semilength is given by the generating function for the Fibonacci sequence restricted to the odd ranks (see A001519 in [10])

1 − 2x
1 − 3x + x2

.

Proof. By Lemma 4, it suffices to provide the generating function H(x) for the set H with respect to the semilength. Let P
be a non-empty Dyck path in H and P = UαDβ its first return decomposition where α and β are some Dyck paths.

So, P = UαDβ does not contain any valley at height at least two if and only if α has all its valleys at height 0, and β
belongs to H . This means that α = U jDjα′ for some j, 1 ≤ j ≤ n, and where α′ has all its valleys at height 0. The generating
function for the number of such α is given by 1−x

1−2x . Finally we have the functional equation H(x) = 1+ x ·
1−x
1−2x ·H(x) which

gives the result. �
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a b s t r a c t

The Tamari lattice of order n can be defined on the set Tn of binary trees endowed with the
partial order relation induced by the well-known rotation transformation. In this paper,
we restrict our attention to the subset Mn of Motzkin trees. This set appears as a filter
of the Tamari lattice. We prove that its diameter is 2n − 5 and that its radius is n − 2.
Enumeration results are given for join and meet irreducible elements, minimal elements
and coverings. The set Mn endowed with an order relation based on a restricted rotation is
then isomorphic to a ranked join-semilattice recently defined in Baril and Pallo (2014). As
a consequence, we deduce an upper bound for the rotation distance between twoMotzkin
trees in Tn which gives the exact value for some specific pairs of Motzkin trees.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Interpreting associativity as a leftward substitution rule on parenthesizations leads to what is known as a Tamari
lattice [9,13,14]. This partial order on a Catalan set first appeared in 1951 in Dov Tamari’s thesis at the Sorbonne in Paris [27].
The Tamari order was originally defined as a partial order on parenthesizations, but it can also be understood as an order on
binary trees endowed with the well-known rotation operation occurring among other in computer science. Quite a number
of important papers have been published on the topic in many areas such as algebra, combinatorics, and physics. However,
among this plentiful literature, there are only a few studies related to specific subsets of the Tamari lattice. For instance, the
paper [17] highlights a Boolean sublattice of the Tamari lattice. More recently, it has been proved that the subset of balanced
binary trees is closed by interval in the Tamari lattice [10]. The subset of Motzkin words has also been studied whenever
this subset is endowed with the Tamari partial order on parenthesizations [2].

In this paper, we tackle the problem by studying how the rotation transformation acts on the subset Mn of Motzkin trees
of order n which are binary trees such that the internal nodes whose left subtree is a leaf also have a leaf as their right
subtree. These trees are in bijection with Motzkin paths, which explains their name.

In Section 3, we show that Mn is a filter in the Tamari lattice Tn of binary trees of order n. We compute the diameter and
the radius of Mn. In Section 4, enumeration results are given for join and meet irreducible elements, minimal elements and
coverings. In Section 5,we endow the setMn with a partial order based on a restricted rotation transformation, andwe prove
that this poset is isomorphic to a ranked join-semilattice presented in a recent paper of the authors [2]. As a consequence,
we deduce an upper bound for the rotation distance between two Motzkin trees in Tn which gives the exact value of the
classical distance rotation for some specific pairs of Motzkin trees. This result suggests that Mn is better behaved than the
Tamari lattice regarding the rotation distance and the diameter.

∗ Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), pallo@u-bourgogne.fr (J.-M. Pallo).
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Fig. 1. The left-rotation transformation on binary trees.

2. Definition and notations

The Tamari lattice Tn of order n is defined on the set of binary rooted ordered trees with n internal nodes and thus n+ 1
leaves (see [9,13,14,28]). In this lattice, a tree T ′ covers a tree T when it is obtained from it by a left-rotation (see Fig. 1).

Now, we introduce the Polish notation of binary trees that will be convenient later for the proofs. An internal node of a
binary ordered tree admits a left and a right subtree. The prefix order on a binary tree is defined recursively by visiting the
root and then the left subtree and the right subtree. The infix order is defined recursively by visiting the left subtree, the
root and the right subtree. The Polish (or linear) notation of T is obtained by reading T in prefix order and replacing each
internal node (resp. each leaf) with⃝ (resp. with ). The left-rotation transformation −→ on a tree T can be viewed on
the Polish notation of trees as the elementary transformation⃝T1 ⃝ T2T3 −→ ⃝⃝ T1T2T3 where T1, T2 and T3 are the
Polish notations of three subtrees of T . For instance,⃝⃝ ⃝ ⃝ is obtained from⃝ ⃝⃝ ⃝ by
a left-rotation. The inverse transformation←− will be called a right-rotation and the transitive closure of the left-rotation
will be denoted

∗
−→.

The rotation transformation has been widely studied using weight sequences of binary trees introduced in [15]. Some of
our proofs consist in switching fromoneof the three representations to the other (tree, Polish notation andweight sequence).
So we provide the definition of the weight sequence of T ∈ Tn (w-sequence for short).

Given T ∈ Tn, the weight of T is the number of its leaves, i.e. n + 1. The w-sequence of T ∈ Tn is wT = wT (1)wT (2)
. . . wT (n)wT (n+ 1), where wT (i) is the weight of the largest subtree of T whose last leaf is the ith leaf of T in prefix order.
For convenience, we do not use the last valuewT (n+ 1)which is always equal to n+ 1. Two distinct trees cannot have the
samew-sequence (see [15]).

Proposition 1 (Theorem1 in [15]).Anecessary and sufficient condition for an integer sequencew of length n to be thew-sequence
of a tree in Tn is 1 ≤ w(i) ≤ i for all i ∈ [n], and if j ∈ [i− w(i)+ 1, i] then i− w(i) ≤ j− w(j).

Proposition 2 (Lemma 2 in [21]). Given T ∈ Tn with w-sequence wT = wT (1)wT (2) . . . wT (n), then the tree obtained by
performing a left-rotation on the kth internal node in infix order (if it possible) has the w-sequence wT (1)wT (2) . . . wT (k − 1)
(wT (k)+ wT (k− wT (k)))wT (k+ 1) . . . wT (n).

For example, the left-rotation that transforms⃝ ⃝ ⃝ ⃝ into⃝ ⃝ ⃝ ⃝ corresponds to
changing thew-sequence 1121 into thew-sequence 1123.

Theorem 1 (Theorem 2 in [15]). Given T and T ′ in Tn, we have:

T
∗
−→ T ′ ⇐⇒ wT (i) ≤ wT ′(i) for all i ∈ [n].

We define the rotation distance d(T , T ′) between two binary trees T , T ′ ∈ Tn as the minimum number of left- and right-
rotations needed to transform T into T ′ (see [12,22]). Previous works on rotation distance have focused on approximation
algorithms [1,4,18]. However, there remains today an open problem whether the rotation distance can be computed in
polynomial time.

3. The Motzkin filter Mn

Let Mn be the set of Motzkin trees with n internal nodes, i.e. binary trees where all internal nodes that have a leaf as
their left subtree also have a leaf as their right subtree. Equivalently,Motzkin trees are the oneswhose Polish notationdoes
not contain any occurrence of⃝ ⃝. It is well known that this set is enumerated by the nth term of the Motzkin sequence
A001006 in [23] (see for instance [5,26]). For example, M4 = {⃝ ⃝⃝⃝ ,⃝⃝⃝ ⃝ ,⃝⃝
⃝ ⃝ ,⃝⃝ ⃝⃝ }. We refer to [8,24] for other combinatorial classes enumerated by the Motzkin
numbers. See Fig. 2 for an illustration of a Motzkin tree. For readability, binary trees undermentioned will be sometimes
illustrated without leaves (see Fig. 3).

Due to the definition of the left-rotation (see Fig. 1), the set Mn is closed under the left-rotation transformation, i.e. any
left-rotation on a Motzkin tree creates a tree that belongs to Mn. Notice that this property means that Mn is a filter in Tn
which is the notion dual to that of an ideal [6,11]. Hence the following proposition holds.
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Fig. 2. A Motzkin tree, withw-sequence 1214123, and its Polish notation.

Fig. 3. The Motzkin semilattice M6 .

Proposition 3. The poset Mn is a filter of Tn whose maximum element 1 has thew-sequencew1 = 123 . . . n. Thus (Mn,
∗
−→)

is a join-semilattice.

Let δ(T , T ′) be the rotation distance in Mn between two Motzkin trees T and T ′, i.e. the minimum number of left- and
right-rotations needed to transform T into T ′ by passing throughMotzkin trees inMn. Obviously,wehave d(T , T ′) ≤ δ(T , T ′)
where d is the classical rotation distance in Tn. The diameter δ(Mn) of Mn is the maximum distance in Mn among all pairs of
Motzkin trees. The radius rad(Mn) of Mn is the minimum (on T ∈Mn) of the greatest distance of T from any other Motzkin
tree (see [7]). The following theorems give the diameter and the radius of Mn. Notice that computing the diameter d(Tn) of
the Tamari lattice was for many years an open problem. Recently, Pournin has proved that d(Tn) = 2n− 6 for n > 10 using
only combinatorial arguments [20].

Lemma 1. For all n ≥ 3, the diameter of Mn satisfies

δ(Mn) ≤ 2n− 5.

Proof. The proof uses the same general idea as that of Lemma 2 in [22]. We build a path between two arbitrary objects by
transforming them into a canonical object. The proof is also similar in the way this transformation is done, since we cluster
the leaves of the trees to the right of the Polish notation, while in [22], they increase the incidence of a given vertex in two
triangulations. We proceed by induction on n ≥ 3. For n = 3, it is clear that δ(M3) = 1 ≤ 2 · 3− 5. Now let us assume that
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Fig. 4. The transformation φ.

δ(Mk) ≤ 2k − 5 for all k < n, and let us prove that δ(Mn) ≤ 2n − 5. Let T be a Motzkin tree in Mn and ℓ(T ) ≤ n be the
number of internal nodes before its first leaf in its Polish notation. If ℓ(T ) < n then there necessarily exists a rotation on T
that increases by one the number ℓ(T ). Thus, we can produce the maximum tree 1 with ℓ(1) = n by performing n − ℓ(T )
rotations. Then, given any two trees T and T ′ we can convert T into T ′ in 2n − ℓ(T ) − ℓ(T ′) rotations via 1. Thus, we have
δ(T , T ′) ≤ 2n− ℓ(T )− ℓ(T ′).

Due to the fact that T and T ′ belong to Mn, we have ℓ(T ) ≥ 2 and ℓ(T ′) ≥ 2. In the case where ℓ(T ) = 2 and ℓ(T ′) = 2, T
and T ′ have the same left subtree⃝ . Therefore, the distance between T and T ′ is the distance between the two right
subtrees of T and T ′ that lie in Mn−2. The induction hypothesis implies δ(T , T ′) ≤ 2(n− 2)− 5 = 2n− 9 ≤ 2n− 5.

In the case where ℓ(T ) > 2 or ℓ(T ′) > 2, we have ℓ(T )+ ℓ(T ′) ≥ 5 and we have δ(T , T ′) ≤ 2n− 5.
According to the two previous cases, we deduce δ(Mn) ≤ 2n− 5 which completes the induction. �

We obtain the lower bounds using the same general argument and a similar construction as in [20]. In particular, we
exhibit a pair of Motzkin trees with n internal nodes and show they are at distance 2n − 5 using a map φ (which works as
the deletions from [20]) that removes an internal node from a Motzkin tree, and that removes the rotations involving this
node from any path within the graph of the semilattice Mn. Lemma 4 of this paper corresponds to Corollary 1 from [20].

Now let us define the transformation φ from Tn to Tn−1 such that φ(T ) is obtained from T by replacing the last
internal node in infix order with its left subtree (its right subtree being necessarily a leaf). Notice that whenever the left
subtree of the last node of T is a leaf, then φ(T ) is obtained from T by replacing the last node with a leaf. For instance, if
T = ⃝⃝ ⃝⃝ ⃝ then φ(T ) = ⃝⃝ ⃝⃝ , and if T ′ = ⃝⃝ ⃝⃝ ⃝⃝

then φ(T ′) = ⃝ ⃝ ⃝ ⃝ ⃝ . In terms of w-sequences, we have wT = 12121, wφ(T ) = 1212 and
wT ′ = 121212, wφ(T ′) = 12121. See Fig. 4 for an illustration of φ.

Lemma 2. Let T ∈ Tn and w(1)w(2) . . . w(n) be its w-sequence. Then, the w-sequence of φ(T ) is w(1)w(2) . . . w(n − 1).
Therefore, if T ∈Mn then φ(T ) ∈Mn−1.

Proof. For 1 ≤ i ≤ n − 1, the transformation φ does not modify the largest subtree of T whose last leaf is the ith leaf of T
in prefix order. Thus, thew-sequence of φ(T ) isw(1)w(2) . . . w(n− 1) and φ(T ) belongs to Mn−1. �

Lemma 3. Let T and T ′ be two Motzkin trees in Mn such that T ′ is obtained from T by a rotation involving the last internal node
of T in infix order. Then, we have φ(T ) = φ(T ′).

Proof. Let us assume that T ′ is obtained from T by a left-rotation (resp. right-rotation) involving the last internal node of T
in infix order. Then, the w-sequence of T ′ is obtained from that of T by increasing (resp. decreasing) the last value wT (n).
With Lemma 2, we deduce that thew-sequences of φ(T ) and φ(T ′) are the same, and thus φ(T ) = φ(T ′). �

Lemma 4. Let T = T0, T1, . . . , Tk = T ′ be a shortest path in Mn between T and T ′. Let p ≥ 0 be the number of (left or right)
rotations involving the last internal node in infix order. Then, we have

δ(φ(T ), φ(T ′)) ≤ δ(T , T ′)− p.

Proof. According to Lemma 2,φ(T ) = φ(T0), φ(T1), . . . , φ(Tk) = φ(T ′) is a path inMn−1 betweenφ(T ) andφ(T ′), provided
one removes duplicates from this sequence. Two consecutive trees in the sequence are then indeed related by a rotation,
which follows from Lemma 2 and from Proposition 2. With Lemma 3, there are p pairs (Ti, Ti+1) such that φ(Ti) = φ(Ti+1).
Thus, the length of the previous path betweenφ(T ) andφ(T ′) is δ(T , T ′)−p, which implies δ(φ(T ), φ(T ′)) ≤ δ(T , T ′)−p. �

Theorem 2. For n ≥ 3, we have δ(Mn) = 2n− 5.

Proof. Considering Lemma 1, it suffices to exhibit a family of pairs of Motzkin trees T , T ′ ∈Mn, n ≥ 3, satisfying δ(T , T ′) =
2n − 5. For n even, n ≥ 4, we define T and T ′ by their weight sequences wT = 121212 . . . 12 and wT ′ = 1231212 . . . 121.
For n odd, n ≥ 3, T and T ′ are defined bywT = 121212 . . . 121 andwT ′ = 1231212 . . . 12.

We proceed by induction on n ≥ 3. It is straightforward to verify that δ(121, 123) = 1 = 2·3−5 and δ(1212, 1231) = 3.
Therefore the cases n = 3 and n = 4 hold. Let us assume that δ(T , T ′) = 2k − 5 for all k, 3 ≤ k < n, and let us prove that
δ(T , T ′) = 2n− 5 whenever T and T ′ belong to Mn.

Exchanging T and T ′ according to the parity of n (if needed), we assume that wT = · · · 12 and wT ′ = · · · 121. Let
T = T0, T1, . . . , Tk = T ′ be a shortest path inMn between T and T ′. Let p be the number of rotations in this path that involve
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the last internal node in infix order. Lemma 4 induces that δ(φ(T ), φ(T ′)) ≤ δ(T , T ′)−p. By Lemma 2, we use the induction
hypothesis and we deduce δ(T , T ′) ≥ 2(n − 1) − 5 + p = 2n − 7 + p. Now, let us prove that p ≥ 2. Indeed, a path in Mn
betweenwT = · · · 12 andwT ′ = · · · 121 necessarily moves the last valuewT (n) = 2 ofwT . We distinguish two cases: (i) the
first rotation r involving the last node of a tree in the path increases the value wT (n), and (ii) the first rotation r involving
the last node of a tree in the path moves the last valuewT (n) = 2 into one. We will prove that case (i) is the only possibility.

In the case (i), it is clear that we need at least one more rotation in order to decrease to one the last value. Thus, we
necessarily have p ≥ 2.

In the case (ii), whenever we decreasewT (n) = 2 to one, it is necessary to havewT (n− 1) ≠ 1 (otherwise the obtained
tree would not be a Motzkin tree). Thus, the path contains a rotation before r that moves the valuewT (n−1) = 1. However
the only possibility to move it, is that wT (n) ≠ 2 (see the characterization of a w-sequence in Proposition 1), which means
thatwT (n) = 2 must be changed before. This case does not occur since r was the first rotation moving the last value.

Hence, we have p ≥ 2 and we deduce δ(T , T ′) ≥ 2(n− 1)− 5+ p ≥ 2n− 5 which completes the induction. �

Theorem 3. For n ≥ 3, we have rad(Mn) = n− 2.

Proof. It is clear that (see for instance [7]), we have the inequality

rad(Mn) ≤ δ(Mn) ≤ 2 · rad(Mn).

Using Theorem 2, we deduce that the radius of Mn is at least n − 2. On the other hand, we consider the Motzkin tree
defined in the proof of Theorem 2 with the weight sequence wT = 121212 . . . Since the distance between a Motzkin tree
and the tree 1 = 123 . . . n is the Hamming distance of their w-sequences (see Section 3 in [16] for instance), we have
δ(1212 . . . , 1234 . . . n) = n− 2 and n− 2 is the maximum distance between the tree 1 = 1234 . . . n and any Motzkin tree.
Thus, the radius of Mn is at most n− 2. �

4. Enumeration results for (Mn,
∗

−→)

In this part, we present several enumeration results for some specific elements of the semilattice (Mn,
∗
−→). Given

T ∈Mn, we denote TL (resp. TR) its left (resp. right) subtree, i.e. T = ⃝TLTR.

Proposition 4. The generating function for the number of minimal elements in (Mn,
∗
−→) is given by

1+ x− x3

1− x2 − x3
.

For 0 ≤ n ≤ 12, the first values are 1, 1, 1, 1, 2, 2, 3, 4, 5, 7, 9, 12, 16 (see Padovan sequence A000931 in [23]).

Proof. A minimal element T in (Mn,
∗
−→) is a Motzkin tree where any right-rotation creates a tree that does not belong

in Mn. Given T = ⃝TLTR ∈ Mn, then TL and TR are necessarily minimal elements. Moreover, the right-rotation involving
the root of T necessarily creates a tree that does not lie in Mn. This means that the right subtree of TL is necessarily a
leaf. By induction, TL does not contain any right subtree not reduced to a leaf. In the case where TL contains at least three
internal nodes, then the right-rotation involving its root creates a Motzkin tree. Therefore, the only two possibilities are
either TL = ⃝ or TL = ⃝⃝ .

Let A(x) be the generating function for the number of minimal elements in Mn for n ≥ 0. Then, we have the functional
equation A(x) = x2A(x)+ x3(A(x)− 1)+ 1+ xwhich gives A(x) = 1+x−x3

1−x2−x3
. �

Recall that T ∈Mn is a join (resp. meet) irreducible element if T = T1 ∨ T2 (resp. T = T1 ∧ T2) implies T = T1 or T = T2.
Since the set Mn is finite, join (resp. meet) irreducible elements are elements that have a unique lower (resp. upper) cover.

Proposition 5. For n ≥ 1, the meet irreducible elements in (Mn,
∗
−→) are enumerated by the triangular numbers (n−2)(n−1)2 .

For 1 ≤ n ≤ 12, the first values are 0, 0, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55 (see A000217 in [23]).

Proof. A meet irreducible element in (Mn,
∗
−→) is a Motzkin tree T where only a single left-rotation can be performed.

Thus, only one internal node can be a right child which means that the weight sequence of T is necessarily of the form
wT = 12 . . . ℓ12 . . . k(k+ ℓ+ 1) . . . nwhere k ≥ 1 is the number of internal nodes of the unique subtree T ′ of T whose root
is a right child, and ℓ ≥ 2 is the number of internal nodes of the left subtree of the unique node having an internal node as
right child. Finally, the number of such trees is given by

n−2
k=1

n−k
ℓ=2 1 =

(n−2)(n−1)
2 . �

Proposition 6. The generating function for the number of join-irreducible elements in (Mn,
∗
−→) is given by

x3(1+ x+ 2x2 + 3x3 + 3x4 + x5)
(1− x2 − x3)3

.

For 1 ≤ n ≤ 12, the first values are 0, 0, 1, 1, 5, 9, 18, 34, 58, 100, 164, 265.
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Proof. A join-irreducible element in (Mn,
∗
−→) is a Motzkin tree T on which only one right-rotation is possible. Let B(x) be

the generating function for the number of join irreducible elements inMn. The Polish notation of the only one join irreducible
in M3 is⃝⃝⃝ . Now we assume n ≥ 4. Given T = ⃝TLTR and A(x) be the generating function for the number
of minimal Motzkin trees (see Proposition 4).

Case 1: if TR is a leaf then the right-rotation involving the root provides aMotzkin tree, which implies that TL is necessarily
a minimal element of weight at least four. Thus, the corresponding generating function is x(A(x)− 1− x− x2).

Case 2: if TR is a minimal Motzkin tree of weight at least two, then TL is either (i) a minimal tree of weight at least four,
or (ii) a join irreducible element whose right subtree is a leaf. Indeed, in sub-case (i), the unique possible right-rotation is
the one at the root of T . The generating function for the case (i) is x(A(x) − 1)(A(x) − 1 − x − x2). For the case (ii), the
unique right-rotation is the one that can be performed in TL. So, a join irreducible element with a leaf as right subtree has
necessarily a minimal left subtree. Thus, the number of Motzkin trees satisfying (ii) is given by the generating function
x2(A(x)− 1)(A(x)− 1− x).

Case 3: if TR is a join irreducible Motzkin tree of weight at least two, then TL is either⃝ or⃝⃝ . Indeed,
if TL is minimal then the right subtree of TL must be a leaf (otherwise the right-rotation at the root of T would transform T
into a Motzkin tree). So, the corresponding generating function is x2B(x)+ x3B(x). Finally we have the following functional
equation that gives the result:

B(x) = x3 + x(A(x)− 1− x− x2)+ x(A(x)− 1)(A(x)− 1− x− x2)
+ x2(A(x)− 1)(A(x)− 1− x)+ x2B(x)+ x3B(x),

where A(x) is given in Proposition 4. �

Proposition 7. The generating function for the number of coverings in (Mn,
∗
−→) is given by

(1− x)(1− 2x− x2 − (1− x)
√
1− 2x− 3x2)

2x(1− 2x− x2)
.

For 1 ≤ n ≤ 12, the first values are 0, 0, 1, 3, 10, 30, 88, 252, 712, 1992, 5537, 15323.

Proof. Let cn be the number of coverings in Mn, C(x) be the associated generating function and M(x) =


i≥0 Mixi be the
generating function for the number of Motzkin trees.

Since we have c0 = c1 = c2 = 0, we assume n ≥ 3. Given T = ⃝TLTR, we distinguish three cases.
Case 1: TR is a leaf. Thus, there are cn−1 possible left-rotations in TL. The corresponding generating function is xC(x).
Case 2: if TR = ⃝ . There are Mn−2 left-rotations involving the root of T and cn−2 possible rotations in TL. The

corresponding generating function is x2M(x)+ x2C(x).
Case 3: if the weight of TR is at least three. Let i, 1 ≤ i ≤ n−3, be the number of internal nodes of TL. There are ci+ cn−i−1

left-rotations in the two subtrees TL and TR, and MiMn−i−1 left-rotations involving the root of T . Varying i from 1 to n − 3,
there are

n−3
i=1 (ci+ cn−i−1)+

n−3
i=1 MiMn−i−1 possible left-rotations. Since

n−3
i=1 MiMn−i−1 = Mn−Mn−1−Mn−2 (see [25]

for instance), the corresponding generating function is x2C(x)
1−x +

x3C(x)
1−x +M(x)− xM(x)− x2M(x)− x.

Considering all cases, we have the following functional equation and the result is deduced:

C(x) = xC(x)+ x2C(x)+ x2
C(x)
1− x

+ x3
C(x)
1− x

+M(x)− xM(x)− x,

where M(x) = 1−x−
√

1−2x−3x2

2x . �

5. A ranked Motzkin poset included in (Mn,
∗

−→)

Let W be the set of Motzkin words, i.e. the language over {(, )} defined by the grammar S  λ|(SS), and Wn be the set of
Motzkinwords of length 2n (with n open and n close parentheses). From aMotzkinword inWn we can associate a binary tree
in Tn where its Polish notation is obtained by replacing each open (resp. close) parenthesis with⃝ (resp. ), and by adding

at the end. For instance, the Polish notation of the associated tree of theMotzkin word (()(())) is⃝⃝ ⃝⃝ .
Let MWn be the set of binary trees in Tn associated to the Motzkin words belonging to Wn. Since a Motzkin word is

obtained from the rule S  λ|(SS), the Polish notation of its associated tree is either of the form (i)⃝TL or (ii) T = ⃝TLTR
where TL and TR lie in some sets MW k for k < n, and such that TR satisfies (i). Actually, the set MWn consists of the mirrors
of binary trees whose Polish notation has no three consecutive internal nodes.

In [2], we investigate the rotation transformation→ on the set MWn. We have proved that (MWn,
∗
−→) is a ranked

join-semilattice.
In this part, we construct an isomorphism between (MWn−1,

∗
−→) and (Mn,

∗

�)where� is the restricted left-rotation
defined by

⃝T1⃝ T2 �⃝⃝ T1T2
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Fig. 5. The Motzkin trees T and T ′ in the proof of Theorem 2.

Fig. 6. The bijection ψ .

where T1, T2 are the Polish notations of some subtrees. Notice that in [4], the authors study on binary trees an analogous
restricted rotation defined by⃝ ⃝ T2T3 �⃝⃝ T2T3.

Let ψ be the map from MWn−1 to Tn defined by the following recursive rule. For T = ⃝TLTR ∈MWn−1, we define
ψ(T ) = χ(⃝T ),

where χ(⃝T ) is recursively defined by
χ(⃝⃝ TLTR ) = ⃝χ(⃝TL )χ(TR),

anchored with χ( ) = and χ(⃝ ) = ⃝ .
Less formally, ψ(T ) is obtained from⃝T by performing the following process: for all nodes x and y such that y is the

left child of x, the right subtree of y is moved into the right subtree of x.
For example, if T = ⃝⃝ ⃝⃝⃝ ⃝ thenψ(T ) = χ(⃝T ) = ⃝⃝⃝ ⃝⃝⃝ ⃝

(see Fig. 5).

Lemma 5. The map ψ is a bijection from MWn−1 to Mn.

Proof. By the recursive definition ofψ , it is straightforward to see thatψ(T ) does not contain any pattern⃝ ⃝. Thus, we
have ψ(MWn−1) ⊆ Mn. Moreover, from the recursive definition of χ,ψ is necessarily injective. Indeed, for any T , T ′ such
that T = ⃝TLTR, T ′ = ⃝T ′LT

′

R and ψ(T ) = ψ(T ′), we have⃝χ(⃝TL )χ(TR) = ⃝χ(⃝T ′L )χ(T ′R). Using the induction
hypothesis, we obtain T ′L = TL, T ′R = TR and thus, T = T ′. The two sets MWn−1 and Mn being enumerated by the Motzkin
numbers (see [5]), we deduce that ψ is a bijection from MWn−1 to Mn. Notice that the bijections described in [5] induce a
different isomorphism between Mn and the set MWn−1. �

Theorem 4. The two join-semilattices (MWn−1,
∗
−→) and (Mn,

∗

�) are isomorphic.

Proof. According to Lemma 5, it suffices to prove that the mapψ transports the rotation transformation−→ between two
trees in MWn−1 onto the restricted rotation� in Mn, and vice versa. Let T , T ′ ∈MWn−1 be so that T ′ is obtained from T by
a left-rotation. It is worth noticing that a left-rotation between two trees of MWn−1 is a restricted rotation between these
two trees. Since the rotation transformation is a local transformation, we will consider T and T ′ near the node involved by
the rotation. Therefore, we give arguments using T = · · · ⃝ ⃝A⃝⃝B C . . . and T ′ = · · · ⃝ ⃝⃝ A⃝ B C . . .
(see the trees on the top of Fig. 6).

We have ψ(T ) = · · · ⃝ χ(⃝A ) ⃝ χ(⃝B ) . . . and ψ(T ′) = · · · ⃝ ⃝χ(⃝A )χ(⃝B ) . . . . Setting
A′ = χ(⃝A ) and B′ = χ(⃝B ), we recognize the restricted rotation . . .⃝ A′ ⃝ B′ . . . � . . .⃝⃝A′B′ . . . (see
Fig. 6 for an illustration of this proof). This argument still remains available for the converse mutatis mutandis. Finally, the
map ψ transports the rotation transformation T −→ T ′ where T , T ′ ∈ MWn−1 into the restricted rotation ψ(T ) � ψ(T ′)
where ψ(T ) and ψ(T ′) belong to Mn (see Fig. 7). �
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Fig. 7. An illustration for the proof of Theorem 4.

The image of the semilattice (MW5,
∗
−→) by the map ψ can be viewed in Fig. 3 by not taking into account the four

rotations labeled (a), (b), (c) and (d).
In [2], the authors compute the length ρ(T , T ′) of a shortest path between T and T ′ in MWn−1. The following corollary

provides an upper bound for the rotation distance d in Tn (and also in Mn).

Corollary 1. Given T and T ′ in Mn, we have

d(T , T ′) ≤ δ(T , T ′) ≤ ρ(ψ−1(T ), ψ−1(T ′)).

Since computing the rotation distance d in Tn is a difficult problem, our upper bounds are valuable, especially because
they are sometimes sharp and because ρ can be computed easily. Indeed, the bounds give the exact value of the classical
distance rotation d for some specific pairs of Motzkin trees. For example, if n is even, n ≥ 4, then we define T and T ′
by their w-sequences wT = 121212 . . . 121n and wT ′ = 121212 . . . 12. If n is odd, n ≥ 3, then T and T ′ are defined
by wT = 121212 . . . 12n and wT ′ = 121212 . . . 121. A simple calculation proves that d(T , T ′) = ⌊ n−12 ⌋ = δ(T , T ′) =
ρ(ψ−1(T ), ψ−1(T ′)).

6. Others research directions

Motzkin trees are in bijection with trees where internal nodes have one or two children. How the rotation operation can
be described on these trees?

Motzkin trees can be defined as binary trees whose Polish notation avoids the pattern⃝ ⃝ (or equivalently, a certain
binary tree pattern). Is there a criterion to decide, for a given set of patterns P , if the set MP

n of binary trees avoiding P form
a subposet (resp. a sublattice, a join-semilattice, a meet-semilattice) of the Tamari lattice of order n?

Recently, some studies have focused on m-Tamari lattices which generalize the classical Tamari lattices for trees where
internal nodes are of arity m + 1 (see the survey paper of Bergeron [3] for any m, and [19] for ternary trees). Is there a
generalization of Motzkin trees and the results of this paper for trees where internal nodes are of aritym+ 1?
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1 Introduction and notations

Let Sn be the set of length-n permutations, i.e., all one-to-one correspondences from [n] = {1, 2, . . . , n}
into itself. The one-line notation of a permutation π ∈ Sn is π1π2 · · ·πn where πi = π(i) for i ∈ [n].
The graphical representation of π ∈ Sn is the set of points in the plane at coordinates (i, πi) for
i ∈ [n]. A cycle in Sn is an n-length permutation π such that there exist some indices i1, i2, . . . , in
with π(i1) = i2, π(i2) = i3, . . . , π(in−1) = in and π(in) = i1. A cycle will also be denoted by its cyclic
notation π = 〈i1, i2, . . . , in〉. Let Cn ⊂ Sn be the set of all cycles of length n. We denote by In the set
of involutions of length n, i.e., permutations π such that π2 = Id where Id is the identity permutation.

Let π be a permutation in Sn. A �xed point of π is a position i ∈ [n] where π(i) = i. The set of
n-length permutations with no �xed points (called derangements) will be denoted Dn. An excedance
of π is a position i ∈ [n− 1], such that π(i) > i. The set of excedances of π will be denoted E(π). A
descent of π is a position i ∈ [n − 1], such that π(i) > π(i + 1). Let D(π) be the set of descents in
π, and DD(π) be the set of pairs (π(i), π(i+ 1)) for i ∈ D(π). By abuse of language, we also use the
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term descent for such a pair. A left-to-right maximum is a position i ∈ [n], such that π(i) > π(j) for
all j < i. The set of left-to-right maxima of π will be denoted L(π). For instance, if π = 1 4 2 7 5 3 8 6
then E(π) = {2, 4, 7}, D(π) = {2, 4, 5, 7}, DD(π) = {(4, 2), (7, 5), (5, 3), (8, 6)} and L(π) = {1, 2, 4, 7}.

In [2], the authors consider the equivalence relation on Sn in which two permutations π and σ are
equivalent if they coincide on their excedance sets, i.e., E(π) = E(σ) and π(i) = σ(i) for i ∈ E(π).
In this paper we investigate the counterpart of this equivalence relation for descents and left-to-right
maxima. More precisely, we de�ne the `-equivalence relation ∼` where π ∼` σ if and only if π and σ
coincide on their left-to-right maximum sets, i.e., L(π) = L(σ) and π(i) = σ(i) for i ∈ L(π). Also, we
de�ne the d-equivalence relation∼d where two permutations π and σ are equivalent ifDD(π) = DD(σ).
The motivation for studying this d-equivalence relation is that two permutations π and σ are equivalent
under excedance ([2]) if and only if φ(π) and φ(σ) are d-equivalent, where φ is the Foata's �rst
transformation [5] (see Theorem 6). All these de�nitions remain available for subsets of Sn. For
instance, the permutation 32541 ∈ S5 is `-equivalent to 32514, 31524, 31542 and d-equivalent to 54132.
The set of `-equivalence (resp. d-equivalence) classes in Sn is denoted S∼`

n (resp. S∼d
n ).

In this paper we propose to compute the number of `- and d-equivalence classes for several subsets
of permutations.

A permutation π ∈ Sn avoids the pattern τ ∈ Sk if and only if there does not exist any sequence
of indices 1 ≤ i1 < i2 < · · · < ik ≤ n such that π(i1)π(i2) . . . π(ik) is order-isomorphic to τ (see
[13, 14]). We denote by Sn(τ) the set of permutations of Sn avoiding the pattern τ . For example, if
τ = 123 then 52143 ∈ S5(τ) while 21534 /∈ S5(τ). Many classical sequences in combinatorics appear
as the cardinality of pattern-avoiding permutation classes. A large number of these results were �rstly
obtained by West and Knuth [8, 12, 13, 14, 15, 16] (see books of Kitaev [7] and Mansour [11]).

In Section 2, we investigate the equivalence relation based on the set of left-to-right maxima. We
enumerate `-equivalence classes for Sn, Cn, In, Dn and several sets of pattern avoiding permutations.
In Section 3, we study equivalence relation for descents and also provide enumerating results for some
restricted sets of permutations. See Table 1, 2 and 3 for an overview of these results.

2 Enumeration of classes under `-equivalence relation

Throughout this section two permutations π and σ belong to a same class whenever they coincide on
their sets of left-to-right maxima, i.e., L(π) = L(σ) and π(i) = σ(i) for i ∈ L(π).

A Dyck path of semilength n, n ≥ 0, will be a lattice path starting at (0, 0), ending at (2n, 0), and
never going below the x-axis, consisting of up steps U = (1, 1) and down steps D = (1,−1). Let Pn be
the set of all Dyck paths of semilength n. A peak of height h ≥ 0 in a Dyck path is a point of ordinate
h which is both at the end of an up step and at the beginning of a down step.

From a permutation π ∈ Sn, we consider the path on the graphical representation of π with up and
right steps along the edges of the squares that goes from the lower-left corner to the upper-right corner
and leaving all the points (i, πi), i ∈ [n], to the right and remaining always as close to the diagonal
y = x as possible (the path can possibly reach the diagonal but never crosses it). Let us de�ne the
Dyck path of length 2n (called Dyck path associated with π) obtained from this lattice path by reading
an up-step U every time the path moves up, and a down-step D every time the path moves to the
right. It is crucial to notice that only the points (i, πi) with i ∈ L(π) involve in this construction. See
Figure 1 for an illustration of this classical construction.
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Figure 1: Permutation σ = 2 5 1 7 3 4 8 6.

Using this construction, all permutations of a same class provide the same Dyck path. Moreover,
any Dyck path in Pn can be obtained from a permutation in Sn. Indeed, we de�ne the sequence
` = `1`2 . . . `r, (resp. k = k1k2 . . . kr), r ≥ 1 where `i (resp. ki) is the number (resp. the number
plus one) of up steps U (resp. down steps D) before the i-th peak. Since P is a Dyck path, we have
ki ≤ `i for i ≤ r. So, we de�ne the permutation π = `1A1`2A2 . . . `rAr where each `i, i ≤ r, is at
position ki, and such that the concatenated block A1A2 . . . Ar consists of the increasing sequence of
values in [n]\{`1, `2, . . . , `r}. Therefore, `i+1 is greater than all elements in Ai which means that the
set of left-to-right maxima of π is L(π) = {k1, k2, . . . , kr} with π(ki) = `i for i ≤ r. By construction, π
avoids the pattern 321 and P is its associated Dyck path which gives a bijection from S∼`

n to Pn that
induces Theorem 1. In the following, the permutation π will be called the associated permutation of
P . Notice that a similar construction already exists in the literature (see the Krattenthaler bijection
Ψ de�ned in [9], Section 4).

Theorem 2.1 The sets S∼`
n (resp. Sn(321)∼`), n ≥ 1, are enumerated by the Catalan numbers (se-

quence A000108 in the on-line Encyclopedia of Integer Sequences [18]).

2.1 Equivalence classes for classical subsets of permutations

In this part we give several enumerating results for classical subsets of Sn (see Table 1).

Theorem 2.2 The sets D∼`
n , n ≥ 1, are enumerated by the Fine numbers (A000108 in [18]).

Proof. Using the above construction, we construct a Dyck path P of length 2n from π ∈ Dn. Since
π does not contain any �xed point, P does not contain any peak of height one. Conversely, let P be
a Dyck path with no peak of height one and π ∈ Sn(321) be its associated permutation of P (see the
above construction). Since P does not contain any peak of height one, this implies that there does not
exist i ∈ L(π) such that πi = i. Now, for a contradiction, let us assume that there is j /∈ L(π) such
that πj = j. Since j /∈ L(π), there is i < j such that πi > j = πj . So, there are at most j − 2 values
πk < πj for k < j, or equivalently there is at least one value πk < πj for k > j which contradicts the
fact that π avoids the pattern 321. Finally, the result follows because the set of Dyck paths with no
peak of height one is enumerated by the Fine numbers (see [4]). 2

Theorem 2.3 Let Irrn be the set of permutations π ∈ Sn such that πi 6= πi+1− 1, 1 ≤ i ≤ n− 1. The
sets Irr∼`

n , n ≥ 1, are enumerated by the sequence A078481 in [18].
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Proof. Let π be a permutation in Irrn. Then the Dyck path associated with π does not contain any
consecutive steps of the form UDUD. Conversely, let P be a Dyck path which does not contain any
occurence of consecutive UDUD, and π ∈ Sn(321) be its associated permutation. Since P does not
contain any occurrence of UDUD, this implies that there does not exist i ∈ L(π) such that πi = πi+1−1.
In the case where there is j, j /∈ L(π) such that πj = πj+1− 1, we de�ne the blocks of maximal length
J1, J2, . . . , Js of the form a, a + 1, . . . , b such that a ≤ b and πa = πa+1 − 1, πa+1 = πa+2 − 1, . . . ,
πb−1 = πb − 1 where a /∈ L(π). We consider the permutation σ obtained from π by the following
process: for each block Jk = a, a + 1, . . . , b, 1 ≤ k ≤ s, in the one-line notation of π we replace the
block π(Jk) with its mirror π(J ′k) where J ′k = b, b− 1, . . . , a. So, σ and π belong to the same class, and
σ ∈ Irrn. For instance, the Dyck path UUUUDDDD would produce π = 4123 /∈ Irr4, then applying
the described process, the permutation σ = 4321 ∈ Irr4 is obtained. Finally, the result is obtained
since the set of Dyck paths with no occurrence of UDUD is enumerated by the sequence A078481 in
[18] (see [17]). 2

Theorem 2.4 The sets I∼`
n , n ≥ 1, are enumerated by the Motzkin numbers (A001006 in [18]).

Proof. We will show that each equivalence class contains a unique involution that avoids the pattern
4321 (see A001006 in [18] and [6] for the enumeration of In(4321) by Motzkin numbers). Let π be an
involution in In. If there exists a position i, i < πi, such that i is not a left-to-right maximum, then
there is j ∈ [n] such that j < i < πi < πj which means that π contains the pattern 4321. So, we
de�ne the involution σ satisfying L(π) = L(σ) and verifying the additional conditions σi = i whenever
i /∈ L(π). By construction, σ avoids the pattern 4321 and belongs to the same class of π. Conversely,
let σ be an involution avoiding the pattern 4321. Then, the inequality j < i < σi < σj , i, j ∈ [n]
does not occur. Therefore, if i /∈ L(σ), then i is necessarily a �xed point. Therefore, there is a unique
involution σ ∈ In(4321) having L(σ) as set of left-to-right maxima. 2

Theorem 2.5 The sets C∼`
n , n ≥ 1, are enumerated by the Catalan numbers (A000108 in [18]).

Proof. Any permutation π ∈ Sn−1 can uniquely be decomposed as a product of transpositions

π = 〈p1, 1〉 · 〈p2, 2〉 · · · 〈pn−1, n− 1〉

where pi are some integers such that 1 ≤ pi ≤ i ≤ n− 1 (see for instance [1]).
Let φ be the map from Sn−1 to Sn de�ned, for every π ∈ Sn−1, by

φ(π) = 〈1, 1〉 · 〈p1, 2〉 · · · 〈pn−1, n〉

where π = 〈p1, 1〉 · 〈p2, 2〉 · · · 〈pn−1, n− 1〉.
Using Corollary 1 in [1], φ is a bijection from Sn−1 to Cn satisfying L(π) = L(φ(π)) for any π ∈ Sn

and such that φ(π)(k) = π(k) + 1 for k ∈ L(π). Therefore, φ induces a bijection from S∼`
n−1 to C∼`

n .
With Theorem 2.1, the cardinality of C∼`

n is the (n− 1)-th Catalan number. 2

2.2 Equivalence classes for Sn(α)∼` with α ∈ S3

In this part we give several enumerating results for the sets Sn(α)∼` where the pattern α lies in S3
(see Table 2).
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Set Sequence Sloane an, 1 ≤ n ≤ 9

S∼`
n Catalan A000108 1, 2, 5, 14, 42, 132, 429, 1430, 4862

C∼`
n Catalan A000108 1, 1, 2, 5, 14, 42, 132, 429, 1430

I∼`
n Motzkin A001006 1, 2, 4, 9, 21, 51, 127, 323, 835

D∼`
n Fine A000957 0, 1, 2, 6, 18, 57, 186, 622, 2120

Irr∼`
n Dyck with no UDUD A078481 1, 1, 3, 7, 19, 53, 153, 453, 1367

Table 1: Number of equivalence classes for classical subsets of permutations.

Theorem 1 proves that Sn(321)∼` is enumerated by the nth Catalan number. Let φ be the bijection
from Sn(321) to Sn(312) described (modulo a basic symmetry) in [3] (Lemma 4.3, page 148). It has
the property to leave all left-to-right maxima �xed. Therefore, it induces a bijection from Sn(321)∼`

to Sn(312)∼` .
Now, let us examine the cases where the pattern α belongs to {123, 132, 213, 231}.

Theorem 2.6 The sets Sn(123)∼` , n ≥ 1, are enumerated by the central polygonal numbers 1 + n(n−1)
2

(A000124 in [18]).

Proof. Let π be a permutation in Sn(123). It is straightforward to see that the left-to-right maxima of
π are 1 and i where πi = n for some i, 1 ≤ i ≤ n. We necessarily have i−1 ≤ π1 because the condition
π1 < πj < n implies j < i. Since the values i and j, 1 ≤ i, j ≤ n, characterize a class in Sn(123)∼` , it

follows that the cardinality of Sn(123)∼` is given by 1 +
n∑

i=2

n−1∑
j=i−1

1 = 1 + n(n−1)
2 . 2

Theorem 2.7 For α ∈ {132, 213, 231}, the sets Sn(α)∼` , n ≥ 1, are enumerated by the binary numbers
2n−1.

Proof. Let π be a permutation in Sn(231). It can be written π = σnγ where σ ∈ Sk(231) for some
k, 0 ≤ k ≤ n − 1, and γ is obtained from a permutation in Sn−k−1(231) by adding k on all these
entries. Therefore, the set L(π) of left-to-right maxima of π is the union of {k + 1} with the set L(σ)
of left-to-right maxima of σ. For n ≥ 1, let an be the cardinality of Sn(231)∼` . Varying k from 0 to

n− 1, we have an = 1 +
n−1∑
k=1

ak anchored with a1 = 1. Thus, we deduce an = 2n−1 for n ≥ 1.

Basic symmetries on permutations allow to obtain the result whenever α lies in {132, 312}. 2

3 Enumeration of classes under d-equivalence relation

In this section two permutations π and σ belong to a same class whenever DD(π) = DD(σ), i.e., if
the set of pairs (πi, πi+1) for i ∈ D(π) is equal to the set of pairs (σi, σi+1) for i ∈ D(σ).

A partition Π of [n] is any collection of non-empty pairwise disjoint subsets, called blocks, whose
union is [n]. The standard form of Π is Π = B1/B2/ . . ., where the blocks Bi are arranged so that
their smallest elements are in increasing order. For convenience, we assume also that elements in a
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Pattern Sequence Sloane an, 1 ≤ n ≤ 9

{123} Central polygonal A000124 1, 2, 4, 7, 11, 16, 22, 29, 37

{312}, {321} Catalan A000108 1, 2, 5, 14, 42, 132, 429, 1430, 4862

{132}, {213}, {231} Binary A000079 1, 2, 4, 8, 16, 32, 64, 128, 256

Table 2: Number of equivalence classes for permutations avoiding one pattern in S3.

same block are arranged in decreasing order. From a permutation π ∈ Sn, we associate the unique
partition Π de�ned as follows. Two elements x > y belong to the same block in Π if and only if there
exist i and j, i < j, such that πi = x > πi+1 > · · · > πj−1 > πj = y. Conversely, any partition
Π = B1/B2/ . . . /Bk, k ≥ 1, is the associated to the permutation B1B2 . . . Bk. Theorem 8 becomes a
straightforward consequence.

Theorem 3.1 The sets S∼d
n , n ≥ 1, are enumerated by the Bell numbers (A000110 in [18]).

Theorem 3.2 The sets Sn(321)∼d, n ≥ 1, are enumerated by the Motzkin numbers (A001006 in [18]).

Proof. Let π ∈ Sn(321) and DD(π) = {(M1,m1), (M2,m2), . . . , (Mr,mr)}, r ≥ 0, be the set of pairs
(πi, πi+1) where i is a descent of π. Since π avoids 321, DD(π) does not contain two pairs of the form
(πi, πi+1) and (πi+1, πi+2). Then, we de�ne the involution σ ∈ In as follows: σ(Mi) = mi, σ(mi) = Mi

for 1 ≤ i ≤ r and σ(k) = k if k does not appear in any pair of DD(π). For a contradiction, let us
assume that σ contains a pattern 4321. Then there exist two pairs (Mi,mi) and (Mj ,mj) in DD(π)
such that Mi > Mj > mj > mi. If the descent (Mi,mi) is on the left (in π) of the descent (Mj ,mj),
then the subsequence MiMjmj is a pattern 321 of π; otherwise, the subsequence Mjmjmi also is a
321-pattern. In the two cases we obtain a contradiction, which ensures that the involution σ avoids
the pattern 4321.

Conversely, let σ be an involution avoiding the pattern 4321. There exists a sequence of pairs
(M1,m1), . . . , (Mr,mr), r ≥ 0, such that Mi < Mi+1, mi < mi+1 for i ≤ r− 1 and such that Mi > mi,
σ(Mi) = mi and σ(mi) = Mi for i ≤ r and σ(k) = k for k ∈ [n]\{M1, . . . ,Mr,m1, . . . ,mr}. We de�ne
the permutation π with the following process. We start with the sequence M1m1M2m2 . . .Mrmr; we
insert in increasing order all other values k satisfying σ(k) = k as follows: if mi−1 < k < mi then we
insert k between mi−1 and Mi; if k < m1 then we insert k before M1; and if k ≥ mr then we insert k
after mr. Obviously, this construction induces that π avoids 321. Moreover, σ can be obtained from π
by the construction of the beginning of this proof. Thus, there is a bijection between Sn(321)∼d and
In(4321) which is enumerated by the Motzkin numbers (see A001006 in [18] and [6]). 2

Lemma 3.3 Let π and π′ be two permutations in Sn(132) belonging to the same d-equivalence class. If
we have π1 = π′1 then π = π′.

Proof. We proceed by induction on n. A simple observation gives the result for n ≤ 3. Now, let us
assume that Lemma 1 is true for k ≤ n − 1. Let π and π′ be two permutations in Sn(132) such that
π1 = π′1. We can write π = αnβ (resp. π′ = α′nβ′) where β ∈ Sk(132) for some k, 0 ≤ k ≤ n − 1
(resp. β′ ∈ Sk′(132) for some k′, 0 ≤ k′ ≤ n− 1), and α (resp. α′) is obtained from a permutation in
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Sn−k−1(132) (resp. Sn−k′−1(132)) by adding k (resp. k′) on all these entries. Let m (resp. m′) be the
minimal value of α (resp. α′).

Without loss of generality, we assume that m′ ≤ m ≤ π1 = π′1. For a contradiction, assume that
m′ < m. So, there is two consecutive entries a and m′ in α′ such that a > m′. As m′ < m, the
descent (a,m′) does not appear in α. Thus, (a,m′) appears in β. Let α1 be the �rst value of α; the
subsequence α1am

′ is necessarily a pattern 132 which is a contradiction. Thus, we have m = m′ and
then k = k′. We deduce α and α′ (resp. β and β′) are d-equivalent and the recurrence hypothesis
gives α = α′. Moreover the descent (n, β1) is equal to the descent (n, β′1) and then β1 = β′1. Using the
recurrence hypothesis we conclude β = β′ and then, π = π′. 2

Theorem 3.4 The sets Sn(132)∼d , n ≥ 1, are enumerated by cn− cn−1 + 1 where cn = 1
n+1

(
2n
n

)
is the

n-th Catalan number.

Proof. Let an be the cardinality of Sn(132)∼d . We distinguish three kinds of classes: (1) classes with
a representative π satisfying π1 = n; (2) classes with a representative π satisfying πn = n; (3) the
remaining classes.

Case (1). Such a class contains a permutation π such that π1 = n, i.e., π = nπ′ with π′ ∈ Sn−1(132).
Using Lemma 3.3, there is a unique σ = π′ ∈ Sn−1(132) such that nσ and π belong to the same class.
Thus, the number of classes in this case is also the cardinality of Sn−1(132), that is the (n − 1)-th
Catalan number cn−1.

Case (2). Such a class contains a permutation π such that πn = n. So, the number of classes in this
case is also the number of elements in Sn−1(132)∼d , that is an−1.

Case (3). Now we consider the classes that do not lie in the two previous cases. Any permutation π of
such a class satis�es πi = n for some i ∈ [2, n− 1], and since π avoids 132, π can be written π = αnβ
where β ∈ Sn−i(132) and α is obtained by adding (n− i) on all entries of a permutation in Si−1(132).

Let us consider j, 1 ≤ j ≤ i− 1, the position where α reaches its minimum m.

If j = 1 then π = (n − i + 1) . . . (n − 1)nβ and this permutation lies in the same class of nβ(n −
i+ 1) . . . (n− 1) that satis�es Case (1). Then, j = 1 does not occur.

Now we assume j ≥ 2 and let σ be a permutation in Sn(132) lying in the same class of π. Then, σ
must contain the two descents (n, πi+1) and (πj−1,m). These two descents necessarily appear in the
same order as in π (otherwise, a pattern 132 would be created with πi+1πj−1m). Thus, the minimum
m′ of values on the left of n in σ is necessarily less or equal to m. For a contradiction, let us assume
that m′ < m. The value m′ appears necessarily on the right of the descent (πj−1,m) in σ (otherwise,
m′πj−1m would be a pattern 132). Therefore, a descent of the form (a, b), a ≥ m and b < m would
necessarily exists in σ, which is not possible because such a descent cannot belong in π.

Thus, we deduce m = m′ and σ has the similar decomposition σ = α′nβ′ where β′ ∈ Sn−i(132)
and α′ is obtained by adding (n− i) on all entries of some permutation in Si−1(132). So, α (resp. β)
is equivalent to α′ (resp. β′). Hence, Lemma 3.3 implies that β = β′. Then, for a given i ∈ [2, n− 1],
there are exactly cn−i · (ai−1 − 1) classes verifying this case (we subtract one to ai−1 because we do
not consider π = (n− i+ 1) . . . nβ).

So, such classes are enumerated by
n−1∑
k=2

(ak−1 − 1) · cn−k.
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Considering the three cases, the cardinality an of Sn(132)∼d satis�es for n ≥ 2,

an = cn−1 + an−1 +
n−1∑

k=2

(ak−1 − 1) · cn−k.

A simple calculation proves that an = cn − cn−1 + 1 for n ≥ 2. 2

Theorem 3.5 The sets Sn(123)∼d, n ≥ 2, are enumerated by cn +n− (n+ 2) ·2n−3 + (n−2)(n−1)
2 where

cn = 1
n+1

(
2n
n

)
is the n-th Catalan number.

Proof. Let π be a permutation in Sn(123). Then π has a unique decomposition into blocks of decreasing
sequences, i.e., π = A1A2 . . . Ar, 1 ≤ i ≤ r, where blocks Ai consist of sequences of decreasing values
(possibly reduced to one value) and such that `i < fi+1 for 1 ≤ i ≤ r − 1, where fi (resp. `i) is the
�rst (resp. last) element of Ai.

We distinguish three cases (1) r = 1; (2) r = 2; and (3) r ≥ 3.
Case (1). We necessarily have π = n(n− 1) . . . 21 and its equivalence class contains only one element.
Case (2). We have π = A1A2 with `1 < f2. (i) If f1 < `2 then the class of π contains only one
element since the permutation σ = A2A1 is not there. Therefore, there are (n − 1) such classes. (ii)
If f1 > `2 then the class of π contains exactly two elements π and σ = A2A1. Since the number of
permutations of length n with n− 2 descents is 2n− (n+ 1), the number of classes for the subcase (ii)

is 2n−(n+1)−(n−1)
2 = 2n−1 − n. Finally, there are 2n−1 − n+ n− 1 = 2n−1 − 1 classes for Case (2).

Case (3). π contains at least three blocks. We decompose π = A1BAr where B = A2 . . . Ar−1, r ≥ 3,
such that f2 = n, `r−1 = 1 with A1 and Ar possibly empty.

Let σ be a permutation in Sn(123) belonging to the class of π. We will prove that σ is either π or
ArBA1.

For this, we will prove that the block B also appears in σ. It is obvious whenever B is a decreasing
sequence. Now, let us assume that B is the concatenation of at least two blocks, that is B = A2 . . . Ar−1
with r ≥ 4.

(i) For a contradiction, we suppose that there exist i and j, 2 ≤ i < j ≤ r− 1 such that Ai appears
on the right of Aj into σ, i.e., σ = αAjβAiγ for some α, β, γ possibly empty. Since σ avoids 123 and
fj < fi, α does not contain any value a such that a < fj (otherwise afjfi would be a pattern 123).
Also, α does not contain any value a such that a > fj (otherwise there would be b ≤ a such that (b, fj)
is descent in σ that does not appear in π). Thus α is necessarily empty. By a simple symmetry , γ
is also empty. This implies that all other blocks of π appear between the two blocks Aj and Ai in σ.
Thus, all other blocks consist of values a such that a ∈ [1, `j − 1] ∪ [fi + 1, n] (otherwise `jafi would
be a pattern 123). Since π contains at least three blocks there is at least one block between Aj and Ai

in σ.
The case `j = 1 does not occur. Indeed, this would mean that all blocks between Aj and Ai contain

values x greater than fi which creates a descent of the form (x, fi) that does not appear in π. A similar
argument proves that fi = n does not occur.

Let us consider the case where n and 1 do not appear in Ai and Aj . Since B contains at least two
blocks, n and 1 do not appear in the same block in B. Let R (resp. S) be the block containing n (resp.
1). In σ, the last element `(R) of R is necessarily less than `j (otherwise σ would contain a pattern
123, that is `j`(R)x where x is the value just after `(R) in σ). A same argument shows that the �rst
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element f(S) of S is greater than fi. In π, this would mean that `(R)`if(S) is a pattern 123 which is
a contradiction. Finally, all blocks of B appear in σ in the same order as π.

(ii) Now we will prove that A1 does not appear between A2 and Ar−1 in σ. For a contradiction,
let us assume that A1 appears between A2 and Ar−1 in σ. Let a be the value of σ just after the block
A1. If a < `1 then σ contains the descent (`1, a) that does not appear in π; otherwise, `2`1a would
be a pattern 123 in σ which gives a contradiction. A same argument proves that Ar does not appear
between A2 and Ar−1 in σ.

Therefore, we deduce that either σ = π or σ = ArBA1.

Now we will enumerate permutations π ∈ Sn(123) of Case (3) such that there is σ ∈ Sn(123),
σ 6= π, belonging to the same class of π, i.e., A1BAr and ArBA1 do not contain any pattern 123. This
case is characterized by the fact that there is no value a in the block B such that min {`1, `r} < a <
max {f1, fr} (otherwise, one of the two permutations A1BAr, ArBA1 would contain the pattern 123).
See Figure 1 for a graphical representation of such a permutation.

Figure 2: Illustration of π = A1BAr ∈ Sn(123) having two elements in its class.

If B contains only one block, A1 and Ar are non-empty blocks. Varying the size k of B from 2 to
n− 2, and the size ` of A1 from 1 to n− k− 1, the number of permutations having two elements in its

class is an =
n−2∑
k=2

(k − 1) ·
n−k−1∑
`=1

(
n−k
`

)
.

If B contains at least two blocks, A1 and Ar are blocks (possibly empty). Varying the size k of B
from 4 to n− 1 and varying the size ` of A1 from 0 to n− k, the number of permutations having two

elements in its class is bn =
n−1∑
k=4

(2k−2 − (k − 1)) ·
n−k∑
`=0

(
n−k
`

)
.

Finally, the number of classes in Sn(123) is obtained from cn by subtracting the number of classes

having two elements, that is cn − 1
2(2n − 2n+ an + bn) = cn − (n+ 2) · 2n−3 + n(n−1)

2 + 1. 2
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Abstract

For any pattern α of length at most two, we enumerate equivalence classes of
Motzkin paths where two paths of the same length are equivalent whenever they coin-
cide on all occurrences of the pattern α.

1 Introduction and notation

A Motzkin path of length n, n ≥ 0, is a lattice path starting at point (0, 0), ending at (n, 0),
and never going below the x-axis, consisting of up steps U = (1, 1), down steps D = (1, −1)
and flat steps F = (1, 0). See Figure 1 for an illustration of a Motzkin path of length 18. Let
M be the set of all Motzkin paths. A pattern of length one (resp., two) in M ∈ M consists
of one step (resp., two consecutive steps). We will say that an occurrence of a pattern is at
position i, i ≥ 1, in M whenever the first step of this occurrence appears at the i-th step
of the path. The height of this occurrence is the minimal ordinate reached by its points.
For instance, the path M = UUFDDFFUDUFUDDFFUD (see Figure 1) contains three
occurrences of the pattern FU at positions 7, 11 and 16, respectively at heights 0, 1 and 0.
A Motzkin path will be called Dyck path when it does not contain any flat step F . Let D
be the set of all Dyck paths.
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Figure 1: A Motzkin path M = UUFDDFFUDUFUDDFFUD.

Many statistics on Motzkin and Dyck paths have been studied. Almost always, it is
shown how we can enumerate these paths according to several parameters, such as length,
number of occurrences of a pattern, number of returns to the x-axis (see, for instance,
[4, 7, 8, 9, 11, 12, 13, 15, 16, 19] for Dyck paths and [2, 3, 5, 6, 10, 14, 17] for Motzkin
paths). Recently in [1], the authors investigate equivalence relations on the set D of Dyck
paths where two Dyck paths of the same length are equivalent whenever they coincide on all
occurrences of a given pattern.

In this paper, we study these equivalence relations on the set M of Motzkin paths for
any pattern α of length at most two, i.e.,

two Motzkin paths of the same length are α-equivalent whenever all occurrences of the
pattern α appear at the same positions in the two paths.

For instance, UDUFDFFUUFFUDDDFUD is FU -equivalent to the path in Figure
1 since all occurrences of the pattern FU (in boldface) appear at the same positions in the
two paths.

For any pattern α of length at most two, we provide generating functions for the number
of α-equivalence classes in M, with respect to the length (see Table 1). The general method
used consists of exhibiting one-to-one correspondences between some subsets of Motzkin
paths and the different sets of equivalence classes by using combinatorial reasonings, and
then, evaluating algebraically the generating functions for these subsets.

2 Equivalence classes modulo a pattern of length one

Throughout this section, we study the α-equivalence in M for α ∈ {U, D, F}.

2.1 Modulo α = F

Let A be the set of Motzkin paths without any points of ordinate greater than one. For
instance, we have UFDUDF ∈ A and UUDDUD /∈ A.

Lemma 1. There is a bijection between A and the set of F -equivalence classes of M.
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Pattern Sequence Sloane an, 1 ≤ n ≤ 10

{U}, {D} 2
1−2x+

√
1−4x2 A001405 1, 2, 3, 6, 10, 20, 35, 70, 126, 252

{F} 2n A000079 1, 2, 4, 8, 16, 32, 64, 128, 256, 512

{UU}, {DD} (x−1)2−
√

(1−3x2)(x2+1)

2x(x3−(1−x)2)
A191385 1, 1, 1, 2, 3, 5, 7, 12, 18, 31

{DU} Shift of Fibonacci A132916 1, 1, 1, 2, 3, 5, 8, 13, 21, 34

{UD} Fibonacci A000045 1, 2, 3, 5, 8, 13, 21, 34, 55, 89

{UF}, {DF},

{FU}, {FD}
2

1−2x−
√

1−4x3 A165407 1, 1, 2, 3, 4, 7, 11, 16, 27, 43

{FF} x(1−x−x2+3x3−5x4+3x5−2x6−x7−x9)

(1−x−2x4−x6−x7)(1−2x+x2−x3)
New 1, 2, 2, 5, 9, 17, 29, 53, 94, 168

Table 1: Number of α-equivalence classes for Motzkin paths.

Proof. Let M be a Motzkin path in M\A. Let us prove that there exists M ′ ∈ A (with the
same length as M) such that M and M ′ belong to the same class. Since M does not belong
to A, we can write M = RUQDS, where R is of maximal length so that it does not contain
any point of ordinate two, and Q is a (possibly empty) Motzkin path.

Now, we define a sequence of Motzkin paths M0 = M, M1, M2, . . . , Mk−1, Mk = M ′,
k ≥ 1, where for any i, 1 ≤ i ≤ k, the Motzkin path Mi is obtained from Mi−1 by performing
the following process.

Let Mi−1 = RUQDS be the above decomposition. Then, Mi = RDQUS is obtained from
Mi−1 by swapping the two steps U and D contiguous to Q.

The process finishes because it decreases the number of points of ordinate greater than
one. All Motzkin paths M0 = M, M1, . . . , Mk = P ′ belong to the same equivalence class. So,
at the end of the process Mk belongs to A. For instance, if

M = UUUDUFDFUFFDFFDDUD,

then we obtain M1 = M ′ = UDUDUFDFUFFDFFUDUD. See Figure 2 for an illustra-
tion of this example.

Now we will prove that any F -equivalence class contains at most one element in A. For
a contradiction, let M and M ′ be two different Motzkin paths in A belonging to the same
class. We write M = QR and M ′ = QS where R and S start with two different steps. Since
M and M ′ lie in the same class, these steps cannot be F . Without loss of generality, let us
assume that the first step of R is an up step U and then, the first step of S is a down step
D. This means that the last point of Q has its ordinate equal to zero (otherwise, R would
contain a point of ordinate at least two). As S starts with a down step, S has its second
point (from the left) with an ordinate equal to −1, which gives a contradiction.

3



M = −→ M ′ =

Figure 2: Illustration of the example described in the proof of Lemma 1.

Theorem 2. The generating function for the set of F -equivalence classes in M with respect
to the length is given by

1 − x

1 − 2x
.

Proof. Using Lemma 1, it suffices to obtain the generating function A(x) for the set A.
A non-empty Motzkin path M ∈ A can be written either M = FQ where Q ∈ A or
M = UF rDQ where r ≥ 0 and Q ∈ A. Then, we deduce the functional equation A(x) =
1 + xA(x) + x2

1−x
A(x) which implies that A(x) = 1−x

1−2x
.

2.2 Modulo α = U or α = D

The result for the case α = D is deduced from α = U using a simple symmetry (the mirror
transformation on Motzkin paths). So, we set α = U in this part.

Let B be the set of Motzkin paths without any flat steps at positive height. For instance,
we have UDFUD ∈ B and UFDUD /∈ B.

Lemma 3. There is a bijection between B and the set of U-equivalence classes of M.

Let M be a Motzkin path in M\B. Let us prove that there exists a Motzkin path M ′ ∈ B
(with the same length as M) such that M and M ′ belong to the same class. Since M does
not belong to B, there exists a Motzkin path Q (possibly empty) such that M = RFQDS
where R is maximal so that it does not contain any flat step at positive height, its last point
has an ordinate of at least one, and Q is a Motzkin path.

Now, we define a sequence of Motzkin paths M0 = M, M1, M2, . . . , Mk−1, Mk = M ′,
k ≥ 1, where for any i, 1 ≤ i ≤ k, the Motzkin path Mi is obtained from Mi−1 by performing
the following process.

Let Mi−1 = RFQDS be the above decomposition. Then, we define the Motzkin path Mi =
RDQFS obtained from Mi−1 by swapping the two steps F and D contiguous to Q.

The process finishes because it decreases the height of the leftmost flat step having a
positive height. All Motzkin paths M0 = M, M1, . . . , Mk = M ′ belong to the same equiv-
alence class. So, at the end of the process, Mk belongs to B. For instance, if we per-
form the above process on M = UUUDFFFFUUDDFFDDFF , then we obtain M1 =
UUUDDFFFUUDDFFFDFF and M2 = M ′ = UUUDDDFFUUDDFFFFFF (see
Figure 3 for an illustration of this example).
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M = M0 = −→ M1 =

−→ M2 = M ′ =

Figure 3: Illustration of the example described in the proof of Lemma 3.

Now we will prove that any U -equivalence class contains at most one element in B. For
a contradiction, let M and M ′ be two different Motzkin paths in B belonging to the same
class. We write M = QR and M ′ = QS where R and S start with two different steps. Since
M and M ′ lie in the same class, these steps cannot be U . Without loss of generality, let us
assume that the first step of R is a down step D and then, the first step of S is a flat step
F . This means that the last point of Q has its ordinate equal to zero (otherwise M ′ could
not belong to B). As the first step of R is D, the second point of R has an ordinate equal
to -1 which gives a contradiction. ✷

Theorem 4. The generating function for the set of U-equivalence (resp., D-equivalence)
classes in M with respect to the length is given by

2

1 − 2x +
√

1 − 4x2
.

Proof. Using Lemma 3, it suffices to obtain the generating function B(x) for the set B.
A non-empty Motzkin path M ∈ B can be written either M = FQ where Q ∈ B or
M = UQDQ′ where Q is a Dyck path in D and Q′ ∈ B. Then, we deduce the functional
equation B(x) = 1+xB(x)+x2C(x2)B(x) where C(x) = 1−√

1−4x
2x

is the generating function
for the set D of Dyck paths. A simple calculation gives the result.

3 Equivalence classes modulo a pattern of length two

Throughout this section, we study the α-equivalence in M for any pattern α of length two.
By considering the mirror transformation of Motzkin paths, it suffices to examine the cases
where α ∈ {UU, UD, UF, FU, DU, FF}.
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M = M0 =
(1),(1),(1)−→ M3

(2),(2)−→ M5 = M ′ =

Figure 4: Illustration of the example described in the proof of Lemma 5.

3.1 Modulo α = UU

Let E be the set of Motzkin paths without any flat steps at positive height and having no
ascents of length one, i.e., no maximal consecutive up steps of length one. For instance, we
have UUDDF ∈ E and FUDFF /∈ E .

Lemma 5. There is a bijection between E and the set of UU-equivalence classes of M.

Proof. Let M be a Motzkin path in M\E . Let us prove that there exists a Motzkin path
M ′ ∈ E of the same length as M such that M and M ′ belong to the same class.

We define a sequence of Motzkin paths M0 = M, M1, M2, . . . , Mk−1, Mk = M ′, k ≥ 1,
where for any i, 1 ≤ i ≤ k, the Motzkin path Mi is obtained from Mi−1 by performing the
following process.

(1) If there is an ascent of length one in Mi−1, then we write Mi−1 = RUQDS where R is
of maximal length so that it does not contains any ascent of length one, R does not finish
with U , and Q is a Motzkin path (possibly empty) that does not start with an up step. So,
we set Mi = RFQFS;

(2) Otherwise, if there is a flat step at positive height, then we perform the process described
in the proof of Lemma 3.

This process finishes because part (1) of the process decreases by one the number of
ascents of length one, and part (2) decreases the height of the leftmost flat step having a
positive height (see the proof of Lemma 3). All Motzkin paths M0 = M, M1, . . . , Mk = M ′

belong to the same class. At the end of the process, Mk belongs to E . For instance, if
we perform the above process on M = M0 = UUUDUFDFUUDDUDDDUD then we
obtain M3 = UUUDFFFFUUDDFFDDFF after three runs of (1), and we obtain M5 =
UUUDDDFFUUDDFFFFFF after two runs of (2) (see Figure 4 for an illustration of
this example).

For a contradiction, let M and M ′ be two different Motzkin paths in E belonging to the
same class. We write M = QR and M ′ = QS where R and S start with two different steps,
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and R and S cannot start with UU . We distinguish two cases. If the last step of Q is a
down step D or a flat step F , then R and S cannot start with UF and UD (and also with
U) because an ascent of length one would be created; if the last step of Q is an up step U ,
then R and S cannot start with U because a pattern UU would be created. Without loss
of generality, we can assume (for the two last cases) that R (resp., S) starts with D (resp.,
with F ); so, the last point of Q has a positive ordinate that implies that the first step of S
is a flat step of positive height, which is a contradiction.

Theorem 6. The generating function for the set of UU-equivalence classes of M with respect
to the length is given by

(x − 1)2 −
√

(1 − 3x2)(x2 + 1)

2x(x3 − (1 − x)2)
.

Proof. Using Lemma 5, it suffices to give the generating function for the set E , which is
already known (see A191385 in [18]).

3.2 Modulo α = DU

Let F be the set of Motzkin paths without any points of ordinate greater than one, and
without any flat steps at height zero. For instance, we have UFDUFFDUD ∈ F and
UDFUUDD /∈ F .

Lemma 7. There is a bijection between F ∪ {F} and the set of DU-equivalence classes of
M.

Proof. Let M 6= F be a Motzkin path in M\F (the case where M = F is clear). Let us
prove that there exists a Motzkin path M ′ ∈ F of the same length as M such that M and
M ′ belong to the same class.

Any Motzkin path M ∈ M can be uniquely written either

M = β0 or M = β0(DUβ1) · · · (DUβr),

where r ≥ 1, and βi, 0 ≤ i ≤ r, (possibly empty) does not contain any pattern DU .
If M = β0 then we set M ′ = UF s0−2D where s0 ≥ 2 is the length of M ; other-

wise, we set M ′ = UF s0−1(DUF s1) · · · (DUF sr−1)(DUF sr−1)D where si, 0 ≤ i ≤ r, is
the length of βi. By construction, M and M ′ belong to the same equivalence class and
M ′ lies in F . For instance, if M = FUFDUUUDUDDUUFFDDD then we obtain
M ′ = UFFDUFFDUFFDUFFFFD (see Figure 5 for an illustration of this example).

Any Motzkin path M ∈ F is characterized by the positions of its pattern DU . So, two
different Motzkin paths in F cannot belong to the same class, which completes the proof.

Theorem 8. The generating function for the set of DU-equivalence classes of M with respect
to the length is given by F (x) = 1−x2−x3

1−x−x2 , that corresponds to a shift of the Fibonacci sequence.

7



M = −→ M ′ =

Figure 5: Illustration of the example in the proof of Lemma 9.

Proof. Using Lemma 7, it suffices to provide the generating function F (x) for the set F∪{F}.
Let M be a non-empty Motzkin path in F . It can be written M = UF rDQ where r ≥ 0 and
Q ∈ F . So, we have the functional equation F (x) = 1 + x + x2

1−x
(F (x) − x) which implies

the result.

3.3 Modulo α = UD

Let G be the set of Motzkin paths without any points of ordinate greater than one, and
without any flat steps at positive height. For instance, we have FUDFUD ∈ G and
UFDUUDD /∈ G.

Lemma 9. There is a bijection between G and the set of UD-equivalence classes of M.

Proof. Let M be a Motzkin path in M\G. Let us prove that there exists a Motzkin path
M ′ ∈ G of the same length as M such that M and M ′ belong to the same class.

Any Motzkin path M ∈ M can be uniquely written either

M = β0 or M = β0(UDβ1) · · · (UDβr),

where r ≥ 1, and βi, 0 ≤ i ≤ r, (possibly empty) does not contain any pattern UD.
If M = β0 then we set M ′ = F s0 where s0 ≥ 0 is the length of M ; otherwise, we

set M ′ = F s0(UDF s1) · · · (UDF sr) where si, 0 ≤ i ≤ r, is the length of βi. Obviously,
M and M ′ belong to the same equivalence class and M ′ lies in G. For instance, if M =
FUFDUUUDUDDUUUDDDD then we obtain M ′ = FFFFFFUDUDFFFUDFFF
(see Figure 6 for an illustration of this example).

M = −→ M ′ =

Figure 6: Illustration of the example in the proof of Lemma 9.

Any Motzkin path M ∈ G is characterized by the positions of its pattern UD. So, two
different Motzkin paths in G cannot belong to the same class, which completes the proof.
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Theorem 10. The generating function for the set of UD-equivalence classes of M with
respect to the length is given by F (x) = 1

1−x−x2 , that corresponds to the Fibonacci sequence.

Proof. Using Lemma 9, it suffices to provide the generating function G(x) for the set G. Let
M be a non-empty Motzkin path in G. It can be written either M = FQ or M = UDQ
where Q ∈ G which implies that G(x) = 1

1−x−x2 .

3.4 Modulo α = UF

Let H be the set of Motzkin paths without any patterns UD and UU , and such that all
patterns FF and DF appear at height zero. For instance, we have FFUFUFDDF ∈ H
and UDUFUFDDF /∈ H.

Lemma 11. There is a bijection between H and the set of UF -equivalence classes of M.

Proof. Let M be a Motzkin path in M\H. Let us prove that there exists a Motzkin path
M ′ ∈ H of the same length as M such that M and M ′ belong to the same class.

Any Motzkin path M ∈ M can be uniquely written either

M = β0 or M = β0Π
r
i=1(UF )kiβi,

where r ≥ 1, ki ≥ 1 for 1 ≤ i ≤ r and βi, 0 ≤ i ≤ r, (non-empty) does not contain any
pattern UF .

If M = β0 then we set M ′ = F s0 where s0 ≥ 0 is the length of M ; since an element in
H avoids UU and UD, M ′ is the only one element in H lying in the class of M (that avoids
UF ).

Otherwise, we set M ′ = F s0Πr
i=1(UF )kiβ′

i with β′
i = DtiF si−ti for 1 ≤ i ≤ r, where si,

0 ≤ i ≤ r, is the length of βi and ti, i ≥ 1, is recursively defined by the equation

ti = min(si,
i∑

j=1

kj −
i−1∑

j=1

tj).

It is worth noticing that
∑i

j=1 kj (resp.,
∑i−1

j=1 tj) is the number of up steps (resp., down

steps) before β′
i in M ′. So, setting ti = min(si,

∑i
j=1 kj − ∑i−1

j=1 tj) means that β′
i con-

sists of the maximum possible of down steps, eventually completed with some flat steps
at height zero. Then, M and M ′ belong to the same equivalence class and M ′ lies in
G. For instance, if we have M = UUUFDFDUFUFFFDUDDD then we obtain M ′ =
FFUFDFFUFUFDDFFFFF (see Figure 7 for an illustration of this example).

Moreover, M ′ is the unique element in H in the same class as M = β0Π
r
i=1(UF )kiβi.

Indeed, βi, i ≥ 1, does not contains any pattern UU , UF and UD implies that βi does
not contain any up steps; M does not contains FF and DF at positive height implies that
βi = DkiF si−ki where ki is either the length si of βi or the difference between the numbers of
up steps and down steps before βi, that is precisely

∑i
j=1 kj − ∑i−1

j=1 tj. Thus, we necessarily
have M = M ′ which completes the proof.
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M = −→ M ′ =

Figure 7: Illustration of the example in the proof of Lemma 11.

Theorem 12. The generating function for the set of UF -equivalence classes of M with
respect to the length is given by H(x) = 2

1−2x−
√

1−4x3 .

Proof. Using Lemma 11, it suffices to provide the generating function H(x) for the set H.
Let M be a non-empty Motzkin path in H. It can be written either M = FQ or M = UQDR
where Q and R are two Motzkin paths.

If we have M = FQ, then M belongs to H if and only if Q ∈ H. Otherwise, M = UQDR
belongs to H if and only if R ∈ H and Q ∈ H such that Q = FΠr

i=1(UF )kiDℓi for some ki

and ℓi, with 1 ≤ i ≤ r. Since Q is a Motzkin path of length n = 1 + 3
∑r

i=1 ki, this implies
that Q′ = Πr

i=1U
kiDℓi is a Dyck path of semilength

∑r
i=1 ki = n−1

3
. Conversely, any Dyck

path can be associated to a Motzkin path of the form of Q. So we deduce the functional
equation H(x) = 1+xH(x)+x3C(x3)H(x) where C(x) = 1−√

1−4x
2x

is the generating function
for the set D of Dyck paths, which completes the proof.

3.5 Modulo α = FU

Let I be the set of Motzkin paths starting with a flat step, without any patterns DU ,
UU , FD and such that all patterns FF appear at height zero. For instance, we have
FFUFUDFUDD ∈ I and FFUFUFDDFUD /∈ I.

Lemma 13. There is a bijection between I and the set of FU-equivalence classes of M.

Proof. This is a simple adaptation of the proof of Lemma 11 by replacing UF with FU in
the decomposition M = β0Π

r
i=1(UF )kiβi. So, we do not present this proof here.

Theorem 14. The generating function for the set of FU-equivalence classes of M with
respect to the length is given by I(x) = 2

1−2x−
√

1−4x3 .

Proof. Using Lemma 13, it suffices to provide the generating function I(x) for the set
I. Let M be a non-empty Motzkin path in I. It can be uniquely decomposed M ′ =
F s0Πr

i=1(FU)kiβ′
i with β′

i = DtiF si−ti for 1 ≤ i ≤ r, where si, 0 ≤ i ≤ r, is the length
of βi and ti is recursively defined by ti = min(si,

∑i
j=1 kj − ∑i−1

j=1 tj). The transformation
that consists of replacing all occurrence FU into an occurrence UF , induces a one-to-one
correspondence between I and H. Therefore, the generating function I(x) for I verifies
I(x) = H(x). Using Theorem 12, we complete the proof.
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3.6 Modulo α = FF

Let M ∈ M be a Motzkin path. A long flat in M is a maximal sequence of at least two
consecutive flat steps in M . An isolate flat step is a flat step which is not contiguous to
another flat step.

Let J be the set of Motzkin paths without any points of ordinate greater than one,
without any isolate flat steps, such that two long flats are separated by at most two steps, and
at most one step precedes (resp., follows) the first (resp., last) long flat. For instance, there
are five Motzkin paths in J of length 6: FFFFFF , FFUFFD, UFFDFF , UFFFFD
and FFUDFF . For r, s ∈ {0, 1}, we define the set J s

r of elements of J such that the height
of the leftmost long flat is r and the height of the rightmost long flat is s. Obviously, we
have J = ∪r,s∈{0,1}J s

r .
Let M be a Motzkin path without any points of ordinate greater than one. We denote

by |M | its length, i.e., the number of the steps in M .

Fact 1: There is a unique decomposition of the form

M = β0Π
k
i=1(Qiβi)

with Qi of maximal length in J for all 1 ≤ i ≤ k and where βi ∈ M, 0 ≤ i ≤ k, does not
contain any long flat, and only β0 and βk can possibly be empty.

Fact 2: If M = β0Π
k
i=1(Qiβi) is the decomposition obtained in Fact 1, then there exists M ′

in the same class as M such that M ′ = β′
0Π

k
i=1(Qiβ

′
i) with β′

i = F if |βi| = 1, β′
i = (UD)

|βi|
2

if |βi| ≥ 2 is even and β′
i = UFD(UD)

|βi|−3

2 if |βi| ≥ 3 is odd. In the following, a Motzkin
path β′

i of the previous form will be called a hinge. It is worth noticing that any hinge is
entirely characterized by its length.

Let K be the set of Motzkin paths M = β0Π
k
i=1(Qiβi) verifying the conditions described

in Fact 2, and such that all Qi starts with FF whenever βi−1 and βi are non-empty. For
instance, the third Motzkin path UDUDUDFFUFFDUDFFUD in Figure 8 belongs to
K. Its decomposition provides β0 = UDUDUD, Q1 = FFUFFD, β1 = UD, Q2 = FF and
β2 = UD.

Lemma 15. There is a bijection between K and the set of FF -equivalence classes of M.

Proof. For any Motzkin path in M\K, the process described in the proof of Lemma 1 ensures
that there is a Motzkin path M ∈ A in the same F -equivalence class, and thus in the same
FF -equivalence class.

Let M = β0Π
k
i=1(Qiβi) be the decomposition described in Fact 2.

We define a sequence of Motzkin path M0 = M, M1, M2, . . . , Mk−1, Mk = M ′, k ≥ 1.
For any i, 1 ≤ i ≤ k, the Motzkin path Mi is obtained from Mi−1 by performing the

following process.

(a) If βi−1 and βi are non-empty and Qi = UWD, then we replace Qi with W̄ where W̄ is
obtained from W by exchanging U and D, and we replace βi−1 (resp., βi) with a hinge of
length |βi−1| + 1 (resp., of length |βi| + 1);
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(b) If βi−1 and βi are non-empty and Qi = UWF , then we replace Qi with W̄FD where W̄
is obtained from W by exchanging U and D, and we replace βi−1 (resp., βi) with a hinge of
length |βi−1| + 1 (resp., of length |βi| − 1).

By construction, all Motzkin paths M0 = M, M1, M2, . . . , Mk−1, Mk = M ′, belong to the
same class and M ′ belongs to K. Moreover, M ′ is the unique element in K in the same class
as M ; indeed, let M = β0Π

k
i=1(Qiβi) and M ′ = β′

0Π
k′
i=1(Q

′
iβ

′
i) two different elements in K

lying in the same class.

– From the definition of the sets K and J , it is clear that k = k′.

– If the long steps in M appear in M ′ with the same height as in M , then we necessarily
have Qi = Q′

i for 1 ≤ i ≤ k. Thus, we deduce |βi| = |β′
i| for i ≥ 0, and with the last remark

of Fact 1, βi = β′
i for all i ≥ 0, which is a contradiction with M 6= M ′.

– If there is a long flat in M with height h ∈ [0, 1] and such that it appears in M ′ at
height 1 − h. We choose the leftmost long flat with this property. Let i ≥ 1 be the integer
such that this long flat of M appears in Qi. Since any element in J has at most two steps
between two long flats, and at most one step before (resp., after) the first (resp., the last)
long flat step, any long flat step of height h′ ∈ [0, 1] in Qi appears at height 1 − h′ in Q′

i.
Since Qi ∈ J , we have either Qi = FFWFF and Q′

i = UFFW̄FFD, or Qi = FFWFFD
and Q′

i = UFFW̄FF , or Qi = UFFWFF and Q′
i = FFW̄FFD, or Qi = UFFWFFD

and Q′
i = FFW̄FF .

Observing these four cases, Qi cannot be a prefix nor a suffix of M (otherwise M ′ could
not have the leftmost FF at the same position as M). This means that βi−1 and βi are non-
empty. Thus, there is an element among M and M ′ where there is i such that Qi whenever
the element is M , Q′

i whenever the element is M ′, is contiguous with two non-empty hinges
and such that the first long flat is of height zero. We obtain a contradiction with the fact
that M and M ′ belong to K which completes the proof.

Lemma 1−→ M =

(b),(a)−→ M2 =

Figure 8: Illustration of the example in the proof of Lemma 15.

For instance, if M = UFDUDUFFDFFUDUFFDF then the decomposition in Fact
2 implies β0 = UFDUD, Q1 = UFFDFF , β1 = UD, Q2 = UFFD and β2 = F . For
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i = 1, β0 and β1 are non-empty and Q1 = UWF with W = FFDF ; the process (b)
creates M1 = UDUDUDFFUFFDFUFFDF where β0 (resp., β1 and Q1) is replaced with
UDUDUD (resp., F and FFUFFD). For i = 2, β1 = F and β2 = F are non-empty
and Q2 = UFFD; the process (a) creates M2 = UDUDUDFFUFFDUDFFUD where β1

(resp., β2 and Q2) is replaced with UD (resp., UD and FF ). See Figure 8 for an illustration
of this example.

Lemma 16. The generating function for the set J , with respect to the length is given by
J(x) = x4−x2+x−1

x7+x6+2x4+x−1
.

Proof. In order to obtain the generating function J(x) for the set J , we calculate the gen-
erating functions Js

r (x) for the set J s
r with r, s ∈ {0, 1}.

– If M is a Motzkin path in J 0
0 . We have either M = F k or M = WF k or M = W ′UDF k

with k ≥ 2, W ∈ J 1
0 and W ′ ∈ J 0

0 ;

– if M is a Motzkin path in J 0
1 . We have either M = WF k or M = W ′UDF k with

k ≥ 2, W ∈ J 1
1 and W ′ ∈ J 0

1 ;

– If M is a Motzkin path in J 1
0 . We have either M = WUF kD or M = W ′UF kD with

k ≥ 2, W ∈ J 0
0 and W ′ ∈ J 1

0 ;

– If M is a Motzkin path in J 1
1 . We have either M = UF kD or M = WUF kD or

M = W ′UF kD with k ≥ 2, W ∈ J 0
1 and W ′ ∈ J 1

1 .

We deduce the following system of functional equations:





J0
0 (x) = x2

1−x
(J1

0 (x) + x2J0
0 (x) + 1)

J0
1 (x) = x2

1−x
(J1

1 (x) + x2J0
1 (x))

J1
1 (x) = x4

1−x
(J0

0 (x) + J1
0 (x))

J0
1 (x) = x4

1−x
(J0

1 (x) + J1
1 (x) + 1).

A simple calculation (with Maple for instance) provides the generating functions for the
four sets J 0

0 , J 1
0 , J 1

1 and J 0
1 , and thus for the set J = ∪r,s∈{0,1}J s

r which completes the
proof.

Theorem 17. The generating function for the set of FF -equivalence classes of M with
respect to the length is given by

x(1 − x − x2 + 3x3 − 5x4 + 3x5 − 2x6 − x7 − x9)

(1 − x − 2x4 − x6 − x7)(1 − 2x + x2 − x3)
.

Proof. With Lemma 15, it suffices to obtain the generating function K(x) for the set K.
First, we calculate the generating functions for the sets Kr with r, s ∈ {0, 1, 2}, where K0

(resp., K1, resp., K2) is the subset of K of Motzkin path starting by FF (resp., UFF , resp.,
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a hinge). Let Js
r (x), r, s ∈ {0, 1}, be the generating function obtained in the proof of Lemma

16. We set J1(x) = J0
1 (x) + J1

1 (x) and J0(x) = J0
0 (x) + J1

0 (x).

– Let M be a Motzkin path in K0. We discuss on the number of hinges in M .

If M does not contains any hinge, then this means that M ∈ J0; If M has only one
hinge, then either M = QHkS, k ≥ 2, or M = QHkT , k ≥ 3, or M = RHkS, k ≥ 1, or
M = RHkT , k ≥ 2 with Q ∈ J 0

0 , R ∈ J 1
0 , S ∈ J 0

1 ∪ J 1
1 ∪ {ǫ}, T ∈ J 0

0 ∪ J 1
0 and Hk is a

hinge of length at least k; If M has at least two hinge, then either M = QHkW , k ≥ 3, or
M = RHkW , k ≥ 2, with Q ∈ J 0

0 , R ∈ J 1
0 and W ∈ K0\J0.

Thus we have the functional equation:

K0(x) = J0(x) + J0
0 (x) x2

1−x
(J1(x) + 1) + J0

0 (x) x3

1−x
J0(x) + J1

0 (x) x
1−x

(J1(x) + 1)+

J1
0 (x) x2

1−x
J0(x) + J0

0 (x) x3

1−x
(K0(x) − J0(x)) + J1

0 (x) x2

1−x
(K0(x) − J0(x))

.

– Let M be a Motzkin path in K1. We discuss on the number of hinges in M . If M does
not contain any hinge, then this means that M ∈ J1; If M has only one hinge, then either
M = Q′HkS, k ≥ 2, or M = Q′HkT , k ≥ 3, or M = R′HkS, k ≥ 1, or M = R′HkT , k ≥ 2
with Q′ ∈ J 0

1 , R′ ∈ J 1
1 , S ∈ J 0

1 ∪J 1
1 ∪{ǫ}, T ∈ J 0

0 ∪J 1
0 and Hk is a hinge of length at least

k; If M has at least two hinges, then either M = Q′HkW , k ≥ 3, or M = R′HkW , k ≥ 2,
with Q′ ∈ J 0

1 , R′ ∈ J 1
1 and W ∈ K1\J1.

Thus we have the functional equation:

K1(x) = J1(x) + J0
1 (x) x2

1−x
(J1(x) + 1) + J0

1 (x) x3

1−x
J0(x) + J1

1 (x) x
1−x

(J1(x) + 1)+

J1
1 (x) x2

1−x
J0(x) + J0

1 (x) x3

1−x
(K0(x) − J0(x)) + J1

1 (x) x2

1−x
(K0(x) − J0(x))

.

– Let M be a Motzkin path in K2. We have either M = HkS, k ≥ 1, or M = HkT , k ≥ 2
with S ∈ J 0

1 ∪ J 1
1 , T ∈ J 0

0 ∪ J 1
0 ∪ {ǫ} and Hk is a hinge of length at least k.

Thus we have the functional equation:

K2(x) = J1(x)
x

1 − x
+ (K0(x) + 1)

x2

1 − x
.

Using the Lemma 16, a simple calculation with Maple gives the generating function
K(x) = K0(x) + K1(x) + K2(x) for the set K.
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a b s t r a c t

We provide generating functions for the number of equivalence classes of rooted planar
maps where two maps are equivalent whenever their representations in shuffles of Dyck
words coincide on all occurrences of a given pattern.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction and notations

A map is defined topologically as a 2-cell imbedding of a connected graph, loops and multiple edges allowed, in a 2-
dimensional surface. A rooted planar map is a map on a sphere with a distinguished edge, called the root, assigned with an
orientation. Fig. 1(a) shows a rooted planarmapwith seven edges.We refer to [1,15,16] for the enumeration of rooted planar
mapswith respect to the number of edges. Planarmaps have beenwidely studied for their combinatorial structure and their
links with other domains such as theoretical physics where they appear in some models of 2-dimensional quantum gravity
for instance. Froma combinatorial point of view, it is proved in [8] that rooted planarmaps are in one-to-one correspondence
with shuffles of Dyck words that avoid a specific pattern. Then, it becomes natural to extend to maps statistical studies on
Dyck words (see [7,9,12,10,11,13] for instance). It is one of the main purpose of this paper.

A Dyck word on the alphabet {a, ā} is a word generated by the context-free grammar S → ε | aSāS where ε is the empty
word. LetDa be the set of all Dyckwords on the alphabet {a, ā}, and letDb be the set of all Dyckwords on the alphabet {b, b̄}.
It is well known that Dyck words of semilength n are counted by Catalan numbers (A000108 in the on-line encyclopedia of
integer sequences [14]), and that any non-empty Dyck word w ∈ Da has a unique decomposition of the form w = aαāβ
where α and β are two Dyck words in Da (see [7]). Also, a word w on the alphabet {a, ā} belongs to Da if and only if the
following two properties hold: (i) the number of letters a is equal to the number of letters ā in w, and (ii) in any prefix of w,
the number of letters a is greater than or equal to the number of letters ā.

We say that an occurrence of the letter a matches an occurrence of ā located to its right in w ∈ Da, whenever the
subword of w consisting of all letters between these two occurrences also belongs to Da. In this case, the pair (a, ā) is called
amatching in w. For instance, if w = aāaaāaaāāā, then the second occurrence of the letter amatches the last occurrence of
ā since aāaaāā is a Dyck word.
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Fig. 1. A rooted planar map with 7 edges and its non-crossing shuffle representation.

Table 1
Correspondence between patterns in a shuffle and patterns in a rooted planar map.

A shuffle of two Dyck words v ∈ Da and w ∈ Db is a word s on the alphabet {a, ā, b, b̄} where s is constructed by
interspersing the letters of v andw. Let S be the set of all shuffles of two Dyck words of Da and Db. Shuffles of semilength n,
n ≥ 0, in S are enumerated by the sequence A005568 in [14]. The first values for n ≥ 0 are 1, 2, 10, 70, 588, 5544, 56628.
For instance, s = aabāāb̄abb̄ā is a shuffle of the two Dyck words aaāāaā ∈ Da and bb̄bb̄ ∈ Db.

For any shuffle s, we denote by wa(s) (resp. wb(s)) the Dyck word in Da (resp. Db) obtained from s by deleting the letters
b and b̄ (resp. a and ā). In the following, we will extend the definition of wa(s) and wb(s) for any word in {a, ā, b, b̄}∗. In
particular, if s is a prefix of shuffles, wa(s) (resp. wb(s)) becomes a prefix of a Dyck word in Da (resp. Db). For instance, if
s = aabāāb̄abb̄ā, then wa(s) = aaāāaā and wb(s) = bb̄bb̄; and if s = aabā, it is a prefix of a shuffle, and wa(s) = aaā and
wb(s) = b are prefixes of Dyck words. Then, a word s is a shuffle in S if and only if wa(s) ∈ Da and wb(s) ∈ Db.

A shuffle s of two Dyckwords v ∈ Da andw ∈ Db will be called crossing whenever there exists amatching (a, ā) in v and
amatching (b, b̄) inw such that s can be written s = αbβaγ b̄δāη where α, β, γ , δ and η belong to {a, ā, b, b̄}∗. Then the oc-
currence bab̄āwill be called a pair of crossingmatchings. LetN CS ⊂ S be the subset of non-crossing shuffles in S, i.e., shuffles
with no pair of crossing matchings. For instance, aābb̄aābb̄aā is in N CS, while aābbb̄ab̄ā is not in N CS. Notice that non-
crossing shuffles are called canonical parenthesis-bracket systems in [17]. The shuffles of semilength n ≥ 0 in N CS are enu-
merated by the sequence A000168 in [14]whose first values for n ≥ 0 are 1, 2, 9, 54, 378, 2916, 24057, 208494. They are in
one-to-one correspondence with the rooted planar maps with n edges [5,6,8,17]. See Fig. 1 for an example of rooted planar
mapwith its representation as a non-crossing shuffle inN CS. This one-to-one correspondence is obtained by the following
process. Starting with the root edge, we follow or cross all edges of the map by making its tour in counter-clockwise direc-
tion. Each edge in the map must be reached twice. If the final vertex of the encountered edge has not yet been considered,
thenwe follow this edge andwewrite the letter a; otherwise, if the edge is reached for the first time, thenwewrite the letter
b and we cross it; in the other cases the edge is reached for the second time, and we write ā (resp. b̄) and we follow the edge
(resp. we cross the edge) whenever the first assignment of the edge was the letter a (resp. b). Table 1 gives the correspon-
dence between some patterns of length at most two in a shuffle with their meaning in terms of map. For instance, a pattern
bb̄ in a shuffle ofN CS corresponds to an empty loop on a vertex of the corresponding rooted planarmap. Also, the pattern ab̄
cannot occur in the shuffle representation of a rooted planarmap because it necessarily creates a pair of crossingmatchings.

In a recent paper [3] (for equivalence classes of permutations see [2]), the authors introduced an equivalence relation on
the set of Dyck words where two Dyck words are equivalent whenever the positions of the occurrences of a given pattern are the
same in both words. They provided generating functions for the numbers of equivalence classes whenever the patterns are
of length two: aa, aā, āā and āa. See also [4] for a study of this equivalence relation on Motzkin words.

Themotivation of this paper is to present a similar study for shuffles of Dyckwords and for rooted planarmaps considered
with their representation by shuffles in N CS. So, we define the equivalence relation on S and N CS for any pattern π of
length at most two:

two shuffleswith the same semilength areπ-equivalentwhenever they coincide on the positions of occurrences of the patternπ .
For instance, the shuffle s = aabab̄ābāb̄ā is b̄ā-equivalent to s′ = aāabb̄āabb̄ā since the occurrences of b̄ā appear in

positions 5 and 9 in s and s′.
In Section 2, we show that the problem of the enumeration of the π-equivalence classes in N CS is the same as in S

whenever π is a pattern of length at most two that does not belong to the set {b̄a, bā, ab̄, āb}. In Sections 3–6, we present
enumerative results by providing generating functions for the number of π-equivalence classes when π ∉ {b̄a, bā, ab̄, āb}.
Using the one-to-one correspondence between rooted planar maps and non-crossing shuffles of Dyck words, this induces
enumerative results for equivalence classes of rooted planar maps relatively to the positions of some patterns. See Table 2
for an overview of these results. Notice that the pattern ab̄ does not appear in any shuffle of a rooted planar map, and that
we did not succeed to obtain the number of π-equivalence classes in S and N CS for π ∈ {āb, b̄a, bā}. So, we leave these
cases as open problems.

2. Some preliminary results

In this section, we prove that for some specific patterns π the numbers of π-equivalence classes in S and N CS are the
same.
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Table 2
Enumeration of π-equivalence classes for shuffles and rooted planar maps.

Pattern Sequence Sloane an, 1 ≤ n ≤ 9

{a}, {ā}, {b}, {b̄} 1
√
1−4x

Central binomial coeff. A000984 2, 6, 20, 70, 252, 924, 3432,12870,48620

{aā}, {bb̄} 1−x
1−3x+x2

Shift of A001519 2,5,13,34,89,233,610,1597,4181

{āa}, {b̄b} 1−2x
1−3x+x2

A001519 1,2,5,13,34,89,233,610,1597

{aa}, {āā}, {bb}, {b̄b̄} 1+x−
√

1−2x−3x2

2x2+3x−1+
√

1−2x−3x2
Bisection of A191385 1,2,5,12,31,81,216,583,1590

{ab}, {ba}, {āb̄}, {b̄ā} −2
√
3 sin(1/3 arcsin(3/2

√
3x))

4 (sin(1/3 arcsin(3/2
√
3x)))

2
−3 x

A138164 1,2,4,9,20,47,109,262,622

Lemma 1. Let w = αāβγ be a Dyck word in Da with βγ in {a, ā}∗. Then the word w′
= αβ āγ is also in Da.

Proof. The Dyck word w′ is obtained from w by a shift on the right of a letter ā. So, the number of a and the number of ā
remains unchanged in w′. Moreover, in any prefix of w the number of a is greater than or equal to the number of ā and this
property remains satisfied in w′. Using the characterization of a Dyck word given in the introduction, w′ is in Da. �

Lemma 2. Let w = αaβ āγ be a Dyck word in Da. If β = β1β2 . . . βk is in Da then for any i, 1 ≤ i ≤ k, the word
w′

= αaβ1 . . . βi−1āβi . . . βkγ is also in Da.

Proof. Since w is in Da, (i) the number of a and the number of ā are equal in w, and in any prefix (ii) the number of a is
greater than or equal to the number of ā. Since β is in Da, the number of a in any prefix of αaβ1 . . . βi−1 is strictly greater
than the number of ā. This means that αaβ1 . . . βi−1ā satisfies Condition (ii). Then, w′ satisfies (ii) which implies that w′

belongs to Da. �

Of course, the last two lemmas also hold if we replace the letter awith b. So, we use them indifferently for a and b.

Theorem 1. Let s be a shuffle in S and π be a pattern of length at most two not in {ab̄, āb, b̄a, bā}. Then, there exists a shuffle s′
in N CS with the same semilength as s so that s and s′ are π-equivalent.

Proof. Let s be a shuffle in S that does not lie inN CS, i.e. s contains a pair of crossingmatchings. Then, s can be decomposed
s = αbβaγ b̄δāη so that α, β, γ , δ and η are in {a, ā, b, b̄}∗ and the crossing matching bab̄ā is chosen the leftmost possible
in s.

We distinguish three cases: (i) π ∈ {a, aa, ab, ba}; (ii) π = aā; and (iii) π = āa. The other cases are easily obtained using
classical symmetries on shuffles (a ↔ b and mirror).
Case (i): Let us consider the word s′ = αbβaγ āδb̄η obtained from s by an exchange of ā and b̄. With Lemmas 1 and 2, s′
is also a shuffle of two Dyck words. The two shuffles s and s′ belong to the same π-equivalence class since this operation
cannot create or delete a pattern in {a, aa, ab, ba}. Moreover the leftmost pair of crossing matchings in s′ is shifted on the
right compared to s. We repeat the process for as long as required, andwe obtain a shuffle inN CS with the same semilength
as s, which is π-equivalent to s.
Case (ii): Let us assume that s = s1s2 . . . s2k for some k ≥ 1 with si ∈ {a, ā, b, b̄}, 1 ≤ i ≤ 2k. We obtain s′ from s by the
following process: we preserve the positions of all occurrences of the pattern aā; the other letters of s′ are chosen so that
the restriction of s′ to them is the Dyck word of the form bℓb̄ℓ for some ℓ ≥ 0. It is straightforward to see that s′ ∈ N CS and
that the two shuffles s and s′ belong to the same aā-equivalence class.
Case (iii): Let us assume that s = s1s2 . . . s2k for some k ≥ 1 with si ∈ {a, ā, b, b̄}, 1 ≤ i ≤ 2k. We obtain s′ from s by the
following process: we preserve the positions of all occurrences of the pattern āa and we set s′1 = a and s′2k = ā; the other
letters of s′ are chosen so that the restriction to them is the Dyck word of the form aℓāℓ for some ℓ ≥ 0. It is straightforward
to see that s′ ∈ Da ⊂ N CS and that the two shuffles s and s′ belong to the same āa-equivalence class. �

Corollary 1. Let π be a pattern of length at most two not in {b̄a, bā, ab̄, āb}. For each word length the number of π-equivalence
classes in S is also the number of π-equivalence classes in N CS.

This corollary allows us to limit our study of the general case to shuffles in S and patterns π not in {b̄a, bā, ab̄, āb}. All
results in the following sections will hold for both sets S and N CS.

3. Equivalence modulo π ∈ {a, b, ā, b̄}

The results for π ∈ {b, ā, b̄} are deduced from the ones for π = a by using the classical symmetries (mirror and a ↔ b)
on shuffles. So, we set π = a in this section.

Let A be the set of shuffles in S defined by the grammar A → Da | DabDab̄A where Da is the set of Dyck words on the
alphabet {a, ā}.
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Lemma 3. The set A and the set of a-equivalence classes of S are in length-preserving one-to-one correspondence.

Proof. For k ≥ 1 let s = s1s2 . . . s2k be a shuffle in S\A with si ∈ {a, ā, b, b̄} for 1 ≤ i ≤ 2k. Let us prove that there exists
a shuffle s′ ∈ A (with the same semilength as s) such that s and s′ belong to the same a-equivalence class. We define the
word s′ by performing the following process on s for i from 1 to 2k:
- If si = a then we set s′i = a;
- Otherwise, we distinguish three cases:

(i) If wa(s′1 . . . s′i−1) ∉ Da then we set s′i = ā;
(ii) If wa(s′1 . . . s′i−1) ∈ Da and wb(s′1 . . . s′i−1) ∉ Db then we set s′i = b̄;
(iii) If wa(s′1 . . . s′i−1) ∈ Da and wb(s′1 . . . s′i−1) ∈ Db then we set s′i = b.
It is worth noticing that wa(s′1 . . . s′i) (resp. wb(s′1 . . . s′i)) is a prefix of a Dyck word in Da (resp. Db) for all i, 1 ≤ i ≤ 2k.

Moreover, at the end of the process we necessarily have wa(s′1 . . . s′2k) ∈ Da and wb(s′1 . . . s′2k) ∈ Db which means that s′
belongs to S.

Since the process preserves the occurrences of the letter a in s and do not introduce other letters a in s′, s and s′ belong
to the same a-equivalence class. Moreover, s′ necessarily lies in A. Indeed, the process sets s′i = ā whenever wa(s′1 . . . s′i−1)

is not a Dyck word of Da; in all other cases, it sets s′i = b or s′i = b̄ alternatively. If s′ does not contain any occurrence of b,
then s′ ∈ Da ⊂ A; otherwise, the previous construction ensures that s′ has a prefix of the form αbβb̄ with α and β in Da.
This means that s′ satisfies the grammar A → Da | DabDab̄A. Thus, we have s′ ∈ A.

Now, it suffices to prove that two distinct shuffles s and s′ with the same semilength in A are not a-equivalent. For a
contradiction, let us assume that s and s′ belong to the same class.

We distinguish two cases:
- If s ∈ Da or s′ ∈ Da with the same positions of the occurrences of a then we have s = s′.
- Otherwise, s can be written s = αbβb̄γ with α and β in Da and γ in A. Also, s′ can be written s′ = α′bβ ′b̄γ ′ with α′

and β ′ in Da and γ ′ in A.
Since α and α′ belong to Da and have the same positions of occurrences of the letter a, we necessarily have α = α′. The

same argument for β implies that β = β ′. We complete the proof by induction on the length for γ and γ ′ in A and we
conclude s = s′. �

Theorem 2. The generating function for the set of a-equivalence classes in S (or in N CS) with respect to the semilength is given
by

1
√
1 − 4x

=


n≥0


2n
n


xn.

Proof. By Lemma 3, it suffices to provide the generating function A(x) of the set A, with respect to the semilength. Every
nonempty shuffle s ∈ A is obtained by the grammar A → Da | DabDab̄A where Da is the set of Dyck words on the
alphabet {a, ā}. This induces the functional equation:

A(x) = D(x) + xD(x)2A(x)

where D(x) =
1−

√
1−4x
2x is the Catalan generating function for the set Da, which implies the required result. �

4. Equivalence modulo π ∈ {aā, bb̄, āa, b̄b}

The results for π ∈ {bb̄, b̄b} are deduced from the ones for π = aā and π = āa by using the classical symmetries. Then,
we study in this section the two cases π = aā and π = āa.

Let B be the subset of S defined by the grammar B → aāB | bB ′b̄B | ε where B ′
→ aāB ′

| ε. It is worth noticing
that the set B ′ consists of words of the form (aā)k for all k ≥ 0. Moreover, it is straightforward to see that for any s ∈ B we
have wb(s) = (bb̄)i for some i ≥ 0 and wa(s) = (aā)j for some j ≥ 0. Finally, if X = aā then the set B consists of all shuffles
of words X i, i ≥ 0, with Dyck words of the form (bb̄)j, j ≥ 0, where the occurrences of X = aā are never split. For instance,
baāaāb̄aābb̄ belongs to B, while baāab̄āaābb̄ ∉ B.

Lemma 4. The set B and the set of aā-equivalence classes of S are in length-preserving one-to-one correspondence.

Proof. For k ≥ 1 let s = s1s2 . . . s2k be a shuffle in S\B with si ∈ {a, ā, b, b̄} for 1 ≤ i ≤ 2k. Let us prove that there
exists a shuffle s′ ∈ B (with the same semilength as s) such that s and s′ belong to the same class. We define the word s′ by
performing the following process on s:
- all occurrences of the pattern aā in s are preserved in s′;
- for i from 1 to 2k such that si does not belong to a pattern aā in s, we distinguish two cases:

(i) if wb(s′1 . . . s′i−1) = (bb̄)j for some j ≥ 0, then we set s′i = b,
(ii) if wb(s′1 . . . s′i−1) = (bb̄)jb for some j ≥ 0, then we set s′i = b̄.
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For all i (1 ≤ i ≤ 2k) we have either wb(s′1 . . . s′i) = (bb̄)j or wb(s′1 . . . s′i) = (bb̄)jb for some j ≥ 0. Moreover, we
have wa(s′1 . . . s′i) = (aā)ℓ for some ℓ ≥ 0 so that a and ā appear necessarily adjacent in s′ in an occurrence aā. This means
that s′ is a shuffle that lies in B. Since the process preserves the occurrences of the pattern aā, s and s′ belong to the same
aā-equivalence class.

Less formally, s′ is obtained from s by fixing the occurrences of aā and by replacing all other letters by a Dyck word of the
form (bb̄)j for some j ≥ 0. Therefore, the definition of B ensures us that s′ is the unique element in B that lies into the same
aā-equivalence class as s. �

Theorem 3. The generating function for the set of aā-equivalence classes in S with respect to the semilength is given by

1 − x
1 − 3x + x2

=


n≥0

F2n+1xn

where Fm is the mth Fibonacci number (defined by Fm = Fm−1 + Fm−2 with F0 = 0 and F1 = 1).

Proof. By Lemma 4, it suffices to provide the generating function B(x) of the set B, with respect to the semilength. Every
shuffle s ∈ B is obtained by the grammar B → aāB | bB ′b̄B | ε where B ′

→ aāB ′
| ε. This induces the functional

equation:

B(x) = 1 + xB(x) + xB(x)B′(x)

where B′(x) = 1 + xB′(x) is the generating function for the set B ′.
A simple calculation provides the result. �

Now we consider the equivalence relation for the pattern π = āa. Let B ′′ be the set B ′′
= aBā | ε where B is defined

at the beginning of this section.

Lemma 5. The set B ′′ and the set of āa-equivalence classes of S are in length-preserving one-to-one correspondence.

Proof. Let s = s1s2 . . . s2k (k ≥ 1) be a nonempty shuffle in S\B ′′ with si ∈ {a, ā, b, b̄} for 1 ≤ i ≤ 2k. Let us prove that
there exists a shuffle s′ ∈ B ′′ (with the same semilength as s) such that s and s′ belong to the same āa-equivalence class.

We define the shuffle s′ as follows:
- we set s′1 = a and s′2k = ā;
- all occurrences of the pattern āa in s are preserved in s′;
- for i from 2 to 2k − 1 such that si does not belong to a pattern āa, we distinguish two cases:

(i) if wb(s′1 . . . s′i−1) = (bb̄)j for some j ≥ 0, then we set s′i = b,
(ii) if wb(s′1 . . . s′i−1) = (bb̄)jb for some j ≥ 0, then we set s′i = b̄.
For all i, 1 ≤ i ≤ 2k we have either wb(s′1 . . . s′i) = (bb̄)j or wb(s′1 . . . s′i) = (bb̄)jb for some j ≥ 0. Moreover, we have

wa(s′1 . . . s′i) = (aā)ℓ for some ℓ ≥ 0 so that a and ā appear necessarily adjacent in s′ in an occurrence āa, except for s′1 = a
and s′2k = ā. This means that s′ belongs to B ′′. Since the process preserves the occurrences of the pattern āa, s and s′ belong
to the same āa-equivalence class.

This process ensures us that s′ is the unique element in B ′′ that lies into the same āa-equivalence class as s. �

Theorem 4. The generating function for the set of āa-equivalence classes in S with respect to the semilength is given by

1 − 2x
1 − 3x + x2

=


n≥0

F2n−1xn

where Fm is the mth Fibonacci number (with F−1 = 1).

Proof. By Lemma 5, it suffices to provide the generating function for B ′′
= aBā | ε which is B′′(x) = xB(x) + 1 =

1−2x
1−3x+x2

. �

5. Equivalence modulo π ∈ {aa, āā, bb, b̄b̄}

The results for π ∈ {āā, bb, b̄b̄} are deduced from the ones for π = aa by using the classical symmetries.
Let C be the subset of S defined by the grammar C → C ′

| C ′bC ′b̄C where C ′
→ aaāC ′āC ′

| a(C ′
\ε)āC ′

| ε. In fact, the
set C ′ consists of Dyck words in Da such that every occurrence of the letter a is contiguous with another occurrence of a.

Lemma 6. The set C and the set of aa-equivalence classes of S are in length-preserving one-to-one correspondence.
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Proof. Let s = s1s2 . . . s2k (k ≥ 1) be a shuffle in S\C with si ∈ {a, ā, b, b̄} for 1 ≤ i ≤ 2k. Let us prove that there exists
a shuffle s′ ∈ C (with the same semilength as s) such that s and s′ belong to the same class. We define the word s′ by
performing the following process on s:
- all occurrences of the pattern aa in s are preserved in s′;
- for i from 1 to 2k such that si does not belong to a pattern aa, we distinguish three cases:

(i) If wa(s′1s
′

2 . . . s′i−1) ∈ Da and wb(s′1s
′

2 . . . s′i−1) = (bb̄)jb for some j ≥ 0, then we set s′i = b̄;
(ii) If wa(s′1s

′

2 . . . s′i−1) ∈ Da and wb(s′1s
′

2 . . . s′i−1) = (bb̄)j for some j ≥ 0, then we set s′i = b;
(iii) If wa(s′1s

′

2 . . . s′i−1) ∉ Da then s′i = ā.
For all i, 1 ≤ i ≤ 2k we have either wb(s′1s

′

2 . . . s′i) = (bb̄)j or wb(s′1s
′

2 . . . s′i) = (bb̄)jb for some j ≥ 0; wa(s′1s
′

2 . . . s′i) is a
prefix of a Dyck word in Da, wa(s′1s

′

2 . . . s′2k) ∈ Da and wb(s′1s
′

2 . . . s′2k) = (bb̄)j for some j ≥ 0. So, the word s′ is a shuffle in
S. Moreover, any occurrence of the letter a in s′ is always contiguous with another occurrence of a. Let i1 ≥ 1 (resp. i2 > i1)
be the position of the leftmost b (resp. b̄) in s′; then the prefix wa(s′1s

′

2 . . . s′i1−1) (resp. wa(s′1s
′

2 . . . s′i2−1)) lies into Da which
implies that the shuffle s′ is of the form αbβb̄γ with α and β in C ′ and γ in C; thus we have s′ ∈ C.

The process preserves the positions of the occurrences of aa. So, s and s′ belong to the same aa-equivalence class.
The proof for the unicity of s′ in C is obtainedmutatis mutandis from the proof of Lemma 3. �

Theorem 5. The generating function for the set of aa-equivalence classes in S with respect to the semilength is given by

1 + x −
√
1 − 2x − 3x2

2x2 + 3x − 1 +
√
1 − 2x − 3x2

.

This sequence corresponds to the values of even ranks in A191385 [14], and the first values for n ≥ 1 are 1, 2, 5, 12, 31,
81, 216, 583, 1590.

Proof. By Lemma 6, it suffices to provide the generating function C(x) of the set C, with respect to the semilength. Every
nonempty shuffle s ∈ C is obtained by the grammar C → C ′

| C ′bC ′b̄C where C ′
→ aaāC ′āC ′

| a(C ′
\ε)āC ′

| ε. Let C ′(x)
be the generating function for the set C ′. From the above grammar, we deduce the functional equation:

C ′(x) = x2C ′(x)2 + x(C ′(x) − 1)C ′(x) + 1

and

C(x) = C ′(x) + xC ′(x)2C(x)

which provides C ′(x) =
x+1−

√
1−2x−3x2

2x(x+1) and C(x) =
1+x−

√
1−2x−3x2

2x2+3x−1+
√

1−2x−3x2
. �

6. Equivalence modulo π ∈ {ab, ba, āb̄, b̄ā}

The results for π ∈ {ba, āb̄, b̄ā} are deduced from the ones for π = ab by using the classical symmetries.
Let E be the set of shuffles in S defined by the grammar E → E ′

| E ′bE ′b̄E where E ′
→ abE ′b̄E ′āE ′

| ε. In fact, the set E ′

consists of shuffles s in S such that every occurrence of a letter x ∈ {a, b} appears in a pattern ab, and there is no matchings
(a, ā) and (b, b̄) such that abāb̄ appears in s.

Lemma 7. The set E and the set of ab-equivalence classes of S are in length-preserving one-to-one correspondence.

Proof. Let s = s1s2 . . . s2k (k ≥ 1) be a shuffle in S\E with si ∈ {a, ā, b, b̄} for 1 ≤ i ≤ 2k. Let us prove that there exists
a shuffle s′ ∈ E (with the same semilength as s) such that s and s′ belong to the same class. We define the shuffle s′ by
performing the following process on s:
- all occurrences of the pattern ab in s are preserved in s′;
- for i from 1 to 2k such that si does not belong to a pattern ab, we distinguish two cases:

(i) If wb(s′1s
′

2 . . . s′i−1) ∈ Db and wa(s′1s
′

2 . . . s′i−1) ∈ Da, then we set s′i = b;
(ii) If wb(s′1s

′

2 . . . s′i−1) ∉ Db or wa(s′1s
′

2 . . . s′i−1) ∉ Da then there is a letter x ∈ {a, b} which is not matched in the prefix
s′1s

′

2 . . . s′i−1 (we choose x the rightmost possible). If x = a, we set s′i = ā, otherwise we set s′i = b̄.
Now, let us prove that this process produces a shuffle in E . We distinguish two cases.
- Let us assume that any letter x ∈ {a, b} belongs to an occurrence ab in s′. If s′i ∉ {a, b} then s′i = ā (resp. s′i = b̄) whenever

the rightmost non-matched x ∈ {a, b} in s′1s
′

2 . . . s′i−1 is x = a (resp. x = b). So, s′1s
′

2 . . . s′i−1s
′

i can be written either abαb̄β ā
or abαb̄ according to the value of s′i (ā or b̄), such that wa(α) ∈ Da, wa(β) ∈ Da, wb(α) ∈ Db and wb(β) ∈ Db. Moreover,
α and β also satisfy the property that any x ∈ {a, b} belongs to an occurrence ab. Then, s′ can be generated by the grammar
E ′

→ abE ′b̄E ′āE ′
| ε.
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- Now, let us assume that there exists an occurrence b that does not lie in a pattern ab (the process ensures that any
occurrence of the letter a lies into a pattern ab in s′). We choose the leftmost b with this property. Then, s′ can be written
s′ = αbβb̄γ where α ∈ E ′, β ∈ E ′ and γ ∈ {a, b, ā, b̄}∗. By induction, we have γ ∈ E and s′ can be generated by the
grammar E → E ′bE ′b̄E .

Considering the two cases, s′ can be generated by the grammar E → E ′
| E ′bE ′b̄E where E ′

→ abE ′b̄E ′āE ′
| ε.

It is clear that two shuffles s and s′ inE ′ lying into the same ab-equivalence class are necessarily identical. Using a recursive
argument, this induces the unicity of a shuffle in E for a given ab-equivalence class. �

Theorem 6. The generating function for the set of ab-equivalence classes in S with respect to the semilength is given by

−2
√
3 sin


1/3 arcsin


3/2

√
3x


4


sin


1/3 arcsin


3/2

√
3x

2
− 3 x

.

This is the sequence A138164 in [14], and the first values for n ≥ 1 are 1, 2, 4, 9, 20, 47, 109, 262, 622.

Proof. By Lemma 7, it suffices to provide the generating function E(x) of the set E , with respect to the semilength. Every
nonempty shuffle s ∈ E is obtained by the grammar E → E ′

| E ′bE ′b̄E where E ′
→ abE ′b̄E ′āE ′

| ε.
Let E ′(x) be the generating function for the set E ′. From the above grammar, we deduce the functional equation

E ′(x) = 1 + x2E ′(x)3

and

E(x) = E ′(x) + xE ′(x)2E(x).

The generating function E ′(x) is known (see A001764 in [14]) and given by

E ′(x) =

2
√
3 sin


1/3 arcsin


3/2

√
3x


3x

.

A simple calculation gives

E(x) =

−2
√
3 sin


1/3 arcsin


3/2

√
3x


4


sin


1/3 arcsin


3/2

√
3x

2
− 3 x

. �

7. Going further

Our study focused on the enumeration of the π-equivalence classes of rooted planar maps in shuffle representation for a
pattern π of length at most two not in {ab̄, āb, bā, b̄a}. Since the pattern ab̄ does not occur in any shuffle of a rooted planar
map, only three patterns are left as open enumeration problems.

The positions of the occurrences of the pattern π involve our equivalence relation. So, it would be interesting to study
theweaker equivalence relationwhere twomaps are equivalent when they have the same number of occurrences of a given
pattern in their shuffle representations.

More generally, such a study could be made on maps using other representations and patterns.
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We explore the classical pattern avoidance question in the case of irreducible permutations,i.e., those in which there
is no indexi such thatσ(i + 1) − σ(i) = 1. The problem is addressed completely in the case of avoidingone
or two patterns of length three, and several well known sequences are encountered in the process, such as Catalan,
Motzkin, Fibonacci, Tribonacci, Padovan and Binary numbers. Also, we present constructive bijections between the
set of Motzkin paths of lengthn− 1 and the sets of irreducible permutations of lengthn (respectively fixed point free
irreducible involutions of length2n) avoiding a patternα for α ∈ {132, 213, 321}. This induces two new bijections
between the set of Dyck paths and some restricted sets of permutations.

Keywords: Pattern avoiding permutation; irreducible permutation; succession; involution; Motzkin path

1 Introduction and notation
Let Sn be the set of permutations on[n] = {1, 2, . . . , n}, i.e., all one-to-one correspondences from[n]
into itself. LetS be the set of all permutations. We represent a permutationσ ∈ Sn in one-line notation
σ = σ1σ2 · · ·σn whereσi = σ(i) for all i ∈ [n]. We denote byσr, σc andσ−1 the classical symmetries
of σ, i.e., thereverseσr = σn · · · σ1, thecomplementσc = (n−σ1 +1) · · · (n−σn +1) and theinverse.

Let q = q1 · · · qk, k ≥ 1, be a sequence of pairwise different positive integers. Thereductionred(q) of q
is the permutation inSk obtained fromq by replacing thei-th smallest number ofq with i for 1 ≤ i ≤ k.
For instance, ifq = 53841 then we have red(q) = 42531. A permutationσ ∈ Sn avoidsthe pattern
π ∈ Sk, k ≥ 1, if and only if there does not exist a sequence of indices1 ≤ i1 < i2 < · · · < ik ≤ n such
thatσi1σi2 · · · σik

is order-isomorphic toπ (see [SS85, Wes90]),i.e. such thatπ =red(σi1σi2 · · · σik
).

We denote bySn(π) the set of permutations inSn avoiding the patternπ. For example, ifπ = 123 then
52143 ∈ S5(π) while 21534 /∈ S5(π). In the case whereσ does not avoidπ (or equivalentlycontains
π), π is said to beinvolvedin σ which is denotedπ � σ. A setF of permutations is called apermutation
classif it is closed downwards under this involvement relation. Many classical sequences in combinatorics
appear as the cardinality of pattern-avoiding permutationclasses. A large number of these results were
firstly obtained by West and Knuth [Knu73, SS85, Wes90, Wes94, Wes95] (see the surveys of Kitaev and
Mansour [KM, Man02]). Also Bóna [Bón04] has written a bookthat is dedicated to the notion of pattern
avoiding permutations. Some generalizations of pattern avoidance can be viewed in [Bar11, Pud10].

subm. to DMTCS c© by the authors Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France



2 Jean-Luc Baril

A successionin a permutationσ ∈ Sn is a pair(σi, σi+1), 1 ≤ i ≤ n − 1, with σi+1 − σi = 1. For
instance, the pair(3, 4) is the only one succession inσ = 53421. Using the terminology of Atkinson and
Stitt (see [AS02]), a permutation with no successions will be also calledirreducible. They show how the
notion of irreducibility plays, in some sense, a dual role compared to indecomposability (a permutation
σ = σ1 · · · σn is indecomposableif there does not existp ≤ n − 1 such thatσ1 · · ·σp is a permutation of
[p]). Indeed, irreducible permutations are crucial for the construction of a basis of some wreath products
C ≀ I whereC is a class of permutations andI is the class of identity permutations (see [AS02]). On
the other hand, an irreducible permutation can be also viewed as a permutation avoiding the bi-vincular
pattern(12, {1}, {1}) (see [Par09]).

LetSirr
n be the set of irreducible permutations of lengthn. For example, we haveSirr

3 = {132, 213, 321}.
The cardinality of the setsSirr

n is known (see [Ros68, Tan76, Tie43]) and given by

(n − 1)!

n−1∑

k=0

(−1)k n − k

k!
.

More generally, permutations with a given number of successions also appeared in combinatorial theory
literature (see [Kap44, Rio65]).

In this paper, we explore the classical pattern avoidance question in the case of irreducible permutations.
The problem is addressed completely in the case of avoiding one or two patterns of length three, and sev-
eral well-known sequences are encountered, such as the Catalan, Motzkin, Fibonacci, Binary, Tribonacci
and Padovan numbers. In Section 2, we present general enumerative results for sets of permutations that
areexpanded(i.e., closed under inflation) andclosed under deflation. In particular, we give bivariate gen-
erating functions according to the length of permutations and the number of successions. Generalizing
the two concepts of inflation and deflation for sets of fixed point free involutions, we obtain similar results
for involutions. In Section 3, we give exhaustive enumerative results for sets of irreducible permutations
avoiding one pattern of length three. For the sets counted bythe Motzkin numbers, we exhibit bijections
between them and the set of Motzkin paths. In Section 4, we focus on sets of irreducible permutations
avoiding two patterns of length three. In Sections 5 and 6, westudy irreducible (fixed point free) involu-
tions avoiding one pattern of length three. Exhaustive enumerative results are obtained, and we construct
bijections between fixed point free irreducible involutions of length2n avoidingα ∈ {132, 213, 321} and
Motzkin paths of lengthn − 1.

2 Preliminaries
A setF of permutations is said to beclosed under inflation(also calledexpanded, [AS02]) if whenever a
permutationσ = β i γ ∈ F so is the permutation obtained by replacingi with i (i + 1), after increasing
by one each other’s values greater thani in σ. A setF of permutations is said to beclosed under deflation
if whenever a permutationσ = β i (i + 1) γ so is the permutation obtained by replacingi (i + 1) with
i, after decreasing by one each other’s values greater than(i + 1) in σ. In the following, these two last
elementary transformations will be respectively calledinflation anddeflationof σ. Obviously, a setF
of irreducible permutations is closed under deflation sinceits elements do not contain any successions.
A set closed under pattern involvement is closed under deflation. Moreover, a set closed under pattern
involvement is expanded if and only if every basis element isirreducible (see Lemma 5, [AS02]).

In this section we provide general lemmas about generating functions for sets of permutations and fixed
point free involutions which are expanded and closed under deflation.
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Lemma 1 LetF be a set of permutations which is expanded and closed under deflation; letG be the set
of its irreducible permutations. We denote byg(x) the generating function ofG, andf(x, y) the bivariate
generating function ofF where the coefficient ofxnyk is the number of permutations of lengthn with
exactlyk successions. Then we have

f(x, y) = g

(
x

1 − yx

)
.

In particular, the generating function ofF is g (x/(1 − x)).

Proof. Let Fk
n , n ≥ 1, 0 ≤ k ≤ n − 1, be the set of permutations of lengthn in F containing exactly

k successions. Obviously, we haveF irr
n = Gn = F0

n for n ≥ 1. Let σ be a permutation inFk
n , i.e, σ

contains exactlyk successions. We define the succession setIσ of indicesi ∈ [n − 1] such that(σi, σi+1)
is a succession ofσ, andJσ = {i ∈ [n], i − 1 ∈ Iσ}. SinceF is expanded and closed under deflation, a
permutationπ ∈ F irr

n−|Iσ| can be uniquely obtained from a permutationσ ∈ Fk
n by deleting all entriesσi,

i ∈ Jσ and reducing the result to a permutation ofF irr
n−|Iσ|. This construction produces a simple bijection

from F irr
n−|Iσ| to the setFIσ

n of permutations inFn having the succession set equal toIσ .
Since inflations of terms in an irreducible permutation correspond exactly to the terms in the geometric

series expansion x
1−yx = x + yx2 + y2x3 + . . ., the above bijection implies

f(x, y) = g(x + yx2 + y2x3 + . . .) = g(
x

1 − yx
).

2

Now we give a similar Lemma for fixed point free involutions. In this case, we slightly modify the
two concepts of inflation and deflation. LetF be a set of involutions with no fixed points. We say that
F is expanded(closed under inflation) if whenever an involutionσ ∈ F and (i, j), 1 ≤ i < j ≤ n,
such thatσi = j, so is the permutationσ′ obtained fromσ by replacingσi with (σi + 1)(σi + 2), σj

with σj(σj + 1), and increasing by inc(k) =card{ℓ ∈ {i + 1, j + 1}, ℓ ≤ k} each other’s valuesk. For
instance, ifσ = 3 4 1 2 7 8 5 6, i = 2, j = 4, thenσ′ = 4 5 6 1 2 3 9 (10) 7 8. On the other hand, we
say thatF is closed under deflationif whenever an involutionσ ∈ F and(i, j), 1 ≤ i < j ≤ n − 1, such
thatσi = j, σi+1 = j + 1, so is the permutationσ′ obtained fromσ by deleting(i + 1) and(j + 1) and
reducing the result to a permutation. Obviously the set of all fixed point free involutions is expanded and
closed under deflation.

Lemma 2 LetF be a set of fixed point free involutions which is expanded and closed under deflation; let
G be the set of its irreducible involutions. We denote byg(x) the generating function ofG, andf(x, y) the
bivariate generating function ofF where the coefficient ofxnyk is the number of involutions of lengthn
with exactlyk successions. Then we have

f(x, y) = g

(√
x2

1 − y2x2

)
.

In particular, the generating function ofF is g
(√

x2/(1 − x2)
)

.
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Proof. This proof is a simple counterpart of the previous one. It suffices to remark that an involution with
no fixed points is necessarily of even length. 2

Lemma 1 ensures that if we know the generating function of a set G of irreducible permutations, then we
can easily obtain the bivariate generating function (according to the length and the number of successions)
of the wreath productG ≀ I whereI is the class of identity permutations (the wreath productG ≀ I is the
closure under inflation ofG). An immediate consequence is:if G is a set of irreducible permutations
such that the wreath productG ≀ I is enumerated by the Catalan numbers ([Slo], A00018) thenG is
enumerated by the Motzkin numbers ([Slo], A001006). Therefore, irreducible permutations ofSn(α),
n ≥ 1, α ∈ {321, 213, 132}, are enumerated by the Motzkin numbers (see Theorem 2).

3 Avoiding a pattern of length 3
In this section, we study the avoidance of one pattern of length 3 for irreducible permutations. The first
part uses arguments with generating functions while the second part presents bijective proofs for the sets
of permutations counted by Motzkin numbers. All enumerative results of this section are listed in Table
1.

3.1 Using generating functions
For α = 231, Atkinson and Stitt give a proof of Remark 1 (see [AS02], Section 6.1). The bijection
χ : σ → (σc)r, allows to conclude forα = 312.

Remark 1 For α ∈ {231, 312}, the generating function for the setsSirr
n (α), n ≥ 0, of irreducible

permutations avoidingα is given by

−1 +
2(1 + x)

1 + x + x2 +
√

(1 − x + x2)2 − 8x2

(see [Slo], A078481).

Theorem 1 The generating function for the setsSirr
n (123), n ≥ 0, of irreducible permutations of length

n avoiding the pattern123 is given by (see [Slo], A114487):

2

1 + 2x2 +
√

1 − 4x
.

Proof. Let σ be a permutation inSn(123)\Sirr
n (123). It necessarily contains a succession(k, k + 1),

1 ≤ k ≤ n − 1; let us take the leftmost succession. Thenσ can be writtenσ = uk(k + 1)v where
1 ≤ k ≤ n − 1, such thatu andv are two subsequences of[n]. Sinceσ avoids123, the set of values in
u necessarily equals to the interval[k + 2, n]. Sov belongs toSk−1(123), u avoids the pattern123 and
does not contain any successions. Letf(x) be the generating function for the setsSirr

n (123), n ≥ 0, the
above decomposition ofσ implies

c(x) − f(x) = x2 · f(x) · c(x),

wherec(x) = 1−√
1−4x

2x is the generating function for the setsSn(123), i.e., the generating function for
the well-known Catalan numbers (see [Slo], A00018). We deduce:

f(x) =
c(x)

1 + x2 · c(x)
=

2

1 + 2x2 +
√

1 − 4x
.
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2

Theorem 2 For α ∈ {321, 213, 132}, the setsSirr
n (α), n ≥ 1, are enumerated by the Motzkin numbers

(see [Slo], A001006).

Proof. For α ∈ {321, 213, 132}, the setS(α) =
∞⋃

n=1
Sn(α) is expanded and closed under deflation. Let

g(x) be the generating function ofSirr(α); Lemma 1 of Section 2 proves thatc(x) = g(x/(1 − x)) and
thus:

g(x) = c(x/(1 + x)).

More precisely, the setSirr
n (α), n ≥ 1, is enumerated by the(n − 1)-th term of the Motzkin sequence

([Slo], A001006). 2

In fact, Lemma 1 yields the more general result:

Theorem 3 For α ∈ {321, 213, 132}, let S(α) be the set of permutations avoidingα, andf(x, y) its
bivariate generating function, where the coefficient ofxnyk is the number of permutations of lengthn
with k successions inS(α). Then we have

f(x, y) = c

(
x

1 + (1 − y)x

)
,

wherec(x) is the generating function for the Catalan numbers.

Pattern Sequence Sloane an, n ≥ 1

{231}, {312} [AS02] −1 + 2(1+x)

1+x+x2+
√

(1−x+x2)2−8x2
A078481 1, 1, 3, 7, 19, 53, 153

{123} 2
1+2x2+

√
1−4x

A114487 1, 1, 3, 10, 31, 98, 321

{321}, {213}, {132} 1−x−
√

1−2x−3x2

2x2 A001006 1, 1, 2, 4, 9, 21, 51

Tab. 1: Wilf-equivalence classes for patterns of length 3 in irreducible permutations.

3.2 Bijective proofs
A Motzkin path of lengthn is a lattice path starting at(0, 0), ending at(n, 0), and never going below the
x-axis, consisting of up stepsU = (1, 1), horizontal stepsH = (1, 0), and down stepsD = (1, −1).
A Dyck path of length2n is a Motzkin path of the same length that does not contain any horizontal
steps. Dyck paths of length2n are enumerated by the well-known Catalan numbers ([Slo], A00018) and
Motzkin paths by the Motzkin numbers ([Slo], A001006). We refer to Donaghey, Shapiro [DS77] and
Stanley [Sta] for several combinatorial classes enumerated by the Motzkin and Catalan numbers.

• Bijective proof forSirr
n (132).

Here we construct a bijection betweenSirr
n (132) and the set of Motzkin paths of lengthn − 1. We

define the mapf that transforms a permutationσ = σ1σ2 · · · σn ∈ Sirr
n (132) into the Motzkin pathM of

lengthn − 1 obtained by the following process:
For eachi from 1 ton − 1,
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(a) if σi < σi+1, then thei-th step ofM is a down stepD;

(b) if σi > σi+1 and there existsj > i + 1 such thatσj = σi + 1, then thei-th step ofM is an up step
U ;

(c) otherwise, thei-th step ofM is an horizontal stepH .

For instance, the permutations21, 321, 213, 4213, 3214, 3241 and4321 are respectively transformed
by f into the Motzkin pathsH , HH , UD, HUD, UHD, UDH , HHH (see Figure 1 for an example
with n = 14).

Let us prove thatf is a one-to-one correspondence betweenSirr
n (132) and the set of Motzkin paths

of length(n − 1). Let σ be a permutation ofSirr
n (132). Let us takei, 1 ≤ i ≤ n − 1, such that(b) is

verified. Then, there existsj > i+1 such thatσj = σi +1. Sinceσ avoids132, σj−1 < σj and the index
j − 1 > i verifies the case(a). Conversely, ifi, 1 ≤ i ≤ n − 1, satisfies(a) thenσi < σi+1. Sinceσ is
irreducible, we haveσi+1 6= σi + 1. Thus, there existsj 6= i andj 6= i + 1 such thatσj = σi+1 − 1. As
σ avoids132, we necessarily havej < i andj verifies(b). Hence, there is a one-to-one correspondence
between up steps and down steps such that each up step is associated with a down step on its right. This
is precisely the characterization of the Motzkin paths.

Conversely, letM be a Motzkin path of length(n − 1) and let us prove that there exists a permutation
σ ∈ Sirr

n (132) such thatf(σ) = M . We proceed by induction onn in order to construct the permutation
σ ∈ Sirr

n (132).

We distinguish two cases: (1)M = mHm′ wherem andm′ are two Motzkin paths and such thatm
does not contain any horizontal steps on thex-axis, and (2)M = mUm′D wherem andm′ are two
Motzkin paths such thatm does not belong to the case (1).

- (1) If M = mHm′, then we haveM = f(σ) whereσ = βnγ such thatγ (resp. red(βn)) is
recursively obtained from the Motzkin pathm′ (resp.m). Notice that the position ofn in σ creates the
horizontal stepH betweenm andm′.

- (2) If M = mUm′D, then we haveM = f(σ) whereσ = β(n − 1)γn such thatγ (resp. red(β(n −
1))) is recursively obtained from the Motzkin pathm′ (resp. m). Sincem does not belong to (1), its
associated permutation necessarily have its greatest element on the last position. We conclude with a
simple induction.

Notice that paths of type (1) are mapped to permutations whose last element is notn, and paths of type
(2) are mapped to permutations that end withn.

For example, ifM = mUm′D with m = UHD and m′ = UDH (n = 9), thenβ8 = 7658,
red(β8) = 3214, γ = 3241 andσ = 765832419. If M = mHm′ with m = UHD andm′ = UDH
(n = 8), thenβ8 = 7658, red(β8) = 3214, γ = 3241 andσ = 76583241.

Finally, the mapf is a one-to-one correspondence betweenSirr
n (132) and the set of Motzkin paths of

length(n − 1). 2

• Bijective proof forSirr
n (321).

Here we construct a bijection betweenSirr
n (321) and the set of Motzkin paths of lengthn − 1. Let

σ = σ1σ2 · · · σn be a permutation inSirr
n (321), and fori ∈ [n] we denote bysi the maximum of the

set{σ1, σ2, . . . , σi}. We define the mapg that transforms a permutationσ ∈ Sirr
n (321) into the Motzkin

pathM of lengthn − 1 obtained by the following process:
For eachi from 1 ton − 1,
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Fig. 1: The Motzkin path UHUDDUUUDDUDD and its corresponding permutationsσ =
(12) (11) 9 8 (10) (13) 5 3 2 4 6 1 7 (14) and σ′ = 2 4 1 6 3 5 8 (10) (12) 7 9 (14) (11) (13) lying
respectively inSirr

14 (132) andSirr
14 (321).

(a) if si + 1 < σi+1, then thei-th step ofM is an up stepU ;

(b) if there existsj < i such thatσi+1 = sj + 1 andsj + 1 < σj+1, then thei-th step ofM is a down
stepD;

(c) otherwise, thei-th step ofM is an horizontal stepH .

For instance, the permutations21, 132, 213, 1324, 3142, 2143 and2413 are respectively transformed
by g into the Motzkin pathsH , UD, HH , UDH , HUD, HHH , UHD (see Figure 1 for an example of
length14).

Let us prove thatg is a one-to-one correspondence betweenSirr
n (321) and the set of Motzkin paths of

length(n − 1). Let σ be a permutation ofSirr
n (321). Let us takei, 1 ≤ i ≤ n − 1, such that(a) is

verified. Sincesi + 1 < σi+1, there existsj > i + 1, such thatσj = si + 1. A consequence is that the
index j − 1, i < j − 1 < n, verifies (b). Conversely, let us takei, 1 ≤ i ≤ n − 1, satisfying(b). So
there isj < i such thatσi+1 = sj + 1 andsj + 1 < σj+1 and the indexj verifies(a). Thus, there is a
one-to-one correspondence between up steps and down steps such that each up step is associated with a
down step on its right. This is precisely the characterization of the Motzkin paths.

Conversely, letM be a Motzkin path of length(n − 1) and let us prove that there exists a permutation
σ ∈ Sirr

n (321) such thatg(σ) = M . We proceed by induction onn in order to construct the permutation
σ ∈ Sirr

n (321).

We distinguish four cases: (1)M = UkDm; (2) M = UkHℓm; (3) M = HkUm; and (4)M =
HH . . . H , with k ≥ 1, ℓ ≥ 0, and wherem is a suffix of the Motzkin pathM .

- If M = UkDm, then we haveM = g(σ) whereσ is recursively obtained from the permutationπ
such thatg(π) = Uk−1Hm by adding 1 on the left ofπ and after increasing by one all values ofπ. Notice
thatπ cannot begin with 1 since there would be a down step just afterUk−1. Thusσ does not contain any
successions and avoids321.

- If M = UkHℓm wherem does not begin withH .
If ℓ = 1, then we haveM = g(σ) whereσ is recursively obtained from the permutationπ such that

g(π) = Ukm by inserting1 between the(k + 1) and(k + 2)-th positions ofπ and after increasing by
one all values ofπ greater or equal than1. Sinceg(π) = Ukm andm does not start withH , we have
πk+2 6= 1 and the previous insertion of1 does not create any succession and any pattern321.

If M = UkHℓm wherem does not begin withH and withℓ 6= 1, then we haveM = g(σ) where
σ is recursively obtained from the permutationπ such thatg(π) = UkHℓ−1m by insertingπk+ℓ−1 + 1
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between the(k + ℓ) and(k + ℓ + 1)-th positions ofπ and after increasing by one all values ofπ greater
or equal thanπk+ℓ−1 + 1.

Since the first step ofm is notH , we necessarily have eitherπk+ℓ+1 > sk+ℓ + 1 or πk+ℓ+1 < sk+ℓ

which implies that the insertion ofπk+ℓ−1 + 1 does not create a succession at position(k + ℓ + 1) in
σ. Also, the insertion ofπk+ℓ−1 + 1 between the(k + ℓ) and(k + ℓ + 1)-th positions cannot create a
succession at position(k + ℓ). So, the permutationσ does not contain any succession.

Let us assumesk+ℓ = πk+ℓ. Since the(k + ℓ − 1)-th step isH , there isj < k + l − 1 such that
πj + 1 = πk+ℓ. Therefore, the insertion ofπk+ℓ−1 + 1 between the(k + ℓ) and(k + ℓ + 1)-th positions
does not create a pattern321 (sinceπ does not contain any pattern321).

Now, let us assume thatsk+ℓ ≥ πk+ℓ + 1. If we haveπk+ℓ−1 = sk+ℓ then the insertion ofsk+ℓ + 1
between the(k + ℓ) and(k + ℓ + 1)-th positions cannot create a pattern 321. If we haveπk+ℓ−1 6= sk+ℓ,
we necessarily haveπk+ℓ−1 < πk+ℓ and all values lying in[1, πk+ℓ−1] appear at positionsj < k + ℓ. So,
the insertion ofsk+ℓ + 1 between the(k + ℓ) and(k + ℓ + 1)-th positions cannot create a pattern 321.
Finally, the permutationσ belongs toSirr

n (321).
- If M = HkUm, then we haveM = g(σ) whereσ = πuπ′ such thatg(πu) = Hk andg(red(uπ′)) =

Um.
- If M = Hk, then we haveM = g(σ) whereσ is recursively obtained from the permutationπ such

thatg(π) = Hk−1 by insertingπk−1 + 1 in the last position and after increasing by one all values ofπ
greater or equal thanπk−1 + 1.

Below, we give an example for each previous case.
- If M = UkDm with k = 2, m = UHDD, thenπ = 3517246, g(π) = UHUHDD andσ =

14628357;
- if M = UkHℓm with k = 2, ℓ = 3 andm = DD, thenπ = 2461735, g(π) = UUHHDD and

σ = 35718246;
- if M = HkUm with k = 3, m = D, thenu = 2, πu = 3142, g(πu) = HHH , uπ′ = 265,

g(132) = UD andσ = 314265;
- if M = Hk with k = 5, thenπ = 31425, g(π) = HHHH andσ = 415263. 2

The bijectionf (resp.g) from Sirr
n (132) (resp.Sirr

n (321)) to the set of Motzkin paths of length(n−1)
induces a new constructive bijection between Dyck paths andsome restricted irreducible permutations:

Corollary 1 Let P2n+1 be the set of permutationsσ ∈ Sirr
2n+1(132) such that for alli, 1 ≤ i ≤ 2n − 1,

with σi > σi+1 there existsj > i + 1 with σj = σi + 1. Then the mapf induces a constructive bijection
betweenP2n+1 and the set of Dyck Paths of length2n.

Corollary 2 Let P ′
2n+1 be the set of permutationsσ ∈ Sirr

2n+1(321) such thatσ1 = 1 and σi+1 −
max{σ1, . . . , σi} ≤ 2 andσi+1 − max{σ1, . . . , σi} 6= 1 for all 1 ≤ i ≤ 2n − 1. The mapg induces a
constructive bijection betweenP ′

2n+1 and the set of Dyck Paths of length2n.

For example, we haveP3 = {213}, P5 = {42135, 32415}, P7 = {6421357, 5462137, 6324157,
5324617, 4352617},P ′

3 = {132},P ′
5 = {13254, 13524}andP ′

7 = {1325476, 1325746, 1352476, 1352746,
1357246}.
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4 Avoiding two patterns of length 3
In this section, we explore the avoidance of two patterns of length 3 for irreducible permutations. All
enumerative results of this section are listed in Table 2.

Theorem 4 For α ∈ {231, 312}, the setsSirr
n (321, α), n ≥ 1, are enumerated by the Padovan’s spiral

numbers defined by the generating function1+x
1−x2−x3 (see [Slo], A134816).

Proof. Let σ = βnγ be a permutation inSirr
n (321, α) whereβ andγ are two subsequences of[n − 1].

Sinceσ avoids321, γ = γ1γ2 · · · γk is an increasing subsequence (possibly empty) of[n − 1]. We
distinguish two cases: (1)γ is empty; and (2)γ is not empty.

Case (1). This means thatβ ∈ Sirr
n−1(321, α) and the last entry ofβ is different fromn−1. Conversely,

if we add n to the right of a permutationπ in Sirr
n−1(321, α) such thatπn−1 6= n − 1, we obtain a

permutation ofSirr
n (321, α).

Case (2). Nowγ = γ1γ2 · · · γk is not empty. For a contradiction, let us assumek ≥ 2. Then,σ contains
the pattern312. Sinceσ is irreducible, there is an elementb of β such thatγk−1 < b < γk < n which
implies thatσ contains the pattern231. Thus, we necessarily havek = 1. In this case,σ can be written
βn(n − 1) whereβ ∈ Sirr

n−2(321, α).
Let f(x) (resp. g(x)) be the generating function for permutationsσ ∈ Sirr

n (321, α) (resp. σ ∈
Sirr

n (321, α) such thatσn 6= n). The previous study induces thatf(x) = 1 + x · g(x) + x2 · f(x)
with g(x) = f(x) − x · g(x). We obtaing(x) = 1

1−x2−x3 andf(x) = 1+x
1−x2−x3 = 1

1−x · h(x) where
h(x) is the generating function for the Padovan numbers (see [Slo], A000931). This corresponds to the
Padovan’s spiral numbers [Slo], A134816). 2

Notice that this last proof shows that the three setsSirr
n (321, 231),Sirr

n (321, 312) andSirr
n (321, 231, 312)

are identical, not just equinumerous. To my knowledge, there is no analogous result in the enumeration
of general (as opposed to irreducible) permutations.

Theorem 5 For α ∈ {132, 213}, the setSirr
n (321, α) is empty forn ≥ 4. The setSirr

n (321, 123) is empty
for n ≥ 5.

Proof. The result is well known forα = 123. Now, let us takeα = 213 (the caseα = 132 will be
obtained with a smple Wilf equivalence). Letσ be a permutation ofSirr

n (321, 213). Writing σ = βnγ
with β andγ are two subsequences of[n − 1], the avoidance of213 implies thatβ = β1 · · · βk, where
β1 < β2 < · · · < βk; the avoidance of321 implies thatγ = γ1γ2 . . . γℓ, whereγ1 < γ2 < · · · < γℓ.
Sinceσ is irreducible and avoids213, γ andβ contain at most one element which implies that there does
not exist any permutationsσ in Sirr

n (321, 213) whenevern ≥ 4. 2

Theorem 6 For n ≥ 1, the setSirr
n (213, 132) is reduced to the unique permutationn(n − 1) · · · 321.

Proof. Let σ be a permutation inSirr
n (213, 132). We can writeσ = βnγ whereβ and γ are two

subsequences of[n − 1]. Sinceσ avoids213, we haveβ = β1β2 · · · βk, whereβ1 < β2 < · · · < βk.
Sinceσ is irreducible, we haveβk 6= n − 1, and thusn − 1 lies in γ. Sinceγ avoids132, β is empty
(otherwise,β1n(n − 1) would be a pattern132). Thus we haveσ = nγ. A straightforward induction
providesσ = n(n − 1) · · · 321. 2

Theorem 7 The setsSirr
n (231, 312), n ≥ 0, are enumerated by the Tribonacci numbers (see [Slo],

A000213).
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Proof. Let σ be a permutation inSirr
n (231, 312). Sinceσ avoids312, it can be writtenσ = βnγ where

β andγ are two subsequences of[n − 1] such that eitherγ = γ1 · · · γk with γ1 > γ2 > · · · > γk or γ is
empty. Sinceγ avoids231, β does not contain any values greater thanγk. Thus we have eitherγ is empty
or γ = βn(n − 1)(n − 2) · · · (n − k) whereβ ∈ Sirr

n−k−1(231, 312).
Let f(x) (resp.g(x)) be the generating function forSirr

n (231, 312), n ≥ 0, (resp. forSirr
n (231, 312),

n ≥ 1, with the restriction that permutations do not end withn). Then we havef(x) = 1 + x + xg(x) +

g(x). The above structure of a permutation inSirr
n (231, 312) ensures thatg(x) =

(
1

1−x − 1 − x
)

· f(x).

Thus we havef(x) = 1−x2

1−x−x2−x3 that corresponds to the Tribonacci numbers [Slo],A000213. 2

Theorem 8 For α ∈ {231, 312} andβ ∈ {132, 213}, the setsSirr
n (α, β), n ≥ 1, are enumerated by the

Fibonacci numbers (see [Slo], A000045).

Proof. Let σ = σ1σ2 · · · σn be a permutation inSirr
n (231, 213). Sinceσ avoids231 and213, thenσi,

1 ≤ i ≤ n, is either the smallest or the greatest element of the set{σi, σi+1, . . . , σn}. We deduce thatσ
can be written eitherσ = 1nγ or σ = nγ, whereγ avoids231 and213. If an = card(Sirr

n (231, 213))
thena1 = 1, a2 = 1, andan = an−1 + an−2 which defines the Fibonacci numbers.

The classical symmetries deal with the remaining cases. 2

Theorem 9 For α ∈ {312, 231}, the setsSirr
n (123, α), n ≥ 1, are enumerated by the Triangular numbers

n(n−1)
2 (see [Slo], A000217).

Proof. Let σ = σ1σ2 · · · σn be a permutation inSirr
n (123, 312). Sinceσ avoids123 and312, σ can be

written σ = k(k − 1) · · · ℓnγ where1 ≤ ℓ ≤ k ≤ n andγ is a decreasing sequence of integers. For
k fixed, 1 ≤ k ≤ n − 2, there arek possible permutations obtained wheneverℓ describes[1, k]. For
k = n − 1, the permutation(n − 1)n(n − 2) · · · 21 is not irreducible, thus we do not consider it. In this
case, there are(n − 2) possible permutations. Finally,Sirr

n (123, 312) is enumerated by1 + 2 + 3 + · · · +
(n − 2) + (n − 2) + 1 = n(n−1)

2 which is the Sloane’s sequence A000217. A simple symmetry gives the
result forα = 231. 2

Theorem 10 For α ∈ {132, 213}, the setsSirr
n (123, α), n ≥ 1, are enumerated by the sequence [Slo],

A005251.

Proof. Let σ = σ1σ2 · · ·σn be a permutation inSirr
n (123, 132). Sinceσ avoids123 and132, σ1 is either

(n − 1) or n. In the case whereσ1 = n, thenσ can be writtenσ = nγ whereγ ∈ Sirr
n−1(123, 132). In

the case whereσ1 = n − 1, σ can be written:σ = (n − 1)(n − 2) · · · (n − k)nγ, 2 ≤ k ≤ n − 1, where
γ belongs toSirr

n−1−k(123, 132). If an = card(Sirr
n (123, 132)) then we deducean = an−1 + an−3 +

an−4 + · · · + a1 + 1 wherea1 = 1 anda2 = 1 which corresponds to the Sloane’s sequence A005251.
The caseα = 213 is obtained by symmetry. 2

5 Fixed point free involutions
In this section, we study the avoidance of one pattern of length 3 for fixed point free irreducible involu-
tions,i.e., for involutions with no fixed points and no successions. Allenumerative results of this section
are listed in Table 3. LetDI (resp.DIirr) be the set of fixed point free (resp. fixed point free irreducible)
involutions. These sets restricted to their lengthn elements will be respectively denotedDIn andDIirr

n .
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Pattern Sloane Sequence

{321, 231}, {321, 312} A134816 Padovan’s spiral

{321, 132}, {321, 213} 1, 1, 1, 0, 0, 0, . . .

{321, 123} 1, 1, 2, 3, 0, 0, . . .

{213, 132} 1, 1, 1, 1, . . .

{231, 312} A000213 Tribonacci

{231, 132}, {231, 213}, {312, 132}, {312, 213} A000045 Fibonacci

{123, 231}, {123, 312} A000217 n(n−1)
2

{123, 132}, {123, 213} A005251 1, 1, 2, 4, 7, 12, 21, 37, 65

Tab. 2: Wilf-equivalence classes for two pattern subsets ofS3 in irreducible permutations.

5.1 Enumerative results
Theorem 11 The setsDIirr

n , n ≥ 0, are enumerated by the sequencean defined bya0 = 0, a2 = 1,
a2n = (2n − 2)a2n−2 + (2n − 4)a2n−4 for n ≥ 2 anda2n+1 = 0 for n ≥ 0 (see [Slo], A165968).

Proof. Obviously, there does not exist any fixed point free involutions of odd length; thusa2n+1 = 0 for
n ≥ 0. Now, letσ be an irreducible involution of length2n, n ≥ 2, with no fixed points. Letk be the
index in[2n − 1] such thatσk = 2n (and alsoσ2n = k).

Let π be the involution of length(2n−2) obtained fromσ by deletingk and2n, and reducing the result
to an involution of length(2n−2). Two cases occur: (a) π is irreducible; and (b) π has the two successions
(πk−1, πk) and(k − 1, k). Conversely, each irreducible involution of length2n can be obtained from an
involutionπ belonging to one of the two previous cases (a) and (b).

Thus, the generating function for the permutationsσ of type (a) is (2n − 2)a2n−2.
Now let us consider involutions of type (b). Let A2n−2 be the set of involutions of length(2n − 2)

with exactly two successions and with no fixed points. An involution in A2n−2 can be extended into
an irreducible involution of length2n of type (b) in two possible ways. So, letπ be an involution in
A2n−2 such that(πk, πk+1) and (k, k + 1) are the two successions. Fromπ, we construct the pair
(k, π′) ∈ [2n − 4] × DIirr

2n−4 whereπ′ is obtained fromπ by deleting the two entriesπk+1 and(k + 1),
and reducing the result to a permutation of length(2n − 4). Since we obtain the same permutation in
π′ ∈ DIirr

2n−4 by deletingπk andk, the cardinality ofA2n−2 is half the cardinality of[2n− 4]×DIirr
2n−4.

Therefore, the generating function for the number of involutions of type (b) is given by2 · (2n−4)·a2n−4

2 .
Finally, we concludea2n = (2n − 2)a2n−2 + (2n − 4)a2n−4 for n ≥ 2. 2

More generally, the proofs of Lemmas 1 and 2 imply that there are n−1
k ·a2n fixed point free involutions

of length2n with exactly2k successions, wherea2n is the sequence defined in Theorem 11.

Theorem 12 For α ∈ {132, 213, 321} andn ≥ 0, the setsDIirr
2n (α) of irreducible involutions of length

2n without fixed points and avoiding the patternα, are enumerated by the Motzkin numbers (see [Slo],

A001006). The generating function forDIirr
n (α) is given by

1+x2−
√

(1−3x2)(1+x2)

2x2 .
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Proof. Since the setDI(α) is expanded and closed under deflation, we apply Lemma 2 of Section 2. As

the generating function forDIn(α), n ≥ 0, is f(x) = c(x2), wherec(x) = 1−√
1−4x

2x is the generating
function for the Catalan numbers, the generating function for DIirr

n (α) is

g(x) = f(
x√

1 + x2
) = c(

x2

1 + x2
) =

1 + x2 −
√

(1 − 3x2)(1 + x2)

2x2
.

2

A simple application of Lemma 2 yields the bivariate generating functionf(x, y) = c
(

x2

1+(1−y)x2

)
of

the setDI(α) of fixed point free involutions avoiding the patternα for α ∈ {321, 213, 132}, where the
coefficient ofxnyk gives the number of elements inDIn(α) with exactlyk successions.

Theorem 13 For α ∈ {231, 312} andn ≥ 0, the setsDIirr
2n (α) of irreducible involutions of length2n

without fixed points and avoiding the patternα, are enumerated by2n−1.

Proof. Let α = 231 andσ = σ1σ2 · · ·σ2n be an irreducible involution of length2n without fixed points
and avoidingα. Sinceσ avoids231, we can decomposedσ = β(2n)γ(2k+1) where2k+1 ≤ 2n−1, β ∈
DIirr

2k (α) and(2n)γ(2k+1) is a decreasing sequence of consecutive numbers in the interval [2k+1, 2n].
Therefore, ifa2n enumerates the setDIirr

2n (α), we deduce the inductiona2n = a0+a2+a4+ · · ·+a2n−2

wherea0 = 1. We obtaina2n = 2n−1 for n ≥ 1 with a0 = 1. The caseα = 312 is handled by the
symmetryσ → σ−1. 2

Theorem 14 The generating function for the setsDIirr
n (123), n ≥ 0, of irreducible involutions of length

n without fixed points and avoiding the pattern123 is

2x2(x2
√

1 − 4x2 − 1)√
1 − 4x2 · (1 + 2x4 +

√
1 − 4x2)

.

Proof. Let σ be an involution of length2n without fixed points containing at least one succession. We
suppose that(σk, σk+1) is the leftmost succession. Sinceσ avoids123, it is straightforward to see that
σk = 2n − k andσk+1 = 2n − k + 1.

Thenσ can be written:σ = λ(2n − k)(2n − k + 1)βk(k + 1)γ whereλ (resp.γ) is a123-avoiding
sequence of elements in[2n − k + 2, 2n] (resp.[1, k − 1]) without successions, such that red(λ) = γ−1

andβ is a sequence of elements in[k +2, 2n−k − 1] where red(β) is an involution of length2n− 2k − 2
without fixed points. See Figure 2 for an illustration of the structure ofσ.

Let g(x) =
1

1−4x2 −1

2 be the generating function for the set of involutions without fixed points and
avoiding123 (see for instance [DRS07]). Letf(x) be the generating function of irreducible involutions
without fixed points and avoiding123. We have

g(x) − f(x) = x4 · h(x2) · (g(x) + 1)

whereh(x) is the generating function for irreducible permutations avoiding the pattern123 (see Theorem
1). Finally, a simple calculation gives the desired results. 2
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β

λ

γ

Fig. 2: Proof of Theorem 14. The special structure of a fixed point free involution avoiding123 and with at least one
succession.

Pattern Sequence Sloane a2n, n ≥ 1

{}
{

a2n+1 = 0

a2n = (2n − 2)a2n−2 + (2n − 4)a2n−4

A165968 1, 2, 10, 68, 604

{132}, {213}, {321} Motzkin A001006 1, 1, 2, 4, 9, 21

{231}, {312} 2n−1 A000079 1, 2, 4, 8, 16, 32

{123} 2x2(x2
√

1−4x2−1)√
1−4x2·(1+2x4+

√
1−4x2)

New 1, 2, 8, 30, 109, 401

Tab. 3: Fixed point free irreducible involutions avoiding at most one pattern ofS3.

5.2 Bijective proofs

Recall that a Motzkin path of lengthn is a lattice path starting at(0, 0), ending at(n, 0), and never
going below thex-axis, consisting of up stepsU = (1, 1), horizontal stepsH = (1, 0), and down steps
D = (1, −1).

• Bijective proof forDIirr
2n (132).

A fixed point free irreducible involutionσ of length2n that avoids the pattern132 is necessarily of the
form σ = ββ′ whereβ′ belongs toSirr

n (132) and such that red(β) = β′−1 (all values ofβ are greater
than those ofβ′). Using the bijectionf from Sirr

n (132) to the set of Motzkin paths of length(n − 1)
(see Section 3.2), we deduce immediately a constructive bijectionf̄ betweenDIirr

2n (132) and the set of
Motzkin paths of length(n − 1) as follows:f̄(σ) = f(β′). 2

• Bijective proof forDIirr
2n (321).

This part presents a constructive bijection betweenDIirr
2n (321) and the set of Motzkin paths of length

(n − 1).
Let σ = σ1 · · · σ2n be an involution of length2n without fixed points and that avoids321. Thenσ is

the product ofn transpositions (cycles of length 2):σ = 〈ℓ1, r1〉 · 〈ℓ2, r2〉 · · · 〈ℓn, rn〉 whereℓ1 < ℓ2 <
· · · < ℓn, r1 < r2 < · · · < rn andri < ℓi for 1 ≤ i ≤ n. In fact, the valuesℓi (resp.ri) for 1 ≤ i ≤ n,
are the left-to-right maxima (resp. right-to-left minima)of σ, i.e., ℓi (resp.ri) is greater (resp. less) than
all values on its left (resp. right) inσ.
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Remark 2 It is well-known (see [DRS07] for instance) that involutions of length2n without fixed points
and avoiding321 are enumerated by then-th Catalan number. Such an involution is associated to the
Dyck path from(0, 0) to (2n, 0) by the following process: readingσ from left to right, we replace each
left-to-right maxima withU = (1, 1) and each right-to-left minima withD = (1, −1). For example, the
involution3 5 1 7 2 8 4 6 10 9 = 〈3, 1〉 · 〈5, 2〉 · 〈7, 4〉 · 〈8, 6〉 · 〈10, 9〉 is associated to the Dyck path
UUDUDUDDUD.

On the other hand,σ can be viewed as a matching by putting2n points labeled from1 to2n in this order,
and then connecting, for1 ≤ j ≤ n, the numbersℓj andrj by an arc (see Figure 4 for an illustration).

. . . . . . . . .. . . . . . . . .. . . . . .. . .

(1) (2)

Fig. 3: The two forbidden configurations in the matching of an involution σ ∈ DIirr
2n (321).

Therefore, a fixed point free involutionσ avoids321 means that its matching does not contain nesting
arcs,i.e. the configuration (1) in Figure 3 does not occur. Moreover,σ does not contain any successions
if and only if the configuration (2) in Figure 3 does not occur,i.e., there does not exist two arcsa1 anda2

such thata2 is obtained froma1 by an horizontal translation of(1, 0). These two last conditions can also
be expressed using the one-line notation ofσ as follows.

A fixed point free irreducible involutionσ avoids321 if and only if, for 1 ≤ i ≤ n − 1, at least one of
the two following statements is verified:

(Ai) there exists a right-to-left minimum inσ between thei-th and(i + 1)-th left-to-right maxima;
(Bi) there exists a left-to-right maximum between thei-th and(i + 1)-th right-to-left minima.
Let us define the maph that transformsσ ∈ DIirr

2n (321) into the Motzkin pathM from (0, 0) to
(n − 1, 0) defined as follows:

For i from 1 ton − 1,

(a) if Bi is verified but notAi, then thei-th step ofM is an up stepU ;

(b) if Ai is verified but notBi, then thei-th step ofM is a down stepD;

(c) if Ai andBi are verified, then thei-th step ofM is an horizontal stepH .

For instance, involutions2143, 351624, 214365, 35172846, 35162487, 21573846 and21436587 are
respectively transformed byh into H , UD, HH , UHD, UDH , HUD andHHH (see Figure 4 for an
example with2n = 20).

Let us prove thath is a one-to-one correspondence betweenDIirr
2n (321) and the set of Motzkin paths

of lengthn − 1. Let σ be an involution inDIirr
2n (321). Using Remark 2,σ is associated with a Dyck

path where left-to-right maxima (resp. right-to-left minima) correspond to up steps (resp. down steps).
So, there is a one-to-one correspondence between up steps and down steps such that the image of an up
step is a down step lying on its right. This induces a one-to-one correspondencec between the set of all
occurrences ofUU and the set of all occurrences ofDD such that the image byc of a UU-occurrence lies
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Fig. 4: The Motzkin path UHUUDHDHD and its corresponding involution σ =
3719(11)(13)2(14)4(16)5(17)68(19)(10)(12)(20)(15)(18).

on its right. This implies that there is a one-to-one correspondencēc between the setsUp = {i, 1 ≤ i ≤
n − 1, (a) is verified} andDown = {i, 1 ≤ i ≤ n − 1, (b) is verified} such that̄c(i) is greater thani (we
havec̄(i) 6= i since the configuration (2) of Figure 3 does not occur). As thefunctionh associates an up
step wheni ∈ Up, a down step wheni ∈ Down and an horizontal step otherwise,h(σ) is a Motzkin path
of length(n − 1). Moreover this construction ensures that the images byh of two different involutions
necessarily yields two different Motzkin paths.

Conversely, from any Motzkin pathM of lengthn− 1, we construct an involution of length2n without
fixed points and that avoids321, by the following process. More precisely, we will construct a sequence of
red and green points where red (resp. green) points correspond to left-to-right maxima (resp. right-to-left
minima) of the involution of length2n. This sequence will characterize the desired involution.

We start the process with a red point followed by a green point. Through the Motzkin pathM from left
to right:

- if we meet an up stepU , then we add one red point just after the last red point, and weadd one red
and one green points (in this order) on the right;

- if we meet a down stepD, then we add one green point on the right;

- if we meet horizontal stepH , then we add one red and one green points (in this order) on theright.

For instance, this process applying to the Motzkin pathM = UHD provides the following steps:

Step 0: Step 1: Step 2: Step 3:

Fig. 5: Construction of the involutionσ = 35172846 from the Motzkin pathM = UHD.

At each step of this process, we add only one green point on theright. Moreover, the number of red
points is, at each step, at most the number of green points; atthe end of the process, there is equality. The
configuration(2) of Figure 3 does not occur. Therefore, the obtained matchingcorresponds to that of a
fixed point free irreducible involution that avoids321 and such that its image byh is exactly the Motzkin
pathM . We conclude thath is a one-to-one correspondence betweenDIirr

2n (321) and the set of Motzkin
paths of lengthn − 1. 2
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Notice that the above construction appears as a generalization of the bijection of P. Manara and C.
Perelli Cippo, [MC10], which transforms a restricted set ofMotzkin paths into the set of simple involu-
tions avoiding the pattern321.

6 Pattern avoiding involutions
In this section, we present enumerative results for sets of irreducible involutions avoiding one pattern of
length three (see Table 4).

Theorem 15 For α ∈ {231, 312}, the setsIirr
n (α), n ≥ 0, of irreducible involutions of lengthn avoiding

α are enumerated by the Tribonacci numbers (see [Slo], A000213).

Proof. A length n irreducible involutionσ avoiding 231 can be writtenβnγk, 1 ≤ k ≤ n, where
β ∈ Iirr

k−1(α) such that the last value ofβ is different fromn − 1 wheneverk = n, and wherenγk =
n(n − 1) · · · (k + 1)k. Let g(x) (resp.h(x)) be the generating function for the setsIirr

n (α), n ≥ 0, (resp.
for the sets of irreducible involutions of lengthn avoidingα such that the last value is different fromn).

According to the above structure ofσ, it is straightforward to see thatg(x) = 1 + x2 g(x)
1−x + xh(x)

with (1 + x)h(x) = g(x). Thus we obtaing(x) = x2−1
x3+x2+x−1 which is the generating function for the

Tribonacci numbers. The caseα = 312 is handled by the symmetryσ → σ−1. 2

Theorem 16 The generating function for the setsIirr
n (123), n ≥ 0, of irreducible involutions of length

n avoiding123 is given by1−2x−2x2+4x3+
√

1−4x2

(1−2x)(1+2x4+
√

1−4x2)
.

Proof. Let σ be an involution of lengthn containing at least one succession. We suppose that(σk, σk+1)
is the leftmost succession. Sinceσ avoids123, it is straightforward to see thatσk = n − k andσk+1 =
n − k + 1. We distinguish two cases: either (1)σk 6= k or (2)σk = k.

In the first case,σ can be writtenσ = λ(n−k)(n−k+1)βk(k+1)γ whereλ (resp.γ) is a123-avoiding
sequence of elements in[n − k + 2, n] (resp.[1, k − 1]) without successions, such that red(λ)= γ−1 and
β is a sequence of elements in[k + 2, n − k − 1] where red(β) is an involution of lengthn − 2k − 2.

In the second case,σ can be writtenσ = λk(k + 1)γ whereλ (resp.γ) is a123-avoiding sequence of
elements in[k + 2, n] (resp.[1, k − 1]) without successions, such that red(λ)= γ−1.

Let g(x) = −1+2x+
√

1−4x2

2x−4x2 be the generating function for the set of involutions avoiding 123 (see
[SS85]). Letf(x) be the generating function of irreducible involutions avoiding123. The above structure
of σ implies

g(x) − f(x) = x4 · h(x2) · g(x) + x2 · h(x2)

whereh(x) is the generating function for irreducible permutations avoiding the pattern123 (see Theorem
1). Finally, a simple calculation yields the desired results. 2

Theorem 17 For α ∈ {132, 213, 321}, the generating function for the setsIirr
n (α), n ≥ 0, of irreducible

involutions of lengthn avoidingα is given by (see [Slo], A125189):

2(1 + x)(1 + x2)

1 − x + x2 − x3 + (1 + x)
√

1 − 2x2 − 3x4
.
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Proof. For α = 132, σ ∈ Iirr
n (α) can be written eitherσ = λnβγk where(γk)−1 = red(λn) ∈

Sirr
k (132) and such thatβ ∈ Iirr

n−2k(132) or σ = βn whereβ ∈ Iirr
n−1(α) such that its last value is

different fromn − 1. If f(x) is the generating function forIirr
n (α), the above structure ofσ implies

that f(x) = g(x2)f(x) + xg(x2)f(x) + 1 + x whereg(x) is the generating function for irreducible
permutations avoiding132 and ending withn. So, we haveg(x) = xh(x) whereh(x) is the generating
function for irreducible permutations avoiding132 and not ending withn; thusg(x) = x(M(x)−g(x)+1)

whereM(x) = 1−x−
√

1−2x−3x2

2x is the generating function for irreducible permutations avoiding132 (see
Theorem 2). A simple calculation gives the result forα = 132.

Forα = 213, the result is obtained fromα = 132 with the symmetryσ → (σr)c.
For α = 321, let f(x) be the generating function forIirr

n (α). Then we havef(x) = h(x) + g(x)
whereh(x) (resp. g(x)) is the generating function forDIirr

n (α) (resp. forIirr
n (α)\DI irr

n (α)). On
the other hand, we havef(x) = f1(x) + f2(x) andg(x) = h(x)f1(x) wheref1(x) (resp. f2(x)) is
the generating function for permutations inIirr

n (α) with the last value equal ton (resp. different from
n). Then we havef1(x) = xf2(x), f1(x) = x

1+x · f(x) andg(x) = x
1+x · h(x) · f(x). We obtain

f(x) = h(x) + x
1+x · h(x) · f(x). Sinceh(x) is known using Theorem 12, a simple calculation gives the

desired result. 2

Problem: It remains to obtain the generating function for the setsIirr
n , n ≥ 0, of irreducible involutions

of lengthn.

Pattern Sequence Sloane an, n ≥ 1

{} ? ? 1, 3, 5, 13, 37, 107, 341, 1141

{132}, {213}, {321} 2(1+x)(1+x2)

1−x+x2−x3+(1+x)
√

1−2x2−3x4
A125189 1, 2, 2, 3, 5, 7, 11, 17, 27, 42

{123} 1−2x−2x2+4x3+
√

1−4x2

(1−2x)(1+2x4+
√

1−4x2)
New 1, 3, 4, 9, 16, 31, 58, 112

{231}, {312} Tribonacci A000213 1, 1, 1, 3, 5, 9, 17, 31, 57

Tab. 4: Irreducible involutions avoiding at most one pattern ofS3.
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We study the iteration of the process of moving values to the right in permutations. We prove that the set of per-
mutations obtained in this model after a given number of iterations from the identity is a class of pattern avoiding
permutations. We characterize the elements of the basis of this class and enumerate it by giving their bivariate expo-
nential generating function: we achieve this via a catalytic variable, the number of left-to-right maxima. We show that
this generating function is a D-finite function satisfying a differential equation of order 2. We give some congruence
properties for the coefficients of this generating function, and show that their asymptotics involves a rather unusual
algebraic exponent (the golden ratio (1 +

√
5)/2) and some closed-form constants. We end by proving a limit law: a

forbidden pattern of length n has typically (lnn)/
√
5 left-to-right maxima, with Gaussian fluctuations.

Keywords: Permutation pattern, left-to-right maximum, insertion sort, generating function, analytic combinatorics,
D-finite function, supercongruence

1 Introduction
In computer science, many algorithms related to sorting a permutation have been analysed and shown to
have behaviours linked to nice combinatorial properties (see e.g. Knuth (1998)). Their complexity can be
analysed in terms of memory needed, or number of key operations (like comparisons or pointer swaps). An
important family of algorithms, like the so-called insertion algorithms, or in situ permutations, are quite
efficient in terms of the number of pointer swaps (but are not the fastest ones in terms of comparisons).
Due to this higher cost, they have been much less studied than the faster stack sorting algorithms. Like
for the stack algorithms, instead of seeing them as an input/output pair, we can see them like a process:
input and set of intermediate steps. This opens a full realm of questions on such processes, and they often
lead to nice links with other parts of mathematics (like the link between trees, birth and death processes,
random walks in probability theory, or permutations and Young tableaux in algebraic combinatorics). Our
article will investigate a link between a sorting algorithm, patterns in permutations, and their asymptotics
counterparts.
∗http://lipn.fr/˜banderier
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Another motivation to analyse such processes comes from the field of bioinformatics. Indeed, in ge-
nomics, a crucial part of study is to estimate the similarity of two genomes. This consists in finding the
length of a shortest path of evolutionary mutations that transforms one genome into another. Usually, the
main operations used in the rearrangement of a genome are of three different types: substitutions (one
gene is replaced with another), insertions (a gene is added) and deletions (a gene is removed). For in-
stance, we refer to Jones and Pevzner (2004); Meidanis and Setubal (1997) for an explanation of these
operations, and the notions of transposons or jumping genes.

As the problem is too hard in full generality, many simpler mathematical models of the genome are
used (see Ewens et al. (1982)): one of them is using permutations of {1, 2, . . . , n} where each gene is
assigned a number. Following the idea of transposition mutations (see Jones and Pevzner (2004)), our
motivation is to find some combinatorial properties in terms of pattern avoiding permutations whenever
one element is deleted and inserted in a position to its right. This operation will be called a right-jump.

1 2 3 4 5 6 7  1 2 4 5 6 3 7

Figure 1: A right-jump in the permutation σ = 1234567. In this article, we investigate the structure of permutations
obtained after several iterations of such right-jumps.

This operation is a variant of genome duplication, which consists of copying a part of the original
genome inserted into itself, followed by the loss of one copy of each of the duplicated genes. In particular,
it is comparable to the whole duplication-random loss model studied in Chaudhuri et al. (2006). Although
there are many connections between these models, it is surprising that the behaviour of their combinato-
rial properties depends on different parameters: the right-jump model reveals some links with left-to-right
maximum statistics (see Baril (2013); Bóna (2012)), while the whole duplication-random loss model re-
veals links with descent statistics (see Baril and Vernay (2010); Bouvel and Ferrari (2013); Bouvel and
Pergola (2010); Bouvel and Rossin (2009); Chaudhuri et al. (2006); Mansour and Yan (2010)).

In the literature, such right-jumps in permutations are also found in the domain of sorting theory. In-
deed, it corresponds (modulo a mirror symmetry) to the insertion-sorting algorithms on permutations
(see Knuth (1998)). Since the seminal work of Knuth on this subject, many articles related to sorting with
a stack exhibit links with pattern avoiding permutations. In contrast, for insertion sorting algorithms (also
the subject of a vivid literature), only one study exhibits links with pattern avoiding permutations. Indeed,
in his thesis, Magnússon (2013) proves that the set of permutations that can be sorted with one step of the
insertion-sorting operator is the class of permutations avoiding the three patterns 321, 312 and 2143.

Plan of the article. In Section 2, we recall some basic facts on permutations patterns. In Section 3, we
generalize the result of Magnússon by studying the iteration of right-jumps in terms of pattern avoiding
permutations: we prove that the set of permutations obtained from the identity after a given number of
right-jumps is the class of permutations avoiding some patterns, which we characterize. In Section 4, we
enumerate these forbidden patterns by giving their bivariate exponential generating function (involving
an additional parameter: the number of left-to-right maxima), and we give the corresponding asymptotics
and limit law. We also give some modular congruences for our main enumeration sequence. In Section 5,
we conclude with several possible extensions of this work.



Right-jumps and pattern avoiding permutations 3

2 Patterns in permutations
In this section, we give some classical definitions and properties on patterns in permutations. For any
permutation σ ∈ Sn (the set of permutations of length n), the graphical representation of σ = σ1σ2 . . . σn
is the set of points in the plane at coordinates (i, σi) for i ∈ JnK(i). For instance, the permutation 53621487

has the graphical representation illustrated in Figure 2. A left-to-right maximum of σ ∈ Sn is a value σi,
1 ≤ i ≤ n, such that σj ≤ σi for j ≤ i. A value σi of σ, 1 ≤ i ≤ n which is not a left-to-right maximum
will be called a non-left-to-right-maximum of σ. For instance, if σ = 53621487 then the left-to-right
maxima are 5, 6, 8 and the non-left-to-right-maxima are 1, 2, 3, 4, 7.

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8

Figure 2: The graphical representation of σ = 53621487. We show an occurrence of a pattern 213 with a dashed
line; big green points are the left-to-right maxima and small black points are non-left-to-right-maxima.

A permutation π of length k, is a pattern of a permutation σ ∈ Sn if there is a subsequence of σ which
is order-isomorphic to π, i.e., if there is a subsequence σi1 . . . σik of σ with 1 ≤ i1 < · · · < ik ≤ n and
such that σij < σi` whenever πj < π`. We write π ≺ σ to denote that π is a pattern of σ. A permutation
σ that does not contain π as a pattern is said to avoid π. For example, σ = 2413 contains the patterns
231, 132, 213 and 312, but σ avoids the patterns 123 and 321. The set of all permutations avoiding
the patterns π1, . . . , πm is denoted by Avoid(π1, . . . , πm). We say that Avoid(π1, . . . , πm) is a class
of pattern avoiding permutations with basis {π1, . . . , πm}. For instance, we refer to the book of Kitaev
(2011) and Bóna (2012) to deepen these notions. A set C of permutations is stable for the involvement
relation ≺ if, for any σ ∈ C, for any π ≺ σ, then we also have π ∈ C.

Now, we formulate a definition that is crucial for the present study.

(i) In this article, we write JnK for {1, 2, . . . , n}.



4 Cyril Banderier, Jean-Luc Baril, Céline Moreira Dos Santos

Definition 1 (Permutation basis and basis permutations). If a set C of permutations is stable for the
involvement relation ≺, then C is a class of pattern avoiding permutations: C = Avoid(B). The basis B
of forbidden patterns is then given by B = {σ /∈ C,∀π ≺ σ with π 6= σ, π ∈ C} . In other words, the basis
B is the set of minimal permutations σ that do not belong to C, where minimal is intended in the sense of
the pattern-involvement relation ≺ on permutations, that is: if π ≺ σ and π 6= σ then π ∈ C. Notice that
B might be infinite. We call basis permutations the permutations belonging to B.

Equipped with these definitions, our mission consists now in giving a description of the permutations
belonging to the basis Bp (the permutations which are the minimal forbidden patterns) for the set Cp of
permutations at distance at most p from the identity, i.e., permutations obtained from the identity after at
most p right-jumps.

3 Iteration of right-jumps in permutations: a structural description
of the forbidden patterns

In this section we study the iteration of right-jumps in terms of pattern avoiding permutations. We es-
tablish that the set Cp of permutations obtained from the identity after at most p right-jumps is a class of
permutations avoiding some patterns that we characterize.

Lemma 1 (Characterization of the distance). A permutation obtained from the identity after p right-jumps
contains at most p non-left-to-right-maxima.

Proof: The result holds for p = 1; indeed a right-jump transformation of the identity permutation creates
the permutation 1 2 . . . (i− 1) (i+ 1) . . . (j − 1) i j . . . n for 1 ≤ i < j, where i is the only one non-left-
to-right-maximum. Now, let us assume that each permutation π obtained from the identity after (p − 1)

right-jumps contains at most p − 1 non-left-to-right-maxima. Let σ be a permutation obtained from the
identity after p right-jumps. Using the recurrence hypothesis, σ is obtained from a permutation π with at
most p− 1 non-left-to-right-maxima by moving an element πi, 1 ≤ i < n, in a position to its right.

We distinguish two cases: (1) πi is a non-left-to-right-maximum, and (2) πi is a left-to-right maximum.
Case (1): Since πi is a non-left-to-right-maximum, there exists j < i such that πj is a left-to-right

maximum satisfying πj > πi. Since we move πi to its right, πj remains on the left of πi in σ which implies
that πi is a non-left-to-right-maximum in σ. Using the same argument, any non-left-to-right-maximum
πk in π remains a non-left-to-right-maximum in σ. Moreover, let πk be a left-to-right maximum in π,
i.e., πj < πk for all j < k. Since the right-jump transformation moves to the right of a non-left-to-right-
maximum, all values on the left of πk in σ are lower than πk, which proves that πk remains a left-to-right
maximum in σ. Therefore, σ contains at most p− 1 non-left-to-right-maxima (as π does).

Case (2): πi is a left-to-right maximum, i.e., πj < πi for all j < i. Since πi is moved to its right, any
left-to-right maximum located on the left of πi in π remains a left-to-right maximum in σ. On the other
hand, any left-to-right maximum located on the right of πi in π is greater than πi and thus, it remains a
left-to-right maximum in σ. Therefore, the number of left-to-right maxima in σ is at least the number of
left-to-right maxima in π minus one (we do not consider πi). This means that the number of non-left-to-
right-maxima in σ is at most p.

Considering the two previous cases allows to complete the proof, by induction.



Right-jumps and pattern avoiding permutations 5

We now derive our first enumeration result for the setDp of permutations at distance p from the identity,
i.e., the set of permutations reachable from the identity with p right-jumps, but that one cannot reach with
less than p right-jumps: Cp = ∪k∈JpKDk, and this union is disjoint.

Theorem 1 (Permutations after p right-jumps). The set Dp of permutations at distance p from the iden-
tity is the set of permutations with exactly p non-left-to-right-maxima. Accordingly, the number dn,p of
permutations of length n in Dp is counted by the Stirling numbers s(n, n− p):

dn,p = s(n, n− p) =
∑

0≤j≤h≤p
(−1)j

(
h

j

)(
n− 1 + h

p+ h

)(
n+ p

p− h

)
(j − h)p+h

h!
.

Proof: After considering Lemma 1, it suffices to prove that any permutation σ with at most p non-left-
to-right-maxima can be obtained from the identity after p right-jumps. Let σ be a permutation with
p ≥ 1 non-left-to-right-maxima. Let us assume that the leftmost non-left-to-right-maximum is σi and
let j < i be the position of the smallest left-to-right maximum σj such that σj > σi. Then we set
σ′ = σ1 . . . σj−1σiσj . . . σi−1σi+1 . . . σn. Since we have σj > σi and also σi > σj−1 (if σj−1 exists),
σi becomes a left-to-right maximum in σ′. Thus, σ′ contains exactly p− 1 non-left-to-right-maxima and
by construction, σ can be obtained from σ′ by a right-jump. This proves that permutations at distance p
from the identity are exactly the permutations with n − p left-to-right-maxima, which are known to be
counted by s(n, n− p), the signless Stirling number of the first kind (see Flajolet and Sedgewick (2009)
for the closed-form formula due to Schlömilch, and sequence OEIS A094638 in Sloane and collaborators
(2016) for many occurrences of the corresponding triangular array).

For instance, the values of dn,p for n = 7 and 0 ≤ p < 7 are 1, 21, 175, 735, 1624, 1764, 720.

The following corollary says a little more on the lattice structure associated to our process ”a particle
jumps to the right”.

Corollary 1 (Changing the starting point and sorting algorithms). For any permutation p, one denotes
by tp its number of non-left-to-right-maxima. Let σ and π be two permutations, then tσ−1·π right-jumps
are necessary to obtain π from σ. In particular, tσ−1 right-jumps are necessary and sufficient to sort by
insertion the permutation σ into the identity.

Proof: Firstly, tσ right-jumps are necessary and sufficient to obtain σ from the identity. Therefore, tσ−1·π
transformations are sufficient and necessary to obtain σ−1 · π from the identity. We set t = tσ−1·π and
let Id = χ0, χ1, . . . , χt−1, χt = σ−1 · π be a shortest path between the identity and σ−1 · π. Now,
let us prove that if a permutation β is obtained from α by one right-jump, then for any permutation
γ, γ · β is also obtained from γ · α by one right-jump. Indeed, if we have α = α1α2 . . . αn then β
can be written as β = α1 . . . αi−1αi+1 . . . αj−1αiαj . . . αn. Composing by a permutation γ, we obtain
γ · α = γ(α1)γ(α2) . . . γ(αn) and γ · β = γ(α1) . . . γ(αi−1)γ(αi+1) . . . γ(αj−1)γ(αi)γ(αj) . . . γ(αn)

which proves that γ · β is also obtained from γ · α by one right-jump. So if we compose by σ at each
step of the above shortest path, then we obtain a shortest path of tσ−1·π right-jumps from σ to π, which
completes the proof.
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Since the set Cp of permutations obtained after p right-jumps is stable for the relation≺, Cp is also a class
Avoid(Bp) of pattern avoiding permutations where Bp is the basis consisting of minimal permutations σ
that are not in Cp (see Definition 1). Theorem 2 gives the explicit description of these basis permutations.

Theorem 2 (Structural description of the basis permutations). A permutation σ ∈ Sn belongs to the basis
Bp of forbidden patterns, if and only if the following conditions hold:

(i) σ contains exactly p+ 1 non-left-to-right-maxima.

(ii) n− 1 is a non-left-to-right-maximum.

(iii) σ2 is a non-left-to-right-maximum.

(iv) For any three left-to-right maxima, σi, σj and σk (with i < j < k) such that there is no left-to-right
maximum between them, there exists a non-left-to-right-maximum σt (with j < t < k) satisfying
σt > σi.

Proof: N.B.: Figure 3 on next page illustrates the different claims and notations of this theorem.
Let σ ∈ Sn be a permutation belonging to the basis Bp, i.e., σ /∈ Cp and π ≺ σ implies π ∈ Cp.

Throughout this proof, we refer to Figure 3 for an illustration of the three conditions (ii), (iii) and (iv).
- First, the deletion of a non-left-to-right-maximum in σ decreases the number of non-left-to-right-

maxima by one exactly. Therefore, the minimality of σ implies that σ necessarily contains exactly p + 1

non-left-to-right-maxima, which proves (i).
- For a contradiction, assume that (ii) is not satisfied, i.e., n − 1 is a left-to-right maximum. Since n

is always a left-to-right maximum, n is on the right of n − 1 in σ. Thus, the permutation π obtained by
deleting n from σ also contains p+ 1 non-left-to-right-maxima (a non-left-to-right-maximum on the right
of n in σ remains a non-left-to-right-maximum on the right of n− 1 in π). Therefore, π does not belong
to Cp; this gives a contradiction with the minimality of σ.

- For a contradiction, assume that (iii) is not satisfied, i.e., σ2 is a left-to-right maximum and thus,
σ1 is smaller than σ2. Thus, the permutation π obtained by deleting σ1 from σ also contains p + 1

non-left-to-right-maxima. Indeed, a non-left-to-right-maximum σi in σ such that σi < σ1 becomes a
non-left-to-right-maximum σi < σ2 − 1 in π. Moreover, a non-left-to-right-maximum σi in σ such that
σi > σ1 (there is `, 2 ≤ ` < i, with σi < σ`) becomes a non-left-to-right-maximum σi − 1 in π with
σi − 1 < σ` − 1. Therefore, π does not belong to Cp; this gives a contradiction with the minimality of σ.

- For a contradiction, assume that (iv) is not satisfied; i.e., there are (i, j, k), 1 ≤ i < j < k ≤ n,
such that σi, σj and σk are three consecutive left-to-right maxima of σ (consecutive means that there is
no other left-to-right maximum between σi and σj and between σj and σk), and such that there is no
non-left-to-right-maximum σ`, j < ` < k, satisfying σi < σ`. Let π be the permutation obtained from σ

by deleting σj . It is clear that any non-left-to-right-maximum on the left of σj in σ remains a non-left-to-
right-maximum in π. Let σ`, ` > k, be a non-left-to-right-maximum on the right of σk in σ. If σ` < σj
then σ` < σj ≤ σk − 1 and σ` remains a non-left-to-right-maximum in π. If σ` > σj then there is σt,
t ≥ k, such that σ` ≤ σt ≥ σk, and thus, there is σt − 1 on the left of σk − 1 in π with σt − 1 > σk − 1

which means that σ` − 1 is a non-left-to-right-maximum in π. Let σ`, j < ` < k, be a non-left-to-right-
maximum between σj and σk in σ. Assuming that (iv) is not satisfied, we deduce that σ` < σi, and σ`
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remains a non-left-to-right-maximum in π. Finally, π also contains p + 1 non-left-to-right-maxima; this
gives a contradiction with the minimality of σ.

Conversely, let σ be a permutation satisfying (i), (ii), (iii) and (iv) and π be a permutation obtained
by deleting σi, 1 ≤ i ≤ n, from σ. Let us prove that π belongs to Cp, that is, π contains at most p
non-left-to-right-maxima.

- If σi is a non-left-to-right-maximum of σ, then π has p non-left-to-right-maxima and thus, π ∈ Cp.
- Now, let us assume that σi is a left-to-right maximum of σ. If σi = n, then (ii) implies that n− 1 is a

non-left-to-right-maximum of σ and a left-to-right maximum in π; this implies that π contains p non-left-
to-right-maxima and thus, π ∈ Cp. If σi = σ1, then (iii) implies that σ2 is a non-left-to-right-maximum
of σ and σ2 − 1 is a left-to-right maximum in π; this implies that π contains p non-left-to-right-maxima
and thus, π ∈ Cp. If there exists (j, k), 1 ≤ j < i < k ≤ n, such that σj and σk are left-to-right maxima
(we choose j the greatest possible and k the lowest possible with this property). Then, (iv) implies that
there is σ`, i < ` < k, such that σj < σ` < σi (we choose the lowest possible ` > i). Thus, σ` is a
non-left-to-right-maximum in σ and becomes a left-to-right maximum in π, which implies that π contains
exactly p non-left-to-right-maxima, and thus π ∈ Cp.

Finally, the permutation π necessarily belongs to Cp, which completes the proof.

(iii)

σ2 σi σj σt σk

(ii) n− 1

(iv)

Figure 3: An illustration of Theorem 2 that characterizes the basis permutations of Bp. Condition (i) states such a
basis permutation has p+1 non-left-to-right maxima (drawn with a small black point, while left-to-right maxima are
drawn with a big green point), condition (ii) states that n − 1 is not a left-to-right maximum, condition (iii) states
that σ2 is not a left-to-right maximum, and condition (iv) states that there is a ”higher” non-left-to-right maximum
between 3 left-to-right maxima.
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Corollary 2 (Length of the forbidden patterns). Permutations in Bp have length ≤ 2(p+ 1) and ≥ p+ 2.
As a consequence, Bp is a finite set.

Proof: Theorem 2 implies that the number of left-to-right maxima in a basis permutation is at most the
number of non-left-to-right-maxima. Since a basis permutation of Bp has p+ 1 non-left-to-right-maxima,
its length is at most 2(p+ 1).

For instance, the basis for p = 0, 1, 2 are respectively B0 = {21}, B1 = {312, 321, 2143} (recov-
ering the result of Magnússon), and B2 = {4123, 4132, 4213, 4231, 4312, 4321, 21534, 21543, 31254,

32154, 31524, 31542, 32514, 32541, 214365}.

4 Enumerative results for basis permutations
In order to obtain a recursive formula for the number bn,p of permutations of length n in the basis Bp, we
present the following preliminary lemma.

Lemma 2 (A recursive description). Let σ ∈ Sn be a basis permutation having p ≥ 1 non-left-to-right-
maxima and such that σk+1 = n, k ≥ 0. Let α be the subsequence σ1σ2 . . . σk and π be the permutation
in Sk isomorphic to α. Then, π is a basis permutation with p− n+ k + 1 non-left-to-right-maxima.

Proof: Any permutation σ can be uniquely written as σ = αnβ where α and β are two subsequences of
Jn− 1K. Let k be the length of α and let π = π1π2 . . . πk be the permutation of JkK that is isomorphic to
the subsequence α. Let us prove that π is minimal.

Since σ is minimal, it satisfies the three conditions (ii), (iii) and (iv) of Theorem 2. Since all elements
in β are non-left-to-right-maxima in σ, π contains exactly p− (n− 1− k) non-left-to-right-maxima and
thus, n− p− 1 left-to-right maxima.

- The condition (iii) of Theorem 2 on σ does not involve the part nβ. Therefore, π satisfies (iii).
- The deletion of nβ from σ preserves the condition (iv) on π. Thus, π satisfies (iv).
- Let σi, σj and σk+1 = n, 1 ≤ i < j ≤ k, be the last three left-to-right maxima of σ. After the

deletion of nβ, the two left-to-right maxima of σ, σi and σj , are respectively transported in π into πi and
πj = k. Condition (iv) on σ ensures that there is σ`, between σj and n such that σ` > σi. The greatest
value σ` satisfying this property is then transported in π into k− 1, which proves that k− 1 is on the right
of k in π. Thus, π satisfies (ii).

Using Theorem 2, the permutation π is a basis permutation with p + ` − n + 1 non-left-to-right-
maxima.

Theorem 3 (An infinite recursion). The number bn,p of basis permutations of length n in Bp (or equiv-
alently having exactly p + 1 non-left-to-right-maxima) is given by the following recurrence relation (for
p < n− 2):

bn,p =

p−1∑

`=0

(`+ 1)! ·
(
n− 2

`

)
· bn−`−2,p−`−1

anchored with bn,p = 0 if p < (n− 2)/2 or p > n− 2, and bn,n−2 = (n− 1)! for n > 1.
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Proof: Any permutation σ of length n ≥ 1 contains at least one left-to-right maximum and thus, at most
n−1 non-left-to-right-maxima which implies that bn,p = 0 for n ≤ p+1. Using the proof of Corollary 2,
we also have bn,p = 0 for n > 2(p+1). Moreover, the basis permutations of length n with n−1 non-left-
to-right-maxima are the permutations of the form nα where α ∈ Sn−1. So, we have bn,n−2 = (n − 1)!

for n > 1.
Now, let us prove the recursive relation. Let σ ∈ Sn be a basis permutation with p + 1 non-left-to-

right-maxima. We consider its unique decomposition σ = αnβ where α and β are some subsequences of
Jn − 1K. Let ` + 2, ` ≥ 0, be the length of nβ and let π be the permutation in Sn−`−2 isomorphic to α.
Using Lemma 2 with k = n − ` − 2, π is minimal with p − ` − 1 non-left-to-right-maxima. So, we can
associate to σ = αnβ the pair (π, γ) where π ∈ Sn−`−2 is minimal with p−`−1 non-left-to-right-maxima
and γ ∈ S`+1 is isomorphic to β.

Conversely, let π be a basis permutation of length n − ` − 2 with p − ` − 1 non-left-to-right-maxima
and γ ∈ S`+1. We construct a basis permutation σ of length n with p + 1 non-left-to-right-maxima as
follows. From γ ∈ S`+1, we construct a subsequence β of Jn − 1K of length ` + 1 such that β contains
the value n − 1 and such that β is isomorphic to γ. Since n − 1 belongs to β, its position in β also is
the position of the greatest value of γ. So, β is characterized by the choice of ` values among Jn − 2K.
Now, we define the unique subsequence α of Jn − 2K\X isomorphic to π where X is the set of values
used in β. This construction ensures that σ = αnβ is a basis permutation of length n with p+ 1 non-left-
to-right-maxima, and so σ ∈ Bp. So, there are

(
n−2
`

)
possibilities to choose the values of β and (` + 1)!

possibilities to choose γ and bn−`−2,p−`−1 possibilities to choose a basis permutation π ∈ Sn−`−2 with
p− `− 1 non-left-to-right-maxima. Varying ` from 0 to p− 1, we obtain the recursive formula.

Theorem 3 allows us to find the bivariate exponential generating function for the number of basis
permutations according to the number of non-left-to-right-maxima.

Theorem 4 (Closed-form for the bivariate generating function). Consider the bivariate exponential gen-
erating function B(x, y) =

∑
n≥0,p≥0 bn,p

xnyp

n! where the coefficient of x
nyp

n! is the number bn,p of basis
permutations of length n in Bp. Then, we have

B(x, y) =
1

2y

(
1− 1

V

)
(1− xy)

1
2 (1+V ) +

1

2y

(
1 +

1

V

)
(1− xy)

1
2 (1−V ) − 1

y
,

where V :=
√

1 + 4/y .

Proof: SettingFp(x) :=
∑
n≥0 bn,n−p

xn

n! andF (x, y) :=
∑
p≥0 Fp(x)yp, we haveB(x, y) = F (xy, 1/y).

(We work with the generating function Fp(x) of the (bn,n−p)’s rather than the generating function of the
(bn,p)’s because then the derivation of the proof is simpler to write).

Taking the second derivative of F (x, y) with respect to x gives

∂2xF (x, y) = ∂2x


∑

p≥0
Fp(x)yp


 = ∂2xF0(x) + ∂2xF1(x)y + ∂2xF2(x)y2 +

∑

p≥3
∂2xFp(x)yp . (1)
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Now, the recursive relation of Theorem 3 for bn+2,n−p+2 implies for p ≥ 3:

∂2xFp(x) =
∑

n≥0
bn+2,n−p+2

xn

n!
=
∑

n≥0

xn

n!

n−p+1∑

`=0

(`+ 1)! ·
(
n

`

)
· bn−`,(n−`)−(p−1)

=
∑

n≥0
(n+ 1)!

xn

n!
·
∑

n≥0
bn,n−p+1

xn

n!
=

1

(1− x)2
Fp−1(x).

Plugging this recurrence into the equation (1) (and using F0(x) = F1(x) = 0) gives:

∂2xF (x, y) = ∂2xF2(x)y2 +
∑

p≥2

y

(1− x)2
Fp(x)yp.

It remains to simplify F2(x); the initial conditions of Theorem 3 (bn,n−2 = (n − 1)! and bn,p = 0 for
n < 2) imply that

F2(x) =
∑

n≥2
bn,n−2

xn

n!
=
∑

n≥2

(n− 1)!

n!
xn = − ln(1− x)− x .

This leads to the main differential equation:

∂2xF (x, y) = ∂2xF2(x)y2 +
y

(1− x)2
F (x, y) =

y

(1− x)2
(y + F (x, y)) . (2)

First, by plug & prove, the solutions of ∂2xF (x) = yF (x)/(1−x)2 are a linear combination of (1−x)α,
with α = (1 +

√
1 + 4y)/2, or α = (1−√1 + 4y)/2. Now, F (x, y) = −y is a trivial particular solution

of the non-homogeneous differential equation (2), so the general solution of this differential equation is
of the form:

F (x, y) = K(y) · (1− x)
1
2 (1+

√
1+4y) + L(y) · (1− x)

1
2 (1−

√
1+4y) − y.

Since F (0, y) = 0 and ∂F (x,y)
∂x cx=0 = 0, we respectively deduce the two equations

K(y) + L(y)− y = 0 and −K(y) · (1 +
√

1 + 4y)− L(y) · (1−
√

1 + 4y) = 0 ,

thus we obtain

K(y) =
y

2

√
1 + 4y − 1√

1 + 4y
and L(y) =

y

2

√
1 + 4y + 1√

1 + 4y
.

This gives

F (x, y) =
y

2

√
1 + 4y − 1√

1 + 4y
· (1− x)

1
2 (1+

√
1+4y) +

y

2

√
1 + 4y + 1√

1 + 4y
· (1− x)

1
2 (1−

√
1+4y) − y ,

and therefore the theorem, as B(x, y) = F (xy, 1/y).
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Theorem 5 (Asymptotics). The exponential generating function for the number of basis permutations
with respect to their length is given by

B(x) = B(x, 1) =
∑

n≥0
bn
xn

n!
=

√
5− 1

2
√

5
· (1− x)

1+
√

5
2 +

√
5 + 1

2
√

5
· (1− x)

1−
√

5
2 − 1

=
x2

2!
+ 2

x3

3!
+ 7

x4

4!
+ 32

x5

5!
+ 179

x6

6!
+ 1182

x7

7!
+ 8993

x8

8!
+O(x9).

It is a D-finite transcendental function satisfying the following differential equation

B(x)− (1− x)2∂2xB(x) + 1 = 0, B(0) = B′(0) = 0 . (3)

Equivalently, its coefficients bn satisfy the recurrence

bn+2 = 2nbn+1 + (1 + n− n2)bn, b0 = b1 = 0, b2 = 1 , (4)

and the asymptotics are given by

bn ∼
φ√

5 Γ(φ− 1)

1

n2−φ
(1 + o(1)) ,

where φ is the golden ratio φ = (1 +
√

5)/2, and Γ(z) :=
∫ +∞
0

tz−1 exp(−t)dt is the Euler gamma
function.

Accordingly, a permutation of length n has a probability asymptotically 0 to be an element of the basis
of forbidden patterns, however, this probability is not “very small” as it decays only polynomially:

Prob(s ∈ Sn belongs to ∪p∈N Bp) =
bn
n!
≈ 0.499/n0.381(1 + o(1)) .

Proof: Setting y = 1 in the bivariate exponential generating function given in Theorem 4 gives B(x).
If a function B(z) =

∑
bnz

n is D-finite (it is satisfying a linear differential equation, with polynomial
coefficients in z), then its coefficients bn are polynomially recursive (in short, P-recursive): they satisfy
a linear recurrence, with polynomial coefficients in n. See e.g. Flajolet and Sedgewick (2009); Stanley
(2012) for more on these two equivalent notions. Starting from the building blocks (1 − x)a, which
are D-finite, and then using the closure properties of D-finite functions (by sum and product) gives the
differential equation (3) (this is e.g. implemented in the Gfun Maple package, see Salvy and Zimmermann
(1994)). The recurrence is obtained by extracting the coefficient of xn on both sides of the differential
equation. The asymptotics follows from a singularity analysis (see Flajolet and Sedgewick (2009)) on
each term of the shape (1− x)a, indeed, for any a ∈ R which is not an integer, one has:

[xn](1− x)a =
1

Γ(−a)n1+a

(
1 +

1

2
a(a+ 1)

1

n
+O(

1

n2
)

)
.
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Note that B(x, y) is D-finite in the variable x:

1 + yB(x, y)− (1− xy)2∂2xB(x, y) = 0 with B(0, y) = (∂xB)(0, y) = 0,

but it is not D-finite in the variable y. This follows from a saddle point analysis on B(1, y) =
∑
n βny

n,
indeed the asymptotics of βn involve arbitrarily large (lnn)d, while the asymptotics of a D-finite function
can only have a finite sum of such powers of log, see Flajolet and Sedgewick (2009). This argument is
thus similar to a proof that (1− y)1−y is not D-finite.

Remark [Irrational critical exponent]: It is very seldom that a combinatorial problem leads to some
asympotics involving an irrational number as exponent. In fact, in combinatorics and in statistical physics,
most of the asymptotics of integer sequences are of the shape bn ∼ CnαAn, and the exponent α which
appears there is a key quantity: its value is often the signature of some universal phenomena (in physics,
it is called a critical exponent). For D-finite sequences, the theory implies that it is an algebraic number,
however, this exponent is very often -3/2, or a dyadic number (for the reasons explained in Banderier and
Drmota (2015)), or a rational number (due to a results on G-functions). Indeed, a theorem (resulting from
the works of Katz, André, Chudnovsky & Chudnovsky, see Chambert-Loir (2002)) states that G-functions
(D-finite functions with integer coefficients and non-zero radius of convergence) have a rational critical
exponent. Now, instead of considering the exponential generating function B(x) =

∑
bnx

n/n!, we may
consider its inverse Borel transform, i.e., the ordinary generating function

∑
bnx

n. It is also a D-finite
function, because D-finite functions are closed by Hadamard product, and therefore the Borel transform
(and the inverse Borel transform) of a D-finite function is D-finite (i.e., if the sequence bn is P-recursive,
so are n!bn and bn/n!). We have thus a new D-finite function with integer coefficients and irrational
critical exponent (involving the golden ratio φ), but this is not contradicting the G-function theorem,
because, due to the multiplication by n!, we now have a 0 radius of convergence. In conclusion, we have
the pleasure to have here one of the few examples in combinatorics of a problem leading to an irrational
critical exponent. Other examples are given via the KPZ formula in physics, or via quantities related to
quadtrees, see Flajolet and Sedgewick (2009).

Pushing further the asymptotics from Theorem 5, we get the following limit law:

Theorem 6 (Limit Law). In the model where all permutations of length n are equidistributed, a random
permutation of length n in ∪p∈NBp is typically a member of Bp, for p ∼ n − (lnn)/

√
5, with Gaussian

fluctuations. Equivalently, the average number of left-to-right-maxima in a random basis permutation is
p ∼ (lnn)/

√
5 with Gaussian fluctuations.

Proof: This follows from the closed-expression for B(x, y), or from a singularity analysis of the differ-
ential equation. Indeed, the average and standard deviation follow from the computation of ∂yB(x, y)

and ∂2yB(x, y) at y = 1. The Gaussian limit law follows from the quasi-power theorem applied to a vari-
able exponent perturbation or to our non-confluent differential equation (see Theorem IX.11 and Theorem
IX.18 from Flajolet and Sedgewick (2009)).

As a random permutation of Sn has lnn left-to-right maxima on average, the above theorem quantifies
to what extent the right-jump process kills the left-to-right maxima when one starts from the identity
permutation.
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Figure 4: This histogram illustrates Theorem 6: the average number of left-to-right-maxima in a random basis
permutation is p ∼ (lnn)/

√
5 with Gaussian fluctuations. However the speed of convergence and the small amplitude

of the variance makes that large values of n have to be considered to recognize clearly the bell curve of the Gaussian
(above, this is a histogram for n = 4000).

For the combinatorial structure Bp, it could be possible that its complementary set has a nicer structure.
Those permutations not in the basis are for sure counted by un = n!− bn; this sequence satisfies un+3 =

(n + 1)(n2 − n − 1)un − (3n2 + 3n − 1)un+1 + 3(n + 1)un+2, which is still a nice recurrence but of
order one more than the recurrence for bn, so it is a heuristic confirmation than bn is a more fundamental
sequence than un.

The first values of bn (the number of basis permutations of length n) are 1, 2, 7, 32, 179, 1182, 8993,
77440 for 2 ≤ n ≤ 9. We added this sequence to the On-line Encyclopedia of Integer Sequences (hereafter
abbreviated OEIS), see Sloane and collaborators (2016):

p\n 2 3 4 5 6 7 8 9 10 11 #Bp
0 1 1
1 2 1 3
2 6 8 1 15
3 24 58 18 1 101
4 120 444 244 32 1 841
5 720 3708 3104 700 50 8232
6 5040 33984 39708 13400 78732
Σ 1 2 7 32 179 1182 8993 77440 744425 7901410

Table 1: Number bn,p of basis permutations of length n (the ”minimal forbidden patterns” of Bp, or equivalently,
with p + 1 non-left-to-right-maxima) where 2 ≤ n ≤ 11 and 0 ≤ p ≤ 6 (OEIS A265163). The last column
contains βp :=

∑
n bn,p (OEIS A265164); the last line contains bn :=

∑
p bn,p (OEIS A265165).

There is a vast literature in number theory analysing the modular congruences of famous sequences
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(Pascal triangle, Fibonacci, Catalan, Motzkin, Apéry numbers, see Deutsch and Sagan (2006); Xin and Xu
(2011); Rowland and Zeilberger (2014); Kauers et al. (2011)). The properties of bn modm are sometimes
called ”supercongruences” when m is the power of a prime number: many articles consider m = 2r, or
m = 3r. We now give a result which holds for any m (not necessarily the power of a prime number).

Theorem 7 (Supercongruences for D-finite functions).
Consider any P-recurrence of order r:

P0(n)un =
r∑

i=1

Pi(n)un−i .

If the polynomial P0(n) is ultimately invertible modm (i.e., gcd(P0(n),m) = 1, for all n large
enough), then the sequence (un) is ultimately periodic(ii) modm, and there is an algorithm to get this
period.

In particular, recurrences such that P0(n) = 1 are periodic modm.
Accordingly, our sequence bn modm (defined by recurrence (4)) is periodic for any m.

Proof: Indeed, as the leading term P0 is invertible, we can write:

un modm =
r∑

i=1

Pi(n) modm

P0(n) modm
(un−i modm) ,

in which each term has just a finite set of possible values. What is more, for any polynomial P (n)

with integer coefficients, P (n) modm is of period p, for some p|m. (This follows from the fact that
the sum and the product is preserving periodicity modm, as we did not require in the definition of ”pe-
riod” that m is the smallest m such that the sequence is m periodic). Therefore, one can then con-
struct a Markov chain (an automaton): the states are all the possible 2r + 2-tuples of values modm for
(P0(n), . . . , Pr(n), un, . . . , un−r), and the recurrence dictates the transitions in this Markov Chain. The
pigeonhole principle implies that there is a loop in this finite graph, and this gives our period.

Besides, starting with the hypothesis that un = un+p modm for n ∈ [n1 + 1, n1 + p] (such a p can
be found by brute-force, as n1 has to be smaller than the number of states in the automaton, and p has to
be smaller than m2r), it is enough to check that this property goes on for r + 1 steps to prove that un is p
periodic.

This theorem explains the periodic behaviour of bn modm. By brute-force computation, we can get
bn modm, for any given m. For example bn mod 15 is periodic of period 12: for n ≥ 9, one has

bn mod 15 = (10, 5, 10, 10, 0, 10, 5, 10, 5, 5, 0, 5)∞.

The period can be quite large, for example bn mod 3617 has period 26158144. We say more on this
phenomena for P-recursive sequences in Banderier et al. (2017).

(ii) In the sequel, we will omit the word ”ultimately”: a periodic sequence of period p is thus a sequence for which un+p = un for
all large enough n. Some authors use the terminology ”eventually periodic” instead.
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5 Conclusion
In this article, we analysed the iteration of the process ”a particle jumps to the right” in a permutation, and
we gave the typical properties of the patterns which are not reached after pmoves. We expect our approach
(introducing a catalytic variable and getting a D-finite function) to work in many other cases. However,
we already know a nice permutation class for which the basis is not D-finite. Indeed, as an extension of
this work, an interesting question is to consider a model in which both right-jumps and left-jumps are
allowed: this is a very natural process, also related to sorting algorithms and bioinformatics processes.
In a forthcoming work, we show that for this new model, the basis of forbidden minimal patterns for
permutations obtained by p iterations of the process is related to Young Tableaux with 2 equally long first
rows (but it is no longer D-finite, unlike the pure right-jump iteration process that we considered in this
article).

Another natural question is: is it the case that using e.g. the correspondence between records and
cycles in permutations, there is an elegant process corresponding to a ”particle jumps to the right”, with
permutations at distance p from identity being counted in terms of cycles in the permutation? To get direct
”bijective” proofs of our formulae is also an interesting question: as a credo, it cannot be the case that such
nice formulae/recurrences are only reached by solving differential equations (like we did in this article).
It may be the case that a generating tree approach leads to the simple recurrence (4) we get for bn (see
e.g. Banderier et al. (2002) or Barcucci et al. (1999)). With respect to the asymptotics, it is noteworthy that
the process analysed in the present article involves the golden ratio (this is very unusual in combinatorics
to have this constant as critical exponent): is it the trace of some universality class? (Like it is sometimes
the case for problems coming from statistical mechanics, see our remark after Theorem 5.)

Last but not least, we already mentioned a vast literature of publications in number theory analysing the
modular congruences of famous sequences (Pascal triangle, Fibonacci, Catalan, Motzkin, Apéry numbers,
. . . , Deutsch and Sagan (2006); Xin and Xu (2011)). It seems to us that our approach to tackle them at
the level of D-finite functions is new (see also Kauers et al. (2011); Rowland and Zeilberger (2014)), and
it would be worth analysing these properties in full generality. In this article, we proved by a mixture of
Ansatz and brute force proof that bn modm (wherem can be any integer) is a periodic function (of period
bounded by a polynomial inm). In fact, we prove in Banderier et al. (2017) that this period and the values
of bn modm for any given m can be made explicit.
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In 1977 Foata proved bijectively, among other things, that the joint distribution of ascent
and distinct nonzero value numbers on the set of subexcedant sequences is the same as
that of descent and inverse descent numbers on the set of permutations, and the generating
function of the corresponding bistatistics is the double Eulerian polynomial. In 2013 Foata’s
result was rediscovered by Visontai as a conjecture, and then reproved by Aas in 2014.

In this paper, we define a permutation code (that is, a bijection between permutations
and subexcedant sequences) and show the more general result that two 5-tuples of set-
valued statistics on the set of permutations and on the set of subexcedant sequences,
respectively, are equidistributed. In particular, these results give another bijective proof
of Foata’s result.

© 2017 Published by Elsevier B.V.

1. Introduction

In enumerative combinatorics, it is a classical result that the descent number des and the inverse descent number ides
(defined as idesπ = desπ−1) on permutations are Eulerian statistics, and their distributions on the set Sn of length-n
permutations are given by the nth Eulerian polynomial An, that is

An(u) =


π∈Sn

udesπ+1
=


π∈Sn

uidesπ+1,

and the joint distribution of des and ides is given by the nth double Eulerian polynomial,

An(u, v) =


π∈Sn

udesπ+1videsπ+1,

see for instance [2,8].
An alternative way to represent a permutation is its Lehmer code [5], which is a subexcedant sequence. The ascent

number asc on the set Sn of subexcedant sequences is still an Eulerian statistic (see for example [9]), and in [7] the statistic
that counts the number of distinct nonzero symbols in a subexcedant sequence (that following [1] we denote by row) is
proved to be still Eulerian; this result is credited to Dumont by the authors of [7]. In terms of generating functions, we have

An(u) =


s∈Sn

uasc s+1
=


s∈Sn

urow s+1.

∗ Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), vvajnov@u-bourgogne.fr (V. Vajnovszki).

http://dx.doi.org/10.1016/j.dam.2017.02.014
0166-218X/© 2017 Published by Elsevier B.V.
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In 1977 Foata [4] proved, among other things, that the joint distribution of des and ides on the set of permutations is the
same as that of asc and row on the set of subexcedant sequences, that is

An(u, v) =


π∈Sn

udesπ+1videsπ+1
=


s∈Sn

uasc s+1vrow s+1.

In the present paper, we define a bijection between permutations and subexcedant sequences (i.e., a permutation code)
and show that the tuple of set-valued statistics

(Des, Ides, Lrmax, Lrmin,Rlmax) on the set of permutations, and
(Asc,Row, Posz,Max,Rlmax) on the set of subexcedant sequences

have the same distribution (each of the occurring statistics is defined below). In particular, our bijection provides set-valued
partners for Asc (answering to a question in [1]) and gives a alternative proof of Foata’s result.

2. Notation and definitions

A length-n word w over the alphabet A is a sequence w1w2 . . . wn of symbols in A, and we will consider only finite
alphabets A ⊂ N.
Statistics
A statistic on a set X of words is simply a function from X to N; a set-valued statistic is a function from X to 2N; and a
multistatistic is a tuple of statistics.

Let w = w1w2 . . . wn be a length-n word. A descent in w is a position i in w, 1 ≤ i < n, with wi > wi+1, and the descent
set of w is

Desw = {i : 1 ≤ i < nwith wi > wi+1}.

A left-to-right maximum in w is a position i in w, 1 ≤ i ≤ n, with wj < wi for all j < i, and the set of left-to-right maxima is

Lrmaxw = {i : 1 ≤ i ≤ nwith wj < wi for all j < i}.

Clearly, 1 ∈ Lrmaxw, and Des and Lrmax are classical examples of set-valued statistics on words. We define similarly the
sets Ascw of ascents, Lrminw of left-to-right minima, Rlmaxw of right-to-left maxima and Rlminw of right-to-left minima in
w.

To each set-valued statistic St corresponds an (integer-valued) statistic st defined as stw = cardStw, for example desw
and lrmaxw count, respectively, the number of descents and the number of left-to-right maxima in w.

Let X and X ′ be two sets of words, and st and st′ be two statistics defined on X and X ′, respectively. We say that st on X
has the same distribution as st′ on X ′ (or equivalently, st and st′ are equidistributed) if, for any integer u,

card{w ∈ X : stw = u} = card{w ∈ X ′
: st′ w = u},

and themultistatistic (st1, st2, . . . , stp) defined on X has the same distribution as themultistatistic (st′1, st
′

2, . . . , st
′
p) defined

on X ′ (or the two multistatistics are equidistributed) if, for any integer p-tuple u = (u1, u2, . . . , up),

card{w ∈ X : (st1, st2, . . . , stp) w = u} = card{w ∈ X ′
: (st′1, st

′

2, . . . , st
′

p) w = u}.

The notion of equidistribution of (multi)statistics can naturally be extended to set-valued (multi)statistics.
Permutations, subexcedant sequences and codes
This paper deals with two particular classes of words: permutations and subexcedant sequences. A permutation is a length-
n word over {1, 2, . . . , n} with distinct symbols. Alternatively, a permutation is an element of the symmetric group on
{1, 2, . . . , n} written in one line notation, and Sn denotes the set of length-n permutations. If two permutations π =

π1π2 . . . πn and σ = σ1σ2 . . . σn are such that σπ1σπ2 · · · σπn = 12 · · · n (i.e., the identity in Sn), then σ is the inverse of
π , which is denoted by π−1.

A length-n subexcedant sequence1 is a word s = s1s2 . . . sn over {0, 1, . . . , n − 1} with 0 ≤ si ≤ i − 1 for 1 ≤ i ≤ n, and
Sn denotes the set of length-n subexcedant sequences; and we have Sn = {0} × {0, 1} × · · · × {0, 1, . . . , n − 1}.

Some statistics are consistently defined only on particular classes of words, e.g. permutations or subexcedant sequences.
For a permutation π ∈ Sn, an inverse descent (ides for short) in π is a position i for which πi + 1 appears to the left of πi

in π . Equivalently, i is an ides in π if πi is a descent in π−1. The ides set is defined as

Idesπ = {i : 1 < i ≤ n with πi + 1 appears in π to the left of πi},

and idesπ = desπ−1, but in general Idesπ is not equal to Desπ−1.
Let s = s1s2 . . . sn be a subexcedant sequence in Sn. The Posz statistic gives the positions of 0s in s,

Posz s = {i : 1 ≤ i ≤ n, si = 0},

1 Known in the literature also as inversion sequence, inversion table or subexceedant function.
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and obviously 1 ∈ Posz s. The Max statistic is defined as

Max s = {i : 1 ≤ i ≤ n, si = i − 1},

and as above, 1 ∈ Max s.
A last-value position in s is a position i in s such that si ≠ 0 and si does not occur in the suffix si+1si+2 . . . sn of s. The

last-value position set, denoted by Row, is defined as

Row s = {i : si ≠ 0 and si does not occur in the suffix si+1si+2 . . . sn}.

Clearly, 1 ∉ Row s, and row s = cardRow s counts the number of distinct nonzero symbols in s.

Example 1. If π = 6 2 5 8 7 3 1 4 ∈ S8 and s = 0 1 1 0 2 3 6 3 ∈ S8, then

Desπ = Asc s = {1, 4, 5, 6},
Idesπ = Row s = {3, 5, 7, 8},
Lrmaxπ = Posz s = {1, 4},
Lrminπ = Max s = {1, 2, 7},
Rlmaxπ = Rlmin s = {4, 5, 8}.

An inversion in a permutation π = π1π2 . . . πn ∈ Sn is a pair (i, j) with i < j and πi > πj. The set Sn is in bijection with
Sn, and any such bijection is called permutation code. The Lehmer code L defined in [5] is a classical example of permutation
code; it maps each permutation π = π1π2 . . . πn to a subexcedant sequence s1s2 . . . sn where, for all j, 1 ≤ j ≤ n, sj is
the number of inversions (i, j) in π (or equivalently, the number of entries in π larger than πj and on its left). For example
L(6 2 5 8 7 3 1 4) = 0 1 1 0 1 4 6 4. See also [11] for a family of permutation codes in the context of Mahonian statistics on
permutations.

In [3] is showed that dmc statistic which counts the number of distinct nonzero symbols in the Lehmer code of a permu-
tation π (the statistic π → row L(π) with the above notations) is Eulerian, and so has the same distribution as des, asc or
ides on Sn. See also [10] where Dumont’s statistic dmc is extended to words.

Although the following properties are folklore, they are easy to check.

Property 1. If π ∈ Sn and L(π) ∈ Sn is its Lehmer code, then Desπ = Asc L(π), Lrmaxπ = Posz L(π), Lrminπ = Max L(π),
and Rlmaxπ = Rlmin L(π).

3. The permutation code b

Wedefine amapping b:Sn → Sn and Theorem 1 shows that b is a bijection, that is, a permutation code, and it is themain
tool in proving that (Des, Ides, Lrmax, Lrmin,Rlmax) on Sn has the same distribution as (Asc,Row, Posz,Max,Rlmax) on
Sn (see Theorem 2).

A position i in π = π1π2 . . . πn ∈ Sn, 1 ≤ i ≤ n, can satisfy the following properties:

P1: πi + 1 occurs in π at the right of πi,
P2: πi − 1 occurs in π0 at the right of πi,

whereπ0 is the permutation of {0, 1, . . . , n} obtained by adding a 0 at the end ofπ . And, to each position i inπ , we associate
an integer λi(π) ∈ {0, 1, 2, 3} according to i satisfies both, one, or none of these properties:

λi(π) =


0, if i satisfies both P1 and P2,
1, if i satisfies P2 but not P1,
2, if i satisfies P1 but not P2,
3, if i satisfies neither P1 nor P2,

and we denote it simply by λi when there is no ambiguity.
Alternatively, using the Iverson bracket notation ([P] = 1 iff the statement P is true), we have the more concise

expression: λi = [πi = n or πi + 1 occurs at the left of πi] + 2 · [πi − 1 occurs at the left of πi].
For example, for any π ∈ Sn we have λ1 = 0 except λ1 = 1 if π1 = n; and when n > 1, then λn = 3 except λn = 2 if

πn = 1. Each λi is uniquely determined by π , for instance if π = 6 2 5 8 7 3 1 4, then λ1, λ2, . . . , λ8 = 0, 0, 1, 1, 3, 2, 1, 3,
see Fig. 2.

An interval I = [a, b], a ≤ b, is the set of integers {x : a ≤ x ≤ b}; and a labeled interval is a pair (I, ℓ) where I is an
interval and ℓ is an integer. In order to give the construction of the mapping b, we define below the slices of a permutation,
and some of their properties are given in Remark 1.

Definition 1. For a permutation π = π1π2 . . . πn ∈ Sn and an i, 0 ≤ i < n, the ith slice of π is the sequence of labeled
intervals Ui(π) = (I1, ℓ1), (I2, ℓ2), . . . , (Ik, ℓk), defined by the following process (see Fig. 1).
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Fig. 1. The four cases in Definition 1.

• U0(π) = ([0, n], 0).
• For i ≥ 1, let Ui−1(π) = (I1, ℓ1), (I2, ℓ2), . . . , (Ik, ℓk) be the (i− 1)th slice of π and v, 1 ≤ v ≤ k, be the integer such that

πi ∈ Iv . The ith slice Ui(π) of π is defined according to λi:
– If λi = 0 (or equivalently, min Iv < πi < max Iv), then

Ui(π) = (I1, ℓ1), . . . , (Iv−1, ℓv−1), (H, ℓv), (J, ℓv+1), (Iv+1, ℓv+2), . . . , (Ik−1, ℓk), (Ik, ℓk + 1),

where H = [πi + 1,max Iv] and J = [min Iv, πi − 1];
– If λi = 1 (or equivalently, min Iv < max Iv = πi), then

Ui(π) = (I1, ℓ1), . . . , (Iv−1, ℓv−1), (J, ℓv+1), (Iv+1, ℓv+2), . . . , (Ik−1, ℓk), (Ik, ℓk + 1),

where J = [min Iv, πi − 1];
– If λi = 2 (or equivalently, min Iv = πi < max Iv), then

Ui(π) = (I1, ℓ1), . . . , (Iv−1, ℓv−1), (J, ℓv), (Iv+1, ℓv+1), . . . , (Ik−1, ℓk−1), (Ik, ℓk + 1),

where J = [πi + 1,max Iv];
– If λi = 3 (or equivalently, min Iv = max Iv = πi), then

Ui(π) = (I1, ℓ1), . . . , (Iv−1, ℓv−1), (Iv+1, ℓv+1), . . . , (Ik−1, ℓk−1), (Ik, ℓk + 1).

Example 2. For the permutation π = 6 2 5 8 7 3 1 4 in Fig. 2, λ1(π), λ2(π), . . . , λ8(π) = 0, 0, 1, 1, 3, 2, 1, 3, and the
process described in Definition 1 gives the slices below.

Remark 1. Let Ui(π) = (I1, ℓ1), (I2, ℓ2), . . . , (Ik, ℓk) be the ith slice of π , 0 ≤ i < n. Then, the following properties can be
easily checked:
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Fig. 2. The permutation π = 6 2 5 8 7 3 1 4 with b(π) = 0 1 1 0 2 3 6 3 and λ1(π), λ2(π), . . . , λ8(π) = 0, 0, 1, 1, 3, 2, 1, 3.

– the intervals I1, I2, . . . , Ik are in decreasing order, that is max Ij+1 < min Ij for any j, 1 ≤ j < k;
– the sequence ℓ1, ℓ2, . . . , ℓk is increasing, that is ℓj < ℓj+1 for any j, 1 ≤ j < k;
– {ℓ1, ℓ2, . . . , ℓk} ⊆ [0, i], and ℓk = i;
– 0 ∈ Ik;
– ∪

k
j=1 Ij = {πi+1, πi+2, . . . , πn} ∪ {0};

– the (i + 1)th entry of the Lehmer code of π is given by the number of entries πj > πi+1, with j < i + 1, that is the
cardinality of [πi+1, n] \ ∪

k
j=1 Ij.

A byproduct of Definition 1 is the construction of b:Sn → Sn defined below.

Definition 2. Let π = π1π2 . . . πn ∈ Sn. For each i, 1 ≤ i ≤ n, we define bi = ℓv , where v is such that (Iv, ℓv) is a labeled
interval in the (i − 1)th slice of π with πi ∈ Iv , and we denote by b(π) the sequence b1b2 . . . bn.

From Remark 1 it follows that b(π) is a subexcedant sequence, see for instance Example 2 and Fig. 2.

Proposition 1. Let π = π1π2 . . . πn ∈ Sn, b(π) = b1b2 . . . bn, and let an i, 1 ≤ i ≤ n.

1. i is a descent in π iff i is an ascent in b(π);
2. i is an ides in π iff bi does not occur in bi+1bi+2 . . . bn;
3. i is a left-to-right maximum in π iff bi = 0;
4. i is a left-to-right minimum in π iff bi = i − 1;
5. i is a right-to-left maximum in π iff i is right-to-left minimum in b.

Proof. Points 1 and 2 obviously follow from the definition of b.
Point 3. Let j be such that πj = n; bi = 0 iff i ≤ j and πi lies in the first interval of the (i− 1)th slice of π , which in turn is

equivalent to i is a left-to-right maximum in π .
Point 4. Similarly, let j be such that πj = 1; bi = i − 1 iff i ≤ j and πi lies in the last interval of the (i − 1)th slice of π ,

which in turn is equivalent to i is a left-to-right minimum in π .
Point 5. By the construction of b, i is a right-to-left maximum in π iff πi is the largest element of the first interval of the

(i − 1)th slice of π , which in turn is equivalent to bi is smaller than any of bi+1, bi+2, . . . , bn. �

See for instance Example 1, where s = b(π).
For a length-n subexcedant sequence b = b1b2 . . . bn, let us consider the following properties that a position i, 1 ≤ i ≤ n,

can satisfy:

R1: bi occurs in the suffix bi+1bi+2 . . . bn of b,
R2: i − 1 occurs in b.

The next proposition shows that each λi(π) can be obtained solely from b(π).

Proposition 2. Let π ∈ Sn and b(π) = b1b2 . . . bn. Then, for any i, 1 ≤ i ≤ n, we have

λi(π) =


0, if i satisfies both R1 and R2,
1, if i satisfies R2 but not R1,
2, if i satisfies R1 but not R2,
3, if i satisfies neither R1 nor R2.
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Proof. By the construction given in Definition 2 for b(π) from the slices of π , it follows that the position i in π satisfies
property P1 (resp. P2) if and only if the position i in b(π) satisfies property R1 (resp. R2), and the statement holds. �

Proposition 3. Let π, σ ∈ Sn with b(π) = b(σ ). Then

1. λi(π) = λi(σ ) for any i, 1 ≤ i ≤ n.
2. If (I1, ℓ1), (I2, ℓ2), . . . , (Ik, ℓk) is the ith slice of π , and (J1,m1), (J2,m2), . . . , (Jp,mp) that of σ , for some i, 1 ≤ i < n, then

k = p and ℓj = mj, for 1 ≤ j ≤ k.

Proof. The first point is a consequence of Proposition 2.
The second point follows by the next considerations. The ith slice of π , i ≤ 1 < n, has the same number of intervals as

its (i − 1)th slice, except in two cases: λi(π) = 0 (when an interval is split into two intervals); and when λi(π) = 3 (when
a one-element interval is removed). The result follows by considering the first point and by induction on i. �

The sequence b(π) = b1b2 . . . bn ∈ Sn was defined by means of the slices of π , but in proving the bijectivity of b we
need rather the complement of these slices. Let π ∈ Sn and Ui(π) = (I1, ℓ1), (I2, ℓ2), . . . , (Ik, ℓk) be the ith slice of π
for an i, 1 ≤ i < n. The ith profile of π is the sequence X1, X2, . . . , Xp of decreasing nonempty maximal intervals (that is,
max Xj+1 < min Xj, and none of them has the form Xj ∪ Xj+1) with ∪

p
j=1 Xj = {1, 2, . . . , n} \ ∪

k
j=1 Ij. And, clearly, ∪

p
j=1 Xj is

the set of entries in π to the left of πi+1, and
p

j=1 card Xj = i.

Example 3. The vertical gray regions on the right side of Example 2 correspond to the profiles of π = 6 2 5 8 7 3 1 4 in Fig. 2.
These profiles are [6, 6]; [6, 6], [2, 2]; [5, 6], [2, 2]; [8, 8], [5, 6], [2, 2]; [5, 8], [2, 2]; [5, 8], [2, 3]; and [5, 8], [1, 3].

In the proof of Theorem 1, we need the next result.

Proposition 4. Let π, σ ∈ Sn with b(π) = b(σ ), and let an i, 1 ≤ i < n. If X1, X2, . . . , Xp and Y1, Y2, . . . , Ym are the ith
profiles of π and of σ , then

– n ∈ X1 if and only if n ∈ Y1,
– p = m, and
– card Xj = card Yj for any j, 1 ≤ j ≤ p.

Proof. It is easy to see that n ∈ X1 iff 0 does not appear in bi+1(π) . . . bn(π) = bi+1(σ ) . . . bn(σ ), that is, iff n ∈ Y1. And, if
i = 1, then the first profile of π and of σ are one-element intervals, and the statement holds.

From the first point of Proposition 3, we have λi(π) = λi(σ ). Suppose that the statement is true for i − 1, and we will
prove it for i.

In passing from the (i− 1)th profiles of π and of σ to their ith profiles, the following cases can occur (we refer the reader
to Definition 1 and Fig. 1).

– If λi(π) = λi(σ ) = 0, or λi(π) = λi(σ ) = 1 and bi(π) = bi(σ ) = 0, then a new one-element interval is added to the ith
profile of π and of σ . Moreover, since b(π) = b(σ ), by the second point of Proposition 3, it follows that these intervals
are both, for some k, the kth intervals in the ith profile of π and σ .

– If λi(π) = λi(σ ) = 1 and bi(π) = bi(σ ) ≠ 0, then for some k, a new element is added to the kth interval of both ith
profiles of π and σ ; this element is the smallest one in the obtained intervals.

– If λi(π) = λi(σ ) = 2, or λi(π) = λi(σ ) = 3 and bi(π) = bi(σ ) = 0, then for some k, a new element is added to the kth
interval of both ith profiles of π and σ ; this element is the largest one in the obtained intervals.

– If λi(π) = λi(σ ) = 3 and bi(π) = bi(σ ) ≠ 0, then two consecutive intervals are merged in the ith profiles of π and of
σ : the kth and (k + 1)th ones, for some k. �

Now, we explain how the Lehmer code c1c2 . . . cn is linked to the profiles of a permutation. By definition, c1 = 0 and
ci, i > 1, is the number of entries in π at the left of πi and larger than πi. If X1, X2, . . . , Xp is the (i − 1)th profile of π , it
follows that ci =

u
j=1 card Xj, where u is such that ∪

u
j=1 Xj is the set of entries in π at the left of πi and larger than πi, and

so ci = card ∪
u
j=1 Xj.

Theorem 1. The mapping b:Sn → Sn is a bijection.

Proof. Let π, σ ∈ Sn with b(π) = b(σ ), and c1c2 . . . cn and d1d2 . . . dn be the Lehmer codes of π and σ . Let also i be an
integer, 1 < i ≤ n, and (I1, ℓ1), (I2, ℓ2), . . . , (Ik, ℓk) be the (i − 1)th slice of π , and v such that πi ∈ Iv (see Definition 2). If
X1, X2, . . . , Xp is the (i − 1)th profile of π , then

if n ∈ X1, it follows that ci =
v

j=1 card Xj, and
if n ∉ X1, it follows that ci =

v−1
j=1 card Xj.

Since b(π) = b(σ ), combining Proposition 4 and the second point of Proposition 3, we have that ci = di. It follows that the
Lehmer code of π and of σ are equal, and so are π and σ , and thus b is injective. And, by cardinality reasons, it follows that
b is bijective. �
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It is straightforward to see that the 4-tuple of statistics (Des, Lrmax, Lrmin,Rlmax) on Sn has the same distribution as
(Asc, Posz,Max,Rlmin) on Sn. Indeed, for the Lehmer code L(π) of a permutation π , we have (Des, Lrmax, Lrmin,Rlmax)
π = (Asc, Posz,Max,Rlmin) L(π), see Property 1. But, generally, Idesπ is different from Row L(π). For example, if
π = 6 2 5 8 7 3 1 4, then L(π) = 0 1 1 0 1 4 6 4, Idesπ = {3, 5, 7, 8} and Row L(π) = {5, 7, 8}.

Combining Theorem 1 and Proposition 1, it follows that b behaves not only as the Lehmer code for the above 4-tuples of
statistics, but also it transforms Idesπ into Row b(π). Formally, we have the next theorem, which subsequently gives Row
as a set-valued partner for Asc, thereby answering to an open question stated in [1].

Theorem 2. For any π ∈ Sn,

(Des, Ides, Lrmax, Lrmin,Rlmax) π = (Asc,Row, Posz,Max,Rlmin) b(π),

and so the multistatistic (Des, Ides, Lrmax, Lrmin,Rlmax) on Sn has the same distribution as (Asc,Row, Posz,Max,Rlmin) on
Sn.

The next corollaries are consequences of Theorem 2. The first of them is Foata’s result in [4] saying that (asc, row) on
subexcedant sequences is a double Eulerian bistatistic.

Corollary 1. The bistatistics (asc, row) on the set of subexcedant sequences has the same distribution as (des, ides) on the set of
permutations.

Corollary 2. The bistatistics (asc, row) and (row, asc) are equidistributed on the set of subexcedant sequences.

Proof. Let s ∈ Sn and let us define t = b(σ ) where σ = π−1 with π = b−1(s). It is clear that (asc, row) s = (des, ides) π =

(ides, des) σ = (row, asc) t . �

Final remarks: Recently, Lin and Kim [6] defined a bijection Ψ between two combinatorial classes counted by the large
Schröder numbers, namely the set Sn(021) of subexcedant sequences avoiding the pattern 021, and the set Sn(2413, 4213)
of permutations avoiding the patterns 2413 and 4213. In [6], it is shown that Ψ proves the equidistribution of two 6-tuples
of set-valued statistics, that is

(Asc,Row, Posz,Max,Rlmin, Expo) s = (Des, Ides, Lrmax, Lrmin,Rlmax,Rlmin) Ψ (s),

for any s ∈ Sn(021). Here, Expo is the exposed positions statistic define in [6], and if the last statistic of both 6-tuples is
dropped out, then the 5-tuples in our Theorem 2 are obtained. Also in [6] is pointed out that the restriction of our mapping
b yields a bijection between Sn(2413, 4213) and Sn(021), but unlike Ψ −1, this restriction of b does not transform Rlmin
to Expo.
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We introduce a new statistic based on permutation descentswhich has a distribution given
by the Stirling numbers of the first kind, i.e., with the same distribution as for the number
of cycles in permutations. We study this statistic on the sets of permutations avoiding one
pattern of length three by giving bivariate generating functions. As a consequence, new
classes of permutations enumerated by the Motzkin numbers are obtained. Finally, we
deduce results about the popularity of the pure descents in all these restricted sets.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction and notations

Let Sn be the set of permutations of length n, i.e., all one-to-one correspondences from [n] = {1, 2, . . . , n} into itself.
We represent a permutation π ∈ Sn in one-line notation, π = π1π2 . . . πn where πi = π (i), 1 ≤ i ≤ n. Moreover, if
σ = σ (1)σ (2) . . . σ (n) is a length n permutation then the product σ · π is the permutation σ (π1)σ (π2) . . . σ (πn). In Sn,
a k-cycle π = ⟨i1, i2, . . . , ik⟩ is a length n permutation verifying π (i1) = i2, π (i2) = i3, . . . , π (ik−1) = ik, π (ik) = i1 and
π (j) = j for j ∈ [n] \ {i1, . . . , ik}. For 1 ≤ k ≤ n, we denote by Cn,k the set of all n-length permutations which admit a
decomposition in a product of k disjoint cycles. The cardinality of Cn,k is given by the signless Stirling numbers of the first
kind c(n, k) satisfying the relation:

c(n, k) = (n − 1)c(n − 1, k) + c(n − 1, k − 1) (1)

with the initial conditions c(n, k) = 0 if n ≤ 0 or k ≤ 0, except c(0, 0) = 1. See for instance [12,16] and the sequence
A132393 in the Sloane’s on-line encyclopedia of integer sequences [15]. These numbers are also usually defined by means
of the following combinatorial identity (see for instance [7,8,16])

n∑
k=1

c(n, k)xk = x(x + 1)(x + 2) · · · (x + n − 1). (2)

Also, they enumerate n-length permutations π having k left-to-right maxima, i.e., values i ∈ [n] such that πj < πi for every
j < i. Indeed, erasing the parentheses from the standard representation of a permutationπ in a product of disjoint cycles (each
cycle is written with its largest element first and the cycles are in increasing order of their largest element), one constructs a
bijection on Sn (see [16]) that transports cycles into left-to-right maxima. See [1,2] for efficient generating algorithms of the
sets of permutations with a given number of cycles or left-to-right maxima.

Surprisingly and to our knowledge, these two linked statistics on permutations are the only examples studied in the
literature that interpolate the Stirling numbers of the first kind. In this paper, we introduce a new statistic on permutations

E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), sergey.kirgizov@u-bourgogne.fr (S. Kirgizov).
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0012-365X/© 2017 Elsevier B.V. All rights reserved.
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Fig. 1. The value 4 is a pure descent in π = , while 2 is a descent but not a pure descent.

(called pure descent statistic) which has the same distribution as the number of cycles. Its definition is based on the well
known Eulerian statistic of descents in permutations (a descent in π is a value i ∈ [n − 1] such that πi > πi+1). In Section 2,
we define the notion of pure descent and we show how their distribution on permutations realizes an interpolation of the
Stirling numbers of the first kind. In Section 3, we focus our study on the sets of permutations avoiding one pattern of length
three by giving bivariate generating functions with respect to the length of permutation and the number of pure descents.
Finally, we deduce the total number of pure descents in all permutations of these restricted sets, which is usually called the
popularity [6,13].

2. Pure descent statistics

Let π be a permutation in Sn. Let us recall that a descent in π is a value i ∈ [n − 1] such that πi > πi+1. In the case where
there is no j < i such that πj ∈ [πi+1, πi], we call it a pure descent. We denote by Dn,k the set of permutations of length nwith
k pure descents. For instance, in π = 231645, the descents are 2 and 4, and 4 is the only one pure descent (see Fig. 1).

Theorem 1. For 0 ≤ k ≤ n − 1, the number of n-length permutations with k pure descents is given by the signless Stirling
number of the first kind c(n, k + 1).

Proof. Let us define the insertion operator ψ from Sn−1 × [n] to Sn by ψ(π, j) = π ′ where

π ′

i =

{
πi if πi < j,
πi + 1 if πi ≥ j,
j if i = n.

For instance, if π = 2413 then we have ψ(π, 3) = 25143 and ψ(π, 2) = 35142.
Let π ∈ Dn−1,k be a permutation of length n − 1 with k pure descents. If j ̸= πn−1 then the insertion operator provides

a permutation π ′
= ψ(π, j) that lies into Dn,k. Indeed, the pure descents of π are preserved in π ′ and no pure descents are

created. Setting dn,k = |Dn,k|, there are (n − 1)dn−1,k permutations π ′
∈ Sn with k pure descents satisfying π ′

n ̸= π ′

n−1 − 1.
Now, let π ∈ Dn−1,k−1 be a permutation of length n − 1 with k − 1 pure descents. If j = πn−1 then the insertion provides

π ′
= ψ(π, j) that lies intoDn,k. Indeed, the pure descents ofπ are preserved inπ ′, and a newpure descent is created between

π ′

n−1 and π ′
n = π ′

n−1 − 1. Hence, there are dn−1,k−1 permutations π ′
∈ Sn with k pure descents for which π ′

n = π ′

n−1 − 1.
This induces the recurrence relation dn,k = (n − 1)dn−1,k + dn−1,k−1 for n, k ≥ 0 with the initial conditions dn,k = 0 if

n ≤ 0 or k < 0, except d0,−1 = 1. Using relation (1), we obtain dn,k = c(n, k + 1). □

Now, we define recursively a bijection φ on Sn that transports the number of pure descents into the number of cycles. Let
π be a permutation in Sn and σ the permutation in Sn−1 such that ψ(σ , πn) = π , i.e., σ is obtained from π by deleting the
element πn on the right, and after a normalization in Sn−1. Then we set φ(1) = 1 and

φ(π ) =

{
φ(σ ) · ⟨n, n⟩ if πn = πn−1 − 1,
φ(σ ) · ⟨πn, n⟩ if πn < πn−1 − 1,
φ(σ ) · ⟨πn − 1, n⟩ if πn > πn−1.

For instance, ifπ = 2731645 ∈ D7,2 thenwehaveσ = 263154,π7 = 5 andφ(π ) = ⟨1, 2⟩·⟨3, 3⟩·⟨1, 4⟩·⟨3, 5⟩·⟨6, 6⟩·⟨4, 7⟩ =

⟨1, 4, 7, 2⟩ · ⟨3, 5⟩ · ⟨6, 6⟩ = 4157362 has a decomposition in three disjoint cycles.
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Table 1
Number of permutations with no pure descents and avoiding one pattern of length three.

Pattern Sequence Sloane an, 1 ≤ n ≤ 11

{} (n − 1)! A000142 1, 1, 2, 6, 24, 120, 720, . . .
{231} 1 A000124 1, 1, 1, . . .
{123} A007477 1, 1, 1, 2, 3, 6, 11, 22, 44, 90, 187
{132}, {213}, {312} Motzkin A001006 1, 1, 2, 4, 9, 21, 51, 127, 323, 835, 2188
{321} A035929 1, 1, 2, 6, 19, 61, 200, 670, 2286, 7918, 27 770

Theorem 2. The map φ defined above is a bijection on Sn. Moreover, for k ≥ 0, φ(π ) has k + 1 cycles if and only if π has k pure
descents.

Proof. Due to the recursive definition of φ, it is straightforward to see that φ is injective and surjective. Furthermore, φ(π )
consists of a product of 2-cyclesΠn

i=1⟨pi, i⟩ where p1p2 . . . pn appears in the literature as the transposition array of φ(π ) (see
for instance [3]). Lemma 1 in [3] proves that the number of cycles of φ(π ) is the number of indices i, 1 ≤ i ≤ n, such that
pi = i. According to the recursive definition of φ(π ), the number of these indices minus one (we do not consider i = 1) is
exactly the number of pure descents in π ; indeed, if i ̸= 1 then pi = i means that after the ith step of the induction, the
current permutation σ = σ1σ2 . . . σn−1σn satisfies φ(σ ) = ⟨p1, 1⟩ · ⟨p2, 2⟩ · · · ⟨pi, i⟩with pi = i. Using the definition of φ, σ is
such that σi = σi−1−1, which implies that i−1 is a pure descent in π since π has no value πj, j < i, such that πi < πj < πi−1.
All these arguments are reversible, so the converse is also available. □

An immediate consequence of these last two results is the following corollary about the popularity [6] of the pure descents
among Sn, i.e., the total number of pure descents in all permutations of length n.

Corollary 1. The popularity of the pure descents among the set Sn is given by the generalized Stirling number (see A001705
in [15])

n! · (Hn − 1)

where Hn =
∑n

k=1
1
k is the nth harmonic number.

Proof. Using Theorem 1, the total number of pure descents in all permutations of length n is given by a(n) =
∑n−1

k=0k ·d(n, k).
Since d(n, k) = c(n, k+ 1), we deduce a(n) =

∑n
k=1(k− 1) · c(n, k), and a(n) =

∑n
k=1k · c(n, k)−

∑n
k=1c(n, k). The first sum

equals the total number of cycles in all permutations of length n, it is enumerated by n!Hn (see A000254 in [15]); the second
sum is n!. We obtain the result. □

Notice that the total number of pure descents in all permutations A001705 equals the total number of cycles of length at
least two in all permutations, while the distributions of these two statistics are different.

3. Pure descents in permutations avoiding one pattern of length three

A permutation π of length k is a pattern of a permutation σ ∈ Sn if there is a subsequence of σ which is order-isomorphic
to π , i.e., a subsequence σi1 . . . σik of σ with 1 ≤ i1 < · · · < ik ≤ n and such that σiℓ < σim whenever πℓ < πm. A permutation
σ that does not contain π as a pattern is said to avoid π . For example, σ = 2413 avoids the pattern 123. We denote by Sn(π )
the set of permutations of length n avoiding the pattern π . See for instance [5,10,14,17].

In this section, we provide bivariate generating functions for the distributions of the pure descents on the sets of
permutations avoiding one pattern of length three. Table 1 focuses on the cases of permutations that do not contain any pure
descent. Notice that Proposition 2.1 in [9], which enumerates permutations avoiding the pattern 213 and the generalized
pattern 2̄–31, is a particular case of our result for permutations having no pure descents and avoiding the pattern 213.

3.1. The pattern α ∈ {132, 213, 312}

The following theorem proves that the pure descent statistic has the same distribution on the sets Sn(α) of permutations
avoiding a pattern α ∈ {132, 213, 312}.

Theorem 3. Let A(x, y) =
∑

n≥0,k≥0an,kx
nyk be the bivariate generating function where the coefficient of xnyk is the number an,k

of permutations of length n with k pure descents and avoiding the pattern α, α ∈ {132, 213, 312}. Then, we have

A(x, y) =
1 + x − xy −

√
x2y2 + 2 x2y − 3 x2 − 2 xy − 2 x + 1

2x
.

For instance, the first terms of A(x, y) are 1+ x+ x2 + 2 x3 + 4 x4 + 9 x5 + 21 x6 + 51 x7 + x2y+ 2 x3y+ 6 x4y+ 16 x5y+

45 x6y + x3y2 + 3 x4y2 + 12 x5y2 + x4y3 (see Table 2).
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Table 2
Coefficients an,k for 1 ≤ n ≤ 8 and 0 ≤ k ≤ 6.

k n

1 2 3 4 5 6 7 8

0 1 1 2 4 9 21 51 127
1 1 2 6 16 45 126 357
2 1 3 12 40 135 441
3 1 4 20 80 315
4 1 5 30 140
5 1 6 42
6 1 7

Proof. Case α = 132: letπ be a permutation in Sn(132). Ifπ is not empty, then it can bewrittenπ = σnγ where γ ∈ Sk(132)
for some k, 0 ≤ k ≤ n−1, andσ is obtained fromapermutation in Sn−k−1(132) by adding k on all these entries.Wedistinguish
two cases: (i) σ is empty, and (ii) σ is not empty.

For the case (i), the permutation π is of the form π = nγ where γ ∈ Sn−1(132); if γ is not empty then γ has one pure
descent less than π (π contains the pure descents of γ and the pure descent created by n at the first position). Hence, the
generating function for these permutations is given by x + xy(A(x, y) − 1).

For the case (ii), the entry n does not create any pure descent in π . Thus, the generating function for these permutations
is given by x(A(x, y) − 1)A(x, y).

Combining the two cases, the following functional equation provides the result

A(x, y) = 1 + x + xy(A(x, y) − 1) + x(A(x, y) − 1)A(x, y).

Case α = 312: let π be a permutation in Sn(312). If π is not empty, then it can be written π = σ1γ where σ1 ∈ Sk(312) for
some k, 1 ≤ k ≤ n, and γ is obtained from a permutation in Sn−k(312) by adding k on all these entries. We distinguish two
cases: (i) γ is empty, and (ii) γ is not empty. Let A1(x, y) (resp. A2(x, y)) be the generating function for the set of permutations
π satisfying (i) (resp. (ii)). Obviously, we have A(x, y) = 1 + A1(x, y) + A2(x, y).

For the case (i), the permutation π is of the form π = σ1, where σ is obtained from a permutation in Sn−1(312) by adding
1 to all these entries. If σ belongs to the case (i), then σ has one pure descent less than π (π contains the pure descents of
σ and the pure descent created by the last value of σ and 1); otherwise, σ and π have the same number of pure descents.
Hence, the generating function for these permutations satisfies the functional equation A1(x, y) = xyA1(x, y)+x(A2(x, y)+1).

For the case (ii), σ1 satisfies the case (i), and γ can satisfy the two cases. Thus, the generating function for these
permutations satisfies the functional equation A2(x, y) = A1(x, y)(A(x, y) − 1).

Combining the two cases, we obtain the following system of functional equations:{
A1(x, y) = xyA1(x, y) + x(A2(x, y) + 1)
A2(x, y) = A1(x, y)(A1(x, y) + A2(x, y)).

Thus, we obtain A1 =
1+x−xy−

√
x2y2+2 x2y−3 x2−2 xy−2 x+1

2(1+x−xy) , and

A2 =
1−x−2xy−2x2+x2y+x2y2+(xy−1)

√
x2y2+2 x2y−3 x2−2 xy−2 x+1

2x(1+x−xy) which completes the proof.

Case α = 213: let π be a permutation in Sn(213). If π is not empty, it can be written π = σ1γ where 1γ ∈ Sk(213) for
some k, 1 ≤ k ≤ n, and σ is obtained from a permutation in Sn−k(213) by adding k on all these entries. We distinguish two
cases: (i) γ is empty and (ii) otherwise. Let A1(x, y) (resp. A2(x, y)) be the generating function for the set of permutations π
satisfying (i) (resp. (ii)). Obviously, we have A(x, y) = 1 + A1(x, y) + A2(x, y).

For the case (i), the permutation π is of the form π = σ1, where σ is obtained from a permutation in Sn−1(213) by adding
1 to all these entries. If σ belongs to the case (i), then σ has one pure descent less than π (π contains the pure descents of
σ and the pure descent created by the last value of σ and 1); otherwise, σ and π have the same number of pure descents.
Hence, the generating function for these permutations satisfies the functional equation A1(x, y) = xyA1(x, y)+x(A2(x, y)+1).

For the case (ii), σ1 satisfies the case (i), and γ can satisfy the two cases. Thus, the generating function for these
permutations satisfies the functional equation A2(x, y) = A1(x, y)(A(x, y) − 1). We conclude mutatis mutandis as for the
pattern 312. □

Corollary 2. For α ∈ {132, 213, 312} and n ≥ 1, the permutations in Sn(α)with no pure descent are enumerated by the Motzkin
numbers (see A001006 in [15]).

Proof. We obtain the result by calculating A(x, 0) =
1+x−

√
−3 x2−2 x+1
2x , which is the generating function for the Motzkin

numbers. □

Corollary 3. For α ∈ {132, 213, 312} and n ≥ 1, the popularity of the pure descents among the set Sn(α) is given by the binomial
coefficient

(2n−2
n−2

)
(see A001791 in [15]).
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Proof. We need to calculate the numbers
∑n−1

k=0k.an,k for n ≥ 0, which are the coefficients of xn in ∂A(x,y)
∂y

⌋
y=1

. A simple

calculation provides ∂A(x,y)
∂y

⌋
y=1

=
1−2x−

√
1−4x

2
√
1−4x

which induces the result. □

3.2. The pattern 231

Since any descent in a permutation avoiding 231 is also a pure descent, the set of permutations of length nwith no pure
descents and avoiding the pattern 231 is clearly reduced to the identity permutation 12 . . . n.

Theorem 4. Let B(x, y) =
∑

n≥0,k≥0bn,kx
nyk be the bivariate generating function where the coefficient of xnyk is the number bn,k

of permutations of length n with k pure descents and avoiding the pattern 231. Then, we have

B(x, y) =
1 − x + xy −

√
1 − 2x − 2xy + x2 − 2x2y + x2y2

2xy
.

For instance, the first terms of B(x, y) are 1 + x + x2 + x3 + x4 + x5 + x6 + x7 + x2y + 3 x3y + 6 x4y + 10 x5y + 15 x6y +

x3y2 + 6 x4y2 + 20 x5y2 + x4y3 (see the Narayana numbers A001263 in [15]).

Proof. Let π be a permutation in Sn(231). If π is not empty, then it can be written π = σnγ where σ ∈ Sk(231) for some k,
0 ≤ k ≤ n − 1, and γ is obtained from a permutation in Sn−k−1(231) by adding k on all these entries.

In the case where γ is empty, the generating function for these permutations is given by xB(x, y) (π and σ have the same
number of pure descents); otherwise, the generating function is given by xyB(x, y)(B(x, y)−1) (π contains the pure descents
of σ and the pure descent created by n and the first value of γ ).

Hence we deduce the functional equation:

B(x, y) = 1 + xB(x, y) + xyB(x, y)(B(x, y) − 1),

and a simple calculation gives the result. □

Corollary 4. The popularity of the pure descents among the set Sn(231), n ≥ 1, is given by the binomial coefficient
(2n−1
n−2

)
(see

A002054 in [15]).

Proof. Using Theorem 4, the result is given by the coefficient of xn in ∂B(x,y)
∂y

⌋
y=1

=
1−3x−(1−x)

√
1−4x

2x
√
1−4x

. □

3.3. The pattern α ∈ {321, 123}

In this section, we investigate the distribution of pure descents on the sets Sn(α) for α ∈ {321, 123}, but we proceed
differently than we did in the Sections 3.1 and 3.2. Using classical bijections between Sn(123) (or Sn(321)) and Dyck paths,
the method consists in translating the pure descents on permutations into some specific patterns on Dyck paths on which
we study the distributions.

A Dyck path of semilength n, n ≥ 0, is a lattice path starting at (0, 0), ending at (2n, 0), and never going below the x-axis,
consisting of up steps U = (1, 1) and down steps D = (1,−1). Let Pn be the set of all Dyck paths of semilength n. The first
return decomposition of a Dyck path P is the unique decomposition P = UQDRwhere Q and R are two (possibly empty) Dyck
paths.

Given a permutation π ∈ Sn(321), we consider the path on the graphical representation of π with up and right steps
along the edges of the squares that goes from lower-left corner to the upper-right corner and leaving all the points (i, πi),
i ∈ [n], to the right and remaining always as close to the diagonal y = x as possible (the path can possibly reach the diagonal
but never crosses it). See Fig. 2 for an example of this construction. Let us define the Dyck path of length 2n (called Dyck path
associated with π ) obtained from this lattice path by reading an up-step U every time the path moves up, and a down-step
D every time the path moves to the right. This already known construction (see for instance [11]) induces a bijection χ from
Sn(321) to Pn. The following lemma shows how this bijection translates pure descents of permutations into some particular
configurations of Dyck paths.

Lemma 1. Let π be a permutation in Sn(321). Then, π has a pure descent in position d, d ≥ 1, if and only if its associated Dyck
path χ (π ) is of the form γUkDDδ, k ≥ 2, where γ is a Dyck path of semilength d − 1 ≥ 0 and δ is a word in {U,D}

∗.

Proof. Let π be a permutation in Sn(321) and let d be a pure descent in π . Let λ1 < λ2 < · · · < λℓ be the left-to-right
maxima of π , i.e., the values πi such that πj < πi for j < i. So, we can write π = λ1w1 . . . λℓwℓ where wj are some words
possibly empty so that the word w1 . . . wℓ is increasing.

So, the descents in π occur necessarily between λj and the first letter ofwj wheneverwj is not empty. Thus, the descents
in π are in one to one correspondence with the occurrences of UDD in χ (π ). Since π avoids 321, all integers j such that
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Fig. 2. The Dyck path χ (π ) = UUDUDDUUUDDD associated to the permutation π = 231 645 ∈ S6(321).

Fig. 3. The configuration γUkDD, k ≥ 2, for a pure descent in Sn(321).

j < πd+1 must be placed before πd, and every other integer must stay on the right of πd+1, since d is a pure descent. This
implies that γ = χ (π1 . . . πd−1) is a Dyck path and χ (π ) is of the form γUkDDδ for some k ≥ 2 and δ is a word in {U,D}

∗.
See Fig. 3 for an illustration of this proof. □

Theorem 5. Let F (x, y) =
∑

n≥0,k≥0fn,kx
nyk be the bivariate generating function where the coefficient of xnyk is the number fn,k

of permutations of length n with k pure descents and avoiding the pattern 321. Then, we have

F (x, y) =
1 −

√
1 − 4x

3x − 2x2 + 2x2y − xy + x(y − 1)
√
1 − 4x

.

For instance, the first terms of F (x, y) are 1+ x+ x2 +2 x3 +6 x4 +19 x5 +61 x6 +200 x7 + x2y+3 x3y+7 x4y+18 x5y+

53 x6y + x4y2 + 5 x5y2.

Proof. Using Lemma 1, we need to provide the bivariate generating function for Dyck paths of semilength nwith respect to
the number of different decompositions of the form γUkDDδ, k ≥ 2, where γ is a Dyck path and δ is a word in {U,D}

∗. For
short, the occurrence of UkDD in this decomposition will be called a crochet.

Now, we consider the first return decomposition of a Dyck path P = UQDR where Q and R are two Dyck paths.
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Fig. 4. The Dyck pathΩ(π ) = UUDUDDUUUDDD associated to the permutation π = 465 213 ∈ S6(123).

We distinguish two cases: (i) P starts with an occurrence of UkDU for some k ≥ 1, or P = UD; and (ii) otherwise. Let
F1(x, y) (resp. F2(x, y)) be the bivariate generating function for the set of permutations π satisfying (i) (resp. (ii)). Obviously,
we have F (x, y) = F1(x, y) + F2(x, y).

In the first case, the Dyck paths P = UQDR and R have the same number of crochets (the crochets of Q do not appear in P).
Hence, the generating function F1(x, y) for these paths satisfies the functional equation F1(x, y) = x(F1(x, 1) − x + 1)F (x, y).

In the second case, P is either empty, or P is a Dyck path starting with a crochet UkDD for some k ≥ 2. Then, for the
non trivial case, P = UQDR has one pure descent more than R (a crochet is created at the beginning of the path). Hence, the
generating function F2(x, y) for these paths satisfies the functional equation F2(x, y) = 1 + xy(F2(x, 1) − 1 + x)F (x, y).

So, we obtain the functional equation:

F (x, y) = 1 + x(F1(x, 1) − x + 1)F (x, y) + xy(F2(x, 1) − 1 + x)F (x, y), (3)

where F1(x, 1) + F2(x, 1) = C(x) =
1−

√
1−4x
2x is the Catalan generating function for the sets Sn(321), n ≥ 0.

By fixing y = 1 in (3), we obtain F1(x, 1) =
(1−x)(1−2x−

√
1−4x)

2x and F2(x, 1) =
2−3x+(x−2)

√
1−4x

1−
√
1−4x

which allows to entirely
determine the generating function F (x, y). □

Corollary 5. The popularity of the pure descents among the set Sn(321), n ≥ 1, is given by the generating function

1 − 3x + (x − 1)
√
1 − 4x

2x
(see A000245 in [15]).

Proof. Using Theorem 5, the result is given by ∂F (x,y)
∂y

⌋
y=1

=
1−3x+(x−1)

√
1−4x

2x . □

Finally, we study the distribution of the pure descents on the sets Sn(123). From a permutation π ∈ Sn(123), we consider
the path on the graphical representation of π with right and down steps along the edges of the squares that goes from
upper-left corner to the lower-right corner and leaving all the points (i, πi), i ∈ [n], to the left and remaining always as close
to the diagonal y = n − x + 1 as possible (the path can possibly reach the diagonal but never crosses it). See Fig. 4 for an
example of this construction. Let us define the Dyck path of length 2n (called Dyck path associated with π ) obtained from
this lattice path by reading an up-step U every time the path moves right, and a down-step D every time the path moves
down. This construction induces a bijectionΩ from Sn(123) to Pn. The following lemma shows how this bijection translates
pure descents of permutations into some particular configurations of Dyck paths. Notice that Lemma 2 is a refinement for
pure descents of the Proposition 1 in [4].

Lemma 2. Let π be a permutation in Sn(123). Then, π has a pure descent in position d, d ≥ 1, if and only if its associated Dyck
pathΩ(π ) has one of the three following forms:

(a) γUDUDδ, where γ and δ are two words in {U,D}
∗ and γ contains d − 1 steps U,

(b) γUUUδ, where γ and δ are two words in {U,D}
∗ and γ contains d − 1 steps U,

(c) γUDUδ, where γ is a Dyck path of semilength d − 1 ≥ 0, and Uδ is a Dyck path of semilength at least two.
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Fig. 5. The three configurations (C1)–(C3) for a pure descent in Sn(123).

Proof. Using Proposition 1 in [4], Barnabei et al. prove that the descents of a permutation π ∈ Sn(123) are translated byΩ ,
modulo a symmetry, into the occurrences of UUU and DU in a Dyck path and vice versa.

Now let us study what happens whenever the descent is pure. Let λ1 > λ2 > · · · > λℓ be the right-to-left maxima of π ,
i.e., the values πi such that πi > πj for i < j. So, we can write π = w1λ1 . . . wℓλℓ where wj are some words possibly empty
so that the word w1 . . . wℓ is decreasing.

The pure descents appear in the three following configurations (see Fig. 5):
(C1) between two consecutive right-to-left maxima with consecutive values,
(C2) between two consecutive letters of a word wi,
(C3) between the right-to-left maximum λi and the first letter x of wi+1 (whenever wi+1 is non-empty), such that there

does not exist any value πj lying in [x, λi] on the left of λi.
Translating configurations (C1) and (C2) in terms of Dyck paths using the map Ω , we obtain easily the following

correspondences:
- a pure descent satisfying (C1) is mapped into an occurrence of UDUD,
- a pure descent satisfying (C2) is mapped into an occurrence of UUU .
For the case (C3), since a pure descent d is obviously a descent, it is mapped with an occurrence of UDUδ where Uδ is a

Dyck path.
Moreover, if d is a pure descent, then there is no j < d such that πd+1 < πj < πd. As πd is a right-to-left maximum, we

have πd ≥ d; since πd+1 is not right-to-left maximum there is πk > πd+1 for k > d + 1, so the avoidance of 123 implies that
all values on the left of πd+1 are greater than πd+1. Finally, for all j < d, we have πj > πd ≥ d, which implies that πd = d.
Hence, π1 . . . πd−1 is obtained from a permutation of Sd−1(123) by adding d to all its values. This implies thatΩ(π1 . . . πd−1)
is a Dyck path andΩ(π ) is of the form γUDUδ where γ is a Dyck path of semilength d−1 and Uδ is also a Dyck path. Finally,
the fact that πd+1 is not a right-to-left maximum ensures that this case is not the same as (C1) and thus, we necessarily have
Uδ is of semilength at least two. □

Theorem 6. Let G(x, y) =
∑

n≥0,k≥0gn,kx
nyk be the bivariate generating function where the coefficient of xnyk is the number gn,k

of permutations of length n with k pure descents and avoiding the pattern 123. Then, we have

G(x, y) =
x3y3 − 2x3y2 + x3y − 3x2y2 + 3x2y + 3xy − x − 1 + (xy − x − 1)R(x, y)

x3y3 − x3y2 − 3x2y2 + x2y + 2x2 + 3xy − 1 + (xy − 1)R(x, y)
where

R(x, y) =

√
x4y4 − 2x4y3 + x4y2 − 4x3y3 + 4x3y2 + 4x3y + 6x2y2 − 4x3 − 2x2y − 4x2 − 4xy + 1.

For instance, the first terms of G(x, y) are 1 + x + x2 + x3 + 2 x4 + 3 x5 + 6 x6 + 11 x7 + x2y + 3 x3y + 5 x4y + 13 x5y +

26 x6y + x3y2 + 6 x4y2 + 15 x5y2 + x4y3.

Proof. Using Lemma 2, we need to provide the bivariate generating function for the number of Dyck paths of semilength n
with respect to the number of configurations (C1)–(C3).

We distinguish two cases: (i) the Dyck path starts with UD, and (ii) otherwise.
Let H(x, y, z) (resp. HUD(x, y, z), HUU (x, y, z)) be the trivariate generating function where the coefficient of xnykzℓ is the

number of Dyck paths of semilength n (resp. starting with UD, resp. starting with UU), having k configurations (C1) or (C2)
and ℓ configurations (C3). Obviously, we have H(x, y, z) = 1 + HUD(x, y, z) + HUU (x, y, z).

Using the first return decomposition, we obtain the system of functional equations (4):⎧⎨⎩ H(x, y, z) = 1 + HUD(x, y, z) + HUU (x, y, z)
HUD(x, y, z) = x + xzHUU (x, y, z) + xyHUD(x, y, z)
HUU (x, y, z) = xyHUU (x, y, 1)H(x, y, z) + xHUD(x, y, 1)H(x, y, z).

(4)
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Indeed, let P be a non empty Dyck path having its first return decomposition P = UQDR where Q and R are two Dyck
paths. When Q is empty (P starts with UD): if R starts with UD, then P and R have the same number of configurations (C2)
and (C3), and P has one configuration (C1) more than R. Hence the generating function for this subcase is xyHUD(x, y, z); if R
starts with UU , then P and R have the same number of configurations (C1) and (C2), and P has one configuration (C3) more
than R. Hence the generating function for this subcase is xzHUU (x, y, z).

When Q is not empty, the juxtaposition with R does not create any new configuration (C1), (C2) or (C3): if Q starts with
UU , then P has one configuration (C2) more than the total number of configurations (C2) in Q and R; the configurations (C3)
of Q do not appear in P . Hence the generating function for this subcase is xyHUU (x, y, 1)H(x, y, z). In the sameway, we obtain
the generating function xHUD(x, y, 1)H(x, y, z) whenever Q starts with UD.

Resolving this system of Eqs. (4), after fixing z = y, we obtain the expected bivariate generating function G(x, y) =

H(x, y, y). □

Corollary 6. The popularity of the pure descents among the set Sn(123), n ≥ 1, is given by the generating function

4x2 − 9x + 2 + (5x − 2)
√
1 − 4x

8x − 2
(see A129869 in [15]).

Proof. Using Theorem 6, the result is given by ∂G(x,y)
∂y

⌋
y=1

=
4x2−9x+2+(5x−2)

√
1−4x

8x−2 . □
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1. Introduction and notation

The study of patterns in permutations was first introduced by Knuth [13], and continues to be an active area of
research today. Recently, patterns have been studied in contexts other than permutations, see for instance [5,16] where
the combinatorial class under consideration are inversion sequences, which can be seen as an alternative representation for
permutations. The present paper deals with treeshelves (formally defined below) which are still another class in bijection
with permutations, and patterns are sub-treeshelves contained or avoided in a similar way as consecutive patterns in
permutations or in inversion sequences. More precisely, we consider the class of unrestricted treeshelves and of those
avoiding a pattern of size 3 (treeshelves avoiding a pattern of size 2 collapse trivially to a singleton set). We not only
enumerate these classes for any avoider of size 3, but also give bivariate generating functions with respect to the size and to
the number of occurrences of a second pattern of size 2. As a byproductwe obtain the popularity (i.e., the cumulative number
of occurrences) among these classes of the pattern of size 2, obtaining counting sequences which are not yet recorded in
Sloane’s Encyclopedia of Integer Sequences [20].

Treeshelves are particular classes of binary increasing trees, considered for example in Françon’s work [10] in the context
of data structures for binary search methods. An increasing tree of size n, is an ordered rooted tree with n nodes labeled by
distinct integers in {1, 2, . . . , n}, so that the sequences of labels are increasing along all branches starting at the root (and
thus, the root is labeled by 1). A binary increasing tree (sometimes called 0–1–2 increasing tree) is an increasing tree where
every node has at most two children. Many studies (e.g., [1,2,3,6,15]) investigate binary increasing trees, but very few deal
with such trees endowed with the additional property that every child (including those with no siblings) is connected to its
parent by either a left or a right link. We call such a binary increasing tree treeshelf (or t-shelf for short), and its size is the
number of its nodes, see Fig. 1 for a size 7 t-shelf. We denote by Bn the set of size n t-shelves, and B1 consists of the single
one-node t-shelf. Often it is more convenient to represent graphically t-shelves by trees where edges are elongated so that

* Corresponding author.
E-mail addresses: jean-luc.baril@u-bourgogne.fr (J.-L. Baril), sergey.kirgizov@u-bourgogne.fr (S. Kirgizov), vvajnov@u-bourgogne.fr (V. Vajnovszki).
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Fig. 1. The t-shelf corresponding to the permutation 5 3 7 4 6 2 1; dotted (dashed) lines correspond to an occurrence of the third (fourth) pattern in the set
B3 listed above.

vertex i is at level i, for each i. For example, the size 3 t-shelf
1

2 3 is represented by
•

•
•, and

1

3 2 is represented by
•

•
•
,

see also Fig. 1. In this representation, B2 = {
•

• ,
•

•} , and B3 =

{
•

•
• ,

•
•

• ,
•

•
• ,

•
•

•,
•

•
• ,

•
•

•,

}
.

We denote ∪n≥0Bn by B, and ∪n≥1Bn by B•. The labeled tree rooted at the left child of the root of a t-shelf T becomes a
t-shelf after appropriately relabeling its nodes, and in the following we refer to it as the left t-shelf of T , and similarly for the
right t-shelf of T .

There is a bijection between Bn and the set of permutations of size n, and so the cardinality of Bn is n!. Indeed, to any
t-shelf T in Bn we can uniquely associate the length n permutation π = α(n− r(T )+ 1)β , where r(T ) is the label of the root
of T , and α (resp. β) is recursively defined from the left (resp. right) t-shelf of T (see again Fig. 1). As mentioned by Bergeron,
Flajolet, and Salvy [1], this construction appears in [10] and thereafter recalled in Stanley’s book [21]. Additional information
(including historical notes) about binary and other families of increasing trees can be found for example in [1,4,11].

In this paper we are interested in the sets of t-shelves avoiding a pattern P ∈ B3, i.e., the sets of those that do not contain
any occurrence of P . The containment/avoidance of a pattern in a t-shelf can most easily be explained with examples. The
avoidance of

•
•

• in a t-shelf T means that T does not contain any node where the label of its left child is less than that of
its right child. The t-shelf in Fig. 1 contains only one pattern

•
•

• (illustrated by dashed lines), one pattern
•

•
• (dotted) and

avoids the pattern
•

•
• .

Since the number of •
• patterns in a t-shelf is equal to the size of the t-shelf minus the number of •

• patterns, minus
one, in the following we will consider only •

• patterns. Moreover, an occurrence of the •
• pattern is equivalent to that of a

left child in the underlying tree of the t-shelf, wewill refer to this pattern as a left child (similarly the pattern •
• corresponds

to a right child). Also, since the patterns
•

•
• and

•
•

• are equivalent by symmetry, and so are the patterns
•

•
• and

•
•

• ,
and the patterns

•
•

• and
•

•
• , we will consider only avoiders P in {

•
•

• ,
•

•
• ,

•
•

•} .
T-shelves are labeled combinatorial objects, and so it is appropriate to use exponential generating functions (e.g.f.) for the

enumerative analysis of them. In Section 2, for each of the avoiders P abovementioned, we consider the set B(P) of t-shelves
avoiding P , or B•(P) when we restrict to non-empty t-shelves. We provide a bivariate exponential generating function for
each B(P) with respect to the size and the number of left children, that is, function where the coefficient of znyk

n! in its series
expansion is the number of t-shelves of size n having exactly k left children, and deduce the e.g.f. for B(P) with respect to
the size. We also give the e.g.f. for the popularity of the left children among B(P), function where the coefficient of zn

n! in its
series expansion is the total number of left children appearing in all size n t-shelves in B(P). These results are summarized
in Tables 1 and 2.

Our method consists in constructing recursively the combinatorial class in question from two smaller classes,A1 andA2,
using the usual labeled productA1⋆A2 and the boxed productA□1 ⋆A2. The boxed productA□1 ⋆A2 is a subset ofA1⋆A2 where
the smallest label appears in the A1 component. See [8] for more information about the boxed product and its application
on labeled combinatorial structures.

Theorems 4–6 in Section 3 give constructive proofs of some results in Section 2, namely constructive bijections between:
(i) t-shelves avoiding

•
•

• and set partitions, (ii) unordered binary increasing trees where every node of degree one has
either a left or a right child and t-shelves avoiding the pattern

•
•

• , and (iii) unordered binary increasing trees and t-shelves
avoiding the pattern

•
•

• .

2. T-shelves avoiding a size 3 pattern

We begin this section by considering unrestricted t-shelves, then we extend our approach to those avoiding a pattern in
{

•
•

• ,
•

•
• ,

•
•

•} ⊂ B3 .
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Fig. 2. The shape of a t-shelf avoiding pattern
•

•
• .

A t-shelf is either empty or consists of a root with two (possibly empty) children. Thus, the set B of unrestricted t-shelves
can be expressed as

B = ϵ + Z□ ⋆ B2,

where Z corresponds to the atom, i.e., the singleton formed by the unique object of size one.
As the boxed productA□1 ⋆A2 has its exponential generating function given by

∫ z
0 ∂tA1(t)·A2(t) dt , whereA1(t) andA2(t) are

the exponential generating functions of A1 and A2, respectively (see [8, Theorem II.5]), we obtain the differential equation

B(z) = 1 +

∫ z

0
B2(t) dt,

which, with the initial condition B(0) = 1, gives as expected B(z) =
1

1−z , the e.g.f. for the sequence n!.

If we are interested in the bivariate exponential generating function B(z, y) where the coefficient of znyk
n! is the number of

t-shelves of size n having exactly k left children (or, equivalently by symmetry, k right children), then it is more convenient
to consider the set B• of non-empty t-shelves. A t-shelf T ∈ B• can be in one of the following cases: the root of T either

− has no children (T is reduced to one root node), in this case the set of such T is Z; or
− has only a left or only a right child, in both cases the set of such T is Z□ ⋆ B•; or
− has both left and right children, the set of such T is Z□ ⋆ B• ⋆ B•.

Thus, B• can be expressed as

B•
= Z + Z□ ⋆ B•

+ Z□ ⋆ B•
+ Z□ ⋆ (B•)2,

and after multiplying by y whenever a new left child is created, we obtain the differential equation

B•(z, y) = z +

∫ z

0
B•(t, y) dt + y

∫ z

0
B•(t, y) dt + y

∫ z

0
(B•(t, y))2 dt,

where B(0, y)• = 0, and its solution is B•(z, y) =
1−ez(y−1)

ez(y−1)−y
. Finally,

B(z, y) = 1 + B•(z, y) =
1 − y

ez(y−1) − y
,

and we retrieve two well known results, see [18, Exercise 1.9]:

− B(z, y) is given by a shift of the Eulerian numbers (sequence A008292 in OEIS [20]); and
− the popularity of the left (or right) children among B, which is the coefficient of zn

n! in ∂yB(z, y)|y=1 =
z2

2 z2−4 z+2
, is

given by the Lah numbers (sequence A001286 in OEIS [20]).

In the following, for each t-shelf P ∈ {

•
•

• ,
•

•
• ,

•
•

•} we will count the class B(P) (or B•(P)) of t-shelves avoiding P , and
explore the distribution and the popularity of left children (i.e, of the pattern •

• ) within each class.

2.1. Pattern

Here we consider B(P) with P =

•
•

• , that is, t-shelves where each left child has no right child, we refer to Fig. 2 for an
illustration of the shape of such a t-shelf.
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Theorem 1. Let P be the pattern
•

•
• . The bivariate e.g.f. for B(P) with respect to the size of t-shelves and the number of left

children is given by

C(z, y) = e
ezy−1

y .

Proof. Let C = B(P) and T ∈ C. According to the shape of the t-shelves in C (see Fig. 2), if T is non-empty, then it is obtained
from a pair of t-shelves, namely a non-empty t-shelf with no right children containing the smallest label of T , and a second
unrestricted t-shelf in C. The set of such non-empty t-shelves is D□ ⋆ C, where D is the set of non-empty t-shelves with no
right children. Thus we have

C = ϵ + D□ ⋆ C.

Since the bivariate exponential generating function for D is D(z, y) =
ezy−1

y , we obtain the differential equation

C(z, y) = 1 +

∫ z

0
ety · C(t, y) · dt

where C(0, y) = 1, with the solution C(z, y) = e
ezy−1

y . □

By calculating C(z, 1) we have the following corollary.

Corollary 1. The exponential generating function for the set B(P) with respect to the size of t-shelves is Bell(z) = ee
z
−1, which

generates the Bell numbers (sequence A000110 in OEIS [20]).

Corollary 2. The popularity of the left children among the set B(P) is given by the exponential generating function

PC(z) =
(
zez − ez + 1

)
ee

z
−1.

Moreover, the coefficient pcn of zn
n! in PC(z) satisfies pcn = (n + 1)bn − bn+1 where bn is the nth Bell number. The asymptotic

value of pcn is given by

√
n
(

n
W (n)

)n+ 1
2

e
n

W (n) −n−1
,

where W is the Lambert function [7,19], that is, W (n) is the unique real solution of W (n) · eW (n)
= n.

(The first terms of pcn, n ≥ 2, are 1, 5, 23, 109, 544, 2876, 16113, 95495.)

Proof. The popularity is given by ∂yC(z, y)|y=1 = (zez − ez + 1) ee
z
−1. The recurrence for pcn is directly obtained from the

relation (z − 1)∂zBell(z) + Bell(z) = PC(z).
Finally, the asymptotic follows from the asymptotic formula due to M. Klazar [12, Proposition 2.6] and D.E. Knuth [14, eq.

(30), p. 69]:

bn+1

bn
∼

n
ln(n)

,

and from the well known asymptotic for the Bell numbers (see A.M. Odlyzko [17]):

1
√
n

(
n

W (n)

)n+ 1
2

e
n

W (n) −n−1
,

whereW (n) is the unique real solution ofW (n) · eW (n) = n. □

2.2. Pattern

Here we consider the set B(P) of t-shelves avoiding the pattern P =

•
•

• .

Theorem 2. Let P be the pattern
•

•
• . Then the bivariate e.g.f. for B(P)with respect to the size of t-shelves and the number of left

children is given by

E(z, y) =
2y − 1

y cosh
(
z
√

−2y + 1 + ln
(

1
y

(
y +

√
−2y + 1 − 1

)))
+ y

.
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Fig. 3. Illustration of a t-shelf satisfying the third case in the proof of Theorem 2.

Proof.
Let E = B(P) and T ∈ E . One of the following cases can occur.

− T is empty.
− T is not empty, and its root does not have a left child. In this case, the right t-shelf of T belongs to E and the set of such

t-shelves T is Z□ ⋆ E .
− The root of T has a left child. In this case T is obtained from a pair of t-shelves satisfying the second point above, namely

one formed by the root of T together with its right t-shelf, and the other one being the left t-shelf of T . See Fig. 3 for an
illustration of this case. So, T is the product of two t-shelves satisfying the second point above and, with the smallest
label belonging to the first t-shelf. Thus, the set of such t-shelves T is F□ ⋆ F where F = Z□ ⋆ E .

Combining these cases we have

E = • + Z□ ⋆ E +
(
Z□ ⋆ E

)□
⋆

(
Z□ ⋆ E

)
,

which yields the differential equation

E(z, y) = 1 +

∫ z

0
E(t, y)dt + y ·

∫ z

0

(
E(u, y) ·

∫ u

0
E(t, y) dt

)
du,

with the initial conditions E(0, y) = 1 and ∂zE(z, y)|z=0 = 1.A simple calculation (usingMaple for instance) gives the desired
result. □

The next corollary is obtained by calculating E(z, 1).

Corollary 3. The exponential generating function for the set B(P) with respect to the size of trees is given by

Eul(z) =
1

1 − sin z
,

which yields a shift of the Euler numbers (sequence A000111 in OEIS [20]–not to be confused with Eulerian numbers).

Corollary 4. The popularity pen of the left children among the set B(P) is given by the exponential generating function

PE(z) =
− sin z + 1 + (z − 1) cos z

(1 − sin z)2
.

Moreover, the coefficient pen of zn
n! satisfies pen = (n + 1)en − en+1 where en is the shifted Euler number defined by the e.g.f.

Eul(z) =
1

1−sin(z) . The asymptotic value of pen is given by

8(π − 2)
π3 n2

(
2
π

)n

.

(The first terms of pen, n ≥ 2, are 1, 4, 19, 94, 519, 3144, 20903, 151418).

Proof. Using Theorem 2, PE(z) is obtained by calculating ∂yE(z, y)|y=1. The recurrence relation is directly obtained with
the relation PE(z) = (z − 1)∂zEul(z) + Eul(z), and the asymptotic follows from the classical singularity analysis (see for
instance [8]). □

2.3. Pattern

We conclude this section by considering the pattern P =

•
•

• and the set B•(P) of non-empty t-shelves avoiding P .
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Fig. 4. Illustration of a t-shelf satisfying fourth case in the proof of Theorem 3.

Theorem 3. Let P be the pattern
•

•
• . Then the bivariate e.g.f. for B•(P) with respect to the size of t-shelves and the number of

left children is given by

G(z, y) =
−2

1 + y −

√
y2 + 1 coth

(
z
√

y2+1
2

) .

Proof. For P =

•
•

• , a non-empty t-shelf T in G = B•(P) is in one of the following cases:

− T is reduced to one (root) node.
− T has at least two nodes and its root does not have a left child. In this case the set of such t-shelves T is Z□ ⋆ G.
− T has at least two nodes and its root does not have a right child. As above, the set of such t-shelves T is Z□ ⋆ G.
− The root of T has both left and right children (see Fig. 4). In this case T is obtained from a pair of t-shelves in G connected

by a common root, with the smallest label of T in its right t-shelf. The set of such T is Z□ ⋆ (G□ ⋆ G).

Combining these four cases we obtain

G = Z + Z□ ⋆ G + Z□ ⋆ G + Z□ ⋆
(
G□ ⋆ G

)
which induces the differential equation

G(z, y) = z +

∫ z

0
G(t, y) dt + y ·

∫ z

0
G(t, y) dt + y ·

∫ z

0

∫ u

0
∂tG(t, y) · G(t, y) dt du,

with the initial conditionsG(0, y) = 0 and ∂zG(z, y)|z=0 = 1. A simple calculation (usingMaple for instance) gives the desired
result. □

Corollary 5. The exponential generating function for the set B(P) with respect to the size of t-shelves is given by

1 +
−2

−
√
2 coth

(
z

√
2

)
+ 2

which generates the sequence A131178 in OEIS [20].

Corollary 6. The popularity pgn of the left children among the set B(P) is given by the exponential generating function

PG(z) =

e
√
2z (4 z − 4) −

(√
2 − 2

)
e2

√
2z

+
√
2 + 2((√

2 − 2
)
e
√
2z + 2 +

√
2
)2 .

Moreover, the asymptotic value of the coefficient pgn of zn
n! is given by

n

⎛⎝ √
2

ln
(
2
√
2 + 3

)
⎞⎠n+1

.

(The first terms of pgn, n ≥ 2, are 1, 5, 24, 128, 770, 5190, 38864, 320704.)

Proof. Using Theorem 3, PG(z) is obtained by calculating ∂yG(z, y)|y=1, and the asymptotic follows from the classical
singularity analysis. □
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Table 1
Number of t-shelves avoiding the pattern P .

Pattern P Sequence counting B(P) OEIS [20] Comments
•

•
• 1, 1, 2, 5, 15, 52, 203, 877, 4140, 21147, . . . A000110 (Bell) Corollary 1 and Theorem 4

•
•

• 1, 1, 2, 5, 16, 61, 272, 1385, 7936, 50521, . . . A000111 (Euler) Corollary 3 and Theorem 6
•

•
• 1, 1, 2, 5, 16, 64, 308, 1730, 11104, 80176, . . . A131178 Corollary 5 and Theorem 5

Table 2
Popularity of left children among t-shelves avoiding the pattern P . None of
these sequences is yet recorded in OEIS [20].

Pattern P Popularity of left children in B(P) Comments
•

•
• 1, 5, 23, 109, 544, 2876, 16113, . . . Corollary 2

•
•

• 1, 4, 19, 94, 519, 3144, 20903, 151418, . . . Corollary 4
•

•
• 1,5,24,128,770,5190,38864,320704, . . . Corollary 6

3. Constructive bijections

The counting sequences for t-shelves avoiding a pattern of length 3 given in Corollaries 1, 3 and 5 are known (see
Table 1), and these results deserve bijective proofs. Here, for each pattern P ∈ {

•
•

• ,
•

•
• ,

•
•

•} , we give an explicit bijection
between B(P) and a simpler combinatorial class. These results are stated in the next three theorems, the first two of them
are straightforward.

Theorem 4. There is a bijection between the set of partitions of {1, 2, . . . , n} and the set Bn(P) of t-shelves of size n avoiding the
pattern P =

•
•

• .

Proof. For a partition S1, S2, . . . , Sk of a set S ⊆ {1, 2, . . . , n} with min S1 < min S2 < · · · < min Sk we define a t-shelf T
with nodes labeled by integers from S. If k = 1, then T is simply the t-shelf with no right children (andwith labels in S = S1).
Otherwise, T is defined recursively as:

− the root of T is labeled by min S1,
− the left t-shelf of T has size equal to card S1 − 1 and does not have a right child; its nodes are labeled by integers in

S1 \ {min S1},
− the right t-shelf of T is obtained recursively from the partition S2, . . . , Sk of S \ S1.

Clearly, the t-shelf T corresponding to a set partition of {1, 2, . . . , n} is a size n t-shelf avoiding P . See the recursive
definition ofB(P) in theproof of Theorem1and the shape of T given in Fig. 2. This construction is reversible, and the statement
holds □

Unordered binary increasing trees are the non-ordered counterpart of t-shelves: in an unordered binary increasing tree
the sibling nodes are not longer ordered among themselves, and nodes with no sibling are not ‘labeled’ left/right. Thus each
unordered binary increasing tree T can be expanded into 2k different t-shelves of the same size, where k is the number of
nodes of T having at least one child. Theorem 6 below establishes a bijection between size n+1 unordered binary increasing
trees and size n t-shelves avoiding

•
•

• . An interesting intermediate ordered/unordered combinatorial class is that of binary
increasing trees where, as above, the sibling nodes are not ordered, but nodes with no sibling are still ‘labeled’ left/right. We
denote by J the set of these trees.

We define a transformation φ acting on unordered binary increasing trees and on trees inJ by ordering the nodes having
a sibling: if a node of a tree has two children, then we consider the child with the smaller label as the right one (and thus,
that with the larger label as the left one). This configuration is depicted below.

y

u
z
, when z < y.

Clearly, applying φ on a tree inJ a t-shelf avoiding
•

•
• is obtained. Moreover, this transformation is reversible, and since

J is counted by the sequence A131178 in [20] (see the references therein), the next theorem gives a constructive proof for
the counting sequence of t-shelves avoiding

•
•

• .
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Fig. 5. The shift operation. The label of z is smaller than that of y.

Fig. 6. An unordered binary increasing tree in standard representation and its image after the recursive shift process, and after the deletion of the root.

Theorem 5. There is a bijection between the set J and the set B(P) of t-shelves avoiding the pattern P =

•
•

• .

In order to obtain a bijection between unordered binary increasing trees and t-shelves that avoid
•

•
• (next theorem), we

apply the shift (defined below) on unordered binary increasing trees in standard representation. The standard representation
of such a tree is the t-shelf obtained after ordering sibling nodes, which is obtained by performing the above transformation
φ, together with considering as right child each node with no sibling, as depicted below.

u
z.

The shift of a node y of a t-shelf has effect only if the following conditions are satisfied: (i) y is a left child and it has a right
sibling, say z; and (ii) z in turn does not have a left child and its label is smaller than that of y. Otherwise the shift has no
effect. With this notation, the shift of a node y satisfying the two conditions above consists of pruning y from its parent and
grafting it as the left child of z, see Fig. 5.

Finally, the shift of a t-shelf T is defined recursively by shifting, in order, the right t-shelf of T , the root of T , and then the
left t-shelf of T . See the first part of Fig. 6 for an illustration. Obviously, the shift of a t-shelf T is still a t-shelf, and if T is the
standard representation of some unordered binary increasing tree, then the shift of T avoids

•
•

• , and its root does not have
a left child.

Theorem 6. There is a bijection between unordered binary increasing trees with n+ 1 nodes and the set Bn(P) of t-shelves of size
n avoiding the pattern P =

•
•

• .

Proof. Let S be an unordered binary increasing tree with n + 1 nodes and T be the shift of its standard representation.
As mentioned above, T is a t-shelf and its root does not have a left child. We define the mapping S ↦→ U , where U is the
t-shelf obtained after deleting the root of T and decreasing by one each label of the obtained t-shelf, see Fig. 6. Thismapping is
injective, and any t-shelf with n nodes that avoids

•
•

• can be obtained by thismapping from an unordered binary increasing
tree. □

Let us remark that unordered binary increasing trees are equinumerous with alternating permutations that start with
a descent, as proved by Foata and Schützenberger [9]. The corresponding bijection is given by Donaghey [6]. Using
Donaghey’s bijection together with the bijection in Theorem 6, we obtain a one-to-one correspondence between alternating
permutations starting with a descent and t-shelves avoiding

•
•

• .
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Abstract. We investigate an equivalence relation on permutations based on the pure descent statistic. Generating
functions are given for the number of equivalence classes for the set of all permutations, and the sets of permutations
avoiding exactly one pattern of length three. As a byproduct, we exhibit a permutation set in one-to-one correspondence
with forests of ordered binary trees, which provides a new combinatorial class enumerated by the single-source directed
animals on the square lattice. Furthermore, bivariate generating functions for these sets are given according to various
statistics.
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1 Introduction, definitions and notations

Many statistics on permutations have been studied for many years, but two of them appear more
frequently in the literature: the number of descents and the number of excedances. These two statistics
were introduced by MacMahon [15] and are closely related since they have the same distribution.
However, many more articles deal with the descents which have links with other fields such as Coxeter
groups [6] or the theory of lattice paths [11].

Recently [3, 4], two equivalence relations on permutations based on the excedance and descent
statistics were introduced. The main results of these works consist of giving generating functions for
the number of equivalence classes for several restricted sets of permutations such as involutions, cycles,
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derangements, and permutations avoiding at most one pattern of length three. So, it becomes natural
to conduct a similar study for equivalence relations based on other statistics. This paper investigates
an equivalence relation based on the pure descent statistic, first introduced in [5] and formally defined
below. Moreover, we show how these equivalence classes are in one-to-one correspondence with certain
forests of ordered trees, providing some links between several statistics on these sets. As a consequence,
we exhibit a new set of pattern-avoiding permutations with the same cardinality as the set of single-
source directed animals on the square lattice (see Barcucci and al. [2], Bousquet-Mélou [9] for two
studies concerning directed animals, forests and pattern-avoiding permutations).

Now, we present some basic definitions and notation. Let Sn be the set of permutations of length
n, i.e., all one-to-one correspondences from [n] = {1, 2, . . . , n} into itself. The one-line notation of a
permutation π ∈ Sn is π1π2 · · ·πn where πi = π(i) for i ∈ [n]. The graphical representation of π ∈ Sn
is the set of points in the plane at coordinates (i, πi) for i ∈ [n] (see Figure 1).

Let π be a permutation in Sn. A descent of π is an integer i ∈ [n − 1] such that πi > πi+1.
Whenever there does not exist j < i such that πi+1 < πj < πi, we call it a pure descent. Let D(π)
be the set of pure descents in π, and DD(π) be the set of pairs (πi, πi+1) for i ∈ D(π). By abuse
of language, such a pair will be also called a pure descent. For instance, if π = 1 4 2 7 5 3 8 6 then
D(π) = {2, 4} and DD(π) = {(4, 2), (7, 5)}. In [5, Theorem 1], the authors prove that the number of
length n permutations with k pure descents is given by the signless Stirling number of the first kind
c(n, k + 1) where c(n, k) satisfies

c(n, k) = (n− 1) · c(n− 1, k) + c(n− 1, k − 1)

with the initial conditions c(n, k) = 0 if n ≤ 0 or k ≤ 0, except c(0, 0) = 1 ([20, 22] and the sequence
A132393 in the Sloane’s On-line Encyclopedia of Integer Sequences [19]).

We define the following equivalence relation on permutations of length n:

π ∼ σ ⇐⇒ DD(π) = DD(σ).

The set of equivalence classes in Sn (resp. in a restricted set R ⊂ Sn) is denoted S∼n (resp. R∼).
For instance, the permutations π = 1 4 2 7 5 3 8 6 and σ = 1 7 5 6 4 2 3 8 belong to the same
equivalence class (see Figure 1) because DD(π) = DD(σ) = {(4, 2), (7, 5)}, and S∼3 is constituted of
the 5 classes {123, 231}, {132}, {213}, {321} and {312}.
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Figure 1: Two permutations π = 1 4 2 7 5 3 8 6 and σ = 1 7 5 6 4 2 3 8 in the same equivalence class
of S∼8 with DD(π) = DD(σ) = {(4, 2), (7, 5)}.
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A permutation π ∈ Sn avoids the pattern τ ∈ Sk if and only if there is no sequence of indices
1 ≤ i1 < i2 < · · · < ik ≤ n such that π(i1)π(i2) · · ·π(ik) is order-isomorphic to τ (see [14, 18]).
We denote by Sn(τ) the set of permutations of Sn avoiding the pattern τ . For example, if τ = 123
then 52143 ∈ S5(τ) while 21534 /∈ S5(τ). Many classical sequences in combinatorics appear as the
cardinality of pattern-avoiding permutation sets. A large number of these results were firstly obtained
in [7, 12, 14, 15, 18, 21]. Also, we refer to the books of Kitaev [13] and Bóna [8].

Later, Babson and Steingŕımsson [1] defined generalized patterns (also called vincular patterns)
where any pair of two adjacent values in the pattern may be underlined, which means that the
corresponding values in the permutation must be adjacent. For instance, the pattern 231 occurs in
the permutation 316452 two times as the subsequences 352 and 452, while the pattern 231 occurs four
times.

Moreover, we will consider a barred pattern τ̄ , i.e., a permutation in Sk having a bar over one value
(see [17] and [21] for instance). Let τ be the permutation on [k] identical to τ̄ but unbarred, and τ̂ be
the permutation on [k − 1] made up of the k − 1 unbarred values of τ̄ rewritten to be a permutation
on [k − 1]. Then π ∈ Sn avoids the pattern τ̄ if and only if each pattern τ̂ in π can be expanded
into a pattern τ in π where the expanded value corresponds to the barred value in τ̄ . For instance,
the permutation 3241 does not avoid 213̄ since 41 cannot be expanded into a 213 pattern, while 3124
avoids it.

In the following, we will consider permutations avoiding the generalized and barred pattern 51423,
consisting in permutations where any pattern 4123 can be expanded into a pattern 51423.

The main goal of this paper is to calculate the number of equivalence classes (modulo pure descents)
for some subsets of permutations avoiding at most one pattern of length three. See Table 1 for an
overview of our results.

The paper is organized as follows. In Section 2, we give a one-to-one correspondence between S∼n
and the set of noncrossing partitions of [n], proving that the cardinalities of S∼n for n ≥ 1 are given
by the Catalan numbers (see A000108 in the On-line Encyclopedia of Integer Sequences [19]). For
the case of permutations avoiding the pattern 231, we prove that any equivalence class contains only
one permutation on which we construct a forest of ordered trees. Also, we prove that Sn(312)∼ and
Sn(321)∼ are enumerated by 2n−1 (A011782 in [19]).

In Section 3, we describe a bijection between forests of ordered binary trees with n nodes and the set
Sn(231, 51423), giving a new set of pattern-avoiding permutations in bijection with the single-source
directed animals on the square lattice (see Barcucci et al. [2], and Bousquet-Mélou [9]). Bivariate
generating functions are given for these sets according to various statistics.

In Section 4, we investigate the equivalence relation on the set Sn(123) of permutations avoiding
the pattern 123. We give a constructive bijection between forests of ordered binary trees and the
classes in Sn(123)∼, proving that the cardinality of Sn(123)∼ is also given by the sequence A005773
that counts the single-source directed animals as above.

2 Enumeration of S∼n , Sn(231)∼, Sn(312)∼ and Sn(321)∼

In this section, we provide the cardinality of S∼n , Sn(231)∼, Sn(312)∼ and Sn(321)∼. Note that if a
permutation π avoids the pattern 231 then any descent of π is a pure descent.

A partition Π of [n] is a collection of non-empty pairwise disjoint subsets, called blocks, whose union
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Pattern Sequence OEIS an, 1 ≤ n ≤ 9

{}, {231} Catalan A000108 1, 2, 5, 14, 42, 132, 429, 1430, 4862

{312}, {321} 2n−1 A011782 1, 2, 4, 8, 16, 32, 64, 128, 256

{231, 51423} Directed animals A005773 1, 2, 5, 13, 35, 96, 267, 750, 2123

{123} Directed animals A005773 1, 2, 5, 13, 35, 96, 267, 750, 2123

Table 1: Number of equivalence classes for the set of all permutations, and for some restricted sets of
pattern-avoiding permutations.

is [n] (see [16]). The standard form of Π is Π1/Π2/ · · · , where the blocks Πi are arranged in increasing
order of their smallest elements, and elements in a same block are in decreasing order. Let Pn be the
set of partitions of [n], and NCPn ⊂ Pn be the set of noncrossing partitions, i.e. all partitions Π
where there do not exist four integers p < q < r < s such that p, r ∈ Πi and q, s ∈ Πj with i 6= j.

We associate to a permutation π ∈ Sn the unique partition Π defined as follows. Two elements
x and y, x > y, belong to the same block in Π if and only if there exist i and j, i < j, such that
the pairs (x = πi, πi+1), (πi+1, πi+2), . . . , (πj−1, πj = y) are pure descents in π. For instance, the two
permutations in Figure 1 are associated to the same partition (in standard form) Π = 1/42/3/75/
6/8. In fact, the associated partitions are always noncrossing partitions. Indeed, let us consider a
block Πi = πaπa+1 · · ·πb with a < b, πa > πa+1 > · · · > πb. Since πaπa+1 · · ·πb is a subsequence of
consecutive pure descents in π, there is no πc, c < a, such that πc ∈ [πb, πa]. So, let us assume that
there is c > b such that πc ∈ [πb, πa]; then, for the same argument, all elements in the same block as
πc are greater than πb and lower than πa, which implies that there is no πd in the block of πc such
that πd < πb < πc < πa with a < b < c < d. Mutatis mutandis, there is no πd in the block of πc such
that πb < πc < πa < πd with a < b < c < d. Thus, the partition Π is noncrossing.

Conversely, any noncrossing partition Π of standard form Π = Π1/Π2/ . . . /Πk, k ≥ 1, is associated
to the permutation π = Π1Π2 · · ·Πk that avoids the pattern 231. Indeed, the noncrossing property
forces all descents of π to be pure, implying that π does not contain any pattern 231. As the set
NCPn (and also Sn(231)) is enumerated by the nth Catalan number (see A000108, [19]), we obtain
Theorem 2.1. As an immediate consequence, equivalence classes in Sn(231)∼ are singletons, and the
set Sn(231) is a set of representatives of S∼n .

Theorem 2.1 The sets S∼n (resp. Sn(231)∼), n ≥ 1, are enumerated by the Catalan numbers.

As a byproduct of Theorem 2.1, we obtain the cardinalities of Sn(312)∼ and Sn(321)∼. Since
Sn(231) is a set of representatives of S∼n , there is a unique π′ ∈ Sn(231) equivalent to π ∈ Sn(312),
and π′ is obtained from the noncrossing partition associated to π (in standard form) Π = Π1/Π2/ . . . /
Πk by deleting all ‘/’, i.e., π′ = Π1Π2 · · ·Πk. Notice that for any permutation π ∈ Sn(312), a pure
descent in π is necessarily an adjacency, i.e., a descent (πi, πi+1) with πi+1 = πi − 1. Then, any block
Πj , 1 ≤ j ≤ k, is an interval, which implies that π′ avoids also the pattern 312. So, the set Sn(312)∼

is in one-to-one correspondence with the set of Sn(231, 312) which induces Theorem 2.2 (see Simion
and Schmidt [18]). Theorem 2.3 is obtained mutatis mutandis.

Theorem 2.2 The sets Sn(312)∼, n ≥ 1, are enumerated by 2n−1.
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Theorem 2.3 The sets Sn(321)∼, n ≥ 1, are enumerated by 2n−1.

3 Forests and 231-avoiding permutations

In this section, we establish a constructive bijection between Sn(231) and the set Fn of forests of
ordered trees, i.e. collections of rooted trees in which children of each node are ordered and the total
number of nodes is n. Taking advantage of the recursive definition of the forests, we exhibit a new
set of permutations Sn(231, 51423) having the same cardinality as the set of single-source directed
animals on the square lattice (see [2, 9] and A005773, [19]). Moreover, we show how the bijection
transports various statistics (see Table 2). As a byproduct, we provide several bivariate generating
functions with respect to the length and these statistics for the two sets Sn(231) and Sn(231, 51423)
(see Theorems 3.1 and 3.2).

Let π be a permutation in Sn(231). We construct a forest fπ ∈ Fn as follows: we cross the graphical
representation of π from left to right; if the point (i, πi) is a left-to-right maximum (that is πi > πj
for all j < i), then it corresponds to the root of a new tree in fπ; otherwise we add an edge between
(i, πi) and (j, πj) where j is the rightmost j < i such that πj > πi. See Figure 2 for an example of this
construction. Notice that in [10], the authors have a different way of converting a permutation to a
graph (not necessary a forest) based on ascents.

By construction, the map φ : Sn(231)→ Fn defined by π 7→ fπ is injective. Since Fn is enumerated
by the nth Catalan number as Sn(231), we deduce the bijectivity of φ.

1 2 3 4 5 6 7 8 9 10 11 12 13

1

2

3

4

5

6

7

8

9

10

11

12

13

Π = 8 4 1/2/3/6 5/7/9/13 11 10/12

Figure 2: The permutation π = 8 4 1 2 3 6 5 7 9 13 11 10 12 with its corresponding forest fπ and the
noncrossing partition Π = 8 4 1/2/3/6 5/7/9/13 11 10/12.

Now we define some statistics on Sn(231) and Fn, and we show how the map φ establishes a
correspondence between them.

For a permutation π ∈ Sn(231), we define:
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• des(π) = number of descents (which is also the number of pure descents);
• ides(π) = number of descents in π−1 (for π ∈ Sn(231), we have ides(π) =des(π));
• adj(π) = number of adjacencies, i.e. descent (πi, πi+1) such that πi+1 = πi − 1;
• lrM(π) = number of left-to-right maxima, i.e. i ≥ 1 such that πi > πj for all j < i;
• rlm(π) = number of right-to-left minima, i.e. i ≥ 1 such that πi < πj for all j > i;
• inv(π) = number of inversions, i.e. pairs (πi, πj) with πi > πj and i < j,
• lmax(π) = maximum value of the Lehmer code `1`2 · · · `n of π, i.e. max1≤i≤n `i where `i = |{πj >
πi, j < i}|;
• lsum(π) = sum of all values of the Lehmer code of π.

For instance, if π = 8 4 1 2 3 6 5 7 9 13 11 10 12 is the permutation in Figure 2, then we have
des(π) = 5, ides(π) = 5, adj(π) = 2, lrM(π) = 3, rlm(π) = 8, inv(π) = 15, lmax(π) = 2, and
lsum(π) = 15. For a forest f ∈ Fn, we define

• ledg(f) = number of left edges, i.e., leftmost edges among its siblings;
• redg(f) = number of right edges, i.e., rightmost edges among its siblings (ledg(f)=redg(f));
• nod1(f) = number of nodes with only one child;
• ordt(f) = number of ordered trees;
• leav(f) = number of leaves, i.e., nodes without child;
• vpat(f) = number of vertical paths (a vertical path is a path between a node and one of its ancestors);
• dept(f) = depth, i.e., the maximal length of a vertical path;
• inpl(f) = internal path length, i.e., the sum of the lengths of all paths from a node to the root.

For instance, if f is the associated forest of the permutation in Figure 2, then we have ledg(f) = 5,
redg(f) = 5, nod1(f) = 2, ordt(f) = 3, leav(f) = 8, vpat(f) = 15, dept(f) = 2, and inpl(f) = 15.

In the following, the notation st will be refer to one of these statistics on the sets Sn(231) or
Fn. According to these definitions, it is straightforward to check that φ transports these statistics as
related in Table 2.

Sn(231) des = ides adj lrM rlm inv lmax lsum

Fn ledg = redg nod1 ordt leav vpat dept inpl

Table 2: Correspondences of statistics by the bijection φ from Sn(231) to Fn.

Using the correspondence between these statistics and taking advantage of the recursive structure of
a forest, we derive several bivariate generating functions for two sets of pattern-avoiding permutations
with respect to the length and the statistics above.

Theorem 3.1 Let F (z, y) be the bivariate generating function where the coefficient of znyk is the
number of permutations π ∈ Sn(231) with st(π) = k. Then, we have:

• if st is des, ides, or lmax, then F (z, y) =
1−z+zy−

√
z2y2−2 z2y+z2−2 zy−2 z+1

2zy ,

• if st is adj, then F (z, y) =
1−zy+z−

√
z2y2+2 z2y−3 z2−2 zy−2 z+1

2z ,

• if st is lrM, then F (z, y) = 2
2−y+y√1−4z ,
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• if st is rlm, then F (z, y) =
1+z−zy−

√
z2y2−2 z2y+z2−2 zy−2 z+1

2z .

Whenever st is inv or lsum, the generating function satisfies the functional equation

F (z, y) =
1

1− z(F (zy, y)− 1)− z .

Proof. Since a forest f ∈ Fn is a collection of ordered trees, we have F (z, y) = 1
1−T (z,y) where T (z, y)

is the generating function for the number of ordered trees with respect to the length and the statistic
st. Now, using the fact that a nonempty ordered tree is a node connected to the roots of the trees of
a forest, we easily derive functional equations for each statistic st:

- for ledg, redg and dept, T (z, y) = zy(F (z, y)− 1) + z;
- for nod1, T (z, y) = zyT (z, y) + z(F (z, y)− T (z, y));
- for ordt, T (z, y) = zyF (z, 1);
- for leav, T (z, y) = z(F (z, y)− 1) + zy;
- for vpat and inpl, T (z, y) = z(F (zy, y)− 1) + z.
A simple calculation (using Maple for instance) completes the proof. 2

Theorem 3.2 The sets Sn(231, 51423), n ≥ 1, are enumerated by the number of single-source directed
animals on the square lattice (A005773, [19]). Let G(z, y) be the bivariate generating function where
the coefficient of znyk is the number of permutations π ∈ Sn(231, 51423) with st(π) = k. Then, we
have:

• if st is des, ides, or lmax, then G(z, y) = 2yz

3 yz−1+
√
y2z2−4 yz2−2 yz+1

,

• if st is adj, then G(z, y) = 2z

2z−1+yz+
√
y2z2−2 yz−4 z2+1

,

• if st is lrM, then G(z, y) = 2z
yz−y+2 z+y

√
−3 z2−2 z+1

,

• if st is rlm, then G(z, y) = 2z

3 z−1+
√
−4 yz2+z2−2 z+1

.

Whenever st is inv or lsum, the generating function satisfies the functional equation





R (z, y) = z + zR (yz, y) + zR (yz, y)2

G(z, y) = 1
1−R(z,y)

.

Proof. Let Gn ⊂ Fn be the set of forests of ordered binary trees, i.e., ordered trees where each node has
at most two children. Let us prove that we have φ−1(Gn) = Sn(231, 51423). Let π be a permutation
in Sn(231, 51423) and fπ = φ(π). Since π avoids 51423, any pattern 4123 can be expanded into a
pattern 51423 which implies that the corresponding forest fπ does not contain a node with more than
two children. Conversely, if the forest fπ belongs to Gn, then the degree of any node of f is at most
two. Let us suppose that π contains the pattern 4123 on πiπi+1πjπk, i+ 1 < j < k. If there does not
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exist `, i + 1 < ` < j such that πk < π` < πi, by construction the forest fπ has the node πi with at
least three children πi+1, πj and πk. So, any pattern 4123 in π can be expanded into a pattern 51423,
which proves that π avoids 51423.

Let G(z, y) be the generating function where the coefficient of znyk is the number of forests
f ∈ Gn with st(f) = k. Since a forest f ∈ Gn is a collection of the ordered binary trees, we have
G(z, y) = 1

1−R(z,y) where R(z, y) is the generating function for the number of ordered binary trees with
respect to the length and the parameter st. Now, using the fact that a nonempty ordered binary tree
is a node connected to the roots of at most two ordered binary trees, we can easily derive functional
equations for each statistic st:

- for ledg, redg and dept, R(z, y) = z + zyR(z, y) + zyR(z, y)2;

- for nod1, R(z, y) = z + zyR(z, y) + zR(z, y)2;

- for ordt, R(z, y) = zy + zyR(z, 1) + zyR(z, 1)2;

- for leav, R(z, y) = zy + zR(z, y) + zR(z, y)2;

- for vpat and inpl, R(z, y) = z + zR(z, y) + zR(z, y)2.

A simple calculation (using Maple for instance) completes the proof. 2

Notice that for inv and lsum, functional equations provide generating functions as continued
fractions instead of closed forms.

4 Enumeration of Sn(123)∼

In this section we prove that the set Sn(123)∼ is enumerated by the number of single-source directed
animals on the square lattice (A005773, [19]). To achieve this, we construct a bijection between
Sn(123)∼ and the set of forests of ordered binary trees, i.e., trees where nodes have at most two ordered
children (if a node has only one child then the corresponding link is called 0-edge the corresponding
link, and if a node has two children then the two corresponding links are called 0-edge and 1-edge,
which defines an order on siblings).

A run of pure descents (also called run for short) in π = π1 · · ·πn ∈ Sn is a maximal subsequence
πiπi+1 · · ·πj , 1 ≤ i ≤ j ≤ n, of successive pure descents, i.e. (πk, πk+1) is a pure descent for i ≤ k ≤
j − 1, and the two pairs (πi−1πi), (πjπj+1) are not pure descents (a run contains at least one entry,
that is πi). To any run R of π ∈ Sn, we associate the interval I(R) = [a, b] ⊆ [n] where a and b are
the extremities of R, that is a = minR and b = maxR.

In a permutation π ∈ Sn(123), there do not exist three runs R,S and T such that I(S) ⊂ I(R) ⊂
I(T ) (otherwise a pattern 123 would be created on the three entries minT,minR and minS). So,
whenever there are two runs S, R such that I(S) ⊂ I(R), we will say that S is a secondary run, and S
appears necessarily in π at the right of R. A run R that is not secondary will be called primary. The
family of intervals I(R) associated to the primary runs of π ∈ Sn(123) forms a partition of [n]. We
denote by p ≥ 1 the cardinality of this partition, and let Ii, 1 ≤ i ≤ p, be the ith interval (considered
in decreasing order), and let Pi be its associated primary run (I(Pi) = Ii). For 1 ≤ i ≤ p, let Li be
the restriction of π to the interval Ii. It can be decomposed as Li = PiS

1
i S

2
i · · ·Ssii where Pi is the

ith primary run of π, Sji is the jth secondary run of the interval Ii and si is the number of secondary
runs in Li.

We say there is a break between two consecutive secondary runs Sji and Sj+1
i in Li if minSji =

1 + maxSj+1
i . We refer to Figure 3 for an illustration of such a decomposition.
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Figure 3: Illustration of the decomposition into runs of the permutation π =
12 8 14 13 7 5 3 11 10 2 1 9 6 4; P1 = 14 13, P2 = 12 8, S1

2 = 11 10, S2
2 = 9, P3 = 7 5 3,

S1
3 = 6, S2

3 = 4, P4 = 2 1. A break occurs between the two consecutive secondary runs S1
2 and S2

2 .

With the above definitions we have Lemma 4.1.

Lemma 4.1 Let π ∈ Sn(123) and 1 ≤ i ≤ p. If there is a break between two consecutive secondary runs
Sji and Sj+1

i in Li, then there exists a unique primary run Pk between Sji and Sj+1
i in the one-line

notation of π, and we necessarily have k > i.

Proof. If there is a break between Sji and Sj+1
i , then we have minSji = 1 + maxSj+1

i and the pair

(minSji ,maxSj+1
i ) is not a pure descent. So, there exists an entry x of π between Sji and Sj+1

i , i.e.

Sji and Sj+1
i are not contiguous. As π avoids 123, x is necessarily less than minPi where Pi is the

primary run of Li, and it does not belong to a secondary run. For a contradiction, let us assume that
there are two entries x and y, x > y, between Sji and Sj+1

i , that do not belong to the same primary
run (we take y maximal such that x > y). Obviously, x is on the left of y, otherwise it would create a
123 pattern on the entries yxminSj+1

i . Let Pk (resp. P`, ` > k) be the primary run that contains x
(resp. y). Since x > y and Pk is on the left of P`, the two primary runs are not contiguous, and there
exists a value z between Pk and P`. The maximality of y implies that z is either below P` or above
Pk, which creates a 123 pattern in both cases. Thus, we obtain the desired contradiction. 2

Lemma 4.1 allows us to define an injective map α from the set B of breaks to the set P of primary
runs, where the image of a break under α is the unique primary run defined in Lemma 1. Moreover,
it is easy to check that the map α is increasing, i.e., if B1, B2, . . . , Br are the breaks of B ordered in
decreasing order (from top to bottom in the graphical representation of π), then the two primary runs
Pk = α(Bi) and P` = α(Bj), 1 ≤ i < j ≤ r, satisfy k < ` (i.e., Pk > P`, which means that Pk is above
P` in the graphical representation of π). The existence of this increasing map α allows us to define
another increasing map β (possibly equal to α) from B to P:
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• β(B1) is the highest primary run below B1 (it always exists since α(B1) is below B1).

• Let us assume that β is defined on Ui = {B1, . . . , Bi}, i ≥ 1, and β is increasing such that
β(Bj) ≤ α(Bj) for 1 ≤ j ≤ i. Setting Vi = β(Ui), we define β(Bi+1) by the highest primary run
below Bi+1 that does not lie in Vi (it always exists since α(Bi+1) is below Bi+1 and α(Bi+1)
cannot lie in Vi since α(Bi+1) is below α(Bi) and thus, also below β(Bi)).

A crucial property of β is that it depends only on the set of primary and secondary runs, which
means that two permutations in the same equivalence class provide the same map β.

Using the map β, we construct a forest χ(π) of ordered binary trees from the graphical represen-
tation of π by adding 0-edges and 1-edges between some entries of π using the following process.

(i) If (πi, πi+1) is a pure descent, then we add a 0-edge between πi and πi+1.

(ii) If there is break between Sji and Sj+1
i , then we add a 0-edge between minSji and maxSj+1

i .

(iii) If Sji is a secondary run and there is no break just before Sji , then we add a 1-edge between

x and maxSj+1
i where x is the smallest entry greater than maxSj+1

i in the primary run Pi.

(iv) If there is a break B between Sji and Sj+1
i , then we add a 1-edge between maxSji and maxβ(B).

At the end of this process, we read the different connected components (rotated clockwise by π
4 )

from top to bottom, and we draw the corresponding trees so that any 0-edge points to the left child
and 1-edge points to the right child. See Figure 4 for an illustration of this construction. Black line
(resp. blue dash-dotted line, red dotted line, green dashed line) edges come from (i) (resp. (ii), (iii),
(iv)). In what follows, an edge e in χ(π) will be denoted (a, b) where a and b are the extremities of e
such that a is the parent of b.

Since any node in χ(π) has at most two children, χ(π) is a forest of ordered binary trees. Let T
be a binary tree of χ(π). For any node v ∈ T we denote by r(v) (resp. l(v)) the number of 1-edges
(resp. 0-edges) in the path connecting the root of T with v. We say that a node v is isolated when it
has no siblings.

Remark 4.2 Let e = (a, b) be a 0-edge in χ(π).

• (a, b) is a pure descent in a primary run of π if and only if r(a) is even.

• (a, b) is a pure descent in a secondary run of π if and only if a is isolated and r(a) is odd.

• There is a break between a and b if and only if a is not isolated and r(a) is odd.

Let rath(v) be the binary word consisting of edge labels in the path from the root to v. Using a
lexicographical order over such binary words (e.g. 101 > 011, 1 > 01), we define a total order on the
set of nodes V in χ(π). For a, b ∈ V , we set

a < b⇐⇒





either a belongs to a tree before that of b in the forest χ(π),

or

{
r(a) < r(b) or

r(a) = r(b) and rath(a) > rath(b)

(F)
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Figure 4: The permutation π = 12 8 14 13 7 5 3 11 10 2 1 9 6 4 and the corresponding forest with nodes
labeled using (F) order relation.

where r(a) and is defined before Remark 4.2. We extend this order for paths v1v2 · · · where vi and vi+1

are nodes of χ(π) connected by a 0-edge: two disjoint paths v1v2v3 · · · and u1u2u3 · · · are compared
by their heads, i.e.

(v1v2v3 · · · ) < (u1u2u3 · · · ) ⇐⇒ v1 < u1.

Extracting from the forest χ(π) certain subsets of disjoint paths and taking into account the above
order relation, we obtain the following.

Remark 4.3 The three statements hold:

• The ith primary run Pi in π (ordered from the top) corresponds to the ith maximal path
v1v2v3 · · · of consecutive nodes joined by 0-edges in χ(π) where r(v1) is even.

• The ith secondary run in π (ordered from the top) corresponds to the ith maximal path v1v2v3 · · ·
of consecutive isolated nodes joined by 0-edges in χ(π) where r(v1) is odd.

• The ith break in π (ordered from the top) corresponds to the the ith 0-edge (a, b) in χ(π) such
that r(a) is odd and a is isolated.

Consequence Let (a, b) be a pure descent in a primary run of π, and e = (a, b) its associated 0-edge
in χ(π). Then, the number of entries of π in the interval (b, a), i.e. a− b− 1, is equal to the number
of nodes in the maximal path of 0-edges starting on the right child of a.

Proposition 4.4 Let π and π′ be two permutations in Sn(123).

- If π and π′ belong to the same equivalence class, then χ(π) = χ(σ).

- If π and π′ belong to different equivalence classes, then χ(π) 6= χ(σ).
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Proof. As we have seen above, the map β depends only on the set of primary and secondary runs.
Thus, our construction applied on two permutations lying in the same class provides the same forest.

Moreover, if two permutations π and π′ do not belong to the same class then their sets of primary
and secondary runs necessarily differ. Due to the statements of Remark 2 and the above consequence,
we deduce easily that χ(π) and χ(π′) are different. 2

Theorem 4.5 The sets Sn(123)∼, n ≥ 1, are enumerated by the numbers of single-source directed
animals on the square lattice (A005773, [19]).

Proof. Proposition 1 proves that χ is injective. So, it suffices to show the surjectivity of χ, i.e., any
forest of ordered binary trees is the image by χ of a permutation avoiding 123.

First, we prove that any binary tree can be obtained from a permutation π ∈ Sn(123) by the
above construction. Let T be a binary tree with n nodes. By Remark 2, a maximal path P of nodes
connected by 0-edges in T such that r(P ) is even corresponds to a primary run of π. Moreover, if a
0-edge e corresponds to a pure descent (a, b) in a primary run of π, b(e) = a− b− 1 is the number of
nodes in the maximal path (possibly reduced to one node) of 0-edges starting on the right child of a.

Then the primary runs of π are entirely determined by the sequence b1b2 · · · bk with b1 = n and
bi = b(e) where e is the ith 0-edge of T (using the (F) order relation) such that r(e) is even. If p
is the number of primary runs and Pi is the ith primary run of π then the sequence P1P2, . . . Pp is
decreasing.

Consequently, secondary runs of π take values from [n]\ ∪pi Pi, and the breaks correspond to the
0-edges e = (a, b) where a is non-isolated and r(a) is odd, which entirely determines secondary runs
and breaks. If q is the number of secondary runs and Si is the ith secondary run (using the (F) order
relation) then the sequence S1S2 · · ·Sq is decreasing.

Now we construct a permutation π avoiding 123 by a shuffle of the two decreasing sequences
P1P2 · · ·Pp and S1S2 · · ·Sq. We read P1S1S2 · · ·Sq from left to right, and whenever we meet a break
between Si and Si+1 we insert between them the first primary run not yet inserted (this is exactly the
correspondence given by the increasing map β defined above). Obviously, the sequence obtained at
the end of the process is a permutation avoiding the pattern 123 since it is a shuffle of two decreasing
sequences. Finally, the image of π by χ provides the tree T , which means that χ(Sn(123)) contains
the set of all ordered binary trees of size n.

So, let us assume that f is a forest of ordered binary trees T1, T2, . . . , Tk. For 1 ≤ i ≤ k, we
construct the permutation πi from the tree Ti by the previous process, i.e., πi = χ−1(Ti). Let π be
the permutation obtained by the skew sum π1 	 π2 	 . . .	 πk where π	 π′ is the permutation σ such
that

σ(i) =

{
π(i) +m′ for 1 ≤ i ≤ m,
π′(i−m) for m+ 1 ≤ i ≤ m+m′

where m (resp. m′) is the length of π (resp. π′).
Now we read π1 	 π2 	 . . .	 πk from left to right. Whenever a pure descent is created between πi

and πi+1, it is easy to see that πi is necessarily a decreasing sequence. In this case we permute πi and
the first primary run of πi+1. At the end of the process, the permutation π satisfies χ(π) = f . 2

For instance, the previous construction applied on the forest illustrated in Figure 4 provides the
permutation π = 12 8 14 13 11 10 7 5 3 9 6 4 2 1. Indeed, we have π1 = χ−1(T1) = 2 1, π2 = χ−1(T2) =
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10 6 9 8 5 3 1 7 4 2 and π3 = χ−1(T3) = 2 1. Since a pure descent (13, 12) is created in the permutation
π1 	 π2 	 π3 = 1413 12 8 11 10 7 5 3 9 6 421, we permute the two primary runs 12 8 and 14 13, which
gives π = 12 81413 11 10 7 5 3 9 6 4 2 1.

5 Going further

We conclude this paper by giving several open questions and possible research directions.

We experimentally obtained the numbers of classes in Sn(132)∼ and Sn(213)∼ for small values of
n, 1 ≤ n ≤ 9. For Sn(132)∼, we obtain the sequence 1, 2, 4, 10, 26, 66, 169, 437, 1130 and for Sn(213)∼,
we obtain the sequence 1, 2, 4, 9, 22, 56, 146, 388, 1048. The first sequence does not appear in [19],
while the second sequence seems to be A152225 which corresponds to the number of Dyck paths of
semilength n with no peaks at height 0 mod 3 and no valleys at height 2 mod 3. Is it possible to
obtain the generating functions for these sets and to construct a bijection with Dyck paths?

In [2], the authors give a one-to-one correspondence between the set Fn of forests of ordered
trees and the set Sn(321, 41̄523) that transports various parameters. However, they do not give an
interpretation for the number of inversions, the degree of the root less one and the internal-path-
length. In Section 2, we exhibit a bijection between Fn and Sn(231, 51423), which gives a new set of
pattern-avoiding permutations enumerated as the single-source directed animals on the square lattice.
This bijection has the advantage that it transports many parameters (see Section 3), and in particular
the three previous parameters. Is it possible to give an interpretation of these parameters in term of
the single-source directed animals?

In Section 4, we prove that Sn(123)∼ is enumerated by the number of directed animals (or equiv-
alently directed polyominoes). Is it possible to give an interpretation of the equivalence relation in
term of polyominoes?

Acknowledgement. We would like to thank the anonymous referees for their very careful read-
ing of this paper and their helpful comments and suggestions.
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We study the enumeration of Dyck paths having a first return decomposition with special
properties based on a height constraint. We exhibit new restricted sets of Dyck paths
counted by the Motzkin numbers, and we give a constructive bijection between these
objects and Motzkin paths. As a byproduct, we provide a generating function for the
number of Motzkin paths of height kwith a flat (resp. with no flats) at the maximal height.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction and notations

A Dyck path of semilength n ≥ 0 is a lattice path starting at (0, 0), ending at (2n, 0), and never going below the x-axis,
consisting of up steps U = (1, 1) and down steps D = (1, −1). Let Dn, n ≥ 0, be the set of all Dyck paths of semilength
n, and let D = ∪n≥0Dn. The cardinality of Dn is given by the nth Catalan number, which is the general term 1

n+1

( 2n
n

)
of

the sequence A000108 in the On-line Encyclopedia of Integer Sequences of N.J.A. Sloane [17]. A large number of various
classes of combinatorial objects are enumerated by the Catalan numbers such as planar trees, Young tableaux, stack sortable
permutations, Dyck paths, and so on. A list of over 60 types of such combinatorial classes has been compiled by Stanley [18].
In combinatorics, many papers deal with Dyck paths. Most of them consist in enumerating Dyck paths according to several
parameters, such as length, number of peaks or valleys, number of double rises, number of returns to the x-axis (see for
instance [2,8–16,19]). Other studies investigate restricted classes of Dyck paths avoiding some patterns or having a specific
structure. For instance, Barcucci et al. [1] consider non-decreasing Dyck paths which are those having a non-decreasing
sequence of heights of valleys (see also [6,7]), and it is well known [5] that Dyck paths avoiding the triple rise UUU are
enumerated by the Motzkin numbers (see A001006 in [17]).

Any non-empty Dyck path P ∈ D has a unique first return decomposition [8] of the form P = UαDβ where α and β are
two Dyck paths in D. See Fig. 1 for an illustration of this decomposition.

Based on this decomposition, we construct a new collection of subsets ofD as follows. Given a function s : D → N, called
statistic, and a comparison operator ⋄ on N (for instance ≥ or >), the set Ds,⋄ is the union of the empty Dyck path with all
Dyck paths P having a first return decomposition P = UαDβ satisfying the conditions:{

α, β ∈ Ds,⋄,

s(UαD) ⋄ s(β). (1)

* Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), sergey.kirgizov@u-bourgogne.fr (S. Kirgizov), armen.petrossian@u-bourgogne.fr (A. Petrossian).

https://doi.org/10.1016/j.disc.2018.03.002
0012-365X/© 2018 Elsevier B.V. All rights reserved.
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Fig. 1. First return decomposition UαDβ of a Dyck path P ∈ D.

Fig. 2. The two Dyck paths in Dh,>
3 .

Table 1
Cardinalities of Dh,⋄

n according to the ⋄-constraint.

⋄-constraint Sequence OEIS an, 1 ≤ n ≤ 9

h(UαD) > h(β) A045761 1, 1, 2, 3, 6, 12, 24, 50, 107
h(UαD) ≥ h(β) Motzkin A001006 1, 2, 4, 9, 21, 51, 127, 323, 835

For n ≥ 0, we denote by Ds,⋄
n the set of Dyck paths of semilength n in Ds,⋄. Thus, we have Ds,⋄

=
⋃

n≥0Ds,⋄
n .

For instance, if the operator ⋄ is = and s is a constant statistic (i.e., s(P) = 0 for any P ∈ D), then we obviously have
Ds,⋄

n = Dn for n ≥ 0.
If s is the number of returns (i.e., s(P) is the number of down steps D that return the path P to the x-axis) and s(UαD)⋄ s(β)

is s(UαD) ≥ s(β), then it is straightforward to see that Ds,≥
n consists of Dyck paths built over the grammar S → ϵ |

USD | USDUSD. So, the generating function S(x) for the cardinalities of Ds,≥
n , n ≥ 0, satisfies the functional equation

S(x) = 1 + xS(x) + x2S(x)2. The solution of this equation is the well-known generating function for the Motzkin numbers
(A001006 in [17]).

In this paper, we focus on the setsDh,⋄ where the statistic h is the maximal height of a Dyck path, i.e., h(P) is the maximal
ordinate reached by the path P .

In Section 2, we deal with the case in which operator ⋄ is a strict inequality >. We prove that the cardinalities of the
sets Dh,>

n , n ≥ 0, are given by the sequence A045761 in [17]. This sequence corresponds to the coefficients of the series
limk→∞Pk(x) where Pk(x) is a polynomial recursively defined by P0(x) = x, P1(x) = x2, Pk(x) = Pk−1(x) + Pk−2(x) if k is even,
and Pk(x) = Pk−1(x) · Pk−2(x) if k is odd.

In Section 3, we focus on the set Dh,≥ where h(UαD) ≥ h(β) (the operator ⋄ is ≥). Using generating functions, we
prove that the cardinalities of the Dh,≥

n , n ≥ 0, are given by the Motzkin numbers (A001006 in [17]). Moreover, we give
a constructive one-to-one correspondence φ between Dyck paths in Dh,≥

n and Motzkin paths of length n. Also, we show
how φ transforms peaks UD into peaks UD and flats F in Motzkin paths. Finally, we deduce generating function for the total
number of peaks in Dh,≥

n .
Table 1 presents the two main enumerative results of Dh,⋄

n obtained in Sections 2 and 3.

2. Enumeration of Dh,>
n

In this section, we enumerate the setDh,>
n of Dyck paths of semilength n ≥ 0 with a first return decomposition satisfying

h(UαD) > h(β) where h is the maximal height of a Dyck path. For instance, we have Dh,>
1 = {UD}, Dh,>

2 = {UUDD}, and
Dh,>

3 = {UUDDUD,UUUDDD} (see Fig. 2).
Let Ak(x) =

∑
n≥0an,kx

n (resp. Bk(x) =
∑

n≥0bn,kx
n) be the generating function where the coefficient an,k (resp. bn,k) is the

number of Dyck paths in Dh,>
n with a maximal height equal to k (resp. of at most k). So, we have Bk(x) =

∑k
i=0Ai(x) and the

generating function B(x) for the set Dh,> is given by B(x) = limk→+∞Bk(x).
Any Dyck path of height k in Dh,> is either empty, or of the form UαDβ where α is a Dyck path in Dh,> of height k − 1

and β ∈ Dh,> such that h(β) ≤ k − 1. So, we deduce easily the following functional equations:{
A0(x) = B0(x) = 1,
Ak(x) = xAk−1(x) · Bk−1(x) for k ≥ 1. (2)

Theorem 1. We have for k ≥ 0,

Bk(x) =
P2k(x)

x
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Table 2
Number an,k of Dyck paths of height k in Dh,>

n , 1 ≤ n ≤ 10 and 1 ≤ k ≤ 9.

k n

1 2 3 4 5 6 7 8 9 10

1 1
2 1 1
3 1 2 2 2 1
4 1 3 5 8 11 13 15
5 1 4 9 18 33 56
6 1 5 14 33 71
7 1 6 20 54
8 1 7 27
9 1 . . .∑

1 1 2 3 6 12 24 50 107 . . .

Fig. 3. The four Dyck paths in Dh,≥
3 .

where Pk is the polynomial recursively defined by P0(x) = x, P1(x) = x2, P2k(x) = P2k−1(x) + P2k−2(x) and P2k+1(x) =

P2k(x) · P2k−1(x). As consequence, we have for k ≥ 1

Ak(x) =
P2k(x) − P2k−2(x)

x
,

and B(x) is generating function of the sequence A045761 in [17].

Proof. We proceed by induction on k. For k = 0, the property holds since P0(x) = x = xB0(x). Assuming the property for
0 ≤ i ≤ k − 1, we prove it for k. Taking into account that Ak(x) = Bk(x) − Bk−1(x) in Eq. (2), we obtain

xBk(x) = xBk−1(x) + x2Bk−1(x)
(
Bk−1(x) − Bk−2(x)

)
.

With the recurrence hypothesis, we have

xBk(x) = P2k−2(x) + P2k−2(x)
(
P2k−2(x) − P2k−4(x)

)
= P2k−2(x) + P2k−2(x)P2k−3(x)
= P2k−2(x) + P2k−1(x) = P2k(x).

An induction on k completes the proof and the expression of Ak(x) is deduced from Ak(x) = Bk(x) − Bk−1(x). □

For instance, we have B2(x) = 1+ x+ x2 + x3, B3(x) = 1+ x+ x2 +2 x3 +2 x4 +2 x5 +2 x6 + x7, and the first ten terms of
B(x) are 1+ x+ x2 +2 x3 +3 x4 +6 x5 +12 x6 +24 x7 +50 x8 +107 x9. We refer to Table 2 for an overview of the coefficients
an,k for 1 ≤ n ≤ 10 and 1 ≤ k ≤ 9.

Notice that the family of sets Dh,>, n ≥ 1, seems to be the first example of combinatorial objects enumerated by the
sequence A045761 in [17].

3. Enumeration of Dh,≥
n

3.1. Enumeration using generating functions

In this section, we enumerate the setDh,≥
n of Dyck paths of semilength n ≥ 0 with a first return decomposition satisfying

h(UαD) ≥ h(β) where α, β ∈ Dh,≥ and h is the maximal height of a Dyck path. For instance, we have Dh,≥
1 = {UD},

Dh,≥
2 = {UDUD,UUDD}, and Dh,≥

3 consists of the four Dyck paths UDUDUD,UUDDUD,UUDUDD and UUUDDD (see Fig. 3).
Let Ck(x) =

∑
n≥0cn,kx

n (resp. Dk(x) =
∑

n≥0dn,kx
n) be the generating function where the coefficient cn,k (resp. dn,k) is the

number of Dyck paths in Dh,≥
n with a maximal height equal to k (resp. of at most k). So, we have Dk(x) =

∑k
i=0Ci(x) and the

generating function D(x) for the set Dh,≥
n is given by D(x) = limk→+∞Dk(x).

Any Dyck path of height k inDh,≥ is either empty, or of the form UαDβ where α (resp. β) is a Dyck path inDh,≥ of height
k − 1 (resp. of height at most k). So, we deduce the following functional equations:{

C0(x) = D0(x) = 1,
Ck(x) = xCk−1(x) · Dk(x) for k ≥ 1. (3)



J.-L. Baril et al. / Discrete Mathematics 341 (2018) 1620–1628 1623

Theorem 2 provides recursive expressions for the two generating functions Dk(x) and Ck(x). As a consequence, D(x) can
be expressed as an infinite product of terms 1

1−xCk(x)
.

Theorem 2. We have D0(x) = C0(x) = 1, C1(x) =
x

1−x and

Dk(x) =

k−1∏
i=0

(
1 − xCi(x)

)−1 for k ≥ 1,

Ck(x) =
C1(x)k∏k−1

i=1

(
1 − xCi(x)

)k−i for k ≥ 2,

and

D(x) =

∞∏
i=0

(
1 − xCi(x)

)−1
.

Proof. Since we have Ck(x) = Dk(x) − Dk−1(x), Eq. (3) implies

Dk(x) =
Dk−1(x)

1 − xCk−1(x)
,

and starting from D0(x) = 1, a straightforward induction on k provides Dk(x) =
∏k−1

i=0

(
1 − xCi(x)

)−1. Moreover, from Eq. (3)
and C1(x) =

x
1−x , we deduce

Ck(x)
Ck−1(x)

= xDk(x) = C1(x)
k−1∏
i=1

(
1 − xCi(x)

)−1
.

An induction on k completes the proof. □

Lemma 1. For k ≥ 1, we have Dk−1(x) =
Dk(x)−1

x(xDk(x)+1) .

Proof. We proceed by induction on k. Since D0(x) = 1 and D1(x) =
1

1−x , it is easy to check that D0(x) =
D1(x)−1

x(xD1(x)+1) .

Assuming Di−1(x) =
Di(x)−1

x(xDi(x)+1) for 1 ≤ i ≤ k − 2, we prove the result for i = k − 1. From Eq. (3) and the recurrence
hypothesis on Dk−2(x) we obtain

Dk(x) =
Dk−1(x)

1 − x
(
Dk−1(x) −

Dk−1(x)−1

x
(
xDk−1(x)+1

)) .

Isolating Dk−1(x), we obtain Dk−1(x) =
Dk(x)−1

x(xDk(x)+1) which completes the induction. □

Theorem 3. The sets Dh,≥
n , n ≥ 0, are enumerated by the Motzkin numbers.

Proof. Lemma 1 induces x2Dk(x)Dk−1(x)+ xDk−1(x) = Dk(x)− 1 for k ≥ 1. By taking the limits when k converges to infinity,
one gets x2D(x)2 + (x− 1)D(x)+ 1 = 0, which is the functional equation of the generating function of Motzkin numbers. □

Now, we will show how Dk(x), k ≥ 0, can be expressed as a closed form. For this, let us define the function

f : u ↦→
1

1 −
x

1− x
1−x2u

.

For n ≥ 1, we denote by f n the function recursively defined by f n(u) = f
(
f n−1(u)

)
anchored with f 0(u) = u. A simple

calculation (using Maple for instance) proves that the map f satisfies Remark 1.

Remark 1. If X =
Y−1

x(xY+1) then the map f satisfies

f
(

Y
1 − x(Y − X)

)
=

f (Y )
1 − x

(
f (Y ) − f (X)

) .
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Table 3
Number cn,k of Dyck paths of height k in Dh,≥

n , 1 ≤ n ≤ 10 and 1 ≤ k ≤ 9.

k n

1 2 3 4 5 6 7 8 9 10

1 1 1 1 1 1 1 1 1 1 1
2 1 2 4 7 12 20 33 54 88
3 1 3 8 19 43 94 201 423
4 1 4 13 37 99 254 634
5 1 5 19 62 187 536
6 1 6 26 95 316
7 1 7 34 137
8 1 8 43
9 1 . . .∑

1 2 4 9 21 51 127 323 835 . . .

Theorem 4. For k ≥ 0, we have

Dk(x) = f
⌊

k
4

⌋(
Dk mod 4(x)

)
with the initial cases D0(x) = 1, D1(x) =

1
1−x , D2(x) =

1
1−x−x2

and D3(x) =
1

1− x
1−x

. □

Proof. We proceed by induction on k. Since we have D0(x) = f 0
(
D0(x)

)
, D1(x) = f 0

(
D1(x)

)
, D2(x) = f 0

(
D2(x)

)
and

D3(x) = f 0
(
D3(x)

)
, the basic case holds.

Assuming the result for 0 ≤ i ≤ k, we prove it for k + 1.
From Eq. (3) we have Dk+1(x) =

Dk(x)

1−x
(
Dk(x)−Dk−1(x)

) . Using the recurrence hypothesis for Dk(x) and Dk−1(x), we obtain for

k ≥ 4:

Dk+1(x) =
f ⌊

k
4 ⌋
(
Dk mod 4(x)

)
1 − x

(
f ⌊

k
4 ⌋
(
Dk mod 4(x)

)
− f ⌊

k−1
4 ⌋
(
Dk−1 mod 4(x)

))
=

f
(
f ⌊

k−4
4 ⌋
(
Dk−4 mod 4(x)

))
1 − x

(
f
(
f ⌊

k−4
4 ⌋(Dk−4 mod 4(x))

)
− f

(
f ⌊

k−5
4 ⌋(Dk−5 mod 4(x))

)) .

The recurrence hypothesis implies

Dk+1(x) =
f (Dk−4(x))

1 − x
(
f (Dk−4(x)) − f (Dk−5(x))

) ,
and using Remark 1, we deduce

Dk+1(x) = f

(
Dk−4(x)

1 − x
(
Dk−4(x) − Dk−5(x)

)) = f (Dk−3(x))

= f 1+⌊
k−3
4 ⌋(Dk−3 mod 4(x)) = f ⌊

k+1
4 ⌋(Dk+1 mod 4(x)).

The induction is completed. □

For instance, we have D13(x) =
1−6 x+10 x2−9 x4+2 x5+x6

1−7 x+15 x2−5 x3−15 x4+9 x5+3 x6−x7
and the first terms of its Taylor expansion are 1 + x +

2 x2 + 4 x3 + 9 x4 + 21 x5 + 51 x6 + 127 x7 + 323 x8 + 835 x9 + 2188 x10 + 5798 x11 + 15511 x12 + 41835 x13 + 113633 x14 +

310557 x15 + 853333 x16. See Table 3.
Notice that, by taking limits in Theorem 4, we retrieve the continued fraction of the Motzkin numbers (P. Barry [3])

D(x) =
1

1 −
x

1− x

1− x2
1− x

1− x

1− x2
1− x

···

.

3.2. A constructive bijection

In this section, we exhibit a constructive bijection between Dh,≥
n and the set Mn of Motzkin paths of length n, i.e.,

lattice paths starting at (0, 0), ending at (n, 0), never going below the x-axis, consisting of up-steps U = (1, 1), down steps
D = (1, −1) and flat steps F = (1, 0). We set M = ∪n≥0Mn.
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Fig. 4. Illustration of the bijection between Dh,≥
n and Mn .

Let us define recursively the map φ from Dh,≥ to M as follows. For P ∈ Dh,≥, we set

φ(P) =

{
ϵ if P = ϵ,

φ(α)F if P = αUD,

φ(α)φ(γ )Uφ(β)D if P = αUUβDγD.

Due to the recursive definition, the image by φ of a Dyck path of semilength n is a Motzkin path of length n. For instance,
the images of UDUDUD, UUDDUD, UUDUDD, UUUDDD, UUUUDDDDUUUDDUDD are respectively FFF , UDF , FUD, UFD and
UUDDFUFD. We refer to Fig. 4 for an illustration of this mapping.

Moreover, we easily deduce the two following facts.

Fact 1. If α, β ∈ Dh,≥
n and αβ ∈ Dh,≥

n , then we have φ(αβ) = φ(α)φ(β).

Fact 2. We say that a peak UD is odd whenever the maximal sub-path of the form UkD that contains it has an odd number of
U-steps, i.e., k is odd. Then, φ transforms peaks (resp. odd peaks) of paths of Dh,≥ into peaks and flats (resp. flats) of Motzkin paths.

Theorem 5. The map φ : Dh,≥
n → Mn defined above is a bijection satisfying for any P ∈ Dh,≥

n ,

h(φ(P)) =

⌊
h(P)
2

⌋
.

Proof. We proceed by induction on n. Obviously, for n = 1, we have φ(UD) = F and h(F ) = 0 = ⌊
h(UD)

2 ⌋. For k ≤ n, we
assume that φ is a bijection from Dh,≥

k toMk such that h(φ(P)) = ⌊
h(P)
2 ⌋ for any P ∈ Dh,≥

k , and we prove the result for n + 1.
Using the enumerative result of Theorem 3, it suffices to prove that φ is surjective from Dh,≥

n+1 to Mn+1. So, let M be a
Motzkin path in Mn+1. We distinguish two cases: (i) M = σ F with σ ∈ Mn, and (ii) M = σUπD where σ and π are two
Motzkin paths in M.

(i) Using the recurrence hypothesis, there is P ∈ Dh,≥
n such that σ = φ(P) and h(σ ) = ⌊

h(P)
2 ⌋. So, the Dyck path

PUD belongs to Dh,≥
n+1 and φ(PUD) = σ F which proves that M belongs to the image by φ of Dh,≥

n+1. Moreover we have
h(φ(PUD)) = h(σ F ) = h(σ ) = ⌊

h(P)
2 ⌋ = ⌊

h(PUD)
2 ⌋.

(ii) We supposeM = σUπD. Let us define the longest suffix σs of σ (possibly empty) such that σs ∈ M and h(φ−1(σs)) ≤

1+ h(φ−1(π )) (σs exists since the empty path ϵ satisfies the inequality, and the recurrence hypothesis ensures the existence
and the uniqueness of φ−1(σs) and φ−1(π )). Let σr be the Motzkin path obtained from σ by deleting the suffix σs, and let
S ∈ Dh,≥

n (resp. R ∈ Dh,≥
n ) such that φ(S) = σs and h(σs) = ⌊

h(S)
2 ⌋ (resp. φ(R) = σr and h(σr ) = ⌊

h(R)
2 ⌋). Also there is T ∈ Dh,≥

n
such that φ(T ) = π with h(π ) = ⌊

h(T )
2 ⌋.

Due to themaximality of σs, σr is either empty or 1+h(T ) < h(φ−1(σrσs)). Using Fact 1we obtain h(φ−1(σrσs)) = h(RS) =

h(R), and the last inequality can be written as 1 + h(T ) < h(R).

– If σr = ϵ then the condition h(S) ≤ 1 + h(T ) implies that UUTDSD belongs to Dh,≥
n and we have φ(UUTDSD) =

φ(S)Uφ(T )D = σsUπD = σUπD. Moreover, we have h(φ(UUTDSD)) = h(φ(S)Uφ(T )D) = max{φ(S), 1 + φ(T )} =

max{⌊ h(S)
2 ⌋, 1 + ⌊

h(T )
2 ⌋}. With h(S) ≤ 1 + h(T ), we deduce h(φ(UUTDSD)) = 1 + ⌊

h(T )
2 ⌋ = ⌊

h(T )+2
2 ⌋ = ⌊

h(UUTDSD)
2 ⌋ as

desired.
– If σr ̸= ϵ then we have h(S) ≤ 1+ h(T ) < h(R) which implies that the Dyck path RUUTDSD belongs toDh,≥

n+1. Moreover,
we have h(φ(RUUTDSD)) = h(φ(R)φ(S)Uφ(T )D) = max{φ(R), φ(S), 1 + φ(T )} = max{⌊ h(R)

2 ⌋, ⌊
h(S)
2 ⌋, 1 + ⌊

h(T )
2 ⌋}. From

h(S) ≤ 1 + h(T ) < h(R), we obtain ⌊
h(S)+1

2 ⌋ ≤ ⌊
h(T )+2

2 ⌋ ≤ ⌊
h(R)
2 ⌋ which induces that h(φ(RUUTDSD)) = ⌊

h(R)
2 ⌋ =

⌊
h(RUUTDSD)

2 ⌋ as desired.

The induction is completed. □
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Corollary 1. Let P be a Dyck path in Dh,≥
n , n ≥ 1. The Motzkin path φ(P) contains a flat step F at height h(φ(P)) if and only if

h(P) is odd.

Proof. We proceed by induction on n. For n = 1, we have P = UD and φ(P) = F and the result holds since h(P) = 1 is odd.
Assuming the result for i ≤ n, we prove it for n + 1. We distinguish two cases: (i) P = αUD and (ii) P = αUUβDγD, where
α, β and γ belong to Dh,≥.

(i) For α ̸= ϵ, the recurrence hypothesis means that φ(α) contains a flat step F at height h(φ(α)) if and only if h(α) is odd.
Since we have φ(P) = φ(α)F and h(P) = h(α), φ(P) contains a flat step F a height h(φ(P)) = h(φ(α)) if and only if h(P) is odd.

(ii) If P = αUUβDγD then we have h(α) ≥ 2 + h(β) ≥ 1 + h(γ ) and φ(P) = φ(α)φ(γ )Uφ(β)D.

– As we have done in (i), a flat step F appears at height h(φ(P)) = h(φ(α)) in φ(α) if and only if h(α) = h(P) is odd.
– φ(P) contains a flat step at height h(φ(P)) in φ(β) if and only if a flat step appears at height h(φ(β)) in φ(β) and

h(φ(P)) = h(φ(β)) + 1, i.e., ⌊ h(P)
2 ⌋ = ⌊

h(β)
2 ⌋ + 1. Using the recurrence hypothesis, this is equivalent to h(β) is odd,

which means 2⌊ h(P)
2 ⌋ = h(β) + 1. Since h(P) ≥ h(β) + 2, this is equivalent to h(P) = h(β) + 2 and thus h(P) is odd.

– Let us prove by contradiction that a flat step cannot occur at height h(φ(P)) in φ(γ ). Indeed, this should imply the
following:

h(φ(P)) = h(φ(γ )) ≥ 1 + h(φ(β)).

With Theorem 5 we obtain⌊
h(γ )
2

⌋
≥ 1 +

⌊
h(β)
2

⌋
.

Due to the recurrence hypothesis, h(γ ) is odd, so⌊
1 + h(γ )

2

⌋
− 1 ≥

⌊
2 + h(β)

2

⌋
, and

⌊
h(UγD)

2

⌋
>

⌊
h(UUβDD)

2

⌋
,

which implies

h(UγD) > h(UUβDD).

This last inequality contradicts P ∈ Dh,≥.

The induction is completed. □

As a byproduct, we derive in Corollary 2 three generating functions for the number ofMotzkin paths of height k according
to a constraint on the maximal height of a flat. The two first results do not seem to appear in the literature, while the third
one is presented in [4]. See Tables 4 and 5 for numerical data.

Corollary 2. The generating function Mk(x)where the coefficient of xn is the number Motzkin paths inMn of height exactly k and
where there is a flat F at height k is

Mk(x) = D2k+1(x) − D2k(x).

The generating function M̂k(x) where the coefficient of xn is the number Motzkin paths in Mn of height exactly k and where
there is no flat F at height k is

M̂k(x) = D2k(x) − D2k−1(x).

The generating function Mk(x) where the coefficient of xn is the number Motzkin paths in Mn of height exactly k is

Mk(x) = D2k+1(x) − D2k−1(x).

Proof. The proof is directly deduced from Theorem 5 and Corollary 1. □

For instance, we have M1(x) =
x3

(1−2 x)(1−x−x2)
, and the coefficient of xn is given by 2n

− F (n + 2) where F (n) is the nth

Fibonacci number. The first terms of its Taylor expansion are x3+3 x4+8 x5+19 x6+43 x7+94 x8+201 x9+423 x10+880 x11

(see sequence A008466 in [17]). Also, M̂1(x) =
x2

(1−x−x2)(1−x)
and the coefficient of xn is F (n) − 1. The first terms of its Taylor

expansion are x2 + 2 x3 + 4 x4 + 7 x5 + 12 x6 + 20 x7 + 33 x8 + 54 x9 + 88 x10 + 143 x11 (see sequence A000071 in [17]).
Notice that the two sequences defined by

∑
k≥0Mk(x) and

∑
k≥0M̂k(x) do not appear in [17]. We leave open the question of

finding closed forms for their generating functions.

Corollary 3. The bivariate generating functionQ (x, y)where the coefficient of xnyk is the number of Dyck paths of Dh,≥
n containing

exactly k peaks UD is

1 − x2y + x2 − xy −

√
x4y2 − 2 x4y + 2 x3y2 + x4 − 2 x3y + x2y2 − 2 x2y − 2 x2 − 2 xy + 1

2x2
.
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Table 4
Number of Motzkin paths of length n and height k with a flat at height k,
1 ≤ n ≤ 10 and 0 ≤ k ≤ 4.

k n

1 2 3 4 5 6 7 8 9 10

0 1 1 1 1 1 1 1 1 1 1
1 1 3 8 19 43 94 201 423
2 1 5 19 62 187 536
3 1 7 34 137
4 1 9∑

1 1 2 4 10 25 64 164 424 1106

Table 5
Number of Motzkin paths of length n and height k with no flats at height k,
1 ≤ n ≤ 10 and 1 ≤ k ≤ 5.

k n

1 2 3 4 5 6 7 8 9 10

1 1 2 4 7 12 20 33 54 88
2 1 4 13 37 99 254 634
3 1 6 26 95 316
4 1 8 43
5 1∑

0 1 2 5 11 26 63 159 411 1082

Proof. By Fact 2, the number of peaks UD in Dyck paths of Dh,≥
n is equal to the number of peaks UD and flats F in Motzkin

paths in Mn. Since a non empty Motzkin path in M is either αF or αUβD where α, β ∈ M, the generating function Q (x, y)
satisfies the functional equation Q (x, y) = 1 + xyQ (x, y) + x2yQ (x, y) + x2(Q (x, y) − 1)Q (x, y). A simple calculation (with
Maple for instance) completes the proof. □

It is interesting to notice that Q (x, y) − 1 = yQ ′(x, y) where Q ′(x, y) is the bivariate generating function where the
coefficient of xnyk is the number of Motzkin n-paths with kweak valleys (see A110470 in [17]).

As a consequence, we deduce in Corollary 4 the popularity of peaks in Dh,≥
n .

Corollary 4. The generating function where the coefficient of xn is the total number of peaks in all Dyck paths of Dh,≥
n is

1 − x2 − (1 + x)
√
1 − 2 x − 3 x2

2x
√
1 − 2 x − 3 x2

.

Proof. Using Corollary 3, the result is given by ∂Q (x,y)
∂y

⏐⏐⏐
y=1

□

The popularity of peaks in Dh,≥
n , n ≥ 1, is given by the sequence A025566 in [17], which is the first difference of the

sequence A005773 that counts the directed animals of size n. The first terms are x + 3 x2 + 8 x3 + 22 x4 + 61 x5 + 171 x6 +

483 x7 + 1373 x8 + 3923 x9 + 11257 x10.

Corollary 5. The bivariate generating function R(x, y)where the coefficient of xnyk is the number of Dyck paths of Dh,≥
n containing

exactly k odd peaks UD is

1 − xy −

√
1 − 2 xy − 4 x2 + x2y2

2x2
.

Proof. By Fact 2, the number of odd peaks on Dh,≥
n is also the number of flats on Mn. Since a non empty Motzkin path

in M is either αF or αUβD where α, β ∈ M, the generating function R(x, y) satisfies the functional equation R(x, y) =

1 + xyR(x, y) + x2R(x, y)2. A simple calculation (with Maple for instance) completes the proof. □

Corollary 6. The generating function where the coefficient of xn is the total number of odd peaks in all Dyck paths of Dh,≥
n is

1 − x −
√
1 − 2 x − 3 x2

2x
√
1 − 2 x − 3 x2

.

Proof. Using Corollary 5, the result is given by ∂R(x,y)
∂y

⏐⏐⏐
y=1

□
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The popularity of odd peaks is given by the sequence A005717 in [17], where the nth term is the nth Motzkin number
times n. The first terms are x + 2 x2 + 6 x3 + 16 x4 + 45 x5 + 126 x6 + 357 x7 + 1016 x8 + 2907 x9 + 8350 x10.

4. Final remarks

In this paper, we study the enumeration of Dyck paths having a first return decomposition with special properties based
on aheight constraint. For future research, itwould be interesting to investigate other statistics onDyckpaths such as number
of peaks, valleys, zigzag or double rises, etc. More generally, can we extend this study for other combinatorial objects such
as Motzkin and Ballot paths or permutations?
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Catalanwords are particular growth-restrictedwords over the set of non-negative integers,
and they represent still another combinatorial class counted by the Catalan numbers. We
study the distribution of descents on the sets of Catalan words avoiding a pattern of length
at most three: for each such a pattern p we provide a bivariate generating function where
the coefficient of xnyk in its series expansion is the number of length n p-avoiding Catalan
words with k descents. As a byproduct, we enumerate the set of Catalan words avoiding p,
and we provide the popularity of descents on this set.
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1. Introduction and notation

A length n Catalan word is a word w1w2 . . . wn over the set of non-negative integers with w1 = 0, and

0 ≤ wi ≤ wi−1 + 1,

for i = 2, 3, . . . , n. We denote by Cn the set of length n Catalan words, and C = ∪n≥0Cn. For example, C2 = {00, 01} and
C3 = {000, 001, 010, 011, 012}. It is well known that the cardinality of Cn is given by the nth Catalan number 1

n+1

( 2n
n

)
, see

for instance [13, exercise 6.19.u, p. 222], which is the general term of the sequence A000108 in the On-line Encyclopedia of
Integer Sequences (OEIS) [12]. See also [10] where Catalan words are considered in the context of the exhaustive generation
of Gray codes for growth-restricted words.

A pattern p is a word satisfying the property that if x appears in p, then all integers in the interval [0, x − 1] also
appear in p. We say that a word w1w2 . . . wn contains the pattern p = p1 . . . pk if there is a subsequence wi1wi2 . . . wik
of w, i1 < i2 < · · · < ik, which is order-isomorphic to p. For example, the Catalan word 01012312301 contains
seven occurrences of the pattern 110 and four occurrences of the pattern 210. A word avoids the pattern p whenever
it does not contain any occurrence of p. We denote by Cn(p) the set of length n Catalan words avoiding the pattern
p, and C(p) = ∪n≥0Cn(p). For instance, C4(012) = {0000, 0001, 0010, 0011, 0100, 0101, 0110, 0111}, and C4(101) =

{0000, 0001, 0010, 0011, 0012, 0100, 0110, 0111, 0112, 0120, 0121, 0122, 0123}.
A descent in a word w = w1w2 . . . wn is an occurrence wiwi+1 such that wi > wi+1, and we denote by d(w) the number

of descents of w. The distribution of the number of descents has been widely studied on several classes of combinatorial
objects such as permutations and words, since descents have some particular interpretations in fields as Coxeter groups or
theory of lattice paths [4,6]. More specifically, there are natural one-to-one correspondences between descents in Catalan
words and some patterns in other classical Catalan structures, and below we give two such examples.
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Let δ ↦→ w be the bijection which maps a semilength n Dyck word over {u, d} into a length n Catalan word defined
as: w is the sequence of the lowest ordinate of the up steps u in the Dyck word δ, in lattice path representation. Under
this bijection, occurrences of consecutive patterns ddu in Dyck words correspond to descents in Catalan words. Similarly,
Mäkinen’s bijection [9] gives a one-to-one correspondence between descents in Catalanwords (called left-distance sequences
by the author of [9]) and particular nodes (left-child nodes having a right child) in binary trees.

A statistic st on a finite set S is an association of an integer to each element of S, and the popularity of st is
∑

x∈Sst(x),
which is the cardinality of S times the expectation of st . The number of occurrences of a pattern or the number of descents
are examples of statistics on words. See [5] where the notion of popularity was introduced in the context of pattern based
statistics, and [1,7,11,2] for some related results.

The main goal of this paper is to study the descent distribution on Catalan words (see Table 1 for some numerical values).
More specifically, for each pattern p of length at most three, we give the distribution of descents on the sets Cn(p) of length
n Catalan words avoiding p. We denote by Cp(x, y) =

∑
n,k≥0cn,kx

nyk the bivariate generating function for the cardinality of
words in Cn(p) with k descents. Plugging y = 1

− into Cp(x, y), we deduce the generating function Cp(x) for the set Cn(p), and
− into ∂Cp(x,y)

∂y , we deduce the generating function for the popularity of descents in Cn(p).

The proofs in this paper are based mainly on functional equations, and alternative bijective proofs would be of interest.
From the definition at the beginning of this section it follows that a Catalan word is either the empty word, or it can

uniquely be written as 0(w′
+ 1)w′′, where w′ and w′′ are in turn Catalan words, and w′

+ 1 is obtained from w′ by adding
one to each of its entries. We call this recursive decomposition first return decomposition of a Catalan word, and it will be
crucial in our further study. It follows that C(x), the generating function for the cardinality of Cn, satisfies:

C(x) = 1 + x · C2(x),

which corresponds precisely to the sequence of Catalan numbers.
The remainder of the paper is organized as follows. In Section 2, we study the distribution of descents on the set C of

Catalan words. As a byproduct, we deduce the popularity of descents in C. We consider also similar results for the obvious
cases of Catalanwords avoiding a pattern of length two. In Section 3, we study the distribution and the popularity of descents
on Catalan words avoiding each pattern of length three.

2. The sets C and C(p) for p ∈ {00, 01, 10}

Here we consider both unrestricted Catalan words and those avoiding a length two pattern.
We denote by C(x, y) the bivariate generating function where the coefficient of xnyk of its series expansion is the number

of length n Catalan words with k descents. When we restrict to Catalan words avoiding a pattern p, the corresponding
generating function is denoted by Cp(x, y).

Theorem 1. We have

C(x, y) =
1 − 2x + 2xy −

√
1 − 4x + 4x2 − 4x2y
2xy

.

Proof. Let w = 0(w′
+ 1)w′′ be the first return decomposition of a non-empty Catalan word w with w′, w′′

∈ C. If
w′ (resp. w′′) is empty then the number d(w) of descents in w is the same as that of w′′ (resp. w′); otherwise, we have
d(w) = d(w′) + d(w′′) + 1 since there is a descent between w′

+ 1 and w′′. So, we obtain the functional equation
C(x, y) = 1 + xC(x, y) + x(C(x, y) − 1) + xy(C(x, y) − 1)2 which gives the desired result. □

By the considerations in the introductory section, it turns out that the coefficient of xnyk in the series expansion of C(x, y)
is also the number of semilength n Dyck words with k occurrences of the consecutive pattern ddu, which is given by the
statistic St000386 in [3], see also A091894 in [12].

As expected, C(x) = C(x, 1) =
1−

√
1−4x
2x is the generating function for the Catalan numbers, and ∂C(x,y)

∂y |y=1 is the generating
function for the descent popularity on C, and we have the next corollary.

Corollary 1. The popularity of descents on the set Cn is
( 2n−2

n−3

)
, and its generating function is 1−4x+2x2−(1−2x)

√
1−4x

2x
√
1−4x

(sequence
A002694 in [12]).

Catalan words of odd lengths encompass a smaller size Catalan structure. This result is stated in the next theorem, see
the bold entries in Table 1.

Theorem 2. Catalan words of length 2n + 1 with n descents are enumerated by the nth Catalan number 1
n+1

( 2n
n

)
.
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Table 1
Number cn,k of length n Catalan words with k descents for 1 ≤ n ≤ 10 and 0 ≤ k ≤ 4.

k n

1 2 3 4 5 6 7 8 9 10

0 1 2 4 8 16 32 64 128 256 512
1 1 6 24 80 240 672 1792 4608
2 2 20 120 560 2240 8064
3 5 70 560 3360
4 14 252∑

1 2 5 14 42 132 429 1430 4862 16796

Table 2
Catalan words avoiding a pattern of length three.

Pattern p Sequence |Cn(p)| Generating function OEIS [12]

012, 001, 010 2n−1 1−x
1−2x A011782

021 (n − 1) · 2n−2
+ 1 1−4x+5x2−x3

(1−x)(1−2x)2
A005183

102, 201 3n−1
+1

2
1−3x+x2

(1−x)(1−3x) A007051

120, 101 F2n−1
1−2x

1−3x+x2
A001519

011 n(n−1)
2 + 1 1−2x+2x2

(1−x)3
A000124

000 1−2x2

1−x−3x2+x3

100 ⌈
(1+

√
3)n+1

12 ⌉
1−2x−x2+x3

1−3x+2x3
A057960

110 1
2

∑⌊
n
2 ⌋

k=0

( n+1
2 k+1

)
2k

−
n−1
2

1−3x+2x2+x3

(1−x)2(1−2x−x2)

210 1−5x+7x2−x3−x4

(1−2x)(1−4x+3x2+x3)

Proof. Clearly, the maximal number of descents in a length n Catalan word is ⌊
n−1
2 ⌋. Let w be a Catalan word of length

2n + 1 with n descents. We necessarily have w = 0(w′
+ 1)w′′ with w′, w′′

̸= ϵ, d(w′) = ⌊
|w′

|−1
2 ⌋, d(w′′) = ⌊

|w′′
|−1
2 ⌋ and

d(w) = d(w′) + d(w′′) + 1. Since the length of w is odd, |w′
| and |w′′

| have the same parity. If |w′
| and |w′′

| are both even,
then d(w) =

|w′
|−2
2 +

|w′′
|−2
2 + 1 =

|w′
|+|w′′

|−2
2 < ⌊

(|w′
|+|w′′

|+1)−1
2 ⌋ = ⌊

n−1
2 ⌋ which gives a contradiction. So, |w′

| and |w′′
| are

both odd, and we have d(w) =
|w′

|−1
2 +

|w′′
|−1
2 + 1 = ⌊

(|w′
|+|w′′

|+1)−1
2 ⌋ = ⌊

n−1
2 ⌋. Thus the generating function A(x) where

the coefficient of xn is the number of Catalan words of length 2n+ 1 with n descents satisfies A(x) = 1+ xA(x)2 which is the
generating function for the Catalan numbers. □

There are three patterns of length two, namely 00, 01 and 10, and Catalan words avoiding such a pattern do not have
descents, thus the corresponding bivariate generating functions collapse into one variable ones.

Theorem 3. For p ∈ {00, 01}, we have Cp(x, y) =
1

1−x .

Proof. If p = 00 (resp. p = 01) then 012 . . . n−1 (resp. 00 . . . 0) is the unique non-empty Catalan word of length n avoiding
p, and the statement follows. □

Theorem 4. We have C10(x, y) =
1−x
1−2x , which is the generating function for the sequence 2n−1 (sequence A011782 in [12]).

Proof. A non-empty Catalan word avoiding the pattern 10 is of the form 0k(w′
+ 1) for k ≥ 1, and with w′

∈ C(10). So, we
have the functional equation C10(x) = 1 +

x
1−xC10(x), which gives C10(x) =

1−x
1−2x . □

3. The sets C(p) for a length three pattern p

Here we turn our attention to patterns of length three. There are thirteen such patterns, and we give the distribution and
the popularity of descents on Catalan words avoiding each of them. Some of the obtained results are summarized in Tables 2
and 3.

Theorem 5. For p ∈ {012, 001}, we have

Cp(x, y) =
1 − x + x2 − x2y
1 − 2x + x2 − x2y

.
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Table 3
Popularity of descents on Catalan words avoiding a pattern of length three.

Pattern p Popularity of descents on Cn(p) Generating function OEIS [12]

012, 001 (n − 2) · 2n−3 x3

(1−2x)2
A001787

010 0 0

021 (n + 1)(n − 2) · 2n−5 x3(1−x)
(1−2x)3

A001793

102, 201 (n − 2) · 3n−3 x3

(1−3x)2
A027471

120, 101
∑n−2

k=1k ·
( n+k−2

2k

) x3(1−x)
(1−3x+x2)2

A001870

011 (n−1)(n−2)
2

x3

(1−x)3
A000217

000 x3(1−x)(1+2x)(1+x)
(1−x−3x2+x3)2

100 x3(1−x−x2)
(1−3x+2x3)2

110 x3(1−x−x2)2

(1−x)3(1−2x−x2)2

210 x3(1−2x)
(1−4x+3x2+x3)2

Proof. A non-empty word w ∈ C(012) has its first return decomposition w = 01kw′′ where k ≥ 0 and w′′
∈ C(012). If k = 0

or w′′
= ϵ, then the number of descents in w is the same as that of w′′; otherwise, we have d(w) = d(w′′) + 1 (there is a

descent between 1k and w′′). So, we obtain the functional equation C012(x, y) = 1 + xC012(x, y) +
x2
1−x +

x2
1−xy(C012(x, y) − 1)

which gives the desired result.
A non-empty word w ∈ C(001) has the form w = 0(w′

+ 1)0k where w′
∈ C(001) and k ≥ 0. If k = 0 or w′

= ϵ, then
the number of descents in w is the same as that of w′; otherwise, we have d(w) = d(w′) + 1. So, we obtain the functional
equation C001(x, y) = 1 + x(C001(x, y) − 1) +

x
1−x +

x2
1−xy(C001(x, y) − 1) which gives the desired result. □

Considering the previous theorem and the coefficient of xn in Cp(x, 1) =
1−x
1−2x and in ∂Cp(x,y)

∂y |y=1 =
x3

(1−2x)2
, we obtain the

next corollary.

Corollary 2. For p ∈ {012, 001}, we have |Cn(p)| = 2n−1, and the popularity of descents on the set Cn(p) is (n − 2) · 2n−3

(sequence A001787 in [12]).

As in the case of length two patterns, a Catalanword avoiding 010 does not have descents, andwe have the next theorem.

Theorem 6. If p = 010, then Cp(x, y) =
1−x
1−2x which is the generating function for the sequence given by 2n−1 (sequence

A011782 in [12]).

Proof. A non-empty word w ∈ C(010) can be written either as w = 0w′ with w′
∈ C(10), or as w = 0(w′

+ 1) with
w′

∈ C(010) \ {ϵ}. So, we deduce C010(x) = 1 + xC10(x) + x(C010(x) − 1), and the statement holds. □

Theorem 7. For p = 021, we have

Cp(x, y) =
1 − 4x + 6x2 − x2y − 4x3 + 3x3y + x4 − x4y

(1 − x)(1 − 2x)(1 − 2x + x2 − x2y)
.

Proof. Let w be a non-empty word in C(021), and let 0(w′
+ 1)w′′ be its first return decomposition with w′, w′′

∈ C(021).
Note that w′ belongs to C(10). We distinguish two cases: (1) w′ does not contain 1, and (2) otherwise.

In the case (1), w′
∈ C(01) (i.e., w′

= 0k for some k ≥ 0), and w′′
∈ C(021). If w′

= ϵ (resp. w′′
= ϵ), then the number of

descents in w is the same as that of w′′ (resp. w′); otherwise, we have d(w) = d(w′)+ d(w′′)+ 1. So, this case contributes to
Cp(x, y) with xC01(x, y) + x(C021(x, y) − 1) + xy(C01(x, y) − 1)(C021(x, y) − 1).

In the case (2), w′
∈ C(10) \ C(01) and w′′

∈ C(01). If w′′
= ϵ then w and w′ have the same number of descents;

otherwise, we have d(w) = d(w′)+d(w′′)+1. So, this case contributes to Cp(x, y) with x(C10(x, y)−C01(x, y))+xy(C10(x, y)−
C01(x, y))(C01(x, y) − 1).

Taking into account these two disjoint cases, and adding the empty word, we deduce the functional equation C021(x, y) =

1+xC01(x, y)+x(C021(x, y)−1)+xy(C01(x, y)−1)(C021(x, y)−1)+x(C10(x, y)−C01(x, y))+xy(C10(x, y)−C01(x, y))(C01(x, y)−1),
which after calculation gives the result. □

Corollary 3. For p = 021, we have Cp(x) =
1−4x+5x2−x3

(1−2x)2(1−x)
which is the generating function for the sequence (n − 1) · 2n−2

+ 1
(sequence A005183 in [12]). The popularity of descents on the set Cn(p) is (n + 1)(n − 2) · 2n−5 with the generating function
x3(1−x)
(1−2x)3

(sequence A001793 in [12]).
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Theorem 8. For p ∈ {102, 201}, we have

Cp(x, y) =
1 − 3x + 3x2 − 2x2y − x3 + x3y
(1 − x)

(
1 − 3x + 2x2 − 2x2y

) .

Proof. Let w be a non-empty word in C(102), and let 0(w′
+ 1)w′′ be its first return decomposition with w′, w′′

∈ C(102). If
w′ is empty, then w = 0w′′ for some w′′

∈ C(102) and we have d(w) = d(w′′). If w′′ is empty, then w = 0(w′
+ 1) for some

w′
∈ C(102) and we have d(w) = d(w′). If w′ and w′′ are both non-empty, then w′

∈ C(102) \ {ϵ} and w′′
∈ C(012) \ {ϵ}. We

deduce the functional equation C102(x, y) = 1+ xC102(x, y)+ x(C102(x, y)− 1)+ xy(C102(x, y)− 1)(C012(x, y)− 1). Finally, by
Theorem 5 we obtain the desired result.

Let w be a non-empty word in C(201), and let 0(w′
+ 1)w′′ be its first return decomposition with w′, w′′

∈ C(201). If w′

is empty, then w = 0w′′ for some w′′
∈ C(201) and we have d(w) = d(w′′). If w′′ is empty, then w = 0(w′

+ 1) for some
w′

∈ C(201) andwe have d(w) = d(w′). Ifw′ andw′′ are both non-empty, then d(w) = d(w′)+d(w′′)+1 andwe distinguish
two cases: (1)w′ does not contain 1, and (2) otherwise. In the case (1), we havew′

∈ C(01)\{ϵ} andw′′
∈ C(201)\{ϵ}; in the

case (2), w′ contains 1 and w′
∈ C(201) \ C(01) and w′′

∈ C(01) \ {ϵ}. Combining the previous cases, the functional equation
becomes C201(x, y) = 1+xC201(x, y)+x(C201(x, y)−1)+xy(C01(x, y)−1)(C201(x, y)−1)+xy(C201(x, y)−C01(x, y))(C01(x, y)−1),
which gives the desired result. □

Corollary 4. For p ∈ {102, 201}, we have Cp(x) =
1−3x+x2

(1−x)(1−3x) which is the generating function of the sequence 3n−1
+1

2 (sequence

A007051 in [12]). The popularity of descents on the set Cn(p) is (n − 2) · 3n−3 with the generating function x3

(1−3x)2
(sequence

A027471 in [12]).

Theorem 9. For p ∈ {120, 101}, we have

Cp(x, y) =
1 − 2x + x2 − x2y
1 − 3x + 2x2 − x2y

.

Proof. Let w be a non-empty word in C(120), and let 0(w′
+ 1)w′′ be its first return decomposition where w′, w′′

∈ C(120).
If w′′ is empty, then w = 0(w′

+ 1) for some w′
∈ C(120) and we have d(w) = d(w′); if w′ is empty, then w = 0w′′ for

some w′′
∈ C(120) and we have d(w) = d(w′); if w′ and w′′ are not empty, then w′

∈ C(01) \ {ϵ}, w′′
∈ C(120) \ {ϵ} and

d(w) = d(w′)+d(w′′)+1.We deduce the functional equation C120(x, y) = 1+xC120(x, y)++x(C120(x, y)−1)+xy(C01(x, y)−
1)(C120(x, y) − 1) which gives the result.

Let w be a non-empty word in C(101), and let 0(w′
+ 1)w′′ be its first return decomposition where w′, w′′

∈ C(101). If w′

is empty, then w = 0w′′ for some w′′
∈ C(101) and d(w) = d(w′′); if w′′ is empty, then w = 0(w′

+ 1) for some w′
∈ C(101)

and d(w) = d(w′′); if w′ and w′′ are not empty, then w′
∈ C(101) \ {ϵ} and w′′

∈ C(01) \ {ϵ} and d(w) = d(w′) + d(w′′) + 1.
We deduce the functional equation C101(x, y) = 1 + xC101(x, y) + x(C101(x, y) − 1) + xy(C101(x, y) − 1)(C01(x, y) − 1) which
gives the result. □

Corollary 5. For p ∈ {120, 101}, we have Cp(x) =
1−2x

1−3x+x2
and the coefficient of xn in its series expansion is the (2n− 1)th term

of the Fibonacci sequence (see A001519 in [12]). The popularity of descents on the set Cn(p) is given by
∑n−2

k=1k ·
( n+k−2

2k

)
which is

the coefficient of xn in the series expansion of x3(1−x)

(1−3x+x2)
2 (sequence A001870 in [12]).

Theorem 10. For p = 011, we have

Cp(x, y) =
1 − 2x + 2x2 − x3 + x3y

(1 − x)3
.

Proof. Letw be a non-empty word in C(011), and let 0(w′
+1)w′′ be its first return decomposition wherew′, w′′

∈ C(011). If
w′ (resp. w′′) is empty, then we have d(w) = d(w′′) (resp. d(w) = d(w′)); if w′ and w′′ are non-empty, then w′

∈ C(00) \ {ϵ}
and w′′

∈ C(01) \ {ϵ}. We deduce the functional equation C011(x, y) = 1 + xC011(x, y) + x(C00(x, y) − 1) + xy(C00(x, y) −

1)(C01(x, y) − 1) which gives the result. □

Corollary 6. For p = 011, we have Cp(x) =
1−2x+2x2

(1−x)3
and the coefficient of xn in its series expansion is 1 +

( n
2

)
(sequence

A000124 in [12]). The popularity of descents on the set Cn(p) is given by (n−1)(n−2)
2 which is the coefficient of xn in the series

expansion of x3

(1−x)3
(sequence A000217 in [12]).

Theorem 11. For p = 000, we have

Cp(x, y) =
1 − x2 − x2y

1 − x − 2x2 − x2y + x3 + x4 − x4y
.
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Proof. Let w be a non-empty word in C(000), and let 0(w′
+ 1)w′′ be its first return decomposition where w′, w′′

∈ C(000).
We distinguish two cases: (1) w′′ is empty, and (2) otherwise.

In the case (1), we have w = 0(w′
+ 1) for some w′

∈ C(000) and d(w) = d(w′). So, the generating function A(x, y) for
the Catalan words in this case is A(x, y) = xC000(x, y).

In the case (2), we set w′′
= 0(w′′′

+ 1) for some w′′′
∈ C(000) and we have w = 0(w′

+ 1)0(w′′′
+ 1). We distinguish

three sub-cases: (2.a) w′ is empty, (2.b) w′ is non-empty and w′′′ is empty, and (2.c) w′ and w′′′ are both non-empty.
In the case (2.a), we havew = 00(w′′′

+1) withw′′′
∈ C(000). So, the generating function for the Catalanwords belonging

to this case is Ba(x, y) = x2C000(x, y).
In the case (2.b), we have w = 0(w′

+ 1)0 with w′
∈ C(000) \ {ϵ}. So, the generating function for the corresponding

Catalan words is Bb(x, y) = x2y(C000(x, y) − 1).
In the case (2.c), we have w = 0(w′

+ 1)0(w′′′
+ 1) where w′ and w′′′ are non-empty Catalan words such that

w′w′′′ is a Catalan word satisfying the case (2). If w′
= 0, then d(w′w′′′) = d(w′′′) = d(w) − 1; if w′

̸= 0, then
d(w′w′′′) = d(w′) + d(w′′′) + 1 = d(w). So, the generating function for the corresponding Catalan words is Bc(x, y) =

x2yBa(x, y) + x2(Bb(x, y) + Bc(x, y)).
Considering C000(x, y) = 1 + A(x, y) + Ba(x, y) + Bb(x, y) + Bc(x, y), the obtained functional equations give the result. □

Corollary 7. For p = 000, we have Cp(x) =
1−2x2

1−x−3x2+x3
and the generating function for the popularity of descents in the sets

Cn(p), n ≥ 0, is

x3(1 − x)(1 + 2x)(1 + x)
(1 − x − 3x2 + x3)2

.

Note that the sequences defined by the two generating functions in Corollary 7 do not appear in [12].

Theorem 12. For p = 100, we have

Cp(x, y) =
1 − 2x − x2y + x3

1 − 3x + x2 − x2y + 2x3
.

Proof. For k ≥ 1, we define Ak ⊂ C(100) as the set of Catalan words avoiding 100 with exactly k zeros, and let Ak(x, y) be
the generating function for Ak.

A Catalan word w ∈ A1 is of the form w = 0(w′
+ 1) with w′

∈ C(100). Since we have d(w) = d(w′), the generating
function A1(x, y) for these words satisfies A1(x, y) = xC100(x, y).

A Catalan word w ∈ Ak, k ≥ 3, is of the form w = 0k−2w′ with w′
∈ A2. Since we have d(w) = d(w′), the generating

function Ak(x, y) for these words satisfies Ak(x, y) = xk−2A2(x, y).
A Catalan word w ∈ A2 has one of the three following forms:
(1) w = 00(w′

+ 1) with w′
∈ C(100); we have d(w) = d(w′), and the generating function for these Catalan words is

x2C100(x, y).
(2) w = 0(w′

+ 1)0 with w′
∈ C(100) \ {ϵ}; we have d(w) = d(w′) + 1, and the generating function for these Catalan

words is x2y(C100(x, y) − 1).
(3) w = 0(w′

+ 1)0(w′′
+ 1) where w′ and w′′ are non-empty and w′w′′

∈ Ak for some k ≥ 2 (i.e., w′w′′
=

0k−20(u + 1)0(v + 1) with 0(u + 1)0(v + 1) ∈ A2). So, there are (k − 1) possible choices for w′, namely 0, 02, . . . , 0k−2,

and 0k−20(u + 1). If w′
= 0, 02, . . . , 0k−2, then d(w) = d(0(u + 1)0(v + 1)) + 1; if w′

= 0k−20(u + 1) and u ̸= ϵ, then
d(w) = d(0(u + 1)0(v + 1)); if w′

= 0k−20(u + 1) and u = ϵ, then d(w) = d(0(u + 1)0(v + 1)) + 1. So, the generating
function for these words is x2yA2(x, y)

∑
k≥2(k−2)xk−2

+x2(A2(x, y)−x2C100(x, y))
∑

k≥2x
k−2

+x4yC100(x, y)
∑

k≥2x
k−2, which

is x3y
(1−x)2

A2(x, y) +
x2
1−xA2(x, y) +

x4y−x2
1−x C100(x, y).

Taking into account all previous cases, we obtain the following functional equations:

(i) A1(x, y) = xC100(x, y),
(ii) A2(x, y) = x2C100(x, y) + x2y(C100(x, y) − 1) +

x3y
(1−x)2

A2(x, y) +
x2
1−xA2(x, y) +

x4y−x2
1−x C100(x, y),

(iii) Ak(x, y) = xk−2A2(x, y) for k ≥ 3,
(iv) C100(x, y) = 1 +

∑
k≥1Ak(x, y).

A simple calculation gives the desired result. □

Corollary 8. For p = 100, we have Cp(x) =
1−2x−x2+x3

1−3x+2x3
, which is the generating function for the sequence ⌈

(1+
√
3)n+1

12 ⌉ (see

A057960 in [12]), and the generating function for the popularity of descents in the sets Cn(p), n ≥ 0, is

x3(1 − x − x2)
(1 − 3x + 2x3)2

.
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Theorem 13. For p = 110, we have

Cp(x) =
1 − 3x + 2x2 + x3 − x4 + x4y

(1 − x)
(
1 − 3x + x2 + 2x3 − x3y

) .

Proof. Let w be a non-empty word in C(110), and let 0(w′
+ 1)w′′ be its first return decomposition where w′, w′′

∈ C(110).
Then, w has one of the following forms:

− w = 0(w′
+ 1) where w′

∈ C(110); the generating function for these words is xC110(x, y).
− w = 0w′ where w′

∈ C(110) \ {ϵ}; the generating function for these words is x(C110(x, y) − 1).
− w = 0(w′

+ 1)w′′ with w′
∈ C(00) \ {ϵ} and w′′

∈ C(10) \ {ϵ}; the generating function for these words is
xy(C00(x, y) − 1)(C10(x, y) − 1).

− The last form is w = 0(w′
+ 1)w′′ where w′

∈ C(00) \ {ϵ} and w′′
̸∈ C(10). So, we have w = 012 . . . k0a01a1 . . . (k −

1)ak (w′′′
+ k− 1) where k ≥ 1, ai ≥ 1 for 0 ≤ i ≤ k, and w′′′

∈ C(110) \ C(10); the generating function for these words
is y

∑
k≥1

x2k+1

(1−x)k
(C110(x, y) − C10(x, y)).

Combining these different cases, we deduce the functional equation:

C110(x, y) = 1 + xC110(x, y) + x(C110(x, y) − 1) + xy(C00(x, y) − 1)(C10(x, y) − 1)+

y
∑
k≥1

x2k+1

(1 − x)k
(C110(x, y) − C10(x, y)).

Considering Theorems 3 and 4, the result follows. □

Corollary 9. For p = 110, we have Cp(x) =
1−3x+2x2+x3

(1−x)2(1−2x−x2)
and the generating function for the popularity of descents in the sets

Cn(p), n ≥ 0, is

x3(1 − x − x2)2

(1 − x)3(1 − 2x − x2)2
.

Theorem 14. For p = 210, we have

Cp(x) =
1 − 5x + 8x2 − x2y − 4x3 + 3x3y − x4y
(1 − 2x)(1 − 4x + 4x2 − x2y + x3y)

.

Proof. Let w be a non-empty word in C(210), and let 0(w′
+ 1)w′′ be its first return decomposition where w′, w′′

∈ C(210).
Then, w has one of the following forms:

− w = 0(w′
+ 1) where w′

∈ C(210); the generating function for these words is xC210(x, y).
− w = 0w′′ where w′′

∈ C(210) \ {ϵ}; the generating function for these words is x(C210(x, y) − 1).
− w = 0(w′

+ 1)w′′ where w′
∈ C(01) \ {ϵ} and w′′

∈ C(210) \ {ϵ}; the generating function for these sets is
xy(C01(x, y) − 1)(C210(x, y) − 1).

− w = 01a12a2 . . . kakw′′ where k ≥ 2, ai ≥ 1 for 1 ≤ i ≤ k, and w′′
∈ C(10) \ {ϵ}; the generating function for these

words is y(C10(x, y) − 1)
∑

k≥2
xk+1

(1−x)k
.

− w = 01a12a2 . . . kak0b01b1 . . . (k − 2)bk−2 (w′′
+ k − 2) where k ≥ 2, ai ≥ 1 for 1 ≤ i ≤ k, bi ≥ 1 for 1 ≤ i ≤ k − 2, and

w′′
∈ C(210) \ C(10); the generating function for these words is y(C210(x, y) − C10(x, y))

∑
k≥2

xk+1

(1−x)k
xk−1

(1−x)k−1 .

Combining these different cases, we deduce the functional equation:

C210(x, y) = 1 + xC210(x, y) + x(C210(x, y) − 1) + xy(C01(x, y) − 1)(C210(x, y) − 1)+

y(C10(x, y) − 1)
∑
k≥2

xk+1

(1 − x)k
+ y(C210(x, y) − C10(x, y))

∑
k≥2

xk+1

(1 − x)k
xk−1

(1 − x)k−1 .

Finally, considering Theorem 4 the desired result follows. □

Corollary 10. For p = 210, we have Cp(x) =
1−5x+7x2−x3−x4

(1−2x)(1−4x+3x2+x3)
and the generating function for the popularity of descents in the

set Cn(p), n ≥ 0, is

x3(1 − 2x)
(1 − 4x + 3x2 + x3)2

.
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4. Final remarks

At the time ofwriting this paper, the enumerating sequences (|Cn(p)|)n≥0, for p ∈ {000, 110, 210}, are not recorded in [12],
and it will be interesting to find alternative interpretations of these sequences.

Our initiating study on pattern avoidance on Catalan words can naturally be extended to patterns of length more than
three, vincular patterns (see Section 1.3 in [8] for their definition) and/or multiple pattern avoidance. For example, some of
the patterns we considered here hide larger length patterns (for instance, an occurrence of 210 in a Catalan word is a part of
an occurrence of 01210), and some of our results can be restated in this light.
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subdivision surfaces. 
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1. Introduction 

Iterative processes based on fractal geometry is a common 

way to produce complex objects like terrains, clouds, trees, tex- 

tures [1,2] . Generally, these processes used stochastic parameters to 

model natural objects with non-strict repetition of the same pat- 

tern. These algorithms are widely used in Computer Graphics but 

few in Computer Aided Geometric Design (CAGD), even if result- 

ing shapes present interesting properties like, for example, rough 

surfaces to improve heat exchange, porous volumes needing less 

material or simply for their aestetic value. The purpose of our re- 

search is to develop a generic iterative geometric modeler for in- 

dustrial applications associated to additive manufacturing. A first 

application, related to energy saving which is a crucial issue for 

industry, consists of designing lighter objects while maintaining 

high mechanical properties. To address this challenge we suggest 

to consider multiscale controlled lacunary structures which fill a 

∗ Corresponding authors. 

E-mail addresses: lucas.morlet@u-bourgogne.fr (L. Morlet), christian.gentil@u- 

bourgogne.fr (C. Gentil). 

given geometric hull, with imposed functional surface. A second 

application is tree-like structures support design for additive man- 

ufacturing or for reinforcing a given functional surfaces (see Fig. 1 ). 

In both cases, imposed geometric inputs, geometric hulls or func- 

tional surfaces, come from a CAGD software and are generally rep- 

resented by Non-Uniform Rational B-Splines (NURBS). From the 

past decades, NURBS imposed themselves into CAGD. They are a 

powerful tool to construct smooth surfaces while respecting usual 

constraints of industrial conception. Our iterative modeler have to 

interact with CAGD software and needs to integrate NURBS repre- 

sentation. 

From a theoretical point of view, it could be interesting to 

have a common representation for fractals, subdivision surfaces 

and NURBS to identify possible interactions. From a practical point 

of view, we could take advantage of each representation, without 

conversions and approximations. 

Few generic representations were proposed for iterated pro- 

cesses. Most of the time, an iterative process is translated in a 

specific algorithm with a specific data structure and implemented 

in a specific software for a specific application. The two main 

generic representations are L-system [3] and Iterated Function 

https://doi.org/10.1016/j.cagx.2019.10 0 0 06 

2590-1486/© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license. ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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Fig. 1. Original creations of CIFS-based CAGD-modeling. From left to right: a wooden overlapping structure which is smooth in one direction and fractal in the second 

direction (©IBOIS, laboratory of EPLF), a lacunar structure build by 3D printing, a lacunar structure whose edges are B-Splines using topological optimization ( ≈ 88% of 

material saved compared to a filled structure) and an arborescent fractal structure that support a bi-quadratic Bézier surface. 

System (IFS) [4] which are quasi-equivalent [5] . L-system repre- 

sentation is based on rewriting rules while IFS representation is 

based on a self-similarity property. For our purpose we believe 

that IFS are more suitable according to their formulation which is 

easier for formal manipulation associated to CAGD. Iterated Func- 

tion Systems (IFS) have been introduced by Hutchinson [4] and 

developed by Barnsley [6] to study self-similar shapes. Even if they 

are initially created for fractals, they can represent other types of 

objects: Goldman [7] and Schaeffer et al. [8] used this formalism 

to respectively generate Bèzier and B-Spline tensor-surfaces. In 

previous works, Zaïr and Tosan [9] introduce fractal modeling 

using free-form techniques which includes Bèzier and uniform 

B-spline curves and surfaces. Due to the presence of irregular 

vertices, subdivision surfaces are not self-similar and cannot be 

handled by IFS. To overpass this constraint, Morlet et al. [10] used 

Controlled Iterated Function Systems (CIFS) to generate low-degree 

uniform subdivision surfaces in an iterative way. CIFS are an 

extension of IFS based on automata whose states can represent 

different objects, self-similarities are no longer required. Every IFS 

can be described as a one-state CIFS-automaton. 

In addition, to bring together usual CAGD representations in a 

common formalism, CIFS-representation provides specific tools. For 

instance, Podkorytov et al. [11] proved that interactions between 

two objects of different natures can be performed since they are 

both represented as CIFS-automata. 

At this point, our CIFS-based CAGD-modeler does not handle 

NURBS, and this is the main purpose of this paper. We prove that 

NURBS tensor-surfaces of any degree can be represented as CIFS- 

automata and so can be integrated in our iterative modeler. Then 

we avail this integration for new applications. 

2. Overview 

First of all, we introduce in Section 3 all the notations and 

mathematical background that will be used in the paper. We ex- 

plain two usually separate research fields: IFS and their extension 

CIFS in a first part and NURBS and their blossoming representa- 

tion in a second one. Our work is placed at the cross of these two 

research fields. 

In Section 4 , we present how to create NURBS CIFS-automata. 

The automata for quadratic and cubic cases are fully described and 

a method to generate any-degree automaton is proposed. 

Furthermore we explain how to generate “tensor-products” of 

complete automata in Section 5 . Following this method we create 

bi-quadratic and bi-cubic NURBS tensor-surfaces CIFS-automata. 

Then we prove that any NURBS tensor-surfaces can be represented 

as a CIFS automaton. 

In Section 6 , we present several solutions that our formalism 

brings to CAGD-industry usual challenges. First, we use the for- 

malism of Section 5 to generate blending tensor-surfaces ( i.e. the 

two generative curves are of different natures). Then we show how 

to create a junction that respects constraints between a NURBS 

Fig. 2. IFS of Sierpinski triangle and its attractor. Transformations T 0 , T 1 , and T 2 as- 

sociate the black triangle to one of the three sub-triangles (respectively red, green, 

and blue). These transformations are homotheties of scale factor 0.5 where the cen- 

ter is one of the vertices of the initial triangle. 

tensor-surface and a surface already defined as a CIFS-automaton. 

To finish we present the application of this formalism to the 

topological optimization field: we create a lacunar NURBS tensor- 

surface and an arborescent structure that support a NURBS tensor- 

surfaces. 

To conclude, all contributions are summarized and research 

tracks for extension to any-degree non-tensor NURBS surface are 

proposed in Section 7 . 

3. Background 

3.1. Iterated Functions Systems (IFS) 

According to Huchinson [4] , an IFS is a set of n contracting 

transformations of a complete metric space (X , d) : {T i } i ∈ � with 

� = { 0 , 1 , . . . , n − 1 } . Let K be a compact ( i.e. a subset of an Eu- 

clidean space which is both closed and bounded), the Hutchinson 

operator H is defined by: 

H(K) = 

n −1 ⋃ 

i =0 

T i (K) 

In a same way as a contractive transformation owns a unique 

fixed-point, there is a unique compact, A , referred as the attractor 

of the IFS, which is defined as: 

H(A ) = A (1) 

Due to the contractivity of the Huchinson operator, the attractor 

can be computed as the result of an infinite application of Hutchin- 

son operator on any starting compact K. 

A = H ◦ . . . ◦ H ︸ ︷︷ ︸ 
∞ 

(K) 

An usual example of IFS is the Sierpinski triangle presented in 

Fig. 2 . 

Every point belonging to the attractor can be indexed by at 

least one infinite word σ = σ0 σ1 · · ·σ� · · · of � ( σ ∈ �∞ ) such 

that: 

lim 

� −→∞ 

T σ0 
◦ T σ1 

◦ · · · ◦ T σ� 
(p) = p σ , ∀ p ∈ X . 
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Fig. 3. Example of a CIFS automaton composed of two states: “blue hexagon” and “green triangle”. On the left, the decomposition rules of each state. On the center, the CIFS 

automaton deduced from decomposition rules. On the right, the resulting attractor. 

In other words, the infinite composition of the corresponding 

transformations leads to the point p σ . σ is referred as an address 

of the point p σ . 

To any infinite word σ ∈ �∞ corresponds a point of A . In partic- 

ular, the address i ω (composed of an infinite number of repetition 

of i ), corresponding to the fixed point of T i belongs to A , p i ω ∈ A . 

This property is important, because if T i are affine or linear trans- 

formations (which will be the case in the following) we can di- 

rectly compute a point belonging to A in a finite time by calculat- 

ing the fixed point of T i by eigen-analysis. Furthermore, according 

to Eq. (1) , T j p i ω belongs to A too. This means that we can com- 

pute a tesselation of A with all vertices belonging to A in finite 

time. The tesselation is calculated from a finite number of itera- 

tions of the Hutchinson operator. The starting compact K is set as 

a list of vertices of a 1D, 2D or 3D mesh, each vertex being a fixed 

points of a tranformation T i , i ∈ �. This approach is equivalent to 

Halstead et al. [12] and Stam [13] methods which directly com- 

pute a piece of subdivision surface from a given patch of control 

mesh. 

3.2. Controlled Iterated Functions Systems (CIFS) 

CIFS are an extension of IFS that provides more control. Instead 

of defining the attractor as all points P σ , σ ∈ �ω , the attractor is 

restricted to points whose addresses are accepted by a given au- 

tomaton. 

A CIFS is defined by: 

• an automaton ( �, Q , δ, � ), where � is an alphabet, Q a set of 

states, δ a transition function ( δ: Q ×� → Q ), � the initial state 

and all states of Q are final states; 
• a set of spaces associated to the states : (X 

q ) q ∈ Q ; 
• a set of transformations associated to the transitions T x 

i 
: 

E δ(x,i ) → E x . 

To each state is associated an attractor A 

q defined by: 

A 

q = 

⋃ 

i ∈ �q 

T q 
i 
(A 

δ(q,i ) ) (2) 

where �q = { i ∈ �, δ(q, i ) ∈ Q} . 
The attractor of the CIFS is the attractor of the initial state, i.e. 

A = A 

� . 

From Eq. (2) , we understand that a transformation associated 

to a transition copy the attractor of the destination state into the 

attractor of the starting state. Then interpretation and design of an 

automaton is intuitive. An example can be found in Fig. 3 . 

The last step to complete the needed material, is the introduc- 

tion of free-form shapes modeling with CIFS. It is straightforward 

by building the attractors in barycentric space and then project it 

into the modeling space according to a set of control points. The 

final modeled shape is F = P A , where P = [ p 0 p 1 . . . p k ] is a line 

Fig. 4. CIFS automaton corresponding to Chainkin algorithm. 

vector composed of the list of control points. The projection in the 

modeling space is included in the automaton by adding an initial 

state and a transition with P as the associated transformation. For 

example a quadratic uniform spline is defined by the automaton 

of Fig. 4 , where P = [ p 0 p 1 p 2 ] (the three control points), T 
q 

0 
and T 

q 
1 

represent the two Chaikin matrices and K is composed of the fixed 

points of T 
q 

0 
and T 

q 
1 

: 

K = 

⎛ 

⎝ 

1 
2 

0 

1 
2 

1 
2 

0 

1 
2 

⎞ 

⎠ . 

The attractor associated to state q is the quadratic uniform spline 

basic functions and the Spline curve is A 

� = P A 

q . A tesselation of 

the curve is obtained by computing, for a given level of iteration 

(approximation) � : { P T σ0 
◦ · · · ◦ T σ� 

K, σi ∈ �} . 
By using different states, CIFS provides more control than IFS. 

For example, B-Spline tensor surfaces can easily be represented by 

an IFS [8] whereas subdivision surfaces, around extraordinary ver- 

tices, cannot. Indeed, management of extraordinary patches is im- 

possible with IFS formalism because an irregular patch is subdi- 

vided into several regular and irregular patches. At least two states 

are necessary: regular and irregular. More generally, transforma- 

tions that change the nature of the object can only exist in CIFS 

formalism because different objects are simply represented by dif- 

ferent states. Morlet et al. [10] prove that any low-degree uniform 

subdivision schemes can be represented by a CIFS automaton in- 

stead of a set of rules. They propose a generic efficient visualiza- 

tion of subdivision surfaces on GPU, based on tesselation of attrac- 

tors. 

3.3. Non-Uniform Rational B-Splines 

B-Splines are a user-friendly tool to define smooth parametric 

curves by a list of points called control points that form the control 

polygon. A B-Spline curve C of degree d is defined from a control 

polygon composed of d + 1 points P = [ p 0 . . . p d ] . 

A B-Spline curve can also be defined by pieces: a curve com- 

posed of m pieces is defined by P = [ p 0 . . . p d+ m −1 ] where every 

sub-polygon [ p i . . . p i + d−1 ] defines a B-Spline of degree d . Even if 

B-Splines are built to be defined by pieces, each piece is inde- 

pendently computed; so only one-piece curves are treated in this 

article. 
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B-Splines basis functions are computed given a knot vector. For 

a one-piece B-Spline curve of degree d , the knot vector is T = [ t 0 = 

0 ≤ · · · ≤ t (2 d−1) = 1] . Every point of the curve C(t) is computed by 

the well-known Cox–De-Boor formula [14] . 

What is important for curves computation is not the knot val- 

ues but differences between two consecutive knots and the ra- 

tio between these differences. Thus, the nodal vector T is often 

replaced by the inter-nodal vector U = [ u 0 . . . u (2 d−2) ] wher e u i = 

t i +1 − t i . In this article, the most convenient is used according to 

each situation. 

Uniform B-Splines are often used (in this case it is conve- 

nient to set T = [ t 0 = 0 , t 1 = 1 , < · · · < t (2 d−1) = 2 d − 1] and then 

u 0 = · · · = u (2 d−2) = 1 ). 

Non-Uniform B-Splines (NUBS) offer more control over the 

curve. In this case u i is computed according to user defined con- 

straints (centripetal, chord length, . . . ) 

The main problem NUBS have to face is their impossibility to 

handle conic shapes ( i.e. circles, ellipses . . . ). To overpass this is- 

sue a new concept is added: the rationality. NUBS then become 

Non-Uniform Rational B-Splines (NURBS) and a new coordinate is 

added to every control points. These coordinates increase or de- 

crease points influence in a way similar to weight points. This ra- 

tionality modifies the shape of the curves by adding an extra step 

in the computation which is independent from the non-uniformity. 

The rationality can be achieved simply by using control points with 

homogeneous coordinates. But it is not out purpose here, our work 

focuses only on the non-uniformity step and the term NURBS is 

used in a generic way. 

3.4. Blossoming 

NURBS are usually computed with the Cox-De-Boor formula 

[14] but Ramshaw [15] introduced an other way to understand 

NURBS called blossoming. A blossom of a curve of degree d is 

represented by a label composed of d arguments: { t i . . . t i + d−1 } . 
Blossoming is completely characterized by three properties: 

symmetry, diagonal, and multi-affinity. From the three previous 

properties, another one is deduced: the consecutivity. 

Symmetry: 

The order of arguments in a label have no consequence on blos- 

soms. Thus, they can and will be always written in ascending or- 

der: 

{ . . . t i . . . t j . . . } = { . . . t j . . . t i . . . } ( j < i ) 

Diagonal: 

Every point of the limit curve is defined by a label composed 

of identical arguments. This repeated argument is also the curve 

parameter. 

C(t) = { t . . . t} 
Multi-affinity: 

Every label can be defined as an affine combination of two oth- 

ers if these three labels only differ by one argument. Weights of 

the labels combination correspond to weights of the arguments 

affine combination: 

{ . . . t . . . } = 

b − t 

b − a 
{ . . . a . . . } + 

t − a 

b − a 
{ . . . b . . . } 

Consecutivity: 

A label whose arguments are consecutive nodes of the knot- 

vector corresponds to a control point; its index is the first index of 

arguments: 

p i : { t i , t i +1 . . . t i + d−1 } 

Fig. 5. On the left, the blossoming computation of the curve point C(t ib ) where t ib = 

(t i + t i +1 ) / 2 . From this blossoming representation the influence of control points 

p i −1 , p i , p i +1 are deduced: 1 
2 

· u i 
2(u i −1 + u i ) , 

1 
2 

· 2 u i −1 + u i 
2(u i −1 + u i ) + 

1 
2 

· u i +2 u i +1 

2(u i + u i +1 ) 
, and 1 

2 
· u i 

2(u i + u i +1 ) 
. 

On the right, the application of this result to compute this point of a quadratic 

NURBS (red) from a control polygon (blue). An intermediate polygon (green) that 

defines the same NURBS as the original one can also be computed according to the 

coefficients of the bottom branches of the blossoming. (For interpretation of the ref- 

erences to colour in this figure legend, the reader is referred to the web version of 

this article.) 

Following these four properties, we can compute every point 

of the curve as a function of the control polygon. First, the diago- 

nal property is used to create the label corresponding to the point 

of the curve and this label is placed as the root of the blossom- 

ing. Each label that does not respect the consecutive property have 

to be split into two new labels with respect to multi-affinity. The 

weights of affine combination are written on the branches that link 

the parent label to its two sons. A consecutive label is a leaf of the 

tree: it corresponds to a point of the control polygon. The weight 

of a path that links the root to a leaf is the product of branches 

weight it passes through. The influence of a control polygon point 

(leaf) on the curve point we compute (root) is the sum of paths 

weights joining the root to the leaf. An example of blossoming 

where a point of quadratic NURBS is computed is given in Fig. 5 . 

4. Representation of NURBS by CIFS-automata 

In this section, we prove that NURBS with any-degree can 

be represented as a CIFS-automaton. The number of states is di- 

rectly related to the degree of the NURBS. First the simplest cases 

(quadratic and cubic) are presented, then the generalization to 

any degree is explained and mathematically proven by generating 

words provided grammar rules. 

4.1. NURBS and self-similarity 

Let a NURBS be defined by a pair composed of a control poly- 

gon P and a knot-vector T . If a new knot is inserted into T , the 

new knot-vector T ′ can be associated to a new control polygon P 

′ 
which defines the same NURBS as ( P ; T ) . An example can be found 

in Fig. 5 where the same curve is defined by the two pairs: {
[ p i −1 , p i , p i +1 ] 

[ t i −1 , t i , t i +1 , t i +2 ] 
and 

{
[ p i −1 , p 

′ 
i 
, p ′ 

ib 
, p i +1 ] 

[ t i −1 , t i , t ib , t i +1 , t i +2 ] 

The usual way to exploit this property is the mid-knot inser- 

tion strategy [16,17] : a new knot is inserted in the middle of each 

consecutive knots of T . Then all knots of T ′ are multiplied by two 

because there are not the knots but the ratios between them that 

influences the shape of the curve. To finish, extreme knots are 

dropped because they do not influence the curve anymore. The 

mid-knot insertion strategy is equivalent to inter-node doubling: 

each inter-node of U is written twice in a row. Due to modification 

on knot/inter-node vector, the control polygon P has to be modi- 

fied to P 

′ . For instance: 

T = [ a, b, c, d] → T 

′ = 

[
a, 

a + b 

2 

, b, 
b + c 

2 

, c, 
c + d 

2 

, d 

]
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→ T 

′ = [2 a, a + b, 2 b, b + c, 2 c, c + d , 2 d ] 

→ T 

′ = [ a + b, 2 b, b + c, 2 c, c + d] 

U = [ b − a, c − b, d − c] → U 

′ = [ b − a, c − b, c − b, d − c] 

P = [ p 0 , p 1 , p 2 ] → P 

′ = [ p ′ 0 , p ′ 1 , p ′ 2 , p ′ 3 ] 
This new pair ( P ’ ; U ’) defines the same NURBS as ( P ; U ) but 

the curve is no longer a one-piece curve: it is now composed of 

two pieces. These two pieces are both one-piece curves with the 

same degree as the original one: there is a self-similarity. To avail 

this self-similarity, we define two transformations, L and R , which 

associate the original NURBS to the left and the right part of the 

new NURBS. These transformations map a NURBS to another one. 

This implies they transform both the control polygon and the inter- 

nodal vector into new ones. 

L : ( P ; U ) �→ ( P L ; U L ) 

R : ( P ; U ) �→ ( P R 

; U R 

) 

4.2. Quadratic NURBS CIFS-automaton 

The length of the control polygon and the inter-nodal necessary 

to define a one-piece NURBS vector depends on the degree and 

so L and R have to be defined for every degree. For instance, in 

quadratic case, they are defined by this way: 

L : ( P ; [ a, b, c] ) �→ ( P M L (a, b, c) ; [ a, b, b] ) 

R : ( P ; [ a, b, c] ) �→ ( P M R 

(a, b, c) ; [ b, b, c] ) 

where M L and M R 

are the matrices defined below. Starting from 

an inter-node vector U = [v, w, x], the two transformations L and 

R create two new inter-node vector configurations [v, w, w] and 

[w, w, x] which are both centered on the same inter-node value 

(the center value of the parent configuration: w). Each new config- 

uration can be associated with a piece of the two-pieces NURBS, or 

for self-similarity reason two one-piece NURBS. Both new configu- 

rations produce two configurations: themselves (that already exist) 

and another new uniform configuration: [w, w, w]. At this point, 

no more configuration can be found: every built configuration is 

transposed as a state of the quadratic NURBS CIFS-automaton (see 

Fig. 6 ). 

Transformations are always labeled in a same way but the co- 

efficients of the associated matrices are not always the same: they 

are parameterized by the three inter-nodes of U relatively to the 

starting state of the transition. 

These matrices are directly deduced from the weights of 

branches between the two bottom rows of Fig. 5 : 

M L (u 1 , u 2 , u 3 ) = 

⎛ 

⎝ 

u 1 +2 u 2 
2(u 1 + u 2 ) 

u 2 
2(u 1 + u 2 ) 0 

u 1 
2(u 1 + u 2 ) 

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 2 +2 u 3 
2(u 2 + u 3 ) 

0 0 

u 2 
2(u 2 + u 3 ) 

⎞ 

⎠ 

M R 

(u 1 , u 2 , u 3 ) = 

⎛ 

⎝ 

u 2 
2(u 1 + u 2 ) 0 0 

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 2 +2 u 3 
2(u 2 + u 3 ) 

u 3 
2(u 2 + u 3 ) 

0 

u 2 
2(u 2 + u 3 ) 

2 u 2 + u 3 
2(u 2 + u 3 ) 

⎞ 

⎠ 

Notice the two matrices have two rows in common. This 

ensures the continuity of the junction between two pieces of 

quadratic NURBS. 

From both matrices, we can directly compute the position of 

the fixed-point and the tangent at this point using the following 

barycentric combinations B and τ : {
B L = 

(
u 2 

u 1 + u 2 ; u 1 
u 1 + u 2 ; 0 

)� 

τL = ( −1 ; 1 ; 0 ) 
� 

{
B R 

= 

(
0 ; u 3 

u 2 + u 3 ; u 2 
u 2 + u 3 

)� 

τR 

= ( 0 ; −1 ; 1 ) 
� 

Fig. 6. The quadratic NURBS CIFS-automaton whose starting inter-node vector is 

[v,w,x]. The states are labeled as states of the corresponding configuration of inter- 

node vector. Below, the control polygon P is colored in black. After one iteration, 

the left and the right parts of the resulting polygons are respectively colored in red 

for the state vww and in green for the state wwx. For the second iteration, the two 

middle parts colored in brown define uniform B-Splines. (For interpretation of the 

references to colour in this figure legend, the reader is referred to the web version 

of this article.) 

Fig. 7. The automaton used to generate cubic NURBS. Starting internode vector is 

[u,v,w,x,y] and states are labeled as states of the corresponding internode vector. 

4.3. Cubic NURBS CIFS-automaton 

Cubic NURBS are handled quite in the same way. They 

are at least defined by P = [ p 0 . . . p 3 ] and T = [ t 0 . . . t 5 ] or U = 

[ u 0 . . . u 4 ] . The automaton used to generate cubic NURBS is pre- 

sented in Fig. 7 . The transformation matrices, which are given in 

Appendix B are deduced from the blossoming form in Fig. 8 . 

4.4. High-degree NURBS CIFS-automaton 

In CAGD-engineering, surfaces can be subject to constraints 

such as interpolating some points, continuity of junctions between 

surfaces etc. An usual way to solve these constraints for NURBS is 

degree elevation. This elevation involves a management of NURBS 
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Fig. 8. The computation by blossoming of P ′ as a function of P . The convention is t jb = (t j + t j+1 ) / 2 . 

of any-degree, in particular of high-degree because a surface can 

be subject to many constraints. 

A CIFS-automaton is available if and only if its number of states 

is finite. For NURBS CIFS-automata, each state corresponds to a 

possible configuration of inter-nodal vector. Before any iteration, 

this inter-nodal vector is composed of any values. Every iteration 

duplicates all inter-nodes and then deletes the extreme ones. Ev- 

ery sub-sequence of values (of a fixed length) is a possible state of 

the inter-nodal vectors. After some iterations, there only remains 

sub-sequences composed of at most two different values repeated 

several times. At this point, no more additional states can be found. 

High-degree automata are directly generated according to this al- 

gorithm. Mathematical proofs about the number of states based on 

a combinatorial approach of the generated words can be found in 

Appendix A . 

5. Extension to NURBS tensor-surfaces 

NURBS tensor-surfaces are created by a tensor-product of 

NURBS. They lie on a regular control grid and own two “orthog- 

onal” inter-nodal vectors U and V . The automaton used to gen- 

erate these surfaces can be viewed as a “tensor-product” of two 

curves-automata. In this section, the tensor-product of automata is 

explained and then used to generate NURBS tensor-surfaces CIFS 

automata. 

5.1. Tensor-product of finite automata 

Let A and B two finite automata whose states are respectively 

{ α0 . . . αm 

} and { β0 . . . βn } and whose transitions are respectively 

{ a 0 . . . a p } and { b 0 . . . b q } . Let C be the automaton which is the 

“tensor-product” of A and B . The initial state of C is defined as 

the composition of the initial states of A ( α0 ) and B ( β0 ) and is 

labeled ( α0 ; β0 ). For every pair of transitions a i (that links α0 to 

αk ) and b j ( β0 to β l ), a new transition of C , c ( i , j ) is created be- 

tween the initial state ( α0 ; β0 ) to a potentially new state ( αk ; 

β l ). If this state already exists, the transition is just added to the 

automaton; otherwise this new state is added to the automaton 

and its transitions are studied by the same process as the initial 

state. 

From this generation, two properties are straightforward: 

• C is finite and its numbers of states and transitions are respec- 

tively upper-bounded by ( m . n ) and ( k . l ). 
• If A and B are complete ( i.e. every transition is defined for every 

state), C is also complete. 

5.2. NURBS-tensor surfaces CIFS automata 

In the case where A and B are CIFS-automata that gener- 

ate a curve and C an automaton of tensor-surface, the term 

“tensor-product” makes all its sense. Indeed, in this particular case, 

transformation matrices are tensor-products M c (i, j) 
= M a i � M b j 

. 

Furthermore, the left-eigenvector of matrices M c (i, j) 
are also 

tensor-product of left-eigenvectors of M a i and M b j 
. In particular, 

the fixed point and its associated main-tangents and normal 

of a transformation γ defined as the tensor-product of two 

transformations α and β are: 

B γ = B α � B β

τγ = B α � τβ

τ ′ 
γ = B β � τα

Let A be an “horizontal” NURBS CIFS-automaton whose transfor- 

mations are L and R and B a “vertical” NURBS automaton whose 

transformations are respectively changed to D and U . Four trans- 

formations are defined by the tensor-product of A and B : 

� L R 

U T 3 = U � L T 2 = U � R 

D T 0 = D � L T 1 = D � R 

By using the tensor-product of automata presented in the pre- 

vious sub-section, the bi-quadratic and bi-cubic automata are gen- 

erated (see Fig. 9 ). Some examples of NURBS tensor-surfaces gen- 

erated from this CIFS automata are given in Fig. 10 . 

Even if only low degree automata are presented, this method 

applies to any degree NURBS tensor-surfaces. The only pitfall to 

face is the explosion of the number of states that comes when 

the degree increases. This issue is inherent to NURBS: the recur- 

sive process of generation always implies difficulties related to the 

degree. 

By generating several tensor automata from curves-automata of 

different degree, some properties appear. The first one is once a 

state is leaved, it is impossible to turn back to it. The second one 

is the number of stationary states ( i.e. states that own at least 

one transition to themselves) is always 3 for curves-automata (la- 

beled as left, right, and uniform); other states are transitory: they 

are active only once. The number of stationary states of a tensor- 

automaton is the product of the number of stationary states of the 

two original automata: it is 3 for curves, 9 for surfaces, 27 for vol- 

umes. Whatever the number of stationary states, there is always 

only one state, called the uniform state, which loops to itself for all 

transformations. This uniform state is the IFS that generates uni- 

form B-Splines shapes (curve, surface, volume). 

6. Applications 

The representation of NURBS as CIFS-automata permits to push 

further some previous works. In this section, several CIFS-based 



L. Morlet, C. Gentil and S. Lanquetin et al. / Computers & Graphics: X 2 (2019) 10 0 0 06 7 

Fig. 9. On the left, the construction of bi-quadratic NURBS CIFS-automaton by tensor product of two quadratic NURBS CIFS-automata A and B . On the right the bi-cubic 

NURBS CIFS-automaton (without the input curve automata). Transformations T 0 , T 1 , T 2 , T 3 are respectively represented by red, green, blue, and purple arrows. Brown arrows 

represent any of these transformations. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 10. Three examples of bi-quadratic NURBS tensor-surfaces with the same control grid but with different associated inter-nodal vectors. From left to right: (1, 2, 3) × (0, 

3, 2), (0, 1, 0) × (1, 3, 8) and a uniform one (1, 1, 1) × (1, 1, 1). 

Fig. 11. From left to right: a tensor-surface generated from a NURBS and a Takagi curve, a junction between a NURBS bi-cubic tensor-surfaces and a Takagi tensor-surfaces, 

a lacunar volume with highlight subdivision process, and a tree iteratively defined such that its leaves correspond to the NURBS surface of Fig. 10 (left). All were designed 

using the iterative modeler MODITERE – LIB. 

applications, currently limited to uniform B-Splines, are henceforth 

extended to non-uniform case. 

6.1. Tensor surfaces with blending natures 

Once CIFS-automaton tensor-product is defined, it can be used 

to generate tensor-surfaces from two generative curves which are 

not of the same nature, with the only condition that both are de- 

fined as CIFS-automata. For instance, in Fig. 11 (a) is presented a 

tensor-surface generated from a cubic NURBS and a Takagi curve. 

Thanks to the overlaps of Takagi curve, the surface is mechanically 

more resistant than an usual NURBS tensor-surface while keeping 

its smoothness in one direction to evacuate fluids. 

6.2. Junctions between surfaces of different natures 

Podkorytov et al. [11] proves that a junction J between surfaces 

of different natures (A and B) is always possible since they are 

both represented as CIFS automata. These two surfaces are both 

bounded by a curve which is defined by a subset of the con- 

trol mesh. For instance bi-quadratic NURBS tensor-surfaces, which 

are defined at least by a (3 × 3)-grid, are bounded by a quadratic 

NURBS which is defined by a (3 × 2)-grid. Both bounding-curves 

meshes are merged in a new CIFS of six transformations: two of 

them map the new mesh to a mesh of type A, two others map the 

mesh to a mesh of type B, and the two last ones map the mesh to 

a mesh of the new type J (see Fig. 12 ). 
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Fig. 12. Generic junction J between two surfaces of different types A and B. On 

left side, the CIFS automaton where A and B states are the usual CIFS automata of 

corresponding surfaces. On right side, the topological subdivision of J into six sub- 

surfaces of the three types. 

The transformations that create surface of type A or B are con- 

strained to conserve the continuity at the junction with bound- 

ing surfaces. Central transformations are created depending on the 

four others in order to ensure a maximum continuity around the 

junction. If the central transformations are over-constrained, some 

phantom points can be added in the central mesh in order to 

release these constraints. An example can be found in Fig. 11 (b) 

where a NURBS tensor-surface is joined to a Takagi tensor-surfaces. 

6.3. Topological optimization 

Some CAGD-pieces are subject to optimization while respecting 

constraints. For instance, they should be as light as possible and 

must efficiently evacuate heat without affecting their strength. A 

solution that directly proceeds on surfaces is the creation of lacu- 

nar surfaces (an example of lacunar NURBS-tensor surfaces is given 

in Fig. 11 (c)). Another challenge that needs topological optimiza- 

tion is the creation of a support subject to the same constraints as 

described before. Arborescent structure that join a CIFS automaton 

have been proposed by Sokolov et al. [18] as a solution for uniform 

B-Splines tensor-surfaces. For instance, the tree in Fig. 11 (d) is de- 

fined as a volumic subdivision bordered by a bi-quadratic NURBS 

tensor-surface. Constrains are defined to ensure that the subdivi- 

sion of the volume is compatible with the subdivision of the sur- 

face. 

7. Conclusion 

In the present article, we show that NURBS curves and tensor- 

surfaces can be represented with a Controlled Iterated Function 

System (CIFS). As most of CAGD-systems are NURBS-based, adding 

these new surfaces to the CIFS-model is an important progress to 

a transition from usual CAGD-engineering to a CIFS-modeling. 

We show the associated automaton is finite, and composed of 

limited number of stationary states. Furthermore, we provide two 

methods: the first one generates CIFS-automata that correspond to 

NURBS of any degree and the second one explains how to trans- 

pose tensor-product from curves to automata. 

Once NURBS tensor-surfaces defined as CIFS automata, many in- 

teractions between them and object that are already defined in the 

formalism (fractals, subdivision surfaces...) become possible or eas- 

ier. 

The main issue NURBS have to face is the management of 

extraordinary vertices that are usually unavoidable in CAGD- 

engineering. Sederberg et al. [19] and Müller et al. [20] proposed 

another solution which is Non-Uniform Rational Subdivision Sur- 

faces but have been restricted to low-degree (quadratic or cubic) 

surfaces. Thereafter, Cashman et al. [21] found a way to generalize 

[19] to high-degree surfaces but only for odd degree. 

For this purpose, we need to manage non-tensor NURBS sur- 

faces. Corresponding CIFS-automata should handle the evolution of 

both knot-vectors (which are no longer limited to two “orthogo- 

nal” ones) and the topology of the mesh. For quadratic and cubic 

cases, the shape (states and transitions) of automata seems to be 

at the cross of this paper for the non-uniformity and [10] for the 

management of extraordinary vertices. Coefficients of matrices 

associated with transitions should be deduced from [19] . 

Even if low-degree cases may be quite direct to integrate, a real 

issue will take place with higher degree. This comes from the fact 

that the neighborhood of vertices needed to compute a piece of 

surface is composed of a central vertex (for quadratic case) or a 

central face (for cubic case) and a unique ring of vertices that sur- 

rounds it. This ring is composed of vertices that share a face with 

the central vertex or a vertex of the central face. In these cases, the 

possibilities of irregularities are very limited and can be all listed. 

For higher degree, the patch owns several nested rings; thus the 

possibilities of irregularities are subject to combinatorial explosion. 

The solution proposed by Cashman et al. [21] for any odd-degree 

should be closely studied to find a solution to fill this gap. 
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Appendix A. Mathematical proof 

We fix n = 2 d − 1 for d ≥ 1. Let M n be the set of words of length 

n ≥ 1 over the alphabet { 1 , 2 , . . . , n } , i.e. , all words w = w 1 w 2 . . . w n 

with w i ∈ { 1 , 2 , . . . , n } for 1 ≤ i ≤ n . w i corresponds to the i th let- 

ter of the word w and ∀ i, w i ≤ w i +1 The conjugate of a word w = 

w 1 . . . w n is the word w = n + 1 − w n , n + 1 − w n −1 , . . . , n + 1 − w 1 . 

From a word w ∈ M n , we construct the word W ∈ M 2 n defined 

by W = w 1 w 1 w 2 w 2 . . . w n w n . Note that W n = W n +1 = w d . Also, we 

define the maps L and R on M n as follows: {
L (w 1 . . . w n ) = W n −d+1 . . . W n −2 W n −1 W n W n +1 . . . W n + d−1 , 

R (w 1 . . . w n ) = W n −d+2 . . . W n −1 W n W n +1 W n +2 . . . W n + d . 

For instance, whenever n = 7 (or equivalently d = 4 ) and 

w = 1234567 , we have W = 11223344556677 , L (w ) = 2334455 , 

R (w ) = 3344556 , L (L (w )) = 3334 4 4 4 and R (L (w )) = 334 4 4 45 . 

For n ≥ 1, let us consider the set S n of words obtained from 

12 . . . n after all possible combinations of L and R . For instance, 

S 7 = { 1234567 , 2334455 , 3344556 , 3334 4 4 4 , 334 4 4 45 , 34 4 4 455, 

4 4 4 4555 , 34 4 4 4 4 4 , 334 4 4 4 4 , 4 4 4 4 4 45 , 4 4 4 4 455 , 4 4 4 4 4 4 4 } . 
It is straightforward to check the following properties: 

Fact 1. Any word w in S n satisfies w d = d. 

Fact 2. For 1 ≤ i ≤ n − 1 , two consecutive letters w i and w i +1 in a 

word w ∈ S n satisfy 0 ≤ w i +1 − w i ≤ 1 . 

Fact 3. For any w ∈ S n , its conjugate w also lies in S n . 

Fact 4. ( i ) d n is the unique word w where L (w ) = R (w ) = w . 

( ii ) (d − 1) d−1 d d is the unique word w where L (w ) = w and 

R (w ) � = w . 

( iii ) d d (d + 1) d−1 is the unique word w where R (w ) = w and 

L (w ) � = w . 

Fact 5. For any w ∈ S n , the number of letters d in L (w ) (resp. 

R (w ) ) is at least that of w . 

Lemma 1. Any word w ∈ S n is a subword of m k = 1 2 
k 
2 2 

k 
. . . (n −

1) 2 
k 
n 2 

k 
for some k ≥ 0 . 
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Proof. Let w be a word obtained after applying r ≥ 0 consecutive 

transformations L and/or R , and let us prove by induction on r 

that w is a subword of m k = 1 2 
k 
2 2 

k 
. . . (n − 1) 2 

k 
n 2 

k 
for some k . Ob- 

viously, if r = 1 then w is one of the two words L (12 . . . n ) and 

R (12 . . . n ) , which are subwords of m 1 = 1122 . . . nn (by definition 

of L and R ). Let us assume that w is subword of m k with w d = d, 

and let us prove that L (w ) and R (w ) are some subwords of m k +1 . 

By definition, w 

′ = L (w ) (resp. w 

′ = R (w ) ) is obtained as a sub- 

word of W = w 1 w 1 w 2 w 2 . . . w n w n after matching w 

′ 
d 

with W n = w d 

(resp. W n +1 = w d ). Since w is a subword of m k such that w d = d, 

this implies that W = w 1 w 1 . . . w n w n is a subword of m k +1 , and 

thus w 

′ = L (w ) (resp. w 

′ = R (w ) ) is a subword of m k +1 . �

Lemma 2. Let w be a subword of length n of m k , k ≥ 0, such that 

w d = d. Then, w belongs to S n . 

Proof. The proof is obtained by induction on k . Obviously, when 

k = 0 the unique length n subword of 12 . . . (n − 1) n is 12 . . . n, and 

it belongs to S n . For k = 1 , w is a subword of W = 1122 . . . dd . . . nn 

with w d = W n = W n +1 = d. In the case where w d matches W n , 

w = L (12 . . . n ) ; otherwise w d matches W n +1 and we have w = 

R (12 . . . n ) . In the two cases, w lies into S n . 
Now, let us assume the statement holds for i ≤ k , and let us 

prove it holds for k + 1 . Let w be a length n subword of m k +1 

such that w d = d. Let r ≥ 1 so that w d matches the r th value 

of m k +1 . Since w d = d we necessarily have r ≥ (d − 1)2 k +1 ≥ n, 

and r ≤ n 2 k +1 − (d − 1)2 k +1 < n 2 k +1 − n . These two last inequali- 

ties ensure that there is a length 2 n subword W of m k +1 such that 

W n or W n +1 matches w d . In the case where w d matches W n , then 

we define the subword v of length n by deleting all values of odd 

ranks in W , and v satisfies L (v ) = w . In the case where w d matches 

W n +1 , then we define the subword v of length n by deleting all val- 

ues of even ranks in W , and v satisfies R (v ) = w . By construction, v 
is a subword of m k with v d = d and after applying the recurrence 

hypothesis, v belongs to S n . As w is either R (v ) or L (v ) , we de- 

duce that w also is in S n . We conclude by induction. �

Theorem 1. For d ≥ 1, the cardinality of the set S 2 d−1 is 4(d − 1) . 

Proof. Let r ≥ 1 be the integer such that 2 r−1 < n = 2 d − 1 < 2 r , i.e. 

r = � log 2 (n ) � . Using the previous two lemmas, it suffices to count 

the subwords w of length n in m k , k ≥ 0, satisfying w d = d. From 

k = 0 to r − 1 , the number of such subwords in m k is 2 
k since such 

a word contains exactly 2 k letters d , and we have 2 k ways to fix 

w d = d. 

Now, let us count the subwords having exactly α letters d for 

α > 2 r−1 . It is straigthforward to see that such a word is a subword 

of m r and for α < n , there are two ways to choose such a word 

(either w d = d is the leftmost d in m r or w d = d is the rightmost 

d in m r ). Then there are 2(n − 1 − 2 r−1 ) possible words whenever 

2 r−1 < α < n . Finally, for α = n, there is only one subword, that is 

d n . 

Combining all these subcases, the number of words in S n is: 

r−1 ∑ 

k =0 

2 

k + 2(n − 1 − 2 

r−1 ) + 1 = 2 

r − 1 + 2(n − 1) − 2 

r + 1 (A.1) 

= 2(2 d − 2) = 4(d − 1) (A.2) 

�

Corollary 1. From 12 . . . n, we can reach any word in S n in at most 

� log 2 ( n ) � transformations L and/or R . We need � log 2 ( n ) � transfor- 

mations to reach the word d n . 

Proof. Let r ≥ 0 be the integer such that 2 r−1 < n < 2 r . We have 

r = � log 2 (n ) � . Using the fact that d n is obtained as a subword of 2 r , 

we need r transformations to reach it. From the proof of Theorem 

1, all others words can be reached with at most r transformations, 

which gives the results. �

Corollary 2. Let w be a word in S n such that w / ∈ { d n , (d −
1) d−1 d d , d d (d + 1) d−1 } . It is impossible to find a sequence ξ of L and 

R such as w = ξ (w ) . 

Proof. Since w does not belong to { d n , (d − 1) d−1 d d , d d (d + 1) d−1 } , 
Fact 4 proves that R (w ) and L (w ) differ from w . Let r be the num- 

ber of letters d in w . Then, L (w ) (resp. R (w ) ) has at least one let- 

ter d more than w, and since L and R cannot decrease the number 

of d (see Fact 5), the proof is completed. �

Appendix B. Cubic matrices 

M L (u 0 . . . u 4 ) 

= 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

u 1 + 2 u 2 
2(u 0 + u 1 + u 2 ) 

u 2 
2(u 1 + u 2 ) 

u 1 + 2 u 2 
2(u 0 + u 1 + u 2 ) 

0 0 

2 u 0 + u 1 
2(u 0 + u 1 + u 2 ) 

u 2 
2(u 1 + u 2 ) 

2 u 0 + u 1 
2(u 0 + u 1 + u 2 ) 

+ 

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 1 + 2 u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

u 3 
2(u 2 + u 3 ) 

u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

0 
2 u 1 + u 2 

2(u 1 + u 2 ) 

u 1 
2(u 1 + u 2 + u 3 ) 

2 u 1 + u 2 
2(u 1 + u 2 + u 3 ) 

u 3 
2(u 2 + u 3 ) 

2 u 1 + u 2 
2(u 1 + u 2 + u 3 ) 

+ 

2 u 2 + u 3 
2(u 2 + u 3 ) 

u 2 + 2 u 3 + 2 u 4 
2(u 2 + u 3 + u 4 ) 

0 0 0 
2 u 2 + u 3 

2(u 2 + u 3 ) 

u 2 
2(u 2 + u 3 + u 4 ) 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

M R (u 0 . . . u 4 ) 

= 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

u 2 
2(u 1 + u 2 ) 

u 1 + 2 u 2 
2(u 0 + u 1 + u 2 ) 

0 0 0 

u 2 
2(u 1 + u 2 ) 

2 u 0 + u 1 
2(u 0 + u 1 + u 2 ) 

+ 

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 1 + 2 u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

u 3 
2(u 2 + u 3 ) 

u 2 + 2 u 3 
2(u 1 + u 2 + u 3 ) 

0 

2 u 1 + u 2 
2(u 1 + u 2 ) 

u 1 
2(u 1 + u 2 + u 3 ) 

2 u 1 + u 2 
2(u 1 + u 2 + u 3 ) 

u 3 
2(u 2 + u 3 ) 

2 u 1 + u 2 
2(u 1 + u 2 + u 3 ) 

+ 

2 u 2 + u 3 
2(u 2 + u 3 ) 

u 2 + 2 u 3 + 2 u 4 
2(u 2 + u 3 + u 4 ) 

u 3 + 2 u 4 
2(u 2 + u 3 + u 4 ) 

0 0 
2 u 2 + u 3 

2(u 2 + u 3 ) 

u 2 
2(u 2 + u 3 + u 4 ) 

2 u 2 + u 3 
2(u 2 + u 3 + u 4 ) 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
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a b s t r a c t

For any pattern α of length at most two, we enumerate equivalence classes of Łukasiewicz
paths of length n ≥ 0 where two paths are equivalent whenever the occurrence positions
of α are identical on these paths. As a byproduct, we give a constructive bijection between
Motzkin paths and some equivalence classes of Łukasiewicz paths.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction and notations

In the literature, lattice paths are widely studied. Their enumeration is a very active field in combinatorics, and they have
many applications in other research domains as computer science, biology and physics [17,18]. Dyck and Motzkin paths
are the most often considered. This is partly due to the fact that they are respectively counted by the famous Catalan and
Motzkin numbers (see A000108 and A001006 in the on-line encyclopedia of integer sequences [27]). Almost always, these
paths are enumerated according to several parameters and statistics (see for instance [5,13,14,16,19,20,23,24,29] for Dyck
paths and [1,4,6,7,15,21,25] for Motzkin paths). Also, many one-to-one correspondences have been found between lattice
paths and some combinatorial objects such as Young tableaux, pattern avoiding permutations, bargraphs, RNA shapes and
so on [28]. Recently a new approach has been introduced for studying statistics on lattice paths. It consists in determining
the cardinality of the quotient set generated by an equivalence relation based on the positions of a given pattern: two
paths belong to the same equivalence class whenever the positions of occurrences of a given pattern are identical on these
paths. Enumerating results are provided for the quotient sets of Dyck, Motzkin and Ballot paths for patterns of length at
most three (see respectively [2,3] and [12]). The purpose of the present paper is to extend these studies for Łukasiewicz
paths that naturally generalizes Dyck and Motzkin paths. As a byproduct, we show how Motzkin paths are in one-to-one
correspondence with some equivalence classes of Łukasiewicz paths.

Throughout this paper, a lattice path is defined by a starting point P0 = (0, 0), an ending point Pn = (n, 0), it consists
of steps lying in S = {(1, i), i ∈ Z}, and it never goes below the x-axis. The length of a path is the number of its steps.
We denote by ϵ the empty path, i.e., the path of length zero. Constraining the steps to lie into {(1, 1), (1,−1)} (resp.
{(1, 1), (1, 0), (1,−1)}), we retrieve the well known definition of Dyck paths (resp. Motzkin paths). Łukasiewicz paths are
obtained when the steps belong to {(1, i) ∈ S, i ≥ −1}. We refer to [9,22,28,30,31] for some combinatorial studies on
Łukasiewicz paths. Let Ln, Dn, Mn, n ≥ 0, respectively, be the sets of Łukasiewicz, Dyck and Motzkin paths of length n, and
L = ∪n≥0Ln, D = ∪n≥0Dn, M = ∪n≥0Mn. For convenience, we set D = (1,−1), F = U0 = (1, 0), U = U1 = (1, 1) and

∗ Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), kerzolster@gmail.com (S. Kirgizov), armen.petrossian@u-bourgogne.fr (A. Petrossian).

https://doi.org/10.1016/j.disc.2018.12.005
0012-365X/© 2018 Elsevier B.V. All rights reserved.
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Fig. 1. From left to right, we show a Dyck path A = UUDDUUUDUUDUDDDDUD, a Motzkin path B = UUFDDFFUDUFUDDFFUD and a Łukasiewicz path
C = U5DDFFDU2DDDDU2FU2DDDD.

Fig. 2. The two forms of the decomposition of a non-empty Łukasiewicz path.

Ui = (1, i) for i ≥ 2. See Fig. 1 for an illustration of Dyck, Motzkin and Łukasiewicz paths of length 18. Note that Łukasiewicz
paths can be interpreted as an algebraic language of wordsw ∈ {x0, x1, x2, . . .}⋆ such that δ(w) = −1 and δ(w′) ≥ 0 for any
proper prefixw′ ofwwhere δ is themap from {x0, x1, x2, . . .}⋆ toZ defined by δ(w1w2 . . . wn) =

∑n
i=1 δ(wi) with δ(xi) = i−1

(see [10,26]).
Any non-empty Łukasiewicz path L ∈ L can be decomposed (see [8]) into one of the two following forms: (1) L = FL′

with L′
∈ L, or (2) L = UkL1DL2D . . . LkDL′ with k ≥ 1 and L1, L2, . . . , Lk, L′

∈ L (see Fig. 2).
Due to this decomposition, the generating function L(x) for the cardinalities of the sets Ln, n ≥ 0, satisfies the functional

equation L(x) = 1 + xL(x) +
∑

k≥1 x
k+1L(x)k+1, or equivalently, L(x) =

1
1−xL(x) . Then, L(x) =

1−
√
1−4x
2x and the coefficient of xn

in the series expansion of L(x) is given by the nth Catalan number 1
n+1

(2n
n

)
(see sequence A000108 in [27]).

A pattern of length one (resp. two) in a lattice path L consists of one step (resp. two consecutive steps). We will
say that an occurrence of a pattern is at position i ≥ 1 in L, whenever the first step of this occurrence appears at the
ith step of the path. The height of an occurrence is the minimal ordinate reached by its points. For instance, the path
C = U5DDFFDU2DDDDU2FU2DDDD (see Fig. 1) contains one occurrence of the pattern FD at position 5 and of height 2.

Following the recent studies [2,3,12], we define an equivalence relation on the setL for a given pattern α: two Łukasiewicz
paths of the same length are α-equivalent whenever the occurrences of the pattern α appear at the same positions in the two paths.
For instance, UFFFFDUDUDFFFFUDFF is FD-equivalent to the path C in Fig. 1 since the only one occurrence of the pattern FD
(in boldface) appear at the same position in the two paths. Note that the height of the occurrences of α is not involved in
this definition.

In this paper, for any pattern α of length at most two, we consider the above equivalence relation on the set L, and for
each of them we provide the cardinality of the quotient set with respect to the length. Three general methods are used:

- (M0) we prove that any α-equivalence class contains at least one Motzkin path. Using Mn ⊂ Ln for n ≥ 0, we deduce
that the number of α-equivalence classes inMn is equal to that of Ln. Since two of the authors have already determined this
number for Mn (see [2]), we can conclude,

- (M1) we define a set An of representatives of length n ≥ 0 and we calculate an = |An|,
- (M2) we exhibit a one-to-one correspondence between a subset of Łukasiewicz paths (subset of representatives of

the classes) and the set of equivalence classes by using combinatorial reasonings, and then, we evaluate algebraically the
generating function for this subset.

The paper is organized as follows. In Section 2, we consider the case of patterns α studied using method (M0), i.e., α ∈

{U,UU,UD,UF ,DU, FU}. In Section3,we focus on these ones that canbedealt usingmethod (M1), i.e.,α ∈ {F ,D, FD,DF ,DD}.
In Section 4, we complete our study by the remaining cases which are obtained using method (M2). We refer to Table 1 for
an exhaustive list of our enumerative results.

2. Modulo α ∈ {U,UU,UD,UF,DU, FU}

In this section, we focus on the patterns that can be dealt using method (M0).

Lemma 1. For n ≥ 0, let L be a Łukasiewicz path in Ln and α ∈ {U,UU,UD,UF ,DU, FU}. Then, there exists a Motzkin path
M ∈ Mn such that M and L are α-equivalent.

Proof. Let us assume that α ∈ {U,UU,UD}. Any non-empty Łukasiewicz path can be decomposed into one of the two
following forms: (i) L = FL′ with L′

∈ L, and (ii) L = UkL1DL2D . . . LkDL′ with k ≥ 1 and L1, L2, . . . , Lk, L′
∈ L. For n ≥ 0, we

recursively define a map φ from Ln to Mn as follows:⎧⎪⎨⎪⎩
φ(ϵ) = ϵ,

φ(FL′) = Fφ(L′),
φ(UL1DL′) = Uφ(L1)Dφ(L′),
φ(UkL1DL2D . . . LkDL′) = Fφ(L1)Fφ(L2)F . . . φ(Lk)Fφ(L′) for k ≥ 2.
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Table 1
Number of α-equivalence classes for Łukasiewicz paths. The last three sequences are recorded in OEIS [27] as generalized
Catalan sequences.
Pattern α Sequence Sloane an, 1 ≤ n ≤ 10 Method

U
( n
⌊
n
2 ⌋

)
A001405 1, 2, 3, 6, 10, 20, 35, 70, 126, 252

M0
UU 1−2 x+x2−

√
(x2+1)(1−3 x2)

2x(−1+2x−x2+x3)
A191385 1, 1, 1, 2, 3, 5, 7, 12, 18, 31

UD Shift of Fibonacci A000045 1, 2, 3, 5, 8, 13, 21, 34, 55, 89

UF , FU 2

1−2x+
√

1−4x3
A165407 1, 1, 2, 3, 4, 7, 11, 16, 27, 43

DU Shift of Fibonacci A000045 1, 1, 1, 2, 3, 5, 8, 13, 21, 34

F 2n
− n A000325 1, 2, 5, 12, 27, 58, 121, 248, 503, 1014

M1
D 2n−1 A011782 1, 1, 2, 4, 8, 16, 32, 64, 128, 256
FD,DF Fibonacci A000045 1, 1, 2, 3, 5, 8, 13, 21, 34, 55

DD 1−x
1−2x+x2−x3

A005251 1, 1, 2, 4, 7, 12, 21, 37, 65, 114

Uk Motzkin A001006 1, 2, 4, 9, 21, 51, 127, 323, 835, 2188

M2
FF 1−3x+4x2−5x3+7x4−7x5+6x6−3x7+x8

(1−2x+x2−x3)(1−x)2
New 1, 2, 2, 5, 9, 17, 32, 59, 107, 192

FUk,UkF
1−x−

√
1−2x+x2−4x3

2x3
A023431 1, 1, 2, 4, 7, 13, 26, 52, 104, 212

UkD
1−x−x2−

√
1−2x−x2−2x3+x4

2x3
A292460 1, 2, 4, 8, 17, 37, 82, 185, 423, 978

DUk
1+x+x2−

√
1−2x−x2−2x3+x4
2x A004148 1, 1, 1, 2, 4, 8, 17, 37, 82, 185

Clearly, φ(L) is a Motzkin path in Mn, and whenever α ∈ {U,UU,UD} the occurrence positions of α in L and φ(L) are
identical. Then, the equivalence class of L contains a Motzkin path φ(L).

Let us assume that α = DU . Any non-empty Łukasiewicz path L can be written as follows:

L = K0

r∏
i=1

(DU)aiKi

with r ≥ 0, ai ≥ 1 for 1 ≤ i ≤ r , and where Ki, 0 ≤ i ≤ r , are some parts that do not contain any pattern DU . Note that K0
and Kr necessarily contain at least one step. From L ∈ Ln, we define the Motzkin path

M = UF b0−1

(
r−1∏
i=1

(DU)aiF bi

)
(DU)arDF br−1

∈ Mn

where bi = |Ki| for 0 ≤ i ≤ r . Since the occurrence positions of DU in L andM are identical,M is a Motzkin path in the same
class as L.

Let us assume that α ∈ {FU,UF}. Any non-empty Łukasiewicz path L can be written as follows:

L = K0

r∏
i=1

αaiKi

with r ≥ 0, ai ≥ 1 for 1 ≤ i ≤ r , and where Ki, 0 ≤ i ≤ r , are some parts that do not contain any pattern α. From L ∈ Ln, we
define the Motzkin path

M = F b0
r∏

i=1

αaiDciF bi−ci ∈ Mn

where b0 = |K0|, and for 1 ≤ i ≤ r , bi = |Ki| and ci = min{bi, ai +
∑i−1

j=1(aj − cj)}. Less formally, for i from 0 to r , Ki is
replaced with DciF |Ki|−ci where the value ci is the maximal number of down steps D that can be placed so that M remains a
lattice path. This ensures that M has the same occurrence positions of α as L, which means that M is a Motzkin path in the
same class as L. □

Using Lemma 1 and the fact that M ⊂ L, we directly deduce the following theorem.

Theorem 1. For α ∈ {U,UU,UD,UF ,DU, FU} and n ≥ 0, the number of α-equivalence classes in Ln also is that of Mn.

Since two of the authors have already determined the number of α-equivalence classes inMn, we refer to their paper [2]
for a detailed description of the different proofs, and we report the results in Table 1.
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3. Modulo α ∈ {F,D, FD,DF,DD}

In this section, we focus on the patterns that can be dealt with method (M1) which consists in defining a set An of
representatives and counting directly an = |An|.

Theorem 2. The number of F-equivalence classes in Ln, n ≥ 0, is given by 2n
− n (see sequence A000325 in [27]).

Proof. We define the set An as the set of Łukasiewicz paths of length n where the first non-F step (if any) is of the form Ui,
i ≥ 1, and the rest non-F steps are D steps. SinceAn is in one-to-one correspondence with binary words of length nwithout
a single one, we deduce that an = 2n

− n. □

Theorem 3. The number of D-equivalence classes in Ln, n ≥ 1, is given by 2n−1 (see sequence A011782 in [27]).

Proof.Wedefine the setAn of Łukasiewicz paths of length nwhere the first step is of the formUi, i ≥ 0, and the rest of non-D
steps are F ’s. Since An is in one-to-one correspondence with binary words of length n − 1, we deduce that an = 2n−1. □

Theorem 4. The number of FD-equivalence (resp. DF-equivalence) classes in Ln, n ≥ 0, is given by the Fibonacci number fn
defined by f0 = 1, f1 = 1, f2 = 1 and fn = fn−1 + fn−2 for n ≥ 3 (see sequence A000045 in [27]).

Proof. For the pattern FD (the pattern DF is similar), we define the set An, n ≥ 3, as the set of Łukasiewicz paths of length
n where the first step is of the form Ui, i ≥ 0, and the rest of the steps are either F or D steps provided that every D step is
immediately preceded by an F step. Clearly,An is decomposed into two sets of paths starting with UiFF or with UiFD, which
are counted by an−1 and an−2 respectively. □

Theorem 5. The number of DD-equivalence classes in Ln, n ≥ 0, is given by the nth term gn of the sequence defined by g0 = 1,
g1 = 1, g2 = 1, g3 = 2 and gn = gn−1 + gn−2 + gn−4 for n ≥ 4 (see sequence A005251 in [27]).

Proof. We define the set An, n ≥ 4, as the set of Łukasiewicz paths of length n where the first step is of the form Ui, i ≥ 0,
and the rest of the steps are either F or D steps and there are no isolated D steps. Clearly,An is decomposed into sets of paths
starting with UiF , or with UiDDDF (together with the path U3DDD for n = 4), or with UiDj, j ≥ 2, j ̸= 3 which are counted
by an−1, an−4 and an−2 respectively. □

4. Other patterns

In this section, we extend the definition of α-equivalence whenever α is a set S of patterns: two paths L and L′ are
S-equivalent if for any pattern α ∈ S, the occurrence positions of α are the same in L and L′. We investigate the cases
where S is {Uk, k ≥ 1}, {DUk, k ≥ 1}, {UkD, k ≥ 1}, {FUk, k ≥ 1}, and {UkF , k ≥ 1}. For short, these S-equivalences will
be written Uk-equivalence (resp. DUk-, UkD-, FUk-, UkF-equivalence). Also, we study the FF-equivalence relation in L. For
all these cases, we use the method (M2) that consists in exhibiting subsets of representatives of equivalence classes, and
determining algebraically their cardinalities.

4.1. Modulo S = {Uk, k ≥ 1}

Let B be the set of Łukasiewicz paths without any flat steps at positive height. For instance, we have U3DDDFUD ∈ B and
U3FDDDUD /∈ B. Let B̄ ⊂ B be the set of Łukasiewicz paths without any flat steps.

Lemma 2. There is a bijection between B and the set of Uk-equivalence classes of L.

Proof. Let L be a non-empty Łukasiewicz path in L. Let us prove that there exists a Łukasiewicz path L′
∈ B (with the same

length as L) such that L and L′ are equivalent. We write

L = K0

r∏
i=1

αiKi

with r ≥ 0, where Ki is a part that does not contain any up steps for 0 ≤ i ≤ r , and αi ∈ {Uk, k ≥ 1} for 1 ≤ i ≤ r . From
L ∈ L, we define the Łukasiewicz path

L′
= F b0

r∏
i=1

αiDciF bi−ci

with b0 = |K0|, and for 1 ≤ i ≤ r , bi = |Ki|, ci = min{bi, ai +
∑i−1

j=1(aj − cj)} where αi = Uai . Less formally, for i from 0 to r , Ki

is replaced with DciF |Ki|−ci where ci is the maximal number of down steps that can be placed so that L′ remains a Łukasiewicz
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Fig. 3. Illustration of the example described in the proof of Lemma 2.

Fig. 4. Illustration of the map ψ from L to M.

path. Clearly, L′ belongs to B (it does not contain any flat at positive height), and for any k ≥ 1 the occurrence positions of
Uk are the same as for L, i.e., L′

∈ B is in the same class as L. For instance, if L = U3DUDFFFFUUDDFFDDFF , then we obtain
L′

= U3DUDDDFFUUDDFFFFFF (see Fig. 3 for an illustration of this example).
Since the positions of the up steps Uk, k ≥ 1, remain fixed inside a class, and any flat of L′

∈ B lies necessarily on the
x-axis, there are no other paths in B in the same class as L. □

Theorem 6. The generating function for the set of Uk-equivalence classes of L with respect to the length is given by

1 − x −
√
1 − 2x − 3x2

2x2
,

which generates the Motzkin numbers (A001006 in [27]).

Proof.Using Lemma2, it suffices to obtain the generating function B(x) for the setB. A non-empty Łukasiewicz path L ∈ B can
be written either L = FL′ where L′

∈ B, or L = UkL1DL2D . . . LkDL′ for k ≥ 1 where L1, L2, . . . , Lk ∈ B̄ are some Łukasiewicz
paths without flats, and L′

∈ B. So we obtain the functional equation B(x) = 1 + xB(x) + xB(x)
∑

k≥1 x
kB̄(x)k where B̄(x) is

the generating function for the set B̄ of Łukasiewicz paths without flats. Using the classical decomposition of a Łukasiewicz
path, B̄(x) satisfies B̄(x) = 1+

∑
k≥2 x

kB̄(x)k, or equivalently B̄(x) =
1

(1+x)(1−xB̄(x))
. A simple calculation provides the result. □

Let us define recursively a map ψ from L to the set of Motzkin paths M as follows:{
ψ(ϵ) = ϵ,

ψ(FL) = Fψ(L),
ψ(UkL1DL2D . . . LkDL) = Uψ(L1)Fψ(L2)F . . . ψ(Lk)Dψ(L),

where L, L1, L2, . . . , Lk are some Łukasiewicz paths. See Fig. 4 for an illustration of the bijectionψ . For instance, the image by
ψ of U4FU2DFDDDU2U1DDDFDDFU2FDU2DDD is UFUFFDFFUUDFDFFDFUFFUFDD. Obviously, the map ψ preserves the length
of the paths.

We easily deduce the two following facts.

Fact 1. If L, L′
∈ L, then LL′

∈ L and we have ψ(LL′) = ψ(L)ψ(L′).

Fact 2. There is a one-to-one correspondence between:

(a) steps {Uk, k ≥ 1} in L and steps U in ψ(L);
(b) {UkUℓ, k, ℓ ≥ 1} in L and UU in ψ(L);
(c) steps F on the x-axis in L and steps F on the x-axis in ψ(L);
(d) {UkD, k ≥ 2} ∪ {UkF , k ≥ 1} in L and UF in ψ(L);
(e) peaks UD in L and peaks UD in ψ(L).

Theorem 7. For any n ≥ 0, the map ψ induces a bijection from Bn to Mn.

Proof. We proceed by induction on n. Obviously, for n = 0 we have ψ(ϵ) = ϵ. We assume that ψ is a bijection from Bk to
Mk, 0 ≤ k ≤ n, and we prove the result for n + 1. Using the enumerating result of Theorem 6, it suffices to prove that ψ is
surjective. So, letM be a Motzkin path in Mn+1. We distinguish two cases:
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Fig. 5. Illustration of the example described in the proof of Lemma 3.

(i) M = FM ′ with M ′
∈ Mn. Using the recurrence hypothesis, there is L′

∈ Bn such that M ′
= ψ(L′). So, the Łukasiewicz

path L = FL′ lies into Bn+1 and satisfies ψ(L) = M which proves thatM belongs to the image by ψ of Bn+1.
(ii) M = UM ′DM ′′ where M ′ and M ′′ are two Motzkin paths in M. We can uniquely write M ′

= M0
∏r

i=1 FMi with r ≥ 0
and where Mi is a (possibly empty) Motzkin path without flat F on the x-axis. Using the recurrence hypothesis, there are
B0, B1, . . . , Br ∈ B such that ψ(Bi) = Mi, 0 ≤ i ≤ r . Also let B ∈ B such that ψ(B) = M ′′. Since Bi (resp. B) belongs to B, it
does not contain any flat at positive height. SinceMi = ψ(Bi), Fact 2(c) implies that Bi does not contain any flat on the x-axis.
So, Bi does not contain any flat steps. So, let us define

L = Ur+1

(
r∏

i=0

BiD

)
B.

Clearly, L lies in Bn+1 and satisfies ψ(L) = M; then,M belongs to the image by ψ of Bn+1, and the map ψ from Bn to Mn is a
bijection. □

4.2. Modulo s = {ukd, k ≥ 1}, and S = {DUk, k ≥ 1}

Let C ⊂ B be the set of Łukasiewicz paths without any flat steps at positive height and such that any up step Uk, k ≥ 1, is
immediately followed by a down step D. For instance, we have U3DDDFUD ∈ C and U3FDDDUD /∈ C. We set C̄ = B̄ ∩ C.

Lemma 3. There is a bijection between C and the set of UkD-equivalence classes of L.

Proof. Let L be a non-empty Łukasiewicz path in L. Let us prove that there exists a Łukasiewicz path L′
∈ C (with the same

length as L) such that L and L′ belong to the same class. We write

L = K0

r∏
i=1

(
UkiDKi

)
,

where ki ≥ 1 for 1 ≤ i ≤ r , and K0, K1, K2, . . . , Kr , r ≥ 0, are some parts (possibly empty) without pattern UkD for any k ≥ 1.
We define the Łukasiewicz path

L′
= F b0

r∏
i=1

(
UkiDD

aiF bi−ai
)
,

with bi = |Ki|, 0 ≤ i ≤ r , and for 1 ≤ i ≤ r , ai = min{bi, ki − 1 +
∑i−1

j=1(kj − 1 − aj)}. Less formally, for i from 0 to r ,
Ki is replaced with DaiF bi−ai where the value ai is the maximal number of down steps that can be placed between the two
occurrences UkiD and Uki+1D so that L′ remains a lattice path. Clearly, L′

∈ C and L′ belongs to the same class as L.
For instance, from L = U3DUDFFFFUUDDFFDDFF , we obtain the path L′

= U3DUDDDFFFUDFFFFFFF (see Fig. 5 for an
illustration of this example).

Now we will prove that any UkD-equivalence class contains at most one element in C. For a contradiction, let L and L′ be
two different Łukasiewicz paths in C belonging to the same class. Wewrite L = QR and L′

= QS where R and S start with two
different steps. Since L and L′ lie in the same class, the two first steps of R and S cannot be UkD for k ≥ 1. Moreover, since
L (resp. L′) lies into C, the two first steps of R (resp. S) cannot constitute a pattern UkF for k ≥ 1. Then, R and S cannot start
with any up step Uk, k ≥ 1.

Without loss of generality, let us assume that the first step of R is a down step D and then, the first step of S is a flat step
F . This means that the last point of Q has its ordinate equal to zero (otherwise L′ could not belong to C). As the first step of R
is D, the height of this step is −1 which gives a contradiction and completes the proof. □

Theorem 8. The generating function for the set of UkD-equivalence classes of L with respect to the length is given by

1 − x − x2 −
√
1 − 2x − x2 − 2x3 + x4

2x3
,

which generates the sequence A292460 in [27] that is a shift of the generalized Catalan sequence defined by g0 = 1, and
gn+1 = gn +

∑n−1
k=1 gkgn−1−k for n ≥ 0 (see A004148 in [27]).
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Proof.Using Lemma3, it suffices to obtain the generating function C(x) for the set C. A non-empty Łukasiewicz path L ∈ C can
be written either L = FL′ where L′

∈ C, or L = UkDL1DL2D . . . Lk−1DL′ for k ≥ 1 where L1, L2, . . . , Lk−1 are some Łukasiewicz
paths without flats in C̄, and L′

∈ C. So we obtain the functional equation C(x) = 1+ xC(x)+ x2C(x)
∑

k≥0 x
kC̄(x)k where C̄(x)

is the generating function for the set C̄ of Łukasiewicz paths without flats in C. On the other hand, every L ∈ C is decomposed
uniquely according to the number k ≥ 0 of its flat steps as follows: L = L0

∏k
i=1(FLi), where Li ∈ C̄ for i ≥ 0. Then by adding

a peak Uk+1D at the beginning of L and changing each F to D, we obtain a unique element of C̄\{ϵ}, viz. Uk+1DL0
∏k

i=1(DLi).
So, we have C̄(x) − 1 = x2C(x) and a simple calculation provides the result. □

Theorem 9. For any n ≥ 0, the map ψ induces a bijection from Cn to the set of Motzkin paths in Mn that avoid the pattern UU.

Proof. Theorem 7 ensures that ψ is a bijection from Bn to Mn for n ≥ 0. We have C ⊂ B, and the paths in C are those in B
that avoid the patterns UkUℓ, k, ℓ ≥ 1 and UkF , k ≥ 1. Using Fact 2(b), the map ψ transforms occurrences of UkUℓ, k, ℓ ≥ 1,
into occurrences ofUU . Since a path in C avoids any occurrence ofUkF for k ≥ 1, the image byψ of Cn is the subset ofMotzkin
paths in Mn that avoid any occurrence of the pattern UU . □

Let L′
n, n ≥ 2, be the set of Łukasiewicz paths of length n starting by U and ending by D. For n ≥ 0, we define the bijection

θ from Ln to L′

n+2 as follows: θ (L) is obtained from L by replacing any occurrence UkD by an occurrence DUk for k ≥ 1, and by
adding a stepU at the beginning and a stepD at the ending. It is straightforward to verify that θ induces a bijection θ̄ between
the set of UkD-equivalence classes of Ln and the set of DUk-equivalence classes of L′

n+2. Then, Theorem 10 is deduced from
Theorem 8.

Theorem 10. The generating function for the set of DUk-equivalence classes of L with respect to the length is given by

1 + x + x2 −
√
1 − 2x − x2 − 2x3 + x4

2x
,

which generates the generalized Catalan sequence defined by u0 = u1 = 1, and for n ≥ 2 un = gn−2 where gn is defined in
Theorem 8. (see A004148 in [27]).

4.3. Modulo S = {UkF , k ≥ 1}, and S = {FUk, k ≥ 1}

Let E ⊂ L be the set of Łukasiewicz paths such that any up stepUk, k ≥ 1, is immediately followed by a flat step F , and any
flat step F of positive height belongs to a pattern UkF , k ≥ 1. For instance, we have U3FDDFDUD ∈ E and U3DDDFUFD /∈ E .
Let Ē ⊂ E be the set of Łukasiewicz paths in E without flat step on the x-axis.

Lemma 4. There is a bijection between E and the set of UkF-equivalence classes of L.

Proof. The proof is obtainedmutatis mutandis as for Lemma 3 by replacing UkD with UkF . □

Theorem 11. The generating function for the set of UkF-equivalence classes of L with respect to the length is given by

1 − x −
√
1 − 2x + x2 − 4x3

2x3
,

which generates the generalized Catalan sequence defined by h0 = 1, and for n ≥ 0, hn+1 = hn +
∑n−2

k=0 hkhn−2−k (see A023431
in [27]).

Proof.Using Lemma4, it suffices to obtain the generating function E(x) for the set E . A non-empty Łukasiewicz path L ∈ E can
be written either L = FL′ where L′

∈ E , or L = UkFL1DL2D . . . LkDL′ for k ≥ 1 where L1, L2, . . . , Lk are some Łukasiewicz paths
in Ē , and L′

∈ E . So we obtain the functional equation E(x) = 1+ xE(x)+ x3E(x)
∑

k≥0 x
kĒ(x)k+1 where Ē(x) is the generating

function for the set Ē . Using the classical decomposition of a Łukasiewicz path, we have Ē(x) = 1+
∑

k≥3 x
kĒ(x)k−1. A simple

calculation provides the result. □

Let ξ be the map from L to himself where ξ (L) is obtained from L by replacing any occurrence UkF by an occurrence FUk
for k ≥ 1. It is straightforward to verify that ξ induces a bijection ξ̄ between the set of UkF-equivalence classes and the set
of FUk-equivalence classes. Then, we have Theorem 12.

Theorem 12. The generating function for the set of FUk-equivalence classes of L with respect to the length also is the generating
function given in Theorem 11.

Theorem 13. For n ≥ 0, the map ψ is a bijection from En to the subset M′
n of Motzkin paths in Mn that avoid UU and UD.
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Fig. 6. Illustration of the example described in the proof of Lemma 5.

Proof.Weproceed by induction on n. Obviously, for n = 0, we haveψ(ϵ) = ϵ. For 0 ≤ k ≤ n, we assume thatψ is a bijection
from Ek to the subset M′

k and we prove the result for n + 1. Since the set of length n Motzkin paths avoiding UU and UD is
enumerated by the value hn defined in Theorem 11 (see A023431 in [27]), it suffices to prove that ψ is surjective. So, let M
be a Motzkin path in M′

n+1. We distinguish two cases:
(i) M = FM ′ with M ′

∈ M′
n. Using the recurrence hypothesis, there is L′

∈ En such that M ′
= ψ(L′). So, the Łukasiewicz

path L = FL′
∈ En+1 satisfies ψ(L) = M which proves that M belongs to the image by ψ of En+1.

(ii) M = UM ′DM ′′ where M ′ and M ′′ are two Motzkin paths in M′. Since M ∈ M′

n+1, we have M ′
̸= ϵ and M ′ does not

start with U , which implies that M ′ starts with F . Using the recurrence hypothesis, there are L′
∈ E and L′′

∈ E such that
ψ(L′) = M ′ andψ(L′′) = M ′′. SinceM ′ starts with a flat step, L′ also starts with a flat step. So, L = UL′DL′′ belongs to En+1 and
satisfies ψ(L) = M which proves that ψ from Bn to Mn is bijective. □

4.4. Modulo FF

LetF be the set consisting of the union of {ϵ, F}with the set of Łukasiewicz paths containing atmost one up stepUk, k ≥ 1
and such that any flat step F is contained into a pattern FF . For instance, FFU3DFFDDFFDFF ∈ F and FFU3FFDDFDFFF /∈ F .

Lemma 5. There is a bijection between F and the set of FF-equivalence classes of L.

Proof. Let L be a non-empty Łukasiewicz path in L. Let us prove that there exists a Łukasiewicz path L′
∈ F (with the same

length as L) such that L and L′ belong to the same class. We write

L = K1F a1K2F a2K3 . . . KrF arKr+1,

with r ≥ 0 and ai ≥ 2 for 1 ≤ i ≤ r , such that K1, K2, . . . , Kr , Kr+1 are some parts without pattern FF , k ≥ 1, and K2, . . . , Kr
are not empty and do not have any F in first and last position, and K1 has no flat in last position, and Kr+1 has no flat in first
position.

If L = F n with n ≥ 0, then its equivalence class is reduced to a singleton. Now let us assume that L ̸= F n. We distinguish
two cases:

(1) K1 is not empty. We define the Łukasiewicz path

L′
= UbDb1−1F a1Db2F a2Db3 . . .Dbr F arDbr+1

with bi = |Ki|, 1 ≤ i ≤ r + 1, and b =
∑r+1

i=1 bi − 1.
(2) K1 is empty which means that L = F a1K2F a2K3 . . . KrF arKr+1.We define the Łukasiewicz path

L′
= F a1UbDb2−1F a2Db3 . . .Dbr F arDbr+1

with bi = |Ki|, 2 ≤ i ≤ r + 1, and b =
∑r+1

i=2 bi − 1.
Less formally, we obtain L′ from L by replacing any Ki (excepted the first) with a run of down steps D|Ki|, and by replacing

the first Ki (K1 or K2 according to the case (1) or (2)) with UbD|K1|−1 (or UbD|K2|−1) where the up step Ub balances all down
steps in L′, i.e., b is the number of down steps in L′. Clearly, L′

∈ F and L′ belongs to the same class as L. For instance, if
L = U2DFFU2DDFFU3DDFFDDFF , then L′

= U9DFFDDDFFDDDFFDDFF (see Fig. 6).
The definition of L implies that there is only one path of F in the same class as L, which completes the proof. □

Theorem 14. The generating function for the set of FF-equivalence classes of L with respect to the length is given by

1 − 3x + 4x2 − 5x3 + 7x4 − 7x5 + 6x6 − 3x7 + x8(
1 − 2x + x2 − x3

)
(1 − x)2

.

(Note that the associated sequence does not yet appear in [27]).

Proof. Using Lemma 5, it suffices to obtain the generating function F (x) for the set F . A non-empty Łukasiewicz path L ∈ F
can be written either (i) L = F k for k ≥ 0, or (ii) L = F i0UkF i1Dj1F i2Dj2 . . . F iℓDjℓF iℓ+1 with ℓ ≥ 1, i0 = 0 or i0 ≥ 2, i1 = 0 or
i1 ≥ 2, iℓ+1 = 0 or iℓ+1 ≥ 2, im ≥ 2 for 2 ≤ m ≤ ℓ, and jm ≥ 1 for 1 ≤ m ≤ ℓ.
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The generating function for the Łukasiewicz paths satisfying (i) is given by 1
1−x .

For Łukasiewicz paths satisfying (ii), we give the generating function for each part of L, and we multiply them:
- For F i0 , with i0 = 0 or i0 ≥ 2, the generating function is 1 +

x2
1−x ;

- For F iℓ+1 , with iℓ+1 = 0 or iℓ+1 ≥ 2, the generating function is 1 +
x2
1−x ;

- For UkF i1Dj1 , with i1 = 0 or i1 ≥ 2 and j1 ≥ 1, the generating function is x(1 +
x2
1−x )

x
1−x ;

- For F i2Dj2 . . . F iℓDjℓ , with im ≥ 2, and jm ≥ 1, the generating function is 1

1− x3
(1−x)2

.

Considering all these cases, we deduce:

F (x) =

(
1 +

x2

1 − x

)3

x2 (1 − x)−1
(
1 −

x3

(1 − x)2

)−1

+ (1 − x)−1

which completes the proof. □

5. Concluding remarks

Extending recent works on Dyck andMotzkin paths [2,3], the goal of this paper is to calculate the number of Łukasiewicz
paths modulo the positions of a given pattern, i.e. the number of possible sets I = {i1, i2, . . . , ik} where i1, i2, . . . , ik are the
occurrence positions of the pattern in Łukasiewicz paths. Can one do the same study for other lattice paths such asmeanders,
bridges and excursions, or Schroeder and Riordan paths?

From our study, we can deduce a lower bound for the maximal cardinality of a class by calculating the average of
cardinalities of the classes, i.e., the total number of Łukasiewicz paths divided by the number of classes. Is it possible to
calculate the exact value of the maximal cardinality for a class, and for which set I it is reached? Also, it would be interesting
to study some properties of the number of Łukasiewicz paths (of a given length) having I as set of positions of the pattern.
One can think this number is a polynomial with respect to the length n. If this is true, then we could give properties of these
coefficients and roots, which would be a counterpart for lattice paths of the study of descent polynomial on the symmetric
group Sn (see MacMahon [11]).

Acknowledgments

We would like to thank the anonymous referees for their very careful reading of this paper and their helpful comments
and suggestions.

References

[1] E. Barcucci, R. Pinzani, R. Sprugnoli, The motzkin family, Pure Math. Appl. A 2 (3–4) (1992) 249–279.
[2] J.-L. Baril, A. Petrossian, Equivalence classes of Motzkin paths modulo a pattern of length at most two, J. Integer Seq. 18 (2015) 15.7.1.
[3] J.-L. Baril, A. Petrossian, Equivalence of dyck paths modulo some statistics, Discrete Math. 338 (2015) 655–660.
[4] C. Brennan, S. Mavhungu, Peaks and valleys in motzkin paths, Quaest. Math. 33 (2) (2010) 171–188.
[5] E. Deutsch, Dyck path enumeration, Discrete Math. 204 (1999) 167–202.
[6] R. Donaghey, L.W. Shapiro, Motzkin numbers, J. Combin. Theory Ser. A 23 (1977) 291–301.
[7] D. Drake, R. Gantner, Generating functions for plateaus in Motzkin paths, J. Chungcheong Math. Soc. 25 (2012) 475–489.
[8] P. Flajolet, R. Sedgewick, Analytic Combinatorics, Cambridge University Press, 2009.
[9] I.M. Gessel, S. Ree, Lattice paths and Faber polynomials, in: Advances in Combinatorial Methods and Applications to Probability and Statistics,

Birkhauser Verlag, Boston, 1997.
[10] M. Lothaire, Combinatorics on words, in: Encyclopedia of Mathematics and Its Applications, vol. 17, Addison-Wesley, Reading, Massachusetts, 1983,

Chapter 11, 219.
[11] P.A. MacMahon, Combinatory analysis, vol. I, II, Dover Phoenix Editions, Dover Publications Inc, Mineola, NY, 2004.
[12] K. Manes, A. Sapounakis, I. Tasoulas, P. Tsikouras, Equivalence classes of ballot paths modulo strings of length 2 and 3, Discrete Math. 339 (10) (2016)

2557–2572.
[13] T. Mansour, Counting peaks at height k in a dyck path, J. Integer Seq. 5 (2002) 02.1.1.
[14] T. Mansour, Statistics on Dyck paths, J. Integer Seq. 9 (2006) 06.1.5.
[15] T. Mansour, M. Schork, Y. Sun, Motzkin numbers of higher rank: generating function and explicit expression, J. Integer Seq. 10 (2007) 07.7.4.
[16] D. Merlini, R. Sprugnoli, M.C. Verri, Some statistics on dyck paths, J. Stat. Plann. Inference 101 (2002) 211–227.
[17] S.G. Mohanty, Lattice Path Counting and Applications, Academic Press, New York, 1979.
[18] T.V. Narayana, Lattice path combinatorics with statistical applications, in: Math. Expositions, vol. 23, Univ. of Toronto Press, Toronto, 1979.
[19] A. Panayotopoulos, A. Sapounakis, On the prime decomposition of Dyck paths, J. Combin. Math. Combin. Comput. 40 (2002) 33–39.
[20] P. Peart, W.J. Woan, Dyck paths with no peaks at height k, J. Integer Seq. 4 (2001) 01.1.3.
[21] H. Prodinger, S. Wagner, Minimal and maximal plateau lengths in Motzkin paths, in: DMTCS Proceedings, AH, 2007, pp. 353–362.
[22] G.N. Raney, Functional composition patterns and power series reversion, Trans. Amer. Math. Soc. 94 (1960) 411–451.
[23] A. Sapounakis, I. Tasoulas, P. Tsikouras, Counting strings in Dyck paths, Discrete Math. 307 (23) (2007) 2909–2924.
[24] A. Sapounakis, I. Tasoulas, P. Tsikouras, Some strings in Dyck paths, Australas. J. Combin. 39 (2007) 49–72.
[25] A. Sapounakis, P. Tsikouras, Counting peaks and valleys in k-colored Motzkin words, Electron. J. Combin. 12 (2005) #R16.
[26] M.P. Schützenberger, Le théorème de Lagrange selon G.N. Raney, in: Séminaire IRIA, Rocquencourt, 1971, pp. 199–205.
[27] N.J.A. Sloane, The On-line encyclopedia of integer sequences. Available electronically at http://oeis.org.
[28] R.P. Stanley, Enumerative Combinatorics, vol. 2, Cambridge University Press, 1999.
[29] Y. Sun, The statistic number of udu’s in dyck paths, Discrete Math. 287 (2004) 177–186.
[30] A. Varvak, Lattice path encodings in a combinatorial proof of a differential identity, Discrete Math. 308 (2008) 5834–5840.
[31] G. Viennot, Une théorie combinatoire des polynômes orthogonaux généraux. Notes of lectures given at University of Quebec in Montreal, 1983.



Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=umma20

Mathematics Magazine

ISSN: 0025-570X (Print) 1930-0980 (Online) Journal homepage: https://www.tandfonline.com/loi/umma20

The Pizza-Cutter’s Problem and Hamiltonian Paths

Jean-Luc Baril & Céline Moreira Dos Santos

To cite this article: Jean-Luc Baril & Céline Moreira Dos Santos (2019) The Pizza-
Cutter’s Problem and Hamiltonian Paths, Mathematics Magazine, 92:5, 359-367, DOI:
10.1080/0025570X.2019.1664232

To link to this article:  https://doi.org/10.1080/0025570X.2019.1664232

Published online: 20 Dec 2019.

Submit your article to this journal 

Article views: 292

View related articles 

View Crossmark data



VOL. 92, NO. 5, DECEMBER 2019 359

The Pizza-Cutter’s Problem and Hamiltonian
Paths

J EAN-LUC BARIL
C ÉL INE MOREIRA DOS SANTOS

Université de Bourgogne Franche-Comté
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The pizza-cutter’s problem was introduced and solved by Steiner in 1826 (see [14]);
it is considered as a doorstep to Euler’s well-known formula v + f − e = 2 where v

is the number of vertices, e the number of edges, and f the number of faces in a con-
nected planar graph. The goal of the pizza-cutter’s problem is to maximize the number
of pieces that can be made with n straight cuts through a circular pizza, regardless
of the size and shape of the pieces. Determining the maximum number of pieces of
pizza is the same as determining the maximum number of regions formed by n lines in
the plane, which appears in the literature as Steiner’s plane-cutting problem [1, 2, 16,
17]. If �n denotes this number then it satisfies the recurrence relation �n = �n−1 + n

for n ≥ 1 anchored by �0 = 1, which induces the closed form �n = n(n+1)

2 + 1 (see
A000124 in [13]). Indeed, from a solution to the problem with n − 1 lines that forms
�n−1 regions, we add an nth line that is not parallel to any of the others, and such
that n − 1 new intersection points are created. Then, this line crosses n different
regions, and each of them is divided into two regions which induces the above recursive
formula.

Historically, the problem of line arrangements in the plane is studied by considering
oriented matroids, more specifically known as non degenerate dissection types (see
[4, 5, 7, 11] for the literature and [6, 8] for some databases). In this paper, we consider
this problem from the point of view of graph theory. We refer to a solution of the
Steiner’s plane-cutting problem as an S-solution. For each S-solution, we consider the
associated graph G = (V , E) with vertex set V and the edge set E such that

• V is the set of regions; and
• (p, q) ∈ E if and only if the two regions p and q are adjacent, i.e., if they share
a common boundary that is not a corner, where corners are the points shared by
three or more regions.

Of course there are many ways to cut the plane into a maximal number of regions
with n lines, but G always has |V | = �n and |E| = n2. In the case where two solutions
produce two isomorphic graphs, we say that these solutions are isomorphic; otherwise
they are called non-isomorphic. See Figure 1 for an illustration of two non-isomorphic
S-solutions with their corresponding graphs. Finding the number of classes of non-
isomorphic solutions for the plane-cutting problem still remains an open problem for
n ≥ 10. For 1 ≤ n ≤ 9, it is known that these numbers are given by the sequence
A090338 in [13]: 1, 1, 1, 1, 6, 43, 922, 38609, 3111341; see [8].

Math. Mag. 92 (2019) 359–367. doi:10.1080/0025570X.2019.1664232 c© Mathematical Association of America
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Figure 1 Two non-isomorphic S-solutions for n = 5 with their associated graphs drawn
in blue.

A graph will be called traceable whenever it contains a Hamiltonian path, i.e., if
there is a path that visits each vertex exactly once. This concept was introduced in
1856 in [15] to study whether a polyhedron contains a path that reaches each vertex
once and only once. More generally, the problem of determining whether a graph is
traceable is NP-complete and has many applications; see [9]. In particular, this problem
appears in network theory where it is crucial to connect points so that the total length
of connecting lines is a minimum. On the other hand, determining the traceability can
often be a simple way to prove that two graphs are not isomorphic. Then it becomes
natural to ask the following question. For n ≥ 1, does an S-solution exist such that its
corresponding graph is traceable (respectively not traceable)? A traceable solution to
the pizza-cutter’s problem means that we can eat up all pieces of the pizza such that
any two pieces eaten consecutively are adjacent.

In the next section, we show how from an S-solution we can label each region with
a binary string. This induces a graph where the vertex set is the set of labels, and
two binary strings are adjacent if their Hamming distance is one. We prove that the
traceability of the associated graph is equivalent to that of the graph on labels. Then,
we construct an S-solution where the associated graph is not traceable for all n ≥ 5.
In the final section, we adapt this construction in order to obtain an S-solution for all n

such that the graph is traceable. To our knowledge, no such precise constructions have
previously been published. We conclude by formulating some open problems.

Binary string interpretation

A binary string s of length n is a word s1s2 . . . sn on the alphabet {0, 1}. The value si ,
1 ≤ i ≤ n, will be called the ith digit of s. A substring t of s is a word made up of
consecutive digits of s. A run of 1’s in s is a maximal substring of s of the form 1k

where k ≥ 1, i.e., a run of 1’s is a substring constituted of 1’s that cannot be extended
to a larger substring of 1’s in s. For a binary string set B, we denote by B ′ (respectively
B ′′) the subset of B of strings with an odd (respectively even) number of 1’s.

The Hamming distance between two n-length binary strings s and t is the number
of i, 1 ≤ i ≤ n, such that si is different from ti . A Gray code for a set of binary strings
B ⊆ {0, 1}n is an ordered list B for B, such that the Hamming distance between any
two consecutive strings in B is exactly one. A Gray code B for the set B may be viewed
as a Hamiltonian path in the restriction of the hypercube Qn to the set B. Note that no
Gray code is possible for B whenever

∣∣|B ′| − |B ′′|∣∣ > 1.
Now, let us consider an S-solution with n lines numbered from 1 to n. We label each

region with a binary string of length n where the ith digit is either 0 or 1 depending
on whether the region is on one side or the other of the ith line. See Figure 2 for
three illustrations of such a labeling. Of course, there are n! possible ways to label n

lines from 1 to n, and two half-planes are delimited by each line. Therefore, for an
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S-solution there are at most 2n · n! possible sets of labels. In the following, such a set
will be called admissible for a given S-solution.

Lemma 1. Let us consider an S-solution for n ≥ 1, G = (V , E) its associated graph
and W an admissible set of binary strings for this solution. Let H = (W, F ) be the
graph where the vertex set is W and two elements are adjacent in H if and only if their
Hamming distance is one. Then G and H are isomorphic; and thus, G is traceable if
and only if H is traceable.

Proof. It is straightforward to see that the two following assertions are equivalent: (1)
two regions r and s are adjacent; and (2) the Hamming distance of the binary strings
labeling r and s is one. �

Figure 2 Regions labeled using admissible sets of binary strings. The leftmost and right-
most labeling provide the sets L2 and L3, while the central one does not generate L3.

Remark 1. With the hypotheses of Lemma 1, a necessary condition for the traceability
of the graph G is that the cardinalities of W ′ and W ′′ differ by at most one.

We end this section by introducing a set that will be crucial in what follows.
Let Ln be the set of binary strings of length n containing at most one run of
1’s. Any string s1s2 . . . sn ∈ Ln, n ≥ 1, can be written either s = 0s2 . . . sn where
s2 . . . sn ∈ Ln−1, or s = 1k0n−k with 1 ≤ k ≤ n. So, we have |Ln| = |Ln−1| + n

which induces |Ln| = �n. Now, we denote by L′
n (respectively L′′

n) the subset of
Ln constituted of strings in Ln with an odd (respectively even) number of 1’s. For
instance, L3 = {000, 001, 010, 100, 110, 011, 111}, L′

3 = {001, 010, 100, 111} and
L′′

3 = {000, 110, 011}.

An S-solution where G = (V , E) is not traceable

In this part, we construct an S-solution such that for each n ≥ 5, its associated graph
G = (V , E) is not traceable. For this, we prove that the set Ln of n-length binary
strings with at most one run of 1’s is admissible for this solution and that the cardinality
of their two subsets L′

n and L′′
n differ by at least 2. Using Lemma 1 and Remark 1, we

conclude that G is not traceable.

Lemma 2. For n ≥ 1, there is an S-solution such that the set Ln of binary strings of
length n with at most one run of 1’s is admissible.

Proof. We proceed by induction on the number n of lines. The case n = 1 is trivial
since we label the two half-planes by 0 and 1 and L1 = {0, 1}.
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Assume now that there is an S-solution of n − 1 lines such that the regions can
be labeled with the binary strings of the set Ln−1. Since there are exactly n − 1
binary strings ending in a one in Ln−1, the (n − 1)th line splits the plane into
two half-planes such that one of them contains exactly the n − 1 regions labeled
0n−21, 0n−312, . . . , 01n−2, 1n−1. Then, we necessarily have the leftmost configuration
illustrated in Figure 3 where all previous binary strings appear on the same half-plane
defined by the line n − 1 (line 5 in Figure 3). Now, it suffices to place the nth line
(line 6 in Figure 3) such that: it crosses the region 0n−1 and all other regions labeled
0k1n−1−k for 0 ≤ k ≤ n − 2 (the process is illustrated in Figure 3). Note that we can
always add this line since it can be obtained from the (n − 1)th line by a rotation
centered on a point placed on the border between the regions 0n−1 and 0n−21, and with
an angle small enough to allow the nth line to intersect the first (n − 2) lines (as the
(n − 1)th line). Then, the labels of the newly created regions are obtained by adding
1 to the right of 0n−1 and 0k1n−1−k for 0 ≤ k ≤ n − 2, and adding 0 to the right of
all other labels in Ln−1. Finally, the set of the obtained labels is exactly the set Ln of
binary strings of length n with at most one run of 1’s, and the proof is obtained by
induction. �

Figure 3 An illustration for the induction in the proof of Lemma 2.

Let {φn}n ≥ 0 be the parity difference integer sequence corresponding to the binary
strings with at most one run of 1’s, i.e., φn = |L′

n| − |L′′
n| for n ≥ 0.

Lemma 3. For n ≥ 1, we have φn = � n−1
2 	.

Proof. For 1 ≤ i ≤ n, we denote by Li
n the subsets of Ln made of strings with

exactly i ones. Thus, it follows trivially that |Li
n| = n − i + 1 for 1 ≤ i ≤ n, and

|L0
n| = 1. Moreover, for i odd, 1 ≤ i ≤ n − 1, we have |Li

n| − |Li+1
n | = 1. Since

L′
n = ⋃� n+1

2 	
i=1 L2i−1

n and L′′
n = ⋃� n

2 	
i=0 L2i

n , we distinguish two cases. If n is odd, then

φn = |L′
n| − |L′′

n| = |Ln
n| − |L0

n| +
∑� n−1

2 	
i=1 (|L2i−1

n | − |L2i
n |) = � n−1

2 	. If n is even, then

φn = ∑� n
2 	

i=1(|L2i−1
n | − |L2i

n |) − |L0
n| = � n−1

2 	. �

Theorem 1. For each n ≥ 5, there exists an S-solution such that its associated graph
is not traceable.

Proof. Figure 4 demonstrates a graph for n = 5 that is not traceable. For n ≥ 5,
Lemma 3 implies that φn = � n−1

2 	 ≥ 2. The combination of Remark 1 and Lemma
2 extends the result for n > 5. �
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Figure 4 An S-solution where its associated graph is not traceable.

An S-solution where G = (V , E) is traceable

In this part, for each n ≥ 1, we construct an S-solution such that its associated graph
is traceable.

From the set Ln defined previously ( as the set of binary strings o flength n

containing at most one run of 1’s), we define the set Kn by replacing all strings
04i00100n−4(i+1) ∈ Ln with 04i01010n−4(i+1) for 0 ≤ i ≤ � n

4 	 − 1. For instance, we
obtain K5 (respectively K8) from L5 (respectively L8) by replacing 00100 (respec-
tively 00100000 and 00000010) with 01010 (respectively 01010000 and 00000101).

Figure 5 Construction in the proof of Lemma 4.

Lemma 4. For n ≥ 1, there is an S-solution such that the set Kn is admissible.

Proof. Let us take the S-solution constructed in the proof of Lemma 2. Then we mod-
ify the position of each line labeled 4i, 1 ≤ i ≤ � n

4 	 in the following way. For i from 1
to � n

4 	, the line labeled 4i is moved so that in this new position, the half-plane delim-
ited by this line and containing the point of intersection of the lines 4i − 1 and 4i − 2
does not contain any other points of intersection between lines from 1 to 4i − 1. See
Figure 5 for an illustration of the process. Then, a simple observation provides that the
labels in Ln are preserved up to the labels 04i00100n−4(i+1), 0 ≤ i ≤ � n

4 	 − 1, that are
replaced with 04i01010n−4(i+1) which transforms the set Ln into the set Kn. Thus Kn is
admissible. �
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Figure 6 An S-solution where its associated graph is traceable. The red edges constitute
a Hamiltonian path.

Theorem 2. For n ≥ 1, there exists an S-solution such that its associated graph is
traceable.

Proof. Due to Lemmas 1 and 4, it suffices to prove that the set Kn can be ordered in a
list Kn such that two consecutive elements differ by one digit, i.e., Kn is in Gray code
order. In order to facilitate the reading of the (somewhat theoretical) proof, we invite
the reader to follow it by setting n = 7 or n = 8 before referring to Table 1. (We use
color, different fonts, and boxed and underlined items to make proof easier to follow.)

Let Sn, n ≥ 0, be the list of the n + 1 binary strings defined as follows: the ith
binary element of the list is 1i−10n−i+1, 1 ≤ i ≤ n + 1. For instance, the list S4 is
0000, 1000, 1100, 1110, 1111. For n = 0, the list Sn is reduced to the empty string.
Obviously, two consecutive elements of Sn differ by exactly one digit and the first and
last elements of Sn are respectively 0n and 1n.

Using the lists Sn, n ≥ 0, we define an ordered list Ln of the set Ln by

Ln = 0n 

n−1⊙

i=0

0i1 · S i
n−i−1,

where 
 is the concatenation operator of lists, and where S i
n is the reverse list of Sn

(i.e., the list Sn considered from the last to the first element) whenever i is odd, and
the list Sn otherwise. See Table 1 for an illustration of the two lists L7 and L8.

In the list Ln, it is straightforward to see that two consecutive elements differ by at
most one digit except for the transitions between the sublists 0i1 · S i

n−i−1 and 0i+11 ·
S i+1

n−i−2 for i odd and 1 ≤ i ≤ n − 2. In these cases, the transitions move two digits
since (when i is odd) the last element of 0i1 · S i

n−i−1 is 0i10n−i−1 and the first element

of 0i+11 · S i+1
n−i−2 is 0i+110n−i−2 . Moreover, the first and last elements of the list Ln

are respectively 0n and 0n−11. Now we modify the list Ln in order to construct a list
Kn in Gray code order for the set Kn.

For all odd i such that i = 1 mod 4, 1 ≤ i ≤ n − 3, we replace the string

0i0100n−i−3 with 0i1010n−i−3 and we change the place of 0i0010n−i−3 by insert-

ing it just after 0i1010n−i−3 and thus just before 0i0110n−i−3. See Table 1 for an
illustration of this process for the lists K7 and K8.

By construction, the four binary strings 0i1000n−i−3, 0i1010n−i−3 , 0i0010n−i−3 and
0i0110n−i−3 are consecutive in the list Kn and the three transitions differ by only one
digit.

On the other hand, since we change the position of the binary strings of the form
0i0010n−i−3, for i = 1 mod 4, 1 ≤ i ≤ n − 3, we create a new transition between its
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TABLE 1: The Lists Ln and Kn for n = 7, 8 and the Hamiltonian path on the S-solutions
associated to the sets K7 and K8.

L7 K7

0000000 1000000
i = 0 1000000 1100000

1100000 1110000
1110000 1111000
1111000 1111000
1111000 1111000
1111000 1111110
1111110 1111111
1111111 0111111

i = 1 0111111 0111110
0111110 0111100
0111100 0111000
0111000 0110000
0110000 0100000
0100000 0010000

i = 2 0010000 0001000
0011000 0011000
0011100 0011100
0011110 0011110
0011111 0011111

i = 3 0001111 0001111
0001110 0001110
0001100 0001100
0001000 0000100

i = 4 0000100 0000110
0000110 0000111
0000111 0000111

i = 5 0000011 0000010
0000010 0000000

i = 6 0000001 0000001

L8 K8

00000000 00000000
i = 0 10000000 10000000

11000000 11000000
11100000 11100000
11110000 11110000
11111000 11111000
11111100 11111100
11111110 11111110
11111111 11111111

i = 1 01111111 01111111
01111110 01111110
01111100 01111100
01111000 01111000
01110000 01110000
01100000 01100000
01000000 01000000

i = 2 00100000 01010000
00110000 00010000
00111000 00110000
00111100 00111000
00111110 00111100

i = 3 00011111 00111111
00011110 00011111
00011100 0011110
00011000 00011100
00010000 00011000

i = 4 00001000 00001000
00001100 00001100
00001110 00001110
00001111 00001111

i = 5 00000111 00000111
00000110 00000110
00000100 00000100

i = 6 00000010 00000101
00000011 00000001

i = 7 00000001 00000011
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predecessor 0i00110n−i−4 and its successor 0i00010n−i−4 (if it exists) that moves only
one digit. Notice that if i = n − 3 then the string 0i0010n−i−3 has no successor in the
list Ln and after moving its position, the last element of Kn becomes 0n−211.

If n is even, then the last transition of two digits in Ln occurs between 0n−3100 and
0n−210 which means that all transitions of two digits have been treated above, and the
list Kn is in Gray code order. So, the first and last elements are respectively 0n and
0n−211 for n = 0 mod 4, and 0n and 0n−11 for n = 2 mod 4.

If n is odd, then the last transition of two digits in Ln occurs between 0n−210 and
0n−11. We distinguish two subcases. If n �= 3 mod 4, then the string 0n−210 is moved
by the above process and the obtained list is in Gray code order. So, the first and last
elements are respectively 0n and 0n−11 (the Gray code is cyclic). However, if n = 3
mod 4, then we insert the first element 0n between 0n−210 and 0n−11 and we obtain a
Gray code. Here, the first and last elements are respectively 10n−1 and 0n−11.

Finally, for all n ≥ 1 the constructed list Kn is in Gray code order. �

Remark 2. For n = 1, 2 mod 4, the Hamming distance between the first and last
elements of the list Kn is one. Thus the associated graph becomes Hamiltonian (see
Figure 6).

Going further

In this paper, we use a constructive method in order to prove that the pizza-cutter’s
problem admits an S-solution where its associated graph is traceable. Is it possible to
provide a similar result using probabilistic method as studied in [3, 12]? For a given
n, can we find the number of isomorphism classes of S-solutions for n ≥ 10? How
many classes induce a traceable graph? For a given S-solution, can we characterize its
corresponding admissible sets? More generally, can we make the same study for the
space-cutting problem where the dimension of the space is greater than two?
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Abstract

Recently, the authors introduced new families of Dyck paths having a first decompo-
sition constrained by the height or by the number of returns. In this work we extend
the study to Motzkin paths and 2-colored Motzkin paths. For these new sets, we
provide enumerative results by giving bivariate generating functions with respect
to the length and another parameter, and we construct one-to-one correspondences
with several restricted classes of ordered trees. We also deal with Schröder and Rior-
dan paths. As a byproduct, we present a bijective proof of M(x)2 = 1

1−2xM( x2

1−2x),
where M(x) is the generating function of Motzkin numbers.

1. Introduction and Notations

A Motzkin path of length n ≥ 0 is a lattice path starting at point (0, 0), ending at

(n, 0), and never going below the x-axis, consisting of up steps U = (1, 1), down

steps D = (1, −1) and flat steps F = (1, 0). Let Mn be the set of Motzkin paths

of length n, and M =
⋃

n≥0 Mn. A Dyck path of semilength n is a Motzkin path

of length 2n with no flat steps. Let Dn be the set of Dyck paths of semilength n,

and D =
⋃

n≥0 Dn. Dyck (resp. Motzkin) paths of semilength (resp. length) n are

enumerated by the n-th Catalan number cn = 1
n+1

(
2n
n

)
(resp. by the n-th Motzkin

number
∑⌊n/2⌋

k=0

(
n
2k

)
· ck) which is the general term of the sequence A000108 (resp.

A001006) in the On-line Encyclopedia of Integer Sequences [20].

1Corresponding author
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Many studies on Motzkin and Dyck paths appear in the literature. Generally,

they consist in enumerating these paths according to several parameters, such as

length, height, number of occurrences of a pattern, number of returns to the x-

axis (see for instance [10, 16, 17, 19] for Dyck paths and [2, 5, 7, 14] for Motzkin

paths). Also, many bijections have been found between these paths and various

combinatorial objects such as Young tableaux, pattern avoiding permutations, RNA

shapes and so on. See [21] for an overview.

Recently in [3], the authors introduced and enumerated the subset Ds,⋄ of Dyck

paths having a restricted first return decomposition. More precisely, given a function

s : D → N, called statistic, and a comparison operator ⋄on N, the set Ds,⋄ is

the union of the empty Dyck path with all Dyck paths P having a first return

decomposition P = UαDβ satisfying the conditions:
{
α,β ∈ Ds,⋄,

s(UαD) ⋄s(β).
(1)

For n ≥ 0, we denote by Ds,⋄
n the set of Dyck paths of semilength n in Ds,⋄.

Whenever ⋄equals ≥ and s(P ) is the maximal height h(P ) reached by P (resp.

s(P ) is the number of returns in P ), they prove algebraically and bijectively that

Ds,⋄
n is in one-to-one correspondence with the set Mn of Motzkin paths of length

n. So, its generating function is

M(x) =
1 − x −

√
1 − 2x − 3x2

2x2

and the first coefficients of xn, n ≥ 0, in the Taylor expansion are 1, 1, 2, 4, 9, 21, 51, 127

(see Motzkin sequence A001006 in [20]).

The purpose of the present paper is to extend the study to Motzkin paths that

naturally generalize Dyck paths. Let M ∈ M be a non-empty Motzkin path, it

can be uniquely written either M = UαDβ or M = Fα with α,β ∈ M. This

decomposition will be called the first return decomposition of M (see Figure 1 for

an illustration of this decomposition).

α β α

Figure 1: First return decompositions UαDβ and Fα of a Motzkin path.

Based on this decomposition and in the same way as for Dyck paths in [3], we

construct a new collection of subsets of M as follows. Given a statistic function

s : M → N, and a comparison operator ⋄on N, the set Ms,⋄ is the union of the

empty Motzkin path with all Motzkin paths M having a first return decomposition

satisfying one of the two following conditions:
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(C1) M = UαDβ with α,β ∈ Ms,⋄ and s(UαD) ⋄s(β), or

(C2) M = Fα with α ∈ Ms,⋄ and s(F ) ⋄s(α).

For n ≥ 0, we denote by Ms,⋄
n the set of Motzkin paths of length n in Ms,⋄. For

instance, if the operator ⋄is = and s is a constant statistic (i.e., s(M) = 0 for any

M ∈ M), then we obviously have Ms,⋄
n = Mn for n ≥ 0.

In this paper, we focus on the sets Ms,⋄, where the statistic s(P ) is either the

number r(P ) of returns (a return is a down step D that touches the x-axis) or the

maximal height h(P ) reached by the path.

Due to the above definition of Ms,⋄ whenever s ∈ {r, h}, a Motzkin path in Ms,≥

cannot contain any occurrence of FU because (C2) implies that 0 = s(F ) ≥ s(α),

and thus α = F k for some k ≥ 0. Conversely, Motzkin paths in Ms,≥ can be

constructed from Dyck paths in Ds,≥ by possibly adding flat steps before down

steps or at the end. Since the two sets Dr,≥
n and Dh,≥

n are in bijection with the set

Mn (see [3]), the generating function Ms(x) of Ms,≥ for s ∈ {h, r} satisfies

Ms(x) =
1

1 − x
· M

(
x2

1 − x

)
.

The first coefficients of the Taylor expansion are 1, 1, 2, 3, 6, 11, 22, 43, 87, 176, 362, 748,

which correspond to the sequence A026418 in [20].

In the same way, we define the set Rs,⋄ (resp. Ss,⋄) of Riordan paths (resp.

of Schröder paths), i.e., the set of Motzkin paths in Ms,⋄ with no flat steps on

the x-axis (resp. where any maximal run of flats is of even length). As above,

whenever s ∈ {h, r}, the generating functions Rs(x) and Ss(x) of Rs,⋄ and Ss,⋄

satisfy respectively

Rs(x) = M

(
x2

1 − x

)
and Ss(x) =

1

1 − x2
· M

(
x2

1 − x2

)
.

The first coefficients of the Taylor expansion of Rs(x) and Ss(x) are respectively

1, 1, 1, 3, 5, 11, 21, 44, 89, 186 and 1, 0, 2, 0, 5, 0, 14, 0, 42, 0, 132, and the even ranks of

this last sequence generate the Catalan numbers (A097331 in [20]). Note that Ss(x)

is the binomial transform [18] of the Motzkin generating function, evaluated on the

monomial x2. So, we have Ss(x) = C(x2), where C(x) is the generating function

for the Catalan numbers [13].

The paper is organized as follows. In Section 2, we deal with the case where

s = r and ⋄is ≥. We provide enumerating results for the cardinality of the set

Mr,≥ according to the length and the number of returns. We give a constructive

bijection φ between this set and the set of ordered trees with no branches of length

one, and we show how φ transports several statistics. As a byproduct, we treat the

case of Riordan and Schröder paths.

In Section 3, we focus on the set Mh,≥ (the operator ⋄is ≥, and the statistic is the

height). We provide a closed form of the generating function for the set of Motzkin
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paths having a given height k ≥ 0 in Mh,≥, and we deduce a continued fraction for

the generating function of Mh,≥. We give a constructive one-to-one correspondence

ψ between Motzkin paths in Mh,≥ and ordered trees with no branches of length

one, and we show how ψ transports several parameters. So, we deduce a constuctive

bijection ψ−1 ◦φ from Mr,≥ to Mh,≥.

In Section 4, we extend our study to the set M̄ of 2-Motzkin paths, i.e., Motzkin

paths where flat steps are of two kinds: straight and wavy. Using similar reasonings

already done in Sections 2 and 3, we give enumerative results for the set M̄s,≥
n ,

s ∈ {r, h}, and we present a constructive bijection between M̄s,≥ and the set of

ordered unary-binary trees where the root has exactly two children. As a byproduct,

we obtain a bijective proof of the equality M(x)2 = 1
1−2xM( x2

1−2x).

Finally, we conclude by presenting possible extensions of this work.

2. Motzkin Paths Constrained by the Number of Returns

In this section, the statistic s is the number of down steps D that touch the x-axis

(called number of returns), and the comparison operator ⋄is ≥.

Let A(x, y) =
∑

k,n≥0

an,kxnyk be the generating function where the coefficient

an,k of xnyk is the number of Motzkin paths with k returns in Mr,≥
n .

Theorem 2.1. The generating function A(x, y) is given by

A(x, y) = A0 (x) + A1(x)y + A2(x)y2

where

A0 (x) =
1

1 − x
, A1(x) =

1 − x − x2 −
√

1 − 2x − x2 + 2x3 − 3x4

2x2(1 − x)
, and

A2(x) =
1 − 2x − x2 + 2x3 − x4 − (1 − x − x2)

√
1 − 2x − x2 + 2x3 − 3x4

2x4 (1 − x)
.

Proof. A Motzkin path M in Mr,≥
n is either of the form M = Fn, or M = UαDβ,

where α,β ∈ Mr,≥ and r(UαD) = 1 ≥ r(β). Using this last inequality, β is

necessarily of one of two following forms: (i) β = F k, or (ii) β = UγDF k with

γ ∈ Mr,≥ and k ≥ 0. Then, we obtain the functional equation

A(x, y) =
1

1 − x
+

x2y

1 − x
A(x, 1) +

x4y2

1 − x
A(x, 1)2.

A straightforward calculation provides the results.
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Notice that we retrieve the above generating function Mr(x) for the sets Mr,≥
n ,

n ≥ 0, by calculating A(x, 1):

Mr(x) = A(x, 1) =
1 − x − x2 −

√
1 − 2x − x2 + 2x3 − 3 x4

2x4
.

The first terms of the Taylor expansion are 1+x+2x2 +3x3 +6x4 +11x5 +22x6 +

43x7 +87x8 +176x9 +362x10 (see A026418 in [20]). Table 1 presents the first values

of coefficient an,k.

k\n 1 2 3 4 5 6 7 8 9 10

0 1 1 1 1 1 1 1 1 1 1

1 1 2 4 7 13 24 46 89 176

2 1 3 8 18 40 86 185
∑

1 2 3 6 11 22 43 87 176 362

Table 1: Number an,k of Motzkin paths with k returns in Mr,≥
n , 1 ≤ n ≤ 10 and

0 ≤ k ≤ 2. For k ≥ 3 and n ≥ 1, we have an,k = 0.

The end of this section is dedicated to establishing a bijective link between Mr,≥
n

and a restricted set of ordered trees with n edges.

An ordered tree is a rooted tree where the order of subtrees matters. A leaf is a

vertex with no child. According to the terminology used in [11], a vertex which is

not a leaf or the root is called a node. A branch node is a node with at least two

children, and a branch is a path where the extremities are either the root or a leaf

or a branch node, and such that the other vertices are not branch nodes. The length

of a branch is the number of its vertices minus one (or equivalently, the number of

its edges). For n ≥ 0, let Tn be the set of ordered trees with n edges, and let T ⋆
n

be the set of ordered trees with n edges and having no branches of length one. Any

non-empty ordered tree T ∈ Tn can be decomposed in the form (L, R), where R

consists of the root of T connected with its rightmost subtree, and L is the root of T

connected with the remaining subtrees. In the following, L (resp. R) will be called

the left part (resp. right part) of T . Note that the rightmost subtree of T is obtained

from the right part R of T by deleting its root. Also, T is obtained from L and R

by merging the roots of L and R (see Figure 2). According to this decomposition,

we obtain directly the functional equation T (x) = 1 + xT (x)2, where T (x) is the

generating function for the number of ordered trees with respect to the number of

edges. As expected, the number of ordered trees with n edges is given by the n-th

Catalan number.

By convenience, we adopt the following notation for an ordered tree T . We use

the above decomposition T = (L, R), and in the case where L is only the root, we
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L R

Figure 2: Decomposition (L, R) of T , where R is the root of T connected with its
rightmost subtree, and L is the root of T connected with the remaining subtrees.

simplify this notation by writting T = eR′, where R′ is the unique subtree of T (e

refers to the edge between the root and the root of R′). For instance, e (resp. ee) is

the root connected to a leaf (resp. the root connected to a node in turn connected

to a leaf).

Now, we recursively define a map φ from Mr,≥
n to the set T ⋆

n+2 for n ≥ 0. Let

M be a Motzkin path in Mr,≥
n , and α,β ∈ Mr,≥:

(i) if M = ϵ, then φ(M) = ee,

(ii) if M = αF with φ(α) = (L, R), then φ(M) = (L, eR),

(iii) if M = UαD, then φ(M) = (φ(α), ee),

(iv) if M = UαDUβD with φ(α) = (L, R), then φ(M) = (L, ee(R,φ(β))).

An illustration of this map is given in Figure 3, and see Figure 5 for an example.

(i) ϵ −→

(ii)
α

−→ L R
with φ(α) = (L, R)

(iii)
α

−→ φ(α)

(iv)
α β

−→ L R φ(β)
with φ(α) = (L, R)

Figure 3: An illustration of the bijection φ.

Theorem 2.2. For n ≥ 0, the map φ is a bijection from Mr,≥
n to T ⋆

n+2 satisfying

r(M) = δ(φ(M)), where δ(T ) = 0 if T is a branch, and in other cases δ(T ) = 1 if

the right part in the decomposition of T is a branch, and δ(T ) = 2 otherwise.
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Proof. We proceed by induction on n. Obviously, for n = 1, we have φ(F ) = eee

and r(F ) = 0 = δ(eee). For k ≤ n, we assume that φ is a bijection from Mr,≥
k to

T ⋆
k+2 such that r(M) = δ(φ(M)) for any M ∈ Mr,≥

k and we prove the result for

n+1. Since Mr,≥
n+1 and T ⋆

n+3 have the same cardinality (see [20]), it suffices to prove

that if M, M ′ ∈ Mr,≥
n+1 with φ(M) = φ(M ′) then M = M ′. By a simple observation

of Figure 3, the image by φ of paths satisfying (iii) are the trees in T ⋆
n+2 with a

branch of length two as right part. Paths satisfying (ii) are sent on trees having

the right part that starts with a branch of length at least three. Path satisfying

(iv) are sent on trees having the right part that starts with a branch of length

two and that contains a branch node. So, φ(M) = φ(M ′) implies that M and M ′

belong to the same case (i), (ii), (iii), or (iv), and the recurrence hypothesis induces

M = M ′. Moreover, if M = Fn+1, then φ(M) = en+3 and r(M) = 0 = δ(φ(M)); if

M = UαD, then φ(M) = (φ(α), ee) and r(M) = 1 = δ(φ(M)); if M = UαDUβD

then φ(M) = (L, ee(R,φ(β))) and r(M) = 2 = δ(φ(M)) which completes the

proof.

The bijection φ establishes correspondences between several statistics on Motzkin

paths and ordered trees. For instance, the number of flats is translated into the

difference between the number of edges and two times the number of branches. The

number of up steps equals the number of branches minus one. The number of DU

equals the number of branch nodes. Table 2 summarizes the main correspondences.

We do not give formal proofs since they do not present any particular difficulties.

Corollary 2.3. The restriction of φ to Dr,≥
n establishes a one-to-one correspon-

dence with ordered trees having n + 1 branches in T ⋆
2n+2, which in turn are in

bijection with ordered trees with n + 1 edges.

Corollary 2.4. The restriction of φ to Sr,≥
2n establishes a one-to-one correspondence

with ordered trees in T ⋆
2n+2 having all its branches of even length.

Corollary 2.5. The restriction of φ to Rr,≥
n establishes a one-to-one correspon-

dence with ordered trees in T ⋆
n+2 where the rightmost branch starting from the root

is of length 2.

Since many bijections are already known [4, 9, 15, 22] between ordered trees and

Dyck paths, it becomes easy to obtain constructive bijections between the two sets

Dn and Sr,≥
2n using Corollary 2.4.

3. Motzkin Paths Constrained by Height

In this section, we enumerate the set Mh,≥
n of Motzkin paths of length n ≥ 0 with

a first return decomposition satisfying the two conditions (C1) and (C2) where ⋄
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M ∈ Mr,≥
n φ(M) ∈ T ⋆

n+2

Number of returns δ(φ(M)) (see Theorem 2.2)

Number of up steps Number of branches minus one

Number of flats steps n + 2 − 2× Number of branches

Number of flats on the x-axis Length minus 2 of the rightmost
branch starting from root

Maximal length of a run of flats Maximal length of a branch minus 2

Number of maximal runs of flats of
even length

Number of branches of even length ≥
4

Number of maximal runs of flats of
odd length

Number of branches of odd length ≥ 3

Number of valleys DU Number of branch nodes

Number of peaks UF kD Number of branch nodes plus one

Number of up steps minus number of
valleys DU

Number of leaves minus one

Table 2: Statistic correspondences by the bijection φ

is the height statistic h. For k ≥ 0, let Ak(x) =
∑

n≥0 an,kxn (resp. Bk(x) =∑
n≥0 bn,kxn) be the generating function where the coefficient an,k (resp. bn,k) is

the number of Motzkin paths in Mh,≥
n having a maximal height equal to k (resp.

of at most k). So, we have Bk(x) =
k∑

i=0

Ai(x) and the generating function for the

set Mh,≥, namely Mh(x), is given by Mh(x) = lim
k→∞

Bk(x).

Any non empty Motzkin path M of height k ≥ 0 in Mh,≥
n , n ≥ 1, is either Fn,

or UαDβ, where α (resp. β) is a Motzkin path in Mh,≥ of height k − 1 (resp. of

height at most k). So we have

{
A0 (x) = B0 (x) = 1

1−x

Ak(x) = x2Ak−1(x) · Bk(x)
.

On the other hand, any Motzkin path of height k in Mh,≥ can be constructed

from a Dyck path of height k in Dh,≥ by possibly adding flat steps before down

steps, or at the end. Using the work in [3] on Dh,≥, we easily deduce Ak(x) =
1

1−xCk(x2/(1 − x)) and Bk(x) = 1
1−xDk(x2/(1 − x)), where Ck(x) (resp. Dk(x))

is the generating function for Dyck paths of height k (resp. at most k) in Dh,≥.

Therefore, we directly obtain Theorem 3.1 and Lemma 3.2 (the proofs are obtained

mutatis mutandis as in [3]).
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Theorem 3.1. We have A0 (x) = B0 (x) = 1
1−x , B1(x) = 1

1−x−x2 , and

Bk(x) =
1

1 − x
·

k−1∏

i=0

(1 − x2Ai(x))−1 for k ≥ 1,

Mh(x) =
1

1 − x
·

∞∏

i=0

(1 − x2Ai(x))−1,

Ak(x) =
x2k

(1 − x)k+1
·

k−1∏

i=0

(1 − x2Ai(x))i−k .

k\n 1 2 3 4 5 6 7 8 9 10

0 1 1 1 1 1 1 1 1 1 1

1 1 2 4 7 12 20 33 54 88

2 1 3 8 18 39 81 165

3 1 4 13 35 88

4 1 5 19

5 1
∑

1 2 3 6 11 22 43 87 176 362

Table 3: Number an,k of Motzkin paths of height k in Mh,≥
n , 1 ≤ n ≤ 10 and

0 ≤ k ≤ 5.

Lemma 3.2. For k ≥ 1, we have

Bk(x) =
1 + x2Bk−1(x)

1 − x − x4Bk−1(x)
.

Note that by taking the limits when k converges to infinity, one gets x4Mh(x)2 +

(x2 + x − 1)Mh(x) + 1 = 0, and we retreive that Mh(x) = 1
1−x · M

(
x2

1−x

)
. Now

we show how Bk(x), k ≥ 0, can be expressed as a closed form. Let us define the

function

f : u *→ 1

1 − x − x2 − x4u
.

For n ≥ 1, we denote by fn the function recursively defined by fn(u) = f
(
fn−1(u)

)

anchored with f 0 (u) = u. Lemma 3.2 induces that for any k ≥ 2, Bk(x) =

f(Bk−2(x)), which induces Theorem 3.3.
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Theorem 3.3. For k ≥ 1, we have

Bk(x) = f ⌊ k
2 ⌋ (Bk mod 2(x))

with the initial cases B0 (x) = 1
1−x and B1(x) = 1

1−x−x2 .

Table 3 presents the first values of an,k. Whenever k = 1, we have B1(x) =

1/(1 − x − x2) which is the generating function of the sequence of Fibonacci (see

A000045 in [20]). Note that, by taking limits in Theorem 3.3, we retrieve the

continued fraction given by P. Barry for the sequence A026418 in [20]:

Mh(x) =
1

1 − x − x2 − x4

1 − x − x2 − x4

1 − x − x2 − x4

. . .

.

Now, we conclude this section by giving a constructive bijection between Mh,≥
n

and the set T ⋆
n+2, n ≥ 0. Let M be a Motzkin path in Mh,≥

n and α,β ∈ Mh,≥, we

recursively define the map ψ as follows:

(i) if M = ϵ, then ψ(M) = ee,

(ii) if M = αF with ψ(α) = (L, R), then ψ(M) = (L, eR),

(iii) if M = αUF kD with k ≥ 0 and ψ(α) = (L, R), then ψ(M) = ((L, ekR), ee),

(iv) if M = αUUβDγD with ψ(αγ) = (L, R), then ψ(M) = (L, ee(R,ψ(β))).

An illustration of this map is given in Figure 4. Notice that the two first cases (i)

and (ii) are identical to those of φ. See Figure 5 for an example.

Theorem 3.4. The map ψ is a bijection from Mh,≥
n to T ⋆

n+2.

Proof. We proceed by induction on n. Obviously, for n = 1, we have ψ(F ) = eee.

For k ≤ n, we assume that ψ is a bijection from Mh,≥
k to T ⋆

k+2 and we prove the

result for n+1. Since Mh,≥
n+1 and T ⋆

n+3 have the same cardinality, it suffices to prove

that if M, M ′ ∈ Mh,≥
n+1 with ψ(M) = ψ(M ′) then M = M ′. By a simple observation

of Figure 4 and in a same way as for the proof of Theorem 2.2, the condition

ψ(M) = ψ(M ′) implies that M and M ′ belong to the same case (i), (ii), (iii), or

(iv). For the first two cases, it is straightforward that the recurrence hypothesis

induces M = M ′. For the case (iii), we have ψ(M) = ψ(M ′) = ((L, ekR), ee).

The first branch of R is necessarily of length two, otherwise this would mean that

the first branch of R is of length at least three, and thus α would have a flat step

at its end, which is impossible for M ∈ Mh,≥ satisfying (iii). Thus, k is entirely
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(i) ϵ −→

(ii)
α

−→ L R
with ψ(α) = (L, R)

(iii)
k flatsα

−→

k edges

L R
with ψ(α) = (L, R)

(iv)
α

β γ

−→ L R ψ(β)
with ψ(αγ) = (L, R)

Figure 4: An illustration of the bijection ψ.

determined by ψ(M) = ψ(M ′), and the recurrence hypothesis induces M = M ′. For

the case (iv), we have M = αUUβDγD, M ′ = α′UUβ′Dγ′D and ψ(M) = ψ(M ′).
This implies that ψ(β) = ψ(β′), ψ(αγ) = ψ(α′γ′), and the recurrence hypothesis

gives β = β′ and αγ = α′γ′. Since h(α) ≥ h(β) + 2 ≥ h(γ) + 1, αγ has a unique

decomposition satisfying these inequalities. So we conclude α = α′ and γ = γ′.

The bijection ψ establishes correspondences between several statistics on Motzkin

paths and ordered trees. Table 4 summarizes the main correspondences. We do not

succeed to determine the statistic on T ⋆
n which is the image by ψ of h. Note

that using a straightforward proof by induction, the number of branch nodes of

ψ(M) equals the sum of ⌊k
2 ⌋ on all maximal runs Uk in M . As a byproduct and

using Corollary 3.5, Tables 2 and 4 induce several bijective correspondences between

statistics on Mr,≥
n and Mh,≥

n . See Figure 5 for an example of such a correspondence.

Corollary 3.5. The bijection ψ−1 ◦φ induces one-to-one correspondences between

Mr,≥
n and Mh,≥

n , Dr,≥
n and Dh,≥

n , Sr,≥
n and Sh,≥

n , Rr,≥
n and Rh,≥

n . These bijections

preserve the number of up steps, the number of flats, the number of flats on the

x-axis, the number of maximal runs of flats of even length, the maximal length of a

run of flats, and it transports the number of valleys DU into the sum of ⌊k
2 ⌋ on all

maximal runs Uk.

4. Going Further With 2-Motzkin Paths

In this part, we extend the previous study to 2-Motzkin paths. A 2-Motzkin path

is a Motzkin path where flat steps can be of two kinds: F for straight and K for

wavy. The number of 2-Motzkin paths with n steps is given by the (n + 1)-th

Catalan number 1
n+2

(
2n+2
n+1

)
. We refer to [8, 12] for a constructive bijection between
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M ∈ Mh,≥
n T = ψ(M) ∈ T ⋆

n+2

Height Open question

Number of up steps Numbers of branches minus one

Number of flats n + 2 − 2× Number of branches

Number of flats on the x-axis Length minus 2 of the rightmost
branch starting from root

Number of maximal runs of flats of
even length

Number of branches of even length ≥
4

Number of maximal runs of flats of
odd length

Number of branches of odd length ≥ 3

Maximal length of a run of flats Maximal length of a branch minus 2
∑

Maximal Uk

⌊k
2 ⌋ Number of branch nodes

Number of up steps minus∑
Maximal Uk

⌊k
2 ⌋

Number of leaves minus one

Table 4: Statistic correspondences by the bijection ψ

2-Motzkin paths of length n and Dyck paths of semilength n + 1. For a statistic

s ∈ {r, h}, we define the set M̄s,≥
n of 2-Motzkin paths of length n satisfying the two

conditions (C1) and (C2) given in Introduction and we set M̄s,≥ =
⋃

n≥0 M̄s,≥
n . As

we did for Motzkin paths, a 2-Motzkin path in M̄s,≥ can be constructed from a

Dyck path in Ds,≥ by possibly adding flat steps (F or K) before any down step, or

at the end. So, the generating function M̄s(x) for the set M̄s,≥ is:

M̄s(x) =
1

1 − 2x
· M

(
x2

1 − 2x

)
.

The first coefficients of its Taylor expansion are 1, 2, 5, 12, 30, 76, 196, 512, 1353,

3610, 9713, 26324, and these numbers correspond to the first differences of Motzkin

numbers, which are also called generalized Ballot numbers (see A002026 in [20]).

4.1. Enumerative Results

Below, we state enumerative results for s ∈ {r, h}. We do not give the proofs since

it suffices to reread Sections 2 and 3 by replacing all fractions 1
1−x with 1

1−2x in all

functional equations in order to taking into account the two kinds of flats. Theorem

4.1 and Table 5 deal with the statistic of the number of returns, while Theorem 4.2

and Table 6 treat the case of the height.

Let A(x, y) =
∑

k,n≥0

an,kxnyk be the generating function where the coefficient
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∈ Mr,≥
19

ψ−1 ◦φ
∈ Mh,≥

19

φ ψ

∈ T ∗
21

Figure 5: Example of one-to-one correspondence between two Motzkin paths in
Mr,≥

19 and Mh,≥
19 passing by a tree in T ⋆

21.

an,k of xnyk is the number of 2-Motzkin paths with k returns in M̄r,≥
n .

Theorem 4.1. The generating function A(x, y) is given by

A(x, y) = A0 (x) + A1(x)y + A2(x)y2

with

A0 (x) =
1

1 − 2x
, A1(x) =

1 − 2x − x2 −
√

1 − 4x + 2x2 + 4x3 − 3x4

2x2 (1 − 2 x)
, and

A2(x) =

(
1 − 2x − x2 −

√
1 − 4x + 2x2 + 4x3 − 3x4

)2

4x4 (1 − 2 x)
.

k\n 1 2 3 4 5 6 7 8 9 10

0 2 4 8 16 32 64 128 256 512 1024

1 1 4 13 38 106 288 772 2056 5465

2 1 6 26 96 325 1042 3224
∑

2 5 12 30 76 196 512 1353 3610 9713

Table 5: Number an,k of 2-Motzkin paths with k returns in M̄r,≥
n , 1 ≤ n ≤ 10 and

0 ≤ k ≤ 2. For k ≥ 3 and n ≥ 1, we have an,k = 0.

For k ≥ 0, let Ak(x) =
∑
n≥0

an,kxn (resp. Bk(x) =
∑
n≥0

bn,kxn) be the generating

function where the coefficient an,k (resp. bn,k) is the number of 2-Motzkin paths of

height k (resp. at most k) in M̄h,≥
n .
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Theorem 4.2. We have A0 (x) = B0 (x) = 1
1−2x , B1(x) = 1

1−2x−x2 , and

Bk(x) =
1

1 − 2x
·

k−1∏

i=0

(1 − x2Ai(x))−1 for k ≥ 1,

M̄h(x) =
1

1 − 2x
·

∞∏

i=0

(1 − x2Ai(x))−1,

Ak(x) =
x2k

(1 − 2x)k+1
·

k−1∏

i=0

(1 − x2Ai(x))i−k .

k\n 1 2 3 4 5 6 7 8 9 10

0 2 4 8 16 32 64 128 256 512 1024

1 1 4 13 38 105 280 729 1866 4717

2 1 6 26 96 324 1032 3159

3 1 8 43 190 748

4 1 10 64

5 1
∑

2 5 12 30 76 196 512 1353 3610 9713

Table 6: Number an,k of Dyck paths of height k in M̄h,≥
n , 1 ≤ n ≤ 10 and 0 ≤ k ≤ 5.

Note that B1(x) is the generating function of the sequence of Pell numbers

(A000129 in [20]) which count the left factors of Grand Schröder paths.

Lemma 4.3. For k ≥ 1, we have

Bk(x) =
1 + x2Bk−1(x)

1 − 2x − x4Bk−1(x)
.

Note that by taking the limits when k converges to infinity, one gets x4M̄h(x)2 +

(x2 + 2x − 1)M̄h(x) + 1 = 0, and we retrieve that M̄h(x) = 1
1−2x · M( x2

1−2x ). Now,

we show how Bk(x) can be expressed as a closed form. Let us define the function

g : u *→ 1

1 − 2x − x2 − x4u
.

Lemma 4.3 induces that for any k ≥ 2, Bk(x) = g(Bk−2(x)), which induces Theorem

4.4.
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Theorem 4.4. For k ≥ 1, we have

Bk(x) = g⌊ k
2 ⌋ (Bk mod 2(x))

with the initial cases B0 (x) = 1
1−x and B1(x) = 1

1−2x−x2 .

By taking limits in Theorem 4.4, we obtain the continued fraction for the sequence

A002026 in [20]:

M̄h(x) =
1

1 − 2x − x2 − x4

1 − 2x − x2 − x4

1 − 2x − x2 − x4

. . .

.

4.2. Constructive Bijection

In this part, we construct a bijection between M̄s,≥
n , s ∈ {r, h}, and the subset

Bn+2 of Tn+2 consisting of ordered trees with n + 2 edges where the root has two

children, and where every node has at most two children. In order to do this, we

firstly extend the previous bijections φ and ψ respectively on the sets M̄r,≥
n and

M̄h,≥
n by setting φ(αK) = ψ(αK) = (L, ēR) whenever φ(α) = ψ(α) = (L, R),

and where e is a straight edge and ē is a wavy edge. So, these two maps establish

one-to-one correspondences between M̄s,≥
n , s ∈ {r, h}, and the set T ⋆⋆

n+2 of ordered

trees with n + 2 edges having no branches of length one, and such that any branch

is constituted of edges of two kinds (straight and wavy) except for its two last edges

which must be straight. Secondly, we recursively define a map χ between T ⋆⋆
n+2 and

the subset Bn+2.

For n ≥ 2, let T be an ordered tree in T ⋆⋆
n and α,β ∈ T ⋆⋆ =

⋃
n≥2

T ⋆⋆
n (which

induces that α and β are non-empty). Let T ⋆⋆(1) be the set of ordered trees in T ⋆⋆

where the root has only one child, and let T ⋆⋆(2) = T ⋆⋆\T ⋆⋆(1).

We define χ as follows:

In the case where T ∈ T ⋆⋆(1):

(i) if T = ee, then χ(T ) = (e, e),

(ii) if T = eeα with α ∈ T ⋆⋆(2), then χ(T ) = (eχ(α), e),

(iii) if T = eα with α ∈ T ⋆⋆(1), then χ(T ) = (L, ek+1) for χ(α) = (L, ek), k ≥ 1,

(iv) if T = ēα with α ∈ T ⋆⋆(1), then χ(T ) = (e(L, ek−1), e) for χ(α) = (L, ek), k ≥ 1.

In the case where T ∈ T ⋆⋆(2):
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(v) if T = (α,β) with α ∈ T ⋆⋆, β ∈ T ⋆⋆(1), then χ(T ) = (L, ekχ(α)) for χ(β) =

(L, ek), k ≥ 1.

An illustration of this map is given in Figure 6.

(i) −→

(ii)
α

−→ χ(α) with α ∈ T ⋆⋆(2)

(iii)

e

α
−→

k
edges

L
with α ∈ T ⋆⋆(1), χ(α) = (L, ek)

(iv)

ē

α
−→

k −
1 edges

L
with α ∈ T ⋆⋆(1), χ(α) = (L, ek)

(v)
α β

−→

k
edges

L χ(α) with α ∈ T ⋆⋆,β ∈ T ⋆⋆(1), χ(β) = (L, ek)

Figure 6: An illustration of the bijection χ.

It is easy to observe the following facts.

Fact 1. The image by χ of T ∈ T ⋆⋆(1) does not have any branch node in its right

part, that is, its right branch is of the form ek for k ≥ 1.

Fact 2. The image of T ∈ T ⋆⋆(2) has at least one branch node in its right part.

Fact 3. The image of a tree satisfying (iii) has a branch of length at least two as

right part of the root, while the image of a tree satisfying (i), (ii) or (iv) has a

branch of length one.

Fact 4. The image of a tree satisfying (ii) has a left subtree where the root has two

subtrees such that the rightmost contains at least one branch node.

Fact 5. The image of a tree satisfying (iv) has a left subtree where either the root

has two subtrees such that the rightmost is a branch (whenever k ≥ 2), or the root

has only one subtree (whenever k = 1).

Theorem 4.5. For n ≥ 2, the map χ is a bijection from T ⋆⋆
n to Bn.
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Proof. Considering Facts 1-5, the equality χ(T ) = χ(T ′) implies that T and T ′

belong to the same case (i), (ii), (iii), (iv) or (v). The injectivity is obtained

by a simple induction. Now, it suffices to check that Bn and T ⋆⋆
n have the same

cardinality. Let E(x) be the generating function for Bn, n ≥ 2, and E1(x) the

generating function for the set B1 =
⋃

n≥2 B1
n of trees in B having a branch as right

part. We set B2 = B\B1 and E2(x) = E(x) − E1(x). A tree T in B1 consists of a

branch of length at least one for its right part, and a unary-binary tree connected

to the root for its left subtree. So, we have E1(x) = x2

1−xM(x), where M(x) is the

Motzkin generating function for the unary-binary ordered trees. A tree T in B2

consists of a right part which is a branch of length at least one connected to a tree

in B, and a unary-binary tree connected to the root as left subtree. So, we deduce

E2(x) = x2

1−xE(x)M(x). A simple calculation of E(x) proves that Bn and T ⋆⋆
n have

the same cardinality for n ≥ 2, which completes the proof.

Remark 4.6. The set B is clearly in bijection with the square of the set of unary-

binary trees (i.e., ordered trees where any node, including the root, has at most two

children). Then the generating function for B is given by x2M(x)2, where M(x) is

the generating function for the Motzkin numbers. So, the bijection ψ◦χ establishes

a bijective proof of the (apparently new) equality

M(x)2 =
1

1 − 2x
· M

(
x2

1 − 2x

)
.

Corollary 4.7. The restriction of χ to T ⋆
n establishes a one-to-one correspondence

with ordered trees in Bn such that any left node has zero or two children, and any

left leaf has a right sibling having at most one child.

Proof. The restriction of χ to T ⋆
n is defined using cases (i), (ii), (iii) and (v).

Let T ∈ T ⋆
n and T ′ = χ(T ). By a simple induction, we observe that any left

node of T ′ has zero or two children, and any left leaf has a right sibling having

at most one child. Now, it suffices to prove that these trees are counted by the

sequence A026418 in [20] (as for T ⋆
n ). Let E(x) be the generating function for these

trees. Since such a tree is of one of the forms (e, e), (eS, e), (eS, eS′) and (L, eR)

whenever S = (L, R) and S′ are also such trees, then E(x) satisfies the functional

equation: E(x) = x2 + x2E(x) + xE(x) + x2E(x)2. A simple calculation provides

E(x) = x2M(x2/(1 − x))/(1 − x) which achieves the proof.

Corollary 4.8. The restriction of χ to the subset of T ⋆
2n consisting of ordered trees

having n branches establishes a one-to-one correspondence with binary ordered trees

in B2n such that any node has zero or two children, and any left leaf has a right leaf

as sibling.

Proof. The proof is obtained as for the previous corollary without considering the

case (iii).
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5. Conclusion and Future Works

In Corollary 3.5, we obtain a constructive bijection between Dr,≥
n and Dh,≥

n . Un-

fortunately, this bijection does not transport simply the two statistics r and h. Is

there another more natural bijection that behaves well with these statistics? On the

other hand, we have seen that Schröder paths in Sr,≥
2n and Sh,≥

2n are enumerated by

the n-th Catalan numbers. Is it possible to obtain direct bijections between these

sets and the set of Dyck paths of semilength n, by not passing by a set of ordered

trees? More generally, can we obtain bijective correspondences between these sets

and other combinatorial classes such as permutations?

It would be interesting to study several parameters or statistics on the sets Ms,≥
n

and Ds,≥
n for s ∈ {r, h}. For instance, the distribution of a given pattern is a subject

widely studied these last years (in particular the avoidance of a pattern). Also, we

could enumerate the restricted sets of paths having a non-decreasing height sequence

(see [1, 6, 7]).

Can one develop algorithm for uniform random generation of an element of

Ms,≥
n ? Can one develop an efficient algorithm for the exhaustive generation of

these objects?
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two patterns are d-equivalent if and only if they are equipopular over any d-equivalence 
class, and this equipopularity does not follow obviously from a trivial equidistribution.
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1. Introduction and notation

We consider words over the set of positive integers and permutations are particular words. For q ≥ 1, [q] denotes the 
alphabet {1, 2, . . . , q} and the underlying alphabet of a word is the set of symbols occurring in the word. For instance, 
the 4-ary words 4313 and 4212 have different underlying alphabet, namely {1, 3, 4} and {1, 2, 4}. A descent in a word 
w1 w2 . . . wn is a position i with wi > wi+1 and the descent set of w , denoted Des(w), is the set of all such i; ascent and 
ascent set, Asc(w), are defined similarly. Two same length words are d-equivalent if they have the same descent set and the 
same underlying alphabet. For instance the words 31443 and 21332 have the same descent set but not the same underlying 
alphabet (thus they are not d-equivalent), whereas 31443 and 41131 are d-equivalent (the common underlying alphabet is 
{1, 3, 4}). If v and w are d-equivalent and v is a permutation, it follows that so is w . A d-equivalence class is a maximal set 
of d-equivalent words. For a word w1 w2 . . . wn the reverse r(w) of w is the word w = wn wn−1 . . . w1; and the complement
c(w) of w is the word (q − w1 + 1)(q − w2 + 1) . . . (q − wn + 1) with q the maximal entry of w .

A pattern is a word with the property that if i occurs in it, then so does j, for any j with 1 ≤ j ≤ i, and the reduction of w , 
red(w), is the unique pattern order isomorphic with w . The pattern π = π1π2 . . .πk occurs in the word w = w1 w2 . . . wn , 
k ≤ n, if w has a (possibly scattered) subword wi1 wi2 . . . wik order isomorphic with π , see for instance Kitaev’s seminal 
book [6] on this topic. The number of occurrences of the pattern π in the word w is denoted by (π)w . For a set of words 
S , (π)w becomes an integer valued statistic on S and the overall number of occurrences of π within the words of S is 
called the popularity of π in S; more formally, the popularity of π in S is 

∑
w∈S (π)w .

The equidistribution of two patterns implies their equipopularity and recently a growing interest is shown in patterns 
that have same popularity but not same distribution on particular classes of words or permutations, see for instance [1,2,5,
8].
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E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), vvajnov@u-bourgogne.fr (V. Vajnovszki).
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0304-3975/© 2020 Elsevier B.V. All rights reserved.
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In this paper we show that two patterns are d-equivalent if and only if they have the same popularity on any d-
equivalence class. Specializing to permutations, we obtain that two same length permutations have same descent set if and 
only if they have the same popularity on any descent-set equivalence class of permutations.

2. Preliminary notions and results

2.1. d-Equivalence vs. f -equivalence

Here we show that any two d-equivalent patterns can be obtained from each other by a sequence of f -transformations, 
which are ‘small changes’ preserving the d-equivalence class.

2.1.1. Lexicographically smallest pattern in a d-equivalence class
For our purposes we need the lexicographically minimal pattern d-equivalent with a given pattern π , which in turn 

requires two other particular patterns α and ω that we define below.
The descent word of a length n word w is the binary word b = b1b2 . . .bn where bi = 1 if and only if i is a descent in w

(and so, bn is a redundant 0). The minimal arity of a pattern having descent word b is one more than the maximal number 
of consecutive 1s in b, and we denote by α(b) the lexicographically smallest pattern having minimal arity and descent word 
b. It is easy to see that the pattern α = α(b) is defined as: for each i, 1 ≤ i ≤ n,

αi = min{ j : j ≥ i, b j = 0} − i + 1.

Example 1. With n = 9 and π = 432411231, we have b = 110100010 and α = 321211121 (the descents are in bold).

The maximal arity of a pattern having descent word b = b1b2 . . .bn is n, and we denote by ω(b) the lexicographically 
smallest n-ary pattern having descent word b, which is necessarily a length n permutation. We divide the descent word b
into runs: the length maximal factors of the form 11 · · · 10 with at least one occurrence of 1 are descent runs and, for con-
venience, we call the remaining length maximal 0s factors (if any) ascent runs. We define an order relation on {1, 2, . . . , n}: 
for two integers i and j, 1 ≤ i, j ≤ n, we say that i precedes j, with respect to the binary word b, if

• bi and b j are in two distinct runs in b, and i < j, or
• bi and b j are in the same ascent run in b, and i < j, or
• bi and b j are in the same descent run in b, and i > j.

The desired permutation ω = ω(b) is precisely that induced by this order relation:

ωi = the rank of i in {1,2, . . . ,n}, in the precedence order,

and ω is at the same time the lexicographically minimal word of maximal arity (that is n) having descent word b and, as 
we will see below, defines an order in which we cover the entries of a pattern with descent word b.

Example 2. If b is as in the previous example, then b = 110.10.00.10 (runs are separated by dots) and ω = 321546798 (the 
descents are in bold).

Now for an arbitrary arity q ≤ n (not necessarily its minimal, or its maximal value n), we construct the lexicographically 
minimal pattern β = β(q, b) where each symbol in [q] occurs at least once and i is a descent in β if and only if bi = 1, and 
in this construction the above defined patterns α and ω are involved. Moreover, if q reaches its minimal value, then β = α

and if q = n, then β = ω. The pattern β is obtained by covering its entries in βω1 , βω2 , . . . , βωn order and the first entries 
(in this order) are taken from α and the last ones are increasing integers to guarantee that all symbols in [q] occur in β . 
Formally:

βωi =
{

αωi if max{αω1 ,αω2 , . . . ,αωi } ≥ q − (n − i)
q − (n − i) elsewhere.

With these notations, it follows that if β �= α and k = min{i : βωi �= αωi } then

βωi =
{

αωi if i < k
q − (n − i) elsewhere,

and the entries βωk , βωk+1 , . . . , βωn are consecutive integers in increasing order.

Example 3. Continuing the previous example with b = 110100010, if q = 7, then the above construction gives β =
321214576; and if q = 8, then it gives β = 321415687 (the entries taken from α are in bold).
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For a pattern π with descent word b, by a slight abuse of notation we denote by α(π) the pattern α(b), by ω(π) the 
pattern (permutation) ω(b); and in addition if π has arity q, then we denote by β(π) the pattern β(q, b). Note that

• the pattern α(π) is lexicographically minimal in its d-equivalence class and so are β(π) and ω(π),
• the four patterns π , α(π), β(π) and ω(π) have the same descent set,
• π and β(π) are d-equivalent, but π , α(π) and ω(π) are not necessarily d-equivalent since they can have different 

underlying alphabet (or equivalently in this case, different arity).

2.1.2. f -Equivalent patterns
For later use we need the following rather technical notion: for two d-equivalent patterns π and σ we say that σ is an 

f -transformation of π if σ can be obtained from π by either

• increasing or decreasing by 1 an entry in π , or
• interchanging in π two entries with consecutive values.

Actually, the f -transformation is a symmetric binary relation on a set of d-equivalent patterns and two patterns are said 
f -equivalent if they belong to the same equivalence class with respect to the transitive closure of f -transformation. Below 
we prove that the notions of d-equivalence and f -equivalence coincide, which is stated in Corollary 1 of Theorem 1.

The order induced by ω(π) is related to the descent word of π , however we have the following.

Proposition 1. Let π be a pattern. If ω = ω(π) and i, k are such that πi > πk, then ωi < ωk implies i < k.

Proof. If πi > πk and ωi < ωk , then ωi and ωk are not in the same descent run of π , so i < k. �

The next proposition says that, under certain conditions, decreasing an entry in the pattern π produces a d-equivalent 
pattern lexicographically smaller than π .

Proposition 2. Let π be a pattern. If ω = ω(π), β = β(π) and

• there is an i such that πω j = βω j for any j, 1 ≤ j < i,
• πωi > βωi ,• the entry πωi occurs at least twice in π ,

then the word σ with σω j = πω j for any j except σωi = πωi − 1 is a pattern d-equivalent with π , lexicographically smaller than π .

Proposition 3. Let π be a length n pattern. If ω = ω(π), β = β(π) and

• there is an i such that πω j = βω j for any j, 1 ≤ j < i,
• πωi > βωi ,• the entry πωi occurs once in π ,
• the entry πωi − 1 occurs at least once in the set {πωi+1 , πωi+2 , . . . , πωn },

then there is a k with ωk ∈ {ωi+1, ωi+2, . . . , ωn} and πωk = πωi − 1, and the word σ with σω j = πω j for any j, except σωi = πωi − 1
and σωk = πωk + 1 (= πωi ) is a pattern d-equivalent with π , lexicographically smaller than π .

Proof. Let ωa be the largest element of the set {ωi+1, ωi+2, . . . , ωn} with πωa = πωi − 1. It is enough to choose k = a. �

Note that, in the two propositions above σ is obtained by an f -transformation of π .

Proposition 4. Let π be a q-ary length n pattern. If ω = ω(π), β = β(π) and i is such that each of βωi , βωi+1 , . . . , βωn occurs once 
in β , then

1. βωi , βωi+1 , . . . , βωn is a sequence of consecutive integers ending by q.

In addition, if πω j = βω j for any j, 1 ≤ j < i, then

2. each of πωi , πωi+1 , . . . , πωn occurs once in π .

Proof. If condition 1. is violated, then β is not the lexicographically smallest pattern in its d-equivalence class, which is a 
contradiction. If condition 2. is violated, then π cannot be a q-ary pattern, again a contradiction. �
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Proposition 5. Let π be a length n pattern. If ω = ω(π), β = β(π) and

• there is an i such that πω j = βω j for any j, 1 ≤ j < i,
• πωi > βωi ,• the entry πωi occurs once in π ,
• the entry πωi − 1 does not occur in the set {πωi+1 , πωi+2 , . . . , πωn },

then there is a pattern σ which is f -equivalent with π and lexicographically smaller than π .

Proof. First we prove that at least one of the entries πωi+1 , πωi+2 , . . . , πωn occurs at least twice in π . Indeed, if these 
entries occur once in π so are the entries in the set P = {πωi , πωi+1 , πωi+2 , . . . , πωn }. But since π and β have the same 
arity and πω j = βω j for any j < i it follows that the two sets P and {βωi , βωi+1 , . . . , βωn } are equal, and by the point 1. of 
Proposition 4, they are formed by consecutive integers. This is a contradiction since πωi is not the minimal element of P
(otherwise πωi = βωi ) and πωi − 1 does not occur in P .

Now we prove the statement according to the following two (non exclusive) cases: (i) there is an integer larger than πωi

in the set {πωi+1 , πωi+2 , . . . , πωn } that occurs at least twice in π , or (ii) there is at least one integer smaller than πωi in the 
set {πωi+1 , πωi+2 , . . . , πωn }.

Case (i). If there is an integer larger than πωi in the set {πωi+1 , πωi+2 , . . . , πωn } that occurs twice in π , let v �= πωi be 
the smallest of them and let {ωk1 , ωk2 , . . . } ⊂ {ω1, ω2, . . . , ωn} with k1 < k2 · · · be the set of occurrences of v in π . The 
entry v − 1 occurs once in π and let define a as: if πωk1

is not in the same descent run as v − 1, then a = ωk1 , and a = ωk2

otherwise. It follows that the pattern σ with σω j = πω j for all j, except σωa = πωa − 1, is lexicographically smaller than π
and is obtained from π by an f -transformation.

Case (ii). If there is an integer smaller than πωi in the set {πωi+1 , πωi+2 , . . . , πωn }, then let v �= πωi be the largest of 
them and let ωa be the largest element of {ωi+1, ωi+2, . . . , ωn} with πωa = v . Necessarily v occurs at least twice in π ; 
otherwise, since v + 1 does not occur in {πωi+1 , πωi+2 , . . . , πωn }, the pattern σ with σω j = πω j for any j, except σωa = v + 1
and σωk = v for an appropriate k < i with πωk = v + 1, is d-equivalent with π and lexicographically smaller than π , which 
is in contradiction with πω j = βω j for any j < i.

Since v occurs at least twice in π it follows that the pattern τ with τω j = πω j for any j, except τωa = πωa + 1, is 
d-equivalent with π (and lexicographically larger than π ) and the entry τωa occurs at least twice in τ . Now two subcases 
can occur: τωa = πωi − 1 (= πωa + 1) or τωa < πωi − 1.

When τωa = πωi − 1, since τωi = πωi it follows that τ is a pattern satisfying Proposition 3, and the pattern σ with 
σω j = τω j for any j, except σωi = τωi − 1 (= πωi − 1) and σωa = τωa + 1 (= πωi ), is d-equivalent with τ (and thus with π ) 
and is lexicographically smaller than π . The patterns π and σ are f -equivalent, and the statement holds.

When τωa < πωi − 1, since the entry τωa occurs twice in τ we can find as previously a pattern τ (2) d-equivalent with τ
(and so with π ) where the entry τωa +1 occurs twice in τ (2) . Iterating this procedure, we obtain a sequence of d-equivalent 
patterns τ = τ (1), τ (2), . . . , τ (k) with τ (k)

ω j = πω j for all j ≤ i and τ (k)
ωb

= πωi − 1 for some b > i. As above, the pattern σ with 
σω j = τ

(k)
ω j for any j, except σωi = τ

(k)
ωi − 1 (= πωi − 1) and σωb = τ

(k)
ωb

+ 1 (= πωi ) is d-equivalent with τ (k) (and thus 
with π ) and lexicographically smaller than π . Moreover, each τ (p) is obtained from τ (p−1) by an f -transformation and the 
statement holds. �

By Propositions 2, 3 and 5 we have the following theorem.

Theorem 1. Any pattern π is f -equivalent with β(π).

Proof. Let π be a pattern with π �= β(π). Then π is in one of the cases stated in Propositions 2, 3 or 5, and according to 
these propositions there exists a pattern f -equivalent (and thus d-equivalent) with π and lexicographically smaller than π , 
and eventually π is f -equivalent with the lexicographically smallest pattern in its d-equivalence class, that is with β(π). �

Corollary 1. Two patterns are d-equivalent if and only if they are f -equivalent.

Proof. By definition, f -equivalence implies d-equivalence. Conversely, if two patterns π and σ are d-equivalent, then 
β(π) = β(σ ), and by the previous theorem π is f -equivalent with β(π) and σ is f -equivalent with β(σ ). Finally π
and σ are f -equivalent. �

2.2. Bijection ψ

In the following we need a bijection on [q]n onto itself, that we denote by ψ , and satisfying:

(a) ψ preserves the underlying alphabet,
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(b) the number of occurrences of the largest entry is the same in w and in ψ(w), and the same holds for the smallest 
entry in w and in ψ(w),

(c) ψ transforms descent set into ascent set, that is, for any word w Des w = Asc ψ(w).

In particular when w is a permutation, the complement transformation c satisfies the three properties above, which in 
general is not longer true for arbitrary words, and we propose a bijection ψ which satisfies these properties for any words, 
not necessarily permutations. Its construction is based on the bijection φ on words defined in [4], which in turn is built on 
Foata and Schützenberger [3] bijection j on permutations. The bijection φ : [q]n → [q]n in [4] satisfies for any word w:

(i) φ(w) is a rearrangement of the symbols of w ,
(ii) Des w = {n − i : i ∈ Desφ(w)}, and

(iii) Ides w = Idesφ(w).

See [7] for the definition of the set valued statistic Ides that we will not use here and for a weaker version of φ satisfying 
only (ii) and (iii) above. Note that from (i) it follows that φ preserves the underlying alphabet.

Based on the properties (i) and (ii) of φ it is easy to check that ψ : [q]n → [q]n defined as

ψ = r ◦ φ (1)

satisfies the above desiderata (a)–(c). Indeed, properties (a) and (b) follow from (i), and property (c) follows from (ii). 
Property (iii) is a deep and remarkable feature of φ (that we will not make use of it) and in some sense our bijection ψ
is over endowed. For instance, φ(1321) = 3211, φ(1232) = 3122 and φ(3321) = 3213 (see [4]), and thus ψ(1321) = 1123, 
ψ(1232) = 2213 and ψ(3321) = 3123.

2.3. Pattern trace and word substitution

For a word w = w1 w2 . . . wn and a set S = {i1, i2, . . . , ip} ⊆ {1, 2, . . . , n} we denote by w S the subword wi1 wi2 . . . wip

of w .
Let t = t1t2 . . . tk be a length k word over [q] ∪ {�}, q ≥ 1, and I(t) be the set {
 : 1 ≤ 
 ≤ k, t
 �= �}. We say that t is 

a trace of the pattern π = π1π2 . . .πk if ti and t j have the same relative order (<, =, or >) as πi and π j have whenever 
i, j ∈ I(t). Equivalently, t is a trace of π if the words t I(t) and πI(t) are order-isomorphic. In particular, when t does not 
contain �, then red(t) = π ; and t formed only by �’s is a trace of any pattern. It can happen that t is a trace of several 
patterns. For instance, for two same length patterns π and σ , if the trace t of π is such that π
 �= σ
 implies t
 = �, then 
t is a trace of σ as well.

With t a trace of a pattern π and I(t) as above, for a word w = w1 w2 . . . wn and a set A ⊂ {1, 2, . . . , n} of positions in w
we say that t is a trace of π in w at A if t I(t) = w A (and so, |I(t)| = |A|), and a trace t of π in w at A can be seen as a partial 
occurrence of the pattern π in w with � playing the role of ‘wild’ symbol. It can happen that several occurrences of π in 
a word w have trace t at A, and we denote by (t, A, π)w the number of these occurrences, and thus (t, A, π) becomes an 
integer valued statistic on words.

Example 4. If π = 1332 and σ = 2331 are two patterns, then t = �44� and t′ = �55� are traces of both π and σ . 
Furthermore, if w = 154543, then

• 1443 is an occurrence in w of π with trace t =�44� at A = {3, 5},
• 1554 and 1553 are occurrences in w of π with trace t′ =�55� at A = {2, 4}, and (t′, A, π)w = 2.

See Table 1 in Appendix for other examples.
For a word w = w1 w2 . . . wn and two pairs of integer a < b and c < d we denote by w | ([a, b], [c, d]) the length-maximal 

subword wi1 wi2 . . . wik of w with {i1, i2, . . . , ik} ⊆ [a, b] and {wi1 , wi2 , . . . , wik } ⊆ [c, d]. Alternatively, w | ([a, b], [c, d]) is the 
length-maximal subword of w[a,b] with entries in [c, d].

If the word wi1 wi2 . . . wik = w | ([a, b], [c, d]) has m different symbols and u = u1u2 . . . uk is a word with the underlying 
alphabet [m], then there is a unique word v = v1 v2 . . . vn with

• v
 = w
 for any 
 with 
 /∈ [a, b] or w
 /∈ [c, d], and
• red(v | ([a, b], [c, d]) = u, and v | ([a, b], [c, d]) and w | ([a, b], [c, d]) have the same underlying alphabet.

Indeed, v is obtained from w by replacing the subword wi1 wi2 . . . wik of w by an appropriate word order-isomorphic 
with u. With these notations we call v the ([a, b], [c, d])-substitution by u in w . In particular, if u = red(w | ([a, b], [c, d]), 
then the ([a, b], [c, d])-substitution by u in w is w itself, and we have the following easy to understand fact.

Fact 1. If red(w | ([a, b], [c, d]) and u are two d-equivalent words, then so are w and the ([a, b], [c, d])-substitution by u
in w .
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See Example 5 where the ([3, 7], [1, 4])-substitution by 3321 in w = 21143615441 is v = 21443615441 (the replaced 
elements are in italic and represented by × in the corresponding diagrams).

3. Proof of the main results

The main result of this article is Theorem 4. Prior to its proof, Lemmata 1 and 2 below establish some equidistribution 
results and the Corollary 2 of Theorems 2 and 3 says that if two patterns are an f -transformation of each other, then the 
patterns have the same popularity on any d-equivalence class.

Lemma 1. Let π = π1π2 . . . πk and σ = σ1σ2 . . . σk be two d-equivalent patterns with π
 = σ
 for any 
, except σi = πi + 1 for some 
i. Let also t be a trace of both π and σ with one � symbol and A be a k − 1 element subset of {1, 2, . . . , n}. Then on any d-equivalence 
class the statistics (t, A, π) and (t, A, σ) have the same distribution.

Proof. For any d-equivalence class we give a bijection w → v with (t, A, π)w = (t, A, σ)v .
Since π and σ differ in position i it follows that ti = �. In addition, since π and σ are patterns, the entry πi occurs at 

least twice in π (otherwise σ = π1 . . . (πi + 1) . . . πk is not longer a pattern) and so does σi in σ . Let x be the symbol in t
playing the role of πi and y be that playing the role of σi , and we define the interval [c, d] = [x, y] and the interval [a, b]
as follows. If A = {p1, p2, . . . , pk−1} ⊂ {1, 2, . . . , n}, then

• if i = 1, then [a, b] = [1, p1 − 1],
• if i = k, then [a, b] = [pk−1 + 1, n],
• elsewhere, [a, b] = [pi−1 + 1, pi − 1].

Now let u be the word red(w | ([a, b], [c, d]) and u′ be the word (c ◦ ψ)(u), with ψ defined in relation (1) and c the 
complement operation. The desired word v is the ([a, b], [c, d])-substitution by u′ in w . Indeed, u and u′ have the same 
descent set and same underlying alphabet, and thus they are d-equivalent. By Fact 1 the transformation w → v turns the 
word w = w1 w2 . . . wn into a d-equivalent word v = v1 v2 . . . vn . In addition, by property (b) of ψ , it follows that the 
number of the largest entries in u is the same as that of the smallest entries in u′ = (c ◦ ψ)(u), and vice versa. Thus, for 
any j, pi−1 < j < pi (with the convention p0 = 0 and pk = n + 1) w → v transforms any occurrence

w p1 . . . w pi−1 w j w pi . . . w pk−1 = t1 . . . ti−1xti+1 . . . tk

of π in w with trace t at A into an occurrence

v p1 . . . v pi−1 v j v pi . . . v pk−1 = t1 . . . ti−1 yti+1 . . . tk,

of σ in v with trace t at A. This transformation is reversible, indeed the ([a, b], [c, d])-substitution by u in v gives the word 
w , and so it is a bijection. �

Example 5. We represent words as diagrams identifying words w = w1 w2 . . . wn with the set of points {(i, wi) : 1 ≤ i ≤ n}. 
Let w be the word 21143615441 (the left-hand side diagram in this representation), π = 1132 and σ = 1232 be two 
patterns as in Lemma 1, t = 1�54 be a common trace of π and σ , and A be the set {2, 8, 10}. In the diagram representation 
of w , the entries 1, 5 and 4 of t occurring in positions belonging to A are represented by symbol. Following the notations 
in the proof of Lemma 1, the interval [c, d] is [1, 4], [a, b] is [3, 7], w | ([a, b], [c, d]) is the subword 1431 (represented by 
× symbols in the left-hand side diagram), u = red(w | ([a, b], [c, d]) is the word 1321, u′ = (c ◦ ψ)(u) is c(1123) = 3321, 
see the examples at the end of the Section 2.2. Finally, v = 21443615441 in the right-hand side diagram is the image of w
through the bijection in the proof of Lemma 1, and we have (t, A, π)w = (t, A, σ)v . Indeed, π occurs twice in w with trace 
t at A, namely in positions 2, 3, 8, 10 and in positions 2, 7, 8, 10; and so does σ in v with trace t at A, namely in positions 
2, 3, 8, 10 and in positions 2, 4, 8, 10.

w =

•
×

×
×

×

•

•

•

→ v =

•

× ×
×

×

•

•

•

The next lemma is the counterpart of Lemma 1 where the patterns differ in two positions, with the additional require-
ment that the two different entries occur once in each pattern.
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Lemma 2. Let π = π1π2 . . .πk and σ = σ1σ2 . . . σk be two d-equivalent patterns such that there are i and j, i < j, with

• π
 = σ
 for any 
, except πi = σ j and π j = σi ,
• π j = πi + 1,
• each of πi and π j occurs once in π (or, equivalently, σi and σ j occur once in σ ).

Let also t = t1t2 . . . tk be a trace of both π and σ with two � symbols and A be a subset of {1, 2, . . . , n} of cardinality k − 2. Then on 
any d-equivalence class the statistics (t, A, π) and (t, A, σ) have the same distribution.

Proof. To a certain extent the proof is similar to that of Lemma 1 by giving a bijection w → v with (t, A, π)w = (t, A, σ)v
on any d-equivalence class.

Since π and σ differ in positions i and j and t contains two � symbols, it follows that ti = t j = �, and since π
and σ are d-equivalent i and j are not consecutive positions in t . We define three intervals [a, b], [a′, b′] and [c, d]. Let 
A = {p1, p2, . . . , pk−2} be the k − 2 element subset.

• If πi is the smallest entry in π then c = 1. Otherwise let πu be the largest entry in π smaller than πi , and x be the 
entry in t playing the role of πu , and finally c = x + 1. Similarly, if π j is the largest entry in π then d = n. Otherwise 
let πu be the smaller entry in π larger than π j , and x be the entry in t playing the role of πu , and finally d = x − 1.

• If i = 1, then a = 1, otherwise a = pi−1 + 1; and b = pi − 1.
• a′ = p j−2 + 1; and if j = k − 2, then b′ = n, otherwise b′ = p j−1 − 1.

Now we define the announced bijection w → v , where v is obtained by constructing the words w ′ , w ′′ and w ′′′ = v by 
applying the following steps.

1. Let u be the word red(w | ([a, b], [c, d]) and u′ = ψ(u), with ψ defined in relation (1), and w ′ be the ([a, b], [c, d])-
substitution by u′ in w;

2. let u be the word red(w ′ | ([a′, b′], [c, d]) and u′ = ψ(u), and w ′′ be the ([a′, b′], [c, d])-substitution by u′ in w ′;
3. let u be the word red(w ′′ | ([a, b′], [c, d]) and u′ = c(u), with c the complement operation, and w ′′′ be the ([a, b′], [c, d])-

substitution by u′ in w ′′;

and finally v = w ′′′ . Note that the first two steps can be performed in arbitrary order since the substitution operations act 
on different entries of w (on the disjoint intervals [a, b] and [a′, b′]). As in the proof of Lemma 1, taking in consideration 
the properties of ψ , w → v transforms any occurrence of π in w with trace t at A into an occurrence of σ in v with trace 
t at A, and w → v is reversible and so it is a bijection. �

Note that in the previous proof, unlike in that of Lemma 2, the property (b) of the bijection ψ is not used.
See Table 1 in Appendix for an example of the equidistribution stated in Lemma 2.

Example 6. Let w be the word 217349648815371 (the left-hand side diagram below), π = 125134 and σ = 135124 be 
two patterns as in Lemma 2, t = 1�81�7 be a common trace of π and σ , and A be the set {2, 9, 11, 14}. In the diagram 
representation of w , the entries 1, 8, 1, 7 of t occurring in positions belonging to A are represented by symbols. Following 
the notations in the proof of Lemma 2, the interval [a, b] is [4, 8], [a′, b′] is [12, 13], [c, d] is [3, 6], w | ([a, b], [c, d]) is the 
subword 3464 (represented by × symbols in the left-hand side diagram), w | ([a′, b′], [c, d]) is the subword 53 (represented 
by + symbols), red(w | ([a, b], [c, d]) = red(3464) is 1232 and ψ(1232) = 2213, red(w | ([a′, b′], [c, d]) = red(53) is 21 and 
ψ(21) = 12. Finally, v = 217559638816471 in the left-hand side diagram is the image of w through the bijection in the 
proof of Lemma 2, and we have (t, A, π)w = (t, A, σ)v . Indeed, π occurs three times in w with trace t at A, namely in 
positions 2, 4, 9, 11, 12, 14, in positions 2, 5, 9, 11, 12, 14, and in positions 2, 8, 9, 11, 12, 14; and so does σ in v with trace 
t at A, namely in positions 2, 4, 9, 11, 13, 14, in positions 2, 5, 9, 11, 13, 14, and in positions 2, 7, 9, 11, 13, 14.

w =

•

•

×
×

•

×

×

•

+

+

•

→ v =

•

•
× ×

•

×

×

•
+

+

•

Theorem 2. Let π = π1π2 . . .πk and σ = σ1σ2 . . . σk be two d-equivalent patterns with π
 = σ
 for any 
, except σi = πi + 1 for 
some i. Then π and σ have the same popularity on any d-equivalence class.
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Proof. By Lemma 1, for any

• integer p,
• trace t with one � symbol in position i of both π and σ , and
• cardinality k − 1 subset A of {1, 2, . . . , n},

on any d-equivalence class we have

|{w : (t, A,π)w = p}| = |{w : (t, A,σ )w = p}|.
For t and A fixed, summing over all w in a d-equivalence class we have∑

w

(t, A,π)w =
∑

w

(t, A,σ )w.

Further, for a fixed A, summing over all possible traces t at A of both π and σ we have∑
t

∑
w

(t, A,π)w =
∑

t

∑
w

(t, A,σ )w.

Note that in this equality there are no ‘double counting’ since different traces result in occurrences of π and σ with different 
values for the entries. Finally summing over all cardinality k − 1 set A we have∑

A

∑
t

∑
w

(t, A,π)w =
∑

A

∑
t

∑
w

(t, A,σ )w.

Again, there are no ‘double counting’ since different sets A result in occurrences of π and σ in different positions. The two 
sides of the last equality give precisely the popularity of π and σ , respectively, on a d-equivalence class, and the statement 
follows. �

Theorem 3. Let π = π1π2 . . .πk and σ = σ1σ2 . . . σk be two d-equivalent patterns with π
 = σ
 for any 
, except πi = σ j and 
π j = σi for some i and j, and π j = πi + 1. Then π and σ have the same popularity on any d-equivalence class.

Proof. We distinguish two cases: at least one of the symbols πi and π j occurs twice in π , or each of these symbols occurs 
exactly once in π .

In the first case, suppose that πi occurs twice in π and let τ = τ1τ2 . . . τk be the pattern with τ
 = τ
 for any 
, except 
τi = πi + 1 (= π j = σi). Since π and σ are d-equivalent so are π and τ (and thus τ and σ ). By Theorem 2 it follows that 
τ has the same popularity as π . But τ
 = σ
 for any 
, except τ j = σ j + 1 (= π j ) and again by Theorem 2 it follows that τ
has the same popularity as σ , and the statement follows.

In the second case (πi and π j occur once in π ), applying Lemma 2 and reasoning as in the proof of Theorem 2, we have 
the desired equipopularity. �

Recall that an f -transformation turns a pattern π into another d-equivalent one σ by making ‘small changes’ as in 
Theorems 2 and 3, and we have the next consequence of these theorems.

Corollary 2. If the pattern σ is an f -transformation of the pattern π , then π and σ have the same popularity on any d-equivalence 
class.

See Table 2 in Appendix for an example of the equipopularity stated in Corollary 2. Combining Corollaries 1 and 2 we 
obtain the next theorem.

Theorem 4. Two patterns are d-equivalent if and only if they have the same popularity on any d-equivalence class.

Proof. ‘⇒’ If the patterns π and σ are d-equivalent, then they are f -equivalent, and thus there is a sequence of pat-
terns π = τ (1), τ (2), . . . , τ (k) = σ such that τ (p+1) is an f -transformation of τ (p) , 1 ≤ p ≤ k − 1. Thus τ (p+1) and τ (p) are 
equipopular on any d-equivalence class and so are π and σ .

‘⇐’ By contraposition: if the patterns π and σ are not d-equivalent, then within the words of the d-equivalence class 
containing (once) π the pattern σ does not occur, or vice versa. Indeed π and σ differ by their length and/or their arity, 
and/or their descent set; and so there is a d-equivalence class on which π and σ are not equipopular. �

Two same length words are descent-equivalent if they have same descent set (and not necessarily same underlying 
alphabet), and so d-equivalence implies descent-equivalence. A q-ary descent-equivalence class is a maximal set of same 
length descent-equivalent q-ary words, for instance {121, 131, 132, 231, 232} is a 3-ary descent-equivalence class. And we 
have the next easy to see corollary.
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Corollary 3. Two patterns are d-equivalent if and only if they have the same popularity on any q-ary descent-equivalence class.

Finally, permutations are particular words (and particular patterns) for which the notions of d-equivalence and descent-
equivalence coincide. Specializing the previous results to permutations we have the following straightforward result.

Corollary 4. Two permutations are descent-equivalent if and only if they have the same popularity on any descent-equivalence class 
of permutations.

See Table 2 in Appendix for an example of equipopularity of two descent-equivalent permutations.

Declaration of competing interest
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Appendix A

Here we give two examples of equidistribution and equipopularity considered through this article.

Table 1
The equidistribution of the statistics (t, A, π) and (t, A, σ) over the set 
of length eight words with underlying alphabet {1, 2, . . . , 5} and descent 
set {2, 3, 5, 6, 7}, for: π = 1332, σ = 2331, t = �44� and A = {3, 6}. Only 
words w with (t, A, π)w �= 0 or (t, A, σ)w �= 0 are shown. The occurrences 
of the symbols 4 in positions belonging to A (and playing the role of 3 in 
the occurrences of π and of σ ) are in bold. There are six words w for which 
(t, A, π)w = 1, as many as for which (t, A, σ)w = 1; and there are three 
words w for which (t, A, π)w = 2, as many as for which (t, A, σ)w = 2.

w (t, A,π)w (t, A, σ )w

15415432 2 0
15425431 1 0
15425432 2 0
15435421 1 0
15435432 2 0
25415431 1 1
25415432 1 0
25425431 1 1
25435421 0 1
25435431 1 1
35415421 0 2
35415432 0 1
35425421 0 2
35425431 0 1
35435421 0 2
. . . 0 0

Table 2
The equipopularity of the patterns 213 and 312 over the set of length five 
words with underlying alphabet {1, 2, . . . , 5} (that is, length five permuta-
tions) and descent set {1, 4}. Only words w with (213)w �= 0 or (312)w �= 0
are shown. The two patterns are not equidistributed over this set.

w (213)w (312)w

21354 3 0
21453 3 0
31254 4 1
31452 2 1
32451 2 0
41253 2 3
41352 2 2
42351 2 1
51243 0 5
51342 0 4
52341 0 3
. . . 0 0

popularity 20 20
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France

David Bevan
University of Strathclyde

Glasgow, Scotland, United Kingdom

Sergey Kirgizov
LIB, Univ. Bourgogne Franche-Comté
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Abstract

An n-multiset of [k] = {1, 2, . . . , k} consists of a set of n elements from [k]
where each element can be repeated. We present the bivariate generating function
for n-multisets of [k] with no consecutive elements. For n = k, these multisets
have the same enumeration as directed animals in the square lattice. Then we
give constructive bijections between directed animals, multisets with no consecutive
elements and Grand-Dyck paths avoiding the pattern DUD, and we show how
classical and novel statistics are transported by these bijections.

Mathematics Subject Classifications: 05A15,05A19

1 Introduction and motivation

For several decades, directed animals have been widely studied in the literature. They
are special lattice point configurations, and their close links with certain problems of
thermodynamics, in particular with the problem of directed percolation [9, 10], gives them
an important place in the domains of theoretical physics and combinatorics. The problem
of the enumeration of animals of a given area was stated for the first time by Harary in
[16]. Then, Dhar, Phani and Barma [13] provided a first closed form for counting directed
animals on the square and triangular lattices with respect to area. Later other proofs of
this result were given using new combinatorial structures such as heaps of pieces [26] or
gas models [1, 7, 12, 18]. In [2] Bacher provides a generating function for the total site

∗Corresponding author: barjl@u-bourgogne.fr
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perimeter on the square and triangular lattices, solving a conjecture proposed in 1996
by Conway [11]. But the problem of finding the generating function for the enumeration
of directed animals according to the area and perimeter still remains open. According
to [19], this function is not believed to be D-finite. Hoping to capture properties on the
perimeter, other studies present one-to-one correspondences between directed animals and
some restricted classes of already known combinatorial objects such as guingois trees [5],
heaps of dimers [8], forests of 1-2 trees [4], permutations avoiding the patterns 321 and
41̄523 [4], and lattice paths [6, 15].

The purpose of this paper is to present new combinatorial classes in bijection with
directed animals on the square and triangular lattices. After preliminary discussions
on multisets in Section 2, we exhibit in Section 3 a correspondence with Grand-Dyck
paths avoiding the pattern DUD that is in turn in correspondence with multisets with no
consecutive elements. Then, we show how these bijections transport classical and novel
parameters on these classes, which opens a new way to explore statistics on directed
animals in the well-known contexts of Dyck paths and multisets.

2 Preliminaries

An n-multiset on [k] = {1, 2, . . . , k} consists of a set of n elements from [k] where we
permit each element to be repeated [17, 23]. Throughout this paper, an n-multiset π will
be represented by the unique sequence π1π2 . . . πn of its elements ordered in non-decreasing
order, e.g. the multiset {1, 1, 2, 2, 3, 3} will be written 112233. For n, k > 1, let Mn,k

be the set of n-multisets of [k]. We set Mn = Mn,n and M =
⋃

n>1Mn. For instance,
we have M3,2 = {111, 112, 122, 222} and M3 = M3,2 ∪ {113, 123, 133, 223, 233, 333}.
The graphical representation of a multiset π ∈ Mn,k is the set of points in the plane at
coordinates (i, πi) for i ∈ [n]. Whenever none of the points (i, πi) lie below the diagonal
y = x, i.e., i 6 πi for all i ∈ [n], π will be called superdiagonal. Let Ms

n,k (resp. Ms
n) be

the set of superdiagonal n-multisets of [k] (resp. of [n]) and Ms =
⋃

n>1Ms
n.

From a multiset π ∈ Mn,k, we consider the path of length n + k on its graphical
representation with up and right moves along the edges of the squares that goes from the
lower-left corner (0, 0) to the upper-right corner (n, k) and leaving all the points (i, πi),
i ∈ [n], to the right and remaining always as close to the line x = n as possible (see the left
part of Figure 1 for an example). Then, the number of n-multisets of [k] is the number of
possibilities to choose n right moves among k+n− 1 moves (the first is necessarily an up
move), that is the binomial coefficient

(
k+n−1

n

)
(see for instance [23]). Reading this path

from left to right, we construct a lattice path of length n+ k from (0, 0) to (n+ k, n− k)
by replacing any up-move with up step U = (1, 1) and any right-move with down step
D = (1,−1). Clearly, this path starts with U and consists of n up steps and k down
steps. As a byproduct whenever n = k, this construction induces a bijection Φ between
Mn and the set GDn of Grand-Dyck paths of semilength n starting with an up-step, that
is the set of paths from (0, 0) to (2n, 0) starting with U and consisting of U and D steps.
Moreover, the image by Φ of Ms

n is the set Dn of Dyck paths of semilength n, i.e. the
subset of paths in GDn that do not cross the x-axis. See Figure 1 for two examples of this
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construction.

Theorem 1. The map Φ is a bijection from Mn to GDn, and the image of Ms
n is Dn.

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8

Φ7→ 1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8

Φ7→

Figure 1: Illustration of the bijection Φ between multisets and lattice paths

Now, let us define the set M?
n,k of n-multisets of [k] with no consecutive integers,

i.e., multisets π such that πi+1 6= πi + 1 for all i ∈ [n − 1]. Then we set M?
n = M?

n,n,
Ms,?

n =M?
n ∩Ms

n, M? =
⋃

n>1M?
n and Ms,? =

⋃
n>1Ms,?

n . On the other hand, if P is
a set of lattice paths consisting of U and D steps, then we denote by P? the subset of P
consisting of paths that do not contain any occurrence of the pattern DUD.

Considering these notations, it is straightforward to obtain the following theorem.

Theorem 2. The map Φ induces a bijection from M?
n to GD?

n, and from Ms,?
n to D?

n.

It is well known (see for instance [20, 21, 25]) that the cardinality of D?
n is given by the

general term of Motzkin sequence A001006 in [22]. Then, using Theorem 2 the cardinality
of the set Ms,?

n is also counted by this sequence.
Now, using combinatorial arguments, we prove that the cardinality ofM?

n is given by
the general term of the sequence A005773 in [22] which also counts directed animals with
a given area on the square lattice.

Theorem 3. The ordinary generating function for n-multisets of [n] with no consecutive
integers is

1− 3 z −
√

1− 2z − 3 z2

6 z − 2
.

Proof. Let f(z, u) =
∑

n,k>1 fn,k z
nuk be the bivariate generating function for the set

M?
n,k. That is, the coefficient fn,k is the number of n-multisets of [k] with no consecutive

integers. We build such a multiset by considering each integer from {1, . . . , k} in turn,
and marking how many times it occurs in the multiset. Each of the k integers contributes
a factor of u, and each occurrence in the multiset contributes a factor of z.

Using this approach, f(z, u) can be written in the following form:

f(z, u) = Seq[u] × u Seq+[z] × Seq
[
Seq+[u]u Seq+[z]

]
× Seq[u], (1)

in which we make use of notation of Flajolet and Sedgewick [14]: Seq[x] = 1/(1 − x) =
1 + x + x2 + . . . represents the occurrence of zero or more items counted by x, and
Seq+[x] = x/(1− x) = x+ x2 + . . . represents the occurrence of one or more items.
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k\n 1 2 3 4 5 6 7 8 9
1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2
3 3 4 5 6 7 8 9 10 11
4 4 7 10 13 16 19 22 25 28
5 5 11 18 26 35 45 56 68 81
6 6 16 30 48 70 96 126 160 198

Table 1: The number of n-multisets of [k] with no consecutive integers

The first term of (1), Seq[u], represents the (possibly empty) initial sequence of inte-
gers not in the multiset. The second term, uSeq+[z], represents the first integer in the
multiset, occurring one or more times.

Each subsequent integer, if any, that occurs one or more times in the multiset is pre-
ceded by at least one integer not in the multiset, since it does not contain consecutive inte-
gers. So each such additional integer in the multiset is represented by Seq+[u]uSeq+[z].
The third term of (1) thus represents all of the subsequent integers in the multiset. Fi-
nally, the fourth term, Seq[u], represents the (possibly empty) final sequence of integers
not in the multiset.

Expansion and simplification yields

f(z, u) =
uz

(1− u) (1− u− z + uz − u2z)
.

Small values of fn,k are shown in Table 1.
As a consequence of the bijection Φ, the set of lattice paths of length n + k starting

at (0, 0), ending at (n+ k, n− k) consisting of n up steps and k down steps, starting with
an up-step and avoiding the pattern DUD has a bivariate generating function given by
f(zu, z/u).

In order to obtain the generating function for the set M?
n = M?

n,n, we require the
diagonal ∆(f)(z) =

∑
n>1 fn,nz

n = [u0]f(z/u, u), where [u0]g(u) is the constant coefficient
of u in g(u).

If g(u) = g(u, z) is a formal Laurent series, then the constant term [u0]g(u) is given
by the sum of the residues of u−1g(u) at those poles α of g(u) for which limz→0 α(z) = 0
(see [24, Section 6.3]).

In our case, f(z/u, u) has a single pole α(z) for which α(0) = 0, and the residue of
u−1f(z/u, u) at α(z) is

1− 3 z −
√

1− 2z − 3 z2

6 z − 2

as required.

As a consequence of the bijection Φ, we have the following.
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Corollary 4. The ordinary generating function for Grand-Dyck paths of semilength n
starting with an up-step and avoiding the pattern DUD is counted by sequence A005773
in [22].

Sequence A005773 in [22] counts diverse combinatorial objects, including various other
types of lattice paths. For example, Banderier et al prove in [3] that Motzkin meanders
(prefixes of Motzkin paths) are enumerated by this sequence. Sapanoukis et al. [21] state
that Grand-Dyck paths of semilength n starting with an up-step and avoiding the pattern
UDU are also counted by this sequence. We are unaware of a published proof of this, so
present one very briefly here. We use the fact that the construction behind Φ induces a
bijection between these Grand-Dyck paths avoiding UDU and n-multisets of [n] in which
no integer except n occurs exactly once.

Theorem 5. The set of n-multisets of [n] in which no integer except n occurs exactly
once is counted by sequence A005773 in [22].

Proof. Let h(z, u) be the bivariate generating function for n-multisets of [k] in which no
integer except k occurs exactly once. We have

h(z, u) = Seq
[
u
(
Seq[z]− z

)]
× u Seq[z] =

u

1− z − u (1− z + z2)
,

where the first term of the construction represents no occurrence or at least two occur-
rences of each integer from {1, . . . , k − 1}, and the second term represents zero or more
occurrences of k. Extracting the diagonal then yields

[u0]h(z/u, u) =
1− 3 z −

√
1− 2z − 3 z2

6 z − 2

as required.

Corollary 6. The ordinary generating function for Grand-Dyck paths of semilength n
starting with an up-step and avoiding the pattern UDU is counted by sequence A005773
in [22].

3 From multisets to directed animals via Grand-Dyck paths

A directed animal A of area n (or equivalently with n nodes) in the triangular lattice is a
subset of n points in the lattice containing (0, 0) and where any point in A can be reached
from (0, 0) with up-moves (0, 1), right-moves (1, 0) and diagonal moves (1, 1) by staying
always in A. Directed animals in the square lattice are those that do not use diagonal
moves. See the left part of Figure 2 for an example of directed animal in the triangular
lattice, and we refer to references in Introduction for several combinatorial studies on these
objects. Let Qn (resp. Tn) be the set of directed animals with n nodes in the square (resp.
triangular) lattice, then its cardinality is given by the nth term of the sequence A005773
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Figure 2: A directed animal and its associated heap.

in [22] (resp. by the binomial coefficient
(

2n−1
n

)
). We set Q = ∪n>1Qn, T = ∪n>1Tn and

obviously we have Q ⊂ T .
In the literature [8, 26, 27], directed animals are often viewed as heaps obtained by

dropping vertically dimers such that each dimer (except the first) touches the one below
by at least one of its extremities. Indeed, from A ∈ T , we apply a counterclockwise
rotation of 45 degree of its graphical representation and we replace each point of A with a
dimer of width

√
2/2. See Figure 2 for an example of such a representation. Notice that

directed animals in Q correspond to heaps of dimers where no dimer has another dimer
directly above it (such a heap will be called strict). Let T s (resp. Qs) be the set of all
subdiagonal directed animals in T (resp. Q), i.e., directed animals where all its points
(i, j) satisfy j 6 i.

Without losing accuracy, the sets T and Q will also be used to designate respectively
the set of heaps of dimers and the set of strict heaps of dimers. Then, any heap A ∈ T s

has a unique factorization into one of the four following forms (see [8]):

(i) (ii)
B

(iii)
B

(iv)
C
B

,

where B,C ∈ T s. Moreover, any heap A ∈ T \T s has a unique factorization:

(v) B
C

,

where B ∈ T s and C ∈ T .
The factorization of A ∈ Q (resp. A ∈ Qs) is obtained after omitting the case

(iii). Translating these factorizations using functional equations involving the generating
functions T (z) and T s(z) for T and T s (resp. Q(z) and Qs(z) for Q and Qs), we obtain

T s(z) =
1− 2z −

√
1− 4z

2z
, T (z) =

1− 4 z −
√

1− 4z

8 z − 2
,

Qs(z) =
1− z −

√
1− 2z − 3 z2

2z
, and Q(z) =

1− 3 z −
√

1− 2z − 3 z2

6 z − 2
.

The coefficients of zn in the Taylor expansion of Qs(z) (resp. Q(z), T s(z) and T (z))
generate a shift of the Motzkin sequence A001006 (resp. A005773, the Catalan sequence
A000108 and A001700) in [22]).
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Now, we construct a bijection from Mn to the set Tn of directed animals in the
triangular lattice which transports M?

n into Qn. We proceed in two steps. Firstly, we
define a bijection from T s

n to Ms
n for n > 1, and secondly we extend it from Tn to Mn.

For the first step, and according to the above bijection Φ from Ms
n to Dn, it suffices to

define a one-to-one correspondence Ψ between T s
n and Dn. Letting A be a directed animal

in T s, we define Ψ(A) with respect to its four possible factorizations:

• if A satisfies (i) then Ψ(A) = UD,

• if A satisfies (ii) then Ψ(A) = UΨ(B)D,

• if A satisfies (iii) then Ψ(A) = Ψ(B)UD,

• if A satisfies (iv) then Ψ(A) = Ψ(C)UΨ(B)D.

Due to the recursive definition, the image by Ψ of a directed animal in T s
n is a Dyck path

of semilength n, and the image of an element of Qs
n is a Dyck path with no pattern DUD,

i.e. in D?
n.

Theorem 7. For n > 1, the map Φ−1 · Ψ is a bijection from T s
n to Ms

n, and the image
of Qs

n is Ms,?
n .

Proof. Since Φ−1 is a bijection from Dn to Ms
n, it suffices to prove that Ψ is a bijection

from T s
n to Dn. As these two last sets are both enumerated by the Catalan numbers, it

suffices to prove the injectivity of Ψ. We proceed by induction on n. The case n = 1
holds trivially. We assume that Ψ is injective for k 6 n, and we prove the result for
n + 1. By definition, the image by Ψ of animals satisfying (i) and (ii) are Dyck paths
with only one return on the x-axis, i.e. with only one down step D that touches the
x-axis. Animals satisfying (iii) are sent by Ψ to Dyck paths ending with DUD and with
at least two return on the x-axis. Animals satisfying (iv) are sent to Dyck paths with at
least two down steps at the end, and with at least two returns. Then, for A,A′ ∈ T s

n+1,
Ψ(A) = Ψ(A′) implies that A and A′ belong to the same case (i), (ii), (iii) or (iv). The
recurrence hypothesis induces A = A′ which completes the induction. Moreover, in the
case where A ∈ Qs

n, it does not satisfy (iii) and this implies that Ψ(A) is a Dyck path
avoiding DUD. Finally, a cardinality argument proves that Ψ(Qs

n) =Ms,?
n .

Now we extend the map Ψ from Tn to Mn as follows. Let A be a directed animal in
Tn\T s

n , then A can be factorized as (v) with B ∈ T s and C ∈ T . In the subcase where
C ∈ T \T s, C satisfies the case (v), and let D ∈ T s, E ∈ T be the two parts of its
factorization. According to these two cases, we set:

Ψ(A) =

{
Ψ(B)Ψ(C)r if C ∈ T s,
Ψ(B)Ψ(D)rΨ(E) otherwise,

where P r is obtained from P by reading the Dyck path P from right to left (for instance,
if P = UUDUUDDD then P r = DDDUUDUU). Less formally, Ψ maps successive
components from T s to Dyck paths alternately above and below the x-axis. See Figure 3
for an illustration of the map Ψ.
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Theorem 8. For n > 1, the map Φ−1 ·Ψ is a bijection from Tn to Mn, and the image of
Qn is M?

n.

Proof. Let us prove that Ψ is a bijection from Tn to Mn. As these two sets have the
same cardinality, it suffices to prove the injectivity of Ψ. Using Theorem 7, it remains
to prove that directed animals A ∈ Tn\T s

n are sent bijectively by Ψ to Grand-Dyck
paths in GDn\Dn. Due to the definition of Ψ whenever A ∈ Tn\T s

n , we have either
Ψ(A) = Ψ(B)Ψ(C)r or Ψ(A) = Ψ(B)Ψ(D)rΨ(E) with B,C,D ∈ T s and E ∈ T . Then,
the path Ψ(A) starts with an up-step (the first step of the non-empty Dyck path Ψ(B)),
and since the first step of Ψ(C)r (resp. Ψ(D)r) is a down-step, Ψ(A) crosses the x-axis
which ensures that Ψ(B)Ψ(C)r (resp. Ψ(B)Ψ(D)r) belongs to GDn\Dn. We complete
the proof with a simple induction on n. Whenever A ∈ Q, Theorem 7 ensures that Ψ(B),
Ψ(C) and Ψ(D) avoid the pattern DUD. By symmetry, the paths Ψ(C)r and Ψ(D)
avoid DUD which implies that the Grand-Dyck paths Ψ(B)Ψ(C)r and Ψ(B)Ψ(D)r do
not contain DUD. By induction, Ψ(A) belongs to M?

n.

↓ Ψ

↓ Φ−1

3 4 5 5 5 5 5 6 6 8 8 8 8 12 15 16 17 17 17 19 19 19

Figure 3: Bijection Φ−1Ψ between directed animals and multisets via Grand-Dyck paths.

Now we define some statistics and parameters on Tn, Mn and GDn, and we show
how the bijections Φ, Ψ and Φ−1 · Ψ establish correspondences between them. Table 2
summarizes these correspondences.

For a directed animal A ∈ Tn, we set:

• Area(A) = number of points in A,

• Lw(A) = left width, i.e. max{i > 0 such that the line y = x+ i meets A},
• Rw(A) = right width, i.e. max{i > 1 such that the line y = x− i+ 1 meets A},
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• Width(A) = Lw(A) + Rw(A) = width,

• Diag(A) = number of
×
× in A, where × means a site without point in A,

• Nbp(A, i) = number of points of A on the line y = x− i+ 1,

For a multiset π ∈Mn, we define δ(πi) = 0 if πi < i and 1 otherwise, and we set:

• Length(π) = n,

• Cross(π) = card{i ∈ [n− 1], δ(πi) 6= δ(πi+1)},
• Adj(π) = number of adjacencies, i.e., card{i ∈ [n− 1], such that πi+1 = πi + 1},
• Gap(π, i) = |πi − i| − ci where ci = card{j 6 i− 1, δ(πj) 6= δ(πj+1)},
• Gap(π) = maxi∈[n] Gap(π, i).

For a Grand-Dyck path P ∈ GDn, the height h(a, b) of a point (a, b) ∈ P is the ordinate
b, and h(P ) = max{h(a, b) : (a, b) ∈ P}. Here we consider a new height function defined
by Height(a, b) = |b| − ca where ca is the number of the x-axis crossings before the line
x = a, and we set:

• Semilength(P ) = number of up-steps U ,

• Cross(P ) = number of crossings of the x-axis,

• Height(P ) = max(a,b)∈P Height(a, b),

• Dud(P ) = number of pattern DUD,

• Nbu(P, i) = number of U having endpoint (a, b) satisfying Height(a, b) = i+ 1.

A ∈ Tn P = Ψ(A) ∈ GDn π = Φ−1(P ) ∈Mn

Area(A) Semilength(P ) Length(π)
Lw(A) Cross(P ) Cross(π)
Rw(A) Height(P ) Gap(π)
Width(A) Cross(P ) + Height(P ) Cross(π) +Gap(π)
Diag(A) Dud(P ) Adj(π)
Nbp(A, i) Nbu(P, i) Gap(π, i)

Table 2: Statistic correspondences by the bijections Ψ and Φ.

Theorem 9. The bijections Φ and Ψ induce correspondences between statistics as sum-
marized in Table 2.

the electronic journal of combinatorics 27(2) (2020), #P2.10 9



Proof. The statistic correspondences induced by Φ are easy to check. So, we only prove
the correspondences generated by Ψ from directed animals to Grand-Dyck paths.

When A ∈ T s, we have Lw(A) = Cross(Ψ(A)) = 0. When A ∈ T \T s, A satisfies
(v) with B ∈ T s and C ∈ T . Then Lw(A) = 1 + Lw(C). We assume the recurrence
hypothesis Lw(C) = Cross(Ψ(C)), which implies Lw(A) = 1 + Cross(Ψ(C)). Using
the recursive definition of Ψ, we have Cross(Ψ(A)) = 1 + Cross(Ψ(C)) which gives by
induction Lw(A) = Cross(Ψ(A)).

When A ∈ T s, it satisfies (i), (ii), (iii) or (iv), and the recursive definition of Ψ
implies that Rw(A) = h(Ψ(A)) = Height(Ψ(A)). Otherwise, if A is factorized as (v)
with B ∈ T s and C ∈ T s, then

Rw(A) = max{Rw(B),Rw(C)− 1}
= max{h(Ψ(B)),h(Ψ(C))− 1}
= max{Height(a, b), (a, b) ∈ Ψ(B)Ψ(C)r},

which is equal to Height(Ψ(A)). If A is factorized as (v) with B ∈ T s and C ∈ T \T s,
then C can be factorized as (v) with D ∈ T s and E ∈ T , and using an induction we have:

Rw(A) = max{h(Ψ(B)),h(Ψ(D))− 1,Height(Ψ(E))− 2}
= max{Height(a, b), (a, b) ∈ Ψ(B)Ψ(D)rΨ(E)},

which gives exactly Height(Ψ(A)).
When A ∈ T s, it satisfies (i), (ii), (iii) or (iv), and the recursive definition of Ψ

implies that Nbp(A, i) = Nbu(Ψ(A), i). Otherwise, if A is factorized as (v) with B ∈ T s

and C ∈ T s, then Nbp(A, i) = Nbp(B, i) + Nbp(C, i + 1), and using the recurrence
hypothesis it is equal to

Nbu(Ψ(B), i) + Nbu(Ψ(C), i+ 1) = Nbu(Ψ(B)Ψ(C)r, i) = Nbu(Ψ(A), i).

Whenever A is factorized as (v) with D ∈ T s and E ∈ T , a similar argument completes
the proof.

Due to the symmetry σ about the diagonal y = x, the two statistics Lw(·) + 1 and
Rw(·) have the same distribution on directed animals in T and Q. Using Theorem 9 and
Table 2, this induces that Cross(·) + 1 and Height(·) also have the same distribution in
GD and GD?.
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1. Introduction and notation

Dyck paths with a constrained first return decomposition were introduced in [4] where the authors present both
enumerative results using generating functions and a constructive bijection with the set of Motzkin paths. In [5], a
similar study has been conducted for Motzkin, 2-colored Motzkin, Schröder and Riordan paths. In the literature, many
papers deal with the enumeration of classical Dyck paths according to different parameters, e.g. length, number of peaks,
valleys, double rises and other pattern occurrences [10,15,16,18–21,24]. Restricted classes of Dyck paths have also been
considered, for instance Barcucci et al. [2] consider Dyck paths having a non-decreasing height sequence of valleys (see
also [8,9]). Other papers deal with Motzkin paths using similar methods [3,6,11,12,17,22,25]. Motzkin and Catalan numbers
appear alongside in many situations [11] and several one-to-one correspondences exist between restricted Dyck paths
and Motzkin paths. For instance, Dyck paths avoiding a triple rise are enumerated by the Motzkin numbers [7].

In this paper, we focus on the distribution and the popularity of patterns of length at most three in constrained Dyck
paths defined in [4]. Our method consists in showing how patterns are getting transferred from constrained Dyck paths
to Motzkin paths, which settles us in a more suitable ground in order to provide generating functions for the distribution
and the popularity.

A Motzkin path of length n ⩾ 0 is a lattice path consisting of flat steps F = (1, 0), up steps U = (1, 1) and down steps
D = (1, −1), starting at (0, 0), ending at (n, 0) and never going below the x-axis. For n ⩾ 0, we denote by Mn the set of
all Motzkin paths of length n and we set M =

⋃
n⩾0 Mn. A Motzkin path of length 2n with no flat steps is a Dyck path of

semilength n. For n ⩾ 0, let Dn be the set of all Dyck paths of semilength n and D =
⋃

n⩾0 Dn. The cardinality of Dn is given
by the nth Catalan number cn =

1
n+1

(2n
n

)
, which is the general term of the sequence A000108 in the On-line Encyclopedia

of Integer Sequences of N.J.A. Sloane [23]. The cardinality of Mn is given by the nth Motzkin number
∑⌊n/2⌋

k=0

( n
2k

)
ck (see

A000108 in [23]).
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Fig. 1. Illustration of the bijection φ between Dh,⩾
n and Mn .

Any non-empty Dyck path P ∈ D has a unique first return decomposition [10] of the form P = UαDβ where α and β
are two Dyck paths in D. In [4], the authors introduced the set Dh,⩾ constituted of the empty Dyck path and the Dyck
paths in D having a first return decomposition satisfying

h(UαD) ⩾ h(β)

where α, β ∈ Dh,⩾ and h returns the maximal height of a Dyck path. For n ⩾ 0, let Dh,⩾
n be the subset of Dyck paths of

semilength n in Dh,⩾. For instance, Dh,⩾
3 consists of four Dyck paths UDUDUD, UUDDUD, UUDUDD and UUUDDD. In [4],

the authors prove, using generating functions, that Dh,⩾
n and Mn have the same cardinality, and they present also the

following bijection φ between these sets.
For P ∈ Dh,⩾,

φ(P) =

{
ϵ if P = ϵ,

φ(α)F if P = αUD,

φ(α)φ(γ )Uφ(β)D if P = αUUβDγD.

For instance, the images by φ of UDUDUD, UUDDUD, UUDUDD, UUUDDD, UUUUDDDDUUUDDUDD are respectively FFF ,
UDF , FUD, UFD and UUDDFUFD. We refer to Fig. 1 for an illustration of this mapping.

A statistic on a set S of paths is an association of an integer in Z to each path in S. For instance the map that returns
the number of steps is a statistic, and we denote by 1 (resp. 0) the constant statistic that sends any path to 1 (resp. 0). Let
S be the set of all statistics on a set S. For X, Y ∈ S , we define the statistic X+ Y so that (X+ Y)(P) = X(P)+ Y(P) for any
P ∈ S, which endows S with a Z-module structure. Let S and T be two sets of paths, and let S and T be the associated
statistic sets. Two statistics X ∈ S and Y ∈ T have the same distribution if and only if there exists a bijection f from S to
T such that for any P ∈ S we have X(P) = Y(f (P)). In this case, we say that f transports the statistic X into Y, which can
be shortly written with the statistic equation f (X) = Y (or X = Y whenever f is the identity).

A pattern X of length k ⩾ 1 occurs in a path P if and only if P contains X as a sequence of consecutive steps. Note
that other variants of pattern definition exist in the literature (see for instance [1]). From a given pattern X and a set S
of paths, we associate the statistic X from S to N such that X(P) is the number of occurrences of the pattern X in P . The
popularity of a pattern X in S is the total number of occurrences of the pattern X in all paths P ∈ S, that is

∑
P∈S X(P).

For instance, if P = UUUDDUDD then we have UD(P) = UU(P) = 2, DDD(P) = 0. Moreover, if S = {UUDD,UDUD} then
the popularity of the pattern UD in S is 3. Also, for any subset S of M, we have the statistic equation U = D since for any
path in S the number of up steps equals to the number of down steps. If we restrict S to Dn (resp. Mn), then we have
U + D = 2n (resp. U + F + D = n), where n is the constant statistic P ↦→ n.

Considering the above bijection φ from Dh,⩾
n to Mn, the length of φ(P) is the semilength of P and we easily deduce

the statistic equation:

φ(U) = φ(D) = U + D + F = n. (1)

In this paper, we present statistic equations showing how φ: Dh,⩾
n → Mn transports statistics associated to patterns

of length at most three into linear combinations of other statistics. Then, this allows us to conduct our enumerative study
in the more natural and simpler context of Motzkin paths, while a direct study on Dh,⩾

n is complicated due to the lack
of an adequate recursive decomposition. So, we use statistic equations in order to derive bivariate generating functions
for the distribution of patterns of length at most three, and we deduce the pattern popularity thereafter. Section 2 deals
with patterns of length 2 while Section 3 deals with patterns of length 3. Many of the resulting sequences correspond to
existing entries in the On-line Encyclopedia of Integer Sequences of N.J.A. Sloane [23] enumerating a quantity of already
known combinatorial structures, and we also obtain new sequences not yet known in [23].

2. Patterns of length 2

In this part, we provide statistic equations showing how patterns of length two behave through φ : Dh,⩾
n → Mn,

which allows us to deduce generating functions for the distribution and the popularity of such patterns. See Table 1 for
an illustration of the distributions and Table 2 for the first terms of popularity sequences.
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Table 1
Number of paths in Dh,⩾

n having k peaks UD, or equivalently k − 1 valleys DU , or equivalently n − k double rises UU .
k n

1 2 3 4 5 6 7 8 9 10 11

1 1 1 1 1 1 1 1 1 1 1 1
2 1 2 4 6 9 12 16 20 25 30
3 1 3 9 19 38 66 110 170 255
4 1 4 16 44 111 240 485 900
5 1 5 25 85 260 676 1615
6 1 6 36 146 526 1602
7 1 7 49 231 959
8 1 8 64 344
9 1 . . . . . .

Σ 1 2 4 9 21 51 127 323 835 2188 5798

Table 2
Popularity of length two patterns in Dh,⩾

n for 1 ⩽ n ⩽ 12.
Pattern Popularity sequence OEIS

UD 1, 3, 8, 22, 61, 171, 483, 1373, 3923, 11257, 32418, 93644 A025566
DU 0, 1, 4, 13, 40, 120, 356, 1050, 3088, 9069, 26620, 78133 A025567
UU, DD 0, 1, 4, 14, 44, 135, 406, 1211, 3592, 10623, 31260, 92488

Theorem 1. For n ⩾ 0, the bijection φ from Dh,⩾
n to Mn transports statistics associated to patterns of length two as

follows:

φ(UD) = F + UD, (2)

φ(UU) = φ(DD) = U + UU + UF, (3)

φ(DU) = FF + FU + DF + DU. (4)

Proof. For Eq. (2), we refer to [4].
For Eq. (3), we observe that for any Dyck path of semilength n an up step U is always followed by U or D, which

implies the equality UU + UD = n on Dh,⩾
n . With a similar argument and U = D, we have F + U + UD + UU + UF = n on

Mn. Using Eq. (2) we obtain φ(UU) = n − φ(UD) = n −
(
F + UD

)
= U + UU + UF.

For Eq. (4), we observe that the statistic UU+UD+DU+DD equals 2n−1 on Dh,⩾
n . Using the straightforward equality

UU = DD on Dn, we obtain DU = 2n − 1 − 2UU − UD. Applying the bijection φ and using Eqs. (2) and (3) we obtain
φ(DU) = 2n − 1 − 2(U + UU + UF) − (F + UD). On the other hand, on the set of Motzkin paths of length n we have
the statistic equations U + F + D = n and FD + FU + FF + DD + DU + DF + UD + UU + UF = n − 1, which induces
2n − 1 = U + F + D + FD + FU + FF + DD + DU + DF + UD + UU + UF. Also, for any Motzkin path we have U = D which
implies UU + UF + UD = UD + FD + DD, and thus UU + UF = FD + DD. So, combining all these equations, we obtain
φ(DU) = U+F+D+FD+FU+FF+DD+DU+DF+UD+UU+UF−U−D−UU−UF−FD−DD−F−UD = FF+FU+DF+DU. □

Theorem 2. The bivariate generating functions Fp(x, y) where the coefficient of xnyk is the number of Dyck paths in Dh,⩾
n

containing exactly k occurrences of the pattern p ∈ {UD,UU,DD,DU} are

FUD(x, y) =

x2 − x2y − xy + 1 −

√
−4x2 +

(
x2 (y − 1) + xy − 1

)2
2x2

,

FUU (x, y) = FDD(x, y) =

x2y2 − x2y − x + 1 −

√
−4x2y2 +

(
x2y (y − 1) − x + 1

)2
2x2y2

,

FDU (x, y) =

x2y − x2 − xy + 1 −

√
−4x2 +

(
x2 (y − 1) + xy − 1

)2
2x2y

.

Proof. For p = UD, Corollary 3 in [4] provides directly the bivariate generating function as a solution of a functional
equation on Motzkin paths with respect to the number of occurrences of patterns F and UD (see Eq. (2)).

For p = UU , there are two ways to obtain the generating function. First, we know that UU + UD = n for Dyck paths
of semilength n. So, we can obtain directly the generating function by calculating FUD(xy, 1

y ). Moreover we know that
φ(UU) = U + UU + UF (see Eq. (3)). So, we decompose the set M of all Motzkin paths in the following way:

M = ϵ + FM + UDM + U(M\ϵ)DM.
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The generating function for ϵ + FM is given by 1 + xM(x, y); the g.f. for UDM is x2yM(x, y) since UD contains one
occurrence of U; the g.f. for U(M\ϵ)DM is x2y2(M(x, y) − 1)M(x, y) since a path in U(M\ϵ)D starts with U and its first
two steps are either UU or UF . This induces the functional equation

M(x, y) = 1 + xM(x, y) + x2yM(x, y) + x2y2(M(x, y) − 1)M(x, y),

which also gives the expected result.
For p = DU , the result is obtained by using the equality DU = UD − 1 and evaluating FDU (x, y) = 1 +

FUD(x,y)−FUD(x,0)
y .

Note that we can obtain this result using Eq. (4). □

Table 1 gives the number of paths in Dh,⩾
n having k peaks UD for 1 ⩽ n ⩽ 11 and 1 ⩽ k ⩽ 8. Applying standard

techniques from generating function theory, we verify that the second row corresponds to the sequence of quarter-
squares numbers, ⌊(n2/4)⌋, which is the third row of Lozanić’s triangle (see A034851 and [14]). The third row is a shift
of the sequence A005994 corresponding to alkane numbers l(7, n) from fifth row of Lozanić’s triangle, which enumerates
certain symmetries exhibited by chemical entities (alkane) consisting of hydrogen and carbon atoms arranged in a tree-like
structure. Third diagonal corresponds to the squares, while fourth diagonal generates octahedral numbers, n(2n2

+ 1)/3
(see A005900).

Corollary 1. For n ⩾ 0, the popularity of pattern p ∈ {UU,UD,DD,DU} in Dh,⩾
n is given by the generating function Gp(x):

GUD(x) =
(x − 1)

√
−3x2 − 2x + 1 − 3x2 − 2x + 1

2x (3x − 1)
,

GUU (x) = GDD(x) =

√
−3x2 − 2x + 1

(
x2 + 2x − 2

)
+ x3 − 3x2 − 4x + 2

2x2
√

−3x2 − 2x + 1
,

GDU (x) =

(
x2 − 1

)√
−3x2 − 2x + 1 − x3 − 3x2 − x + 1

2x2
√

−3x2 − 2x + 1
.

Proof. The generating function Gp(x) of popularity is directly deduced from the bivariate generating function of pattern
distribution

Gp(x) =
∂Fp(x, y)

∂y

⏐⏐⏐⏐
y=1

. □

See Table 2 for the first terms of the popularity sequences. The popularity of the pattern UD generates a shift of
the sequence A025566 in [23]. As suggested in [23], the same sequence enumerates the first differences of the directed
animals sequence A005773, and also Motzkin paths of length 2n whose last weak valley occurs immediately after step n.

The popularity sequence for DU is the sequence A025567. As mentioned in [13] by Ferrari and Munarini, this sequence
corresponds to the number of edges in Hasse diagram of Motzkin paths, where the partial order is defined by the coverings
FF ↦→ UD, FU ↦→ UF , DF ↦→ FD, DU ↦→ FF . This is an immediate consequence of the fact that φ maps pattern DU from
constrained Dyck paths to the patterns FF , FU,DF ,DU in Motzkin paths.

The popularity sequence for UU (or DD) does not yet appear in [23].

3. Patterns of length 3

In this part we investigate how φ transports statistics associated to patterns of length three, and for each of them we
provide generating functions for the distribution and popularity.

We need the following notations. For a step X ∈ {U,D, F}, an occurrence of the pattern X+ inside a path P is an
occurrence of Xk, where Xk consists of k consecutive repetitions of X , for some k ⩾ 1. The associated statistic of X+

(denoted X+) will be equal to
∑

k⩾1 X
k where Xk is the statistic giving the number of occurrences of Xk. More generally,

for two possibly empty sequences of steps Y and Z we define the pattern YX+Z as patterns of the form YXkZ for k ⩾ 1,
and its associated statistic as YX+Z =

∑
k⩾1 YX

kZ. For instance, an occurrence of the pattern DU+D can be an occurrence
of DUD, DUUD, DUUUD, and so on... In the path UUFDUUDFDUDUUUDDFFDD we count three occurrences of the pattern
DU+D. A path contains a dotted pattern •Y (resp. Y•) if and only if it starts (resp. ends) with Y , and we use the notations
•Y, Y• for the associated statistics.

Any pattern UU in a Dyck path is immediately followed by an up step or a down step, implying the statistic equation
UU = UUU + UUD. Also, any pattern UU in a Dyck path P is either at the beginning of P or immediately preceded by an
up or a down step, so UU = •UU+UUU+DUU. Using similar arguments we obtain the two following systems of statistic
equations.

(a)

⎧⎪⎪⎨⎪⎪⎩
UU = UUU + UUD
UU = UUU + DUU + •UU
UD = UUD + DUD + •UD
DU = DUU + DUD

, (b)

⎧⎪⎪⎨⎪⎪⎩
DD = DDD + UDD
DD = DDD + DDU + DD•

UD = UDD + UDU + UD•

DU = DDU + UDU

.
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Observe that for any P ∈ Dh,⩾
n , n ⩾ 1, we have •UD(P) = 1 (resp. •UU(P) = 0) when P = (UD)n, and •UD(P) = 0 (resp.

•UU(P) = 1) otherwise. So, we have the statistic equations φ(•UD) = δFn and φ(•UU) = 1 − φ(•UD), where δFn is the
Dirac statistic defined by δFn (P) = 1 whenever P = F n, and 0 otherwise.

Knowing the image through φ of only one statistic X ∈ {UUU,UUD,DUU,DUD} and using results from Section 2, we
can obtain the expressions of the images of the three other statistics from the system (a). The same reasoning holds for
the second system (b). So, we split Section 3 into two subsections, each dealing with one of the two systems.

3.1. The patterns UUU,UUD,DUU,DUD

Theorem 3. For n ⩾ 0, the bijection φ from Dh,⩾
n to Mn transports the statistic UUD as follows:

φ(UUD) = UF+D + UD.

Proof. We proceed by induction on n. For n = 1, we have UUD(UD) = 0. Since φ(UD) = F , we obtain UF+D(F )+UD(F ) = 0,
and the result holds. We assume the result for k ⩽ n, and we will prove it for n + 1 by distinguishing two main cases.

- Whenever P = αUD, we have φ(P) = φ(α)F , and (UF+D+UD)(φ(P)) = (UF+D+UD)(φ(α)). Using induction hypothesis,
(UF+D + UD)(φ(α)) = UUD(α) which is also equal to UUD(αUD), proving the first case.

- Whenever P = αUUβDγD, we have φ(P) = φ(α)φ(γ )Uφ(β)D, and (UF+D+UD)(φ(P)) = (UF+D+UD)(φ(α))+(UF+D+

UD)(φ(γ )Uφ(β)D). Using induction hypothesis, we obtain (UF+D + UD)(φ(P)) = UUD(α) + (UF+D + UD)(φ(γ )Uφ(β)D).
Now we distinguish three subcases in order to prove that (UF+D + UD)(φ(γ )Uφ(β)D) = UUD(UUβDγD).

If β is the empty path, then (UF+D + UD)(φ(γ )Uφ(β)D) = 1 + (UF+D + UD)(φ(γ )) = 1 + UUD(γ ) = UUD(UUDγD).
If β = (UD)k for some k ⩾ 1, then (UF+D+UD)(φ(γ )Uφ((UD)k)D) = (UF+D+UD)(φ(γ )UF kD) = (UF+D+UD)(φ(γ ))+1 =

UUD(γ ) + 1 = UUD(UU(UD)kDγD) = UUD(UUβDγD).
If β starts with a double rise UU , then φ(β) contains at least one up step (φ(β) ̸= F ℓ for any ℓ ⩾ 0). So, we

have (UF+D + UD)(φ(γ )Uφ(β)D) = (UF+D + UD)(φ(γ )) + (UF+D + UD)(φ(β)) = UUD(γ ) + UUD(β), which equals to
UUD(UUβDγD).

Considering these three cases, the second case is proved and the induction is completed. □

Theorem 4. For n ⩾ 0, the bijection φ from Dh,⩾
n to Mn transports the statistic UUU as follows:

φ(UUU) = UF+D + 2
(
UF+U + UU

)
.

Proof. Using Theorem 3 and the equation UU = UUD + UUU of system (a), we have φ(UUU) = φ(UU) − φ(UUD) =

φ(UU)−UF+D−UD, and using Theorem 1, we have φ(UUU) = U+UU+UF−UF+D−UD. Since we have U = UD+UU+UF
on Mn, we obtain φ(UUU) = 2(UU + UF) − UF+D. Using the trivial equation UF = UF+D + UF+U for Motzkin paths, we
complete the proof. □

Theorem 5. For n ⩾ 1, the bijection φ from Dh,⩾
n to Mn transports the statistic DUU as follows:

φ(DUU) = UF+D + UD + δFn − 1,

where δFn is the Dirac statistic defined by δFn (P) = 1 whenever P = F n, and 0 otherwise.

Proof. Using the difference of the first two equations of (a), we obtain DUU = UUD − •UU, and finally, φ(DUU) =

φ(UUD)−φ(•UU) = UF+D+UD−φ(•UU). As discussed at the beginning of Section 3, φ(•UU) = 1−δFn , which completes
the proof. □

Theorem 6. For n ⩾ 1, the bijection φ from Dh,⩾
n to Mn transports the statistic DUD as follows:

φ(DUD) = F − UF+D − δFn

Proof. We have DUD = UD − UUD − •UD, which implies that φ(DUD) = φ(UD) − φ(UUD) − φ(•UD). From Theorem 1,
Theorem 3 and the observations after the systems (a) and (b) we obtain φ(DUD) = UD + F − UD − UF+D − δFn =

F − UF+D − δFn . □

Theorem 7. The bivariate generating functions Fp(x, y) where the coefficient of xnyk is the number of Dyck paths in Dh,⩾
n

containing exactly k occurrences of the pattern p ∈ {UUU,UUD,DUU,DUD} are given by the following expressions listed in
the same order as written above.

x3y − x3 − x2y2 + 2x − 1 +

√
(x − xy − 1)(x2 − xy + x − 1)(x3 − x3y + x2y2 + 2x2y − 2xy − 2x + 1)

2x2y2(x − 1)
,

x2y − 2x2 + 2x − 1 +

√(
x2y − 1

) (
x2y − 4x2 + 4x − 1

)
2x2 (x − 1)

,
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Table 3
Popularity of p ∈ {UUU,UUD,DUU,DUD} in Dh,⩾

n for 1 ⩽ n ⩽ 12.
Pattern Popularity sequence OEIS

UUU 0, 0, 1, 5, 19, 65, 210, 658, 2023, 6147, 18534, 55594
UUD 0, 1, 3, 9, 25, 70, 196, 553, 1569, 4476, 12826, 36894 A097861
DUU 0, 0, 0, 1, 5, 20, 70, 231, 735, 2289, 7029, 21384 A304011 ?
DUD 0, 1, 4, 12, 35, 100, 286, 819, 2353, 6780, 19591, 56749

Table 4
Number of paths from Dh,⩾

n having k occurrences of the considered pattern.
k n k n

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

0 1 2 3 5 8 13 21 34 55 0 1 1 1 2 3 6 10 20 36
1 1 3 8 18 38 76 147 1 1 2 3 7 13 30 58 130
2 1 4 14 40 104 250 2 1 3 6 16 35 91 199
3 1 5 21 71 215 3 1 4 10 30 75 216
4 1 6 30 119 4 1 5 15 50 140
5 1 7 40 5 1 6 21 77

(a) UUU (b) DUD

k n k n

1 2 3 4 5 6 7 8 9 k\n 1 2 3 4 5 6 7 8 9

0 1 1 1 1 1 1 1 1 1 0 1 2 4 8 16 32 64 128 256
1 1 3 7 15 31 63 127 255 1 1 5 18 56 160 432
2 1 5 18 56 160 432 2 1 7 34 138
3 1 7 34 138 3 1 9
4 1 9 4

(c) UUD (d) DUU

2x − x2y − 1 +

√(
x2y − 1

) (
x2y − 4x2 + 4x − 1

)
2x2y (x − 1)

,

x3y − x3 − x2y2 + 2xy − 1 +

√
(xy − x − 1)(x2 + yx − x − 1)(x3y − x3 + x2y2 + 2x2y − 2xy − 2x + 1)

2x2(xy − 1)
.

Proof. For p = UUU and using Theorem 4, we have φ(UUU) = UF+D+ 2(UF+U+UU). So, we decompose Motzkin paths
according to the patterns UF+D, UF+U , and UU in order to exhibit a functional equation having Fp(x, y) as solution:

M = ϵ + FM + UDM + UM0DM + U(M\(M0 ∪ ϵ))DM,

where M0 is the subset of M consisting of paths of the form F k for k ⩾ 1. The generating function for ϵ + FM + UDM
is 1+ xFUUU (x, y)+ x2FUUU (x, y); the g.f. for UM0DM is x2y x

1−xFUUU (x, y) since a path in UM0D is an occurrence of UF+D;
the g.f. for U(M\(M0 ∪ ϵ))DM is x2y2

(
FUUU (x, y) −

1
1−x

)
FUUU (x, y) since a path in U(M\(M0 ∪ ϵ))D starts with either an

occurrence of UU or an occurrence of UF+U .
So the functional equation is:

FUUU (x, y) = 1 + xFUUU (x, y)+x2FUUU (x, y) + x2y
x

1 − x
FUUU (x, y)+

+x2y2
(
FUUU (x, y) −

1
1 − x

)
FUUU (x, y).

A simple calculation (with Maple for instance) provides the result.
All other generating functions are obtained using a similar method, so we do not give the proofs here. □

The generating function Gp(x) for the popularity of the pattern p ∈ {UUU,UUD,DUU,DUD} is obtained directly by
evaluating ∂Fp(x,y)

∂y

⏐⏐
y=1. Table 3 provides the first terms of the associated sequences. See also Table 4 for an illustration of

the distribution of p ∈ {UUU,UUD,DUU,DUD}.
The popularity sequence for UUD in Dh,⩾

n is the sequence A097861, corresponding to the number of humps in all
Motzkin paths of length n (a hump equals UF+D or UD in our notation). The popularity for DUU seems to generate the
sequence A304011, but we did not succeed in proving this fact, so we leave it as a conjecture.

Dyck paths from Dh,⩾
n avoiding UUU , DUU respectively generate Fibonacci numbers and integer squares. Those avoiding

DUD seem to correspond to A007562 (number of planted trees where non-root, non-leaf nodes at even distance from root
are of degree 2). At the present time, there is no closed form for the generating function of sequence A007562. Note that
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any path avoiding DUU has at most one occurrence of UUD. Also, Dyck paths containing two occurrences of UUD in Dh,⩾
n

generate a shift of sequence A001793, which corresponds to a subsequence in the triangle of coefficients of Chebyshev’s
polynomials which is sequence A053120.

3.2. The patterns DDD,DDU,UDD,UDU

Theorem 8. For n ⩾ 0, the bijection φ from Dh,⩾
n to Mn transports the statistic UDU as follows:

φ(UDU) = FF + FUD

Proof. We proceed by induction on n. For n = 1, we have UDU(UD) = 0. With φ(UD) = F , we obtain FF(F )+ FUD(F ) = 0,
and the result holds. We assume the result for k ⩽ n, and we will prove it for n + 1.

- Whenever P = αUD, we have φ(P) = φ(α)F , and (FF + FUD)(φ(P)) = FF(φ(α)F ) + FUD(φ(α)F ) = FF(φ(α)F ) +

FUD(φ(α)). We distinguish two cases: (i) φ(α) ends with F , and (ii) otherwise. In the case (i), α ends with UD, and thus
(FF+ FUD)(φ(P)) = 1+ FF(φ(α))+ FUD(φ(α)). Using the induction hypothesis we have (FF+ FUD)(φ(P)) = 1+UDU(α) =

UDU(αUD) = UDU(P). In the case (ii), α does not end with UD, and thus φ(α) does not end with F . So, we have
(FF+FUD)(φ(P)) = FF(φ(α))+FUD(φ(α)), and using the induction hypothesis (FF+FUD)(φ(P)) = UDU(α) = UDU(αUD) =

UDU(P).
- Whenever P does not end with UD, we have P = αUUβDγD, and (FF + FUD)(φ(P)) = (FF + FUD)(φ(α)φ(γ )Uφ(β)D).

Note that α cannot end with UD, otherwise it would contradict P ∈ Dh,⩾
n . This means that φ(α) cannot end with F .

So, all the possible occurrences of FF in φ(P) belong necessarily to φ(α), φ(β) and φ(γ ), which implies that FF(φ(P)) =

FF(φ(α)) + FF(φ(β)) + FF(φ(γ )). On the other hand, the possible occurrences of FUD in φ(P) belong necessarily to φ(α),
φ(β), φ(γ ), and eventually at the junction of φ(γ ) and Uφ(β)D whenever φ(γ ) ends with F and φ(β) = ϵ. So, we
distinguish two cases: (a) φ(γ ) ends with F and β = ϵ, and (b) otherwise. In the case (a), we have FUD(φ(P)) =

1 + FF(φ(α)) + FF(φ(β)) + FF(φ(γ )) + FUD(φ(α)) + FUD(φ(β)) + FUD(φ(γ )), and using the induction hypothesis, we
obtain FUD(φ(P)) = 1 + UDU(α) + UDU(β) + UDU(γ ) = UDU(αUUβDγD) = UDU(P). In the case (b), we have
FUD(φ(P)) = FF(φ(α))+ FF(φ(β))+ FF(φ(γ ))+ FUD(φ(α))+ FUD(φ(β))+ FUD(φ(γ )), and using the induction hypothesis,
we obtain FUD(φ(P)) = UDU(α) + UDU(β) + UDU(γ ) = UDU(αUUβDγD) = UDU(P). So, the proof is complete. □

Theorem 9. For n ⩾ 0, the bijection φ from Dh,⩾
n to Mn transports the statistic UDD as follows:

φ(UDD) = FD + UD + FUU + FUF.

Proof. Considering the third equation of system (b), we have φ(UDD) = φ(UD) − φ(UDU) − φ(UD•). Using Theorems 1
and 8, we obtain φ(UDD) = F + UD − FF − FUD − φ(UD•). In any Motzkin path P , a flat step is either at the end
of P , or followed by F , or D, or UU , or UD, or UF , that is F = F • +FF + FD + FUU + FUD + FUF. Then, we obtain
φ(UDD) = F • +UD + FD + FUU + FUF − φ(UD•). Using the definition of φ in Introduction, it is clear that φ transports
UD• into F•, and the result holds. □

Theorem 10. For n ⩾ 0, the bijection φ from Dh,⩾
n to Mn transports the statistic DDU as follows:

φ(DDU) = DF + DU + FUU + FUF.

Proof. Combining the fourth equation DU = DDU + UDU of system (b) with Theorems 1 and 8, we obtain φ(DDU) =

FF + FU + DF + DU − FF − FUD = FU + DF + DU − FUD. The proof is completed using the straightforward equation
FU = FUU + FUF + FUD on Motzkin paths. □

Theorem 11. For n ⩾ 0, the bijection φ from Dh,⩾
n to Mn transports the statistic DDD as follows:

φ(DDD) = 2(UU + UF) − FD − FUU − FUF.

Proof. Combining the first equation DD = DDD + UDD of system (b) with Theorems 1 and 9, we obtain φ(DDD) =

U + UU + UF − FD − UD − FUU − FUF. Using U = UF + UD + UU on Motzkin paths, the result holds. □

Theorem 12. The bivariate generating functions Fp(x, y) where the coefficient of xnyk is the number of Dyck paths in Dh,⩾
n

containing exactly k occurrences of the pattern p ∈ {UDU,UDD,DDU,DDD} are given by the following expressions listed in
the same order as written above.

1 + x(x2 − x2y − y) −
√
A

2x2 (x − xy + 1)
,

1 + x(x2y − x2 − xy + x − 1) −
√
B

2x2 (xy − x + 1)2
,
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Table 5
Number of paths from Dh,⩾

n having k occurrences of the considered pattern.
k n k n

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

0 1 2 3 6 11 22 43 87 176 0 1 1 2 4 8 17 37 82 185
1 1 2 7 16 43 102 251 1 1 1 3 7 17 41 102 252
2 1 2 10 25 80 208 2 1 1 4 10 28 73 200
3 1 2 13 34 130 3 1 1 5 13 41 113
4 1 2 17 46 4 1 1 6 16 56
5 1 2 21 5 1 1 7 19

(a) DDD (b) DUD

k n k n

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

0 1 2 3 4 5 6 7 8 9 0 1 1 1 1 1 1 1 1 1
1 1 5 14 31 59 102 164 1 1 3 6 10 15 21 28 36
2 2 14 57 174 444 2 2 10 31 75 156 292
3 4 39 209 3 4 30 129 417
4 9 4 9 89

(c) DDU (d) UDD

1 + x(2x2y2 − 3x2y + x2 + xy − x − 1) −
√
C

2x2y (xy − x + 1)
,

1 − x
(
x2y2 − x2y − xy2 + x + 1

)
−

√
D

2x2 (xy − x − y)2

where

A = (x + 1)
(
x2y − x2 + xy − x − 1

) (
x3y − x3 − 2x2y + 2x2 + xy + 2x − 1

)
,

B = (x + 1)
(
x2y − x2 + 1

) (
x3y − x3 − 3x2y + 3x2 − 3x + 1

)
,

C = (x + 1)
(
x2y − x2 + 1

) (
x3y − x3 − 3x2y + 3x2 − 3x + 1

)
,

D = (xy + 1)
(
x2y − x2 − xy + x − 1

) (
x3y2 − x3y − x2y2 − 2x2y + 3x2 + 2xy + x − 1

)
.

Proof. Let Ap(x, y) (resp. Bp(x, y)) be the bivariate generating function where the coefficient of xnyk is the number of
Motzkin paths of length n ending with a flat step (resp. down step) having exactly k occurrences of the patterns related
to the statistic φ(p) obtained in the r.h.s. of equations of Theorems 8, 9, 10, 11. Using a refinement of the classical
decompositions of non-empty Motzkin paths by taking into account the occurrences of the considered patterns, we deduce
functional equations for Ap(x, y) and Bp(x, y). The method being classic, we do not give any more details. The solutions
are obtained by a simple calculation.

For p = UDU:⎧⎨⎩
Fp(x, y) = 1 + Ap(x, y) + Bp(x, y)
Ap(x, y) = x + xyAp(x, y) + xBp(x, y)
Bp(x, y) = x2 + x2yAp(x, y) + x2Bp(x, y) + x2Fp(x, y)(Fp(x, y) − 1);

For p = UDD:⎧⎪⎪⎨⎪⎪⎩
Fp(x, y) = 1 + Ap(x, y) + Bp(x, y)
Ap(x, y) = xFp(x, y)
Bp(x, y) = x2yFp(x, y) + x2yAp(x, y) + x2Bp(x, y)+

+x2Bp(x, y)2 + x2yAp(x, y)Bp(x, y) + x2y2Ap(x, y)2 + x2yAp(x, y)Bp(x, y);
For p = DDU:⎧⎪⎪⎨⎪⎪⎩
Fp(x, y) = 1 + Ap(x, y) + Bp(x, y)
Ap(x, y) = x + xAp(x, y) + xyBp(x, y)
Bp(x, y) = x2Fp(x, y) + x2yAp(x, y)(Fp(x, y) − 1) + x2Ap(x, y)+

+x2yBp(x, y)Fp(x, y);
For p = DDD:⎧⎪⎪⎨⎪⎪⎩
Fp(x, y) = 1 + Ap(x, y) + Bp(x, y)
Ap(x, y) = xFp(x, y)
Bp(x, y) = x2Fp(x, y) + x2y2Bp(x, y) + x2y2Ap(x, y)/y + x2y2Ap(x, y)2/y2+

+x2y2Ap(x, y)Bp(x, y)/y + x2y2Bp(x, y)2 + x2y2Ap(x, y)Bp(x, y)/y.
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Table 6
Popularity of 3-length patterns in Dh,⩾

n for 1 ⩽ n ⩽ 12.
Pattern Popularity sequence OEIS

DDD 0, 0, 1, 4, 14, 46, 145, 448, 1365, 4124, 12387, 37060
DDU 0, 0, 1, 5, 18, 59, 185, 567, 1715, 5146, 15363, 45715
UDD 0, 1, 3, 10, 30, 89, 261, 763, 2227, 6499, 18973, 55428
UDU 0, 1, 3, 8, 22, 61, 171, 483, 1373, 3923, 11257, 32418 A025566

The above equations are intentionally left in non-simplified forms, in order to allow the reader to easily retrieve the
refined decompositions from the classical decomposition of Motzkin paths M = ϵ + MF + MUMD. □

Generating function Gp(x) for the popularity of a pattern p is obtained directly by evaluating ∂Fp(x,y)
∂y

⏐⏐
y=1. Table 6

provides the first terms of the generated sequences. See also Table 5 for an illustration of the distribution of p ∈

{UDU,UDD,DDU,DDD}.
Unlike what happens for classical Dyck paths, the popularity of UDU in Dh,⩾

n+1 is equal to the popularity of UD in Dh,⩾
n ,

while the corresponding distributions are different. Dyck paths from Dh,⩾
n avoiding a pattern UDU (resp. DDD) are counted

by the Generalized Catalan numbers (resp. by the numbers of ordered trees with n edges and having no branches of length
1), which corresponds to the sequence A004148 (resp. A026418).
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Abstract: A pure excedance in a permutation π = π1π2 . . . πn is a position i < πi such that there is no
j < i with i ≤ πj < πi. We present a one-to-one correspondence on the symmetric group that transports pure
excedances to descents of a special kind. As a byproduct, we prove that the popularity of pure excedances equals
those of pure descents on permutations, while their distributions are different.
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1. Introduction and notations

The distribution of the number of descents has been widely studied on several classes of combinatorial objects
such as permutations [14], cycles [7, 8], and words [3, 10]. Many interpretations of this statistic appear in
several fields as Coxeter groups [4,11] or lattice path theory [12]. One of the most famous result involves the
Foata fundamental transformation [9] to establish a one-to-one correspondence between descents and excedances
on permutations. This bijection provides a more straightforward proof than those of MacMahon [14] for the
equidistribution of these two Eulerian statistics.

In this paper, we present a bijection à la Foata on the symmetric group that exchanges pure excedances with
special kind of descents defined as a mesh pattern p2 [6] (see below for the definition of this pattern). Then,
we deduce that the popularities (but not the distributions) of pure descents [2] and pure excedances are the
same. This common popularity is given by the generalized Stirling number n! · (Hn − 1) (see Sequence A001705
in [15]) where Hn =

∑n
k=1

1
k is the nth harmonic number. Finally, we conjecture the existence of a bijection on

the symmetric group that exchanges pure excedances and p2 while preserving the number of cycles.
Let Sn be the set of permutations of length n, i.e., all bijections from [n] = {1, 2, . . . , n} into itself. The

one-line representation of a permutation π ∈ Sn is π = π1π2 . . . πn where πi = π(i), 1 ≤ i ≤ n. For σ ∈ Sn,
the product σ · π is the permutation σ(π1)σ(π2) . . . σ(πn). A `-cycle π = 〈i1, i2, . . . , i`〉 in Sn is a n-length
permutation satisfying π(i1) = i2, π(i2) = i3, . . . , π(i`−1) = i`, π(i`) = i1 and π(j) = j for j ∈ [n]\{i1, i2, . . . , i`}.
For 1 ≤ k ≤ n, we denote by Cn,k the set of all n-length permutations admitting a decomposition in a product
of k disjoint cycles. The set Cn,k is counted by the signless Stirling numbers of the first kind c(n, k) defined by

c(n, k) = (n− 1) c(n− 1, k) + c(n− 1, k − 1)

where c(n, k) = 0 if n = 0 or k = 0, except c(0, 0) = 1 (see [16, 17] and Sequence A132393 in [15]). These
numbers also enumerate n-length permutations π having k left-to-right maxima, i.e., positions i ∈ [n] such that
πj < πi for j < i (see [16]), and permutations π ∈ Sn with k − 1 pure descents, i.e., descents πi > πi+1 where
there is no j < i such that πj ∈ [πi+1, πi] (see [2]). Note that a pure descent can be viewed as an occurrence of
the mesh pattern (21, L1) where L1 = {1} × [0, 2] ∪ {(0, 1)}. Indeed, for a k-length permutation σ and a subset
R ⊆ [0, k]× [0, k], an occurrence of the mesh pattern (σ,R) in a permutation π is an occurrence of σ in π with
the additional restriction that no element of π lies inside the shaded regions defined by R, where (i, j) ∈ R means
the square having bottom left corner (i, j) in the graphical representation {(i, σi), i ∈ [k]} of σ. For instance, an
occurrence of the mesh pattern p1 in Figure 1 corresponds to an occurrence of a pure descent. See [6] for a more
detailed definition of mesh patterns.

Regarding this interpretation of pure descents in terms of mesh patterns, we define other kinds of descents by
the mesh patterns pi = (21, Li), p

′
i = (21, Ri) with Li = {1} × [0, 2] ∪ {(0, i)} and Ri = {1} × [0, 2] ∪ {(2, i)} for

0 ≤ i ≤ 2. Modulo the trivial symmetries on permutations (reverse and complement), it is straightforward to see
that p0, p1 and p2 are respectively in the same distribution class as p′2, p′1 and p′0. Then, we deal with only mesh
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patterns pi, i ∈ [0, 2]. We refer to Figure 1 for a graphical illustration. On the other hand, we define a pure
excedance as an occurrence of an excedance, i.e. πi > i, with the additional restriction that there is no point
(j, πj) such that 1 ≤ j ≤ i− 1 with i ≤ πj < πi. Although such a pattern (called pex) is not a mesh pattern, we
can represent it graphically as shown in Figure 1.

p0 = p1 = p2 = pex =

Figure 1: Illustration of the mesh patterns p0, p1, p2 and pex; p1 and pex correspond respectively to a pure
descent and a pure excedance.

A statistic is an integer-valued function from a set A of n-length permutations (we use the boldface to denote
statistics). For a pattern p, we define the pattern statistic p : A → N where the image p π of π ∈ A by p is the
number of occurrences of p in π. The popularity of p in A is the total number of occurrences of p over all objects
of A, that is

∑
a∈A p a (see [5] for instance). Below, we present statistics that we use throughout the paper:

exc π = number of excedances in π,
pex π = number of pure excedances in π,
des π = number of descents in π,
desi π = number of patterns pi in π, 0 ≤ i ≤ 2,
fix π = number of fixed points in π,
cyc π = number of cycles in the decomposition of π,
pcyc π = number of pure cycles (i.e. cycles of length at least two) in π,

= cyc π − fix π

We organize the paper as follows. In Section 2, we focus on patterns pi, 0 ≤ i ≤ 2. We prove that the statistics
des0 and des1 are equidistributed by giving algebraic and bijective proofs. Next, we provide the bivariate
exponential generating function for the distribution of p2, and we deduce that p2 has the same popularity as
p0 and p1, without having the same distribution. In Section 3, we present a bijection on Sn that transports
pure excedances into patterns p2. Notice that the Foata’s first transformation [9] is not a candidate for such a
bijection. As a consequence, pure descents and pure excedances are equipopular on Sn, but they do not have the
same distribution. Combining all these results, we deduce that patterns pi, 0 ≤ i ≤ 2, and pex are equipopular
on the symmetric group Sn. Finally we present two conjectures about the equidistribution of (cyc,des2) and
(cyc,pex), and that of (des,des2) and (exc,pex).

2. The statistics desi, 0 ≤ i ≤ 2

For 0 ≤ i ≤ 2, let Ain,k be the set of n-length permutations having k occurrences of pi, and denote by ain,k its

cardinality. Let Ai(x, y) be the bivariate exponential generating function
∑∞
n=0

∑n−1
k=0 a

i
n,k

xn

n! y
k. In [2, 13], it is

proved that a1n,k equals the signless Stirling numbers of the first kind c(n, k + 1) (see Sequence A132393 in [15]).

Indeed, a permutation σ ∈ A1
n,k can be uniquely obtained from an (n− 1)-length permutation π by one of the

two following constructions:

(i) if π ∈ A1
n−1,k−1, then we increase by one all values of π greater than or equal to πn−1, and we add πn−1 at

the end;

(ii) if π ∈ A1
n−1,k, then we increase by one all values of π greater than or equal to a given value x ≤ n, x 6= πn−1

and we add x at the end.

Then, we deduce the recurrence relation a1n,k = a1n−1,k−1 + (n − 1)a1n−1,k with a1n,0 = (n − 1)! for n ≥ 1,

a10,0 = 1 and the bivariate exponential generating function is

A1(x, y) =
1

y(1− x)y
− 1

y
+ 1

which proves that a1n,k = c(n, k + 1).

Below, we prove that a1n,k also counts n-length permutations having k occurrences of the pattern p0.

ECA 1:3 (2021) Article #S2R19 2
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Theorem 2.1. The number a0n,k of n-length permutations having k occurrences of pattern p0 equals a1n,k =
c(n, k + 1).

Proof. An n-length permutation σ ∈ A0
n,k can be uniquely obtained from an (n− 1)-length permutation π by

one of the two following constructions:

(i) if π ∈ A0
n−1,k−1, then we increase by one all values of π and we add 1 at the end;

(ii) if π ∈ A0
n−1,k, then we increase by one all values of π greater than or equal to a given value x, 1 < x ≤ n,

and we add x at the end.

We deduce the recurrence relation a0n,k = a0n−1,k−1 + (n− 1)a0n−1,k with the initial condition a0n,0 = (n− 1)!,

and then a0n,k = a1n,k = c(n, k + 1). �

Now, we focus on the distribution of the pattern p2. Table 1 provides exact values for small sizes.

Theorem 2.2. We have

A2(x, y) =
ex(1−y)

(1− x)y
,

and the general term a2n,k satisfies for n ≥ 2 and 1 ≤ k ≤ bn2 c

a2n,k = na2n−1,k + (n− 1)a2n−2,k−1 − (n− 1)a2n−2,k

with the initial conditions a2n,0 = 1 and a2n,k = 0 for n ≥ 0 and k > bn2 c (see Table 1 and Sequence A136394
in [15]).

Proof. Let σ = σ1σ2 . . . σn denote a permutation of length n having k occurrences of pattern p2. Let un,k (resp.
vn,k) be the number of such permutations satisfying σn = n (resp. σn < n). Obviously, we have

a2n,k = un,k + vn,k.

A permutation σ with σn = n can be uniquely constructed from an (n − 1)-length permutation π as σ =
π1π2 . . . πn−1n. No new occurrences of p2 are created, and we obtain

un,k = a2n−1,k.

A permutation σ satisfying σn < n can be uniquely obtained from an (n− 1)-length permutation π by adding a
value x < n on the right side of its one-line notation, after increasing by one all the values greater than or equal
to x. This construction creates a new pattern p2 if and only if π ends with n− 1. Thus, we deduce

vn,k = (n− 1)un−1,k−1 + (n− 1)vn−1,k.

Combining the equations, we obtain for n ≥ 2 and k ≥ 1

a2n,k = na2n−1,k + (n− 1)a2n−2,k−1 − (n− 1)a2n−2,k,

which implies the following differential equation

∂A2(x, y)

∂x
= (y − 1)xA2(x, y) +

∂
(
xA2(x, y)

)

∂x
, where A2(x, 0) = 1.

A simple calculation provides the claimed closed form for the generating function A2(x, y). �

Corollary 2.1. For 0 ≤ i ≤ 2, the patterns pi are equipopular on Sn. Their popularity is given by the generalized
Stirling number n! · (Hn − 1) (see Sequence A001705 in [15]) where Hn =

∑n
k=1

1
k is the nth harmonic number.

Proof. The generating function of the popularity is directly deduced from the bivariate generating function of
pattern distribution by calculating

∂A1(x, y)

∂y

∣∣∣∣
y=1

=
∂A2(x, y)

∂y

∣∣∣∣
y=1

.

�

The statistic des2 has a different distribution from des0 and des1, but the three patterns p0, p1, p2 have
the same popularity. Below we present a bijection on Sn that transports the statistic des2 to the statistics
pcyc = cyc− fix.

ECA 1:3 (2021) Article #S2R19 3
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k\n 1 2 3 4 5 6 7 8
0 1 1 1 1 1 1 1 1
1 1 5 20 84 409 2365 16064
2 3 35 295 2359 19670
3 15 315 4480
4 105
. . . . . .∑

1 2 6 24 120 720 5040 40320

Table 1: Number of n-length permutations having k occurrences of p2 for 0 ≤ k ≤ 4 and 1 ≤ n ≤ 8.

Theorem 2.3. There is a one-to-one correspondence φ on Sn such that for any π ∈ Sn, we have

des2 π = pcyc φ(π).

Proof. Let π be a permutation of length n having k occurrences of p2. We decompose

π = B0πi1A1B1πi2A2B2πi3 . . . πikAkBk,

where
- πi1 < πi2 < . . . < πik are the tops of the occurrences of p2, i.e. values πij > πij+1 such that there does not

exist ` < ij such that π` > πij ,
- Aj is a maximal sequence such that all its values are lower than πij ,
- for 0 ≤ j ≤ k, Bj is an increasing sequence such that πij < minBj and maxBj < πij+1

.
Now we construct an n-length permutation φ(π) with k pure cycles as follows:

φ(π) = 〈πi1A1〉 · 〈πi2A2〉 · · · 〈πikAk〉.

For instance, if π = 125346879 then φ(π) = 〈5, 3, 4〉 · 〈8, 7〉. The map φ is clearly a bijection on Sn such that
des2 π equals the number of pure cycles in φ(π). �

Note that φ−1 is closely related to the Foata fundamental transformation [9].

3. The statistic pex of pure excedances

In order to prove the equidistribution of pex and des2, regarding Theorem 2.3, it suffices to construct a bijection
on Sn that transports pure excedances to pure cycles. Here, we first exhibit a bijection on the set Dn of n-length
derangements (permutations without fixed points), then we extend it to the set of all permutations Sn.

Any permutation π ∈ Sn is uniquely decomposed as a product of transpositions of the following form:

π = 〈t1, 1〉 · 〈t2, 2〉 · · · 〈tn, n〉

where ti are integers such that 1 ≤ ti ≤ i. The transposition array of π is defined by T (π) = t1t2 . . . tn, which
induces a bijection π 7−→ T (π) from Sn to the product set Tn = [1] × [2] × · · · × [n]. By Lemma 1 from [1],
the number of cycles of a permutation π is given by the number of fixed points in T (π). Moreover, it is
straightforward to check the two following properties:

- if ti = i, then πi = i if and only if there is no number j > i such that tj = ti = i;
- if ti = i and πi 6= i, then i is the minimal element of a cycle of length at least two in π.
So, we deduce the following lemma.

Lemma 3.1. The transposition array t1t2 . . . tn ∈ Tn corresponds to a derangement if and only if: ti = i ⇒
there is a j > i such that tj = i.

Given a derangement π = π1π2 . . . πn ∈ Dn and its graphical representation {(i, πi), i ∈ [n]}. We say that
the square (i, j) ∈ [n]× [n] is free if all following conditions hold:

(i) Neither πi nor i is a position of a pure excedance;

(ii) (i, j) is not on the first diagonal, i.e. j 6= i;

(iii) there does not exist k > i such that πk = j;
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(iv) j is not a pure excedance such that j < i and π−1(j) < i;

(v) there does not exist k < i, with πk = j > i such that all values of the interval [i, j − 1] appear on the right
of πi in π.

Whenever at least one of the statements above is not satisfied, we say that the square (i, j) is unfree. Notice
that if i and πi are not the positions of a pure excedance, then the square (i, πi) is always free. So, for a column
i of the graphical representation of π such that i and πi are not the positions of a pure excedance, we label by j
the jth free square from the bottom to the top. We refer to Figure 2 for an example of this labeling.

Now we define the map λ from Dn to the set T •n of transposition arrays of length n satisfying the property of
Lemma 3.1.

For a permutation π = π1π2 . . . πn ∈ Dn, we label its graphical representation as defined above, and
λ(π) = λ1λ2 . . . λn is obtained as follows:

• if i is a pure excedance in π, then we set λi = i and λπ−1(i) = i;

• otherwise, λi is the sum of the label of the free square (i, πi) with the number of pure excedances k < i
such that π−1(k) < i.

For instance, if π = 6 8 12 5 4 7 3 2 11 1 9 10 then we obtain λ(π) = 1 1 2 4 4 2 1 1 9 1 9 10 (see Figure 2).
Let us consider i, 1 ≤ i ≤ n. If i is a pure excedance of π, then we fix λi = i and λπ−1(i) = i < π−1(i).

Otherwise, the square (i, i) is unfree, and all squares (i, πk), i+ 1 ≤ k ≤ n, are unfree, which implies that the
number of free squares in the ith column is less than or equal to i. This means that λ(π) lies in Tn. Note that,
by construction, all labeled squares do not correspond to any pure excedance. Now let us prove that the square
(i, πi) cannot be labeled i. Indeed, if πi < i then the label of (i, πi) is necessarily at most πi ≤ i− 1; otherwise, if
πi > i then the fact that i is not a pure excedance implies that there is πj ∈ [i, πi − 1] with j < i. Let us choose
the lowest j with this property. Using (v), the square (i, j) is unfree, which implies that the label of (i, πi) is less
than or equal to n minus the minimal number of unfree squares (i, j) in column i, that is n− (n− i+ 1) = i− 1.
Moreover, the transposition array λ(π) has exactly pex π fixed points, and for any fixed point i there necessarily
exists j = π−1(i) > i such that λj = λi = i. This implies that λ(π) ∈ T •n .

π =

•

•

•

•
•

•

•
•

•

•

•
•

1 1

2

1

2

3

4

1

2

3

4

5

1

2

3

4

5

6

1

2

3

4

5

6

7

8

λ(π) = • •
•

• •

•
• •

•

•

•
•

1 1

2

1

2

3

4

1

2

3

4

5

1

2

3

4

5

6

1

2

3

4

5

6

7

8

Figure 2: Illustration of the bijection λ for π = 6 8 12 5 4 7 3 2 11 1 9 10 and λ(π) = 1 1 2 4 4 2 1 1 9 1 9 10.

Theorem 3.1. The map λ from Dn to T •n is a bijection such that

pex π = fix λ(π).

Proof. Since the cardinality of T •n equals that of Dn, and the image of Dn by λ is contained in T •n , it suffices to
prove the injectivity.

Let π and σ, π 6= σ, be two derangements in Dn. If π and σ do not have the same pure excedances, then, by
construction, λ(π) and λ(σ) do not have the same fixed points, and thus λ(π) 6= λ(σ).

Now, let us assume that π and σ have the same pure excedances. If there is a pure excedance i such that
π−1(i) 6= σ−1(i) then the definition implies λ(π) 6= λ(σ). Otherwise the two permutations have the same pure
excedances i, and for each of them we have π−1(i) = σ−1(i). Let j be the greatest integer such that πj 6= σj
(without loss of generality, we assume πj < σj). In this case, j is not a pure excedance for the two permutations.
Thus, λ(π)j (resp. λ(σ)j) is the sum of the label of (j, πj) (resp. (j, σj)) with the number of pure excedances
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k < j such that π−1(k) < j (resp. σ−1(k) < j). Since we have πj < σj , the label of (j, πj) is less than the label
of (j, σj), and the number of pure excedances k < j such that π−1(k) < j is less than or equal to the number of
pure excedances k < j such that σ−1(k) < j. Then we have λ(π)j < λ(σ)j . Then λ is an injective map, and
thus a bijection. �

Theorem 3.2. There is a one-to-one correspondence ψ on the set Dn of n-length derangements such that for
any π ∈ Dn,

pex π = cyc ψ(π).

Proof. Considering Theorem 2.3 and Theorem 3.1, we define for any π ∈ Dn, ψ(π) = φ(σ) where σ is the
permutation having λ(π) as transposition array. �

Theorem 3.3. The two bistatistics (pex,fix) and (pcyc,fix) are equidistribiuted on Sn.

Proof. Considering Theorem 3.2, we define the map ψ̄ on Sn. Let π′ be the permutation obtained from π by
deleting all fixed points and after rescaling as a permutation. Let I = {i1, i2, . . . , ik} be the set of fixed points
of π. Then, we set π′′ = ψ(π′). So, σ = ψ̄(π) is obtained from π′′ by inserting fixed points i ∈ I after a shift
of all other entries in order to produce a permutation in Sn. By construction, we have pex π = pcyc σ and
fix π = fix σ which completes the proof. �

A byproduct of this theorem is

Corollary 3.1. The statistics cyc and pex + fix are equidistributed on Sn.

Also, a direct consequence of Theorems 2.3 and 3.3 is

Theorem 3.4. The two statistics pex and des2 are equidistributed on Sn.

Notice that Foata’s first transformation is not a candidate for proving the equidistribution of pex and des2,
while it transports exc to des. Combining Theorem 3.4 and Corollary 2.1 we have the following.

Corollary 3.2. For 0 ≤ i ≤ 2, the patterns pi and pex are equipopular on Sn (see Sequence A001705 in [15]).

Finally, we present two conjectures for future works.

Conjecture 3.1. The two bistatistics (des2, cyc) and (pex, cyc) are equidistributed on Sn.

Conjecture 3.2. The two bistatistics (des2,des) and (pex, exc) are equidistributed on Sn.

It is interesting to remark that (des, cyc) and (exc, cyc) are not equidistributed. Indeed, there are 3
permutations in S3 having exc = 1 and cyc = 2, namely 132, 213, 321, but only 2 permutations with des = 1
and cyc = 2, videlicet 132 and 213. So, if the Conjectures 3.1 and 3.2 are true then their proofs are probably
independent.
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Pattern avoiding machines were introduced recently by Claesson, Cerbai and Ferrari 
as a particular case of the two-stacks in series sorting device. They consist of two 
restricted stacks in series, ruled by a right-greedy procedure and the stacks avoid some 
specified patterns. Some of the obtained results have been further generalized to Cayley 
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1. Introduction

Pattern avoiding machines were recently introduced 
in [7] in attempt to gain a better understanding of sortable 
permutations using stacks in series. They consist of two re-
stricted stacks in series, equipped with a right-greedy pro-
cedure, where the first stack avoids a fixed pattern, reading 
the elements from top to bottom; and the second stack 
avoids the pattern 21 (which is a necessary condition for 
the machine to sort permutations). The authors of [7] pro-
vide a characterization of the avoided patterns for which 
sortable permutations do not form a class, and they show 
that those patterns are enumerated by the Catalan num-
bers. For specific patterns, such as 123 and the decreasing 
pattern of any length, a geometrical description of sortable 
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permutations is also obtained. The pattern 132 has been 
solved later in [8]. Some of these results have been further 
generalized to Cayley permutations in [9]. More recently, 
Berlow [5] explores a single stack version of pattern avoid-
ing machines, where the stack avoids a set of patterns and 
the sorting process is regarded as a function. Analogous 
machines, but based on the notion of consecutive patterns, 
have been introduced and discussed in [10].

In this work we study a variant of pattern-avoiding 
machines where the first stack avoids (σ , τ ), a pair of 
patterns of length three. Following [7], we call it (σ , τ )-
machine. More specifically, we restrict ourselves to those 
pairs of patterns for which sortable permutations are 
counted by either the Catalan numbers or two of their 
close relatives: the binomial transform of Catalan num-
bers and the Schröder numbers. For the pair (132, 231)

we show that sortable permutations are those avoiding 
1324 and 2314, a set whose enumeration is given by the 
large Schröder numbers. Under certain conditions on the 
avoided patterns, the output of the first stack is bijec-
tively related to its input (see [5,9]): it follows that for 
three pairs of patterns, namely (123, 213), (132, 312) and 
(231, 321), sortable permutations are counted by the Cata-

https://doi.org/10.1016/j.ipl.2021.106138
0020-0190/© 2021 Published by Elsevier B.V.
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lan numbers. This result was conjectured in [3] and settled 
independently in [4,5]. For the pair (123, 132), we prove 
that sortable permutations are those avoiding the patterns 
2314, 3214, 4213 and the generalized pattern [241̄3. We 
prove that sortable permutations are enumerated by the 
Catalan numbers by showing that the distribution of the 
first element is given by the well-known Catalan triangle. 
Finally, we show that for the pair (123, 312) the corre-
sponding counting sequence is the binomial transform of 
Catalan numbers.

This paper is the extended version of the conference 
presentation [4] and some of the presented results previ-
ously appear in [3].

2. Notations and some preliminary results

We start by recalling some classical definitions about 
pattern avoidance on permutations (see [12] for a more 
detailed introduction). Denote by Sn the set of permuta-
tions of length n and let S = ∪n≥0Sn . Given two permu-
tations σ of length k and π = π1 · · ·πn , we say that π con-
tains the pattern σ if π contains a subsequence πi1 · · ·πik , 
with i1 < i2 < · · · < ik , which is order isomorphic to σ . In 
this case, we say that πi1 · · ·πik is an occurrence of the pat-
tern σ in π . Otherwise, we say that π avoids σ .

We say that π contains an occurrence of the (gener-
alized) pattern [σ if π contains an occurrence of σ that 
involves the first element π1 of π . For instance, an occur-
rence of [12 in π corresponds to a pair of elements π1πi , 
with i > 1 and πi > π1. A barred pattern σ̃ is a pattern 
where some entries are barred. Let σ be the classical pat-
tern obtained by removing all the bars from σ̃ . Let τ be 
the pattern which is order isomorphic to the non-barred 
entries of σ̃ (i.e. obtained from σ̃ by removing all the 
barred entries and suitably rescaling the remaining ele-
ments). A permutation π avoids σ̃ if each occurrence of τ
in π can be extended to an occurrence of σ . For instance, 
a permutation π avoids the pattern [241̄3 if for any subse-
quence π1πiπ j , with 1 < i < j and π1 < π j < πi , there is 
an index t , i < t < j, such that π1πiπtπ j is an occurrence 
of 2413.

Given a set of (generalized) patterns T , denote by 
Avn(T ) the set of permutations in Sn avoiding each pat-
tern in T . Similarly, let Av(T ) = ∪n≥0Avn(T ). If T = {σ } is 
a singleton, we write Avn(σ ) and Av(σ ). In his celebrated 
book [13], Knuth gave the following characterization of 
stack sortable permutations, which is often considered the 
starting point of stack sorting and permutation patterns 
disciplines.

Proposition 1 ([13]). A permutation π is sortable using a clas-
sical stack (that is, a 21-avoiding stack) if and only if π avoids 
the pattern 231.

Let T be a set of patterns. A T -stack is a stack that 
is not allowed to contain an occurrence of any pattern in 
T , reading its elements from top to bottom. Given a per-
mutation π , denote by outT (π) the permutation obtained 
after passing π through the T -avoiding stack by apply-
ing a greedy procedure, i.e. by always pushing the next 
element of the input, unless it creates an occurrence of 

a forbidden pattern inside the stack. Denote by Sortn(T )

the set of length n permutations that are sortable by the 
T -machine, that is, by passing π through the T -avoiding 
stack and then through the 21-avoiding stack. Permuta-
tions in Sortn(T ) are called T -sortable, and Sort(T ) is the 
set of T -sortable permutations of any length. As a conse-
quence of Proposition 1, Sort(T ) consists precisely of those 
permutations π for which outT (π) avoids 231. To ease 
notations, if T is either a singleton T = {σ } or a pair of 
patterns T = {σ , τ }, we will omit the curly brackets from 
the above notations. For instance, we will write Sort(σ , τ )

instead of Sort({σ , τ }).
The authors of [7] showed that if π is a 12-sortable 

permutation of length n, then out12(π) = n(n − 1) · · · 1. 
Moreover, by Proposition 1 and applying the complement 
operation on the processed permutation, we have that 
Sort(12) = Av(213). In order to refer to this result later, 
we state it below in a slightly more general form. A par-
tial permutation of n is an injection π : {1, 2, . . . , k} →
{1, 2, . . . , n}, for some 0 ≤ k ≤ n, and the integer k is said 
to be the length of π . We let a 12-stack act on a partial 
permutation π of n in the natural way by identifying π
with the list of its images.

Proposition 2. If π is a partial permutation of n which is 12-
sortable, then out12(π) is the decreasing rearrangement of the 
symbols of π . Moreover, π is 12-sortable if and only if it avoids 
213.

An entry πi of a permutation π is a left-to-right min-
imum if πi < π j , for each j < i. The left-to-right minima 
decomposition (briefly ltr-min decomposition) of π is π =
m1 B1m2 B2 · · ·mt Bt , where m1 > m2 > · · · > mt are the ltr-
minima of π and the block Bi contains the elements of π
between mi and mi+1, for i = 1, . . . , t − 1. The last block 
Bt contains the elements that follow mt in π . Note that 
mt = 1. The notion of left-to-right maximum of a permu-
tation π is defined similarly. The ltr-max decomposition of 
π is π = M1 B1M2 B2 · · · Mt Bt , where M1 < M2 < · · · < Mt

are the ltr-maxima of π . In this case Mt = n, where n is 
the length of π .

Finally, the sequence (cn)n≥0, pervasive in this paper, is 
the sequence of Catalan numbers cn = 1

n+1

(2n
n

)
(A000108

in [15]).

3. Pair (132, 231)

This section is devoted to the analysis of the (123, 231)-
machine.

Theorem 1. Consider the (132, σ)-machine, where σ = σ1 · · ·
σk−1σk ∈ Sk, with k ≥ 3 and σk−1 > σk. Given a permutation 
π of length n, let m1 B1 · · ·mt Bt = π be its ltr-min decomposi-
tion. Then:

1. Every time a ltr-minimum mi is pushed into the (132, σ)-
stack, the (132, σ)-stack contains the elements mi−1, . . . ,
m2, m1 , reading from top to bottom. Moreover, we have

out132,σ (π) = B̃1 · · · B̃tmt · · ·m1,

2
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where B̃ i is a rearrangement of Bi .
2. If π is (132, σ)-sortable, then B̃ i is decreasing for each i. 

Moreover, for each i ≤ t − 1, we have Bi > Bi+1 (i.e. x > y
for each x ∈ Bi, y ∈ Bi+1).

Proof. 1. Let us consider the evolution of the (132, σ)-
stack on input π . Note that, since k ≥ 3, the element 
m1 remains at the bottom of the (132, σ)-stack until 
the end of the process. Now, if B1 is not empty then 
for each x ∈ B1, the elements m2xm1 form an occur-
rence of 132. Therefore the block B1 is extracted be-
fore m2 enters the (132, σ)-stack. After m2 is pushed, 
the (132, σ)-stack contains m2m1, reading from top to 
bottom. Since m2 < m1, but σk−1 > σk by hypothesis, 
m2 cannot play the role of either σk−1 in an occur-
rence of σ or of 3 in an occurrence of 132. Thus m2
remains at the bottom of the (132, σ)-stack until the 
end of the sorting procedure. The thesis follows by it-
erating the same argument on each block Bi , for i ≥ 2.

2. Suppose that π is (132, σ)-sortable. Assume, for a 
contradiction, that B̃ i is not decreasing, for some i. 
Then there are two consecutive elements x < y in B̃ i . 
Therefore, by what proved above, out132,σ (π) contains 
an occurrence xymt of 231, which is impossible due 
to Proposition 1. Finally, suppose that x < y, for x ∈ Bi
and y ∈ Bi+1. Then xymt is an occurrence of 231 in 
out132,σ (π), a contradiction. �

Theorem 1 and Proposition 2 guarantee that if π =
m1 B1 · · ·mt Bt is the ltr-min decomposition of a (132,231)-
sortable permutation π , then (with the notation above) 
B̃ i = out12(Bi), for each i. However, this is true even when 
the sortability requirement is relaxed.

Lemma 1. Let π = m1 B1 · · ·mt Bt be the ltr-min decomposition 
of a permutation π . Write out132,231(π) = B̃1 · · · B̃tmt · · ·m1
as in Theorem 1. Then B̃ i = out12(Bi), for each i.

Proof. Consider the instant immediately after mi is pushed 
into the (132, 231)-stack and the non-empty block Bi has 
to be processed, for some i. By Theorem 1, at this point the 
(132, 231)-stack contains mi, mi−1, . . . , m1, reading from 
top to bottom. We want to show that the behavior of the 
(132, 231)-stack on Bi is equivalent to the behavior of an 
empty 12-stack on input Bi . We prove that the (132, 231)-
stack performs the pop operation of some x ∈ Bi if and 
only if the 12-stack does the same. If either the next el-
ement of the input is mi+1 or x is the last element of π
to be processed, then both the (132, 231)-stack and the 
12-stack perform a pop operation, as desired. Otherwise, 
suppose the next element of the input is y, for some y in 
the same block Bi , and the (132, 231)-stack pops the ele-
ment x ∈ Bi . This means that the (132, 231)-stack contains 
two elements z, w , with z above w , such that yzw is an 
occurrence of either 132 or 231. Note that, since z > w , 
z is not a ltr-minimum. Therefore yz is an occurrence of 
12 and the 12-stack performs a pop operation, as desired. 
Conversely, suppose that the 12-stack pops the element x, 
with y ∈ Bi the next element of the input. This implies 
that the 12-stack contains an element z such that z > y. 

Therefore yzmi is an occurrence of 231 and the (132, 231)-
stack performs a pop operation, as desired. �

Corollary 1. Let π = m1 B1 · · ·mt Bt be the ltr-min decomposi-
tion of a permutation π . Then the following are equivalent.

1. Bi avoids 213 and Bi > Bi+1 , for each i.
2. π is (132, 231)-sortable.
3. π ∈ Av(1324, 2314).

Proof. Combining the first point in Theorem 1 and Lem-
ma 1 we have:

out132,231(π) = out12(B1) · · · out12(Bt)mt · · ·m1.

We will use this decomposition of out132,231(π)

throughout the rest of the proof.

[1 ⇒ 2] Suppose, for a contradiction, that out132,231(π)

contains an occurrence bca of 231. Note that, since c > a, 
while mt < · · · < m1, c is not a ltr-minimum of π (and 
thus neither is b). Now, if b and c are in the same block B j , 
then out12(B j) is not decreasing. Thus, by Proposition 2, B j
contains 213, which is a contradiction. Otherwise, if b ∈ B j
and c ∈ Bk , with j < k, then we have a contradiction with 
the hypothesis Bi > Bi+1 for each i.
[2 ⇒ 3] Suppose, for a contradiction, that π /∈ Av(1324,

2314). First, suppose that π contains an occurrence acbd
of 1324. Observe that b, c, d are not ltr-minima of π . Now, 
if b and d are in the same block B j of π , for some j, then 
B j contains an occurrence cbd of 213. Therefore out12(B j)

contains an occurrence of 231 due to Proposition 2, which 
contradicts the hypothesis. Otherwise, if b ∈ B j and d ∈ Bk , 
for some j < k, then out132,231(π) contains an occurrence 
bdmk of 231, again a contradiction. The pattern 2314 can 
be addressed analogously, so we leave it to the reader.
[3 ⇒ 1] Let π ∈ Av(1324, 2314). If Bi contains an occur-
rence bac of 213, then π contains an occurrence mibac of 
1324, which is impossible. Otherwise, if π contains two el-
ements x ∈ B j , y ∈ Bk , with x < y and j < k, then m j xmk y
is an occurrence of 2314, contradicting the hypothesis. �

The enumeration of Av(1324, 2314) (or a symmetry of 
these patterns) can be found for instance in [2,16]. Note 
that in [1], the authors provide a constructive bijection be-
tween these permutations and Schröder paths.

Corollary 2. Permutations of length n in Sort(132, 231) are 
enumerated by the large Schröder numbers (sequenceA006318
in [15]).

4. The (σ , σ̂ )-machine

For a permutation σ of length two or more, denote by 
σ̂ the permutation obtained from σ by interchanging its 
first two entries. Let us regard a (σ , τ )-stack as an opera-
tor outσ ,τ : S → S. By conveniently modifying the proof 
of Corollary 4.5 in [9] (stated in the context of Cayley 
permutations), we have that outσ ,τ is a length preserv-
ing bijection on S if and only if τ = σ̂ . More generally, 
Berlow [5] showed that for a set T of patterns, outT is a 
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length preserving bijection on S if and only if T is closed 
under the ˆ operator. In order for the paper to be self-
contained, we shall give the following result, which is eas-
ier to prove (although weaker): outσ ,σ̂ is a bijection for 
any pattern σ . An immediate consequence will be Theo-
rem 2 below.

Let N∗ be the set of finite length integer sequences. The 
action of the (σ , τ )-stack on input π can be naturally rep-
resented as a sequence of triples (r; s; t) ∈ (N∗)3, where r
is the current content of the output, s is the current con-
tent of the (σ , τ )-stack (read from top to bottom) and t
is the current content of the input. The triple (r; s; t) is 
said to be a state of passing of π through the (σ , τ )-stack. 
Clearly, r is a prefix of outσ ,τ (π), t is a suffix of π , the ini-
tial state is (λ; λ; π) and the final one is (outσ ,τ (π); λ; λ), 
where λ is the empty sequence. Moreover a non-final state 
(p1 p2 · · · pa; s1s2 · · · sb; t1t2 · · · tc) is followed by either the 
state

(p1 p2 · · · pas1; s2 · · · sb; t1t2 · · · tc),

if a pop operation is performed next, or

(p1 p2 · · · pa; t1s1s2 · · · sb; t2 · · · tc),

if a push operation is performed next.
For p = p1 · · · pn ∈ Nn , we denote by pr the reverse

of p, that is pr = pn · · · p1. We wish to show that the 
behavior of the (σ , σ̂ )-stack on π is strictly related to 
its behavior on 

(
outσ ,σ̂ (π)

)r
. More precisely, if o1 · · ·o2n

is the sequence of push/pop operations performed when 
π is passed through a (σ , σ̂ )-stack, then o′

2n · · ·o′
1 is 

the sequence of push/pop operations performed when (
outσ ,σ̂ (π)

)r
is passed through the (σ , σ̂ )-stack, where o′

i

is a push (resp. pop) operation if oi is a pop (resp. push) 
operation. This can be equivalently expressed by saying 
that the state (p; s; t) is followed by (u; v; w) if and only 
if the state (wr; v; ur) is followed by (tr; s; pr).

Lemma 2. Consider the action of the (σ , σ̂ )-stack. Let p, s, t ∈
N∗ and x ∈N .

1. If the state (p, xs, t) is followed by the state (px, s, t) (and 
thus a pop operation is performed) then the state (tr, s, xpr)

is followed by the state (tr, xs, pr) (and thus a push opera-
tion is performed).

2. If the state (p, s, xt) is followed by the state (p, xs, t)
(and thus a push operation is performed), then the state 
(tr, xs, pr) is followed by the state (trx, s, pr) (and thus a 
pop operation is performed).

Proof. 1. Since xs is the content of the (σ , σ̂ )-stack in 
the state (p, xs, t), we have that xs avoids σ and σ̂ . 
Thus a push operation is performed if s is the content 
of the (σ , σ̂ )-stack and x is the next element of the 
input.

2. If p is empty, the statement holds. Otherwise, let p =
p1 · · · pa and s = s1 · · · sb . Observe that pa is the last 
element that has been extracted from the (σ , σ̂ )-stack 

before x enters. Therefore, when pa is extracted, pa

plays the role of either σ2 in an occurrence of σ or of 
σ̂2 in an occurrence of σ̂ . More precisely, one of the 
following four cases hold. We show the details for the 
first case only, the others being similar. Let z be the 
length of σ .
• s� pasi3 · · · siz is an occurrence of σ , for some � ≥ 1

and � < i3 < · · · < iz . Then pas�si3 · · · siz is an oc-
currence of σ̂ and therefore a pop operation is per-
formed when pa is the next element of the input 
and xs is the content of the (σ , σ̂ )-stack, as desired.

• s� pasi3 · · · siz is an occurrence of σ̂ , for some � ≥ 1
and � < i3 < · · · < iz .

• xpasi3 · · · siz is an occurrence of σ , for some i3 <

· · · < iz .
• xpasi3 · · · siz is an occurrence of σ̂ , for some i3 <

· · · < iz . �

A straightforward consequence of the previous lemma 
is that the map 

(
outσ ,σ̂

)r : S → S is its own inverse, 
and thus a bijection. More specifically, for any permuta-

tion π , we have 
(

outσ ,σ̂
)−1

(π) =
(

outσ ,σ̂ (π r)
)r

. Since π

is (σ , σ̂ )-sortable if and only if outσ ,σ̂ (π) avoids 231 (and 
the reverse map is bijective), we have that Sort(σ , σ̂ ) is in 
bijection with Av(231). The next theorem follows.

Theorem 2. For any pattern σ , outσ ,σ̂
n is a bijection on Sn. 

Moreover, we have

|Sortn(123,213)| = |Sortn(132,312)|
= |Sortn(231,321)| = cn,

the nth Catalan number.

5. Pair (123, 132)

We characterize Sort(123, 132) in terms of pattern 
avoidance. Then we show that (123, 132)-sortable permu-
tations are enumerated by the Catalan numbers by exhibit-
ing a link with the very well studied Catalan triangle.

Theorem 3. A permutation π is (123, 132)-sortable if and only 
if π avoids 2314, 3214, 4213 and [241̄3.

Proof. Suppose that π is (123, 132)-sortable. For a contra-
diction, suppose that π contains τ ∈ {2314, 3214, 4213}. 
Pick an occurrence πiπ jπkπ� of τ , with i < j < k < �, 
where � is chosen minimal, and k, j, and i are chosen max-
imal, in this order.

If τ = 2314, due to our choice of i, j, k, �, we have πi <

πu < π j , for k < u < �. Now, when πk is pushed in the 
(123, 132)-stack, at least one of πi and π j has already 
been extracted: otherwise the (123, 132)-stack would con-
tain an occurrence of 132, which is forbidden. For each u, 
k + 1 ≤ u ≤ �, we have πk < πu and when πu is pushed in 
the (123, 132)-stack, πk is still in the (123, 132)-stack. In-
deed, πuπxπy cannot be an occurrence of 123 nor of 132
with πx above πy , both in the tail of the (123, 132)-stack 
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beginning by πk . If πi (resp. π j) is extracted before πk en-
ters in the (123, 132)-stack, then πiπk+1πk (resp. π jπ�πk) 
creates a pattern 231 in out123,132(π), a contradiction.

If τ = 3214, due to our choice of i, j, k, �, we have πi >

πu > π j , for k < u < �; and πu < πu+1, for k ≤ u < �. 
As above, when πk is pushed in the (123, 132)-stack, at 
least one of πi and π j has already been extracted: oth-
erwise the (123, 132)-stack would contain an occurrence 
of 123. Since πk+1 > πk , the next step pushes πk+1 in 
the (123, 132)-stack. (i) Assume that πi and π j both had 
left the (123, 132)-stack. Then πk is just below πk+1 in 
the (123, 132)-stack, and πk < π j < πk+1. This implies that 
π jπk+1πk is an occurrence of 231 in out123,132(π), a con-
tradiction. (ii) Assume that πi is still in the (123, 132)-
stack and π j had left this stack. Again, π jπk+1πk is an oc-
currence of 231 in out123,132(π), a contradiction. (iii) As-
sume that π j is still in the (123, 132)-stack and πi had left 
this stack. Since πu < πu+1 for k ≤ u ≤ � −1, the next steps 
of the process push successively all entries πk+1, . . . , π� in 
the (123, 132)-stack. As above, πiπ�πk is an occurrence of 
231 in out123,132(π), again a contradiction.

The case τ = 4213 can be treated similarly.

Finally, suppose that π contains [241̄3. Equivalently, 
there are two indices i < j such that π1πiπ j is an occur-
rence of 132 and πk > π1 for each i < k < j. Observe that, 
by choosing j minimal and i maximal (in this order), we 
can assume j = i + 1. Now, if πi is still in the (123, 132)-
stack when πi+1 enters, then out123,132(π) contains an 
occurrence πi+1πiπ1 of 231, which is impossible due to 
the sortability of π . Therefore πi is extracted before πi+1
enters. This means that there are two elements πu, πv in 
the (123, 132)-stack, with u < v (and thus πv above πu), 
such that πi+1πvπu is an occurrence of either 123 or 132. 
Choose u, v minimal amongst those indices,2 so that πu is 
still in the (123, 132)-stack when πi+1 enters. Notice that 
πi+1 < πu (and thus u 
= 1). Moreover, it must be πu < πi , 
otherwise πiπuπ1 would be an occurrence of 231 in the 
(123, 132)-stack, which is forbidden. But then πi+1πuπ1 is 
an occurrence of 231 in out123,132(π), a contradiction.

Conversely, suppose that π is not (123, 132)-sortable. 
We shall prove that π contains at least one of the patterns 
3214, 2314, 4213 or [241̄3. By hypothesis out123,132(π)

contains an occurrence bca of 231. Let b = π j and c = πk , 
for some indices j, k. We distinguish two cases, according 
whether j < k or j > k.

• Suppose that j < k and thus π j is extracted from the 
(123, 132)-stack before πk enters. Then there are two 
elements πu, πv in the (123, 132)-stack, with u < v
(and thus πv above πu ), such that πzπvπu is an oc-
currence of either 123 or 132, where πz is the next 
element of the input. Notice that π j ≥ min{πu, πv}, 
since otherwise π jπvπu would be an occurrence of 
either 123 or 132 in the (123, 132)-stack, which is 
impossible. Thus πk > π j > πz . If πzπvπu is an oc-
currence of 123, then πuπvπzπk is an occurrence of 

2 In other words, pick the deepest such elements πu , πv in the 
(123, 132)-stack.

either 4213, if πu > πk , or 3214, if πu < πk . Finally, if 
πzπvπu is an occurrence of 132, then πuπ jπzπk is an 
occurrence of 2314.

• Suppose instead that j > k and thus πk is still in 
the (123, 132)-stack when π j enters. Observe that 
k 
= 1, since π1 is the last element of out123,132(π). 
Therefore, when π j enters the (123, 132)-stack, the 
(123, 132)-stack contains the elements π jπkπ1, read-
ing from top to bottom. Notice that π j > π1, otherwise 
π jπkπ1 would realize an occurrence of the forbidden 
132 inside the (123, 132)-stack. Moreover, for each en-
try πt , with k < t < j, we have πt > π1. Otherwise 
πtπkπ1 would be an occurrence of 132 and πk would 
be extracted before π j , which is impossible due to our 
assumptions. Thus π1πkπ j is an occurrence of [241̄3. 
This completes the proof. �

Proposition 3. The distribution of the first element in Sort(123,

132) is given by the Catalan triangle (sequence A009766
in [15]).

Proof. Let An(k) be the set of (123, 132)-sortable per-
mutations of length n and starting with k. Let A1

n(k) be 
the subset of An(k) consisting of those permutations π =
π1π2 . . .πn where any occurrence π1πiπ� of [231 with 
π� = π1 − 1 can be extended into an occurrence π1πiπ jπ�

of [3412. Set A2
n(k) = An(k)\A1

n(k) and let k ≥ 2. We shall 
provide bijections α : A1

n(k) → An(k − 1) and β : A2
n(k) →

An−1(k).
Define α : A1

n(k) → An(k − 1) by α(π) = π ′ , where π ′
is obtained from π by swapping the two entries π1 and 
π1 − 1 in π . Since π ∈ A1

n(k), it is easy to check that π ′
avoids [241̄3. In addition, swapping π1 and π1 − 1 does 
not affect the avoidance of the three patterns 3214, 2314, 
4213, which implies (see Theorem 3) that α(π) ∈ An(k −
1).

Next define β : A2
n(k) → An−1(k) by β(π) = π ′′ , where 

π ′′ is obtained from π by deleting the entry π� immedi-
ately before k − 1 and by decreasing by one all entries of 
π greater than π� . Notice that β(π) ∈ An−1(k). Let us now 
sketch the proof that β is bijective, leaving some technical 
details to the reader. We shall explicitly define the inverse 
map of β . Given π ∈ An−1(k), choose an integer � as fol-
lows:

• � is the minimal entry l = πu > π1, with 1 < u < i, 
such that there is an index v with πv < πi and u <
v < i, if such entry exists.

• Otherwise, set � = n.

The preimage π is obtained by inserting � immediately be-
fore πi = k − 1 and then increasing by one all the entries 
π j of π with π j ≥ �.

Finally, setting ak
n = |An(k)|, we have that ak

n = ak−1
n +

ak
n−1, for 2 ≤ k ≤ n. Since An(1) = {123 · · ·n} and An(n) is 

the set of length n permutations avoiding 213 and start-
ing with n, the initial conditions are given by a1

n = 1 and 
an

n = cn−1, where cn is the nth Catalan number. Therefore, 
ak

n generates the well-known Catalan triangle (see Table 1
and [6,11,14]). �

5



J.-L. Baril, G. Cerbai, C. Khalil et al. Information Processing Letters 171 (2021) 106138

Table 1
The Catalan triangle ak

n = |An(k)|, with 1 ≤ n ≤ 8 and 1 ≤ k ≤ 6.

k\n 1 2 3 4 5 6 7 8

1 1 1 1 1 1 1 1 1

2 1 2 3 4 5 6 7

3 2 5 9 14 20 27

4 5 14 28 48 75

5 14 42 90 165

6 42 132 297

. . . . . . . . .

∑
1 2 5 14 42 132 429 1430

Corollary 3. Permutations of length n in Sort(123,132) are 
enumerated by the Catalan numbers.

Proof. With the previous notations we have |Sortn(123,

132)| = ∑n
k=1 ak

n = cn , the nth Catalan number (see again 
[6,11,14]). �

6. Pair (123, 312)

We start by giving a ltr-max counterpart of Theorem 1.

Theorem 4. Consider the (312, σ)-machine, where σ = σ1 · · ·
σk−1σk ∈ Sk, with k ≥ 3 and σk−1 < σk. Given a permutation 
π of length n, let π = M1 B1 · · · Mt Bt be its ltr-max decompo-
sition. Then:

1. Everytime a ltr-maximum Mi is pushed into the (312, σ)-
stack, the (312, σ)-stack contains the elements Mi, Mi−1,

. . . , M2, M1 , reading from top to bottom. Moreover, we 
have

out312,σ (π) = B̃1 · · · B̃t Mt · · · M1,

where B̃ i is a rearrangement of Bi .
2. If π is (312, σ)-sortable, then M1, M2, . . . , Mt = n − t +

1, n − t + 2, . . . , n.

Proof. 1. The proof is identical to that of the first part of 
Theorem 1.

2. If π is (312, σ)-sortable, then out312,σ (π) avoids 231
by Proposition 1. Suppose, for a contradiction, that there 
is an element j ∈ {n − t + 1, . . . , n} which is not a ltr-
maximum. Note that j 
= π1 = M1 and j 
= n = Mt . Then, 
out312,σ (π) contains an occurrence jnM1 of 231, which is 
a contradiction. �

Instantiating σ by 123 in the previous theorem we have 
the next result.

Theorem 5. Let π be a (123, 312)-sortable permutation and 
let π = M1 B1 · · · Mt Bt be its ltr-max decomposition. Then:

1. Bi avoids 213 for each i.
2. B̃ i = out12(Bi), for each i.

Proof. Let i ≥ 2. Notice that, as a consequence of The-
orem 4, immediately after Mi has been pushed in the 

(123, 312)-stack, this stack contains the elements Mi · · ·
M2M1, reading from top to bottom. Moreover, these ele-
ments remain at the bottom of the (123, 312)-stack until 
the end of the sorting procedure, since they are the last el-
ements of out123,312(π). This fact will be used for the rest 
of the proof.

1. Suppose, for a contradiction, that Bi contains an oc-
currence of 213, for some i, and let bac be such an oc-
currence with a ‘minimal’, in the sense that there is no 
a′ < a where ba′c is an occurrence of 213 in Bi . Therefore, 
since abMi is an occurrence of 123, b is extracted from the 
(123, 312)-stack before a enters. In addition, when c enters 
into the (123, 312)-stack, a is still in this stack. Indeed, no 
entry in Bi between a and c together with a produces a 
forbidden pattern in the (123, 312)-stack. It follows that 
out123,312(π) contains bca which is an occurrence of 231, 
yielding a contradiction with the sortability of π .

2. Let us consider the action of the (123, 312)-stack on 
the block Bi . We wish to show that the behavior of the 
(123, 312)-stack when processing Bi is equivalent to the 
behavior of an empty 12-stack on input Bi . In other words, 
we prove that the restriction of the (123, 312)-stack is trig-
gered if and only if the next element of the input forms 
an occurrence of 12 together with some other element 
in the (123, 312)-stack. Immediately after Mi has been 
pushed (i.e. before the first element of Bi is processed), 
the (123, 312)-stack contains the elements Mi · · · M2M1, 
reading from top to bottom. Observe that Bi avoids 213
by what proved above, therefore the (123, 312)-stack can-
not be triggered by an occurrence of 312 when processing 
Bi . Suppose that the next element of the input x forms 
an occurrence xy of 12 with some y ∈ Bi . Then xyMi
is an occurrence of 123 in the (123, 312)-stack, and so 
this stack behaves as a 12-stack. Conversely, suppose that 
the (123, 312)-stack is triggered by an occurrence of xyz
of 123, where x is the next element of the input. Since 
Mi > Mi−1 > · · · > M1, necessarily y ∈ Bi . Thus xy is an 
occurrence of 12 that triggers the 12-stack, as wanted. �

As a consequence of what proved so far in this section, 
for any (123, 312)-sortable permutation π = M1 B1 · · · Mt Bt
of length n, we have Bi ∈ Av(213) and M1, . . . , Mt =
n − t + 1, . . . , n. Moreover, by Proposition 2, each B̃ i in 
out123,312(π) = B̃1 · · · B̃t Mt · · · M1 is decreasing. Therefore, 
for any three elements x, y, z, with x ∈ Bi , y ∈ B j and 
z ∈ Bk , with i < j ≤ k, xyz is not an occurrence of 231. 
Otherwise xyz would still be an occurrence of 231 in 
out123,312(π), contradicting the fact that π is (123, 312)-
sortable. From now on, we say that xyz is an occurrence 
of 2 − 3 − 1 if z < x < y, with x ∈ Bi , y ∈ B j and z ∈ Bk , 
with i < j < k. Similarly, when j = k, we say that xyz is an 
occurrence of 2 − 31.

Theorem 6. Let π = M1 B1 · · · Mt Bt be the ltr-max decompo-
sition of a permutation π of length n. Write out123,312(π) =
B̃1 · · · B̃t Mt · · · M1 as in Theorem 4. Then π is (123, 312)-
sortable if and only if the following conditions are satisfied:

1. M j = n − t + j, for each j = 1, . . . , t.
2. Bi avoids 213 for each i (and thus B̃ i is decreasing for each 

i).
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3. out123,312(π) avoids 2 − 3 − 1.
4. out123,312(π) avoids 2 − 31.

Proof. If π is (123, 312)-sortable, then π satisfies all the 
above conditions as a consequence of what proved before 
in this section. Conversely, it is easy to check that if π sat-
isfies the above conditions, then out123,312(π) avoids 231. 
Thus π is (123, 312)-sortable. �

Reformulating the third condition of Theorem 6 we ob-
tain the following lemma, whose easy proof is omitted.

Lemma 3. Let π = M1 B1 · · · Mt Bt be the ltr-max decomposi-
tion of the (123, 312)-sortable permutation π . Write
out123,312(π) = B̃1 · · · B̃t Mt · · · M1 as in Theorem 4. Then 
out123,312(π) avoids 2 − 31 if and only if for each x ∈ Bi , 
y ∈ B j , with i < j, we have:

• if y > x, then B j > x.
• If y < x, then B j < x.

In other words, Lemma 3 says that each block B j of 
a (123, 312)-sortable permutation π is bounded between 
two previous elements of π . The following result is ob-
tained by restating this lemma and Theorem 6 in terms of 
pattern avoidance.

Theorem 7. A permutation π is (123, 312)-sortable if and only 
if π avoids the three generalized patterns [132, [42531 and 
[42153.

Next we prove that (123, 312)-sortable permutations 
are enumerated by the binomial transform of Catalan num-
bers. We shall exploit the above characterization in terms 
of patterns in order to provide a bijection with a certain 
set of partial permutations, whose enumeration is straight-
forward.

Recall from Section 2 that a partial permutation of n
is an injection π : {1, 2, . . . , k} → {1, 2, . . . , n}, for some 
0 ≤ k ≤ n. The partial permutation of length zero will be 
denoted by λ. Denote by An the set of all partial per-
mutations of n. For instance, we have A3 = {λ, 1, 2, 3,

12, 21, 13, 31, 23, 32, 123, 132, 213, 231, 312, 321}. There 
is a natural bijection between the set of permutations in 
Sn avoiding the pattern [132 and An−1. Indeed, from a 
length n permutation π avoiding [132, we associate the 
unique partial permutation α(π) ∈ An−1 defined as fol-
lows:

α(π)πi = i − 1, for πi < π1.

In other words, α(π) is obtained by recording the in-
dices (minus one) of the elements πi < π1, from the small-
est to the largest one. For instance, if π = 52461783, then 
α(π) = 4172. Notice that α(π) = λ if and only if π1 = 1. 
Let us now define two pattern containments on An . Let 
a = a1a2 · · ·am be a partial permutation of n, with m ≤ n, 
and let i < j < k. Then aia jak is an occurrence of the pat-
tern 31|2 if it is an occurrence of 312 such that at least one 

value of the interval [a j, ak] does not appear in a. More-
over, we say that aia jak is an occurrence of the pattern 
213 if it is an occurrence of 213 such that ai = ak − 1.3 By 
interpreting Theorem 7 in terms of partial permutations, 
we obtain easily:

Theorem 8. A permutation π is (123, 312)-sortable if and only 
if α(π) avoids 31|2 and 213.

Let An(31|2, 213) be the set of partial permutations of 
n avoiding the two patterns 31|2 and 213, and An(213) be 
the set of partial permutations of n avoiding the classical 
pattern 213.

Theorem 9. For any n ≥ 1, there is a bijection φ between 
An(31|2, 213) and An(213).

Proof. Let us define recursively the map φ from An(31|2,

213) to An(213). If π = λ, then we set φ(π) = λ. Oth-
erwise, π has a unique decomposition of the form π =
A min(π)B where A and B are disjoint partial permuta-
tions of n. We distinguish three cases:

(i) If at least one of A or B is empty, then we set φ(π) =
φ(A) min(π)φ(B);

(ii) If both A and B are not empty and min(A) > max(B), 
then we set φ(π) = φ(A) min(π)φ(B). It is worth 
noting that the hypothesis that π avoids 31|2 implies 
that any value x ∈ [min(π), max(B)] occurs in B .

(iii) Suppose that both A and B are not empty and 
min(A) < max(B). Since π avoids 213, there exists 
x ∈ [min(A), max(B)] such that x does not occur in 
π . We choose the smallest x with this property, so 
that any value of the interval [min(A), x] occurs in A. 
Moreover, since π avoids 31|2, it must be max(A) =
x − 1. An illustration of this case is depicted in Fig. 1. 
Let r be the maximum value of B that is lower than 
min(A) and consider the string B ′ obtained from B
by decreasing by x − r − 1 all entries greater than x. 
Similarly, let A′ be obtained from A by increasing by 
max(B) − x + 1 all its entries. Obviously, A′ and B ′
belong to An(31|2, 213), whereas π ′ = A′ min(π)B ′
contains 31|2. Then we set φ(π) = φ(A′) min(π)φ(B ′)
(see again Fig. 1 for an illustration of this mapping). 
It is worth noting that the value r + 1 does not occur 
in both A′ and B ′ , which implies that there exists 
y ∈ [min(π), r + 1] such that y does not occur in 
φ(B ′).

Next we prove that φ is an injective map. We pro-
ceed by induction on the length of partial permutations. 
Let π be a partial permutation. Due to the remarks at 
the end of (ii) and (iii), the image of π under φ satis-
fying (ii) is a partial permutation π ′ such that any value 
x ∈ [min(π), max(φ(B))] occurs in φ(B), which is not true 
for a permutation π satisfying (iii). Then, for two non-
empty partial permutations π and σ in An(31|2, 213), 

3 This is analogous to the notion of bivincular pattern on classical per-
mutations.
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π =

A

B

B

x

−→ π ′ =

r + 1

B ′

B ′

A′

and φ(π) =

y <= r + 1

φ(B ′)

φ(B ′)

φ(A)

Fig. 1. Illustration of φ in the case (iii) of the proof of Theorem 8.

Table 2
Counting sequences not appearing in [15].

(σ , τ ) The sequence counting 
(σ , τ )-sortable permutations

(123,231) 1, 2, 6, 21, 79, 310, 1252, 5168, 21714, . . .

(132,213), (213,312) 1, 2, 5, 16, 261, 1206, 5882, 29861, 156366, . . .

(123,321) 1, 2, 4, 7, 14, 28, 56, 112, 224, 448, 896, 1792, . . .

(213,231) 1, 2, 6, 23, 101, 483, 2450, 12978, 71071, . . .

(213,321) 1, 2, 4, 12, 46, 200, 941, 4677, 24203, . . .

(231,312) 1, 2, 6, 23, 101, 484, 2471, 13254, 74026, . . .

(312,321) 1, 2, 4, 10, 28, 85, 274, 925, 3239, . . .

φ(π) = φ(σ ) implies that π and σ have the same length 
and they belong to the same case (i), (ii) or (iii). The re-
currence hypothesis induces π = σ which completes the 
induction.

Finally, observe that any partial permutation π avoid-
ing 213 is of the form A min(π)B where min(A) > max(B)

and both A and B avoid 213. According to the geometrical 
shape of π (as in the proof of injectivity), π fits exactly 
in one of the cases (i), (ii) and (iii) in the definition of φ. 
Therefore the surjectivity of φ can be showed by using its 
recursive definition and induction on A and B . We leave 
the details to the reader. �

Now, it is easy to enumerate the set An(213). Indeed 
any partial permutation π ∈ An(213) can be obtained by 
choosing k integers from {1, 2, . . . , n} and then arranging 
them according to the partial order of a permutation in 
Avk(213) (there are ck such permutations). Therefore, we 
have:

|An(213)| =
n∑

k=0

(
n

k

)
ck,

the binomial transform of Catalan numbers (sequence
A007317 in [15]). The enumeration of Sort(123, 312) fol-
lows immediately.

Corollary 4. For each n ≥ 1, we have:

|Sortn+1(123,312)| =
n∑

k=0

(
n

k

)
ck.

7. Final remarks

We have focused our study on pairs (σ , τ ) of pat-
terns of length three for which permutations sortable by 
(σ , τ )-machine are counted by Catalan numbers, by their 
binomial transform, or by Schröder numbers, thereby ad-
dressing six out of fifteen possible pairs of patterns of 
length three. Computer experiments have shown that for 
all nine remaining pairs of length three patterns, except 
for (132, 321), the corresponding counting sequences are 
not recorded in [15] database (see Table 2), and we state 
the next conjecture.

Conjecture 1. The sequence counting (132, 321)-sortable per-
mutations is the sequenceA102407 in [15] counting particular 
Łukasiewicz paths and pattern avoiding Dyck paths.
Moreover, the pairs (132, 213) and (213, 312) yield the same 
enumerating sequence.
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Catalan words are particular growth-restricted words counted by the eponymous integer sequence. In this article we
consider Catalan words avoiding a pair of patterns of length 3, pursuing the recent initiating work of the first and
last authors and of S. Kirgizov where (among other things) the enumeration of Catalan words avoiding a patterns of
length 3 is completed. More precisely, we explore systematically the structural properties of the sets of words under
consideration and give enumerating results by constructive bijections or bivariate generating functions with respect to
the length and descent number. Some of the obtained enumerating sequences are known, and thus the corresponding
results establish new combinatorial interpretations for them.

Keywords: Catalan/pattern-avoiding words, enumeration, constructive bijections, (bivariate) generating functions.

1 Introduction and notation

Catalan words are particular growth-restricted words and they represent still another combinatorial class
counted by the Catalan numbers, see for instance [12, exercise 6.19.u, p. 222]. This paper contributes to
a recent line of research on classical pattern avoidance on words subject to some growth restrictions (for
instance, ascent sequences [2, 6], inversion sequences [5, 10, 14], restricted growth functions [4, 9]) by
investigating connections between sequences on the On-line Encyclopedia of Integer Sequences [11] and
Catalan words avoiding two patterns of length 3.

Through this paper we consider words over the set of non-negative integers and we denote such words
by sequences (for instance w1w2 . . . wn) or by italicized boldface letter (for instance w and u). The word
w = w1w2 . . . wn is called a Catalan word if

w1 = 0 and 0 ≤ wi ≤ wi−1 + 1 for i = 2, 3, . . . , n.

Catalan words are in bijection with maybe the most celebrated combinatorial class having the same enu-
merating sequence: Dyck paths(i). Indeed, in a length 2n Dyck path collecting for the up steps the ordinates
of their starting points we obtain a length n Catalan word, and this construction is a bijection. See Figure 1
where this bijection is depicted for an example. We denote by Cn the set of length n Catalan words and
cn = |Cn| is the nth Catalan number 1

n+1

(
2n
n

)
.

A pattern is a word with the property that if i occurs in it, then so does j, for any j with 0 ≤ j < i. A
pattern π = π1π2 . . . πk is said to be contained in the word w = w1w2 . . . wn, k ≤ n, if there is a sub-word
of w, wi1wi2 . . . wik

, order-isomorphic with π1π2 . . . πk. If w does not contain π, we say that w avoids π,
see for instance Kitaev’s seminal book [7] on this topic.

For a pattern π, we denote by Cn(π) the set of length n Catalan words avoiding π, and cn(π) = |Cn(π)|
is the cardinality of Cn(π) and C(π) = ∪n≥0Cn(π). For example, Cn(101) is the set of length n Catalan
words avoiding 101, that is, the set of words w in Cn such that there are no i, j and k, 1 ≤ i < j < k ≤ n,
with wi = wk > wj . So, C4(101) = {0000, 0001, 0010, 0011, 0012, 0100, 0110, 0111, 0112, 0120, 0121,
0122, 0123}. Likewise, if π is the set of patterns {α, β, . . . }, then Cn(π) and Cn(α, β, . . . ) denote both
the set of length n Catalan words avoiding each pattern in π; and cn(π) = cn(α, β, . . . ) and C(π) =

(i) A Dyck path is a path in the first quadrant of the plane which begins at the origin, ends at (2n, 0), and consists of up steps (1, 1)
and down steps (1, −1).
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C(α, β, . . . ) have similar meaning as above. A descent in a word w = w1w2 . . . wn is a position i, 1 ≤ i ≤
n − 1, with wi > wi+1. The (ordinary) generating function of a set of pattern avoiding Catalan words C(π)
is the formal power series

Cπ(x) =
∑

n≥0

cn(π)xn =
∑

w∈C(π)

x|w|,

where |w| is the length of the word w. In our case of generating function approach for counting classes
of pattern avoiding Catalan words we consider the descent number as an additional statistic obtaining ‘for
free’ the bivariate generating function

Cπ(x, y) =
∑

w∈C(π)

x|w|ydes(w),

where des(w) is the number of descents of w. With these notations, the coefficient of xnyk in Cπ(x, y)
is the number of Catalan words of length n avoiding π and having k descents, and for a set S of Catalan
words S(x) and S(x, y) have similar meaning.

For a word w = w1w2 . . . wn and an integer a, we denote by (w + a) the word obtained from w by
increasing by a each of its entries, that is, the word (w1 + a)(w2 + a) · · · (wn + a). In our constructions we
will often make use of two particular families of Catalan words: those avoiding 10 (i.e., with no descents)
and we call these words weakly increasing (or w.i for short) Catalan words; and those avoiding 00 (and thus
necessarily avoiding 10) and we call these words strictly increasing (or s.i for short) Catalan words. It is
easy to see that for each length n ≥ 1 there are 2n−1 w.i. Catalan words and one s.i. Catalan word.

The remaining of this paper is structured as follows. In the next section we characterize pattern avoiding
ascent sequences which are Catalan words, establishing ties with some similar enumerative results for ascent
sequences in [2]. In Section 3 we consider classes of Catalan words avoiding both a length two and a length
three pattern. In the next sections we discuss Catalan words avoiding two patterns of length three, in
increasing order of their complexity: obvious cases (Section 4), cases counted via recurrences (Section
5) and cases counted via generating functions (Section 6); these results are summarized in Table 2. We
conclude with some remarks and further research directions.

0 0

1

2

3 3

0

1

2

1

(a)

0 0

1

2

3 3

0

1

2

1

(b)

Figure 1: (a) A Dyck path where each up step is labeled by the ordinate of its starting point; and (b) its corresponding
Catalan word 0012330121.

2 Catalan words vs. ascent sequences
An ascent in a word w = w1w2 . . . wn is a position i, 1 ≤ i ≤ n − 1, with wi < wi+1, and asc(w) denotes
the number of ascents in w. Closely related to Catalan words are ascent sequences introduced in [3] and
defined as: the word w = w1w2 . . . wn is called an ascent sequence if

w1 = 0 and 0 ≤ wi ≤ asc(w1w2 . . . wi−1) + 1 for i = 2, 3, . . . , n,

and An denotes the set of length n ascent sequences, and A = ∪n≥0An. Similarly as for Catalan words,
if π is a pattern, then An(π) is the set of length n ascent sequences avoiding π, and A(π) = ∪n≥0An(π).
Clearly, Cn = An for n ≤ 3, and Cn ⊂ An for n ≥ 4, and this inclusion is strict, for instance 0102 ∈
A4 \ C4. It turns out that, for particular patterns π, An(π) collapses to Cn(π) for any n, and this behaviour
where the pattern 0102 plays a critical role is discussed below.

Proposition 1. If w ∈ A \ C, then w contains the pattern 0102.
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Proof: If w = w1w2 . . . wn is an ascent sequence which is not a Catalan word, then there is an i such that
wi ≥ wi−1 + 2, and let k be the smallest such i. It follows that wi ≤ wi−1 + 1 for any i, 2 ≤ i ≤ k − 1,
or equivalently w1w2 . . . wk−1 is a Catalan word. Thus, if wi > 0, 2 ≤ i ≤ k − 1, then each symbol less
than wi occurs in the prefix w1w2 . . . wi−1. We distinguish two cases: (i) wk−1 is not the maximal symbol
of the prefix w1w2 . . . wk−1, and (ii) otherwise.
(i) In this case there exist i and j, 1 ≤ i < j < k − 1, such that wj = wk−1 + 1 and wi = wk−1. It follows
that wiwjwk−1wk is an occurrence of 0102.
(ii) In this case the prefix w1w2 . . . wk−1 has a descent (otherwise, since w is an ascent sequence, the
maximal possible value for wk is wk−1 + 1), and let j be such a descent, that is wj > wj+1, j + 1 < k − 1.
As noticed above, the symbol wj+1 already occurs in w1w2 . . . wj−1, say in position i. Thus, wiwjwj+1wk

is an occurrence of 0102.

Proposition 2. For n ≥ 4 and a pattern π the followings are equivalent
1. An(π) = Cn(π),

2. 0102 contains the pattern π.

Proof: ‘2. ⇒ 1.’ We proceed by contraposition and considering Cn(π) ⊆ An(π). If w ∈ An(π) \ Cn(π),
then, by Proposition 1, w contains 0102, and so 0102 does not contain π.
‘1. ⇒ 2.’ Again by contraposition: if 0102 does not contain π, then at least one of the words 01023 · · · (n−
2) or 01020n−4 belongs to An(π) and not to Cn(π), and so An(π) 6= Cn(π).

Since the only patterns of length three of 0102 are 001, 010, 012 and 102, we have the following conse-
quence of Proposition 2.

Corollary 1. For n ≥ 4 and a pattern π of length three, An(π) = Cn(π) if and only if π ∈ {001, 010, 012,
102}.

Pattern avoidance in ascent sequences was initiated in [6], and in [2] ascent sequences avoiding a pair of
patterns of length three are considered and exact enumeration for several such pairs are given. In light of
Corollary 1 it can happen that if a pattern of the avoided pair is one of the four specified in this corollary,
then the resulting ascent sequences are Catalan words as well. The pairs of avoided patterns for which
ascent sequences and Catalan words coincide, and for which the enumeration has already been considered
in [2] are highlighted in the summarizing Table 2. In order to keep the present article self-contained we
fully consider these cases, our proofs being alternative to those in [2].

3 Avoiding a length two and a length three pattern
There are three patterns of length two, namely 00, 01 and 10, and we have:

Proposition 3. The number of Catalan words avoiding a pattern of length two and a pattern π of length
three is given by:

cn(00, π) =

{
0 if π = 012 and n ≥ 3,
1 elsewhere;

cn(01, π) =

{
0 if π = 000 and n ≥ 3,
1 elsewhere;

cn(10, π) =





Fn if π = 000,
n if π ∈ {001, 011, 012},
2n−1 elsewhere,

where Fn is the nth Fibonacci number defined by F0 = F1 = 1 and Fn = Fn−1 + Fn−2, n ≥ 2.

Proof: If w ∈ Cn(00), then w = 012 · · · (n − 1). Thus, Cn(00, π) = {012 · · · (n − 1)} except when
π = 012 and in this case Cn(00, π) = ∅ for n ≥ 3, and the counting relation for Cn(00, π) follows.
Similarly, if w ∈ Cn(01), then w = 00 · · · 0. Thus, Cn(01, π) = {000 · · ·0} except when π = 000 and in
this case Cn(01, π) = ∅ for n ≥ 3.

Finally, a Catalan word avoids 10 if and only if it avoids 010. It follows that cn(10, π) = cn(010, π),
which falls in the case of avoidance of two length 3 patterns and the corresponding proofs are given in the
next section, see also Table 2.
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4 Trivial cases

Superfluous patterns

If the pattern τ contains the pattern σ, then clearly Cn(σ, τ) = Cn(σ); but this phenomenon can occur even
when σ and τ are not related by containment and in this case, following [2], we say that τ is a superfluous
pattern for σ. For example, any word in Cn(012) is a binary word, and thus any pattern with at least three
different symbols is a superfluous pattern for 012. In Table 1 are listed all pairs of superfluous patterns
of length three. It is worth to mentioning that superfluousness is a transitive relation, for instance 201 is
superfluous for 021 which in turn is superfluous for 011. So, a pattern can be superfluous for several other
ones, for instance τ = 201 is superfluous for each of the patterns 001, 010, 011, 012, 021, 101, 120. Also it
is easy to see that if τ is superfluous for σ, then τ is larger lexicographically than σ.

σ 000 001 010 011 012 021 101 110 120
100 101 021 021 021 201 102 210 201

102 100 101 102 210 201 210
201 101 102 120

τ 102 110 201
110 201 210
120 210
201
210

Table 1: In each column, each pattern τ is superfluous for the pattern σ.

Ultimately constant sequences

It can happen that the number of Catalan words avoiding a pair of length 3 patterns is constant for enough
long words. The only two such cases are given below.

Proposition 4. cn(000, 011) =





1 if n = 1,
2 if n = 2,
3 if n ≥ 3;

and cn(000, 012) =





1 if n = 1,
2 if n = 2,
3 if n = 3 or n = 4,
0 if n ≥ 5.

Proof: If n ≥ 3, then Cn(000, 011) = {0x, x0, x(n − 1)} where x is the word 01 · · · (n − 2), and the first
point follows.
If a Catalan word avoids 012, then it is a binary word. In addition if its length is larger than 4 it necessarily
contains three identical entries, and so Cn(000, 012) = ∅ for n ≥ 5. Considering the initial values of
cn(000, 012) the second point follows.

Counting sequence n

Proposition 5. If π is one of the pairs of patterns {001, 010}, {001, 011}, {001, 012}, {010, 011}, {010, 012}
or {011, 012}, then cn(π) = n.

Proof: The proof is based on the easy to understand description given below for the corresponding sets of
Catalan words:

π Cn(π) π Cn(π)
{001, 010} {012 · · · jj · · · j : 0 ≤ j ≤ n − 1} {010, 011} {0j12 · · · (n − j) : 1 ≤ j ≤ n}
{001, 011} {012 · · · j0 · · · 0 : 0 ≤ j ≤ n − 1} {010, 012} {0j+11n−j−1 : 0 ≤ j ≤ n − 1}
{001, 012} {01j0n−j−1 : 0 ≤ j ≤ n − 1} {011, 012} {0n} ∪ {0j10n−j−1 : 1 ≤ j ≤ n − 1}
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5 Counting via recurrence
Counting sequence 2(n − 1)

Proposition 6. If π = {011, 100} or π = {011, 120}, then cn(π) = 2(n−1) for n ≥ 2 (Sequence A005843
in [11]).

Proof: If π = {011, 100} and w ∈ Cn(π), n ≥ 2, then either
− w = 0ku, 0 ≤ k ≤ n − 1, with u a s.i. Catalan word (of length at least one), or

− w = 0ku0, 0 ≤ k ≤ n − 3, with u a s.i. Catalan word (of length at least two).
In the first case there are n possibilities for w and n−2 possibilities in the second case, and the result holds.
If π = {011, 120} and w ∈ Cn(π), n ≥ 2, then either

− w = 0ku, 0 ≤ k ≤ n − 1, with u a s.i. Catalan word, or

− w = 0k10n−k−1, 1 ≤ k ≤ n − 2,
and as previously the result holds.

Sequences involving 2n

Proposition 7. If π = {000, 101}, then cn(π) = 2n−1 for n ≥ 1 (A000079 in [11]).

Proof: If a Catalan word avoids 101, then it is unimodal (that is, it can be written not necessarily in a unique
way as uv with u a weakly decreasing and v weakly decreasing word). In addition, if the word avoids 000,
then its maximal value occurs at most twice, and when it occurs twice this happens in consecutive positions.
We denote by Dn the subset of words in Cn(π) where the maximal entry occurs once and by En that where
it occurs twice, dn = |Dn|, en = |En|, and cn(π) = dn + en. Any word w = w1 · · · mm · · ·wn−1 ∈ En−1

with its maximal value m occurring twice can be extended into a word in Dn by one of the transformations:

w 7→ w1 · · · m(m + 1)m · · ·wn−1, and

w 7→ w1 · · · mm(m + 1) · · · wn−1,

and any word w = w1 · · · m · · · wn−1 ∈ Dn−1 with its maximal value m occurring once can be extended
into a word in Dn by:

w 7→ w1 · · · m(m + 1) · · ·wn−1.

Conversely, any word in Dn, n ≥ 2, can uniquely be obtained from a word in Dn−1 or in En−1 by reversing
one of the transformations above, so

dn = 2 · en−1 + dn−1,

for n ≥ 2.
Reasoning in a similar way we have

en = 2 · en−2 + dn−2,

Thus, for n ≥ 3, en = dn−1, and finally

cn(π) = dn + en = 2 · (dn−1 + en−1) = 2 · cn−1(π),

and with the initial conditions c1(π) = 1 and c2(π) = 2, the result follows.

Proposition 8. If π = {101, 210} or π = {102, 120}, then cn(π) = (n−1) ·2n−2+1 for n ≥ 2 (A005183
in [11]).

Proof: If π = {101, 210} and w ∈ Cn(π), n ≥ 3, then either
− w = 0u with u ∈ Cn−1(π), or

− w = 0(u + 1) with u ∈ Cn−1(π), or

− w = 0(u + 1)0n−k−1 with u a w.i. Catalan word of length k, 1 ≤ k ≤ n − 2.
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The number of words in each of the first two cases is cn−1(π). The number of length k w.i. Catalan words
is 2k−1, so the number of words in the last case is

n−2∑

k=1

2k−1 =
n−3∑

k=0

2k = 2n−2 − 1.

Thus, cn(π) = 2cn−1(π) + 2n−2 − 1, and after calculation the result holds.

If π = {102, 120} and w ∈ Cn(π), n ≥ 3, then either
− w = 0u with u ∈ Cn−1(π), or
− w = 0(u + 1) with u ∈ Cn−1(π), or
− w = 01u with u a length (n − 2) binary word other than 11 · · ·1.

The number of words in each of the first two cases is cn−1(π), and the number of words in the last case is
2n−2 − 1. So cn(π) = 2cn−1(π) + 2n−2 − 1, and again the result holds.

Proposition 9. If π is one of the pairs of patterns {021, 100}, {021, 101}, {101, 110} or {101, 120}, then
cn(π) = 2n − n for n ≥ 0 (A000325 in [11]).

Proof:
If π = {021, 100} and w ∈ Cn(π), n ≥ 4, then either

− w is a w.i. Catalan word, or
− w = u0 with u a w.i. Catalan word of length (n − 1) other than 00 · · ·0, or
− w = 0v0(u + 1) where v is w.i. binary word ending by 1 and u is a w.i. Catalan word of length k,

1 ≤ k ≤ n − 3.
In the first case the number of words w is 2n−1 and in the second case the number of words w is 2n−2 − 1.
In last case the number of words w is

n−3∑

k=1

(n − k − 2) · 2k−1 = 2n−2 − (n − 1).

Combining these cases and considering the initial values of cn(π) the result holds.

If π = {021, 101} and w ∈ Cn(π), n ≥ 2, then either
− w = u0 with u ∈ Cn−1(π), or
− w = 0n−k(u + 1) with u a w.i. Catalan word of length k, 1 ≤ k ≤ n − 1.

The number of words in the first case is cn−1(π) and the number of words in the second case is
∑n−1

k=1 2k−1 =
2n−1 − 1. So cn(π) = cn−1(π) + 2n−1 − 1 and after calculation the result follows.

If π = {101, 110} and w ∈ Cn(π), n ≥ 3, then either
− w = 0u with u ∈ Cn−1(π), or
− w = 0(u + 1) with u ∈ Cn−1(π), or
− w = u0n−k with u a s.i. Catalan word of length k, 2 ≤ k ≤ n − 1.

The number of words w in each of the first two cases is cn−1(π). For the last case, for each k there is
exactly one word w, so their number is (n − 2) in this case. So cn(π) = 2cn−1(π) + n − 2 and after
calculation the result holds.

If π = {101, 120} and w ∈ Cn(π), n ≥ 3, then either
− w = 0u with u ∈ Cn−1(π), or
− w = 0(u + 1) with u ∈ Cn−1(π), or
− w = 01k0n−k−1, 1 ≤ k ≤ n − 2.

So, again cn(π) = 2cn−1(π) + n − 2.

Proposition 10. If π = {021, 120}, then cn(π) = (n + 2) · 2n−3 for n ≥ 3 (A045623 in [11]).

Proof: If w ∈ Cn(π), n ≥ 4, then either
− w = 0u0 with u a length (n − 2) binary word, or
− w = 0(u + 1) with u a length (n − 1) w.i. Catalan word, or
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− w = 0u0(v + 1) with u a binary word and v w.i. Catalan word.
The number of words in each of the first two cases is 2n−2 and the number of words in the last case is

n−2∑

k=1

2n−k−22k−1 = (n − 2)2n−3,

and so cn(π) = 2n−1 + (n − 2)2n−3, which gives the desired result.

If a Catalan word avoids both 102 and 110, then it has at most one descent. In the second part of the
proof of the next proposition we need the following technical lemma which gives the number of Catalan
words in Cn(102, 110) with one descent and avoiding the pattern 00 before the descent (note that in this
case avoiding 00 is equivalent to avoiding equal consecutive entries). The set of these words is empty for
n ≤ 2, it is the single word set {010} for n = 3, and {0100, 0101, 0120, 0121} for n = 4.

Lemma 1. Let Dn be the set of words in Cn(102, 110) having one descent and avoiding 00 before the
descent. Then |Dn| = n

6 (n − 1)(n − 2).

Proof: A word belongs to Dn, n ≥ 3, if and only if it can be written as

012 . . . (k − 1)a(u + a),

with 2 ≤ k ≤ n − 1 (k is the position of the unique descent in the word), a ∈ {0, 1, . . . k − 2}, and u is a
length (n − k − 1) w.i. Catalan word over {0, 1}. For each choice of k, there are k − 1 choices for a, and
for each choice for a there are n − k choices for u. It follows that

|Dn| =

n−1∑

k=2

(k − 1) · (n − k),

and after calculation the statement holds.

Proposition 11. If π = {021, 102} or π = {102, 110}, then cn(π) = 3 · 2n−1 − 1
2 (n + 1)(n + 2) + n for

n ≥ 1 (A116702 in [11]).

Proof: If π = {021, 102} and w ∈ Cn(π), n ≥ 3, then either
− w = 0u with u a length (n − 1) binary word, or
− w = 0 · · · 0(u + 1)0 · · · 0 with u a length k, 2 ≤ k ≤ n − 1, w.i. Catalan word other than 00 · · · 0

and w beginning by at least one 0.
The number of words in the first case is 2n−1 and the number of those in the second case is

n−1∑

k=2

(2k−1 − 1) · (n − k) = 2 · 2n−1 − 1

2
(n + 1)(n + 2) + n,

and combining the two cases the result holds.

If π = {102, 110} and w ∈ Cn(π), then either
− w is a w.i. Catalan word, the number of such words is 2n−1, or
− w ∈ Dn, with Dn defined in Lemma 1, or
− w = u(v + m), where u is a w.i. Catalan word of length k, 1 ≤ k ≤ n − 3, m is the maximal

(rightmost) entry of u, and v is a word belonging to Dn−k.
Indeed, the first case corresponds to words with no descents, the second one to those with a descent and no
occurrences of 00 before the descent, and the third one to those with both descent and occurrences of 00
before the descent (the rightmost such occurrence is in positions k and k + 1). By Lemma 1, the number of
words in the third case is

n−3∑

k=1

2k−1 · (n − k) ·
(

1

6
(n − k)2 − 1

2
(n − k) +

1

3

)
= 2n − 1

6
(n + 1)(n2 − n + 6).

Finally, combining the three previous cases the desired result holds.
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Sequences involving binomial coefficients
In this part we use the notation

ab · · · cd
↑
i

e · · · f

to denote that the entry d is in position i in the word ab · · · cde · · · f .

Proposition 12. If π = {001, 210}, then cn(π) =
(
n
3

)
+ n for n ≥ 3 (A000125 in [11]).

Proof: If w ∈ Cn(π), then it has at most one descent.
If w has no descents, then it has the form w = 01 · · · (m − 1)m · · ·m and there are n such words.
If w has one descent, then it has the form w = 01 · · · (m − 1)m · · ·mk · · · k with 0 ≤ k < m < n − 1. It
follows that there is a bijection between the family of 3-element subsets of {0, 1, . . . , n − 1} and the words
in Cn(π) with one descent:

{k, m, ℓ} 7→ 0123 · · · (m − 1)m · · ·m
↑
ℓ

k · · · k.

Combining the two cases we have cn(π) =
(
n
3

)
+ n.

Proposition 13. If π is one of the pairs of patterns {001, 021}, {001, 110}, {001, 120}, {012, 100},
{012, 101} or {012, 110}, then cn(π) =

(
n
2

)
+ 1 for n ≥ 2 (A000124 in [11]).

Proof: In any of the six cases for π, the set Cn(π) is in bijection with the family S of subsets of {2, . . . , n}
with at most two elements. We give below explicit definitions for such bijections, where the empty set is
mapped to 0 · · · 0 ∈ Cn(π) by each of them.

If π = {001, 021} and w ∈ Cn(π), then either w = 00 · · · 0 or for some m ≥ 1, w = 0123 · · · (m − 1)ms

with s ≥ 1 or w = 0123 · · · (m − 1)ms0t with s ≥ 1, t ≥ 1, and the desired bijection S → Cn(001, 021)
is

{k} 7→ 0123 · · · (m − 1) m
↑

k=m+1

· · · m;

{k, j} 7→ 0123 · · · (m − 1) m
↑

k=m+1

· · ·m0
↑
j

· · · 0.

If π = {001, 110} and w ∈ Cn(π), then either w = 00 · · ·0 or w = 0123 · · · (m − 1)m · · ·m with
m the maximal entry of w, or w = 0123 · · · (m − 1)mℓ · · · ℓ with ℓ < m, and the desired bijection
S → Cn(001, 110) is

{k} 7→ 0123 · · · (m − 1) m
↑

k=m+1

· · · m;

{k, j} 7→ 0123 · · · (j − 2)(k − 2) · · · (k − 2).
If π = {001, 120} and w ∈ Cn(π), then either w = 00 · · · 0, or for some m ≥ 1, w = 0123 · · · (m − 1)ms

with s ≥ 1 or w = 0123 · · · (m− 1)ms(m− 1)t with s, t ≥ 1, and the desired bijection S → Cn(001, 120)
is

{k} 7→ 0123 · · · (m − 1) m
↑

k=m+1

· · · m;

{k, j} 7→ 0123 · · · (m − 1) m
↑

k=m+1

· · ·m(m − 1)
↑
j

· · · (m − 1).

For the next three cases we need the following observation: a Catalan word avoids 012 if and only if it is
a binary word (over {0, 1}) beginning by a 0.

If π = {012, 100} and w ∈ Cn(π), then either w = 0s1t with s ≥ 1, t ≥ 0 or w = 0s1t01r with s, t ≥ 1,
r ≥ 0, and the desired bijection S → Cn(012, 100) is

{k} 7→ 0 · · · 01
↑
k

· · · 1;

{k, j} 7→ 0 · · · 01
↑
k

· · · 10
↑
j

1 · · · 1.

If π = {012, 101} and w ∈ Cn(π), then either w = 0s1t with s ≥ 1, t ≥ 0 or w = 0s1t0r with s, t ≥ 1,
r ≥ 1, and the desired bijection S → Cn(012, 101) is

{k} 7→ 0 · · · 01
↑
k

· · · 1;
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{k, j} 7→ 0 · · · 01
↑
k

· · · 10
↑
j

· · · 0.

If π = {012, 110} and w ∈ Cn(π), then either w = 0s1t with s ≥ 1, t ≥ 0 or w = 0s10t1r with s, t ≥ 1,
r ≥ 0, and the desired bijection S → Cn(012, 110) is

{k} 7→ 0 · · · 01
↑
k

· · · 1;

{k, j} 7→ 0 · · · 01
↑
k

0 · · · 0
↑
j

1 · · · 1.

Sequences involving Fibonacci(-like) numbers
As in Proposition 3, we consider the sequence of Fibonacci numbers (Fn)n≥0 defined as F0 = 1, F1 = 1
and Fn = Fn−1 + Fn−2 for n ≥ 2.

Proposition 14. If π = {000, 001} or π = {000, 010}, then cn(π) = Fn for n ≥ 0 (A00045 in [11]).

Proof: For π = {000, 001} the proof is up to a certain point similar to that of Proposition 7. A word
belonging to Cn(π) is unimodal and its maximal entry occurs once or twice in consecutive positions. Let
Dn denote the subset of words in Cn(π) where the maximal entry occurs once and En denote that where
it occurs twice. If w ∈ Cn(π) has its maximal entry m, then the insertion of (m + 1) after the leftmost
occurrence of m in w produces a word in Dn+1, and the insertion of (m + 1)(m + 1) produces a word
in En+2. It is easy to see that these transformations induce a bijection between Cn(π) and Dn+1, and
between Cn(π) and En+2, and thus between Cn−2(π) ∪ Cn−1(π) and Cn(π). It follows that cn(π) satisfies
a Fibonacci-like recurrence, and by considering the initial values for cn(π) the result holds.

For π = {000, 010}, a word w ∈ Cn(π) is characterized by: w is w.i. and w does not have three consec-
utive equal entries. So w can be represented by the binary word b1b2 . . . bn−1 with no two consecutive 1s
where bi = 1 iff wi = wi−1. This representation is a bijection between Cn(π) and the set of binary words
of length (n − 1) without two consecutive 1s, which cardinality is the Fibonacci number, see for instance
[13].

Proposition 15. If π = {001, 100}, then cn(π) = Fn+1 − 1 for n ≥ 1.

Proof: If w ∈ Cn(π), n ≥ 3, then either
− w = 0 · · · 0, or
− w = 0(u + 1) with u ∈ Cn−1(π), or
− w = 0(u + 1)0 with u ∈ Cn−2(π).

So, cn(π) satisfies the recurrence cn(π) = cn−1(π) + cn−2(π) + 1 for n ≥ 3, and solving it we have the
desired result.

In the next proposition we will make use of the following relation satisfied by the even index Fibonacci
numbers: F2n = F2n−2 +

∑n−1
i=0 F2i for n ≥ 1.

Proposition 16. If π = {100, 201}, then cn(π) = F2n−2 for n ≥ 1 (A001519 in [11]).

Proof: If w ∈ Cn(π), n ≥ 3, then either
− w = 0u with u ∈ Cn−1(π), or
− w = 0(u + 1) with u ∈ Cn−1(π), or
− w = 0(u + 1)0 with u ∈ Cn−2(π), or
− w = 01n−k−20(u + 1) with u ∈ Ck(π) for some k, 1 ≤ k ≤ n − 3.

In both of the first two cases the numbers of words w is cn−1(π) and in the third case, this number is
cn−2(π). In the last case, the number of words w is

∑n−3
k=1 ck(π). So, cn(π) = 2cn−1(π) + cn−2(π) +∑n−3

k=1 ck(π) = cn−1(π) +
∑n−1

k=1 ck(π), and with the initial conditions we have cn(π) = F2n−2.

The sequence of Pell numbers (pn)n≥0 is defined as p0 = 0, p1 = 1 and pn = 2pn−1 + pn−2 for n ≥ 2.

Proposition 17. If π = {100, 101}, then cn(π) is the nth Pell number for n ≥ 1 (A000129 in [11]).

Proof: If w ∈ Cn(π), n ≥ 2, then either
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− w = 0u with u ∈ Cn−1(π), or
− w = 0(u + 1) with u ∈ Cn−1(π), or
− w = 0(u + 1)0 with u ∈ Cn−2(π).

In both of the first two cases the numbers of words w is cn−1(π) and it is cn−2(π) in the last case. So,
cn(π) satisfies Pell numbers recurrence and considering its initial values the statement holds.

6 Counting via generating function
Here we give bivariate generating functions Cπ(x, y) where the coefficient of xnyk is the number of Catalan
words of length n having k descents and avoiding π, for each of the remaining pairs π of patterns of length 3.
Plugging y = 1 in Cπ(x, y) we obtain Cπ(x) = Cπ(x, 1) where the coefficient of xn is the number
of Catalan words of length n avoiding π. All the obtained enumerating sequences are not yet recorded
in [11], except that for: π = {100, 120} and for π = {110, 120} (see Corollary 3) and presumably for
π = {100, 210} (see Corollary 15). In almost all the proofs of the next propositions the desired generating
function is the solution of a functional equation satisfied by it.

Proposition 18. If π = {000, 021}, then

Cπ(x, y) = −x4y + x2y + 1

x2 + x − 1
.

Proof: Here we need the generating function for the Fibonacci numbers C000,010(x) = 1
1−x−x2 for the set

in Proposition 14. Note that words in C(000, 010) have no descents.
Let w be a non-empty word in C(π). Then w has one of the following forms:

− w = 0(u + 1) where u ∈ C(000, 010); the generating function for these words is x · 1
1−x−x2 ,

− w = 00(u + 1) where u ∈ C(000, 010); the generating function for these words is x2 · 1
1−x−x2 ,

− w = 0(u + 1)0 where u ∈ C(000, 010); the generating function for these words is y · x2 · 1
1−x−x2 ,

− w = 0101(u+2) where u ∈ C(000, 010); the generating function for these words is y ·x4 · 1
1−x−x2 .

Combining these cases and adding 1 corresponding to the empty word we have

Cπ(x, y) = 1 + x(1 + x) · 1

1 − x − x2
+ yx2(1 + x2)

(
1

1 − x − x2

)
,

which after calculation gives the desired result.

Corollary 2. If π = {000, 021}, then

Cπ(x) = −x4 + x2 + 1

x2 + x − 1
= 1 + x + 3x2 + 4x3 + 8x4 + 12x5 + 20x6 + 32x7 + O(x6).

Proposition 19. If π = {100, 120}, then

Cπ(x, y) = − (x − 1)2

x3y − 2x2 + 3x − 1
.

Proof: A word w ∈ C(π) is in one of the following cases:
− w is a w.i. Catalan word,
− w = u(m − 1)(v + m) where u is a w.i. Catalan word other than 00 · · ·0, m is the largest (last)

entry of u and v ∈ C(π).
The generating function for the words of the first form is 1−x

1−2x and the generating function for the words of
the second form is (

1 − x

1 − 2x
− 1

1 − x

)
· x · y · Cπ(x, y).

Combining these cases we deduce the functional equation below which solution gives the desired result:

Cπ(x, y) =

(
1 − x

1 − 2x
− 1

1 − x

)
· x · y · Cπ(x, y) +

1 − x

1 − 2x
.
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Proposition 20. If π = {110, 120}, then

Cπ(x, y) = − (x − 1)2

x3y − 2x2 + 3x − 1
.

Proof: A word w ∈ C(π) is in one of the following cases:
− w is a w.i. Catalan word,
− w = u(m + 1)v where u is a non-empty w.i. Catalan word, m is the largest (last) entry of u and v

is a word of the form mm · · ·m(x + m + 1) with at least one m in its prefix and x ∈ C(π).
The generating function for the words of the first form is 1−x

1−2x .
For the second form, the generating function for the words u is 1−x

1−2x − 1 = x
1−2x , and the generating

function for the words mm · · ·m(x+m+1) is x
1−x ·Cπ(x, y). Thus, the generating function for the words

of the second form is
x

1 − 2x
· x · y · x

1 − x
· Cπ(x, y).

Combining these cases we deduce the functional equation

Cπ(x, y) =
x

1 − 2x
· x · y · x

1 − x
· Cπ(x, y) +

1 − x

1 − 2x
.

The functional equations in the proofs of Propositions 19 and 20 are different but the resulting bivariate
generating functions are the same. Instantiating y by 1 in Cπ(x, y) of these propositions we have the next
corollary.

Corollary 3. If π = {100, 120} or π = {110, 120}, then

Cπ(x) = − (x − 1)2

x3 − 2x2 + 3x − 1
= 1 + x + 2x2 + 5x3 + 12x4 + 28x5 + 65x6 + 151x7 + O(x8),

and cn(π) is the sequence A034943 in [11].

Proposition 21. If π = {021, 110}, then

Cπ(x, y) = −x5y + x4y − x4 − x3y + 4x3 − 6x2 + 4x − 1

(2x − 1)(x − 1)3
.

Proof: A non-empty word w ∈ C(π) is in one of the following cases:
− w = 0u where u ∈ C(π); the generating function for these words is x · Cπ(x, y),
− w = 0(u + 1) where u is a non-empty w.i. Catalan word; the generating function for these words is

x · x
1−2x ,

− w = 01u where u is a non-empty w.i. Catalan word; the generating function for these words is
x2 · y · x

1−2x ,
− w = u0 · · · 0 where u is a s.i. Catalan word of length at least three and w ending by at least one 0;

the generating function for these words is y · x4

(1−x)2 .
Combining these cases and considering the empty word which contributes with 1 to Cπ(x, y), we deduce
the functional equation

Cπ(x, y) = 1 + x · Cπ(x, y) + x · x

1 − 2x
+ x2 · y · x

1 − 2x
+ y · x4

(1 − x)2
.

Corollary 4. If π = {021, 110}, then

Cπ(x) = −x5 + 3x3 − 6x2 + 4x − 1

(2x − 1)(x − 1)3
= 1 + x + 2x2 + 5x3 + 12x4 + 26x5 + 53x6 + 105x7 + O(x8).
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Proposition 22. If π = {110, 201}, then

Cπ(x, y) =
x4y − x3 + 3x2 − 3x + 1

(x − 1)(x3y − 2x2 + 3x − 1)
.

Proof: A non-empty word w ∈ C(π) is in one of the following cases:
− w = 0u where u ∈ C(π); the generating function for these words is x · Cπ(x, y),
− w = 0(u + 1) where u is a non-empty word in C(π); the generating function for these words is

x · (Cπ(x, y) − 1),
− w = u0 · · · 0 where u is a s.i. Catalan word of length at least 2 and w ending by at least one 0; the

generating function for these words is y · x3

(1−x)2 ,

− w = 010 · · ·0(u + 1) where u is a non-empty word in C(π) and w beginning by 010; the generating
function for these words is y · x3 · 1

1−x · (Cπ(x) − 1).
Combining these cases and adding 1 corresponding to the empty word we deduce the functional equation

Cπ(x, y) = 1 + x · Cπ(x, y) + x · (Cπ(x, y) − 1) + y · x3

(1 − x)2
+ y · x3 · 1

1 − x
· (Cπ(x, y) − 1).

Corollary 5. If π = {110, 201}, then

Cπ(x) =
x4 − x3 + 3x2 − 3x + 1

(x − 1)(x3 − 2x2 + 3x − 1)
= 1 + x + 2x2 + 5x3 + 13x4 + 32x5 + 76x6 + 178x7 + O(x8).

Proposition 23. If π = {102, 201}, then

Cπ(x, y) =
x5y + x4y2 − x5 − 5x4y + 5x4 + 6x3y − 10x3 − 2x2y + 10x2 − 5x + 1

(−x + 1)(x2y − x2 + 2x − 1)(x2y − 2x2 + 3x − 1)
.

Proof: A non-empty word w ∈ C(π) is in one of the following cases:
− w = 0u where u ∈ C(π); the generating function for these words is x · Cπ(x, y),
− w = 0(u + 1) where u is a non-empty word in C(π); the generating function for these words is

x · (Cπ(x, y) − 1),
− w = 0(v + 1)0 · · · 0 where u is a non-empty word in C(π) and w ending by at least one 0; the

generating function for these words is y · x2 · 1
1−x · (Cπ(x, y) − 1),

− w = 01 · · · 1u where u is a binary word beginning by a 0 and different from 0 · · · 0, or equiva-
lently, u a word in C(012) other than 0 · · · 0; the generating function for these words is x2

1−x · y ·(
C012(x, y) − 1

1−x

)
= x2·y

1−x ·
(

1−x+x2−x2y
1−2x+x2−x2y − 1

1−x

)
, see Theorem 4 in [1].

Combining these cases and adding 1 corresponding to the empty word we deduce the functional equation

Cπ(x, y) = 1 + x · Cπ(x, y) + x · (Cπ(x, y) − 1) +
x2 · y

1 − x
· (Cπ(x, y) − 1)

+
x2 · y
1 − x

·
(

1 − x + x2 − x2y

1 − 2x + x2 − x2y
− 1

1 − x

)
.

Corollary 6. If π = {102, 201}, then

Cπ(x) =
x4 − 4x3 + 8x2 − 5x + 1

(x − 1)(2x − 1)(x2 − 3x + 1)
= 1+x+2x2 +5x3 +14x4 +40x5 +113x6 +314x7 +O(x8).

Proposition 24. If π = {100, 110}, then

Cπ(x, y) =
x4y − x4 + 2x3 − 2x + 1

(x − 1)(x3y − 2x3 + x2 + 2x − 1)
.
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Proof: A non-empty word in C(π) has one of the following forms:
− 0u where u ∈ C(π); the generating function for these words is x · Cπ(x, y),
− 0(u + 1) where u is a non-empty word in C(π); the generating function for these words is x ·

(Cπ(x, y) − 1),
− u(m + 1)(m + 2)v where u and v are non-empty s.i. Catalan words, m is the largest entry of

u and the length of v is less than or equal to that of u; the generating function for these words is
y · x4 · (x + 1) · 1

(1−x2)2 ,

− u(m + 1)u(v + m + 1) where u is a non-empty s.i. Catalan word, m is the largest entry of u and
v ∈ C(π); the generating function for these words is y · x3 · 1

1−x2 · Cπ(x, y).
Combining these cases and adding 1 corresponding to the empty word we deduce the functional equation

Cπ(x, y) = 1 + x · Cπ(x, y) + x · (Cπ(x, y) − 1) + y · x4 · (x + 1)

(1 − x2)2
+ y · x3 · 1

1 − x2
· Cπ(x, y).

Corollary 7. If π = {100, 110}, then

Cπ(x) =
−2x3 + 2x − 1

(x − 1)(x3 − x2 − 2x + 1)
= 1 + x + 2x2 + 5x3 + 12x4 + 28x5 + 64x6 + 145x7 + O(x8).

Proposition 25. If π = {000, 110}, then

Cπ(x, y) =
x3y + x3 − x2 − x + 1

(−x + 1)(x3 − x2y − x2 − x + 1)
.

Proof: A non-empty word in C(π) has one of the following forms:
− 0(u + 1) where u ∈ C(π); the generating function for these words is x · Cπ(x, y),
− uu(v + m + 1) where u is a non-empty s.i. Catalan word, m is the largest (last) entry of u and

v ∈ C(π); the generating function for these words is y · x2

1−x2 · Cπ(x, y),
− u(m + 1)v where u and m are as above, and v is a non-empty s.i. Catalan word of length less than

that of u; the generating function for these words is y · x3 · (1 + x) · 1
(1−x2)2 .

Combining these cases and adding 1 corresponding to the empty word we deduce the functional equation

Cπ(x, y) = 1 + x · Cπ(x, y) + y · x2

1 − x2
· Cπ(x, y) + y · x3 · (1 + x) · 1

(1 − x2)2
.

Corollary 8. If π = {000, 110}, then

Cπ(x) =
2x3 − x2 − x + 1

(−x + 1)(x3 − 2x2 − x + 1)
= 1 + x + 2x2 + 4x3 + 8x4 + 15x5 + 28x6 + 51x7 + O(x8).

Proposition 26. If π = {000, 102} or π = {000, 201}, then

Cπ(x, y) =
yx2 − 1

yx4 + yx2 + x2 + x − 1
.

Proof: If π = {000, 102}, then a non-empty word in C(π) has one of the following forms:
− 0(u + 1) where u ∈ C(π); the generating function for these words is x · Cπ(x, y),
− 00(u + 1) where u ∈ C(π); the generating function for these words is x2 · Cπ(x, y),
− 0(u + 1)0 where u is a non-empty word in C(π); the generating function for these words is y · x2 ·

(Cπ(x, y) − 1),
− 01(u + 2)01 where u ∈ C(π); the generating function for these words is y · x4 · Cπ(x, y).
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Similarly, if π = {000, 201} and w is a non-empty word in C(π), then w has either one of the first three
forms above, or

− w = 0101(u + 2) where u ∈ C(π); the generating function for these words is y · x4 · Cπ(x, y).
In both cases we obtain the functional equation

Cπ(x, y) = 1 + x · Cπ(x, y) + x2 · Cπ(x, y) + y · x2 · (Cπ(x, y) − 1) + y · x4 · Cπ(x, y).

Corollary 9. If π = {000, 102} or π = {000, 201}, then

Cπ(x) =
x2 − 1

x4 + 2x2 + x − 1
= 1 + x + 2x2 + 4x3 + 9x4 + 18x5 + +38x6 + 78x7 + O(x8).

Proposition 27. If π = {000, 120}, then

Cπ(x, y) = − x4y + x3y + 1

x4y + x2 + x − 1
.

Proof: A non-empty word in C(π) has one of the following forms:
− 0(u + 1) where u ∈ C(π); the generating function for these words is x · Cπ(x, y),
− 00(u + 1) where u ∈ C(π); the generating function for these words is x2 · Cπ(x, y),
− 0101(u + 2) where u ∈ C(π); the generating function for these words is y · x4 · Cπ(x, y).

Apart from these general cases, there are two other fixed length ones:
− 010; the corresponding generating function is y · x3,
− 0110; the corresponding generating function is y · x4.

Combining these cases and adding 1 corresponding to the empty word we deduce the functional equation

Cπ(x, y) = 1 + x · Cπ(x, y) + x2 · Cπ(x, y) + y · x4 · Cπ(x, y) + y · x3 + y · x4.

Corollary 10. If π = {000, 120}, then

Cπ(x) = − x4 + x3 + 1

x4 + x2 + x − 1
= 1 + x + 2x2 + 4x3 + 8x4 + 13x5 + 23x6 + 40x7 + O(x8).

Proposition 28. If π = {201, 210}, then

Cπ(x, y) =
x4y − 2x4 − 3x3y + 7x3 + x2y − 9x2 + 5x − 1

(2x − 1)(x − 1)(x2y − 2x2 + 3x − 1)
.

Proof: A non-empty word w in C(π) has one of the following forms:
− 0u where u ∈ C(π); the generating function for these words is x · Cπ(x, y),
− 0(u + 1) where u is a non-empty word in C(π); the generating function for these words is x ·

(Cπ(x, y) − 1),
− 01 · · · 1u where u is a non-empty word in C(π) and 01 is a prefix of w; the generating function for

these words is y · x2

1−x · (Cπ(x, y) − 1),
− 0(u + 1)0 . . . 0 where u is a w.i. Catalan word other than 0 · · · 0 and w ending by a 0; the generating

function for these words is y · x2

1−x · ( 1−x
1−2x − 1

1−x ).
Combining these cases and adding 1 corresponding to the empty word we deduce the functional equation

Cπ(x, y) = 1+x·Cπ(x, y)+x·(Cπ(x, y)−1)+y · x2

1 − x
·(Cπ(x, y)−1)+y · x2

1 − x
·
(

1 − x

1 − 2x
− 1

1 − x

)
.
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Corollary 11. If π = {201, 210}, then

Cπ(x) =
x4 − 4x3 + 8x2 − 5x + 1

(x − 1)(2x − 1)(x2 − 3x + 1)
= 1+x+2x2 +5x3 +14x4 +40x5 +113x6 +314x7 +O(x8).

Proposition 29. If π = {102, 210}, then

Cπ(x, y) =

2x7y − 2x7 + 13x6 − 10x6y − x6y2 − 36x5 + 19x5y + 55x4 − 17x4y − 50x3 + 7x3y + 27x2 − yx2 − 8x + 1

(x − 1)3(2x − 1)2(x2y − x2 + 2x − 1)
.

Proof: A non-empty word w in C(π) has one of the following forms:
− 0u where u ∈ C(π); the generating function for these words is x · Cπ(x, y),

− 0(u + 1) where u is a non-empty word in C(π); the generating function for these words is x ·
(Cπ(x, y) − 1),

− 01 · · · 1u where u is a non-empty word in C(012), and w begins by 01; the generating function for
these words is y · x2

1−x · (C012(x, y) − 1) = y · x2

1−x · ( 1−x+x2−x2y
1−2x+x2−x2y − 1) (see Theorem 4 in [1] for

the generating function of C012(x, y)),

− 0(u + 1)v where u is a w.i. Catalan word of length at least 2 different from 0 · · · 0 and v is a non-
empty word in C(010, 012) (see Proposition 5); the generating function for these words is x · ( 1−x

1−2x −
1

1−x ) · y · C010,012(x, y) = y · x · x
(1−x)2 · ( 1−x

1−2x − 1
1−x ).

Combining these cases and adding 1 corresponding to the empty word we deduce the functional equation

Cπ(x, y) = 1 + x · Cπ(x, y) + x · (Cπ(x, y) − 1) + y · x2

1 − x
·
(

1 − x + x2 − x2y

1 − 2x + x2 − x2y
− 1

)
+

y · x2

(1 − x)2
·
(

1 − x

1 − 2x
− 1

1 − x

)
.

Corollary 12. If π = {102, 210}, then

Cπ(x) =
2x6 − 17x5 + 38x4 − 43x3 + 26x2 − 8x + 1

(x − 1)3(2x − 1)3

= 1 + x + 2x2 + 5x3 + 14x4 + 40x5 + 111x6 + 295x7 + O(x8).

Proposition 30. If π = {100, 102}, then

Cπ(x, y) =
x5y − x4y − x3 + 2x3y + 3x2 − x2y − 3x + 1

(x − 1)(x4y − x3y − 2x2 + x2y + 3x − 1)
.

Proof: A non-empty word in C(π) has one of the following forms:
− 0u where u ∈ C(π); the generating function for these words is x · Cπ(x, y),

− 0(u + 1) where u is a non-empty word in C(π); the generating function for these words is x ·
(Cπ(x, y) − 1),

− 0(u + 1)0 where u is as above; the generating function for these words is y · x2 · (Cπ(x, y) − 1),

− 011 · · ·1(u+2)01 where u is as above; the generating function for these words is y · x4

1−x (Cπ(x, y)−
1),

− uv where u and v are binary words of length at least 2 of the form 011 · · ·1; the generating function
for these words is y · x4

(1−x)2 .
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Combining these cases and adding 1 corresponding to the empty word we deduce the functional equation

Cπ(x, y) = 1+x·Cπ(x, y)+x·(Cπ(x, y)−1)+y·x2 ·(Cπ(x, y)−1)+y· x4

1 − x
(Cπ(x, y)−1)+y· x4

(1 − x)2
.

Corollary 13. If π = {100, 102}, then

Cπ(x) =
x5 − x4 + x3 + 2x2 − 3x + 1

(x − 1)(x4 − x3 − x2 + 3x − 1)
= 1+x+2x2 +5x3 +13x4 +34x5 +87x6 +220x7 +O(x8).

In the proof of the next proposition we need the following lemma where the generating functions for
some particular subsets of C(000, 210) are given.

Lemma 2. The bivariate generating function corresponding to
1. the set A of words uu with u a non-empty s.i. Catalan word is A(x, y) = x2 + yx2 · x2

1−x2 and

A(x) = x2

1−x2 ;

2. the set B of words uv with u and v non-empty s.i. Catalan words and the length of v is less than or
equal to that of u is B(x, y) = y · x2

1−x2 · 1
1−x ;

3. the set D of words uv with u and v non-empty s.i. Catalan words and the length of v is less than
that of u is D(x, y) = y · x2

1−x2 · x
1−x .

Proof: 1. For any even n there is exactly one word of this form, so the monovariate corresponding

generating function is x2

1−x2 ; and only words of length larger than two have one descent.
2. The transformation (uu, x) 7→ uxu where uu ∈ A and x is a s.i. Catalan word defines a bijection
between pairs of such words and B, and thus B(x, y) = y · A(x) · 1

1−x .
3. Similarly as point 2.

Proposition 31. If π = {000, 210}, then

Cπ(x, y) = − (x + 1)(x3 + x3y − 2x + 1)

(x4 − x4y + x3 − 2x2 − x + 1)(x2 + x − 1)
.

Proof: A non-empty word in C(000, 210) has one of the following forms:
- u with u ∈ D and D as in Lemma 2; the generating function for these words is D(x, y) = y · x2

1−x2 ·
x

1−x ,
- u(m+1)(m+1)(x+m+2)v with u and v non-empty s.i. Catalan words and the length of v is less

than or equal to that of u, m is the largest entry of u, and x ∈ C(000, 010); the generating function
for these words is B(x, y) ·x2 · 1

1−x−x2 = y · x2

1−x2 · 1
1−x ·x2 · 1

1−x−x2 (see Lemma 2 and Proposition
14),

- 0(u + 1) where u ∈ C(π); the generating function for these words is x · Cπ(x, y),
- uu(v + m + 1) where u is a non-empty s.i. Catalan word, m the largest entry of u and v ∈ C(π);

the generating function for these words is A(x, y) · Cπ(x, y).
Combining these cases and adding 1 corresponding to the empty word we deduce the functional equation

Cπ(x, y) = 1+y· x2

1 − x2
· x

1 − x
+y· x4

1 − x2
· 1

1 − x
· 1

1 − x − x2
+x·C(x, y)+

(
x2 + y · x4

1 − x2

)
·C(x, y).

Corollary 14. If π = {000, 210}, then

Cπ(x) = − (x + 1)(2x3 − 2x + 1)

(x3 − 2x2 − x + 1)(x2 + x − 1)
= 1+x+2x2 +4x3 +9x4 +18x5 +37x6 +72x7 +O(x8).
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In the proof of the next proposition we need the following lemma where the generating functions for two
subsets of C(100, 210) are given.

Lemma 3.
1. The generating function corresponding to the set E of words uv with u a w.i. Catalan word, v a

non-empty s.i. Catalan word and the largest entry of v is equal to that of u minus 1 is x3

(x−1)(x2+x−1) .

2. The generating function corresponding to the set F of words uv with u a w.i. Catalan word, v a non-
empty s.i. Catalan word and the largest entry of v is less than that of u minus 1 is x3

(x−1)(x2+x−1) ·
x

1−2x .

Proof: 1. If En is the set of words of length n in E , then En = ∅ for 0 ≤ i ≤ 2, E3 = {010} and
E4 = {0010, 0110}. With u and v as above, for any n ≥ 3, the transformation

uv 7→ uav, with a the maximal entry of u, transforms a word in En into one in En+1 where the
maximal entry occurs at least twice,
uv 7→ u(a + 1)v(b + 1), with a and b the maximal entries of u and of v respectively, transforms a
word in En into one in En+2 where the maximal entry occurs once.

Any word in En, n ≥ 5, except 0 · · · 010, can be obtained in a unique way from either a word in En−1 or in
En−2 by one of these transformations. This yields the recurrence |En| = 1 + |En−1| + |En−2| for n ≥ 5,
and the desired generating function is precisely that of the sequence (|En|)n≥0.
2. Any pair of words (w, x) with w = uv ∈ E (with u and v as above) and x a non-empty w.i. Catalan
word can be transformed into the word uxv ∈ F , and (w, x) 7→ uxv is a bijection, so the generating
function for F is that for E multiplied by x

1−2x .

Proposition 32. If π = {100, 210}, then

Cπ(x, y) =
1 − x

1 − 2x
− x3y

(2x − 1)(2x3 − x3y + x2 − 3x + 1)
.

Proof: First we consider only words in C(π) having at least one descent, and we denote by G(x, y) the
corresponding generating function, and clearly Cπ(x, y) = 1−x

1−2x + G(x, y).
A word in C(π) with at least one descent has one of the following forms:
− u(α + s + 1)(v + s + t + 1) where u and v are both w.i. Catalan words, α belongs to the set E

defined in Lemma 3, and s is the largest symbol of u (and for convenience −1 if u is empty) and t

that of α; the generating function for these words is y · x3

(x−1)(x2+x−1) ·
(

1−x
1−2x

)2

,

− u(α + s + 1) where u and s are as above, and α belongs to the set F defined in Lemma 3; the
generating function for these words is y · 1−x

1−2x · x3

(x−1)(x2+x−1) · x
1−2x ,

− u(α + s + 1)(v + s + t + 1) where u and s are as above, α belongs to E , v is a word in C(π)
with at least one descent, and t is the largest symbol of α; the generating function for these words is
y · 1−x

1−2x · x3

(x−1)(x2+x−1) · G(x, y).
It follows that G(x, y) satisfies the functional equation

G(x, y) = y · x3

(x − 1)(x2 + x − 1)
·
(

1 − x

1 − 2x

)2

+ y · 1 − x

1 − 2x
· x3

(x − 1)(x2 + x − 1)
· x

1 − 2x
+

y · 1 − x

1 − 2x
· x3

(x − 1)(x2 + x − 1)
· G(x, y).

Finally, solving it and adding the generating function for the Catalan words with no descents (that is, w.i.
Catalan words) the statement holds.

Corollary 15. If π = {100, 210}, then

Cπ(x) =
x − 1

2x − 1
− x3

(2x − 1)(x − 1)(x2 + 2x − 1)
= 1+x+2x2+5x3+13x4+34x5+88x6+225x7+O(x8).

Numerical evidences let us believe that cn(100, 210) is the sequence A267905 in [11], however we
failed to prove this formally.
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σ\τ 000 001 010 011 012 021 100 101 102 110 120 201 210
000 - P. 14 P. 14 u.c. u.c. C. 2 s P. 7 C. 9 C. 8 C. 10 C. 9 C. 14
001 - - P. 5 P. 5 P. 5 P. 13 P. 15 s s P. 13 P. 13 s P. 12
010 - - - P. 5 P. 5 s s s s s s s s
011 - - - - P. 5 s P. 6 s s s P. 6 s s
012 - - - - - s P. 13 P. 13 s P. 13 s s s
021 - - - - - - P. 9 P. 9 P. 11 C. 4 P. 10 s s
100 - - - - - - - P. 17 C. 13 C. 7 C. 3 P. 16 C. 15
101 - - - - - - - - s P. 9 P. 9 s P. 8
102 - - - - - - - - - P. 11 P. 8 C. 6 C. 12
110 - - - - - - - - - - C. 3 C. 5 s
120 - - - - - - - - - - - s s
201 - - - - - - - - - - - - C. 11
210 - - - - - - - - - - - - -

Table 2: Pairs {σ, τ} where τ is superfluous for σ are marked by s and those yielding ultimately constant enumerating
sequences (see Proposition 4) by u.c.. The references are to the propositions or the corollaries where the enumerating
sequences or generating functions are given. Pairs referred by the same proposition or corollary form a Wilf-equivalence
class and enumerating results that are not yet recorded in [11] are italicized. Highlighted pairs are already enumerated
in [2] in the context of ascent sequences, see Section 2.

7 Final remarks
Catalan words are in bijection with Dyck paths (see Figure 1) and thus pattern avoiding Catalan words
correspond to restricted Dyck paths. For instance, a Catalan word avoiding 012 corresponds to a Dyck path
of height at most two. In this context, it can be of interest to investigate how our results on pattern avoiding
Catalan words translate to corresponding restricted Dyck paths.

Even if in this article we restrict ourselves to the avoidance of two patterns of length 3, some classes con-
sidered here can be trivially extended to larger length patterns, for instance C(102, 201) = C(01012, 01201).
In this light, it can be of interest to explore Catalan words avoiding patterns of length 4 or more, triples of
patterns or generalized patterns.
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Abstract
In this note, we present constructive bijections from Dyck and Motzkin meanders with catastrophes to Dyck paths avoiding
some patterns. As a byproduct, we deduce correspondences from Dyck and Motzkin excursions to restricted Dyck paths.
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1. Introduction and notations

The domain of lattice paths provides a very fertile ground for the combinatorial community. They have many applications
in computer science, queuing theory, biology and physics [17], and there are a multitude of one-to-one correspondences
with various combinatorial objects such as directed animals, pattern avoiding permutations, bargraphs, RNA structures
and so on [4, 8, 17]. A recurring problem in combinatorics is the enumeration of these paths with respect to their length
and other statistics [2, 3, 6, 11–14, 16]. In the literature, Dyck and Motzkin paths are the most often considered, possibly
because they are, respectively, counted by the famous Catalan and Motzkin numbers (see A108 and A1006 in the Sloane’s
On-line Encyclopedia of Integer Sequences [15]).

Throughout this note, a lattice path is defined by a starting point (0, 0), an ending point (n, k) with n, k ≥ 0, it consists
of steps lying in S = {(1, i) : i ∈ Z, i ≤ 1}, and it never goes below the x-axis. The length of a path is the number of
its steps. We denote by ε the empty path, i.e., the path of length zero. Constraining the steps to be in {(1, 1), (1,−1)}
or {(1, 1), (1, 0), (1,−1)}, and fixing the end point on the x-axis, we retrieve the well-known definition of Dyck and Motzkin
paths [17] respectively. LetDn be the set of Dyck paths of semilength n, we defineD = ∪n≥0Dn. For short, we set U = (1, 1),
D = (1,−1), F = (1, 0) and Di = (1,−i) for i ≥ 2.

Considering these notations, a Motzkin meander with catastrophes is a lattice path where possible steps are U,D, F and
Di for i ≥ 2, such that all steps Di end on the x-axis, and if we add the property that the path ends on the x-axis, we call it
a Motzkin excursion with catastrophes (see [1]). Dyck meanders and Dyck excursions with catastrophes are those avoiding
the step F . Let Mn (respectively En) be the set of length n Dyck meanders (respectively excursions) with catastrophes,
and we setM = ∪n≥0Mn (respectively E = ∪n≥0En). The sets of Motzkin meanders and excursions with catastrophes are
respectively denoted by adding prime superscripts,M′ and E ′. As mentioned in Corollary 2.4 in [1], the cardinality ofMn

is given by the sequence A274115 in [15], and the cardinality of En is given by the sequence A224747. For instance, we
have UUDFUUFD3UDUUUDDUD2UUFFUF ∈ M′23 and UUDUUDUD3UDUUUDDUD2 ∈ E17, and we refer to Figure
1 for an illustration of these two paths. Since Motzkin meanders with catastrophes can be obtained from Dyck meanders
with catastrophes by possibly adding flat steps F , the ordinary generating function (o.g.f.) for the cardinality of M′n is
given by

M(x/(1− x))

1− x
where

M(x) =
2x

2x+ (x+ 1)
(√

1− 4x2 − 1
)

is the o.g.f. for Mn (see [1]), which generates the (n + 1)th term of A54391. Simarly, E ′n is counted by the nth term of
A54391.

∗Corresponding author (barjl@u-bourgogne.fr).
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(a)
D3 D2

(b)
D3 D2

Figure 1: (a) A Motzkin meander with catastrophes inM′23, and (b) a Dyck excursion with catastrophes in E17 .

Dyck meanders with catastrophes was first introduced by Krinik et al. in [9] in the context of queuing theory. They
correspond to the evolution of the queue by allowing some resets modeled by a catastrophe step Di for i ≥ 2. Recently
in [1], Banderier and Wallner provide many results about the enumeration and limit laws of these objects. Using algrebraic
methods they prove that the setMn of length n Dyck meanders with catastrophes has the same cardinality as the set of
equivalence classes of semilength n+ 1 Dyck paths modulo the positions of the pattern DUU , which in turn (see [10]) is in
one-to-one correspondence with the setAn of semilength n Dyck paths avoiding occurrences at height h > 0 of the patterns
UUU and DUD. They also provide a constructive bijection between En and the set of length n Motzkin paths having their
flat steps F at height one.

The motivation of this work is to exhibit one-to-one correspondences between restricted Dyck paths (with no catas-
trophes) and the sets of paths with catastrophes Mn, En, M′n, and E ′n. In Section 2 we present a constructive bijection
betweenMn and An. Considering its restriction to excursions with catastrophes, we prove that En is in one-to-one corre-
spondence with the set A′n of Dyck paths in An where any occurrence UD on the x-axis appears before an occurrence of
UUU (not necessarily contiguous to the occurrence UD). This bijection establishes a curious correspondence connecting
Dyck meanders with catastrophes and equivalence classes modulo the positions of DUU in Dyck paths. In Section 3 we
conduct the counterpart study for Motzkin meanders and excursions. More precisely, we exhibit a bijection betweenM′n
and the set Bn+1 of semilength n+ 1 Dyck paths avoiding the pattern UUU at height h ≥ 2, which also induces a bijection
from the set E ′n of Motzkin excursions with catastrophes to the set Bn. The following table gives an overview of all these
correspondences.

Dyck meanders with cat. Mn → An Dyck paths avoiding UUU and DUD at h > 0

Dyck excursions with cat. En → A′n An whose every UD on the x-axis appears before UUU
Dyck paths Dn → A?2n Dyck paths starting with UU and avoiding UUU and DUD

Motzkin meanders with cat. M′n → Bn+1 Dyck paths avoiding UUU at h ≥ 2

Motzkin excursions with cat. E ′n → Bn
Motzkin paths Motzn → B′n+1 Dyck paths avoiding UUU at h ≥ 2 and DU at h = 1.

2. Dyck meanders with catastrophes

In this section we exhibit a constructive bijection between the setMn of length n Dyck meanders with catastrophes and
the set An of semilength n Dyck paths having no occurrence of the consecutive three steps UUU and DUD at height h > 0

(or equivalently with a minimal ordinate h > 0). We set A = ∪n≥0An. Let us define recursively the map φ fromM to D as
follows. For P ∈M, we set

φ(P ) =





ε if P = ε, (i)

UDφ(α) if P = Uα, (ii)

UUDφ(α)Dφ(β) if P = UαDβ, (iii)

Uφ(αD)Dφ(β) if P = UαD2β, (iv)

UDφ(αDi−1)φ(β) if P = UαDiβ and i ≥ 3, (v)

where β ∈ M, and α is either the empty path or a lattice path consisting of U - and D-steps such that α (respectively αD,
αDk−1) ends on the x-axis in the case (iii) (respectively (iv), (v)), and α does not necessarily end on the x-axis in the case
(ii).

Due to the recursive definition, the image by φ of a length n Dyck meander with catastrophes is a Dyck path of
semilength n. For instance, the images of U , UD, UUD2, UUDUUD3 are respectively

UD, UUDD, UUUDDD, UUDDUUDUUDDD.

We refer to Figure 2 for an illustration of this mapping.

6
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α
φ−→

φ(α)
(ii)

α β
φ−→

φ(α)
φ(β)

(iii)

α β
k = 2

φ−→
φ(αD)

φ(β)
(iv)

α
β

k ≥ 3

φ−→ φ(αDk−1) φ(β)
(v)

Figure 2: Illustration of the bijection φ betweenMn and An.

Lemma 2.1. For any n ≥ 0,

• if P ∈Mn then we have φ(P ) ∈ An,

• if P ∈ Dn then we have φ(P ) ∈ A∗2n, where A∗0 = {ε} and for n ≥ 1, the set A∗2n consists of semilength 2n Dyck paths
avoiding the patterns UUU and DUD and starting with UUD.

Proof. We proceed by induction on n. The case n = 0 is obvious. For k ≤ n, we assume that for any P ∈ Dk we have
φ(P ) ∈ A∗2k and for any P ∈Mk we have φ(P ) ∈ Ak. Now, let us prove the result for k = n+ 1.

Whenever P ∈ Dn+1 we can write P = UαDβ where α, β ∈ D. Thus, we have φ(P ) = UUDφ(α)Dφ(β), and using the
recurrence hypothesis on α and β, φ(P ) is of semilength 2n + 2, starts with UUD and avoids the pattern UUU . Moreover
φ(α) (respectively φ(β)) is either empty or it starts with UUD, which implies that φ(P ) avoidsDUD, and thus φ(P ) ∈ A∗2n+2.

Now let us assume P ∈Mn+1.

• If P = Uα with α ∈Mn, then φ(P ) = UDφ(α) and the recurrence hypothesis implies that φ(P ) avoids UUU andDUD
at height h > 0.

• If P = UαDβ where α ∈ D and β ∈ M, then the first part of the proof implies that φ(α) avoids UUU and DUD, and
with the recurrence hypothesis on β, φ(P ) = UUDφ(α)Dφ(β) belongs to A.

• If P = UαD2β and αD ∈ D, then using the first part of the proof φ(αD) is not empty and avoids UUU and DUD. The
recurrence hypothesis implies that φ(P ) = Uφ(αD)Dφ(β) belongs to A.

• If P = UαDiβ where i ≥ 3 and αDi−1 ends on the x-axis, then using a simple induction on i ≥ 2, φ(αDi−1) is not
empty and avoids UUU and DUD. The recurrence hypothesis implies that φ(P ) = Uφ(αDi−1)Dφ(β) ∈ A.

The induction is completed.

Theorem 2.1. For n ≥ 0, the map φ :Mn → An is a bijection. Moreover, we have φ(Dn) = A∗2n.

Proof. Due to the enumerative results in [1] (see Corollary 2.4) and the above lemma, it suffices to prove that φ is injective
fromMn to An. We proceed by induction on n. The case n = 0 is obvious. For k ≤ n, we assume that φ is an injection from
Mk to Ak, and we prove the result for k = n+ 1.

According to the definition of φ and Lemma 2.1, the image by φ of P ∈M satisfying (ii) is a Dyck path starting by (UD)kR

for some k ≥ 1 where R is a Dyck path in A∗2i for some i ≥ 0, which means that R avoids UUU ; a meander satisfying (iii) is
sent by φ to a Dyck path in A∗2i for some i ≥ 1; a meander satisfying (iv) is sent to a Dyck path starting with UUUD; and a
meander satisfying (v) is sent to a Dyck path starting with (UD)k for some k ≥ 1 and such that it contains an occurrence
UUU on the x-axis. Then, for P,Q ∈ Mn+1, φ(P ) = φ(Q) implies that P and Q belong to the same case (i), (ii), (iii), (iv)
or (v). So, the recurrence hypothesis induces P = Q which completes the induction. Thus φ is injective. SinceMn and An
have the same cardinality (see [1] and A274115 in [15]), φ is a bijection.

Considering the previous lemma, it suffices to check that A∗2n is counted by the Catalan numbers in order to prove
φ(Dn) = A∗2n. A Dyck path P ∈ A∗2n is either empty or it consists of a sequence of UUDαD where α belongs to A∗2n−2.

7
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Let A∗(x) be the generating function for the cardinality of A∗2n (with respect to the semilength). We obtain the following
functional equations

A∗(x) = 1 +
x2A∗(x)

1− x2A∗(x)

which implies that A∗2n is counted by the nth Catalan number. Therefore φ : Dn → A∗2n is a bijection.

Remark 2.1. In [10], it is proven that the set An is a representative set of the equivalence classes modulo the pattern DUU
on Dyck paths, i.e. two Dyck paths P and Q are equivalent if and only if the positions of the occurrences DUU are the same
in P and Q (see also [3]). So, the bijection φ establishes a direct correspondence between these classes and Dyck meanders
with catastrophes.

Let A′n be the subset of An consisting of paths P such that any occurrence UD on the x-axis in P appears before an
occurrence of UUU (not necessarily contiguous to the occurrence UD). The next theorem gives a bijection between A′n and
the set En of length n Dyck excursions with catastrophes.

Theorem 2.2. For n ≥ 0, we have φ(En) = A′n.

Proof. Thanks to Theorem 2.1, it suffices to check that for any P ∈ En, φ(P ) ∈ A′n, and |A′n| = |En|. Any P ∈ En satisfies
one of the cases (i), (iii), (iv) and (v) with β ∈ E . We proceed by induction on the length in order to prove that φ(P ) ∈ A′n.
The case (i) is obvious. Whenever P satisfies the cases (iii) or (iv), the only possibility for an occurrence of UD to appear
at height zero in φ(P ) = UUDφ(α)Dφ(β) (respectively φ(P ) = Uφ(αD)Dφ(β)) is to be inside φ(β). Applying the recurrence
hypothesis on β, φ(P ) ∈ A′n. For a path P satisfying the case (v), we have seen in the proof of Theorem 2.1 that φ(P ) starts
necessarily with (UD)k for k ≥ 1 followed by UUU . Using the recurrence hypothesis for β, we obtain φ(P ) ∈ A′n. The
induction is completed.

Now, let us prove that |A′n| = |En|. Any path P ∈ A′n satisfies one of the following two cases: (a) P ∈ An does not contain
any occurrence UD on the x-axis, and (b) P = QUDR where Q ∈ A and R ∈ A such that R contains at least one occurrence
of UUU and avoids any occurrence UD on the x-axis. Let K (respectively K) be the set of Dyck paths in A satisfying (a)
(respectively (b)), and let K(x) and K(x) be the corresponding generating functions for their cardinalities with respect to
the semilength. Obviously, the generating function A′(x) for A′ = ∪n≥0An satisfies

A′(x) = K(x) +K(x).

A nonempty path P ∈ K can be decomposed P = UαDβ where β ∈ K and α is a nonempty Dyck path avoiding UUU and
DUD. Then either α ∈ A?\{ε} or α = UDα′ with α′ ∈ A?. Thus the generating function for K is given by

K(x) = 1 + x(A?(x)− 1 + xA?(x)) ·K(x).

Due to the form of a path P ∈ K, we deduce the functional equation

K(x) = A(x)xR(x)

where A(x) is the generating function for A and R(x) is the generating function for the paths in A avoiding any occurrence
UD on the x-axis and containing at least one occurrence of UUU . Due to Theorem 2.1, A(x) is also the o.g.f. for Dyck
meanders with catastrophes that is

A(x) = M(x) =
2x

2x+ (x+ 1)
(√

1− 4x2 − 1
) .

Then, we have R(x) = K(x)−L(x) where L(x) is the generating function for the set L of Dyck paths in A avoiding UD and
UUU on the x-axis. Note that L is exactly the set A?, then

R(x) = K(x)−A?(x).

Combining the previous equations, we obtain

A′(x) =
2− 3x− 2x2 + x

√
1− 4x2

2− 2x− 4x2 − 2x3

which is exactly the generating function of En found by [1].

8
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3. Motzkin meanders with catastrophes

In this section we exhibit a constructive bijection between the set M′n of length n Motzkin meanders with catastrophes
and the set Bn+1 of semilength n+ 1 Dyck paths avoiding the patterns UUU at height h ≥ 2. Before defining this bijection
we recall that there exists a one-to-one correspondence χ between length n Motzkin paths and semilength n Dyck paths
avoiding UUU . From a Dyck path avoiding UUU , we replace each UUD with U , and we replace each remaining UD with
F . For instance, the image by χ of UFUDD is UUDUDUUDDD (see [5,7]).

Now, let us use χ in order to define recursively the map ψ fromM′ to D as follows. For P ∈M′, we set

ψ(P ) =





UD if P = ε,

UDψ(α) if P = Fα,

UUχ(α1)DUχ(α2)D . . . Uχ(αk)DD if P = Uα1Uα2 . . . Uαk,

UUχ(α1)DUχ(α2)D . . . Uχ(αk)DDψ(β) if P = Uα1Uα2 . . . UαkDkβ,

where k ≥ 1, α, β ∈M′, and α1, α2, . . . , αk are some possibly empty Motzkin paths (considering that D1 is defined to be D).
Clearly, the image by ψ of a length n Motzkin meander with catastrophes is a Dyck path of semilength n + 1. For

instance, the images by ψ of ε, F , UD, UUD2, UUDUUD3 are respectively

UD, UDUD, UUDDUD, UUDUDDUD, UUUUDDUDUDDUD.

We refer to Figure 3 for an illustration of this mapping.

α ψ−→ ψ(α) (ii)

α1
α2

αk

ψ−→

χ(α1) χ(α2) χ(αk)

(iii)

α1
α2

αk

β
ψ−→

χ(α1) χ(α2) χ(αk)
ψ(β)

(iv)

Figure 3: Illustration of the bijection ψ betweenM′n and Bn+1.

A simple observation provides the following results.

Theorem 3.1. For n ≥ 0, the map ψ, defined above, induces a bijection fromM′n to Bn+1. Moreover, the image of the set of
length nMotzkin paths is the set of semilength n+ 1 Dyck paths avoiding UUU at height h ≥ 2 and the patternDU at height
one.

Corollary 3.1. For n ≥ 0, ψ(E ′n) is the set of Dyck paths in Bn+1 ending with UD, which implies that ψ induces a one-to-one
correspondence from paths P ∈ E ′n to Bn after deleting the last two steps UD from ψ(P ).
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over the alphabet {1, 2, . . . , k} obtained by interlacing the letters of two nondecreasing 
words of lengths differing by at most one. We present a bijection between these words 
and dispersed Dyck paths (i.e. Motzkin paths with all level steps on the x-axis) with a 
given number of peaks. We show how the bijection maps statistics of consecutive patterns 
of faro words into linear combinations of other pattern statistics on paths. Then, we deduce 
enumerative results by providing multivariate generating functions for the distribution and 
the popularity of patterns of length at most three. Finally, we consider some interesting 
subclasses of faro words that are permutations, involutions, derangements, or subexcedent 
words.
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1. Introduction and notations

The faro shuffle is a well-known technique to shuffle a deck of cards. The deck is split in two at the middle, and the 
cards from the two halves are combined back by taking alternatively the bottoms of stacks. Certain mathematical questions 
about the faro shuffle are considered for example in the works of Morris [23], Diaconis, Graham and Kantor [15]. Inspired 
by these studies and a solid body of modern combinatorial literature (see for instance Lothaire [21], Stanley [27], Bóna [13]
and Kitaev [19] books) that explores enumerative and bijective aspects of patterns in various discrete structures, the present 
paper considers an unexpectedly overlooked combinatorial objects, which we call faro words. They are special kind of word 
shuffles, which are important in several algorithmic and combinatorial settings (see for example Barnes work [7] and refer-
ences therein). In this paper, we present enumerative results and show how faro words and patterns therein are related to 
other structures such as Dyck paths, Motzkin paths and Dumont permutations.

1.1. Faro words and permutations

We deal with k-ary words u1u2 . . . un over the integer alphabet [1, k] = {1, 2, . . . , k} endowed with the usual total order. 
A k-ary word is called nondecreasing if ui � ui+1 for all i ∈ [1, n − 1].

Definition 1.1. For two k-ary words u and v such that 0 � |u| − |v| � 1, the faro shuffle of u and v is the k-ary word of 
length |u| +|v| obtained by interlacing the letters of u and v as follows: u1 v1u2 v2u3 v3 . . . A k-ary faro word is a faro shuffle 
of two nondecreasing k-ary words.

* Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), aburstein@howard.edu (A. Burstein), sergey.kirgizov@u-bourgogne.fr (S. Kirgizov).
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0012-365X/© 2021 Elsevier B.V. All rights reserved.
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Let Sn,k be the set of k-ary faro words of length n. Its cardinality equals the product of two binomial coefficients (�n/2�+k−1
k−1

)(�n/2�+k−1
k−1

)
, each of them being, respectively, the number of m-multisets of [1, k] for m = � n

2 � and m = � n
2 �. For 

example, we have S4,2 = {1111, 1112, 1121,1122,1212,1222, 2121, 2122, 2222} and |S4,2| = 9.

Definition 1.2. A faro permutation of length n is an n-ary faro word of length n that contains every letter in [1, n] exactly 
once.

Let Pn be the set of length n faro permutations. For instance, we have P3 = {123, 132, 213}. Since a faro permutation is 
entirely determined by the choice of its values on the odd indices, the cardinality of Pn is 

( n
�n/2�

)
.

A k-ary word w = w1 w2 . . . wn avoids a classical pattern (resp. consecutive pattern) p = p1-p2- · · · -pk (resp. p =
p1 p2 . . . pk) if there does not exist a strictly increasing sequence of indices i1i2 . . . ik (resp. with i j+1 = i j +1 for 1 � j � k −1) 
such that wi1 wi2 . . . wik is order-isomorphic to p (see [19] for instance). Obviously, any faro word avoids the classical pattern 
3-2-1. Let Avn(σ ) denote the set of permutations avoiding a classical pattern σ , then we have Pn ⊆ Avn(3-2-1) for n � 0, 
and Pn 	= Avn(3-2-1) for n � 3 since (n − 1)n12 . . . (n − 2) ∈ Avn(3-2-1) is not a faro word. Note that a faro permutation can 
contain all classical patterns of length 3 except 3-2-1 (e.g., 31425).

Remark 1.3. A k-ary word w = w1 w2 . . . wn is a faro word if and only if wi � wi+2 for any i ∈ [1, n − 2], which means that 
faro permutations are precisely those avoiding the three consecutive patterns 231, 321 and 312.

1.2. Dyck and dispersed Dyck paths

In order to study the distribution of patterns in faro words, we will exhibit one-to-one correspondences between these 
objects and some specific lattice paths in the first quadrant of the plane. Hence, we provide basic necessary definitions on 
lattice paths.

Definition 1.4. Dispersed Dyck paths (see [17]) are lattice paths starting at (0, 0), ending at (n, 0), consisting of level steps 
F = (1, 0), up step U = (1, 1) and down steps D = (1, −1), and never going below the x-axis and where all level steps are 
on the x-axis.

Let Bn be the set of dispersed Dyck paths of length n (or, equivalently, consisting of n steps) and set B = ∪n�0Bn , where 
the empty path is denoted by ε . A Dyck path of semilength n � 0 is a dispersed Dyck path of length 2n with no level 
steps. Let Dn be the set of Dyck paths of semilength n and let D = ⋃

n�0 Dn . Dispersed Dyck paths of length n are in 
straightforward bijection with prefixes of Dyck paths of length n, also known as ballot paths [8,28]. Indeed, we can obtain 
a ballot path from a dispersed Dyck path by replacing all level steps with up steps. Dyck and dispersed Dyck paths are 
counted by the Catalan and ballot numbers, respectively (see A000108 and A001405 in the Online Encyclopedia of Integer 
Sequences of N.J.A. Sloane [26], where the general terms are cn = 1

n+1

(2n
n

)
and bn = ( n

�n/2�
)
, respectively).

A path P avoids a pattern X if and only if P does not contain X as a sequence of consecutive steps (see for instance 
[14,22]). Note that other pattern definitions exist in the literature where steps are not necessarily consecutive [3]. We also 
need some notations similar to Kleene star and plus symbols of formal language theory. For a nonempty pattern X , an 
occurrence of the pattern X+ in a path P is a maximal sequence of consecutive repetitions of X , i.e. a maximal subword 
of the form Xk for k � 1. The pattern X∗ will be either an empty pattern or a pattern X+ . More generally, for two possibly 
empty patterns Y and Z such that Y does not end with X and Z does not start with X , the pattern Y X+ Z (resp. Y X∗ Z ) 
corresponds to an occurrence obtained by concatenation of Y , X+ and Z (resp. Y , X∗ and Z ). For instance, the path 
F U DU D F F U D F contains two occurrences of the pattern F (U D)+ F and three occurrences of F (U D)∗ F .

1.3. Statistics on words and lattice paths

Definition 1.5. A statistic s is an integer-valued function from a set A of words or paths.

To a given pattern p, we associate the pattern statistic p : A → N such that p(a) is the number of occurrences of the 
pattern p in the object a ∈ A (we use the boldface to denote statistics). For example, the statistic giving the number of 
occurrences of the consecutive pattern 123 (resp. U DU D) in a word (resp. a lattice path) is denoted by 123 (resp. UDUD). 
We denote by 1̂ (resp. 2̂, n̂) the constant statistic returning the value 1 (resp. 2, n).

Definition 1.6. The popularity of a pattern p in A is the total number of occurrences of p over all objects of A, that is 
p(A) = ∑

a∈A p(a) (see [5,10,18,19]).

For instance, for a dispersed Dyck path P = F F U D F U U DU U U D D D D we have FF(P ) = 1, DDD(P ) = 2, UD(P ) = 3, 
UUUU(P ) = 0 and 1̂(P ) = 1. Moreover, if A = {U U D D, U DU D} then the popularity of the pattern U D in A is UD(A) = 3.
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Let TA be the set of all statistics defined on a set A. For any pair of statistics s, t ∈ TA , we define the statistic s + t by 
(s + t)(a) = s(a) + t(a) for any a ∈ A, which endows TA with a Z-module structure. Let B be a set of combinatorial objects, 
and let TB be the corresponding set of statistics. We say that two statistics s ∈ TA and t ∈ TB have the same distribution, 
or are equidistributed, if there exists a bijection f : A → B such that s(a) = t( f (a)) for any a ∈ A. In this case, with a slight 
abuse of the notation already used in [4], we write shortly f (s) = t or s = t whenever f is the identity. As a byproduct, for 
any constant statistic n̂, we have f (n̂) = n̂.

1.4. Outline of the paper

The paper is organized as follows. In Section 2, we present a constructive bijection f between the set Sn,k of k-ary faro 
words of length n and the set of dispersed Dyck paths of length n + 2k − 2 with k − 1 peaks. We show where pattern 
statistics are transported by f , which provides a more suitable ground for studying the distribution of consecutive patterns. 
Thus, we derive enumerating results on the distribution and popularity of patterns in Sn,k by giving multivariate generating 
functions where the coefficient of xn ykzt is the number of k-ary faro words of length n having exactly t occurrences of 
a given pattern. In Section 3, we present a similar study for faro permutations. More precisely, we provide a bijection g
between Pn and the set of dispersed Dyck paths of length n and show how g acts on pattern statistics of length at most 
three. Consequently, we deduce enumerative results for the distribution and the popularity of these patterns in Pn . We also 
present a bijection between Pn and involutions avoiding the classical pattern 3-2-1. Finally, in Section 4, we prove that the 
set of subexcedent words in Sn,n is related to ternary trees and Dumont permutations of the second kind [12] avoiding 
the classical pattern 2-1-4-3, and we show why faro involutions and faro derangements are respectively enumerated by the 
Fibonacci and Catalan numbers.

2. Patterns in faro words

In this section we construct a bijection f between the set Sn,k of k-ary faro words of length n and a subset of dispersed 
Dyck paths, and show how f transports pattern statistics. Then, we deduce generating functions for the distribution and 
popularity of some patterns.

A pair in a faro word w is an occurrence wi wi+1 with wi > wi+1. Remark 1.3 implies that a letter cannot be part of 
two pairs since a faro word avoids the consecutive pattern 321. A singleton in w is a letter wi not in any pair of w . Any 
faro word can be uniquely decomposed as a sequence of pairs and singletons, which are called blocks of faro words. For 
instance, the block decomposition of 111212131333 is 13(21)2(31)33.

Let Lk be the set of all possible blocks of a decomposition of a k-ary faro word, that is

Lk = {1,2, . . . ,k} ∪ { ji : 1 � i < j � k}.

Definition 2.1. We define an order relation � on Lk as follows: for g, h, i, j ∈ {1, 2, . . . , k},⎧⎪⎪⎨
⎪⎪⎩

i � j, if i � j,
i � jh, if i � h < j,
ig � j, if g < i � j,
ig � jh, if g < i � j and g � h < j.

Remark 2.2. The order relation � can be defined less technically as follows: for p, q ∈ Lk ,

p � q ⇐⇒ pq is a faro word different from a pair.

This order relation endows the set Lk with a poset structure, which we call faro poset. See Fig. 2.1 for an illustration of 
the Hasse diagram of (Lk, �).

A multichain in a poset is a chain, i.e. a totally ordered subset, with repetitions allowed. Due to the simple structure of the 
faro poset, we easily deduce the following remarks.

Remark 2.3. There is a one-to-one correspondence between k-ary faro words and the multichains of Lk . Indeed, Remark 2.2
implies that the block decomposition of a k-ary faro word w into pairs and singletons w = b1b2 . . .b� unambiguously 
corresponds to the multichain b1 � b2 � · · · � b� in Lk , and vice versa. For instance, the faro word 11313232343 =
11(31)(32)(32)3(43) corresponds to the multichain 1 � 1 � 31 � 32 � 32 � 3 � 43 (see Fig. 2.1).

Remark 2.4. If a k-ary faro word w contains a singleton x in its decomposition into blocks, then it satisfies the following 
property: the set of pairs of the form ab, b < a � x, equals the set of pairs of the form cd, d � x − 1.
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1 21 31 41 . . . k1

2 32 42 . . . k2

3 43 . . . k3

...
. . . .

.

.

k − 1 k(k − 1)

k

Fig. 2.1. The faro poset (Lk, �). Red blocks represent the multichain associated to the k-ary faro word 11313232343 = 12(31)(32)23(43). (For interpretation 
of the colors in the figure(s), the reader is referred to the web version of this article.)

2.1. A bijection to the set of dispersed Dyck paths

As mentioned by E. Deutsch in [26] (see sequence A124428), the number of dispersed paths of length n with k peaks (a 
peak is an occurrence of the pattern U D) is given by

|Bn,k| =
(⌊n

2

⌋
k

)(⌈n
2

⌉
k

)
.

Thus, we present a bijection f from the set Sn,k of k-ary faro words of length n to the set Bn+2(k−1),k−1 of dispersed Dyck 
paths of length n + 2(k − 1) with exactly k − 1 peaks. For a given w ∈ Sn,k , we set

f (w) = F T0 U T1 DT2 F T3 . . . F T3(k−2) U T3(k−2)+1 DT3(k−2)+2 F T3(k−1) ,

where Ti is defined for 0 � i � 3(k − 1) as follows:

– if i = 3(x − 1) then Ti is the number of occurrences of the singleton x in w;
– if i = 3(x − 1) − 1 then Ti is one plus the number of pairs xy, y < x, in w;
– if i = 3(x − 1) + 1 then Ti is one plus the number of pairs yx, y > x, in w .

It is worth noting that the image of a faro word w ∈ Sn,k depends on the arity k that we consider. Indeed, the im-
age of the empty word ε is U D when k = 2, while f (ε) = U DU D for k = 3. We refer to Fig. 2.2 for one detailed 
example of this bijection, while Fig. 2.3 provides more additional examples. For instance, the images by f of the 5-
ary words ε, 12345, 3141, 111111212222 are, respectively, U DU DU DU D , F U D F U D F U D F U D F , U U U DU D DU D DU D and 
F F F F F F U U D D F F F F U DU DU D .

Remark 2.5. Clearly, the values Ti , 0 � i � 3(k − 1), can be obtained from w by reading it from left to right and by de-
termining if the current entry x belongs to either a pair xy or yx, or a singleton x. Moreover, values of T at indices i = 0
mod 3 correspond to the lengths of maximal runs of consecutive level steps, and values at indices i = 1 mod 3 (resp. i = 2
mod 3) correspond to the lengths of maximal runs of consecutive up (resp. down) steps, which means that the sequence 
T = T0T1 . . . T3(k−1) is a run-length-like encoding of the path f (w). Thus, f (w) can be constructed from w using a linear 
time algorithm.

Lemma 2.6. The path f (w) is necessarily a dispersed Dyck path of length n + 2(k − 1) with exactly k − 1 peaks.

Proof. Since for any i 	= 0 mod 3, 1 � i � 3(k − 1) − 1 we have Ti � 1, the path w contains exactly k − 1 peaks U D . 
Interpreting Remark 2.4 on the path f (w), the number of up steps before a given level step equals the number of down 
steps before the same level step, which implies that any level step belongs to the x-axis. Let dx = ∑x+2

i=2 T3(i−1)−1 (resp. 
ux = ∑x+1

i=1 T3(x−1)+1) be the total number of down steps (resp. up steps) in the first x + 1 maximal runs of down steps 
(resp. up steps). Due to the definition of f , dx equals the number of pairs i j, 1 � j < i � x + 2, in w , and ux equals the 
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Fig. 2.2. The image by f of the 5-ary faro word w = 11313232343 is f (w) = F F U U DU U U D D D D F U U D DU D .

number of pairs i j, 1 � j � x + 1, i � j + 1, which implies that dx � ux . Also by definition, the total number of up steps 
(resp. down steps) in f (w) equals the total number of pairs in w , which completes the proof. �

Theorem 2.7. The map f is a bijection from Sn,k to the set Bn+2(k−1),k−1 of dispersed Dyck paths of length n + 2(k − 1) with exactly 
k − 1 peaks.

Proof. Let us prove that if w and w ′ are two distinct k-ary faro words then we have f (w) 	= f (w ′). Let i � 1 be the 
smallest positive integer such that wi 	= w ′

i . Without loss of generality, we assume wi < w ′
i . Let us consider the positions 

of wi and w ′
i in the block decomposition of w .

If wi and w ′
i are both in the pairs wi wi+1 and w ′

i w ′
i+1, then Remark 2.3 implies that a pair wi x, wi > x, cannot appear 

to the right of w ′
i in w ′ , which implies that T3(wi−1)−1 	= T ′

3(wi−1)−1, and thus f (w) 	= f (w ′).
There remain the following cases:

(i) wi or w ′
i is a singleton in w ,

(ii) wi and w ′
i are both in the pairs wi−1 wi and w ′

i−1 w ′
i = wi−1 w ′

i ,
(iii) wi belongs to the pair wi−1 wi and w ′

i belongs to the pair w ′
i w ′

i+1,
(iv) wi and w ′

i are both in the pairs wi wi+1 and w ′
i−1 w ′

i .

The fact that a faro word avoids 231 in case (i) and Remark 2.3 for cases (ii), (iii) (iv), imply that wi cannot appear to the 
right of w ′

i in w ′ . Then the number of wi in w , i.e. T3(wi−1) + T3(wi−1)+1 + T3(wi−1)−1, is different from the number of 
wi in w ′ , which is T ′

3(wi−1) + T ′
3(wi−1)+1 + T ′

3(wi−1)−1. Therefore, there is δ ∈ {−1, 0, 1} such that T3(wi−1)+δ 	= T ′
3(wi−1)+δ , 

which implies that f (w) 	= f (w ′).
Thus, f is an injective map, and using a cardinality argument (see A124428 in [26]), we conclude that f is a bijection 

from Sn,k to Bn+2(k−1),k−1. �

Although it is not used in the paper, we could prove that from a given dispersed Dyck path P ∈ Bn+2(k−1),k−1, f −1(P )

can be obtained after applying the following procedure. We refer to Fig. 2.3 for several examples.
We set s = 1 as the initial value. We mark all D-steps preceded by an U -step and all the other D-steps are left unmarked. 

Reading the steps of P from left to right:

– If a D-step is encountered, then skip it.
– If an F -step is encountered, then write the singleton s. If the next step is not an F -step, then update s = s + 1.
– If an U -step is encountered in the ith run of U -steps, then we distinguish two cases:

(i) the next step is D; then we skip this U D-pattern by continuing from the step after D , if it exists.
(ii) the next step is U ; then we write the pair ji, where j is the least integer such that the ( j − 1)-th run of D-steps 

has at least one unmarked D-step. Mark the first unmarked D-step from the ( j − 1)-th run of D-steps.

2.2. Distribution and popularity of patterns

In this part, we first show how the bijection f transports pattern statistics on Sn,k into the context of dispersed Dyck 
paths. After, we deduce multivariate generating functions for the distribution and the popularity of patterns of length two 
by exploiting the classic recursive decomposition of dispersed Dyck paths.

5
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Fig. 2.3. Images of several 5-ary words under bijection f .

Theorem 2.8. For n � 0, the bijection f from Sn,k to Bn+2(k−1),k−1 maps statistics associated to patterns of length 2 as follows:

f (11) = FF,

f (21) = UU = DD,

f (12) = DD(UD)∗UU + DD(UD)∗D + DD(UD)∗F + F(UD)+F + F(UD)∗UU

= n̂ − 1̂ − UU − FF.

Proof. By Remark 2.3, any occurrence of the pattern 11 in a faro word w is formed by two consecutive singletons xx. From 
the definition of the bijection f , it follows that the number of occurrences of 11 in w equals the number of occurrences of 
F F in f (w), that is f (11) = FF.

An occurrence of the pattern 21 in w is necessarily a pair in the decomposition of w . Since the length of a maximal run 
of consecutive up steps is equal to one plus the number of pairs yx in w for a given x ∈ [1, n], the number of occurrences of 
21 in w equals the number of occurrences of U U in f (w). On the other hand, any nonempty dispersed Dyck path P is of the 
form either P = F R or P = U Q D R where Q is a Dyck path and R a dispersed Dyck path. Reasoning by induction, we obtain 
that the number of occurrences of D D equals those of U U in any dispersed Dyck path, which implies f (21) = UU = DD.

Now, let us prove the equation f (12) = DD(UD)∗UU + DD(UD)∗D + DD(UD)∗F + F(UD)+F + F(UD)∗UU. An occurrence xy
of the pattern 12 occurs in w as a subblock of one of the following:

(i) two distinct consecutive pairs (ax)(yb),
(ii) two equal consecutive pairs (yx)(yx),

(iii) a pair followed by a singleton (ax)(y),
(iv) a singleton followed by a pair (x)(ya),
(v) two distinct singletons (x)(y).

For the case (i), we distinguish three subcases.
Subcase 1. The occurrence xy appears in a factor of the form (ax)(yb) with b � a. This implies that neither a singleton 

s ∈ [a, b] nor a pair pq with p ∈ (a, b] or q ∈ [a, b) can appear in w . Therefore, T3(s−1) = 0 for s ∈ [a, b], T3(p−1)−1 = 1 for 
p ∈ (a, b] and T3(q−1)+1 = 1 for any q ∈ [a, b). Thus, between the run of D-steps associated to T3(a−1)−1 � 2 and the run of 
U -steps associated to T3(b−1)+1 � 2, there are no level steps, and the runs of D-steps and U -steps are of length one, which 
creates m = b − a � 0 peaks U D . Hence, the occurrence xy is associated to an occurrence of the pattern D D(U D)∗U U .

Subcase 2. The occurrence xy appears in a factor of the form (ax)(yb) with b < a and a < y. This implies that neither 
a singleton x ∈ [a, y) nor a pair pq with p ∈ (a, y) or q ∈ [a, y) can appear in the word w . Therefore, T3(x−1) = 0 for 

6
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x ∈ [a, y[, T3(p−1)−1 = 1 for p ∈ (a, y) and T3(q−1)+1 = 1 for any q ∈ [a, y). Thus, between the run of D-steps associated to 
T3(a−1)−1 � 2 and the run of D-steps associated to T3(y−1)+1 � 2, there are no level steps, and the runs of D-steps and 
U -steps are of length one, which creates m = y − a > 0 peaks U D . Hence, the occurrence xy is associated to an occurrence 
of the pattern D D(U D)+D .

Subcase 3. The occurrence xy appears in a factor of the form (ax)(yb) with b < a and a � y. By definition of a faro word, 
we necessarily have a � y. Thus, we deduce a = y. So, we have T3(a−1)−1 � 3, which counts all consecutive pairs az, a > z
in w . Due to Remark 2.3, all these pairs appear consecutively in w . Thus, the number of occurrences of the form (ax)(ab), 
for x, b such that x � b < a is equal to the number of D D D = D D(U D)0 D patterns in the (a − 1)-th run of D-steps in the 
corresponding dispersed Dyck path. Combining to the subcase 2, the occurrence xy is associated to an occurrence of the 
pattern D D(U D)∗D .

In the case (ii), we have a factor of the form (ax)(yb) with a = y and x = b and the argument from Subcase 3 of case (i) 
applies. For the remaining cases, (iii) through (v), the occurrence xy of the pattern 12 is either created by a pair followed 
by a singleton (ax)(y), or by a singleton followed by a pair (x)(ya), or by two different singletons (x)(y). Arguments similar 
to the ones given above, allow us to prove that an occurrence xy in w corresponds to an occurrence of:

– D D(U D)y−a F for the case (ax)(y),
– F (U D)a−xU U for the case (x)(ya), and
– F (U D)y−x F for the case (x)(y).

Finally, in any n-length word we have n − 1 occurrences of 2-length patterns, thus n̂ − 1̂ = 11 + 21 + 12. Applying the 
bijection f to both parts of the equation, we obtain f (12) = n̂ − 1̂ − f (11) − f (21) = n̂ − 1̂ − UU − FF. �

Theorem 2.9. For p ∈ {11, 12, 21}, the trivariate generating functions F p(x, y, z) where the coefficient at xn ykzt is the number of 
k-ary faro words of length n containing exactly t occurrences of the pattern p are:

F11(x, y, z) = 2y (xz − x − 1)

−xyz + xy + x3z − x3 + y − x2 + xz + x − 1 + (xz − x − 1)A1
,

F21(x, y, z) = 2y

−y + x2z − 2 x + 1 + A2
,

F12(x, y, z) = y
(
x3z2 − x3z + x2z + xyz − xy − 3 xz + x + y − 1 + (xz − x + 1)A2

)
(
x3z2 − x3z + x2z − xyz + xy − xz − x − y + 1 + (xz − x + 1)A2

)
(−1 + y) z

+ y

1 − y
,

where A1 = √
x4 − 2 x2 y − 2 x2 + y2 − 2 y + 1 and A2 = √

x4z2 − 2 x2 yz − 2 x2z + y2 − 2 y + 1.

Proof. We have f (Sn,k) = Bn+2(k−1),k−1. Thus, for any pattern p, the trivariate generating function F p(x, y, z) is given by 
y · B p(x, y

x2 , z) where B p(x, y, z) is the trivariate generating function whose coefficient at xn ykzt is equal to the number of 
dispersed Dyck paths P ∈ Bn,k such that q(P ) = t , where q = f (p).

For p = 21, Theorem 2.8 has f (21) = UU. Therefore, we decompose the set D of Dyck paths as follows:

D = ε � U DD � U (D \ ε)DD.

We also decompose the set B of dispersed paths as follows:

B = ε � FB � U DB � U (D \ ε)DB.

If D(x, y, z) is the generating function where xn ykzt is the number of Dyck paths of length n with k peaks and t occurrences 
of U U , then the above algebraic equation yields D(x, y, z) = 1 + x2 yD(x, y, z) + x2z(D(x, y, z) − 1)D(x, y, z). If B21(x, y, z)
is the generating function whose coefficient at xn ykzt is the number of dispersed Dyck paths of length n with k peaks and 
t occurrences of U U , then the above decomposition of B yields the functional equation

B21(x, y, z) = 1 + xB21(x, y, z) + x2 yB21(x, y, z) + x2z(D(x, y, z) − 1)B21(x, y, z),

which, in turn, yields the desired result.
For p = 11, Theorem 2.8 has f (11) = FF. Therefore, we decompose the set D of Dyck paths as follows:

D = ε � U DD � U (D \ ε)DD.

We also decompose the set B of dispersed Dyck paths as follows:

B = ε � F � FU DB � FU (D \ ε)DB � U DB � U (D \ ε)DB,

7
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where F is the infinite set of paths F k for k � 1. Denote by F (x, y, z) the generating function for F , where its coefficient at 
xn ykzt is the number of n-length paths from F having k peaks and t occurrences of a pattern F F . Notice that F (x, y, z) =

x
1−xz . If D(x, y) is the generating function where the coefficient at xn yk is the number of Dyck paths of length n with 
k peaks, then the above set decomposition yields D(x, y) = 1 + x2 yD(x, y) + x2(D(x, y) − 1)D(x, y). Using the second set 
decomposition of B, we obtain a functional equation

B11(x, y, z) = 1 + x(1 + z(F (x, y, z) − 1)) + x3(1 + z(F (x, y, z) − 1))B11(x, y, z)

+ x3(1 + z(F (x, y, z) − 1))D(x, y)B11(x, y, z) + x2 yB11(x, y, z)

+ x2(D(x, y) − 1)B11(x, y, z),

which provides the result.
For p = 12, we have, for any P ∈ Bn,k , that 12(P ) = n − 1 − 11(P ) − 21(P ) (that is 12 = n̂ − 1̂ − 11 − 21), and thus

F12(x, y, z) = 1

z

(
F11+21

(
xz, y,

1

z

)
− y

1 − y

)
+ y

1 − y
.

According to Theorem 2.8, we have f (11 + 21) = FF + UU. Therefore, we decompose the set B as before for the case of 
pattern 11, and construct a functional equation by taking into account the different occurrences of F F and U U , which yields 
the claimed result. �

Corollary 2.10. For n � 0, the popularity of pattern p ∈ {11, 12, 21} in Sn,k is given by the bivariate generating function G p(x, y):

G11(x, y) = 4x2 y(
1 − y − 2x + x2 + A1

)2
,

G21(x, y) = 2x2 y
(
1 + y − x2 − A1

)
(
1 − y − 2x + x2 + A1

)2
A1

,

G12(x, y) = 2xy
(

A3 + (x3 − 2x2 + 2xy − 2x − 2y + 2)A1
)

(
1 − y − 2x + x2 + A1

)2
(1 − y) A1

,

where A1 = √
x4 − 2 x2 y − 2 x2 + y2 − 2 y + 1 and A3 = x5 − 2 x4 − x3 y − 3 x3 + 4 x2 y + 4 x2 − 2 xy − 2 y2 + 2 x + 4 y − 2.

Proof. Using Theorem 2.9, we obtain the result by calculating 
(

∂
∂z F p(x, y, z)

) ∣∣
z=1 for p ∈ {11, 21, 12}. �

Corollary 2.11. For p ∈ {11, 12, 21}, the bivariate generating functions H p(x, y) whose coefficient at xn yk is the number of k-ary faro 
words of length n avoiding the pattern p are:

H11(x, y) = 2y (x + 1)

1 − x − y − xy + x2 + x3 + (1 + x)
√

(x2 − 2x − y + 1)(x2 + 2x − y + 1)
,

H21(x, y) = y

1 − x − y
,

H12(x, y) = y
(−x3 y + x2 y − xy2 + xy + y2 − 2y + 1

)
xy3 − 3xy2 − y3 + 3xy + 3y2 − x − 3y + 1

.

Proof. Note that H p(x, y) = F p(x, y, 0), where F p(x, y, z) is as in Theorem 2.9. �

Now we discuss the two special cases of k = 2 and k = n, which correspond respectively to binary words and n-ary 
words of length n (see Table 1 for numerical values).

Case k = 2: using Corollary 2.10, we can easily prove that the popularity of the pattern 11 in Sn,2 generates a shift of the 
sequence A212964 in [26], which also counts the number of 3-element subsets A of {1, . . . , n + 1} such that all the sums 
a1 + a2 with a1 � a2 and a1, a2 ∈ A are distinct. The popularity of 21 generates a shift of the sequence A006918 where the 
general term is given by 

(n+3
3

)
/4 if n is odd, and n(n + 2)(n + 4)/24 if n is even. The other patterns do not provide known 

sequences in [26].
Case k = n: the sequences of popularity of p ∈ {11, 21, 12} are not listed in [26], and we have not succeeded in finding 

a closed form for the diagonal of G p(x, y). However, using the Maple package gfun [24], we conjecture that the popularity 
sequence for 11 satisfies a recurrence equation Q 1(n)un + Q 2(n)un+1 + Q 3(n)un+2 + Q 4(n)un+3 = 0, where Q 1, Q 2, Q 3, Q 4

8



J.-L. Baril, A. Burstein and S. Kirgizov Discrete Mathematics 344 (2021) 112464

Table 1
Popularity of patterns p of length two in Sn,2 and Sn,n .

k Pattern p Popularity of p in Sn,k for 1 � n � 9

2 11 0, 2, 6, 14, 26, 44, 68, 100, 140, . . .
21 0, 1, 2, 5, 8, 14, 20, 30, 40, . . .
12 0,1,4,8,14,22,32,45,60, . . .

n 11 0,2,12,80,490, 3192, 20076,13094,83655, . . .
21 0,1,8,85, 574,4788,31800, 24489,162305, . . .
12 0,1,16,135,1036, 7700,53964,38646,2636920, . . .

are some polynomial functions of degree at most 10, which suggests that the generating function of the diagonal is D-finite 
when p = 11. However, we have not succeeded in obtaining a closed form of the diagonal of H11(x, y). In contrast, a simple 
study of the residues (see [27] Section 6.3) of H21(x/y, y) at the pole y0 = (1 − √

1 − 4x)/2 yields the generating function 
(1 − √

1 − 4x)/(2
√

1 − 4x) of the diagonal of H21(x, y), and its general term is, therefore, 
(2n−1

n

)
(see sequence A001700). A 

similar study for the pattern 12 yields the diagonal x(x3 − 2x2 + x + 1)/(1 − x)2 (here, the pole is y0 = x), which generates 
the sequence u1 = 1, u2 = 3, un = n for n � 3.

Statistic correspondences for other patterns can be obtained using a method similar to that of Theorem 2.8. Therefore, 
we list directly (without proof) in Theorem 2.12 the f -images of all statistics associated to a pattern of length three. It is 
worth noting that the reverse-complement χ is a bijection on Sn,k , which proves that the statistics 112 and 122 (resp. 121
and 212, resp. 132 and 213) have the same distribution on Sn,k .

Theorem 2.12. For n � 0, the bijection f from Sn,k to Bn+2(k−1),k−1 translates statistics associated to patterns of length three as 
follows:

f (111) = FFF,

f (112) = FF(UD)+F + FF(UD)∗UU,

f (122) = F(UD)+FF + DD(UD)∗FF,

f (121) = FUU + UUU,

f (212) = DDF + DDD,

f (132) = F(UD)+UU + U(UD)+UU + DD(UD)∗UU,

f (213) = DD(UD)+F + DD(UD)+D + DD(UD)∗UU,

f (123) = DD(UD)∗F(UD)∗UU + DD(UD)∗F(UD)+F + F(UD)+F(UD)∗UU + F(UD)+F(UD)+F,

f (211) = f (221) = f (231) = f (312) = f (321) = 0̂.

It would be interesting to see how the method developed in [1,2] could be applied to obtain more pattern distributions 
in dispersed Dyck paths, but this is beyond the scope of the present paper. The multivariate generating functions for patterns 
of length three are quite technical, not particularly interesting and laborious to obtain. So, we decide to leave them as an 
exercise for the reader.

3. Patterns in faro permutations

We say that a k-ary faro word w of length n is injective (resp. surjective) if and only if any value in w appears only once 
in w (resp. any value x ∈ [1, k] appears in w). A faro permutation of length n is an n-ary faro word that is both injective 
and surjective. Let Pn be the set of length n faro permutations. For instance, we have P3 = {123, 132, 213}. Since faro 
permutations are entirely determined by the choice of their values on the odd indices, the cardinality of Pn is 

( n
�n/2�

)
. Note 

that faro permutations are permutations avoiding the three consecutive patterns 231, 321 and 312 (see Remark 1.3).

Theorem 3.1. The bijection f maps surjective k-ary faro words of length n onto dispersed Dyck paths in Bn+2(k−1),k−1 avoiding U DU D
that neither start nor end with U D.

Proof. Using the definition of the bijection f and in particular the definition of the sequence T , surjective faro words are 
those that have a sequence T satisfying (i) T0 + T1 > 1, (ii) T3(x−1)−1 + T3(x−1) + T3(x−1)+1 > 2 for x ∈ [2, k − 1], and (iii) 
T3(k−1)−1 + T3(k−1) > 1. Since T1 � 1, the condition (i) is equivalent to T0 	= 0, or T0 = 0 and T1 > 1, which means that 
f (w) does not start with U D . Similarly, the condition (iii) is equivalent to the fact that f (w) does not end with U D . Since 

9



J.-L. Baril, A. Burstein and S. Kirgizov Discrete Mathematics 344 (2021) 112464

T3(x−1)−1 � 1 and T3(x−1)+1 � 1, the condition (ii) is equivalent to T3(x−1) > 0, or T3(x−1) = 0 and T3(x−1)−1 + T3(x−1)+1 > 2, 
which means that f (w) does not contain any occurrence of U DU D . �

Theorem 3.2. The bijection f maps injective k-ary faro words of length n into dispersed Dyck paths in Bn+2(k−1),k−1 avoiding the 
patterns F F , D D D, U U U , D D F , F U U , and D DU U .

Proof. Using the definition of f , injective faro words are those that have a sequence T satisfying (i) T3(x−1) < 2, x ∈ [1, k]; 
(ii) T3(x−1)−1 < 3, x ∈ [2, k]; (iii) T3(x−1)+1 < 3, x ∈ [1, k − 1]; (iv) T3(x−1)−1 + T3(x−1) < 3, x ∈ [2, k]; (v) T3(x−1) + T3(x−1)+1 <

3, for x ∈ [1, k − 1]; and (vi) T3(x−1)−1 + T3(x−1)+1 < 3, for x ∈ [2, k − 1]. It means that f (w) avoids, respectively, the patterns 
F F , D D D , U U U , D D F , F U U and D DU U . �

Theorem 3.3. The image by f of Pn is the subset B ′
3n−2,n−1 of dispersed Dyck paths in B3n−2,n−1 that neither start nor end with U D

and where any two consecutive occurrences of U D are separated by exactly one step.

Proof. The two previous theorems imply that f (Pn) is the set of dispersed Dyck paths in B3n−2,n−1 that neither start nor 
end with U D and that avoid the patterns F F , D D D , U U U , D DU U , U DU D , D D F and F U U , which is exactly the dispersed 
Dyck paths that neither start nor end with U D and where any two consecutive occurrences of U D are separated by exactly 
one step. Indeed, in any dispersed Dyck path, the subpath between two consecutive occurrences of U D is necessarily of the 
form Di F j U k for i, j, k � 0. Then, the avoidance of F F , D D D and U U U implies that i, j, k � 1, and the avoidance of the 
other patterns implies that i + j + k = 1 as claimed. �

Thus, we deduce a one-to-one correspondence g between length n faro permutations and dispersed Dyck paths of 
length n, where g(p) is obtained from p ∈ Pn by removing all occurrences of U D in f (p). For instance, if p = 1243576 then 
f (p) = F U D F U DU U D DU D F U DU U D D and g(p) = F F U D F U D .

Theorem 3.4. For n � 0, the bijection g from Pn to Bn transports the pattern statistics as follows:

g(21) = U,

g(12) = DU + DD + DF + FF + FU,

= n̂ − 1̂ − U,

g(132) = FU + UU + DU,

g(213) = DF + DD + DU,

g(123) = DFU + DFF + FFU + FFF,

= n̂ − 2̂ − FU − UU − 2 DU − DF − DD,

g(231) = g(312) = g(321) = 0̂.

Proof. For a faro permutation w , g(w) is obtained from f (w) by removing all peaks U D . In f (w) consecutive occurrences 
of U D are separated by one letter exactly, and no U k , Dk or F k exists for k � 3. The last U in U 2 and the first D in D2

must be a part of an occurrence of U D . The claimed statistic equations are obtained from Theorem 2.8 and Theorem 2.12 by 
deleting peaks U D and replacing all remaining U 2 (resp. D2) with U (resp. D) in all considered pattern statistics. Only two 
(resp. three) patterns of length 2 (resp. 3) are possible in a faro permutation, namely 12 and 21 (resp. 123, 132 and 213). In 
any n-length word there is n − 1 (resp. n − 2) occurrences of patterns of length 2 (resp. 3). It follows that g(12) = n̂ − 1̂ − U
and g(123) = n̂ − 2̂ − FU − UU − 2 DU − DF − DD. �

Theorem 3.5. For p ∈ {21, 12, 132, 213, 123}, the bivariate generating functions K p(x, y, z), where the coefficient at xn yk is the 
number of faro permutations of length n containing exactly k occurrences of the pattern p, are:

K21(x, y) = 2

1 − 2x + √
1 − 4 x2 y

,

K12(x, y) = 1 + y + 2xy − 2 xy2 + (y − 1)
√

1 − 4 x2 y

y
(

1 − 2 xy + √
1 − 4 x2 y

) ,

K132(x, y) = 1 + y + (y − 1)
√

1 − 4 x2 y

y
(

1 − 2x + √
1 − 4 x2 y

) ,
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K213(x, y) = K132(x, y),

K123(x, y) = 2 + 3x − 3xy + 2x2 − 2x2 y − x(1 − y)
√

1 − 4x2

1 − 2xy + √
1 − 4x2

.

Proof. For p = 21, Theorem 3.4 has g(21) = U. So, we decompose the set of Dyck paths as D = ε � UDDD, the set of 
dispersed Dyck paths as B = ε � FB � UDDB, and obtain the following system:{

D(x, y) = 1 + x2 yD2(x, y),

B = 1 + xB(x, y) + x2 yD(x, y)B(x, y),

where D(x, y) (resp. B(x, y)) is the generating function for the set of Dyck paths (resp. dispersed Dyck paths) with respect 
to the number of occurrences of U . Solving it, we obtain K21(x, y) = B(x, y).

Since only the two length 2 patterns (12 and 21) are possible in a faro permutation, we have 12 = n̂ − 1̂ − 21. Hence, 
K12(x, y) = (K21(xy, 1

y ) − 1)/y + 1.

Only tree patterns of length 3 are possible in a faro permutation, 123, 132 and 213, so we have 123 = n̂ − 2̂ − 132 − 213. 
By Theorem 3.4, g(132 + 213) = FU + UU + 2 DU + DF + DD. We decompose the sets of Dyck and dispersed Dyck paths as 
follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
D = ε � U D � U (D \ ε)D � U D(D \ ε) � U (D \ ε)D(D \ ε),

B = ε � B � U (D \ ε)D � U (D \ ε)DB � U (D \ ε)D(B \ (ε � B))

� U D � U DB � U D(B \ (ε � B̄)),

B = F � F(B \ (ε � B)),

where F is the set of paths F k , k � 1 and B is the set of dispersed Dyck paths starting with a level step. From this 
decomposition we obtain the following system of functional equations:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

D(x, y) = 1 + x2 + 2x2 y2 (D(x, y) − 1) + x2 y4 (D(x, y) − 1)2 ,

B(x, y) = 1 + B(x, y) + x2 y2 (D(x, y) − 1) + x2 y3 (D(x, y) − 1) B(x, y)+
+ x2 y4 (D(x, y) − 1)

(
B(x, y) − B(x, y) − 1

) + x2 + x2 yB(x, y)

+ x2 y2
(

B(x, y) − B(x, y) − 1
)
,

B(x, y) = x
1−x + xy

1−x

(
B(x, y) − B(x, y) − 1

)
,

where D(x, y) (resp. B(x, y), resp. B(x, y)) is the generating function for the set of Dyck paths (resp. dispersed Dyck paths, 
resp. dispersed Dyck paths starting with F ) with respect to the statistics FU+UU+2 DU+DF+DD. After solving this system, 
we obtain the result by evaluating K123(x, y) = 1 + x + (B(xy, 1

y ) − 1 − xy)/y2. Note that it is possible to look directly at 
g(123) = DFU + DFF + FFU + FFF rather than at g(132 + 213) as we did, but the decomposition will be more complicated.

Note that K132(x, y) = K213(x, y), by taking the reverse-complement of faro permutations. We remark that DF + DD + DU
corresponds to the number of occurrences of D except the last symbol if it is a D . So, if D is the set of Dyck paths and B
the set of dispersed paths, then the classical decompositions D = ε � DUDD , B = ε � BF � BUDD provide the following 
system of functional equations:⎧⎪⎨

⎪⎩
D(x, y) = 1 + x2 yD(x, y)2,

B(x, y) = 1 + xB(x, y) + x2 yB(x, y)D(x, y),

B(x, y) = 1 + xB(x, y) + x2 B(x, y)D(x, y),

where D(x, y) and B(x, y) (resp. B(x, y)) are the generating functions for the sets of Dyck paths and dispersed Dyck paths 
with respect to the number of D (resp. number of D except the last symbol if it is a D). Solving the system, we obtain 
K132(x, y) = K213(x, y) = B(x, y). �

Corollary 3.6. For n � 0, the popularity of pattern p ∈ {21, 12, 132, 213, 123} in Pn is given by the generating function Lp(x):

L21(x) = 1 − √
1 − 4x2

2(1 − 2x)
√

1 − 4x2
,

L12(x) =
2x

(
−1 + 4 x2 + x + √

1 − 4 x2
)

(1 − 2x)(1 + √
1 − 4x2)

√
1 − 4 x2

,

11
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Table 2
Popularity of patterns p of length at most three in faro permutations.

Pattern p Popularity of p in Pn for 1 � n � 11 OEIS

21 0,1,2,7,14,38,76,187,374,874,1748, . . . A107373
12 0,1,4,11,26,62,134,303,634,1394,2872, . . . A340567
132, 213 0,0,1,4,10,28,61,152,318,748,1538, . . . A340568
123 0,0,1,4,10,24,53,116,246,520,1082, . . . A340569
231,312,321 0,0,0,0, . . .

L132(x) =
x
(
−1 + 4x2 + 2x + (1 − 2x)

√
1 − 4x2

)
(1 − 2x)(1 + √

1 − 4x2)
√

1 − 4x2
,

L213(x) = L132(x),

L123(x) = x(1 + 2x)(1 − √
1 − 4x2)

(1 − 2x)(1 + √
1 − 4x2)

.

Proof. We evaluate ∂ K p(x,y)

∂ y

∣∣
y=1. �

Corollary 3.7. For n � 2, the popularity of pattern p ∈ {21, 12, 132, 213, 123} in Pn is given by p(Pn):

21(Pn) = n + 1

2

(
n

�n
2 �

)
− 2n−1 ∼

√
n

2π
· 2n,

12(Pn) = (n − 1)

(
n

�n
2 �

)
− 21(Pn) ∼

√
n

2π
· 2n,

123(Pn) = 2n − 2

(
n − 1

�n−1
2 �

)
−

(
n

�n
2 �

)
∼ 2n,

132(Pn) = 213(Pn) = 1

2

(
(n − 2)

(
n

�n
2 �

)
− 123(Pn)

)
∼

√
n

2π
· 2n.

Proof. Recall that |Pn| = ( n
�n/2�

)
. Then we have 21(Pn) + 12(Pn) = (n − 1) · ( n

�n/2�
)

and 132(Pn) + 213(Pn) + 123(Pn) = (n −
2) · ( n

�n/2�
)
, and considering 132(Pn) = 213(Pn), it suffices to prove the result for 21(Pn) and 123(Pn). Due to Corollary 3.6, 

we have

L21(x) = W (x)

2x
− 1

2(1 − 2x)

where W (x) = x
(1−2x)

√
1−4x2

is the generating function for the sequence A100071 in [26] which has the general term n
2 ·( n−1

�(n−1)/2�
)
. This induces directly 21(Pn) = n+1

2 · ( n
�n/2�

) − 2n−1.
Similarly, if we expand the numerator of L123(x) given in Corollary 3.6, then we obtain four generating functions having 

the general terms respectively equal to 2n−1 − ( n−1
�(n−1)/2�

)
, −( n−1

�(n−1)/2�
)
, 2n−1 − 1

2 · ( n
�n/2�

)
and − 1

2 · ( n
�n/2�

)
, which implies the 

claimed result. Finally, asymptotics are easily obtained using 
( n
�n/2�

) ∼
√

2
πn · 2n . �

Using formulae from Corollary 3.7 the following remark can be easily verified.

Remark 3.8. The expected number of the occurrences of the pattern 21 (respectively 12, 132 and 213) in a randomly 
selected faro permutation of length n is asymptotically equivalent to n/2 when n → ∞. In contrast, the expectation of 123
is asymptotically equivalent to 

√
πn/2 and thus the probability that a random faro permutation contains an occurrence of 

123 at a random position approaches 0 as n grows.

Table 2 provides the first values of the popularity of each pattern of length at most three in faro permutations.

4. Some particular subsets of Pn and Sn,k

In this part, we study particular subsets of faro permutations and faro words which are in one-to-one correspondence 
with other sets of well-known combinatorial objects. Let us recall the definition of a standard cycle notation (s.c.n.) and 
Foata’s first fundamental transformation φ (see [21]).

12
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In the standard cycle notation (s.c.n.) of a permutation w each cycle starts with its largest element, and cycles are 
ordered from left to right in increasing order of their largest elements.

Foata’s first fundamental transformation (see [21]) acts on a permutation w as follows. Write a permutation w in 
s.c.n., and then cyclically rearrange every cycle so that it ends with its largest element. Then, reverse each cycle and 
delete all parentheses. For instance, if w = 7321564, then the s.c.n. for w is (32)(5)(6)(741), after rearrangement we have 
(23)(5)(6)(417), and thus φ(w) = 3256714. If w is an involution, it contains only cycles of length one or two, rearrangement 
and reversion are not needed, we directly obtain the image after dropping parentheses in s.c.n.

Theorem 4.1. Foata’s first fundamental transformation bijectively maps the set In(3-2-1) of involutions of length n avoiding the 
classical pattern 3-2-1 onto the set Pn of faro permutations.

Proof. Let us prove that the standard cycle notation of w ∈ In(3-2-1) cannot contain any of the following consecutive cycles: 
(x)(yz) with z < x, (xy)(z) with z < x, (x)(y)(z) with z < x, or (xy)(zt) with t < y or z < x. Assume that w ∈ In(3-2-1) and 
assume towards contradiction that the standard cycle notation (s.c.n.) of w contains (x)(yz) with z < x. Then we have x < y
and thus z < x < y, which means that the subsequence yxz (occurring at indices z, x, y) is an occurrence of 3-2-1 in w , 
a contradiction. Due to the definition of the s.c.n. of w , the case (x)(y)(z) with z < x, the case (xy)(z) with z < x and the 
case (xy)(zt) with z < x do not occur since the cycles are arranged in increasing order of their first elements. If the s.c.n. of 
w contains (xy)(zt) with t < y, then we have t < y < x < z, which implies that w contains an occurrence zxy (at indices 
t, y, x) of 3-2-1, a contradiction. Thus, φ(In(3-2-1)) ⊂ Pn . Since φ is injective, and In(3-2-1) is also enumerated by ballot 
numbers bn (see for instance [6,25]), we have φ(In(3-2-1)) = Pn . �

Remark 4.2. It is known that Foata’s first transformation φ maps the statistic of the number of excedances (values wi such 
that wi > i) to the statistic 21 (number of descents wi > wi+1). Therefore, the generating functions K21(x, y) and L21(x) in 
Corollary 3.6 also give the distribution and the popularity of excedances in In(3-2-1).

Remark 4.3. We could easily check that g(φ(w)) = 
(w) for w ∈ In(3-2-1), where 
 is a bijection in [6] between invo-
lutions and labeled Motzkin paths, which also is a restriction of Biane’s bijection [9], which in turn is closely related to 
Françon-Viennot bijection [16].

The next theorem deals with alternating faro permutations, i.e. permutations w satisfying w1 > w2 < w3 > · · · . Let An
be the set of alternating faro permutations of length n.

Theorem 4.4. There is a bijection between A2n and the set of Dyck paths of length 2n.

Proof. Let w be a faro permutation of length 2n. Then, w is alternating if and only if w does not contain any singleton in 
its block decomposition. Due to the definition of f , this means that f (w) does not contain any F -steps and thus, g(w) is a 
Dyck path of length 2n, and vice versa. �

Theorem 4.5. The set A2n is exactly the set of length 2n faro derangements, i.e. faro permutations with no fixed point wi = i for 
i ∈ [1, 2n].

Proof. Let w = w1 w2 . . . w2n−1 w2n be a faro permutation of length 2n, that is wi < wi+2 for 1 � i � 2n − 2. Then, w is 
alternating if and only if w does not contain any singleton in its block decomposition, or equivalently, w satisfies wi > wi+1
if i is odd, and wi < wi+1 otherwise. This is equivalent to wi is greater than w1, w2, . . . , wi−1 and wi+1 if i is odd, and 
wi is smaller than wi−1, wi+1, wi+2, . . . , w2n if i is even, which means that wi > i if i is odd and wi < i otherwise. Thus, 
we have wi 	= i, and w is a derangement. This last implication also is an equivalence because it cannot occur wi < i with i
odd, or wi > i with i even in a faro derangement w . �

Theorem 4.6. Let Bn (resp. B′
n) be the set of length n faro permutations avoiding the classical pattern 2-3-1 (resp. the pattern 3-1-2), 

then
• The cardinality of Bn is given by the Fibonacci sequence fn defined by fn = fn−1 + fn−2 with f1 = 1, f2 = 2.
• We have Bn = B′

n.
• Bn is exactly the set of length n faro involutions.

Proof. A faro permutation w avoiding the pattern 2-3-1 is of the form 1w ′ or 21w ′ , where w ′ also is a faro permutation 
avoiding 2-3-1. Indeed, if a faro permutation w starts with x > 2, then w starts with x1y for some y > x. Then the value 
2 is to the right of x1y, which creates an occurrence xy2 of 2-3-1, a contradiction. Therefore, the cardinality fn of length 
n faro permutations satisfies fn = fn−1 + fn−2 with f1 = 1, f2 = 2. Using the same argument, faro permutations avoiding 
2-3-1 are also faro permutations avoiding 3-1-2.

13
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For the third statement, due to the decomposition of w ∈ Bn (either w = 1w ′ or w = 21w ′ with w ′ ∈ B), we conclude 
by induction that w is necessarily a faro involution. Conversely, a faro involution w avoids the classical pattern 321, which 
implies that w = 1w ′ or w = 21w ′ where w ′ is also a faro involution (if the first entry w1 of w satisfies w1 � 3, then we 
have w w1 = 1; since w avoids 321, we necessarily have wi > w1 � 3 for 1 � i � w1 − 1, and thus w w1−2 > w w1 = 1, which 
is not possible in a faro permutation). A simple induction implies that w ∈ Bn , which completes the proof. �

In the following, we consider (for convenience) faro words on the n-ary alphabet [0, n − 1], and we focus on the set 
of subexcedent faro words of length n, i.e. faro words w1 w2 . . . wn satisfying wi � i − 1 for 1 � i � n. We make a shift 
[1, n] → [0, n − 1] on the alphabet in order to apply directly the results presented in [12].

Theorem 4.7. There is a bijection between subexcedent faro words of length n and 2-1-4-3-avoiding Dumont permutations of the 
second kind of length 2n.

We will briefly recall the result given in [12] that enumerated 2-1-4-3-avoiding Dumont permutations of the second kind 
of length 2n. Dumont permutations of the second kind of length 2n are permutations π that satisfy the following conditions 
for i ∈ [n]:

π(2i − 1) � 2i − 1, π(2i) � 2i − 1.

In other words, the values in the odd positions are weak excedances, whereas the values in the even positions are 
deficiencies. In addition, if π avoids the pattern 2-1-4-3 (i.e. does not contain a subsequence π(i1)π(i2)π(i3)π(i4) of length 
4 such that i1 < i2 < i3 < i4 and π(i2) < π(i1) < π(i4) < π(i3)), then the values in the even positions of π are exactly 
{1, 2, . . . , n}, and the values in the odd positions of π are exactly {n + 1, n + 2, . . . , 2n}. Moreover, the subsequence of values 
of π in the even positions avoids the pattern 2-1-3 while the subsequence of values of π in the odd positions avoids the 
pattern 1-3-2. This allows [12] to construct a bijection as in Krattenthaler [20] from the even-position subsequence of π to 
north-east integer lattice paths from (0, 0) to (n, �n/2�) staying on or below the line y = x/2, and from the odd-position 
subsequence of π to the same paths but ending at (n + 1, �(n + 1)/2�). Let {an}n�0 be the sequence A047749 [26], so that

a2n = 1

2n + 1

(
3n

n

)
, a2n+1 = 1

n + 1

(
3n + 1

n

)
,

then the number of 2-1-4-3-avoiding Dumont permutations of the second kind of length 2n is anan+1. Thus, to prove 
Theorem 4.7, we only need to construct a bijection from subexcedent faro words of length n to ordered pairs of north-east 
lattice paths on or below the line y = x/2 from (0, 0) to (n, �n/2�) and (n + 1, �(n + 1)/2�), respectively.

Proof of Theorem 4.7. Let π be a subexcedent faro word of length n. As in [12], let πo and πe be the odd-position and 
even-position subsequences of π . Then πo and πe are nondecreasing subsequences such that

πo(i) = π(2i − 1) ∈ [0,2i − 2], i �
⌊

n + 1

2

⌋
,

πe(i) = π(2i) ∈ [0,2i − 1], i �
⌊n

2

⌋
.

(4.1)

Conversely, any word π whose odd-position and even-position subsequences πo and πe satisfy the above properties is 
a subexcedent faro word of length n. Given sequences πo and πe as in (4.1), associate to them a pair of north-east lattice 
paths as follows. If πo or πe has a letter ai in position i, map such an entry to the point (i − 1, ai) in the integer lattice. Let 
k = ⌊n+1

2

⌋
for πo and k = ⌊ n

2

⌋
for πe , and let ak+1 = 2k for πo and ak+1 = 2k + 1 for πe .

Now consider a north-east lattice path (as in Fig. 4.1 from (0, 0) to (k, ak+1) through vertices (0, a1), (1, a2), . . . , (k −1, ak)

in that order so that each vertex is joined to the next one by a (possibly empty) sequence of east steps followed by a 
(possibly empty) sequence of north steps. In other words, consider the path

Na1 , E, Na2−a1 , E, Na3−a2 , E, . . . , E, Nak+1−ak (4.2)

from (0, 0) to (k, ak+1), where E = (1, 0) is the unit east step and N = (0, 1) is the unit north step. Then this path lies on 
or below the line y = 2x for πo and on or below the line y = 2x + 1 for πe , and each such path corresponds to a unique πo
or a unique πe .

Moreover, notice that if n is even, then(⌊
n + 1

2

⌋
, 2

⌊
n + 1

2

⌋)
=

(⌊n

2

⌋
, n

)
(⌊n

2

⌋
, 2

⌊n

2

⌋
+ 1

)
=

(⌊
n + 1

2

⌋
, n + 1

)
,
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Fig. 4.1. An example of the bijection between a subexcedent faro word and pairs of ternary paths as in the proof of Theorem 4.7.

and if n is odd, then(⌊
n + 1

2

⌋
, 2

⌊
n + 1

2

⌋)
=

(⌊
n + 1

2

⌋
, n + 1

)
(⌊n

2

⌋
, 2

⌊n

2

⌋
+ 1

)
=

(⌊n

2

⌋
, n

)
.

It is easy to see now that the pair of paths thus obtained for πo and πe are in bijection with the pair of paths in the proof 
of the [12, Theorem 3.5] (see also [12, Figure 6]), which yields a bijection between the subexcedent faro words of size n
and 2-1-4-3-avoiding Dumont permutations of the second kind of size 2n. �

The enumeration of subexcedent faro words may be refined by considering some natural statistics on such words. To-
gether with the bijection of Theorem 4.7 to pairs of ternary paths (or 2-Dyck paths), a recent result [11] lets us find several 
equidistributed statistics on the odd-position and even-position subsequences of subexcedent faro words.

Recall that a ternary (or 2-Dyck) path is a sequence of unit steps u = (1, 1) and d = (1, −2) starting at (0, 0) and staying 
in the first quadrant. A peak of a 2-Dyck path is an ud-block in that path, as well as the vertex between the two steps. 
Likewise, a double descent of a 2-Dyck path is a dd-block in that path, as well as the vertex between the two steps. Define 
the following statistics on 2-Dyck paths:

– pk0, the number of peaks at even height,
– pk1, the number of peaks at odd height,
– dd, the number of double descents.

Then the following results hold.

Theorem 4.8 ([11]).

– On 2-Dyck paths ending at height 0, the tristatistic (pk0 −1, pk1, dd) is jointly equidistributed with any of its permutations.
– On 2-Dyck paths ending at height 1, the bistatistics (pk0, pk1) and (pk1, pk0) are jointly equidistributed.

For a subexcedent faro word π of length 2n, define the following statistics on its odd-position and even-position subse-
quences πo and πe:
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– eOdis(π), the number of distinct positive even letters in πo (we exclude 0 since πo and π always start with 0);
– oOdis(π), the number of distinct odd letters in πo ;
– aOrpt(π) = {i ∈ [n − 1] | π(2i − 1) = π(2i + 1)}, the number of letter repetitions in πo (the “a” in aOrpt stands for “any 

parity”);
– eEdis(π), the number of distinct even letters in πe ;
– oEdis(π), the number of distinct odd letters in πe .

Then we have the following result.

Theorem 4.9. On subexcedant faro words of length n,

– the tristatistic (eOdis, oOdis, aOrpt) is jointly equidistributed with any of its permutations.
– the bistatistics (eEdis, oEdis) and (oEdis, eEdis) are jointly equidistributed.

Proof. For each of πo and πe , define k and a1, a2, . . . , ak, ak + 1 as in the proof of Theorem 4.7, and let

P = Na1 , E, Na2−a1 , E, Na3−a2 , E, . . . , E, Nak+1−ak

be the corresponding north-east path as in (4.2) (when needed, we will distinguish the paths obtained from πo and πe

as Po and Pe , respectively). Map P to a lattice path obtained by reversing P and mapping unit steps N �→ u = (1, 1) and 
E �→ d = (1, −2). In other words, consider the map

φ : P �→ φ(P ) = uak+1−ak ,d, uak−ak−1 ,d, . . . ,d, ua2−a1 ,d, ua1 ,

where φ(P ) starts at (0, 0). Recall that P starts at (0, 0), stays in the first quadrant on or below y = 2x for πo and y = 2x +1
for πe , and ends on y = 2x for πo and y = 2x +1 for πe . Therefore, it is easy to see that φ(P ) stays in the first quadrant and 
ends at height 0 for πo and at height 1 for πe . Moreover, each distinct letter of πo or πe (except for 0 in πo) corresponds 
to a block E N in the corresponding path P , which in turn corresponds to a block ud of φ(P ), i.e. to a peak of φ(P ).

Furthermore, a repetition of a letter in positions i and i + 1 of πo means that ai+1 = ai , and thus the i-th and (i + 1)-st 
steps E in P are adjacent, which in turn corresponds to a block dd in φ(P ). Therefore, aOrpt(π) = dd(Po).

Let � be one of distinct letters of in πo or πe (for πo , also assume � > 0). Suppose its rightmost occurrence is in position 
j. Then there are k + 1 − � east steps and ak+1 − a� north steps in path P to the right of that point, so the height of the 
corresponding peak in φ(P ) is

ak+1 − a� − 2(k + 1 − �) ≡ ak+1 − a� (mod 2) ≡ a� (mod 2) + ak+1 (mod 2).

It follows that, on πo (eOdis, oOdis)(π) = (pk0 −1, pk1)(φ(Po)) if ak+1 is even, and (eOdis, oOdis)(π) =
(pk1, pk0 −1)(φ(Po)) if ak+1 is odd. Likewise, (eEdis, oEdis)(π) = (pk0, pk1)(φ(Pe)) if ak+1 is even, and (eEdis, oEdis)(π) =
(pk1, pk0)(φ(Pe)) if ak+1 is odd. However, the two statistics on the right-hand side of the equations are jointly equidis-
tributed in each case by Theorem 4.8, and thus the parity of ak+1 is immaterial in each case. �

From Corollary 1.12 and Equation (2.7) of [11], we can also determine the joint distribution of all the statistics we defined 
on subexcedent faro words. For this result, we let no = ⌊n+1

2

⌋
and ne = ⌊ n

2

⌋
(so no + ne = n). We also let aErpt(π) be the 

number of letter repetitions in πe , i.e. aErpt(π) = {i ∈ [n − 1] | π(2i) = π(2i + 2)}.

Corollary 4.10. The number of subexcedent faro words π of length n such that

(eOdis,oOdis,aOrpt,eEdis,oEdis,aErpt)(π) = (r1, r2, r2, r4, r5, r6)

is

1

no

(
no

r1

)(
no

r2

)(
no

r3

)
r4 + r5

ne(ne + 1)

(
ne + 1

r4

)(
ne + 1

r5

)(
ne

r6

)
.

Note also that r1 + r2 + r3 = no − 1 and r4 + r5 + r6 = ne .
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Abstract

We present enumerative results on prefixes of skew Dyck paths by giving recursive
relations, Riordan arrays, and generating functions, as well as closed formulas to count
the total number of these paths with respect to the length, the height of its endpoint
and the number of left steps.

1 Introduction

A skew Dyck path is a lattice path in the first quadrant of the xy-plane that starts at the
origin, ends on the x-axis, and made of up-steps U = (1, 1), down-steps D = (1, −1), and left
steps L = (−1, −1) so that up and left steps do not overlap. We let |P | denote the length of
the path P , i.e., the number of its steps, which is an even non-negative integer. Let ǫ denote

1



the skew Dyck path of length zero. For example, Figure 2 shows the skew Dyck paths of
length 6, or equivalently of semilength 3. The concept of skew Dyck path was introduced by
Deutsch, Munarini, and Rinaldi [1]. Some additional results can be found in [2, 8], where the
authors present enumerative results according to different parameters and some bijections
with other combinatorial objects, as hex trees, tree-like polyhexes, and 3-Motzkin paths.

We let S denote the set of all skew Dyck paths, and let Sn denote the set of all skew Dyck
paths of semilength n. Let sn be the cardinality of Sn. Any nonempty skew Dyck path P
can be uniquely decomposed either P = UT1DT2 or P = UT3L, where T1, T2, T3 ∈ S and
T3 6= ǫ. Figure 1 shows a graphical representation of this decomposition.

Figure 1: Decomposition of a nonempty skew Dyck path.

This decomposition induces the functional equation S(x) = 1 + xS(x)2 + x(S(x) − 1) for
the generating function S(x) :=

∑
P∈S x|P |/2 =

∑
n≥0 snx

n, and thus we have

S(x) =
1 − x −

√
1 − 6x + 5x2

2x
. (1)

The sequence sn appears in the OEIS as A002212 [15], and its first few values are

1, 1, 3, 10, 36, 137, 543, 2219, 9285, 39587.

From the above functional equation, we obtain S(x) − 1 = x(S(x)2 + S(x) − 1), and
applying directly the Lagrange inversion Theorem, (see [5, 10] for instance), we deduce the
explicit formulas:

sn =
n∑

k=1

(
n − 1

k − 1

)
ck,

sn =
n∑

k=1

(
n − 1

k − 1

)
(−1)k−15n−kck,

sn =
1

n

⌊(n−1)/2⌋∑

k=0

(
n

k

)(
n − k

k + 1

)
3n−2k−1,

where cn = 1
n+1

(
2n
n

)
is the n-th Catalan number, which is the general term of the sequence

A000108 in [15].
A prefix of a skew Dyck path is called skew meander. In a way, skew meanders appear as

the counterpart of ballot paths (prefixes of Dyck paths [6]) for skew Dyck paths. The height

2



Figure 2: Skew Dyck paths of semilength 3.

α(P ) of a skew meander P is the y-coordinate of the endpoint of the last step of P . For
example, Figure 3 shows a skew meander of length 27 and height 3. Let M be the set of all
skew meanders, and let s(n, k) denote the number of skew meanders of length n and height
k.

In this paper, we present enumerative results on skew meanders by giving recursive
relations, Riordan arrays, generating functions, as well as closed formulas to count the total
number of skew meanders of a given length with respect to the height and the number of
left steps.

(0, 0)

(19, 3)

Figure 3: Skew meander of length 27 and height 3.

2 Skew meanders via Riordan arrays

The goal of this section is to study the distribution of the number of skew meanders of a
fixed height. Let S = [s(n, k)]n,k≥0 denote the matrix where s(n, k) is the number of skew
meanders of length n and height k. The first few rows of the matrix S are

S =




1
0 1
1 0 1
0 2 0 1
3 0 3 0 1
0 6 0 4 0 1
10 0 10 0 5 0 1
0 21 0 15 0 6 0 1
36 0 37 0 21 0 7 0 1
0 79 0 59 0 28 0 8 0 1

...
...

...




.
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The sequence (s(n, 1))n≥1 corresponds to the sequence A033321 that counts skew Dyck paths
of semilength n with a down-step D. Figure 4 shows the six skew meanders of length 5 and
height 1 corresponding to the bold red entry in the above matrix.

Figure 4: The six skew meanders of length 5 and height 1.

We will prove that the matrix S is a Riordan array. So, let us give some background on
Riordan arrays [14]. We will say that an infinite column vector (a0, a1, . . . )

T has generating
function f(x) if f(x) =

∑
n≥0 anx

n, and we index rows and columns starting at 0. A Rior-
dan array is an infinite lower triangular matrix whose k-th column has generating function
g(x)f(x)k for all k ≥ 0, for some formal power series g(x) and f(x), with g(0) 6= 0, f(0) = 0,
and f ′(0) 6= 0. Such a Riordan array is denoted by (g(x), f(x)). If we multiply this matrix
by a column vector (c0, c1, . . . )

T having generating function h(x), then the resulting column
vector has generating function g(x)h(f(x)). This property is known as the fundamental
theorem of Riordan arrays, or as the summation property.

The product of two Riordan arrays (g(x), f(x)) and (h(x), l(x)) is defined by

(g(x), f(x)) ∗ (h(x), l(x)) = (g(x)h(f(x)), l(f(x))) . (2)

Under the operation “ ∗ ”, the set of all Riordan arrays is a group [14]. The identity element
is I = (1, x), and the inverse of (g(x), f(x)) is

(g(x), f(x))−1 =
(
1/

(
g ◦ f

)
(x), f(x)

)
, (3)

where f(x) denotes the compositional inverse of f(x).

Recall that for a skew meander P , α(P ) is the height of P , |P | is the length of P . For a
non-negative integer k, we introduce the generating function

Hk(x) :=
∑

P∈M, α(P )=k

x|P | =
∑

n≥0

s(n, k)xn.

It is clear that H0(x) = S(x2).

Theorem 1. The matrix S = [s(n, k)]n,k≥0 is a Riordan array given by

S =

(
S(x2),

x

1 − x2S(x2)

)
, (4)

where S(x) = (1 − x −
√

1 − 6x + 5x2)/2x.
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Proof. Obviously, skew meanders of height zero are skew Dyck paths, and a skew meander
P of height k ≥ 1 can be decomposed either P = UP1 or UQDP2, where P1 (resp. P2) is a
skew meander of height k − 1 (resp. k), and Q is a skew Dyck path in S. Figure 5 illustrates
the two cases. Using the symbolic method (see [4]), we obtain the functional equation

k k

Figure 5: Decomposition of a skew meander of height at least one .

Hk(x) = xHk−1(x) + x2S(x2)Hk(x), k ≥ 1,

anchored with H0(x) = S(x2). Then Hk(x) = xHk−1(x)/(1−x2S(x2)), and by iterating this
expression we deduce for k ≥ 0,

Hk(x) =

(
x

1 − x2S(x2)

)k

S(x2).

From the definition of Riordan array we obtain the desired result.

Corollary 2. The generating function for the total number of skew meanders of length n is
given by

∑

n≥0

n∑

k=0

s(n, k)xn =
−2 + x + 4x2 + x3 + (2 + x)

√
1 − 6x2 + 5x4

2x(1 − 2x − x2)
.

Proof. Multiplying the right-hand side of the equality (4) by the vector (1, 1, 1, . . . )T , which
has generating function 1/(1 − x), and using the summation property, the resulting vector
has generating function

(
S(x2),

x

1 − x2S(x2)

)
1

1 − x
=

S(x2)

1 − x
1−x2S(x2)

=
S(x2)

1 − x − x2S(x2)
.

After simplification we obtain the desired result.

The total number of skew meanders of length n, for 0 ≤ n ≤ 10 are

1, 1, 2, 3, 7, 11, 26, 43, 102, 175, 416.

In Theorem 3, we will give a combinatorial formula for s(n, k) involving binomial co-
efficients and the entries of the Catalan triangle introduced by Shapiro [13] in the context
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of lattice paths on Z × Z. It is defined by the matrix [B(n, k)]n,k≥1 = [ k
n

(
2n

n−k

)
]n,k≥1. For

convenience, we extend this triangle by adding a row and column of indice zero by setting
B(0, 0) = 1, B(0, k) = B(k, 0) = 0 if k > 0. So, the first few rows are

B := [B(n, k)]n,k≥0 =




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 2 1 0 0 0 0 0
0 5 4 1 0 0 0 0
0 14 14 6 1 0 0 0
0 42 48 27 8 1 0 0
0 132 165 110 44 10 1 0
0 429 572 429 208 65 12 1
...

...
...




,

which correspond to array A039598 in [15]. From the generating function of the columns of
B, see [16], we prove that the matrix [B(n, k)]n,k≥0 is the Riordan array B = (1, xC(x)2) ,

where C(x) = 1−√
1−4x

2x
is the generating function of the Catalan numbers cn = 1

n+1

(
2n
n

)
. It

is well known that C(x) satisfies the functional equation C(x) = xC(x)2 + 1. So, if we set
B(x) := C(x)− 1, then B(x) = x(B(x)+1)2 = xΦ(B(x)), where Φ(z) = (z +1)2. Moreover,

[xn]B(x)k = [xn](C(x) − 1)k = [xn](xC(x)2)k = B(n, k).

From the Lagrange inversion theorem (see for instance [10]), we have

B(n, k) = [xn](B(x))k =
k

n
[zn−k](z + 1)2n =

k

n

(
2n

n − k

)
,

which proves that B is the Riordan array (1, xC(x)2).

Theorem 3. For n, k ≥ 0, if n + k ≡ 0 (mod 2), then

s(n, k) =

n−k
2∑

j=0

j+1∑

i=0

n−k
2

−j∑

ℓ=0

(
j + k − 1

j

)(
j + 1

i

)(
n−k

2
− j − 1

ℓ − 1

)
B(ℓ, i),

and s(n, k) = 0 otherwise.

Proof. Let U(x) := S(x)−1, where S(x) is the generating function defined in (1). Note that
U(x) = x(U(x)2 + 3U(x) + 1) = xΦ(U(x)), where Φ(z) = z2 + 3z + 1. From the Lagrange
inversion theorem, we deduce

u(k)
n : = [xn]U(x)k =

k

n
[zn−k]Φ(z)n =

k

n
[zn−k](z2 + 3z + 1)n

=
k

n
[zn−k]((z + 1)2 + z)n =

k

n
[zn−k]

n∑

i=0

(
n

i

)
(z + 1)2izn−i

6



=
n∑

i=0

(
n

i

)
k

n
[zi−k](z + 1)2i =

n∑

i=1

(
n − 1

i − 1

)
k

i
[zi−k](z + 1)2i

=
n∑

i=0

(
n − 1

i − 1

)
B(i, k).

If we set g
(k)
n := [xn]S(x2)k = (U(x2) + 1)k, then it is cleat that

g(k)
n =

{∑k
i=0

(
k
i

)
u

(i)
n/2, if n ≡ 0 (mod 2);

0, otherwise.

Now, by definition of a Riordan array, we have

s(n, k) = [xn]S(x2)
xk

(1 − x2S(x2))k

= [xn−k]
∑

j≥0

(
j + k − 1

j

)
S(x2)j+1x2j

=
∑

j≥0

(
j + k − 1

j

)
[xn−k−2j]S(x2)j+1

=

⌊ n−k
2

⌋∑

j=0

(
j + k − 1

j

)
g

(j+1)
n−k−2j,

which provides the desired result.

By considering different expansions of the expression (z2 + 3z + 1)n, and using similar
proofs as for Theorem 3, we obtain the following two corollaries.

Corollary 4. For n, k ≥ 0, if n + k ≡ 0 (mod 2), then

s(n, k) =

n−k
2∑

j=0

n−k
2

−j∑

i=0

(
j + k − 1

j

)(
n−k

2
− j − 1

i − 1

)(
j + 2i + 1

i

)
j + 1

j + 2i + 1
,

and s(n, k) = 0 otherwise.

Corollary 5. For n, k ≥ 0, if n + k ≡ 0 (mod 2), then

s(n, k) =

n−k
2∑

j=0

j+1∑

i=0

(
j + k − 1

j

)(
j + 1

i

)
t
(i)
n−k

2
−j

,

where t
(0)
0 = 1, t

(k)
n = 0 if n = 0, k 6= 0, and t

(k)
n =

∑⌊ n−k
2

⌋
i=0

k
n

(
n
i

)(
n−i
k+i

)
3n−k−2i otherwise.

Moreover, s(n, k) = 0 if n + k ≡ 1 (mod 2).
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3 A recurrence relation for s(n, k)

In this part, we will provide a recurrence relation for s(n, k). For this, we consider the matrix
S2 := [s(2n − k, k)]n,k≥0 = [s̃(n, k)]n,k≥0, which is a compression of S obtained by deleting
some zeros. The first few rows of the matrix S2 are

S2 = [s̃(n, k)]n,k≥0 =




1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
3 2 1 0 0 0 0 0
10 6 3 1 0 0 0 0
36 21 10 4 1 0 0 0
137 79 37 15 5 1 0 0
543 311 145 59 21 6 1 0
2219 1265 589 241 88 28 7 1

...
...

...




.

From the summation property for Riordan arrays (see Theorem 1), we obtain directly
the following corollary.

Corollary 6. The matrix S2 is a Riordan array given by S2 =
(
S(x), x

1−xS(x)

)
, and the

generating function S2(x) for the row sums of the matrix S2 is given by

S2(x) :=
∑

n≥0

s2(n)xn =
∑

n≥0

n∑

k=0

s̃(n, k)xn =
1 − 2x −

√
1 − 6x + 5x2

x

= 1 + 2x + 6x2 + 20x3 + 72x4 + 274x5 + 1086x6 + 4438x7 + 18570x8 + · · ·

The generating function S2(x) satisfies S2(x) = 2S(x) − 1, and s2(n) corresponds to the
general term of the sequence A122737 which has a combinatorial interpretation using special
polyominoes (bi-wall directed polygons).

A plane figure is a polyomino if it is a union of finitely many cells and the interior is
connected. A polyomino P is a polygon if P has a connected border, and this border is a
closed self-avoiding walk. We say that P is directed if each of its cells can be reached from its
bottom left-hand corner by a path which is contained in the polyomino and uses only north
and east steps. Let c be the bottom left-hand corner of P . A clockwise tour of P is a closed
walk which, starting at c, goes along the boundary of P (in the clockwise direction), and
ends when the corner c is reached again. A bi-wall directed polygon is a directed polygon such
that its clockwise tour satisfies that once the first left step has been made, up steps occur
never more [3]. For example, Figure 6 shows a bi-wall directed polygon of perimeter 66. The
sequence s2(n) counts the number of bi-wall directed polygons with perimeter 2(n + 2). We
wonder how the bijective proof of this result will appear.
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c

Figure 6: Bi-wall directed polyomino of perimeter 66.

Notice that, due to the relation S2(x) = 2S(x)−1, bi-wall directed polygons of perimeter
2(n+2) are in one-to-one correspondence with special directed polygons of perimeter 2(2n+1)
having a clockwise tour that can be decomposed either NPSP or PEPW where N (resp.
S, E, W ) are the north- (resp. south-, east-, west-) steps, and P is obtained from a skew
Dyck path Q of semilength n by replacing U with N , D with E, and L with W , and P is
obtained from Q by reading Q from right to left and by replacing U with W , D with S,
and L with E. For instance, from the skew Dyck path P = UDUUDL we generate two
directed polygons NNENNESSESWWSW and NENNESEESWWSWW illustrated
in Figure 7. Finding a constructive bijection between this class of polyominoes and bi-wall
directed polygons remains an interesting open question.

Figure 7: Construction of two directed polygons of perimeter 14 from a skew Dyck path of
length 6.

Rogers [12] observed that every element dn+1,k+1 of a Riordan array (not belonging to
0 row or 0 column) can be expressed as a fixed linear combination of the elements in the
preceding row. The A-sequence is defined to be the sequence coefficients of this linear
combination. Similarly, Merlini et al. [9] introduced the Z-sequence, which characterizes
the elements in column 0, except for the element d0,0. Therefore, the A-sequence, the Z-
sequence and the element d0,0 completely characterize a Riordan array. We summarize this
characterization in the following theorem.

Theorem 7 ([9, 7]). An infinite lower triangular array D = [dn,k]n,k≥0 = (g(x), f(x)) is
a Riordan array if and only if d0,0 6= 0 and there exist two sequences (a0, a1, a2, . . . ), with
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a0 6= 0, and (z0, z1, z2, . . . ) (called the A-sequence and the Z-sequence, respectively), such
that

dn+1,k+1 = a0dn,k + a1dn,k+1 + a2dn,k+2 + · · · for n, k ≥ 0,

dn+1,0 = z0dn,0 + z1dn,1 + z2dn,2 + · · · for n ≥ 0,

or equivalently

g(x) =
d0,0

1 − xZ(f(x))
and f(x) = x(A(f(x))),

where A(x) and Z(x) are the generating functions of the A-sequence and Z-sequence, respec-
tively.

Below we describe the A-sequence and Z-sequence for the Riordan array S2.

Theorem 8. For n, k ≥ 0, we have

s̃(n + 1, k + 1) = s̃(n, k) + s̃(n, k + 1) +
∑

i≥2

2i−2 s̃(n, k + i),

Moreover, for n ≥ 0

s̃(n + 1, 0) = s̃(n, 0) +
∑

i≥1

(2i−1 + 1)s̃(n, i),

with the initial value s̃(0, 0) = 1.

Proof. From Theorem 7 and Corollary 6, the generating function of the A-sequence is

A(x) =
x

f(x)
=

x
x(1−2x)
1−x−x2

=
1 − x − x2

1 − 2x
= 1 + x + x2 + 2x3 + 4x4 + 8x5 + · · · .

The generating function of the Z-sequence of S2 is

Z(x) =
1

f(x)

(
1 − d0,0

g(f(x))

)
=

1 − x − x2

(1 − x)(1 − 2x)
= 1+2x+3x2+5x3+9x4+17x5+33x6+· · · .

Combining the above relations, we obtain the following corollaries.

Corollary 9. For any integers n, k ≥ 0, we have the following relations

s(n, k) = s(n − 1, k − 1) + s(n − 2, k) +

⌊ n−1
2

⌋∑

i=2

2i−2 s(n − i − 1, k + i − 1),

s(n, 0) = s(n − 2, 0) +

⌊ n−1
2

⌋∑

i=1

(2i−1 + 1)s(n − i − 2, i).

with s(0, 0) = 1 = s(1, 1), s(1, 0) = 0, and s(n, k) = 0 for n < k.

Corollary 10. For any integers n, k ≥ 2, we have the following relation

s(n + 1, k − 1) − 2s(n, k) = s(n, k − 2) − s(n − 1, k − 1) − s(n − 2, k).
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4 The number of left steps

In this section, we provide a close form for the number ah(n, m) of skew meanders of length
n, height h, and with exactly m left steps L = (−1, −1). Let ℓ(P ) denote the number of
left steps in a path P . Given a non-negative integer h, we let Mh denote the set of skew
meanders of height h. We are interested in the bivariate generating function

Lh(x, y) :=
∑

P∈Mh

x|P |yℓ(P ) =
∑

n,m≥0

ah(n, m)xnym.

Theorem 11. The generating function Lh(x, y) is given by the equations

L0(x, y) =
1 − x2y −

√
1 − 4x2 − 2x2y + 4x4y + x4y

2x
,

and for h ≥ 1, we have

Lh(x, y) =
xhL0(x, y)

(1 − x2L0(x, y))h
.

Proof. From the decomposition given in Figure 1, we obtain the functional equation

L0(x, y) = 1 + x2L0(x, y)2 + x2y(L0(x, y) − 1).

Solving for L0(x, y), we have the first equation. If h ≥ 1, then from the decomposition given
in Figure 5 we have

Lh(x, y) = xLh−1(x, y) + x2L0(x, y)Lh(x, y).

Therefore

Lh(x, y) =
xLh−1(x, y)

1 − x2L0(x, y)
= · · · =

xhL0(x, y)

(1 − x2L0(x, y))h
.

Let a(j)(n, m) be the coefficient of xnym in the generating function L0(x, y)j.

Lemma 12. For n, j ≥ 1, n ≡ 0 (mod 2), and 0 ≤ m ≤ n/2 − 1 we have

a(j)(n, m) =

j∑

i=0

i

n/2 − m

(
j

i

)(
n/2 − 1

m

)(
2(n/2 − m)

n/2 − m − i

)
,

with the initial values a(j)(0, 0) = 1. Moreover, for n ≡ 1 (mod 2), a(j)(n, m) = 0.

Proof. If f(x, y) = L0(x
1/2, y) − 1, then from Theorem 11 we have

f(x, y) = x(f(x, y)2 + (2 + y)f(x, y) + 1) = xΦ(f(x, y)),
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where Φ(z) = z2 + (2 + y)z + 1. From the Lagrange inversion theorem, we deduce

f (k)(n, m) := [xnym]f(x, y)k =
k

n
[zn−kym]Φ(z)n

=
k

n
[zn−kym](z2 + (2 + y)z + 1) =

(
n − 1

m

)
B(n − m, k).

Since B(n, k) = k
n

(
2n

n−k

)
, we obtain

f (k)(n, m) =
k

n − m

(
n − 1

m

)(
2(n − m)

n − m − k

)
.

If n is even then

a(j)(n, m) = [xnym](f(x2, y) + 1)j = [xnym]

j∑

i=0

(
j

i

)
f(x2, y)i

=

j∑

i=0

i

n/2 − m

(
j

i

)(
n/2 − 1

m

)(
2(n/2 − m)

n/2 − m − i

)
.

Moreover, if n is odd this sequence is equal to zero.

The summand on the right side of a(j)(2n, m) is denoted by F (j, i), that is

F (j, i) :=
i

n − m

(
j

i

)(
n − 1

m

)(
2(n − m)

n − m − i

)
.

By Zeilberger’s creative telescoping method (cf. [11]) F (j, i) satisfies the relation

(1 + j)(j − 2m + 2n)F (j, i) − j(1 + j − m + n)F (j + 1, i) = G(j, i + 1) − G(j, i), (5)

with the certificate

R(j, i) =
(−1 + i)(1 + j)(i − m + n)

1 − i + j
.

That is, R(j, i) = F (j, i)/G(j, i) is a rational function in both variables. Summing both sides
of (5) with respect to i and after simplification we obtain the following result.

Proposition 13. For 0 ≤ m ≤ n − 1

a(j)(2n, m) =
j

2(n − m + j)

(
n − 1

m

)(
2(n − m)

n − m

)
(2m − 2n − j + 1)j

(m − n − j + 1)j

,

where (x)n := x(x + 1) · · · (x + n − 1) and (x)0 = 1.
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Theorem 14. For n, m, h ≥ 0 we have

ah(n, m) =

n−h
2∑

j=0

(
j + h − 1

j

)
a(j+1)(n − h − 2j, m).

Proof. For h ≥ 1 we have from Theorem 11 that

ah(n, m) = [xnym]
xhL0(x, y)

(1 − x2L0(x, y))h

= [xn−h−2jym]
∑

j≥0

(
j + h − 1

j

)
L0(x, y)j+1

=
∑

j≥0

(
j + h − 1

j

)
a(j+1)(n − h − 2j, m).

Figure 8 shows the skew meanders corresponding to a3(11, 2) = 12.

Figure 8: The skew meanders of length 11, height 3, with exactly 2 left steps.
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Abstract
We consider the system of equations Ak(x) = p(x)Ak−1(x)(q(x)+

∑k
i=0Ai(x)) for k > r+1 where Ai(x), 0 6 i 6 r, are some

given functions and show how to obtain a close form forA(x) =
∑

k>0Ak(x). We apply this general result to the enumeration
of certain subsets of Dyck, Motzkin, skew Dyck, and skew Motzkin paths, defined recursively according to the first return
decomposition with a monotonically non-increasing condition relative to the maximal ordinate reached by an occurrence of
a given pattern π.

Keywords: enumeration; Dyck and Motzkin paths; first return decomposition; statistics; height; pattern.
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1. Introduction and notations

Let A be a combinatorial class, that is a collection of similar objects (lattices, trees, permutations, words) endowed with
a size function ` whose values are non-negative integers, so that the number |`−1(n)| of objects of a given size n is finite.
With A we associate the generating function

A(x) =
∑

a∈A
x`(a) =

∑

n>0

|`−1(n)|xn,

which appears to be the main source of interest for researchers working in enumerative combinatorics.
Given a function s : A → N, called statistic, and an integer k > 0, we define the combinatorial class Ak consisting of

objects a ∈ A such that s(a) = k, and associate the following generating function with this class:

Ak(x) =
∑

a∈Ak
x`(a), which implies A(x) =

∑

k>0

Ak(x).

In three recent articles [1,2,6], the authors enumerate particular subclasses of lattice paths (Dyck, Motzkin, 2-Motzkin
and Schröder paths) defined recursively according to the first return decomposition with a condition on the path height.
More precisely, in the first paper, they focus on the Dyck path set Dh,> consisting of the union of the empty path with all
Dyck paths P having a first return decomposition P = UαDβ satisfying the conditions:




α, β ∈ Dh,>,

h(UαD) > h(β),
(1)

where h is the height statistic, i.e. the maximal ordinate reached by a path. In these studies, the authors need to consider
a system of equations involving the generating functionsDk(x), k > 0, for the subset of paths P ∈ Dh,> satisfying h(P ) = k:

Dk(x) = x ·Dk−1(x) ·
k∑

i=0

Di(x) for k > 1 (2)

anchored with initial condition D0(x) = 1.
They deduce algebraically a close form of the generating function D(x) =

∑
k>0Dk(x) for Dh,> by solving System (2),

and prove that Dh,> is enumerated by the Motzkin sequence, that is A001006 in the On-Line Encyclopedia of Integer
Sequences (OEIS) [13]. The second paper is a similar study in the context of Motzkin and Schröder paths.

∗Corresponding author (barjl@u-bourgogne.fr).
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Inspired by these works, the motivation of the paper is to extend such studies by investigating the solutions of a more
general system defined as follows. For an integer r > 0 and two functions p(x) and q(x), we consider the system of equations:

Ak(x) = p(x)Ak−1(x)

(
q(x) +

k∑

i=0

Ai(x)

)
, for k > r + 1, (3)

anchored with Ai(x) = ui(x) for 0 6 i 6 r where ui(x), 0 6 i 6 r, are some given functions. For the sake of brevity, we set
u = ur(x), v =

∑r
i=0 ui(x)− u, p = p(x) and q = q(x).

Before considering how Equation (3) is related to particular sets of lattice paths defined in the same way as the setDh,>,
let us recall some definitions and notations. A skew Motzkin path (see [7]) of length n > 0 is a lattice path in the quarter
plane starting at point (0, 0), ending on the x-axis (but never going below), consisting of n steps of the four following types:
up steps U = (1, 1), down steps D = (1,−1), flat steps F = (1, 0) and left steps L = (−1,−1), such that left and up steps
never overlap. Let SM be the set of all skew Motzkin paths of any length. A Motzkin path is a skew Motzkin path with
no left steps. LetM be the set of all Motzkin paths. A Dyck path is a Motzkin path with no flat steps. Let D be the set
of all Dyck paths. A skew Dyck path is a skew Motzkin path with no flat steps. Let SD be the set of all skew Dyck paths.
Obviously, we have D ⊂ SD ⊂ SM and D ⊂M ⊂ SM.

A pattern of length n > 1 in a lattice path P consists of n consecutive steps. The height of an occurrence of a pattern
in a given path is the maximal ordinate reached by its points. For a pattern π, we define the statistic hπ on lattice paths
so that hπ(P ) is the maximal height reached by the occurrences of π in P . The amplitude rπ of a pattern π is the height
of the path π considered as a path touching the x-axis in the quarter plane. For instance, the path P = UUDUUDUDDD

contains the pattern UUD and hUUD(P ) = 3, while the amplitude of UUD is rUUD = 2.

The paper is organized as follows. In Section 2, we show how we can obtain a close form for A(x) defined by the system
(3). In Section 3, we provide several concrete applications in the context of lattices paths (Dyck, Motzkin, skew Dyck, and
skew Motzkin paths) for the statistic hπ giving the maximal ordinate reached by the occurrence of π in a path. Finally in
Section 4, we provide some possible future research directions.

2. General result

For k > 0, we set Bk(x) =
∑k
i=0Ai(x), and thus we have A(x) = limk→∞Bk(x). The next theorem provides a close form of

A(x) whenever Equation (3) admits a solution, that is when 1−Ak(x)p(x) 6= 0 for all k > r.

Theorem 2.1. If Equation (3) has a solution then for k > r + 1 we have

Bk(x) =
a+ bBk−1(x)

c+ dBk−1(x)
, (4)

where 



a = p2qv (q + u+ v)− pqu− u− v
b = −p (pq + 1) (q + v + u)

c = −p2v (q + u+ v)− qp− pv − 1

d = p2 (q + v + u) .

Moreover A(x) = lim
k→∞

Bk(x) =
∑∞
k=0Ai(x) is a root of the polynomial

d ·A(x)2 + (c− b) ·A(x)− a. (5)

Proof. Using Br(x) = u+ v, we solve the following linear system for a, b, c, d




Br+1(x)(c+ dBr(x)) = a+ bBr(x)

Br+2(x)(c+ dBr+1(x)) = a+ bBr+1(x)

Br+3(x)(c+ dBr+2(x)) = a+ bBr+2(x),

and obtain (modulo a multiplicative factor) the claimed values. However, it remains to prove that

Bk(x) =
a+ bBk−1(x)

c+ dBk−1(x)

for any k > r + 1. We proceed by induction on k. Obviously, for k = r + 1 it is true. So, we assume that the formula is true
for k 6 n and we prove that this is also true for k = n + 1. More precisely, we will prove that R = (c + dBn(x))Bn+1(x) −
(a+ bBn(x)) equals zero.
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Considering Equation (3), we have Bn+1(x) = pqAn(x)+Bn(x)
1−pAn(x) . The recurrence hypothesis provides Bn(x) = a+bBn−1(x)

c+dBn−1(x)
,

and we have An(x) = Bn(x) − Bn−1(x). Replacing respectively Bn+1(x), Bn(x) and An(x) in R, and multiplying it by
1− p ·An(x) 6= 0, we obtain

(
qp

(
a+ bS

c+ dS
− S

)
+
a+ bS

c+ dS

)(
c+

d (a+ bS)

c+ dS

)
−
(
a+

b (a+ bS)

c+ dS

)(
1− p

(
a+ bS

c+ dS
− S

))
,

where S = Bn−1(x). A simplification of this expression (whatever the value of S) implies that R = 0, which completes
the induction. Finally, taking the limit when k → ∞ of both sides of Bk(x) = a+bBk−1(x)

c+dBk−1(x)
, and using the fact that A(x) =

lim
k→∞

Bk(x), one gets
d ·A(x)2 + (c− b) ·A(x)− a = 0.

Notice that an alternative proof can be obtained by using Chebyshev polynomials of the second kind (see Proposition D.5
p. 508 in [10]).

3. Some applications

In this section, we apply Theorem 2.1 to study special kinds of classes of lattices paths: Dyck, Motzkin, skew Dyck, and
skew Motzkin paths. We extend the definition (1) to these paths using the maximal height reached by the occurrences of
π, the statistic hπ instead of statistic h. Notice that the statistic h equals the statistic hU on all considered paths, which
allows us to focus only on hπ. We will deal with patterns π of length at most three.

Given a pattern π, we define the setAhπ,> as the union of the empty path with paths P satisfying a recurrence condition
(R), which depends on the first return decomposition of a path. The four cases are described in the following table with
α, β, γ ∈ Ahπ,>.

Paths First return decomposition with recurrence condition (R)

Dyck P = UαDβ with hπ(UαD) > hπ(β)

Motzkin
{
P = UαDβ

P = Fγ
with hπ(UαD) > hπ(β) and hπ(F ) > hπ(γ)

Skew Dyck
{
P = UαDβ

P = UαL
with

{
hπ(UαD) > hπ(β)

and α 6= ε for the last case

Skew Motzkin





P = UαDβ

P = Fγ

P = UαL

P = UαLFγ

with
{
hπ(UαD) > hπ(β) and hπ(F ) > hπ(γ)

and α 6= ε for the last two cases

We keep the notations used in the previous sections. The generating functions Ak(x), k > 0, correspond to the sets Ak
of Dyck paths P ∈ Ahπ,> so that hπ(P ) = k. We set A(x) =

∑
k>0Ak(x) and Bk(x) =

∑k
i=0Ai(x).

In any case, the set A0 of paths P ∈ Ahπ,> such that hπ(P ) = 0 is the set of paths having no occurrence of π at height
at least one. In the case where the amplitude of π is at least one, A0 consists of the paths avoiding π. So, we can easily
obtain A0(x) using the first return decomposition of such paths. For Dyck and Motzkin paths, these generating functions
(for short g.f.) are already known (see [3,4,8,9,11,12]). For skew Dyck and Motzkin paths, we can obtain them by similar
methods, which are classic and present no difficulty. So, we do not give here all the details to get A0(x).

Note that the maximal height of an occurrence of pattern π in P is necessarily greater or equal than its amplitude
rπ. This means that the generating functions for the sets Ak, 1 6 k < rπ satisfy Ak(x) = 0. Finally, if rπ > 1 (which is
equivalent to π 6= F k for all k > 1) then Arπ , is the set of paths P ∈ Ahπ,> having at least one occurrence of π and such
that hπ(P ) = rπ, i.e. all occurrences of π touch the x-axis in P . Similar methods as for A0(x) can be used in order to obtain
Arπ (x). Theorems 3.1 and 3.2 focus on two examples of these methods in the context of Dyck paths.

3.1. Dyck and Motzkin paths
First we consider Dyck paths. For a given pattern π, Condition (R) implies that for k > rπ + 1 we have

Ak(x) = x ·Ak−1(x) ·
k∑

i=0

Ai(x)
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which is a particular case of Equation (3) for r = rπ, p(x) = x, q(x) = 0, u = Arπ (x), and v =
∑r
i=0Ai(x)− u = A0(x). From

Theorem 2.1, we can easily deduce the following.

Corollary 3.1.
A(x) =

x2uv + x2v2 − ux+ 1−
√

∆

2x2 (v + u)
(6)

with ∆ = u2v2x4 + 2uv3x4 + v4x4 − 2u2vx3 − 2uv2x3 − 3u2x2 − 6x2uv − 2x2v2 − 2ux+ 1.

In order to convince the reader that all generating functions A(x) can be obtained easily by calculating algebraically u
and v, we give here the methods for the two patterns UUD and DUU .

Theorem 3.1. If π = UUD then we have rπ = 2, u = A2(x) = x2

(x−1)(x2+x−1) , A1(x) = 0, and v = A0(x) = 1
1−x .

Proof. As already mentioned above, the setA0 is the set of Dyck paths avoiding the pattern π. So, a nonempty path P ∈ A0

is of the form P = UDα where α ∈ A0, which implies that A0(x) = 1
1−x . On the other hand, the set A1 is the set of Dyck

paths P ∈ Ahπ,> such that hUUD(P ) = 1, which cannot be possible because the amplitude rπ = 2; so, A1(x) = 0. Finally,
the set A2 is the set of Dyck paths P ∈ Ahπ,> such that hUUD(P ) = 2, which means that P can be written UαDβ with
α ∈ A0\ε and β ∈ A2 ∪ A1 ∪ A0. So, we have the functional equation A2(x) = x(A0(x) − 1)(A2(x) + A1(x) + A0(x)), which
gives the expected result.

Theorem 3.2. If π = DUU then we have rπ = 2, u = A2(x) = x3(1−x)
(2 x−1)2 , A1(x) = 0, and v = A0(x) = x−1

2x−1 .

Proof. The setA0 is the set of Dyck paths avoiding the patternDUU . So, a nonempty path P ∈ A0 is of the form P = UαDβ

where α ∈ A0 and β = (UD)k for some k > 0, which implies that A0(x) = 1 + xA0(x)
1−x , and thus A0(x) = x−1

2x−1 . On the other
hand, the setA1 is the set of Dyck paths P ∈ Ahπ,> such that hDUU (P ) = 1, which cannot be possible because the amplitude
rπ = 2; so, A1(x) = 0. Finally, the set A2 is the set of Dyck paths P ∈ Ahπ,> such that hDUU (P ) = 2, which means that P
can be written UαDUβD with α ∈ A0 and β ∈ A0\{ε}.

So, we have the functional equation A2(x) = x2A0(x)(A0(x)− 1), which gives the expected result.

So, we present in the following table the first values of the sequences corresponding to the cardinality of Ahπ,> for
patterns π of length at most three.

Statistic hπ an, 1 6 n 6 9 OEIS
h, U , D, UD, UU ,
DD, UDD, UUD 1, 2, 4, 9, 21, 51, 127, 323 A001006

DU 1, 2, 4, 8, 17, 39, 94, 233, 588
UUU , DDD 1, 2, 5, 13, 35, 97, 274, 786, 2282
UDU , DUD 1, 2, 4, 9, 22, 56, 146, 389, 1053
DUU , DDU 1, 2, 5, 13, 34, 89, 234, 621, 1669

Now, we examine the set of Motzkin paths. For a given pattern π, Condition (R) implies that for k > rπ + 1 we have

Ak(x) = x2 ·Ak−1(x) ·
k∑

i=0

Ai(x)

which is a particular case of Equation (3) for r = rπ, p(x) = x2, q(x) = 0, u = Arπ (x), and v = A0(x). Then, the generating
function A(x) is the generating function found above in the context of Dyck paths (see (6)) applied on the variable x2 (x
is not replaced with x2 in u and v). The following table gives the first values of generating functions A(x) obtained for all
patterns of length at most two.

Statistic hπ an, 1 6 n 6 9 OEIS
h, U , D 1, 2, 3, 6, 11, 22, 43, 87, 176 A026418
F 1, 2, 4, 8, 17, 36, 78, 170, 374

UU , DD 1, 2, 4, 9, 20, 46, 107, 253, 604
UD 1, 2, 3, 7, 13, 29, 61, 138, 308
DU 1, 2, 4, 9, 20, 46, 107, 252, 599

UF , FD 1, 2, 4, 8, 17, 37, 82, 185, 422
DF , FU 1, 2, 4, 8, 17, 36, 79, 175, 395
FF 1, 2, 4, 9, 20, 47, 111, 268, 653
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Looking at the two tables above, one observes that some patterns have same sequences, for example DUU and DDU ,
UF and FD. We actually can generalize this as follows. Let π = π1π2 . . . πk be a pattern of length k and C(π) be the reversed
complement of π, that is C(π) = πkπk−1 · · ·π1 where

x =





F if x = F,

D if x = U,

U if x = D.

For instance we have C(UFDD) = UUFD.

Theorem 3.3. If πA(x) is the generating function for the set Ahπ,>, then we have

πA(x) = C(π)A(x).

Proof. For short we set σ = C(π). Since the reversed complement operation preserves the amplitude, we have rπ = rσ.
Now, we will exhibit a bijection φ from Ahπ,> to Ahσ,>. Suppose π 6= F k, k > 1, if a path P ∈ Ahπ,> does not contain π, we
set φ(P ) = C(P ). It avoids σ and belongs to Ahσ,>. So, we have πA0(x) = σA0(x). If π = F k for some k > 1, we have rπ = 0

and we also set φ(P ) = C(P ). We easily deduce again that πA0(x) = σA0(x).
Now, let us consider the case where rπ > 1 and prove that g.f. πArπ for pattern π is actually equals σArσ for pattern σ.

To do this we consider a path P ∈ Ahπ,> having at least one occurrence of π and such that hπ(P ) = rπ. We can write P
either as (i) P = Fα or (ii) P = UαDβ where α, β ∈ Ahπ,>.

Case (i). We assume P = Fα and hπ(F ) > hπ(α). Since the pattern π is not F k (because rπ > 1), we necessarily have
hπ(F ) = 0 = hπ(α) which means that α avoids π. Therefore, the pattern π occurs once in P and it straddles F and α. We
deduce that C(P ) belongs to Ahσ,> and it has at least one occurrence of σ such that hσ(C(P )) = rσ. So in this case, we
define the function φ with φ(P ) = C(P ).

Case (ii). We assume P = UαDβ and hπ(UαD) > hπ(β). If hπ(UαD) = 0 then we have hπ(β) = 0 and using the same
argument as previous, C(P ) belongs to Ahσ,> and it has exactly one occurrence of σ straddling UαD and β, and such that
hσ(C(P )) = rσ. In this subcase, we set φ(P ) = C(P ). If hπ(UαD) = rπ then the occurrence of π in UαD is at the beginning
or at the end (or touches both extremities) of UαD since it must touch the x-axis, but the occurrence does not straddle
UαD and β. This means that α avoids π and β either avoids π (i.e. hπ(β) = 0, as π 6= F k) or contains π with hπ(β) = rπ.
In this subcase, we recursively define φ as φ(P ) = UC(α)Dφ(β). It belongs to Ahσ,> and has at least one occurrence of
σ such that hσ(φ(P )) = rσ. So, φ is a one-to-one correspondence between paths in Ahπ,> having at least one occurrence
of π such that hπ(φ(P )) = rπ and paths Ahσ,> having at least one occurrence of σ such that hσ(φ(P )) = rσ. So, we have
πArπ (x) = σArσ (x).

Since πAk(x) = σAk(x) = 0 for 0 < k < rπ, finally we have πAk(x) = σAk(x) for 0 6 k 6 rπ, and Equation (3) implies
πAk(x) = σAk(x) for k > rπ + 1.

3.2. Skew Dyck and Motzkin paths
Let us discuss the skew Dyck paths first. For a given pattern π, Condition (R) implies that for k > rπ + 1 we have

Ak(x) = x ·Ak−1(x) ·
(

k∑

i=0

Ai(x) + 1

)

which is a particular case of Equation (3) for r = rπ, p(x) = x, q(x) = 1, u = Arπ (x), and v = A0(x). Then, we deduce the
following.

Corollary 3.2.
A(x) =

uvx2 + v2x2 − x2u− xu− x2 + 1−
√

∆

2x2 (1 + v + u)
(7)

with ∆ = u2v2x4 + 2uv3x4 + v4x4 + 2u2vx4 + 6uv2x4 + 4 v3x4− 2u2vx3 + u2x4− 2uv2x3 + 6uvx4 + 6 v2x4− 2x3u2− 4uvx3 +

2ux4 + 4 vx4 − 3u2x2 − 6uvx2 − 2ux3 − 2 v2x2 + x4 − 6x2u− 4 vx2 − 2xu− 2x2 + 1.

The following table gives the first values of generating functions A(x) obtained for all patterns of length at most two.
Notice that none sequences appear in [13].
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Statistic hπ an, 1 6 n 6 9 OEIS
h, U , D, UU , UD 1, 3, 8, 23, 68, 211, 668, 2169, 7145

L, DL 1, 3, 9, 28, 91, 307, 1062, 3748, 13429
DD 1, 3, 9, 29, 96, 327, 1136, 4014, 14365
DU 1, 3, 9, 27, 82, 255, 813, 2655, 8847
LD 1, 3, 10, 35, 126, 463, 1728, 6529, 24916
LL 1, 3, 10, 35, 128, 485, 1890, 7531, 30545

In the context of skew Motzin paths we have

Ak(x) = x2 ·Ak−1(x) ·
(

k∑

i=0

Ai(x) + x ·A0(x) + 1

)

which is a particular case of Equation (3) for r = rπ, p(x) = x2, q(x) = x · A0(x) + 1, u = Arπ (x), which means that v = 0

when rπ = 0 and v = A0(x) otherwise. Then, the generating function A(x) is the generating function for skew Dyck paths
(see Equation (7)) applied on the variable x2 (x is not replaced with x2 in u and v), and we obtain the following results for
patterns of length at most one. The sequences do not appear in [13].

Statistic hπ an, 1 6 n 6 9 OEIS
h, U 1, 2, 4, 9, 20, 45, 101, 229, 524, 1211, 2820
D 1, 2, 4, 10, 23, 55, 131, 318, 774, 1899, 4678
F 1, 2, 5, 11, 27, 64, 157, 383, 946, 2347, 5854
L 1, 2, 5, 12, 30, 76, 196, 513, 1359, 3639, 9831

4. Conclusion and research directions

Except Dyck and Motzkin cases, where we obtain two sequences appearing in [13] for the pattern U , all the others have
never been studied in the literature. So, this work provides a new catalog of sequences which is a possibly fertile ground
in number theory, and more precisely in the analyse of their modular congruences (see [5] for instance). Another research
direction could be the investigation of the distribution of a given pattern in the set Ahπ,>. For instance, if π = UU in the
context of Dyck paths, then the paths in Ahπ,> avoiding the pattern UDU are enumerated by the generalized Catalan
numbers (see A004148 in [13]), which also count peak-less Motzkin paths. It would be interesting to find a one-to-one
correspondence between these objects.

In this paper, we focus on the generating A(x) of Ahπ,>, but we do not deal with the generating functions Ak(x) for
paths P ∈ Ahπ,> such that hπ(P ) = k since they can be easily obtained. Observing these g.f. for small k, we have identified
some of them that are already known in OEIS [13]. For instance, the number of n-length Dyck paths P ∈ AhUU ,> such
that hUU (P ) = 2 is the classical number of Fibonacci minus one (see A000071 in [13]). Such a result suggests us to look
for new bijections with known classes counted by this sequence.

Finally, it would be interesting to extend this work to other classes of objects counted by generating functions satisfying
System (3).
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Abstract
For any pattern p ∈ {U,L,UU,UD,DU,DD}, we enumerate the equivalence classes
of skew Dyck paths, where two skew Dyck paths of the same semilength are p-
equivalent whenever the positions of the occurrences of the pattern p are the same.
In this paper we use generating functions, bijective arguments, and recurrence re-
lations to obtain the main results.

1. Introduction and Notation

A skew Dyck path is a lattice path in the first quadrant of the xy-plane that starts
at the origin, ends on the x-axis, and is made of up-steps U = (1,1), down-steps
D = (1,−1), and left steps L = (−1,−1) so that up and left steps do not overlap.
Whenever we do not permit the step L, we retrieve the well known definition of
Dyck paths (see [5]). We let SD denote the set of all skew Dyck paths, D the
set of Dyck paths, and ∣P ∣ the length of the path P , i.e., the number of its steps,
which is an even non-negative integer. Let λ be the skew Dyck path of length zero.
For example, Figure 1 shows all skew Dyck paths of length 6, or equivalently of
semilength 3.

1Corresponding author
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Figure 1: Skew Dyck paths of semilength 3.

The concept of skew Dyck path was introduced by Deutsch, Munarini, and Ri-
naldi [6]. Some additional studies can be found in [4, 7, 11], where the authors
present enumerative results according to different parameters and some bijections
with other combinatorial objects, as hex trees, tree-like polyhexes, and 3-Motzkin
paths.

In the following, a pattern consists of consecutive steps in a path. We will say
that a pattern is at position i ≥ 1 in a path whenever the first step of the pattern
appears at the i-th step of the path, the second step at the (i + 1)-th step, and so
on. The height of an occurrence of a pattern is the minimal ordinate reached by its
points. For instance, the skew Dyck path P = UDUUDL contains two occurrences
of the pattern UD at positions 1 and 4, and the heights of these occurrences are
respectively 0 and 1.

Recently in [1, 2, 3, 12], the authors investigate equivalence relations on the
sets of Dyck paths, Motzkin paths, Łukasiewicz paths, and Ballot paths where two
paths of the same length are equivalent whenever they coincide on all occurrences
of a given pattern. In this paper, we extend these studies for skew Dyck paths by
considering the analogous equivalence relation on SD:

Two skew Dyck paths of the same semilength are p-equivalent whenever they have
the same positions of the occurrences of the pattern p.

For instance, the skew Dyck path UDUUDL is L-equivalent with UUDUDL

since the occurrences of L appear at the same positions in the two paths.
For some patterns p of length one or two, we provide generating functions for

the number of p-equivalence classes in SD with respect to the semilength. The
general method used consists in providing bijections between equivalence classes and
some subsets of skew Dyck paths, and then, evaluating algebraically the generating
functions for these subsets. We handle the cases p ∈ {U,L,UU,UD,DU,DD}, and
we leave the other cases as open problems. As a byproduct, we characterize skew
Dyck paths entirely fixed by the positions of its left steps L, and we count them
using generating functions and recurrence relations. We also provide and conjecture
asymptotic approximations for the number of p-equivalence classes of skew Dyck
paths of semilength n.
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2. Equivalence Classes Modulo Patterns of Length One

In this part, we focus on the patterns p of length one, that is p ∈ {U,D,L}. Table
1 presents the first few values for the number of p-equivalence classes. We do not
succeed to solve the case D which is left as an open question (for this case, values
in Table 1 are experimentally obtained).

Pattern Sequence OEIS([13]) an, 1 ≤ n ≤ 9

U Catalan A000108 1, 2, 5, 14, 42, 132, 429, 1430, 4862
L New 1, 2, 4, 9, 21, 50, 123, 308, 781
D Open problem New 1, 3, 10, 35, 129, 488, 1881, 7341, 28876

Table 1: Number of p-equivalence classes for skew Dyck paths.

2.1. The Pattern U

The number of U -equivalence classes is given by the Catalan numbers cn = 1
n+1(2nn )

since we can establish a bijection between Dyck paths and the set of U -equivalence
classes of skew Dyck paths. Indeed, each equivalence class of skew Dyck paths of
length 2n can be represented by a word of length 2n using the symbols 1 and 0. The
symbol 1 represents a diagonal up step U , and the symbol 0 represents an absence
of the step U , or a down step D in a Dyck path. For example, Figure 2 shows the
case for the paths of semilength 2.

(1, 1, 0, 0)
(1, 0, 1, 0)

Figure 2: Bijection between Dyck paths and U -equivalence classes of SD.
2.2. The Pattern L

In order to study the equivalence classes modulo L, we define the subclass L of skew
Dyck paths avoiding the patterns UDD and DDD, and where all occurrences of
UDU and DDU are at height 0.

Theorem 1. There is a bijection between L and the set of L-equivalence classes ofSD.

Proof. First, we will prove that for every P ∈ SD there exists P ′ ∈ L such that P
and P ′ belong to the same equivalence class modulo left steps. Let us consider the
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sequence of skew Dyck paths P = P0, P1, . . . , Pk = P ′ with k ≥ 1, where for any i,
0 ≤ i ≤ k−1, Pi+1 is obtained from Pi by performing the first possible transformation
among the four described below, until the path belongs to L.
(1) Remove occurrences UDU at height greater than 0.

If Pi contains such a pattern, Pi = αUDUβ, then we define Pi+1 = αDUUβ.
Notice that if Pi+1 avoids UDU at height h > 0 and contains an occurrence of
DD at height k > 0, then before it, there is necessarily an occurrence UUU at
height k − 1.

(2) Remove occurrences DDU at height greater than 0.

If Pi contains such a pattern, then Pi = αDDUβ where α contains the pat-
tern UUU . Considering the rightmost pattern UUU in α, we have Pi =
α1UUUα2DDUβ and we define Pi+1 = α1UDUα2DUUβ.

(3) Remove occurrences UDD.

If Pi contains such a pattern, Pi = αUDDβ, then we define Pi+1 = αDUDβ.
(4) Remove occurrences DDD.

If Pi contains such a pattern, then Pi = αDDDβ where α has the pattern
UUU . Considering the rightmost UUU in α, we have Pi = α1UUUα2DDDβ

and we define Pi+1 = α1UDUα2DUDβ.

Since the process do not modify the positions of the left steps L, the paths P
and P ′ belong to the same equivalence class. An example of this process is shown
in Figure 3.

Now, let us prove that if P and P ′ with the same length ` both belong to L
and are in the same equivalence class modulo L, then P = P ′. Any P ∈ L can be
decomposed

P = (n−1∏
i=0 αiL

ki)αn,
where L does not belong in αi, 0 ≤ i ≤ n, and ki ≥ 1 for 0 ≤ i ≤ n − 1.

First, if P does not contain L, then P is a Dyck path, and as P ∈ L, P = (UD)`/2.
With a similar argument for P ′, we obtain directly P = P ′.

The second case is when P and P ′ have at least one occurrence of L. Since P
belongs to L, we can determine the form of αi.

• Case i = 0. We have α0 = (UD)s1Us2D with s1 ≥ 0 and s2 ≥ 2.

• Case 1 ≤ i < n. The endpoint of αi−1Lki−1 must be at the height h ≥ 1.

– If h = 1, αi =D(UD)t1U t2D with t1 ≥ 0 and t2 ≥ 2.
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Figure 3: Construction of a path in L from a skew Dyck path.

– If h = 2, αi is either D, D2(UD)t3U t4D, or DU t5D with t3 ≥ 0, t4 ≥ 2,
t5 ≥ 1.

– If h ≥ 3, αi is either D, D2, or DU tD with t ≥ 1.

• Case i = n. The endpoint of αn−1Lkn−1 must be at height h = 0,1,2.

– If h = 0, αn = λ.
– If h = 1, αn =D(UD)r1 with r1 ≥ 0.

– If h = 2, αn =D2(UD)r2 with r2 ≥ 0.

Now, let us suppose that P ≠ P ′. Since P and P ′ are in the same class, we have
P ′ = (∏n−1i=0 α′iLki)α′n with ∣αj ∣ = ∣α′j ∣, and there exists j such that αj ≠ α′j . We take
the greatest j satisfying this condition.

Let us assume j = n. If r = ∣αn∣ = ∣α′n∣ is even, then we have either αn = α′n = λ or
αn = α′n = D2(UD) r−2

2 ; if r = ∣αn∣ = ∣α′n∣ is odd, then we have αn = α′n = D(UD) r−1
2

which gives a contradiction with P ≠ P ′.
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Let us assume 1 ≤ j < n. In this case, the endpoints of αj and α′j are at the same
height h. Since P ≠ P ′ and using the form of αj defined above, we necessarily have∣αj ∣ ≥ 3. So, let us suppose that αj and α′j are of the form DU tD or D(UD)t1U t2D.

Let analyze the following two cases:

• αj = DU t1D and α′j = DU t2D. Since ∣αj ∣ = ∣α′j ∣, we have αj = α′j which is a
contradiction.

• αj =DU tD and α′j =D(UD)t1U t2D with t1, t2 ≥ 1. Due to the fact that they
have the same length, we conclude that t = 2t1 + t2, and due to the fact that
they belong to L, we conclude that t2 = h + 1, as the occurrence UDU must
appear at height 0. As a result, t > h+ 1 and consequently, the path αj is not
well defined because it crosses the x-axis. So, this case throws a contradiction.

• αj = D(UD)t1U t2D and α′j = D(UD)s1Us2D with t1, s1 ≥ 1 t2, s2 ≥ 2. As
they have the same length, 2t1 + t2 = 2s1 + s2. If αj ≠ α′j then without loss
of generality we can suppose t1 < s1 and conclude that t2 ≥ 2 + s2. This
establishes a contradiction because αj would have a pattern UDU at height
greater than 2.

A similar reasoning allows us to conclude that α0 = α′0 and therefore, P = P ′.
Theorem 2. The generating function of equivalence classes modulo L is given by
L(x), where L(x) is a root of

(4x − 1)L4(x) − 3L3(x) − (7x − 10)L2(x) + (5x − 8)L(x) − x + 2 = 0.

The series expansion of L(x) is

1 + x + 2x2 + 4x3 + 9x4 + 21x5 + 50x6 + 123x7 + 308x8 + 781x9 + 2008x10 +O(x11).
Proof. Let us define the following subsets of SD:

- A is the subset of paths in SD avoiding UDU , DDU , UDD, and DDD, and
not ending with an occurrence of UD or DD;

- B is the subset of paths in SD avoiding UDU , DDU , UDD, and DDD;

- C is the subset of paths in SD avoiding UDU , DDU , UDD, and DDD, and
not ending with an occurrence of D.

In order to find the generating function of L we consider the first return decom-
position of a path P ∈ L: either P is empty, or P = UαDβ, or P = UγL, with α ∈ A,
β ∈ L and γ ∈ B/{λ}. Consequently, if L(x),A(x),B(x), and C(x) are respec-
tively the generating functions for the sets L,A,B, and C, we obtain the functional
equation (cf. [8])

L(x) = 1 + xA(x)L(x) + x(B(x) − 1).
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A nonempty path P ∈ A is either P = UαDβ or P = UγL with α ∈ C/{λ}, β ∈ A
and γ ∈ B/{λ}. Therefore, we have

A(x) = 1 + x(C(x) − 1)A(x) + x(B(x) − 1).
A nonempty path P ∈ B is either P = UD, or P = UαDβ or P = Uα′D, or

P = UγL, with α ∈ C/{λ}, β, γ ∈ B/{λ}, and α′ ∈ A/{λ}. Therefore we have

B(x) = 1 + x + x(C(x) − 1)(B(x) − 1) + x(A(x) − 1) + x(B(x) − 1).
A nonempty path P ∈ C is either P = UαDβ, or P = UγL with α,β ∈ C/{λ} and

γ ∈ B/{λ}. Therefore we have

C(x) = 1 + x(C(x) − 1)2 + x(B(x) − 1).
Using Gröbner basis on the polynomial equations for L(x),A(x),B(x), and C(x)

we obtain the desired result.

Remark 1. Since the generating function of equivalence classes modulo L satisfies
an algebraic equation of order four, the counting sequence an ∶= [xn]L[x] satisfies a
recurrence relation with polynomial coefficients. This can be automatically solved
with Kauers’s algorithm [9]. In particular we obtain that an satisfies the recurrence
relation

p0(n)an + p1(n)an+1 + p2(n)an+2 + p3(n)an+3 + p4(n)an+4 + p5(n)an+5 + p6(n)an+6 = 0,
for n ≥ 6, where pi(n) (i = 0,1, . . . ,6) are polynomials in n. From the package
Asymptotics for Mathematica, see [10], we conjecture that

an ∼ c ⋅ ( 3
2
+√

2)n
n3/2 ,

where c ≈ 2.111031048.

2.3. Equivalence Classes of Size One

In the previous section, we proved that equivalence classes of size one are in one-
to-one correspondences with the set B, which means that every skew Dyck path
in B is entirely fixed by the position of its L steps. Consequently, the number of
skew Dyck paths in B with exactly k occurrences of L is finite. In this section,
we study the number of skew Dyck paths in B having exactly n left steps L. We
take two points of view: first, we provide an expression of the generating function
B(y) = ∑n≥0 bnyn, where bn is the number of skew Dyck paths in B with n left steps
L, and next we provide a recursive formula for bn.

First, it is worth noticing that as a skew path in B avoids UDU , DDU , UDD, and
DDD, the last left step of a path must be at the last four positions. Consequently,
as shown in Figure 4, there are four paths with one left step.
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Figure 4: Skew Dyck paths in B with one occurrence of L.

2.3.1. Using Generating Functions

Theorem 3. The generating function B(y) for the number of skew Dyck paths inB with respect to the number of left steps L is a root of

y2B4(y) + (y3 + y2)B3(y) + (2y2 + y)B2(y) + (3y − 1)B(y) + 1 = 0.

The series expansion of B(y) is

1+4y+24y2+181y3+1549y4+14312y5+139142y6+1402646y7+14527909y8+O(x9).
Proof. As mentioned above, a nonempty skew Dyck path in B/{UD} ends with
either L, LD, LDD, or LDUD. Let B1(y) (resp. B2(y), B3(y), B4(y)) be the
generating function for the number of skew Dyck paths in B ending with L (resp.
LD, LDD, LDUD).

A skew Dyck path P ending with L can be written P = αUβL where α ∈ B is
either empty or ends with LD and β ∈ B. So, we have the functional equation

B1(y) = (1 +B2(y))y(1 +B1(y) +B2(y) +B3(y) +B4(y)).
A skew Dyck path P ending with LD can be written P = αUβD where α ∈ B is

either empty or ends with LD and β ∈ B and ends with L. So, we have

B2(y) = (1 +B2(y))B1(y).
A skew Dyck path P ending with LDD can be written P = αUβD where α ∈ B

is either empty or ends with LD and β ∈ B and ends with LD. So, we have

B3(y) = (1 +B2(y))B2(y).
A skew Dyck path P ending with LDUD can be written P = αUD where α ∈ B

ends with LD. So, we have
B4(y) = B2(y).

Using Gröbner basis on the polynomial equations for each generating function
we obtain the desired result.
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Remark 2. Let bn be the n-th coefficient of B[y], that is, bn ∶= [yn]B[y]. From a
similar approach as in the Remark 1, we conjecture that

bn ∼ c ⋅ αn
n3/2 ,

where c ≈ 0.6011640677 and α = 0.650096.

2.3.2. Using Recurrence Relation

Theorem 4. Let ai(n) denote a family of sequences where a0(n) = n, and for all
i ≥ 1

ai(n) = ai−1(n) + ai−1(n + 1) + n−i−3∑
k=0 ai−1(n + 2 − k).

The number of skew Dyck paths in B with exactly k ≥ 2 left steps, is given by
ak−1(k + 3).
Proof. Let us denote by Bl the set of all prefixes ending with L of skew Dyck paths
in B. Such a path will be called a meander.

Let us prove by induction on i that ai(n) is the number of meanders in Bl with
i + 2 occurrences of L and ending with an occurrence of L at height n − i − 5.

First, let us assume that i = 0. A meander in Bl ending at height n− 5, with two
occurrences of L, ends with either LL, LDL, LDDL, or LDUkDL, 1 ≤ k ≤ n − 3.
Therefore, there are n − 3 + 3 = a0(n) paths. Figure 5 shows the case when n = 5.

Figure 5: Skew Dyck paths in B with 2 occurrences of L and s1 = 1

Now, assume that aj(n) satisfies the statement for j ≤ i. Let us count the number
ai+1(n) of meanders in Bl ending at height n − i − 6, with i + 3 occurrences of L.
Taking into account all possible ways of a meander in Bl ends:

- there are ai(n) such paths ending with LL,

- there are ai(n + 1) such paths ending with LDL,

- there are ai(n + 2) such paths ending with LDDL,

- there are ai(n + 2 − k) paths ending with LDUkDL, 1 ≤ k ≤ n − i − 4.



INTEGERS: 22 (2022) 10

Consequently, we have:

ai+1(n) = ai(n) + ai(n + 1) + ai(n + 2) + n−i−4∑
k=1 ai(n + 2 − k)

which completes the induction.
Finally, as skew Dyck paths in B/{UD} end with L, LD, LDD, or LDUD, this

implies that the number of skew Dyck paths in B with exactly k ≥ 2 left steps is
given by

ak−1(k + 3) = ak−2(k + 3) + ak−2(k + 4) + ak−2(k + 5) + ak−2(k + 4).

3. Equivalence Classes Modulo Patterns of Length Two

In this section, we focus on equivalence classes modulo patterns of length two. We
start by giving a general result that allows us to solve the cases of patterns that
do not contain occurrences of L and DD. Indeed, for these patterns the number of
p-equivalence classes on the set SD of skew Dyck paths also is the same on the setD of Dyck paths, which is already given in [1]. We also deal with the pattern DD
and leave as an open question the cases of patterns in {DL,LD,LL}. We refer to
Table 2 for an overview of these numbers for small values of the length (the last
three cases are obtained experimentally).

Pattern Sequence OEIS an, 1 ≤ n ≤ 9

UU 1−x+√1−2x−3x2

1−3x+x2+x3+(1−x2)√1−2x−3x2
A244886 1, 2, 4, 9, 22, 56, 147, 393, 1065

UD (1−x)(1−5x+7x2−x3)(1−2x)2(1−3x+x2) A244885 1, 2, 5, 14, 41, 121, 354, 1021, 2901

DU 1−2x
1−3x+x2 A001519 1, 2, 5, 13, 34, 89, 233, 610, 1597

DD 2(1+x)
x+x2+(2+x)√1−2x−3x2

New 1, 2, 5, 12, 31, 81, 216, 583, 1590

DL Open question New 1, 2, 3, 6, 12, 23, 49, 102, 212
LD Open question New 1, 1, 2, 4, 7, 15, 31, 62, 136
LL Open question New 1, 1, 2, 4, 8, 15, 30, 63, 134

Table 2: Number of p-equivalence classes for skew Dyck paths.

Proposition 1. If p is a pattern of length at least 2 avoiding L and DD, then the
number of p-equivalence classes is the same in SD and D.

Proof. Let p be a pattern of length at least 2 avoiding L andDD, and let us consider
P ∈ SD. We will show that there exists a path P ′ ∈ D such that P and P ′ belong
to the same equivalence class.
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We can decompose P = α0∏ni=1 pdiαi or P = α0, where αi is a sub-skew Dyck
path avoiding p and di ≥ 1. We can define P ′ = α′0∏ni=1 pdiα′i or P ′ = α′0, depending
on the decomposition of P , where each α′i is obtained from αi by replacing all steps
L with D. As p and α′i avoid L, P ′ ∈ D. Moreover, in a skew Dyck path, L cannot
be contiguous with a step U , which implies that the operation of changing a step L
by D does not create a pattern p whenever p avoids DD. Consequently, P and P ′
belong to the same p-equivalence class.

3.1. Pattern DD

Let E denote the set of skew Dyck paths where all occurrences of UDU are at height
0 or 1, all occurrences of UDkL, with k ≥ 1, are at height 0, and the patterns UUDU
and UUDL do not appear. For instance, Figure 6 shows two skew Dyck paths that
do not belong to E , whereas Figure 7 shows a skew Dyck path that belongs to E .

Figure 6: Skew Dyck paths that do not belong to E .

Figure 7: Skew Dyck path that belongs to E .
Lemma 1. For every skew Dyck path P , there exists a skew Dyck path P ′ ∈ E in
the same equivalence class modulo DD.

Proof. Let P be a skew Dyck path such that P ∉ E . Consider the sequence of skew
Dyck paths P = P0, P1, P2, . . . , Pk−1, Pk = P ′, k ≥ 1, defined as follows:

For any i, 1 ≤ i ≤ k, the skew Dyck path Pi+1 is obtained from Pi by performing
the first possible transformation among the four described below, until the path
belongs to E :
(1) Remove occurrences of UUDU .
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If Pi has such a pattern, then Pi = αUkDUβ with k ≥ 2 and α does not end
with U . So, we define Pi+1 = αUDUkβ. Figure 8 shows a step of this process.
Repeat this operation until the path does not contain UUDU .

Figure 8: Removing UUDU .

(2) Remove occurrences UUDL at height 0.

If Pi has such a pattern, Pi = αUUDL, where α is a skew Dyck path, then we
define Pi+1 = αUDUD. Figure 9 shows this process.

α α

Figure 9: Removing UUDL at height 0.

(3) Remove maximal occurrences of UDkLm, for k,m ≥ 1, except when the oc-
currence is at height 0 with m = 1.

Since m is maximal, the chain Lm is followed by an occurrence of Ds for s ≥ 0.
We write Pi = (∏d−1i=1 Usiαi)UsdDkLmβ where αi is nonempty and avoids U ,
and β is either empty or starts with Ds with s ≥ 1. We consider three cases
depending if m ≥ 3, m = 2 and m = 1.

• Case m ≥ 3. The maximum ordinate reached by the occurrence UDkLm

is p ≥ m + k ≥ 4. Since the path reaches the ordinate p ≥ 4, and since Pi
avoids UUDU , there is at least one si such that si ≥ 3; we choose the
rightmost i.
The path Pi+1 is obtained by replacing Usi with UDUUsi−3, and by
replacing UDkLm with UDkUDLm−2. This operation deletes the oc-
currence UDkLm and creates another occurrence UDL with maximum
ordinate p − 3. See Figure 10.
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Figure 10: Removing UDkLm if m ≥ 3.

• Case m = 1. The maximal ordinate reached by the occurrence UDkLm =
UDkL is at least three, and (as above) there is some si such that si ≥ 3;
we choose the rightmost i.
The path Pi+1 is obtained by replacing Usi with UDUUsi−3, and by
replacing UDkLm = UDkL with UDkU . This operation deletes the oc-
currence UDkLm. See Figure 11.

Figure 11: Removing UDkLm if m = 1.

• Casem = 2. The maximal ordinate p reached by the occurrence UDkLm =
UDkL2 is at least three, and (as above) there is some si such that si ≥ 3;
we choose the rightmost i. Moreover, if p ≥ 5 then either there is si ≥ 5

or there are two indices i0, i1, such that 3 ≤ i0 ≤ 4 and 3 ≤ i1 ≤ 4; we
choose the rightmost indices with these properties.
If s = 0 then UDkLL is at the end of Pi, and Pi+1 is obtained by replacing
UDkLL with UDkUD, and by replacing Usi with UDUUsi−3.
Now, let us consider s ≥ 1.

- If UDkLL is followed by D and Pi ends after D, then Pi+1 is ob-
tained by replacing UDkLLD with UDkUDL and by replacing the
rightmost Usi for si ≥ 3 with UDUUsi−3.

- If UDkLL is followed by DUU then we replace UDkLLDU with
UDkUDUD and we replace the rightmost Usi for si ≥ 3 with
UDUUsi−3.
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- If UDkLL is followed by DUD then we replace UDkLLDUD with
UDkUUDLD and we replace the rightmost Usi for si ≥ 3 with
UDUUsi−3.

- If UDkLL is followed by DL then we replace UDkLLDL with
UDkUUDL and either we replace the rightmost Usi for si ≥ 5 with
UDUDUUsi−5, or we replace Usi0 with UDUUsi0−3 and Usi1 with
UDUUsi1−3 where i0 and i1 are defined above.

- If UDkLL is followed by DD then we replace UDkLLDD with
UDkUUDD and either we replace the rightmost Usi for si ≥ 5 with
UDUDUUsi−5, or we replace Usi0 with UDUUsi0−3 and Usi1 with
UDUUsi1−3 where i0 and i1 are defined above.

All previous transformations either delete an occurrence UDkL at height
at least one, or decreases by at least one the maximal ordinate of one
occurrence UDkL, or decrease by one m in a subcase of m = 2. See
Figure 12.

Figure 12: Removing UDkLm if m = 2.
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(4) Remove UDU at height greater than 1. As the maximal ordinate p
reached by the occurrence UDU satisfies p ≥ 3, and as Pi avoids UUDU ,
there exists an occurrence U3 at height p − 3 at the left (we take the
rightmost possible). The path Pi+1 is obtained by exchanging the two
occurrences U3 and UDU , which decreases by at least one the height of
the occurrence UDU .

After applying the previous process, we obtain a path P ′ ∈ E . Since all transfor-
mations do not change the positions of occurrences DD, P and P ′ belong to the
same equivalence class. An example of this process is shown in Figure 13.

Figure 13: An example of the process described in the proof of Lemma 3.2

Theorem 5. There is a bijection between E and the set of DD-equivalence classes
of SD.

Proof. Considering Lemma 3.2, it suffices to prove that if P and P ′ have the same
length in E and lie in the same equivalence class, then P = P ′. We decompose
P = α0∏ni=1Dki−1αi (resp. P ′ = α′0∏ni=1Dki−1α′i) where αi (resp. α′i) do not contain
the pattern DD and ki ≥ 2 (resp. k′i ≥ 2) are taken to be maximal.

First, if P and P ′ do not have the pattern DD, then P = α0 and P ′ = α′0.
Moreover P = α0 avoids UUDU and UUDL, which implies that α0 = (UD)m with
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m = ∣P ∣/2. By a similar argument, we obtain P = P ′.
Secondly, let us assume that P and P ′ have at least one occurrence of DD. Since

P and P ′ belong to the same equivalence class, we have ∣αi∣ = ∣α′i∣ for 0 ≤ i ≤ n.
Notice that we necessarily have n ≥ 1. Now, we determine the form of αi and α′i.

• αi and α′i for 0 ≤ i ≤ n − 1.

Since α0 (resp. α′0) avoids DD, UUDU , and UUDL, we can write α0 =(UD)s1Us2 with s2 ≥ 2 and s1 ≥ 0 (resp. α′0 = (UD)s′1Us′2 with s′2 ≥ 2 and
s′1 ≥ 0). If n > 1, α1 cannot starts with L (otherwise P contains UDkL), thus
it starts with U , and with the same argument as above it has the same form
as α0, i.e. α1 = (UD)t1U t2 with t2 ≥ 2 and t1 ≥ 0. Repeating this argument,
αi and α′i are all of the same form for 1 ≤ i ≤ n − 1.

• αn and α′n.
We have three cases depending on the final ordinate of

Q = α0 (n−1∏
i=1 D

ki−1αi)Dkn−1 .

Case 1. The path Q ends at height 0. Since P avoids UUDU and UUDL, αn
does not contain an occurrence UU . Therefore αn is either the empty path λ
or of the form (UD)s.
Case 2. The pathQ ends at height 1. The only one possibility is αn = (UD)sL.
Case 3. The path Q ends at height greater than 1. This case is not possible
because αn does not start with D, avoids DD and avoids UDkL at height
greater than 0.

Now let us prove that that αi = α′i for every i. With the reasoning done above,
αn ∈ {λ, (UD)sL, (UD)s} and α′n ∈ {λ, (UD)tL, (UD)t}. Since ∣αn∣ = ∣α′n∣, we have
αn = α′n.

For a contradiction we suppose that there exists i < n, such that αi ≠ α′i (we
take the greatest j satisfying this condition). With the reasoning above, we have
αi = (UD)s1Us2 and α′i = (UD)s′1Us′2 with 2s1 + s2 = 2s′1 + s′2 since ∣αi∣ = ∣α′i∣.
Without loss of generality we can assume s1 < s′1 because αi and α′i are different.
This implies that s2 ≥ 2 + s′2. Since αi and α′i end at the same height in P and
P ′, this means that P ′ contains an occurrence UDU at height at least 2 which is a
contradiction.

In summary, αi = α′i for every i and consequently, P = P ′.
Before proving Theorem 1, we need the preliminary results shown in Lemmas 2

and 3. Let F be the set of all Dyck paths where all occurrences of UDU are at
height 0 and not starting with UDU ; let G be the set of Dyck paths that do not
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contain UDU and, let H be the set of Dyck paths where all occurrences of UDU
are at height 0. It is well known (see [14]) that the generating function of G, G(x),
is given by the expression G(x) = 1+xM(x), whereM(x) is the generating function
for the number of Motzkin paths, i.e., G(x) = (1 + x −√

1 − 2x − 3x2)/2x.
Lemma 2. The generating function of the set H is given by the expression

H(x) = 1

1 − xG(x) .

Proof. A Dyck path in H is either empty or of the form UαDβ, with α ∈ G and
β ∈ H. So, H(x) satisfies the relation H(x) = xG(x)H(x) + 1 that induces the
required result.

Lemma 3. The generating function of the set F is given by

F (x) = x2 + x − 2 − x√−3x2 − 2x + 1

x − 1 −√−3x2 − 2x + 1
.

Proof. A Dyck path in F is either empty, or UD, or UαDβ where α ∈ G/{λ} and
β ∈H. We conclude that F (x) satisfies the relation F (x) = 1+x+x(G(x)−1)H(x)
which gives the required result.

Theorem 6. The generating function of the set E is given by

E(x) = 2(1 + x)
x + x2 + (2 + x)√1 − 2x − 3x2

.

The series expansion of E(x) is

1 + x + 2x2 + 5x3 + 12x4 + 31x5 + 81x6 + 216x7 + 583x8 + 1590x9 +O (x10) .
Proof. A skew Dyck path in E is empty, is UαDβ, or is UγL, where α ∈ F , β ∈ E and
γ ∈ F/{λ,UD}. So, E(x) satisfies the relation E(x) = 1 + xF (x)E(x) + x(F (x) −
1 − x), which is equivalent to

E(x) = 1 + x(F (x) − 1 − x)
1 − xF (x) .

Let en be the number of DD-equivalence classes for skew Dyck paths. That is,
en = [xn]E(x) for all n ≥ 0. In Theorem 7 we give an asymptotic approximation for
the sequence en. To accomplish this goal we use the singularity analysis method for
finding an asymptotic expression of the coefficients of a generating function (see for
example [8] for the details).
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Theorem 7. The sequence en has the asymptotic approximation

en ∼ 21

√
3

4πn3
⋅ 3n.

Proof. The dominant singularity of the generating function E(x) is 1/3, that is, the
smallest positive root of 1 − 2x − 3x2. Around the point 1/3 the expansion of E(x)
is given by

E(x) = 6 − 21
√

3(1 − 3x) +O(1 − 3x).
The singularity analysis allows the transfer of the above equality to the asymptotic
approximation of the coefficients.
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A length n binary word is q-decreasing, q � 1, if every of its maximal factors of the 
form 0a1b satisfies a = 0 or q · a > b. In particular, in 1-decreasing words every run 
of 0s is immediately followed by a strictly shorter run of 1s. We show constructively 
that these words are in bijection with binary words having no occurrences of 1q+1, and 
thus they are enumerated by the (q + 1)-generalized Fibonacci numbers. We give some 
enumerative results and reveal similarities between q-decreasing words and binary words 
having no occurrences of 1q+1 in terms of the frequency of 1-bits. In the second part of 
our paper, we provide an efficient exhaustive generating algorithm for q-decreasing words 
in lexicographic order, for any q � 1, show the existence of 3-Gray codes and explain 
how a generating algorithm for these Gray codes can be obtained. Moreover, we give the 
construction of a more restrictive 1-Gray code for 1-decreasing words, which in particular 
settles a conjecture stated recently in the context of interconnection networks by Eğecioğlu 
and Iršič.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction and preliminaries

The Fibonacci sequence origins have been traced back to the works of ancient Indian mathematician Ācārya Piṅgala 
dealing with rhythmic structure patterns in Sanskrit poetry [25], [16, p. 50]. Over time, the study of words and patterns 
became more abstract and systematic (see for instance Lothaire’s books [17–19] and [7]). A considerable amount of questions 
concerning efficient enumeration and generation of words respecting certain properties (including pattern avoidance) were 
mathematically formulated and answered only relatively recently, the works closely related to the present study include [3,
5,9,10,12,27–29].

In this paper we introduce q-decreasing words, a novel class of run-restricted binary words enumerated by the (q + 1)-
generalized Fibonacci numbers, q � 1. For q = 1 the subclass of such words that start with 0 was recently considered in the 
context of induced subgraphs of hypercubes [9,10]. The q-decreasing words could be interesting objects to study in other 
domains, for example in stringology, the study of string algorithms [8]. In Section 2 we present a bijection between this 
novel class of words and Fibonacci words, i.e., binary words avoiding consecutive 1s. Section 3 is devoted to the presentation 
of several generating functions and enumeration results. Finally, in Section 4, we show the existence of a 3-Gray code for 
any q � 1, give an efficient exhaustive generating algorithms and a much more involved construction for a 1-Gray code in 
the special case q = 1. In particular, the latter Gray code gives a Hamiltonian path in Fibonacci-run graphs whose existence 
is conjectured in [9].
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The following set of notations is adopted. Let B denote the set of all finite-length binary words, i.e., strings over the 
alphabet {0, 1}, and Bn , n � 0, be the set of all binary words of length n. For a given binary word w we use the notation 
wi to mean the letter at position i.

A nonempty sequence of adjacent letters inside a word is called factor. A factor v repeated k times is denoted by vk , for 
instance (00)212 = 000011. For a given length n, the notation v∗ is used to repeat factor v as many times as possible, until 
the length n is reached, possibly trimming extra symbols at the end; and the length n will be understood from the context. 
For example, if a word v of length n = 7 is equal to (001)∗ it means v = 0010010.

The set of all n-length binary words containing no occurrences of factor v is denoted by Bn(v). Let B(v) = ⋃∞
n=0 Bn(v). 

The concatenation of two words w and v is denoted by w · v or simply by w v . If v is a binary word and W is a set of 
binary words, let W · v = {w · v | w ∈ W}, and v · W is defined similarly. Whenever A and C are two subsets of B, we 
define A · C = {a · c | a ∈ A, c ∈ C}.

Following [20] the nth k-generalized Fibonacci number is defined as

fn,k =

⎧⎪⎨⎪⎩
0 if 0 � n � k − 2,

1 if n = k − 1,∑k
i=1 fn−i,k otherwise.

(1)

As noted in [28], the generating function gk(x) = ∑∞
n=0 fn,kxn for k-generalized Fibonacci numbers is

gk(x) = xk−1

1 − x − x2 − · · · − xk
= xk−1 − xk

1 − 2x + xk+1
. (2)

Related constructions also appear in [11, p. 42] and in [1, p. 309].

Classical fact. The number of words in Bn(1k) equals fn+k,k for k � 2, moreover

Bn
(
1k) =

{
Bn if n < k,⋃k−1

i=0 1i0 · Bn−i−1
(
1k

)
otherwise.

(3)

The classical fact comes, for instance, from [15, p. 286]. The binary words avoiding two consecutive 1s are counted by 
Fibonacci numbers, words without factor 111 are counted by Tribonacci numbers, etc. We call such words (generalized) 
Fibonacci words. The On-line Encyclopedia of Integer Sequences founded by N.J.A. Sloane [26] contains several corresponding 
sequences (see for example A000045 and A000073, after taking a binary complement). Gray codes for Fibonacci words are 
discussed in [28], and more generally, Gray codes for words avoiding a given factor in [3,6,24,27].

Lemma 1. For q � 1, the bivariate generating function Bq(x, y) = ∑
n,k�0 bn,kxn yk where the coefficient bn,k of xn yk is the number 

of Fibonacci words of length n having k 1s in Bn(1q+1) is

Bq(x, y) = y
(
1 − (xy)q+1

)
y − xy2 − xy + (xy)q+2

.

Proof. Alternatively to (3), the set B(1q+1) of (any length) binary words avoiding 1q+1 can be defined recursively as

B(1q+1) = 1q ∪
q⋃

i=0

1i0 · B(1q+1)

where 1q = ⋃q
i=0{1i}. It follows that the bivariate generating function Bq(x, y) satisfies the functional equation

Bq(x, y) =
q∑

i=0

xi yi + Bq(x, y)

q∑
i=0

xi+1 yi,

and we have Bq(x, y) = y
(
1−(xy)q+1

)
y−xy2−xy+(xy)q+2 . �

It is not surprising that Bq(x, 1) = gq+1(x)−xq

xq+1 , see the (2). Indeed, both sides of this equality are generating functions for 
the sequence ( fn+q+1,q+1)n�0 counting words in B(1q+1), which is the (q + 1)th left shift of the sequence ( fn,q+1)n�0, see 
(1) and the classical fact following it.

The Hamming distance between two binary words of the same length equals the number of positions at which they differ. 
A k-Gray code for a set A ⊂ Bn is an ordered list A for A, such that the Hamming distance between any two consecutive 
words in A is at most k, and we say that words in A are listed in Gray code order. Frank Gray’s patent [12] discusses an early 
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Table 1
(a) The images of words in B4 (111) under the bijection φ. Words in B4 (111) are listed 
in a BRGC-like order, called local reflected order in [28], which yields a 1-Gray code 
order. (b) The set W1

6 in BRGC order together with the Hamming distance between 
consecutive words.

u ∈ B4(111) φ(u) ∈ W2
4

1100 0011

1101 1111

1001 1001

1000 0001

1010 0101

1011 1101

0011 1100

0010 0100

0000 0000

0001 1000

0101 1010

0100 0010

0110 1110

(a)

Words in W1
6 in BRGC order

1 000000 12 111100 3

2 000001 1 13 111111 2

3 000011 1 14 111110 1

4 000010 1 15 111001 3

5 000110 1 16 111000 1

6 000100 1 17 100100 3

7 001001 3 18 100010 2

8 001000 1 19 100011 1

9 110000 3 20 100001 1

10 110001 1 21 100000 1

11 110010 2

(b)

example and application of such a code for the set of n-length binary words. The concatenation of two ordered lists L1 and 
L2 is denoted by L1 ◦ L2, and 

←−
L designates the reverse of the list L. If L is a list of words, then 〈L〉i = L whenever i is even, 

and 〈L〉i = ←−
L otherwise. First and last elements of L are denoted respectively by first(L) and last(L). Also, we denote by ̂L

the list obtained from L by deleting its first element.
For example, a list containing elements 00, 01 and 11 will be noted as L = 00 ◦ 01 ◦ 11, and ̂L = 00 ◦ 01.

Definition 1. A binary word is called q-decreasing, for q � 1, if any of its length maximal factors of the form 0a1b , a > 0, 
satisfies q · a > b.

The set of q-decreasing words of length n is denoted by Wq
n . For example we have W1

4 = {0000, 0001, 0010, 1000,1001,

1100,1110, 1111}. See also Table 1 for the sets W2
4 and W1

6 . Let Wq = ⋃∞
n=0 Wq

n .

2. Bijection with classical Fibonacci words

In this section we prove that q-decreasing words, q � 1, are enumerated by (q + 1)-generalized Fibonacci numbers 
defined in (1). We start with a definition and several propositions.

Definition 2. For any q � 1, we define the map ψq from Bn to Bn+q+1 as

ψq(w) =
{

v001k+q if w = v01k, v ∈ B,k � 0,

1n+q+1 otherwise.

Less formally, ψq inserts a factor 01q immediately after the last occurrence of 0, and it adds the suffix 1q+1 to the word 
containing no 0. For example ψ1(0) = 001, ψ1(00011) = 0000111, ψ2(0011101) = 0011100111 and ψ5(1) = 1111111. The 
value of q will be clear from the context, so by slight abuse of notation ψq will be denoted ψ throughout the paper.

Proposition 1. For n � 0, q � 1, ψ is an injective map from Bn to Bn+q+1 .

Proof. For two n-length words w �= w ′ we show that ψ(w) �= ψ(w ′). It is clear that if one of the given words contains 
no 0 the injectivity holds. Otherwise we have two cases. If w = v01k and w ′ = v ′01k then we have necessarily v �= v ′ and 
v001k+q �= v ′001k+q , so the images are different. If w = v01k and w ′ = v ′01� with k �= �, then v001k+q �= v ′001�+q and 
again ψ(w) �= ψ(w ′). �

In the following, we will use the restriction of ψ to the set of q-decreasing words, namely ψ : Wq
n → Wq

n+q+1. It is 
possible due to Proposition 2 below.

Proposition 2. For n � 0, q � 1, ψ(Wq
n ) consists of all q-decreasing words of length n + q + 1 ending with at least q ones.
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Proof. If w = 1n , then ψ(w) = 1n+q+1. Otherwise, we write w = v0a1b where a > b/q � 0 and the word v is either empty 
or ends with 1. So ψ(v0a1b) = v0a+11q+b . As we have 1 +a > 1 +b/q = (q +b)/q, ψ(w) is a q-decreasing word ending with 
at least q 1s. Similarly, any (n + q + 1)-length q-decreasing word ending with at least q 1s can be obtained from a (unique) 
word in Wq

n by ψ . �

Now, we present a one-to-one correspondence between Fibonacci and q-decreasing words. Recall that, for q � 1, the set 
Bn(1q+1) of (q + 1)-generalized Fibonacci words is the set of binary words of length n with no 1q+1 factors, see (3) for the 
recursive definition of these words according to their length.

Definition 3. We define the map φ : Bn(1q+1) → Bn as

φ(w) =

⎧⎪⎨⎪⎩
1k if w = 1k and k ∈ [0,q],
ψ

(
φ(v)

)
if w = 1q0v,

φ(v)01k if w = 1k0v and k ∈ [0,q − 1].
(4)

See Table 1(a) for the images of the words in B4(111) through φ.

Theorem 1. For n � 0, q � 1, φ maps bijectively Bn(1q+1) into Wq
n .

Proof. We proceed by induction on n. The classical decomposition in (3) gives rise to the three cases specified in (4), and 
we have:

(i) If n � q, then the word 1n is sent by φ to 1n;
(ii) Words of the form 1q0v , where v ∈ Bn−q−1(1q+1), are sent to words ending by at least q 1s (see Proposition 2);

(iii) Words of the form 1k0v , where k ∈ [0, q − 1] and v ∈ Bn−k−1(1q+1), are sent to words ending by at most q − 1 1s.

Using the bijectivity of ψ (see Propositions 1 and 2) and the induction hypothesis, it is routine to check that φ(w) ∈ Wq
n

for any w ∈ Bn(1q+1), and φ(w) �= φ(w ′) for any two different words w, w ′ ∈ Bn(1q+1).
Similarly, by induction on n, any word in Wq

n can be obtained by φ from a word in Bn(1q+1), and the statement 
holds. �

It follows that (q + 1)-order Fibonacci words and q-decreasing words are equinumerous.

3. Some enumeration results

Here we provide a bivariate generating function Wq(x, y) = ∑
n,k�0 wn,kxn yk , where wn,k is the number of n-length 

q-decreasing words having k 1s. This bivariate generating function is of a particular interest since it will help us (see 
Corollary 1) to prove that q-decreasing words satisfy a necessary condition for the existence of 1-Gray code, called parity 
condition. More precisely, if a set A of binary words admits a 1-Gray code, and A+ (resp. A−) denotes the subset of A
having even (resp. odd) number of 1s, then the parity difference |A+| −|A−| must be equal to either 0, 1, or −1. Indeed, the 
graph where the vertex set is A and edges connect vertices with Hamming distance one is bipartite with partite sets A+
and A− . A Hamiltonian path in this graph (or equivalently a 1-Gray code for A) cannot exist unless it satisfies the parity 
condition. This parity condition is used for instance in [27] to investigate the possibility of 1-Gray code for a set of words 
avoiding a given factor.

In order to derive the expression of Wq(x, y), we use the following decomposition of the set Wq:

Wq = 1∪ Wq · Sq,

where 1 = ∪∞
n=0{1n} and Sq corresponds to the set of all factors of the form 0a1b respecting q-decreasing property (i.e., 

a > b/q � 0) such that none of them is a concatenation of other factors respecting q-decreasing property. More precisely, a is 
the smallest integer strictly greater than b/q, i.e., a = �b/q� +1. A factor from Sq will be called q-prime factor, and thus Sq is 
the set of such factors. For instance: S1 = {0, 001, 00011, 0000111, . . .}, S2 = {0, 01, 0011, 00111, 0001111, 00011111, . . .}.

Lemma 2. For q � 1, the bivariate generating function Sq(x, y) = ∑
n,k�0 sn,kxn yk where the coefficient sn,k is the number of q-prime 

factors of length n having exactly k 1s is:

Sq(x, y) = x
(
1 − (xy)q

)
(xy − 1)(xq+1 yq − 1)

.
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Proof. Any q-prime factor is of the form 0a1b with a = �b/q� + 1. So, if b = kq + r with k � 0 and r ∈ [0, q − 1], then 
a + b = k(q + 1) + r + 1 and we can write:

Sq(x, y) =
∞∑

k=0

q−1∑
r=0

xk(q+1)+r+1 ykq+r .

A simple calculation results in the claimed formula. �

Theorem 2. For q � 1, the bivariate generating function Wq(x, y) = ∑
n,k�0 wn,kxn yk where the coefficient wn,k is the number of 

n-length q-decreasing words containing exactly k 1s is given by:

Wq(x, y) = 1 − xq+1 yq

1 − xy − x + xq+2 yq+1
.

Proof. Due to the decomposition Wq = 1 ∪Wq ·Sq , we have Wq(x, y) = 1
1−xy · 1

1−Sq(x,y)
, and the result holds after applying 

Lemma 2. �

Corollary 1. For any n � 0, q � 1, the set Wq
n satisfies the parity condition.

Proof. The generating function Dq(x) = ∑
n�0 dnxn where the coefficient dn is the parity difference corresponding to the set 

Wq
n is obtained by making the substitution y = −1 in Wq(x, y):

Dq(x) = (−1)qxq+1 − 1

(−1)qxq+2 − 1
.

When q is even, Dq(x) = xq+1−1
xq+2−1

= ∑∞
n=0

(
xn(q+2) − xn(q+2)+q+1

)
, otherwise Dq(x) = xq+1+1

xq+2+1
= ∑∞

n=0(−1)n
(
xn(q+2) +

xn(q+2)+q+1
)
. All involved coefficients are from {−1, 0, 1}, and the parity condition holds. �

The following two corollaries are obtained by respectively calculating the expressions: Wq(x, 1), ∂Wq(x,y)

∂ y

∣∣
y=1 and 

∂Wq(xy,1/y)

∂ y

∣∣
y=1.

Corollary 2. For q � 1, the generating function Fq(x) = ∑
n�0 fnxn where the coefficient fn is the number of n-length q-decreasing 

words is given by:

Fq(x) = 1 − xq+1

1 − 2x + xq+2
.

Note that, as predicted by Theorem 1, Fq(x) = Bq(x, 1), see Lemma 1 and the remark following it.
The frequency of a symbol in a set of words is the overall number of the occurrences of the symbol in the words of the 

set.

Corollary 3. For q � 1, the generating function Pq,1(x) = ∑
n�0 pnxn where the coefficient pn is the frequency of 1s in all n-length 

q-decreasing words is

Pq,1(x) = x
(
1 − qxq + qxq+1 − 2xq+1 + x2q+2

)(
1 − 2x + xq+2

)2
.

Similarly, the generating function for the frequency of 0s in all n-length q-decreasing words is

Pq,0(x) = x
(
1 − xq

)(
1 − 2x + xq+2

)2
.

The frequency of 1s in Bn(11) is equal to the number of edges in the Fibonacci cube [13] of order n, see [14] and 
comments to the sequence A001629 in [26]. The generating function P1,0(x) allows us to show that the frequency of 0s in 
W1

n is a shift of the sequence A006478 enumerating the number of edges in the Fibonacci hypercube [21], i.e., in a polytope 
determined by the convex hull of the Fibonacci cube.

Despite the q-decreasing words and Fibonacci words have quite different definitions, they are equinumerous and share 
some common features. We end this section by showing that the relative frequency of 1s (defined formally below) in both 
sets have the same limit when n tends to infinity.
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If ωn (resp. βn) is the ratio between the frequency of 1s and that of 0s in the words in W1
n (resp. in Bn(11)), then 

limn→∞ ωn = limn→∞ βn . Indeed, extracting the coefficients of xn in both P1,1 and of P1,0, their ratio tends to 2 − ϕ ≈
0.3819660113 when n tends to infinity, where ϕ is the golden ratio; and this is also the limit of βn , which is obtained by 
investigating the ratio of the coefficients of xn in ∂ Bq(x,y)

∂ y

∣∣
y=1 and in ∂ Bq(xy,1/y)

∂ y

∣∣
y=1, where Bq(x, y) is from Lemma 1.

The relative frequency of 1s in a set of binary words is the ratio between the (cumulative) frequency of 1s and the overall 
number of bits in the words of the set. Alternatively, it is the expected value when a bit is randomly chosen in the words 
of the set. With the notations above, we have that the relative frequency of 1s in W1

n is 1
1+ 1

ωn

and in Bn(11) is 1
1+ 1

βn

, and 

we have the next result.

Corollary 4. The relative frequency of 1s in W1
n and in Bn(11) both tend to 2−ϕ

3−ϕ when n tends to infinity, where ϕ is 1+√
5

2 .

More generally, for any q � 1, the overall number of bits in both sets Wq
n and Bn(1q+1) is n · fn+q+1,q+1, and due to 

the second rule in relation (4) defining the bijection φ : B(1q+1) → Wq we have that in Wq
n there are more 1s than in 

Bn(1q+1). However, the next corollary shows that the difference between the relative frequency of 1s in Wq
n and that in 

Bn(1q+1) tends to zero when n tends to infinity.

Corollary 5. For any q � 1, if un,q (resp. vn,q) is the frequency of 1s in Wq
n (resp. in Bn(1q+1)), then we have

lim
n→∞

un,q − vn,q

n · fn+q+1,q+1
= 0.

Proof. Since, for any q � 1, un,q − vn,q � 0, it suffices to prove that we have un,q − vn,q � fn+q+1,q+1. Using Corollary 3 and 
Lemma 1, the generating function H(x) where the coefficient of xn is fn+q+1,q+1 + vn,q+1 − un,q is

H(x) = Bq(x,1) + ∂ Bq(x, y)

∂ y

∣∣∣∣
y=1

− Pq,1(x)

= 1 − 2xq+1

1 − 2x + xq+2
,

which satisfies the functional equation H(x) = 1 − 2xq+1 + 2xH(x) − xq+2 H(x). By a simple observation, H(x) is also the 
generating function with respect to the length of binary words different from 0q+1 and 1q+1 and that do not start with 
0q+2. Then we have un,q − vn,q � fn+q+1,q+1. Dividing by nfn+q+1,q+1, and taking the limit when n tends to infinity, we 
obtain the expected result.

Corollary 6. For q � 1 the relative frequency of 1s in Wq
n and in Bn(1q+1) have a common non-zero limit when n tends to infinity.

Proof. Corollary 4 says that, for q = 1, the relative frequency of 1s in Wq
n and in Bn(1q+1) have a common limit when n

tends to infinity. For q � 2, Corollary 5 does not ensure that each of the relative frequency of 1s in Wq
n (that is un,q

n· fn+q+1,q+1
) 

and in Bn(1q+1) (that is vn,q
n· fn+q+1,q+1

) has a limit when n tends to infinity. However, in [2], using asymptotic analysis it 

is shown that vn,q
n· fn+q+1,q+1

converges to a non-zero value when n tends to infinity, and the limit can be approximated by 

numerical methods. From Corollary 5 it follows that so does un,q
n· fn+q+1,q+1

, and the two limits are equal. �

4. Exhaustive generation and Gray codes for q-decreasing words

Here we show that q-decreasing words can be efficiently generated in lexicographic order and explain how the obtained 
generating algorithm can be turned into a 3-Gray code generating algorithm. Then, we give a more intricate construction 
of a 1-Gray code for the particular case q = 1. As a byproduct, this construction gives a positive answer for the existence a 
Hamiltonian path in Fibonacci-run graph conjectured in [9].

4.1. 3-Gray codes and exhaustive generation

Algorithm in Fig. 1 generates prefixes of q-decreasing words in the lexicographical order, and eventually all n-length q-
decreasing words. The size n, parameter q and the array w of length n + 1 are global variables and the main call is LexFib(1, 
n). For convenience, w[0] is initialized by 1 and the parameter delta is the number of consecutive 1s that can be added to 
the current generated prefix without violating the q-decreasingness.

It can be seen that this recursive algorithm satisfies Baronaigien and Ruskey’s constant amortized time (CAT) principle in 
[4] stated below. As noticed in [4], by considering the underlying computation tree it follows that any algorithm satisfying 
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procedure LexFib(pos, delta: integer)
if (pos = n + 1) print w;
else w[pos] := 0;

if (w[pos − 1] = 1) d := q − 1; else d:=delta + q; endif
LexFib(pos + 1, d);
if (delta > 0)

w[pos] := 1; LexFib(pos + 1, delta − 1);
endif

endif
end procedure

Fig. 1. Lexicographic generation algorithm for q-decreasing words.

the CAT principle is efficient, and thus LexFib is an efficient generating algorithm. We refer the reader to [23, Section 1.7]
for more about CAT generating algorithms.

CAT principle [4]: A recursive generation algorithm with the following properties runs in constant amortized time. (i) 
Every call results in the output of at least one object; (ii) Excluding the computation done by recursive calls the amount of 
computation of any call is proportional to the degree of the call (that is, the number of subsequent recursive calls produced 
by the call); (iii) The number of calls of degree one is O (N), where N is the number of generated objects.

Generally, the bijection φ in (4) does not preserve Graycodeness, i.e., a Gray code for (q + 1)-Fibonacci words is not 
necessarily mapped by φ to a Gray code for q-decreasing words. For instance, when q = 1 and n = 2k + 1 the Gray code for 
Fibonacci words in [28] always contains two consecutive words u = (10)k1 and v = (10)k0, but their images φ(u) = 12k+1

and φ(v) = 0k+11k have arbitrarily large Hamming distance for enough large n. A similar phenomenon happens when 
n = 2k and q = 1 with u = (10)k−210 and v = (10)k−200: φ(u) = 12k and φ(v) = 0k+11k−1. See also Table 1(a) for the image 
through φ of the 1-Gray code in [28] for B4(111).

Below we show that BRGC order (that is, the order induced by Binary Reflected Gray Code in [12]) yields a 3-Gray 
code on Wq

n . Much more interestingly, thanks to Corollary 1, the necessary condition for the existence of a 1-Gray code is 
satisfied, and we will provide such a Gray code for W1

n in the following part.
In [29] the author introduces the notion of absorbent set, which (up to complement) is defined as: a binary word set 

X ⊂ {0, 1}n is called absorbent if for any u ∈ X and any k, 1 � k < n, u1u2 . . . uk0n−k is also a word in X . Corollary 1 from 
the same paper proves that when an absorbent set X is listed in BRGC order (that is, restricting BRGC to X ) the resulting 
listing yields a 3-Gray code. Clearly, Wq

n is an absorbent set and we have the following consequence.

Corollary 7. For n � 0, q � 1, the restriction of BRGC order yields a 3-Gray code for Wq
n .

See for an example Table 1(b).
Applying reversing sublists technique [22] by adding a new parameter to LexFib which keeps track of the parity of the 

number of 1s in the current generated prefix, procedure LexFib can be turned into one generating the same class of words 
in BRGC order instead of the lexicographic one, and so according to Corollary 7 producing a 3-Gray code for Wq

n . Obviously 
the obtained Gray code generating algorithm inherits CAT property.

At this point it is worth mentioning an alternative powerful framework to design Gray codes as sublists of BRGC. In [24]
it is given the following definition (up to mirroring each word): a set of same length binary words is a flip-swap language
(with respect to 1) if it is closed under the operations (i) flip the rightmost 1, and (ii) swap the rightmost 1 with the bit 
to its left. Theorem 2 in [24] states that when a flip-swap language is listed in BRGC order the resulting listing yields a 
2-Gray code, and in the same paper there is given a variety of combinatorial classes that are flip-swap languages together 
with efficient generating algorithms for most of them. It is easy to see that absorbent sets coincide with languages closed 
under flip operation, and thus it is not surprising that, when listed in BRGC order, flip-swap languages yield more restrictive 
(that is, 2- instead of 3-) Gray codes than absorbent sets do. In particular, for n � 0 and q � 1, Wq

n is an absorbent set (or 
equivalently, a flip-closed language) but not a flip-swap language.

4.2. 1-Gray code for W1
n

In this section, we construct a 1-Gray code for the set Wq
n , n � 0, when q = 1, which in particular gives a positive answer 

to a conjecture in [9]. For this purpose, we decompose W1
n n � 1, as

W1
n = Zn ∪ 1 · W1

n−1

where W1
0 consists of the empty word ε , and Zn is the subset of words starting with 0 in W1

n . In turn, we decompose Zn

as

Zn = {0n} ∪
n⋃

r=3

Dr
n
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j

i

017

0i 1 j · Z17−i− j

D14
17

D15
17

(a)

001..............

0001............. 00011............

00001............ 0000111..........

000001........... 000001111........

0000001.......... 00000011111......

071......... 07111111....

081........ 0817..

091....... 0918

0101...... 01017

0111..... 01116

0121.... 01215

0131... 01314

0141.. 01413

0151. 01512

0161

017

(b)

Fig. 2. (a) A decomposition of Z17 as a union of subsets 0i 1 j · Z17−i− j (or equivalently a union of diagonals Dr
17) and {017}. (b) An illustration of the 

1-Gray code Z17. The pairs of consecutive diagonals dealt with Lemma 3 are shown in gray-filled area; the other pairs are dealt with Lemma 4. A point 
labeled 091....... (that is 091 followed by seven dots) corresponds to the set of words in 091 · Z7.

where Dr
n = ⋃� r−1

2 �
j=1 0r− j1 j · Zn−r . We refer to Fig. 2(a) for a graphical illustration of the decomposition of Zn for n = 17

where the point at coordinates (i, j) corresponds to the set 0i1 j · Zn−i− j , 1 � j < i � n − 1, 3 � i + j � n, except the lowest 
point which corresponds to {0n}. The sets Dr

n , 3 � r � n, correspond to the southwest-northeast diagonals of the graphic.
Let Z0 = ε be the list containing only the empty word ε , Z1 = 0, Z2 = 00, Z3 = 000 ◦ 001. If L is a list and w is a 

word, then w · L denotes the list where w is concatenated to every word from L. According to the above definitions, it is 
straightforward to check the following lemma.

Lemma 3. For any 1 � k < n, we suppose that Zk is a 1-Gray code for Zk with first(Zk) = 0(001)
 and last(Zk) = (001)
 . Given i and 
j such that 1 � j < i � n, then

(i) for 3 � i + j < n, the list L = 0i1 j · Zn−i− j is a 1-Gray code for 0i1 j · Zn−i− j with first(L) = 0i1 j0(001)
 and last(L) =
0i1 j(001)
;
when i + j = n the list L contains only the word 0i1 j ;

(ii) for 3 � i + j < n − 1, the list L = 0i1 j+1 · Zn−i− j−1 ◦ 0i1 j · Zn−i− j is a 1-Gray code for 0i1 j+1 · Zn−i− j−1 ∪ 0i1 j · Zn−i− j with 
first(L) = 0i1 j+10(001)
 and last(L) = 0i1 j(001)
;
when i + j + 1 = n, the list L = 0i1 j+1 ◦ 0i1 j0;

(iii) for 3 � i + j < n, the list L = 0i1 j · Zn−i− j ◦ ←−−−−−−−−−−−
0i−11 j+1 · Zn−i− j is a 1-Gray code for 0i1 j · Zn−i− j ∪ 0i−11 j+1 · Zn−i− j with 

first(L) = 0i1 j0(001)
 and last(L) = 0i−11 j+10(001)
;
when i + j = n, the list L = 0i1 j ◦ 0i−11 j+1;

(iv) for 3 � i + j � n, the list L = ←−−−−−−−−
0i1 j · Zn−i− j ◦ 0i−11 j+1 · Zn−i− j is a 1-Gray code for 0i1 j · Zn−i− j ∪ 0i−11 j+1 · Zn−i− j with 

first(L) = 0i1 j(001)
 and last(L) = 0i−11 j+1(001)
 .

Lemma 4. Let us consider r = 1 mod 4, 3 � r � n. For any 1 � k < n, we suppose that Zk is a 1-Gray code for Zk with first(Zk) =
0(001)
 and last(Zk) = (001)
 .

(i) If r �= n − 1, then there is a 1-Gray code �r
n for Dr

n ∪ Dr−1
n such that first(�r

n) = 0r−21(001)
 and last(�r
n) = 0r−11(001)
 .

(ii) If r = n − 1, then there is a 1-Gray code �n−1
n for Dn

n ∪Dn−1
n ∪Dn−2

n such that first(�n−1
n ) = 0n−3100 and last(�n−1

n ) = 0n−11.
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Proof. For the first assertion (i), it suffices to consider the list

�r
n = ©

r−3
2

j=10r−1− j1 j · 〈Zn−r+1〉 j ◦
←−−−−−−−−−−−−−−
©

r−1
2

j=10r− j1 j · 〈Zn−r〉 j.

After considering assertions of Lemma 3, it remains to examine the transition between w0 = last(0r−1− j0 1 j0 · 〈Zn−r+1〉 j0 )

for j0 = r−3
2 and w1 = first(

←−−−−−−−−−−−−
0r− j1 1 j1 · 〈Zn−r〉 j1 ) for j1 = r−1

2 . Since r = 1 mod 4, we have necessarily j0 is odd and j0 + 1 =
j1 which implies that w0 = last(0r−1− j0 1 j0 · ←−−−−

Zn−r+1) = 0r−1− j0 1 j0 0(001)
 and w1 = first(
←−−−−−−−−−
0r− j1 1 j1 · Zn−r) = 0r− j1 1 j1 (001)
 , 

and they differ by exactly one bit.
For the second assertion (ii), we consider the list

�n−1
n = ©

n−4
2

j=10n−2− j1 j00 ◦ 0
n
2 1

n−2
2 0 ◦

←−−−−−−−−−−−−−−−−−−−−−−−−−
©

n−4
2

j=1

〈
0n− j−11 j+1 ◦ 0n−1− j1 j0

〉 j−1 ◦ 0n−11.

A simple study of each kind of transitions allows us to see that �n−1
n is a 1-Gray code for Dn

n ∪ Dn−1
n ∪ Dn−2

n satisfying 
first(�n−1

n ) = 0n−3100 and last(�n−1
n ) = 0n−11. An illustration of this Gray code for n = 10 (and thus r = 9) can be found in 

the last sketch of Fig. 5. �
In the following, we write wL instead of w · L to be more concise.

Lemma 5. Let us consider r = 3 mod 4, 3 < n and 3 � r � n. For any 1 � k < n, we suppose that Zk is a 1-Gray code for Zk with 
first(Zk) = 0(001)
 and last(Zk) = (001)
 .

(i) If r = 3, then there is a 1-Gray code �3
n for D3

n such that first(�3
n) = 0010(001)
 and last(�3

n) = (001)
 .
(ii) If r = n − 2, then there is a 1-Gray code �n−2

n for Dn−2
n ∪ Dn−3

n such that first(�n−2
n ) = 0n−41000 and last(�n−2

n ) = 0n−3100.
(iii) If r = n − 1, then there is a 1-Gray code �n−1

n for Dn
n ∪ Dn−1

n ∪ Dn−2
n \ {0n−11} such that first(�n−1

n ) = 0n−3100 and 
last(�n−1

n ) = 0n−210.
(iv) If r = n, then there is a 1-Gray code �n

n for Dn
n ∪ Dn−1

n such that first(�n
n) = 0n−210 and last(�n

n) = 0n−11.
(v) If r /∈ {3, n − 2, n − 1, n}, then there is a 1-Gray code �r

n for Dr
n ∪ Dr−1

n such that first(�r
n) = 0r−110(001)
 and last(�r

n) =
0r−11(001)
 .

Proof. For the case (i), we set: �3 = 021Zn−3.

For the case (ii), we set: �n−2
n = ©

n−5
2

j=10n−3− j1 j〈Z3〉 j−1 ◦
←−−−−−−−−−−−
©

n−3
2

j=10n−2− j1 jZ2. Since we have Z2 = 00 and Z3 = 000 ◦ 001, it 
is straightforward to see that �n−2

n is a 1-Gray code with first(�n−2
n ) = 0n−41000 and last(�n−2

n ) = 0n−3100.
For the case (iii), we set:

�n−1
n = ©

n−4
2

j=10n−2− j1 jZ2 ◦ 0
n
2 1

n−2
2 Z1 ◦

←−−−−−−−−−−−−−−−−−−−−−−−−
©

n−4
2

j=1

〈
0n−1− j1 j+1 ◦ 0n−1− j1 jZ1

〉 j
.

Knowing that Z2 = 00 and Z1 = 0, we can easily check that any pair of consecutive words differ by exactly one bit, which 
proves that �n−1

n is a 1-Gray code.

For the case (iv), we set: �n
n = ©

n−3
2

j=10n−1− j1 j0 ◦
←−−−−−−−−
©

n−1
2

j=10n− j1 j . As previously the result can be obtained easily.

The case (v) is more challenging to handle. The set Dr
n ∪ Dr−1

n consists of the union of the following subsets: 
K1 = 0r−21Zn−r+1, K2 = 0r−311Zn−r+1, . . ., Ka = 0r−a−11aZn−r+1 and L1 = 0r−11Zn−r , L2 = 0r−211Zn−r , . . ., La+1 =
0r−a−11a+1Zn−r with a = � r−2

2 � = r−3
2 . Let us denote by K1, K2, . . . , Ka and L1, L2, . . . , La+1 the associated Gray codes ob-

tained by replacing Zk with the Gray code Zk .
Remark that for 1 � i � a − 1 (resp. 1 � i � a) and for a given j, the jth word of Ki (resp. Li ) and the jth word of Ki+1

(resp. Li+1) differ by exactly one bit. Recall that Â is obtained from a list A by deleting its first element. The words first(Ki)

and last(Li+1) differ by one bit. We have first(L̂a+1 ◦ Ka) = first(L̂a+1) and it differs obviously by one bit from first(La+1). We 
also have r = 3 mod 4, so r−3

2 = a is even. Taking into account all these remarks, the list �r
n defined below is a Gray code:

�r
n = ©a+1

i=1 first(Li) ◦ ©1
i=a

〈
L̂i+1 ◦ Ki

〉i ◦ L̂1

We refer to Fig. 3 for a graphical representation of this Gray code. �

Theorem 3. For any n � 0, there exists a 1-Gray code Zn for Zn such that first(Zn) = 0(001)
 and last(Zn) = (001)
 .

Using initial conditions Z0 = ε, Z1 = 0, Z2 = 00, Z3 = 000 ◦ 001, where ε is the empty word, and the recursive construc-
tions for lists �r

n (Lemmas 3 and 4) we define the 1-Gray code Zn as follows:
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L1 L2 L3 L4 L5 L6 L7

K1 K2 K3 K4 K5 K6

0r−110(001)
 0r−2120(001)
 0r−3130(001)
 0r−4140(001)
 0r−5150(001)
 0r−6160(001)
 0r−7170(001)


0r−11(001)
 0r−212(001)
 0r−313(001)
 0r−414(001)
 0r−515(001)
 0r−616(001)
 0r−717(001)


0r−210(001)
 0r−3120(001)
 0r−4130(001)
 0r−5140(001)
 0r−6150(001)
 0r−7160(001)


0r−21(001)
 0r−312(001)
 0r−413(001)
 0r−514(001)
 0r−615(001)
 0r−716(001)


Fig. 3. An illustration of the Gray code �r
n for the case (v) in the proof of Lemma 4 (we consider a = 6, r = 15). Vertical sequences of squares are Gray 

codes Ki , 1 � i � a, and Li , 1 � i � a + 1, so that the first and the last elements are respectively the bottom and top squares of the segments. The walk 
illustrates the Gray code �r

n that starts with first(L1) and ends with last(L1).

Zn =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
�5

n ◦ �9
n ◦ · · · ◦ �n

n ◦ 0n ◦ �n−2
n ◦ · · · ◦ �7

n ◦ �3
n if n = 1 mod 4,

�5
n ◦ �9

n ◦ · · · ◦ �n−1
n ◦ 0n ◦ �n−3

n ◦ · · · ◦ �7
n ◦ �3

n if n = 2 mod 4,

�5
n ◦ �9

n ◦ · · · ◦ �n−2
n ◦ 0n ◦ �n

n ◦ · · · ◦ �7
n ◦ �3

n if n = 3 mod 4.

�5
n ◦ �9

n ◦ · · · ◦ �n−3
n ◦ 0n−11 ◦ 0n ◦ �n−1

n ◦ · · · ◦ �7
n ◦ �3

n if n = 0 mod 4.

Due to Lemmas 4 and 5, last(�4i+1
n ) differs by one bit from first(�4i+5

n ) and first(�4i+3
n ) differs by one bit from 

last(�4i+7
n ). Using 0n (and 0n−11 when n = 0 mod 4) we connected all �r

n and ensure that Zn is a 1-Gray code. See 
Table 2 for a more detailed view on the structure of Zn . �

We refer to Fig. 5 for a graphical representation of Zn for 4 � n � 10, see also Fig. 2(b) for n = 17. An immediate 
consequence of Theorem 3 is the following (see Table 3 for the list W1

6).

Theorem 4. For any n � 1, W1
n = 1 · W1

n−1 ◦ Zn is a 1-Gray code for W1
n such that first(W1

n) = 1n, last(W1
n) = (001)
 , and where W1

0
is a list containing only the empty word.

However, the efficient generation of this Gray code remains an open problem.
Eğecioğlu and Iršič introduce in [9] the “run-constrained binary strings”. These are binary words, in which every run of 1s 

is immediately followed by a strictly longer run of 0s. Using these strings of length n + 2 as vertices, and connecting two 
vertices if they differ at only one position, the authors of [9] form the Fibonacci-run graph Rn as the induced subgraph of 
the hypercube. (As every non-empty run-constrained string must end with 00, authors of [9] actually drop the last 2 zeros, 
but we do not.) Fig. 4 gives small examples.

It turns out that the run-constrained binary strings are precisely the reverse of 1-decreasing words beginning with 0. In 
this light, the Gray code Zn in Theorem 3 gives a Hamiltonian path in the Fibonacci-run graph. The next corollary settles a 
conjecture in [9].

Corollary 8. For any n � 1, the Fibonacci-run graph Rn has a Hamiltonian path.

Lemma 9.1 from [9] says that if n �= 1 mod 3, then Rn does not contain a Hamiltonian cycle. Our method gives a 
Hamiltonian path, which is not a cycle. The question of whether there is a Hamiltonian cycle for the case n = 1 mod 3
remains open.

Finally, the validity of the parity condition stated in Corollary 1 and experimental investigations for small values, 0 � n �
5 and 2 � q � 5, suggest the following extension of Theorem 4.

Conjecture 1. For any n � 0 and q � 1, there is a 1-Gray code for Wq
n .
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Table 2
The structure of Zn .

n = 1 mod 4

Le
m

m
a

4

�5
n =

0001(001)


· · ·
00001(001)


�9
n =

00000 001(001)


· · ·
000000001(001)


· · · · · ·

�n−4
n =

0n−61(001)


· · ·
0n−51(001)


�n
n =

0n−210
· · ·
0n−11

0n

Le
m

m
a

5

�n−2
n =

0n−41000
· · ·
0n−3100

�n−6
n =

0n−710(001)


· · ·
0n−71(001)


· · · · · ·

�7
n =

00000010(001)


· · ·
0000 001(001)


�3
n =

0010(001)


· · ·
(001)


n = 2 mod 4

�5
n =

0001(001)


· · ·
00001(001)


�9
n =

00000 001(001)


· · ·
000000001(001)


· · · · · ·

�n−5
n =

0n−71(001)


· · ·
0n−61(001)


�n−1
n =

0n−3100
· · ·
0n−11

0n

�n−3
n =

0n−410(001)


· · ·
0n−41(001)


�n−7
n =

0n−810(001)


· · ·
0n−81(001)


· · · · · ·

�7
n =

00000010(001)


· · ·
0000 001(001)


�3
n =

0010(001)


· · ·
(001)


n = 3 mod 4

�5
n =

0001(001)


· · ·
00001(001)


�9
n =

00000 001(001)


· · ·
000000001(001)


· · · · · ·

�n−6
n =

0n−81(001)


· · ·
0n−71(001)


�n−2
n =

0n−41(001)


· · ·
0n−31(001)


0n

�n
n =

0n−210
· · ·
0n−11

�n−4
n =

0n−510(001)


· · ·
0n−51(001)


· · · · · ·

�7
n =

00000010(001)


· · ·
0000 001(001)


�3
n =

0010(001)


· · ·
(001)


n = 0 mod 4

�5
n =

0001(001)


· · ·
00001(001)


�9
n =

00000 001(001)


· · ·
000000001(001)


· · · · · ·

�n−7
n =

0n−91(001)


· · ·
0n−81(001)


�n−3
n =

0n−51(001)


· · ·
0n−41(001)


0n−11
0n

�n−1
n =

0n−3100
· · ·
0n−210

�n−5
n =

0n−610(001)


· · ·
0n−61(001)


· · · · · ·

�7
n =

00000010(001)


· · ·
0000 001(001)


�3
n =

0010(001)


· · ·
(001)


Table 3
The Gray code W1

6 for the set W1
6 . The Hamming distance 

between two consecutive words is one.

1 111111 8 110010 15 000110
2 111110 9 100010 16 000010
3 111100 10 100011 17 000011
4 111000 11 100001 18 000001
5 111001 12 100000 19 000000
6 110001 13 100100 20 001000
7 110000 14 000100 21 001001

000 100 1000 0000 0100 00100 00000 01000

10000 11000

100100 100000 110000

000100 000000
010000

001000 011000

0011000 0010000 0110000

1110000

0001000
0000000 0100000

1001000 1000000 1100000

0000100
0100100

1000100

Fig. 4. Fibonacci-run graphs for small values of n. Vertices correspond to the reverse of words from W1
n beginning with 0. The Hamiltonian path is provided 

by Corollary 8. If we read words from right to left, the path starts at 0(001)
 and ends at (001)
 .
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001.

0001

0000

001..

0001. 00011

00001

00000

001...

0001..
00011.

00001.
000011

000001

06

001....

0001... 00011..

00001.. 0000111

000001. 0000011

0000001

07

001.....

0001.... 00011...

00001... 0000111.

000001.. 00000111

0000001. 00000011

071

08

001......

0001..... 00011....

00001.... 0000111..

000001... 000001111

0000001.. 000000111

071. 0711

081

09

001.......

0001...... 00011.....

00001..... 0000111...

000001.... 000001111.

0000001... 0000001111

071.. 07111

081. 0811

091

010

Fig. 5. An illustration of the recursive definition for the Gray codes Zn , 4 � n � 10. A point labeled 001....... (that is 0001 followed by seven dots) 
corresponds to the set of words in 001 · Z7.
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Abstract

For any pattern p of length at most 2, we provide generating functions
and asymptotic approximations for the number of p-equivalence classes of
Dyck paths with catastrophes, where two paths of the same length are
p-equivalent whenever the positions of the occurrences of the pattern p
are the same.

1 Introduction and notation

A Dyck path with catastrophes is a lattice path in the first quadrant of the xy-plane
that starts at the origin, ends on the x-axis, and is made of up-steps U = (1, 1), down-
steps D = (1,−1), and catastrophe steps Ck = (1,−k), k > 2, so that catastrophe
steps always end on the x-axis. Depending on the context, we can use the symbol C
to design a catastrophe step, and by convenience we use C1 = D. We let E denote
the set of all Dyck paths with catastrophes, and D be the set of Dyck paths, i.e. the
paths in E that do not contain any catastrophe steps Ck, k > 2. The length |P | of
a path P is the number of its steps. The empty path is denoted by ε. See Figure 1
for an example of a Dyck path with catastrophes of length 14. A pattern consists of
consecutive steps in a path. We will say that an occurrence of a pattern (or for short
a pattern) is at position i > 1 in a path whenever the first step of the pattern appears
at the i-th step of the path, the second step at the (i+ 1)-st step, and so on. The

ISSN: 2202-3518 c©The author(s). Released under the CC BY-ND 4.0 International License
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height of an occurrence of a pattern is the minimal ordinate reached by its points. For
instance, the Dyck path with catastrophes P = UUC2UUUDUDDUC2UD contains
three occurrences of the pattern UU at positions 1, 4 and 5, and the heights of these
occurrences are respectively 0, 0 and 1.

C2 C2

Figure 1: Dyck path with catastrophes UUC2UUUDUDDUC2UD.

The concept of a Dyck path with catastrophes was first introduced by Krinik et
al. in [9] in the context of queuing theory. These paths correspond to the evolution
of a queue by allowing some resets modeled by a catastrophe step Ck, k > 2. Then,
Banderier and Wallner [1] provided enumerative results and limit laws of these
objects. They showed how any non empty path P ∈ E can be decomposed either as
P = UαDβ, or P = Uα1Uα2 . . . UαkCkβ for some k > 2, where α, α1, α2, . . . , αk are
Dyck paths in D and β ∈ E . They deduced a functional equation for the generating
function E(x) =

∑
n>0 enx

n where en is the number of paths of length n in E , with
the solution

E(x) =
2x− 1 +

√
1− 4x2

x− 1 + (1 + x)
√

1− 4x2
.

The sequence (en)n>0 corresponds to A224747 in the On-line Encyclopedia of Integer
Sequences (OEIS) [12], and the first values for n > 0 are 1, 0, 1, 3, 5, 12, 23, 52, 105, 232,
480. More recently, Baril and Kirgizov [4] exhibited a one-to-one correspondence
between Dyck paths with catastrophes of length n and Dyck paths of length 2n
avoiding UUU and DUD at height at least one, and where every occurrence of UD
on the x-axis appears before (but not necessarily contiguous with) an occurrence of
UUU .

On the other hand, in [2–6, 10] the authors investigated equivalence relations
on the sets of Dyck paths, Motzkin paths, skew Dyck paths,  Lukasiewicz paths,
and Ballot paths where two paths of the same length are equivalent whenever they
coincide on all occurrences of a given pattern. The main goal of this study consists in
extending these studies for Dyck paths with catastrophes by considering the analogous
equivalence relation on E .

Definition 1.1 Two Dyck paths of the same length and with catastrophes are p-
equivalent whenever they have the same positions of the occurrences of the pattern p.

For instance, the path UUDUUC3 is U -equivalent to UUC2UUC2 since the occur-
rences of U appear at the same positions in the two paths.

Then, one may naturally split the set E into p-equivalence classes, which are
constructed so that paths P and Q in E belong to the same p-equivalence class if,
and only if, they are p-equivalent.
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In this paper, we provide ordinary generating functions (o.g.f. for short) for the
number of p-equivalence classes in E with respect to the length whenever p is a pattern
of length at most two. Our method consists in providing one-to-one correspondences
between equivalence classes and certain subsets of E (called subsets of representative
elements) and enumerating them using algebraic techniques. Remark that only one
pattern of size 2, namely DD, gives a non-rational generating function. For this
pattern, the construction of a set of representative elements and its enumeration are
quite intricate and handled in the last subsection of the paper. We refer to Table 1
for an overview of our results.

Pattern OEIS [12] Sequences for an, 2 6 n 6 10, and formulæ Theorem O.g.f.

U Shift of A037952
1, 1, 3, 4, 10, 15, 35, 56, 126, ...(
n− 1

bn−2
2
c

)
Thm 2.2

Algebraic

D New

1, 1, 3, 5, 11, 21, 42, 84, 162, ...



(
n
n−3
2

)
if n is odd,

(
n
n−4
2

)
+

(
n
n
2

)
/
(n

2
+ 1
)

otherwise

Thm 2.4

C A212804

1, 1, 2, 3, 5, 8, 13, 21, 34, ...{
cn = cn−1 + cn−2,

c0 = 1, c1 = 0

Thm 2.6

UU A347493

1, 1, 3, 4, 8, 13, 24, 41, 75, ...{
fn = fn−1 + fn−2 + fn−4,

f0 = 1, f1 = 0, f2 = 1, f3 = 1

Thm 3.2

UD A215004

1, 1, 3, 5, 10, 17, 30, 50, 84, ...{
gn = 2gn−1 + gn−2 − 3gn−3 + gn−5,

g1 = 0, g0 = g2 = g3 = 1, g4 = 3

Thm 3.4

UC New

1, 1, 2, 4, 5, 9, 15, 24, 40, ...{
in = 2in−1 − in−2 + in−3 − in−4 + in−5 − in−6 + in−7,

i0 = 1, i1 = 0, i2 = 1, i3 = 1, i4 = 2, i5 = 4, i6 = 5

Thm 3.6 Rational

DC New

1, 1, 1, 2, 2, 4, 6, 9, 14, ...{
jn = 2jn−1 − jn−2 + jn−5 − jn−6 + jn−7,

j0 = 1, j1 = 0, j2 = j3 = j4 = 1, j5 = 2, j6 = 2

Thm 3.8

CU Shift of A000045

1, 1, 1, 2, 3, 5, 8, 13, 21, ...{
kn = kn−1 + kn−2,

k0 = 1, k1 = 0, k2 = k3 = k4 = 1

Thm 3.10

DU A212804

1, 1, 2, 3, 5, 8, 13, 21, 34, ...{
`n = `n−1 + `n−2,

`0 = 1, `1 = 0, `2 = 1

Thm 3.12

DD New
1, 1, 2, 1, 4, 5, 11, 11, 27, ...
General formula remains to be found

Thm 3.15 Algebraic

Table 1: Summary of results; generating functions are given in the corresponding
theorems.

2 Patterns of length one

Our goal in this section is to provide generating functions that count p-equivalence
classes with respect to the path length, whenever the pattern p is U, D, or C. For
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each pattern, the method consists in constructing a set of representative elements of
p-equivalence classes and enumerating them with respect to the length by giving a
generating function. From this, we deduce a closed-form expression (that depends on
the length) or a recurrence relation for the number of corresponding p-equivalence
classes.

2.1 Pattern U

Let us define the set A consisting of the union of the set D of Dyck paths with the
set D′ of paths in E having only one catastrophe Ck, k > 2, located at the end of
the path. We will prove that there is a one-to-one correspondence between A and
the U -equivalence classes of E , and we enumerate them by providing a generating
function that counts A with respect to the length.

Theorem 2.1 There is a bijection between A and the set of U-equivalence classes
of E.

Proof. First, we prove that for every P ∈ E there is Q ∈ A such that P and Q belong
to the same U -equivalence class. If we have P ∈ D, then we choose Q = P ∈ A.
Otherwise, we decompose P = α1Ck1α2Ck2 . . . αrCkrαr+1 where r > 1, ki > 2 for
1 6 i 6 r and all αi do not contain any catastrophe steps. If αr+1 is empty, then we
set Q = α1Dα2D . . . αrCk where k = (k1 − 1) + (k2 − 1) + . . . + (kr−1 − 1) + kr =∑r

i=1 ki− (r− 1) > 2r− (r− 1) > 2. If αr+1 is not empty, it can be written α′D, and
we set Q = α1Dα2D . . . αrDα

′Ck where k = k1− 1 + k2− 1 + kr−1− 1 + kr − 1 + 1 =∑r
i=1 ki − r + 1 > 2r − r + 1 > 2. In these last two cases, we have Q ∈ A so that P

and Q belong to the same U -equivalence class.

Now, let us prove that if P and Q are two paths of the same length in A lying
in the same U -equivalence class, then P = Q. According to the decomposition
of a Dyck path with catastrophes (see the Introduction), we write either P = α
or P = αUα1Uα2 . . . UαkCk (respectively Q = α′ or Q = α′Uα′1Uα

′
2 . . . Uα

′
`C`) for

some k, ` > 2 and where α, α′, αi, α′i are some Dyck paths. Since a Dyck path
is characterized by the positions of its up steps, and P and Q are in the same
U -equivalence class, we necessarily have α = α′, α′i = α′i for i 6 min{k, `}, which
implies that P = Q. 2

Theorem 2.2 The o.g.f. with respect to the length for the set A is given by

A(x) =

(
1−
√

1− 4x2
)

(1− x)

x
(
2x− 1 +

√
1− 4x2

) .

The series expansion of A(x) is

1 + x2 + x3 + 3x4 + 4x5 + 10x6 + 15x7 + 35x8 + 56x9 + 126x10 + 210x11 +O
(
x12
)
.
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Proof. A path in A is either a Dyck path in D, or a path αUα1Uα2Uα3 . . . UαkCk
where k > 2 and α, α1, . . . , αk are some Dyck paths. We deduce that A(x) =

D(x) +D(x) · x2D(x)2

1−xD(x)
· x where D(x) = 1−

√
1−4x2
2x2

is the o.g.f. that counts Dyck paths

with respect to the length (see [7]). 2

Remark 2.1 With Theorem 2.2, it is easy to check that x2 − 2x + 1 + (−2x2 +
3x − 1)A(x) + (2x2 − x)A(x)2 = 0, and the coefficient an of xn in A(x) is

(
n−1
bn−2

2
c
)

which generates a shift of the sequence A037952 in OEIS [12]. Using a classical
analysis [8, 11] of dominant singularity of A(x), an has the asymptotic approximation

2n√
2πn

.

2.2 Pattern D

Let us define the set B consisting of the union of the set D of Dyck paths with the
set D′′ of paths P ∈ E having only one catastrophe.

Theorem 2.3 There is a bijection between B and the set of D-equivalence classes
of E.

Proof. First, we prove that for every P ∈ E there is Q ∈ B such that P and Q belong
to the same D-equivalence class. If we have P ∈ D, then we choose Q = P ∈ B;
otherwise, we decompose P = α1Ck1α2Ck2 . . . αrCkrαr+1 where r > 1, ki > 2 for
1 6 i 6 r and all αi do not contain any catastrophe steps. If αr+1 is empty, then we
set Q = α1Uα2U . . . αrCk where k = (k1 + 1) + (k2 + 1) + . . . + (kr−1 + 1) + kr =
r − 1 +

∑r
i=1 ki. If αr+1 is not empty, it is necessarily a Dyck path, and we set

Q = α1Uα2U . . . αrCkαr+1 where k = k1 + 1 +k2 + 1 +kr−1 + 1 +kr = r− 1 +
∑r

i=1 ki.
In all these cases, we have Q ∈ B so that P and Q belong to the same D-equivalence
class.

With a similar argument as for the proof of Theorem 2.1, it is easy to prove that
if P and Q are two paths in B lying in the same class, then P = Q.

2

Theorem 2.4 The o.g.f. with respect to the length for the set B is given by

B(x) =

(
1−
√

1− 4x2
) (

2x3 − 4x2 + 1 + (2x2 − 1)
√

1− 4x2
)

2x4
(
2x− 1 +

√
1− 4x2

) .

The series expansion of B(x) is

1 + x2 + x3 + 3x4 + 5x5 + 11x6 + 21x7 + 42x8 + 84x9 + 162x10 + 330x11 +O
(
x12
)
.

Proof. A path in B is either a Dyck path in D, or a path of the form αUα1Uα2Uα3 . . .
UαkCkβ where k > 2 and α, α1, . . . , αk, β are some Dyck paths. We deduce that
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B(x) satisfies the functional equation B(x) = D(x) + x3D(x)4

1−xD(x)
where D(x) = 1−

√
1−4x2
2x2

is the o.g.f. that counts Dyck paths with respect to the length (see [7]). 2

Remark 2.2 We have

5x3 − 4x2 − x+ 1 + (−2x4 − 5x3 + 5x2 + x− 1)B(x) + (2x5 − x4)B(x)2 = 0,

and the coefficient bn of xn in B(x) is

bn =





(
n
n−3
2

)
if n is odd,

(
n
n−4
2

)
+

(
n
n
2

)
/
(n

2
+ 1
)

otherwise.

This last result can be easily obtained by combining already known formulæ (see
A002054 and A344191 in [12]), or directly using Maple. The sequence bn has an

asymptotic approximation 2n+1
2√

πn
.

2.3 Pattern C

In this section, two paths of the same length are C-equivalent whenever, for any k > 2
they have the same positions of the occurrences of Ck. For instance,

UUDDUUC2UUUC3UUC2UD

is C-equivalent to
UDUDUUC2UUUC3UUC2UD,

but not to
UUUDUUC4UUUC3UUC2UD.

Let C be the set of paths P ∈ E such that:

(i) P = (UD)k for k > 0, or

(ii) P = (UD)`1Uk1Ck1(UD)`2Uk2Ck2 . . . (UD)`rUkrCkr(UD)`r+1 with r > 1, `i > 0
for 1 6 i 6 r + 1, and ki > 2 for 1 6 i 6 r.

Theorem 2.5 There is a bijection between C and the set of C-equivalence classes
of E.

Proof. First, we prove that for every P ∈ E there is Q ∈ C such that P and Q belong
to the same C-equivalence class. If we have P ∈ D, then we choose Q = (UD)k ∈ C
with k = |P |/2. Otherwise, we decompose P = α1Ck1α2Ck2 . . . αrCkrαr+1 where
r > 1, ki > 2 for 1 6 i 6 r and all αi do not contain any catastrophe steps. We
set Q = (UD)j1Uk1Ck1(UD)j2Uk2Ck2 . . . (UD)jrUkrCkr(UD)jr+1 where ji + ki = |αi|,
1 6 i 6 r and jr+1 = |αr+1|. We have Q ∈ C so that P and Q belong to the same
C-equivalence class. Due to the form of Q, it is straightforward to see that if P and
Q are two paths in C lying in the same class, then P = Q. 2
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Theorem 2.6 The o.g.f. with respect to the length for the set C is given by

C(x) =
1− x

1− x− x2 .

The series expansion of C(x) is

1 + x2 + x3 + 2x4 + 3x5 + 5x6 + 8x7 + 13x8 + 21x9 + 34x10 + 55x11 +O
(
x12
)
.

Proof. Due to the definition of the set C, we obtain directly the functional equation
C(x) = 1

1−x2 + 1
1−x2 ·

C′(x)
1−C′(x) where C ′(x) = x3

1−x · 1
1−x2 is the o.g.f. that counts the

paths of the form (UD)`UkCk for ` > 0 and k > 2. 2

Remark 2.3 From Theorem 2.6, we deduce that the coefficient cn of xn in C(x)
satisfies cn = cn−1 + cn−2 for n > 2 with c0 = 1 and c1 = 0, which generates the
sequence A212804 in [12] (it is a variant of the well known Fibonacci sequence
A000045). Using the classical method for asymptotic approximation (see [8, 11]), we
have

cn ∼
3−
√

5

5−
√

5
·
(√

5− 1

2

)n

.

3 Patterns of length two

In this section, we provide generating functions that count p-equivalence classes with
respect to the length whenever the pattern p is UU , UD, UC, DC, CU , DU or
DD. The techniques used are similar, although more elaborate, to those used in the
previous section.

3.1 Pattern UU

Let F be the set of paths P ∈ E such that:

(i) P = (UD)k for k > 0, or

(ii) P = (UD)`0Uk1α1U
k2α2 . . . U

krαr where r > 1, `0 > 0, ki > 2 for 1 6 i 6 r, all
αi for 1 6 i 6 r− 1 are either (DU)kD or (DU)kDD for some k > 0, and αr is either
(DU)kCs or (DU)kDCs for some k > 0 and with s > 1 is so that the path ends on
the x-axis (note that s can be 1, and in this case C1 = D).

Theorem 3.1 There is a bijection between F and the set of UU -equivalence classes
of E.

Proof. First, we prove that for every P ∈ E there is Q ∈ F such that P and Q
belong to the same UU -equivalence class. If P does not contain occurrences of
UU , then we choose Q = (UD)k ∈ F where k = |P |/2. Otherwise, we decompose
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P = α0U
k1α1U

k2 . . . αr−1Ukrαr where r > 1, ki > 2 for 1 6 i 6 r, and such that all
occurrences of UU in P belong necessarily to a run Uki for some i.

We set Q = (UD)`0Uk1β1U
k2 . . . βr−1Ukrβr where `0 = |α0|, and for 1 6 i 6 r− 1,

βi = (DU)
ti−1

2 D if ti = |αi| is odd, βi = (DU)
ti−2

2 DD otherwise; finally, we set

βr = (DU)
tr−1

2 Cs if tr = |αr| is odd, and otherwise, βr = (DU)
tr−2

2 DCs with s > 1 is
chosen so that Q ends on the x-axis.

We have Q ∈ F so that P and Q belong to the same UU -equivalence class. It is
straightforward to see that if P and Q are two paths in F lying in the same class,
then P = Q. 2

Theorem 3.2 The o.g.f. with respect to the length for the set F is given by

F (x) =
x− 1

(x+ 1) (x3 − x2 + 2x− 1)
.

The series expansion of F (x) is

1 + x2 + x3 + 3x4 + 4x5 + 8x6 + 13x7 + 24x8 + 41x9 + 73x10 + 127x11 +O
(
x12
)
.

Proof. Due to the definition of F , we have F (x) = 1
1−x2 + 1

1−x2 · 1

1− x3

(1−x)2

x3

(1−x)2 . A

simple calculation completes the proof. 2

Remark 3.1 The coefficient fn of xn in F (x) satisfies fn = fn−1 + fn−2 + fn−4 with
f0 = 1, f1 = 0, f2 = 1, f3 = 1, which generates the sequence A347493 in [12]. An
asymptotic approximation of fn is

fn ∼
(a− 1)(a2 − a+ 2)n

a(a+ 1)(−3a2 + 2a− 2)
≈ 0.26212 · 1.75487n,

where a =
(44 + 12

√
69)2/3 + 2(44 + 12

√
69)1/3 − 20

6(44 + 12
√

69)1/3
.

3.2 Pattern UD

Let G be the set of paths P ∈ E such that either :

(i) P = (UD)k for some k > 0, or

(ii) P = (UD)`UkCk(UD)m with `,m > 0 and k > 2, or

(iii) P = (UD)`0Uk1(UD)`1Uk2(UD)`2 . . . Ukr(UD)`rUkr+1Cs(UD)`r+1 with r > 1,
`0, `r+1 > 0, ki > 1 for 1 6 i 6 r, kr+1 > 0, `i > 1 for 1 6 i 6 r, and s > 1 is
so that the path ends on the x-axis (note that s can be one).

Theorem 3.3 There is a bijection between G and the set of UD-equivalence classes
of E.
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Proof. First, we prove that for every P ∈ E there is Q ∈ G such that P and
Q belong to the same UD-equivalence class. If P satisfies the case (i), then
we obviously set Q = P . If P = (UD)`α(UD)m with l,m > 0 and α is a
nonempty path in E avoiding UD, then we set Q = (UD)`UkCk(UD)m. Other-
wise, we decompose P = (UD)`0α1(UD)`1α2(UD)`2 . . . αr(UD)`rαr+1 with all αi
being non-empty partial paths avoiding UD (except αr+1 that can be empty).
If |αr+1| > 1 then we set Q = (UD)`0Uk1(UD)`1Uk2(UD)`2 . . . Ukr(UD)`rUkr+1Cs
where ki = |αi| and kr+1 + 1 = |αr+1|; otherwise, if |αr+1| = 0 then we set
Q = (UD)`0Uk1(UD)`1Uk2(UD)`2 . . . Ukr−1Cs(UD)`r where ki = |αi| and s is so
that Q ends on the x-axis. For all these cases, we have Q ∈ G so that P and Q belong
to the same UD-equivalence class. Due to the form of a path in G, if P and Q are
two paths in G lying in the same UD-equivalence class, the P = Q. 2

Theorem 3.4 The o.g.f. with respect to the length for the set G is given by

G(x) =
2x3 − 2x+ 1

(1− x2 − x) (1− x)2 (x+ 1)
.

The series expansion of G(x) is

1 + x2 + x3 + 3x4 + 5x5 + 10x6 + 17x7 + 30x8 + 50x9 + 84x10 + 138x11 +O
(
x12
)
.

Proof. According to the different cases in the definition of G, G(x) is given by:

1 +
x2

1− x2 +
1

1− x2
x3

1− x
1

1− x2 +
1

1− x2
R(x)

1−R(x)

x

1− x
1

1− x2

where R(x) = x3

(1−x)(1−x2) is the o.g.f. that counts the paths of the form Uk(UD)` with
k, ` > 1. 2

Remark 3.2 The coefficient gn of xn in G(x) satisfies gn = 2gn−1+gn−2−3gn−3+gn−5
for n > 4 with g1 = 0, g0 = g2 = g3 = 1, g4 = 3, which generates the sequence
A215004 in [12]. An asymptotic approximation of gn is

gn ∼
4(5− 2

√
5)

5(
√

5− 3)2
·
(√

5 + 1

2

)n

≈ 0.72360 · 1.61803n.

3.3 Pattern UC

In this section, two paths are UC-equivalent whenever they coincide on all their
occurrences UCk for k > 2. For instance, UUDUC2 and UDUUC2 are UC-equivalent,
while UDUUC2 and UUUUC4 are not.

Let I1 be the set of paths of length n > 0, n /∈ {1, 3}, defined by either

(i) (UD)
n
2 if n is even, or
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(ii) (UD)
n−5
2 UUUDC2 if is n is odd.

Let I be the set consisting of the union of I1 with the set of paths of the form
α1U

k1Ck1α2U
k2Ck2 . . . αrU

krCkrαr+1 where r > 1, all values ki are at least 2, and all
αi are in I1.

Theorem 3.5 There is a bijection between I and the set of UC-equivalence classes
of E.

Proof. First, we prove that for every P ∈ E there is Q ∈ I such that P and Q belong
to the same UC-equivalence class. If P does not contain any pattern UC, then we
set Q = (UD)

n
2 if n is even, and Q = (UD)

n−5
2 UUUDC2 otherwise. If P contains

r > 1 occurrences of UC, then we decompose P = α1UCα2UC . . . αrUCαr+1 where
all αi are paths avoiding UC. Showing the size of every catastrophes, we obtain the
decomposition P = α1UCk1α2UCk2 . . . αrUCkrαr+1 where ki > 2 for 1 6 i 6 r.

We set Q = β1U
k1Ck1β2U

k2Ck2 . . . βrU
krCkrβr+1 where all βi are in I1 (all βi are

entirely determined by the length of each αi). We have Q ∈ I so that P and Q
belong to the same UC-equivalence class. Obviously, due to the definition of I, if P
and Q belong to I in the same UC-equivalence class, then P = Q. 2

Theorem 3.6 The o.g.f. with respect to the length for the set I is given by

I(x) =
x5 − 2x4 + 2x3 − 2x2 + 2x− 1

x7 − x6 + x5 − x4 + x3 − x2 + 2x− 1
.

The series expansion of I(x) is

1 + x2 + x3 + 2x4 + 4x5 + 5x6 + 9x7 + 15x8 + 24x9 + 40x10 + 65x11 +O
(
x12
)
.

Proof. The o.g.f. for I1 is I1(x) = 1
1−x−x−x3 and the o.g.f. for I is I1(x)+I1(x)· I2(x)

1−I2(x)
where I2(x) = I1(x)x3

1−x is the o.g.f. of a nonempty sequence of terms of the form αUkCk
with α ∈ I1 and k > 2. 2

Remark 3.3 The coefficient in of xn in I(x) satisfies in = 2in−1− in−2 + in−3− in−4 +
in−5 − in−6 + in−7 for n > 7 with i0 = 1, i1 = 0, i2 = 1, i3 = 1, i4 = 2, i5 = 4, and
i6 = 5. This sequence does not appear in [12]. An asymptotic approximation of in is

in ∼ 0.28134 · 1.64072n.

3.4 Pattern DC

In this section, two paths are DC-equivalent whenever they coincide on all their
occurrences DCk for k > 2.

Let J1 be the set of paths of length n > 0, n 6= 1, defined by either

(i) (UD)
n
2 if n is even, or
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(ii) (UD)
n−3
2 UUC2 if is n is odd.

Let J be the set consisting of the union of J1 with the set of paths of the form
α1U

k1+1DCk1α2U
k2+1DCk2 . . . αrU

kr+1DCkrαr+1 where r > 1, all values ki are at
least 2, and all αi are in J1.

Theorem 3.7 There is a bijection between J and the set of DC-equivalence classes
of E.

Proof. The proof is obtained mutatis mutandis as for Theorem 3.5. 2

Theorem 3.8 The o.g.f. with respect to the length for the set J is given by

J(x) =
x3 − 2x2 + 2x− 1

x7 − x6 + x5 − x2 + 2x− 1
.

The series expansion of J(x) is

1 + x2 + x3 + x4 + 2x5 + 2x6 + 4x7 + 6x8 + 9x9 + 14x10 + 20x11 +O
(
x12
)
.

Proof. The o.g.f. for J1 is J1(x) = 1
1−x−x and the o.g.f. for J is J1(x)+J1(x) · J2(x)

1−J2(x)
where J2(x) = J1(x)x5

1−x is the o.g.f. of a nonempty sequence of terms of the form

αUk+1DCk with α ∈ J1 and k > 2. 2

Remark 3.4 The coefficient jn of xn in J(x) satisfies jn = 2jn−1 − jn−2 + jn−5 −
jn−6 + jn−7 for n > 7 with j0 = 1, j1 = 0, j2 = j3 = j4 = 1, j5 = 2, j6 = 2 which is not
in [12]. An asymptotic approximation of jn is

jn ∼ 0.25317 · 1.48698n.

3.5 Pattern CU

In this section, two paths are CU -equivalent whenever they coincide on all their
occurrences CkU for k > 2.

Let K1 be the set of paths of even length defined by (UD)k for k > 0.

Let K2 be the set of paths of length n 6= 1 defined by (UD)k, k > 1, if n is even, and
(UD)kUUC2, k > 0, if n is odd.

Let K be the set consisting of the union of K2 with the set of paths of the form
β1U

k1Ck1β2U
k2Ck2 . . . βrU

krCkrβr+1 where ki > 2 for 1 6 i < r, and for 1 6 i < r+ 1,
βi ∈ K1, and βr+1 is a path from K2.

Theorem 3.9 There is a bijection between K and the set of CU -equivalence classes
of E.
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Proof. First, we prove that for every P ∈ E there is Q ∈ K such that P and Q belong
to the same CU -equivalence class. If P does not contain any pattern CU , then we set
Q = (UD)

n
2 whenever n = |P | is even, and we set Q = (UD)

n−3
2 UUC2 otherwise; in

both cases Q ∈ K2. If P contains r > 1 occurrences of CU , then we decompose P =
α1CUα2CU . . . αrCUαr+1 where all αi are paths avoiding CU . Showing the size of
every catastrophe, we obtain the decomposition P = α1Ck1Uα2Ck2U . . . αrCkrUαr+1

where all ki are at least 2. So, we set Q = β1U
k1Ck1β2U

k2Ck2 . . . βrU
krCkrβr+1 where

|α1| = |β1|, |αi|+ 1 = |βi|+ ki for 1 < i < r + 1, |αr+1|+ 1 = |βr+1|, and

• for 1 6 i < r + 1, βi ∈ K1;

• βr+1 is a path from K2.

We have Q ∈ K so that P and Q belong to the same CU -equivalence class.
Obviously, due to the definition of K, if P and Q belong to K in the same CU -
equivalence class, then P = Q. 2

Theorem 3.10 The o.g.f. with respect to the length for the set K is given by

K(x) =
x4 + x− 1

x2 + x− 1
.

The series expansion of K(x) is

1 + x2 + x3 + x4 + 2x5 + 3x6 + 5x7 + 8x8 + 13x9 + 21x10 + 34x11 +O
(
x12
)
.

Proof. Due to the definition of K, the o.g.f. K(x) is given by

K(x) =
1

1− x − x+
1

1− x2 ·
1

1− x3

(1−x)(1−x2)
· x3

1− x ·
x2

1− x.

2

Remark 3.5 The coefficient kn of xn in K(x) satisfies kn = kn−1 + kn−2 for n > 5
with k0 = 1, k1 = 0, k2 = k3 = k4 = 1 which is a shift of the Fibonacci sequence
A000045 in [12]. An asymptotic approximation of kn is

kn ∼
2(
√

5− 2)

5−
√

5
·
(

2√
5− 1

)n
≈ 0.17082 · 1.61803n.

3.6 Pattern DU

Let L be set of paths P ∈ E such that

P = U `1(DU)k1U `2(DU)k2 . . . Ukr(DU)krU `r+1Cs

with r > 1, `i, ki > 1 for 1 6 i 6 r, `r+1 > 0, and s is so that the path ends on the
x-axis (note that s can be 1, and in this case C1 = D).
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Theorem 3.11 There is a bijection between L and the set of DU -equivalence classes
of E.

Proof. First, we prove that for every P ∈ E there is Q ∈ G such that P and Q belong to
the same DU -equivalence class. We decompose P = α1(DU)k1α2(DU)k2α3(DU)k3 . . .
αr(DU)krαr+1 with all αi being non-empty paths avoiding DU , with r > 0, and all
ki are at least one. Then we set

Q = U `1(DU)k1U `2(DU)k2U `3(DU)k3 . . . U `r(DU)krU `r+1−1Cs

where `i = |αi|, and where s is so that the path ends on the x-axis. For all these
cases, we have Q ∈ L so that P and Q belong to the same DU -equivalence class.
Due to the form of a path in L, if P and Q are two paths in L lying in the same
DU -equivalence class, then P = Q. 2

Theorem 3.12 The o.g.f. with respect to the length for the set L is given by

L(x) =
1− x

1− x− x2 .

The series expansion of L(x) is

1 + x2 + x3 + 2x4 + 3x5 + 5x6 + 8x7 + 13x8 + 21x9 + 34x10 + 55x11 +O
(
x12
)
.

Proof. According to the definition of L and handling separately the cases where r = 1
and r > 2, the o.g.f. L(x) is given by:

1 +
x2

1− x2 +
R(x)

1−R(x)
· x

1− x

where R(x) = x3

(1−x)(1−x2) is the o.g.f. that counts paths of the form U `(DU)k with
k, ` > 1. 2

Remark 3.6 The coefficient `n of xn in G(x) satisfies `n = `n−1 + `n−2 for n > 3
with `0 = 1, `1 = 0, `2 = 1, which generates the sequence A212804 in [12] (a variant of
the well known Fibonacci sequence A000045). An asymptotic approximation of `n is

`n ∼
(
√

5− 3)

5−
√

5
·
(

2√
5− 1

)n
≈ 0.27639 · 1.61803n.

3.7 Pattern DD

In [2], the authors exhibited a set A (denoted A in [2]) of representatives for the
DD-equivalence classes of Dyck paths: A consists of Dyck paths P satisfying
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Condition (C): P avoids UUDU and the minimal ordinate reached by every oc-
currence of UDU is at most one (i.e. the height of every occurrence of UDU is at
most 1).

For a Dyck path P , we denote by ψ(P ) the unique path in A which is DD-equivalent
to P . In [2], it is shown how ψ(P ) can be constructed from P after several transfor-
mations preserving the positions of all occurrences of DD. The following proposition
extends this result for the set D′ of Dyck paths with only one catastrophe Ck at the
end.

Proposition 3.1 For any path P ∈ D′ ending with catastrophe Ck, k > 2, there
is a unique path in D′, denoted ψ(P ), which is DD-equivalent to P , ending with
catastrophe Ck (the same k as for P ), and satisfying Condition (C).

Proof. Let Q be the Dyck path obtained from P by replacing Ck with Dk. Using [2],
there is a unique path ψ(Q) in A in the class of Q. Replacing the last Dk of ψ(Q)
with Ck, there is a unique Dyck path with only catastrophe Ck at the end equivalent
to P . 2

Lemma 3.1 Let P be a path in E . If P contains at least two catastrophes, then there
exists Q ∈ E in the class of P , such that Q has only one catastrophe.

Proof. We obtain Q from P by replacing with U every catastrophe, except the last,
and by increasing the size of the last catastrophe so that Q ∈ E . See Figure 2 for an
example with two catastrophes. 2

Ck
Cℓ

Ck+ℓ+1

Figure 2: Example for Lemma 3.1 with two catastrophes.

Considering this previous lemma, we can focus our study on the set of Dyck paths
with at most one catastrophe. Recall that D′′ is the set of paths in E having only one
catastrophe (see Section 2.2).

Lemma 3.2 Let P be a path of length n in D′′ (i.e. P contains only one catastrophe).
The size of the catastrophe and n have different parity.

Proof. For any Dyck path in D′′ having the catastrophe of size k, the number of U
minus the number of D equals k, which implies that the number of U and D (which
is equal to n− 1) has the same parity as k. 2

In the following, for a given path P , a D-step will be called isolated if and only if
it does not lie in an occurrence of DD.
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Lemma 3.3 Let P be a path in D′′ having its catastrophe of size k > 2. We have
P = QCkR where R is a Dyck path. If R contains isolated D-steps, then there is a
path in D′′, DD-equivalent to P , with a catastrophe Ck+2 of size k + 2, and such that
every D-step on the right of Ck+2 is not isolated.

Proof. First, we construct P ′ = Q′CkR′, where Q′Ck is the result of application of
Proposition 3.1 on QCk and R′ is obtained applying φ from [2] on R. It implies that
P ′ and P are DD-equivalent and this construction ensures that the height of the
rightmost isolated D step in P ′ is at most one. After this, we distinguish three cases
according to the position and the height of the rightmost isolated D-step.

- if R′ = R1UD, then the paths Q′UR1UCk+2 and P are equivalent;

Ck

Ck+2

R1Q′ Q′

R1

- if R′ = R1UDUR2 where UR2 is a Dyck path, then Q′UR1UCk+2UR2 and P
are equivalent;

Ck
R1Q′

R2

R1

Q′
R2

Ck+2

- if R′ = R1UDUR2 where UUR2 is a Dyck path then Q′UR1Ck+2UUR2 and P
are equivalent.

Ck
R1Q′

R2

R1

Q′
R2

Ck+2

2

Lemma 3.4 Let P be a path in D′′ satisfying Condition (C) and having its catastrophe
of size k > 4. Then, there is a path Q ∈ D′′, equivalent to P , having its catastrophe
of size k − 2, and such that Ck and Ck−2 are in the same position in P and Q,
respectively.
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Proof. Before describing the construction of Q, it is worth noticing the following fact.
There is an occurrence of UUU at height k − 3 on the left of Ck in P . Indeed, let
us consider the rightmost U at height k − 3 on the left of Ck; clearly it necessarily
precedes a step U which constitutes an occurrence of UU at height k − 3. Moreover,
since P avoids UUDU , the two steps UU are necessarily followed by another step U ,
and P can be decomposed P = P1UUUP2CkP3 where P1 is a prefix of a Dyck path
ending at height k − 3, UP2D is a Dyck path and P3 is a Dyck path. We complete
the proof by setting Q = P1UDUP2Ck−2P3. See Figure 3 for an illustration of this
construction. 2

Ck

P3P1

P2

Ck−2

P3P1

P2

Figure 3: Illustration for Lemma 3.4.

3.7.1 The case of odd length

Let A′ be the subset of paths in A avoiding UDU , and not ending with UD, which
also is the set of paths in A without isolated D-steps. Let A2 be the set of paths
satisfying Condition (C) and having only one catastrophe C2 at the end.

Proposition 3.2 A set of representatives of the DD-equivalence classes of odd length
Dyck paths with catastrophes, is the set R1 of paths R = AA′ where A ∈ A2 and
A′ ∈ A′.

Proof. First, let us prove that for any path P ∈ E , there is a path Q ∈ R1 lying in the
same class. We obtain Q by applying the following process: (i) we apply Lemma 3.1;
(ii) we apply Lemma 3.3; (iii) we apply ψ extended to Dyck paths with only one
catastrophe (see Proposition 3.1); (iv) we apply Lemma 3.4 and Proposition 3.1,
and we repeat it until the size of the catastrophe reaches 2 (thanks to Lemma 3.2).
In the case where UD precedes C2, i.e. Q = Q1UDC2Q2, we replace the path with
Q1UUC4Q2 (see Fig. 4) and we apply Lemma 3.4 and Proposition 3.1.

C2Q1 Q2
C4Q1 Q2

Figure 4: Illustration for Proposition 3.2.

Now, it suffices to prove that two different paths Q and Q′ in R1 with the same
length cannot belong to the same class. Let us assume that Q and Q′ lie in the same
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class. We decompose Q = RC2S and Q′ = R′C2S
′. Suppose that |S| > |S ′|. Since

S ′ does not contain isolated D-steps, S ′ is entirely determined by the positions of
occurrences of DD, which implies that S has the form S = TS ′. Since S does not
contain an isolated D-step, T cannot end with UD, and since Q is DD-equivalent to
Q′ it cannot end with DD, which means that T is empty. So we have |S| = |S ′| and
then S = S ′. Using Proposition 3.1 for RC2 and R′C2, we obtain Q = Q′. 2

Theorem 3.13 (The case of odd length) The o.g.f. for the number of DD-equivalence
classes of odd length paths in E is given by:

N(x) =
8x3

(x2 +
√

1− 3x4 − 2x2 + 1)2(−x4 + (1 + x2)
√

1− 3x4 − 2x2 − 2x2 + 1)
.

We have N(x) = x3 + x5 + 5x7 + 11x9 + 33x11 + 88x13 + 247x15 +O(x16).

Proof. By Proposition 3.2, it suffices to provide the o.g.f. N(x) for A2 × A′ with
respect to the length. Sets A2 and A′ are constructed as follows

ϵ ∪
A′

A′ =

Nudu

A′

A2 =

B \ {UD}
A C2

where Nudu is the set of non-empty Dyck paths avoiding UDU , A is the set of
representatives for the DD-equivalence classes of Dyck paths, e.g. Dyck paths
avoiding UUDU and having all UDU at height 0 or 1, and B is the set of Dyck paths
having all UDU on x-axis and not starting with UDU . From [2] it follows that

A(x) =
1− x2 +

√
−3x4 − 2x2 + 1

1 + x6 + x4 − 3x2 − (x4 − 1)
√
−3x4 − 2x2 + 1

,

B(x) =
2− x2 − x4 + x2

√
−3x4 − 2x2 + 1

1− x2 +
√
−3x4 − 2x2 + 1

,

and from [2,13] we have Nudu(x) = (x2 −
√
−3x4 − 2x2 + 1 + 1)/(2x2)− 1.

Finally, we compute N(x) = A(x) (B(x)− x2)A′(x)x3A′(x) where A′(x) satisfies
A′(x) = 1 + x2Nudu(x)A′(x).

2
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3.7.2 The case of even length

Proposition 3.3 A set of representatives of the DD-equivalence classes of even
length Dyck paths with catastrophes is the set R2 defined by the union of A with the
sets S0 and S1 defined below:

- S0 is the set of Dyck paths S = PDUUC3 where PDU is a prefix of Dyck path
satisfying condition (C), and ending at height 2,

- S1 is the set of Dyck paths S = PDDC3 where P is a prefix of Dyck path
satisfying condition (C), and ending at height 5.

Proof. Let P be a path in E . If P does not contain any catastrophe, then using
Lemma 1 from [2], there is a unique path inA equivalent to P . Now, let us assume that
P contains at least one catastrophe. We obtain Q by applying the following process:
(i) we apply Lemma 3.1; we apply Lemma 3.3; we apply ψ (extended to Dyck paths
with only one catastrophe); we apply Lemma 3.4 followed by Proposition 3.1 until
the path contains only one catastrophe C3 (thanks to Lemma 3.2). We decompose
the obtained path Q = RC3S where S is a Dyck path with no isolated D-step. With
the same argument used at the beginning of the proof of Lemma 3.4, R is of the form
R = R′UUUR′′ where R′ and UR′′D are Dyck paths.

(a) if R′′ is empty, i.e. R = R′UUU , we replace Q with R′UDUDS ∈ A;

C3
SR′ SR′

(b) if R′′ = TU ends with U , i.e. R = R′UUUTU , we replace Q with R′UDUTUDS
∈ A;

C3
SR′

T

SR′ T

(c) if R′′ = TUD ends with UD, i.e. R = R′UUUTUD, we replace Q with
R′UDUTUUC3S (see the illustration below); In the case where T ends with U ,
we apply the transformation (a) and we obtain a path in A;

C3
SR′

T

SR′ T
C3

After applying all these transformations, the path is either in A, or it satisfies
Condition (C) and contains only one catastrophe C3 that follows an occurrence DUU
or DD.
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If S is empty then the path lies in R2. Otherwise, S does not contain isolated
D-step and it starts necessarily with UU . In this case we set S = UUS ′ and make
the catastrophe disappear as follows:

(d) if R ends at height 3 with DUU , we set R = R′DUU and replace Q with
R′DUDUDUS ′ ∈ A;

C3
S ′R′ S ′R′

(e) if R ends with UUUT , where UT is a prefix of a Dyck path ending at height 1
and with DD, we set R = R′UUUT and replace Q by R′UDUTUDUS ′.

C3
S ′R′

T

S ′R′
T

2

Theorem 3.14 (The case of even length) The o.g.f. V (x) for the number of DD-
equivalence classes of even length paths in E is given by:

V (x) =
4 (x4 − x2 − 1)

√
−3x4 − 2x2 + 1 + 8x8 + 20x6 + 8x4 − 4

(
(−x2−1)

√
−3x4 − 2x2 + 1 + x4 + 2x2−1

) (
x2 +

√
−3x4 − 2x2 + 1 +1

)2 .

We have V (x) = 1 + x2 + 2x4 + 4x6 + 11x8 + 27x10 + 73x12 + 194x14 + 529x16 +
1448x18 +O(x19).

Proof. By Proposition 3.3, it suffices to provide the o.g.f. M(x) for A ∪ S0 ∪ S1 with
respect to the length. Sets S0 and S1 are constructed as follows:

S1 =

A′

B \ {UD}
A

A′ \ ϵ

S0 =
S ′ C3

with

A A A\ ∪
S ′ =

ϵ ∪
and

,
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where A′ is the set of non-empty Dyck paths avoiding UDU not ending with UD, A
is the set of representatives for the DD-equivalence classes of Dyck paths, e.g. Dyck
paths avoiding UUDU and having all UDU at height 0 or 1, and B is the set of Dyck
paths having all UDU on x-axis and not starting with UDU .

Then, we have

S0(x) = x2 · (A(x)− 1− x2 · A(x)− x4 · A(x))

and
S1(x) = x4 · A(x)(B(x)− x2)A′(x)(A′(x)− 1)

which gives the claimed result after a simple calculation. 2

3.7.3 The general case

Combining Theorems 3.13 and 3.14, we deduce:

Theorem 3.15 The o.g.f. L(x) for the number of DD-equivalence in E is given by

(4x4 − 4x2 − 4)
√
−3x4 − 2x2 + 1 + 8x8 + 20x6 + 8x4 − 8x3 − 4

(
(−x2 − 1)

√
−3x4 − 2x2 + 1 + x4 + 2x2 − 1

) (
x2 +

√
−3x4 − 2x2 + 1 + 1

)2 ,

and it satisfies the following equation: x10 − x9 + 4x8 − 3x7 + 5x6 − 5x5 + 2x4 −
2x3 + x2 − x + 1 + (−x10 + x9 − 6x8 + 5x7 − 9x6 + 6x5 − 3x4 + 3x3 + x− 1)L(x) +
(x10 − x9 + 4x8 − 3x7 + 5x6 − 3x5 + 2x4 − x3)L(x)2 = 0.

The first coefficients of xn, n > 2, of the series expansion of L(x) are 1, 1, 2, 1, 4, 5,
11, 11, 27, 33, 73, 88, 194, 247, . . ., and they do not correspond to a part of a sequence
listed in [12].

An asymptotic approximation of these coefficients is

41
√

2

2
√
π
·
√

3
n+1

n
3
2

for n even, and

135
√

2

4
√
π
·
√

3
n

n
3
2

otherwise.
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Abstract. It is known that binary words containing no k consecutive 1s are enumerated by k-step Fibonacci numbers.
In this note we discuss the expected value of a random bit in a random word of length n having this property.
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1 Introduction

For n ⩾ 0 and k ⩾ 2, we denote by Bn(1k) the set of length n binary words avoiding k consecutive 1s.
For example, we have

B4(11) = {0000, 0001, 0010, 0100, 0101, 1000, 1001, 1010}, and
B4(111) = {0000, 0001, 0010, 0011, 0100, 0101, 0110, 1000, 1001, 1010, 1011, 1100, 1101}.

It is well known, see Knuth [12, p. 286], that Bn(1k) is enumerated by the k-step Fibonacci numbers,
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precisely |Bn(1k)| = fn+k,k, where fn,k is defined, following Miles [14] as

fn,k =





0 if 0 ⩽ n ⩽ k − 2,
1 if n = k − 1,
∑k

i=1 fn−i,k otherwise.

Denote by vn,k the frequency (also called popularity) of 1s in Bn(1k), i.e. the total number of 1s in
all words of Bn(1k). For instance, v4,2 = 10 and v4,3 = 22. The ratio of frequency of 1s to the overall
number of bits in words of Bn(1k) is

αn,k = vn,k
n · |Bn(1k)|

,

and it equals the expected value of a random bit in a random word from Bn(1k). In [2], the authors
left without proof the fact that, for any k ⩾ 2, limn→∞ αn,k converges to a non-zero value as n grows.
This note is devoted to proving this fact, which apart from its interest en soi has practical counterparts.
Indeed, words in Bn(1k) play a critical role in some telecommunication frame synchronization protocols,
see for example [1, 3, 5], or in particular Fibonacci-like interconnection networks [8].

Our discussion is based on the bivariate generating function

Fk(x, y) =
∞∑

n=0

n−⌊n
k ⌋∑

m=0
an,mx

nym

whose coefficient an,m equals the number of words from Bn(1k) containing exactly m 1s. For k = 2 and
k = 3, Table 1 presents some values of an,m for small n and m.

m\n 1 2 3 4 5 6 7 8 9
0 1 1 1 1 1 1 1 1 1
1 1 2 3 4 5 6 7 8 9
2 1 3 6 10 15 21 28
3 1 4 10 20 35
4 1 5 15
5 1

m\n 1 2 3 4 5 6 7 8 9
0 1 1 1 1 1 1 1 1 1
1 1 2 3 4 5 6 7 8 9
2 1 3 6 10 15 21 28 36
3 2 7 16 30 50 77
4 1 6 19 45 90
5 3 16 51

Table 1: First few values of an,m for k = 2 (left) and k = 3.

2 Main result
Proposition 2.1 gives the expression of the generating function Fk(x, y). Even though this result is
already obtained in [2], in order to make the paper self-contained we give an alternative proof of
it. Then we calculate the generating functions for the frequency of 1s and for the overall number of
bits in Bn(1k) by means of classic generating functions manipulations (Propositions 2.2). Applying
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Theorem 4.1 from [16], after ensuring that its conditions are satisfied, we obtain the main result of this
note, Theorem 2.6. The evolution of the random bit expectation for k = 2 and k = 3 is presented on
Figure 1 for small values of n. And numerical estimations for the limit value (n→∞) of the random
bit expectation, for small values of k are given in Table 2.
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Figure 1: Expected value of a random bit in a random word from Bn(12) (left) and Bn(13) for small
values of n.

Proposition 2.1 ([2])

Fk(x, y) =
y
(
1− (xy)k

)

y − xy2 − xy + (xy)k+1 .

Proof. The set B(1k) = ⋃∞
n=0 Bn(1k) respects the following recursive decomposition

B(1k) = 1k−1 ∪
(
k−1⋃

i=0

(
1i0 · B(1k)

))

where 1k−1 = ⋃k−1
i=0 {1i} is the set of words in B(1k) containing no 0s, and · denotes the concatenation.

Note that the empty word also lies in 1k−1. The claimed generating function is the solution of the
following functional equation

Fk(x, y) =
k−1∑

i=0
xiyi + Fk(x, y)

k−1∑

i=0
xi+1yi.

□
In the proof of Theorem 2.6 we need the following easy to derive results.

Proposition 2.2 • Pk(x) = ∂Fk(x,y)
∂y |y=1 is the generating function where the coefficient of xn is

the frequency of 1s in Bn(1k). We have

Pk(x) = x ·∑k−2
i=0 (i+ 1)xi

(xk + xk−1 + · · ·+ x2 + x− 1)2
.
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k Limit of the expected bit value
2 0.276393202250021
3 0.381580077680607
4 0.433657112297348
5 0.462073883180840
6 0.478227505713290
7 0.487545982771861
8 0.492928265543398
9 0.496019724266083
10 0.497779940783496
11 0.498772398758879
12 0.499326557312936
13 0.499633184444604

Table 2: Numerical estimations for the limit of the expected value of a random bit in a random word
from Bn(1k), n→∞.

• Tk(x) = x∂Fk(x,1)
∂x is the generating function where the coefficient of xn equals the total number

of all bits in Bn(1k). We have

Tk(x) =
x
(∑k−2

i=0 (2i+ 2)xi +∑2k−2
i=k−1(2k − i− 1)xi

)

(xk + xk−1 + · · ·+ x2 + x− 1)2
.

Every root r of a polynomial h(x) of degree n with a non-zero constant term corresponds to the
root 1/r of its negative reciprocal −xnh(1/x). The denominator of both Pk(x) and Tk(x) involves
xk + xk−1 + · · · + x2 + x − 1 and its negative reciprocal is xk − xk−1 − · · · − x2 − x − 1 which is
known in the literature as Fibonacci polynomial, see for instance [6, 7, 9, 10, 11, 13, 14, 15, 19] and
references therein. In particular, Dubeau proved [7, Theorem 1] that its root of the largest modulus is
φk = limn→∞ fn+1,k/fn,k, the generalized golden ratio, and φk approaches 2 when k →∞ [7, Theorem
2]. Wolfram [19, Lemma 3.6] showed that any other root r of the Fibonacci polynomial satisfies
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3−1/k < |r| < 1. See Figure 2 for an illustration of this fact. Moreover, Corollary 3.8 in [19] proves
that Fibonacci polynomial is irreducible over Q. In order to refer later to them we summarize these
results in the next proposition.

Proposition 2.3 The polynomial gk(x) = xk + xk−1 + · · ·+ x2 + x− 1 is irreducible over Q, its root
of the smallest modulus is unique and equal to 1/φk.
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Figure 2: Roots of the polynomial xk − xk−1 − · · · − x2 − x− 1 (the negative reciprocal of gk(x)) for
certain values of k.

The next lemma says that both fractions representing Pk(x) and Tk(x) are irreducible.

Lemma 2.4 The polynomials ∑k−2
i=0 (i+ 1)xi and xk + xk−1 + · · ·+ x2 + x− 1 are relatively prime; and

so are ∑k−2
i=0 (2i+ 2)xi +∑2k−2

i=k−1(2k − i− 1)xi and xk + xk−1 + · · ·+ x2 + x− 1.
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Proof. The polynomial xk+xk−1+· · ·+x2+x−1 is irreducible due to Proposition 2.3. It does not divide∑k−2
i=0 (i+1)xi as it has a greater degree. And it also cannot divide ∑k−2

i=0 (2i+2)xi+∑2k−2
i=k−1(2k−i−1)xi

as the latter does not have any positive real roots. □
From Propositions 2.2, 2.3, Dubeau’s results [7], and Lemma 2.4 we have:

Lemma 2.5 Both generating functions Pk(x) and of Tk(x) have the same and unique pole of the smallest
modulus with multiplicity 2. The pole equals 1/φk, where φk is the generalized golden ratio.

For our main result of this note we need the Theorem 4.1 from [16]:
Theorem 4.1 from [16]. Assume that a rational generating function f(x)

g(x) , with f(x) and g(x)
relatively prime and g(0) ̸= 0, has a unique pole 1/β of the smallest modulus. Then, if the multiplicity
of 1/β is ν, we have

[xn]f(x)
g(x) ∼ ν

(−β)νf(1/β)
g(ν)(1/β)

βnnν−1.

Both Pk(x) and Tk(x) are rational generating functions, and by Lemmas 2.4 and 2.5 they fulfill the
conditions in the above theorem, so

[xn]Pk(x) ∼ 2nφn+2
k ·

x
(∑k−2

i=0 (i+ 1)xi
)

(
(xk + xk−1 + · · ·+ x2 + x− 1)2

)′′

∣∣∣∣∣
x=1/φk

[xn]Tk(x) ∼ 2nφn+2
k ·

x
(∑k−2

i=0 (2i+ 2)xi +∑2k−2
i=k−1(2k − i− 1)xi

)

(
(xk + xk−1 + · · ·+ x2 + x− 1)2

)′′

∣∣∣∣∣
x=1/φk

.

The expected value of a random bit in a random word from Bn(1k) is [xn]Pk(x)
[xn]Tk(x) . Taking the limit, we

obtain:

Theorem 2.6 The expected value of a random bit in a random word from Bn(1k) tends to

kxk − kxk−1 − xk + 1
kxk − kxk−1 + x2k − 3xk + 2

∣∣∣∣
x=1/φk

when n→∞,

where φk = limn→∞ fn+1,k/fn,k is the generalized golden ratio, in particular φ2 is the golden ratio.

See Table 2 for some numerical estimations of the result obtained in the previous theorem. This
result involves the generalized golden ratio. More than 20 years ago it was conjectured by Wolfram [19]
that the Galois group of the polynomial xk − xk−1 − · · · − x2 − x− 1 is the symmetric group Sk, and
so there is no algebraic expression for φk (the root of the largest modulus of this polynomial) when
k ⩾ 5. In case of even or prime k the conjecture was settled by Martin [13]. Cipu and Luca [6] showed
that φk cannot be constructed by ruler and compass for k ⩾ 3. Nevertheless, good approximations
are available, for instance Hare, Prodinger and Shallit [11] expressed φk and 1/φk in terms of rapidly
converging series.

The generalized golden ratio φk tends to 2 as k grows, and we deduce the following.
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Corollary 2.7 The limit of the expected bit value of binary words avoiding k consecutive 1s, whose
length tends to infinity, approaches 1/2 as k grows:

lim
k→∞

lim
n→∞

vn,k
n · |Bn(1k)|

= 1
2 .

Finally, note that other sets of restricted binary words are counted by the generalized Fibonacci
numbers, for instance q-decreasing words [2] for q ⩾ 1. In this case every length maximal factor of the
form 0a1b satisfies a = 0 or q · a > b. Theorem 2.6 and Corollary 2.7 apply to this case (with the same
limit, see [2, Corollary 5]) by setting k = q + 1.
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Abstract We study the distribution of the last symbol statistics on the sets of Catalan words avoiding a pattern of
length at most three. For each pattern p, we provide a bivariate rational generating function where the coefficient
cp(n, k) of xn yk in its series expansion is the number of length n Catalan words avoiding p and ending with the
symbol k. We deduce recurrence relations or closed forms for cp(n, k) and we provide asymptotic approximations for
the expectation of the last symbol on all Catalan words avoiding p. We end this paper by describing a computational
approach using computer algebra.
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1 Introduction

A restricted growth word w = w1w2 · · · wn is a word over the set of non-negative integers such that w1 = 0
and 0 ≤ wi ≤ st(w1 · · ·wi−1) + 1, where st is an integer statistic. These words have been widely studied in
the literature since they simultaneously generalize several classes of combinatorial objects as restricted growth
functions [11,14], staircase words [16], ascent sequences [5,9], and Catalan words [1].

In this paper, we focus on Catalan words which are obtained whenever st(w) returns the last symbol of w. More
formally, a word w = w1w2 · · · wn is a Catalan word if

w1 = 0 and 0 ≤ wi ≤ wi−1 + 1 for i = 2, . . . , n.
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For n ≥ 0, let Cn denote the set of Catalan words of length n (the Catalan word of length 0 is the empty word ε).
For example, we have

C4 = {0000,0001,0010,0011,0012,0100,0101,

0110,0111,0112,0120,0121,0122,0123}.

The cardinality of the set Cn is given by the Catalan number c(n) = 1
n+1

(2n
n

)
, see [17, Exercise 80]. Catalan words

have already been studied in the context of exhaustive generation of Gray codes for growth-restricted words [11,14].
More recently, Baril et al. [1,2] study the distribution of descents on restricted Catalan words avoiding a pattern or
a pair of patterns of length at most three. Ramírez and Rojas [13] also study the distribution of descents for Catalan
words avoiding consecutive patterns of length at most three. Baril and Ramírez [3] give enumerative results for
Catalan words avoiding a given pair of relations with respect to the length and the number of descents. Additionally,
in [6,10], the authors started a study of combinatorial statistics on the polyominoes associated with words in Cn .

The goal of this work is to complement all these studies by providing enumerative results for Catalan words
avoiding a pattern of length at most three with respect to the length and the last symbol. Using classical methods
presented in [8,12], we also give the exact value or an asymptotic approximation for the expectation of the last
symbol for these words. Notice that this work is, in a way, a counterpart for Catalan words of the study of Bernini
et al. [4] which enumerate permutations avoiding generalized patterns with respect to the last symbol.

The remaining of this paper is structured as follows. In Sect. 2, we give some definitions and notations about
pattern avoidance and generating functions. As a preliminary result, we yield the bivariate generating function that
counts the number of Catalan words (without avoidance of a pattern), with respect to the length and the last symbol,
and we deduce the expectation (i.e. the average) of the last symbol on all length n Catalan words. In Sect. 3, we make
a similar study for Catalan words avoiding a pattern of length 2. In Sect. 4, we focus on the avoidance of patterns p
of length three, and we give asymptotic approximations (see [8,12]) for the expectation of the last symbol. Finally,
in Sect. 5 we show how we can obtain recurrence relations and asymptotic approximations for the coefficients of
generating functions and for the expectations of the last symbol, by using Mathematica and Maple libraries.

2 Notations and Preliminaries

For an integer r ≥ 2, a pattern p = p1 p2 · · · pr is a word (of length r ) over the set {0, 1, . . . , r − 1} satisfying the
condition: if j > 0 appears in p, then j − 1 also appears in p. For instance, there are three patterns of length two
(00, 01, 10), and thirteen patterns of length three (000, 001, 010, 011, 012, 021, 100, 101, 102, 110, 120, 201, 210).
A Catalan word w = w1w2 · · ·wn contains the pattern p = p1 p2 · · · pr if there exists a subsequence wi1wi2 · · · wir
of w (i1 < i2 < · · · < ir ) which is order-isomorphic to p. We say that w avoids p whenever w does not contain the
pattern p. For example, the Catalan word 0123455543 avoids the pattern 001 and contains three subsequences
isomorphic to the pattern 210.

For n ≥ 0, let Cn(p) denote the set of Catalan words of length n avoiding the pattern p. We denote by cp(n)

the cardinality of Cn(p), C(p) := ⋃
n≥0 Cn(p), and C(p)+ := C(p) \ {ε}. We denote by last(w) the last symbol of

w. Let Cn,k(p) denote the set of Catalan words w ∈ Cn(p) such that last(w) = k, and let cp(n, k) := |Cn,k(p)|.
Obviously, we have cp(n) = ∑n−1

k=0 cp(n, k).
We introduce the bivariate generating function

H p(x, y) :=
∑

w∈C(p)+
x |w|y last(w) =

∑

n≥1, k≥0

cp(n, k)xn yk,

and we set

H p(x) :=
∑

w∈C(p)+
x |w| = H p(x, 1).
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Notice that these generating functions do not consider the empty word. The expectation of the last symbol on all
Catalan words in Cn(p) is given by (see [8])

a p(n) := [xn]∂yH p(x, y)|y=1

cp(n)
= [xn]∂yH p(x, y)|y=1

[xn]H p(x, 1)
.

Moreover, if we omit the subscript p in all previous notations, then this means we refer to the set of all Catalan
words of length n (without avoidance of a pattern).

For a Catalan word w = w1w2 · · · wn , n ≥ 0, and an integer a > 0, we denote by (w + a) the word (w1 +
a)(w2 + a) · · · (wn + a) obtained from w by increasing by a each of its symbols. In the case where w is the empty
word ε, we set (w + a) = ε. Using this notation, any non-empty Catalan word has a first return decomposition as
follows: w = 0(w′ + 1)w′′ where w′, w′′ are two Catalan words. From this decomposition, a non-empty Catalan
word w is either of the three forms (i) w = 0, or (i i) w = 0(w′ + 1) with w′ ∈ C+, or (i i i) w = 0(w′ + 1)w′′
with w′ ∈ C and w′′ ∈ C+. So, we deduce the following functional equation

H(x, y) = x + xyH(x, y) + x(H(x) + 1)H(x, y),

which provides

H(x, y) = 1 − 2xy − √
1 − 4x

2(1 − y + xy2)
and H(x, 1) = C(x),

where C(x) := 1−2x−√
1−4x

2x is the well known generating function for the non-empty Catalan words. Thanks to
[6,18], we obtain

[xn yk]H(x, y) = k + 1

n

(
2n − 2 − k

n − 1

)
, n ≥ 1, k ≥ 0 and

[xn]∂yH(x, y)|y=1 = [xn]C(x)2 = 4

n + 2

(
2n − 1

n − 2

)
.

Then, the expectation of the last symbol of a Catalan word in Cn is

a(n) = 4
(2n−1
n−2

)
(n + 1)

(n + 2)
(2n
n

) = 2(n − 1)

n + 2
,

and its limit is 2 when n → ∞.

3 Avoidance of Length 2 Patterns

In this section, we provide the generating functions H p(x, y) for all patterns p ∈ {00, 01, 10}, and we give closed
forms for the coefficients of xn yk in their series expansions. So, we deduce the expectation of the last symbol on
all Catalan words in Cp(n).

Theorem 3.1 We have

H00(x, y) = x

1 − xy
, c00(n, k) =

{
1, if k = n − 1
0, otherwise

, and a00(n) = n − 1.

Proof The word 012· · ·n-1 is the unique non-empty word avoiding the pattern 00. 	

Theorem 3.2 We have

H01(x, y) = x

1 − x
, c01(n, k) =

{
1, if k = 0
0, otherwise

, and a01(n) = 0.

Proof The word 00· · ·0 is the unique non-empty word avoiding the pattern 01. 	




1 Page 4 of 16 J.-L. Baril et al.

Theorem 3.3 We have

H10(x, y) = x

1 − x(1 + y)
, c10(n, k) =

(
n − 1

k

)
, and a10(n) = n − 1

2
.

Proof Let w be a word in Cn,k(10). If n ≥ 2, then the symbol immediately before the last one has two options k−1
or k. Then c10(n, k) = c10(n − 1, k − 1) + c10(n − 1, k) for n ≥ 2 and k ≥ 1. Additionally, c10(n, 0) = 1 for all
positive integer n. Therefore, the sequence c10(n, k) is equal to the binomial coefficient

(n−1
k

)
and the generating

function can be deduced easily. 	


4 Avoidance of Length 3 Patterns

In this section, we provide the generating functions H p(x, y) for all patterns p of length three. We also yield closed
forms or recurrence relations for the number cp(n, k) of Catalan words w ∈ Cp(n) such that last(w) = k, and we
deduce exact values or asymptotic approximations for the expectation of the last symbol on all Catalan words in
Cp(n).

4.1 The Pattern 012

Theorem 4.1 We have

H012(x, y) = x(1 − x + xy)

1 − 2x
,

and for n ≥ 2,

c012(n, k) =
{

2n−2, if k = 0, 1

0, otherwise
, and a012(n) = 1

2
.

Proof Let w denote a non-empty Catalan word in C(012). From the definition of Catalan word, w must be made
up exclusively of 0’s and 1’s, and the first symbol is 0. Therefore, the Catalan words avoiding the pattern 012 are
given by the regular expression

0 ∪ 0(0 ∪ 1)∗0 ∪ 0(0 ∪ 1)∗1.

This regular expression translates to the rational generating function

H012(x, y) = x + x2

1 − 2x
+ x2y

1 − 2x
= x(1 − x + xy)

1 − 2x
.

The closed formula for the sequence c012(n, k) is obtained by comparing coefficients. 	


The series expansion of the generating function H012(x, y) is

x + (1 + y)x2 + (2 + 2y)x3 + (4 + 4 y)x4 + (8 + 8y)x5 + (16 + 16y)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(012) = {0000,0010,0100,0110} and C4,1(012) = {0001,0011,0101,0111}.
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4.2 The Pattern 001

Theorem 4.2 We have

H001(x, y) = x(1 − x)

(1 − 2x)(1 − xy)
,

and for n ≥ 2,

c001(n, k) =

⎧
⎪⎨

⎪⎩

2n−k−2, if k < n − 1

1, if k = n − 1

0, otherwise

, and a001(n) = 1 − 21−n .

Proof Let w denote a non-empty Catalan word in C(001), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(001). If w′′ = ε, then the generating function for this case is x + xyH001(x, y). If w′′ is non
empty, then w′′ = 0k , k ≥ 1, and the generating function for this case is x (H001(x) + 1) x

1−x . Adding both cases
we have the functional equation

H001(x, y) = x + xyH001(x, y) + (H001(x) + 1)
x2

1 − x
.

Since H001(x)+1 = 1−x
1−2x (see Theorem 5 in [1]), we obtain the result. Classical methods are used for the extraction

of the coefficients of [xn yk]H001(x, y) and [xn]∂yH001(x, y)|y=1. 	


The series expansion of the generating function H001(x, y) is

x + (1 + y)x2 + (2 + y + y2)x3 + (4 + 2 y + y2 + y3)x4 + (8 + 4y + 2y2 + y3 + y4)x5

+(16 + 8y + 4y2 + 2y3 + y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(001) = {0000,0100,0110,0120}, C4,1(001) = {0111,0121},
C4,2(001) = {0122}, and C4,3(001) = {0123}.

The array [xn yk]H001(x, y) = c001(n, k) corresponds with the array A155038 in [15] which enumerates the set Pn,k

of integer compositions of n with first part k. A constructive bijection ψ between Cn,k(001) and Pn,k can be defined
recursively as follows: ifn = 0 then ψ(ε) = 0; ifn ≥ 1, we distinguish two cases: if w = 0(w′+1)0k, k ≥ 1 then we
set ψ(w) = 1kψ(0(w′ +1)), and if w = 0(w′ +1) then we set ψ(w) = (c1 +1)c2 · · · cr with ψ(w′) = c1c2 · · · cr .
For instance, we have ψ(012200) = 1, 1, 3, 1.

4.3 The Pattern 010

Notice that a Catalan word w is in set Cn,k(010) if and only if w is in the set Cn,k(10). Therefore, from Theorem
3.3 we conclude the following result.

Theorem 4.3 We have

H010(x, y) = x

1 − x − xy
,

and for n ≥ 1, 0 ≤ k ≤ n − 1, c010(n, k) = (n−1
k

)
, and a010(n) = (n − 1)/2.
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The series expansion of the generating function H010(x, y) is

x + (1 + y)x2 + (1 + 2y + y2)x3 + (1 + 3 y + 3 y2 + y3)x4 + (1 + 4y + 6y2 + 4y3 + y4)x5

+(1 + 5y + 10y2 + 10y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(010) = {0000}, C4,1(010) = {0001,0011,0111},
C4,2(010) = {0012,0112,0122}, and C4,3(001) = {0123}.

The array [xn yk]H010(x, y) = c010(n, k) corresponds with the Pascal matrix A007318 in [15]. A constructive
bijection φ between Cn,k(010) and the set Sn−1,k of k-subsets of {1, . . . , n − 1} can be defined as follows: Let
w ∈ Cn,k(010), we write it w = 0i01i1 · · ·kik , with i j ≥ 1, 0 ≤ j ≤ k, and we set φ(w) = {i0, i0 + i1, . . . , i0 +
i1 + · · · + ik−1}. For instance, we have φ(011233344) = {1, 3, 4, 7} ∈ S8,4.

4.4 The Pattern 021

Theorem 4.4 We have

H021(x, y) = x − 5x2 + 9x3 − 6x4 + x5(1 − y)

(1 − 2x)2(1 − x)(1 − x − xy)
.

Moreover, for n ≥ 2, c021(n, 0) = (n − 2) · 2n−3 + 1, and for k ≥ 1,

c021(n, k) =
n−2∑

i=k−1

(
n − 2

i

)
, and a021(n) = 2n−5(n2 + 3n − 2)

(n − 1)2n−2 + 1
∼ n + 4

8
.

Proof Let w denote a non-empty Catalan word in C(021), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(021). If w′′ = ε, then w = 0(w′ + 1) where w′ is a possibly empty Catalan word in C(10).
From Theorem 3.3 the generating function for this case is

x + xyH10(x, y) = x + x2y

1 − x(1 + y)
.

If w′ = ε and w′′ �= ε, then the contribution to the generating function is xH021(x, y). Finally, if w′ and w′′ are
non empty, then we have two cases.

• Case 1: w′ = 0k with k ≥ 1. Since w′′ ∈ C(021), the generating function is x (x/(1 − x)) H021(x, y).
• Case 2: w′ ∈ C(10) \ C(01). In this case w′′ ∈ C(01), that is, w′′ = 0k (k ≥ 1). From Theorems 3.3 and 3.2 the

generating function for this case is

x (H01(x) − H10(x))
x

1 − x
= x4

(1 − x)2(1 − 2x)
.

Therefore, we have the functional equation

H021(x, y) = x + x2y

1 − x(1 + y)
+ xH021(x, y) + x

x

1 − x
H021(x, y) + x4

(1 − x)2(1 − 2x)
.

Solving this equation we obtain the desired result. 	
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The series expansion of the generating function H021(x, y) is

x + (1 + y)x2 + (2 + 2y + y2)x3 + (5 + 4 y + 3 y2 + y3)x4

+(13 + 8y + 7y2 + 4y3 + y4)x5 + (33 + 16y + 15y2 + 11y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(021) = {0000,0010,0100,0110,0120}, C4,1(021) = {0001,0011,0101,0111}
C4,2(021) = {0012,0112,0122}, and C4,3(021) = {0123}.

Notice that the array [c021(n, k)]n,k≥1 coincides with the array A055248 in [15].

4.5 The Pattern 102

Theorem 4.5 We have

H102(x, y) = x(1 − 4x + 4x2 − x3(1 − y))

(1 − x)(1 − 3x)(1 − x(1 + y))
.

Moreover, c102(1, 0) = 1, and for n ≥ 2

c102(n, k) =

⎧
⎪⎨

⎪⎩

∑n−2
k=0 c102(n − 1, k), if k = 0, 1

c102(n − 1, k − 1) + c102(n − 1, k), if 2 ≤ k ≤ n − 1

0, otherwise

, and

a102(n) = 4 · 3n−1 − 2n

3n−1 + 1
∼ 4.

Proof Let w denote a non-empty Catalan word in C(102), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(102). If w′′ = ε, then w = 0(w′ + 1) with w′ possibly empty. The generating function for this
case is x + xyH102(x, y). If w′′ �= ε, then w = 0w′′ or w = 0(w′ + 1)w′′ with w′′ ∈ C(012)+. Therefore, the
contribution to the generating function is

xH102(x, y) + xH102(x)H012(x, y),

where (see Theorem 8 of [1])

H102(x) = 1 − 3x + x2

(1 − x)(1 − 3x)
− 1.

Therefore, we have the functional equation

H102(x, y) = x + xyH102(x, y) + xH102(x, y) + xH102(x)H012(x, y).

Solving this equation we obtain the desired result. 	

The series expansion of the generating function H102(x, y) is

x + (1 + y)x2 + (2 + 2y + y2)x3 + (5 + 5 y + 3 y2 + y3)x4

+(14 + 14y + 8y2 + 4y3 + y4)x5 + (41 + 41y + 22y2 + 12y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(102) = {0000,0010,0100,0110,0120}, C4,1(102) = {0001,0011,0101,0111,0121}
C4,2(102) = {0012,0112,0122}, and C4,3(102) = {0123}.

The array [c102(n, k)]n,k≥0 does not appear in [15].
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4.6 The Pattern 201

Theorem 4.6 We have

H201(x, y) = x(1 − 5x + 7x2 − 2x3)

(1 − x)(1 − 3x)(1 + x2y − x(2 + y))
,

c201(n, k) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

3n−2+1
2 , if k = 0

c201(n − 1, k − 1) + c201(n − 1, k)

+ c201(n − 2, k) + c201(n − 2, k + 1), if 1 ≤ k ≤ n − 1

0, otherwise

, and

a201(n) = 2
3n−1 − F(2n − 2)

3n−1 + 1
∼ 2,

where F(n) is the n-th term of the Fibonacci sequence defined by F(n) = F(n − 1) + F(n − 2) anchored with
F(0) = F(1) = 1.

Proof Let w denote a non-empty Catalan word in C(201), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(201). If w′′ = ε, then w = 0(w′ + 1) with w′ possibly empty. The generating function for
this case is x + xyH201(x, y). If w′′ �= ε and w′ = ε, then w = 0w′′ with w′′ ∈ C(201). The contribution to the
generating function is xH201(x, y). If w′ and w′′ are non empty, then we have two cases.

• Case 1: w′ = 0n with n ≥ 1. Since w′′ ∈ C(021)+, the generating function is x x
1−x H201(x, y).

• Case 2: w′ ∈ C(201)+ \ {0k, k ≥ 1}. In this case w′′ = 0n for n ≥ 1. The generating function for this case is

x

(
H201(x) − x

1 − x

)
x

1 − x
,

where (see Theorem 8 of [1])

H201(x) = 1 − 3x + x2

(1 − x)(1 − 3x)
− 1.

Therefore, we have the functional equation

H201(x, y) = x + xyH201(x, y) + xH201(x, y)

+x
x

1 − x
H201(x, y) + x

(
H201(x) − x

1 − x

)
x

1 − x
.

Solving this equation we obtain the desired result. 	


The series expansion of the generating function H201(x, y) is

x + (1 + y)x2 + (2 + 2y + y2)x3 + (5 + 5 y + 3 y2 + y3)x4

+(14 + 13y + 9y2 + 4y3 + y4)x5 + (41 + 35y + 26y2 + 14y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(201) = {0000,0100,0110,0120}, C4,1(201) = {0001,0011,0101,0111,0121}
C4,2(201) = {0012,0112,0122}, and C4,3(201) = {0123}.

The array [c201(n, k)]n,k≥0 does not appear in [15].
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4.7 The Pattern 120

Theorem 4.7 We have

H120(x, y) = (1 − x)x

1 − x(2 + y) + yx2 ,

c120(n, k) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2n−2, if k = 0

c120(n − 1, k − 1) + c120(n − 1, k)

+ c120(n − 2, k) + c120(n − 2, k + 1), if 1 ≤ k ≤ n − 1

0, otherwise

, and

a120(n) = 2(n − 1)F(2n − 2) − (n − 3)F(2n − 3)

5F(2n − 2)
∼ 2n

5 + √
5
,

where F(n) is the Fibonacci sequence defined in Theorem 4.6.

Proof Let w denote a non-empty Catalan word in C(120), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(120). If w′′ = ε, then w = 0(w′ + 1) with w′ possibly empty. The generating function for this
case is x+ xyH120(x, y). If w′′ �= ε, then w = 0w′′ or w = 0(w′ +1)w′′ with w′ = 0k , k ≥ 1, and w′′ ∈ C(120)+.
Therefore, the contribution to the generating function is

xH120(x, y) + x

(
x

1 − x

)
H012(x, y).

So we deduce the functional equation

H120(x, y) = x + xyH120(x, y) + xH120(x, y) + x

(
x

1 − x

)
H012(x, y).

Solving this equation we obtain the desired result. 	


The series expansion of the generating function H120(x, y) is

x + (1 + y)x2 + (2 + 2y + y2)x3 + (4 + 5 y + 3 y2 + y3)x4

+(8 + 12y + 9y2 + 4y3 + y4)x5 + (16 + 28y + 25y2 + 14y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(120) = {0000,0010,0100,0110}, C4,1(120) = {0001,0011,0101,0111,0121}
C4,2(120) = {0012,0112,0122}, and C4,3(120) = {0123}.

Notice that the array [c120(n, k)]n≥1,k≥0 coincides with the array A105306 in [15]. Therefore we have the
combinatorial identity

c120(n, k) =
n−k−1∑

i=0

(
k + 1

i

)(
n − 1 − i

k

)
(−1)i2n−1−k−i .

This array is related to the number of non-decreasing Dyck path of semi-length n with k weakly symmetric peaks
[7]. We leave open the question of finding a constructive bijection.
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4.8 The Pattern 101

Theorem 4.8 We have

H101(x, y) = x(1 − 3x + 2x2)

(1 − 3x + x2)(1 − x(1 + y))
,

c101(n, k) =

⎧
⎪⎨

⎪⎩

F(2n − 4), if k = 0

c101(n − 1, k − 1) + c101(n − 1, k), if 1 ≤ k ≤ n − 1

0, otherwise

, and

a101(n) = F(2n − 1) − 2n−1

F(2n − 2)
∼

√
5 + 1

2
,

where F(n) is the Fibonacci sequence defined in Theorem 4.6.

Proof Let w denote a non-empty Catalan word in C(101), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(101). If w′′ = ε, then w = 0(w′ + 1) with w′ possibly empty. The generating function for this
case is x + xyH101(x, y). If w′′ �= ε, then w = 0w′′ or w = 0(w′ + 1)0+ with w′ ∈ C(101)+. Therefore, the
contribution to the generating function is

xH101(x, y) + xH101(x)

(
x

1 − x

)
,

where (see Theorem 9 of [1])

H101(x) = 1 − 2x

1 − 3x + x2 − 1.

Therefore, we have the functional equation

H101(x, y) = x + xyH101(x, y) + xH101(x, y) + xH101(x)

(
x

1 − x

)
.

Solving this equation we obtain the desired result. 	

The series expansion of the generating function H101(x, y) is

x + (1 + y)x2 + (2 + 2y + y2)x3 + (5 + 4 y + 3 y2 + y3)x4

+(13 + 9y + 7y2 + 4y3 + y4)x5 + (34 + 22y + 16y2 + 11y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(101) = {0000,0010,0100,0110,0120}, C4,1(101) = {0001,0011,0111,0121}
C4,2(101) = {0012,0112,0122}, and C4,3(101) = {0123}.

The array [c101(n, k)]n,k≥0 does not appear in [15].

4.9 The Pattern 011

Theorem 4.9 We have

H011(x, y) = x(1 − 2x + 2x2 − x3y)

(1 − x)3 (1 − xy)
,

c011(n, k) =

⎧
⎪⎨

⎪⎩

(n−1)(n−2)
2 , if k = 0

1, if 1 ≤ k ≤ n − 1

0, otherwise

, and a011(n) = 1 + 2

n(n − 1)
∼ 1.
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Proof Let w denote a non-empty Catalan word in C(011), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(011). If w′′ = ε, then w = 0(w′ +1) with w′ ∈ C(00) (possibly empty). The generating function
for this case is x + xyH00(x, y). If w′′ �= ε, then w = 0w′′ or w = 0(w′ + 1)w′′. In the first case w′′ ∈ C(011)+.
In the second case, with w′ ∈ C(00) and w′′ is a word of the form 0 j123 · · · , for j ≥ 1. Therefore, we have the
functional equation

H011(x, y) = x + xyH00(x, y) + xH011(x, y) + xH00(x)
x

1 − x
.

Solving this equation we obtain the desired result. 	

The series expansion of the generating function H011(x, y) is

x + (1 + y)x2 + (2 + y + y2)x3 + (4 + y + y2 + y3)x4

+(7 + y + y2 + y3 + y4)x5 + (11 + y + y2 + y3 + y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(011) = {0000,0010,0100,0120}, C4,1(011) = {0001}
C4,2(011) = {0012}, and C4,3(011) = {0123}.

The array [c011(n, k)]n,k≥0 does not appear in [15].

4.10 The Pattern 000

Theorem 4.10 We have

H000(x, y) = x(1 − 3x2 − x3 − (1 − x − 3x2 + x3)x2y)

(1 − x − 3x2 + x3)(1 − xy − 2x2y + x3y2)
,

c000(n, k) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1, if k = 0, n = 1, 2, 3

c000(n − 1, k) + 3c000(n − 2, k) − c000(n − 3, k), if k = 0, n ≥ 4

c000(n − 1, k − 1) + 2c000(n − 2, k − 1)

− c000(n − 3, k − 2), if k ≥ 1, n ≥ 4

0, otherwise

and

a000(n) ∼ 1.

Proof Let w denote a non-empty Catalan word in C(000), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(000). If w′′ = ε, then w = 0(w′ + 1) with w′ possibly empty. The generating function for this
case is x + xyH000(x, y). The second case is when w′′ �= ε, then we have the following four cases:

• w = 00. The generating functions for this case is x2.
• w = 00(w′′′ + 1), where w′′′ ∈ C(000)+. In this case the generating function is x2yH000(x, y).
• w = 0(w′+1)0, where w′ ∈ C(000)+. The generating function for this case is x2H000(x), where (see Theorem

11 of [1])

H000(x) = (1 − 2x2)

1 − x − 3x2 + x3 − 1.

• w = 0(w′ + 1)0(w′′′ + 1), where w′, w′′ are words in C(000)+ and the concatenation w′w′′ is again a Catalan
word of the second case, that is, the generating function of the words w′w′′′ is the same of the generating function
of the words of the form 0(w′ + 1)w′′, where w′′ is non-empty. Therefore, the contribution to the generating
function is T (x, y) = x2y(x2 + x2yH000(x, y) + T (x, y)).
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Therefore, we have the functional equation

H000(x, y) = x + xyH000(x, y) + x2 + x2yH000(x, y) + x2H000(x) + T (x, y).

Solving the system of equations we obtain the desired result. 	

The series expansion of the generating function H000(x, y) is

x + (1 + y)x2 + (1 + 2y + y2)x3 + (2 + 3 y + 3 y2 + y3)x4

+(4 + 4y + 6y2 + 4y3 + y4)x5 + (9 + 8y + 9y2 + 10y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(000) = {0110,0120}, C4,1(000) = {0011,0101,0121}
C4,2(000) = {0012,0112,0122}, and C4,3(000) = {0123}.

The array [c000(n, k)]n,k≥0 does not appear in [15].

4.11 The Pattern 100

Theorem 4.11 We have

H100(x, y) = x(1 − 3x + x2(1 − y) − x4(1 − 2y) + x3(1 + 2y))

(1 − 2x − 2x2)(1 + x2 + x3y2 − x(2 + y))
,

c100(n, k) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, if k = 0, n = 1, 2

2, if k = 0, n = 3

4, if k = 0, n = 4

4c100(n − 1, k) − 3c100(n − 2, k) − 2c100(n − 3, k) + 2c100(n − 4, k), if k = 0, n ≥ 5

2c100(n − 1, k) + c100(n − 1, k − 1) − c100(n − 2, k) − c100(n − 3, k − 2), if k ≥ 1, n ≥ 4

0, otherwise

and

a100(n) ∼ 8
√

3 − 12

9
√

3 − 15
∼ 3.154700527.

Proof Let w denote a non-empty Catalan word in C(100), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(100). If w′′ = ε, then w = 0(w′ + 1) with w′ possibly empty. The generating function for
this case is x + xyH100(x, y). Now let us assume that w′′ �= ε. Therefore, w contains at least two symbols 0. We
distinguish two cases: (i) w contains k ≥ 3 symbols 0, and (i i) w contains exactly two 0.

• Case (i): w is necessarily of the form w = 0k−2u where u ∈ C(100) contains exactly two symbols 0. Thus, the
generating function for this case is

A2(x, y) ·
∑

k≥3

xk−2,

where A2(x, y) is the generating function for Catalan words in C(100) having exactly two symbols 0.
• Case (i i): w can be written w = 0(w′ + 1)0(w′′ + 1) where w′, w′′ ∈ C(100).

– If w′ = ε then the generating function is x2yH100(x, y);
– If w′′ = ε then the generating function is x2H100(x) where (see [1])

H100(x) = 1 − 2x − x2 + x3

1 − 3x + 2x3 − 1
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– Otherwise, w′ and w′′ are non-empty, where the Catalan word w′w′′ avoids 100 and contains at least two
symbols 0, that is w′w′′ = 0k−20(u + 1)0(v + 1). So, there are k − 1 choices possibles for w′, namely,
0, . . . ,0k−2 and0k−20(u+1). So, the generating function for these words is x2yA2(x, y)

∑
k≥2(k−1)xk−2.

So, we obtain

A2(x, y) = x2yH100(x, y) + x2H100(x) + x2yA2(x, y)
∑

k≥2

(k − 1)xk−2.

Combining all these cases, we obtain the functional equations:
{
H100(x, y) = x + xyH100(x, y) + A2(x, y)

∑
k≥3 x

k−2 + A2(x, y)

A2(x, y) = x2yH100(x, y) + x2H100(x) + x2yA2(x, y)
∑

k≥2(k − 1)xk−2.

A simple calculation provides the result. 	

The series expansion of the generating function H100(x, y) is

x + (1 + y)x2 + (2 + 2y + y2)x3 + (4 + 5 y + 3 y2 + y3)x4

+(9 + 12y + 9y2 + 4y3 + y4)x5 + (22 + 28y + 25y2 + 14y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(100) = {0000,0010,0110,0100}, C4,1(100) = {0001,0011,0101,0111,0121}
C4,2(100) = {0012,0112,0122}, and C4,3(100) = {0123}.

4.12 The Pattern 110

Theorem 4.12 We have

H110(x, y) = x(1 − 2x + 2x2 − x2y + x3y)

(1 − x)(1 − 2x + x2 − xy + x3y2)
.

a110(n) ∼ 4
√

2 − 5

4
√

2 − 4
· n ∼ 0.3964466089 · n.

Proof Let w denote a non-empty Catalan word in C(110), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(110). If w′′ = ε, then w = 0(w′ + 1) with w′ possibly empty. The generating function for
this case is x + xyH110(x, y). If w′′ �= ε and w′ = ε, then w = 0w′′. The contribution is xH110(x, y). If
w = 0(w′ + 1)w′′ with w′ and w′′ non-empty, then w′ = 01 · · ·k with k ≥ 0, and w′′ is of the form either
w′′ = 0i11i2 · · · �i� with 0 ≤ �, i j ≥ 1, that is w′′ ∈ C(10)+, or w′′ = 0i11i2 · · ·kik (w′′′ + 1) with i j ≥ 1 and
w′′′ ∈ C(110) \ C(10). The contribution for these two cases are respectively x

1−x H10(x, y) and

x

⎛

⎝
∑

k≥1

xk ·
(

x

1 − x

)k

yk

⎞

⎠ (H110(x, y) − H10(x, y)) = x3y

1 − x − x2y
(H110(x, y) − H10(x, y)).

Therefore we have the functional equation

H110(x, y) = x + xyH110(x, y) + xH110(x, y) + x

1 − x
H10(x, y)

+ x3y

1 − x − x2y
(H110(x, y) − H10(x, y)).

Solving the system of equations we obtain the desired result. 	
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The series expansion of the generating function H110(x, y) is

x + (1 + y)x2 + (2 + 2y + y2)x3 + (4 + 5 y + 3 y2 + y3)x4

+(7 + 12y + 9y2 + 4y3 + y4)x5 + (11 + 26y + 25y2 + 14y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(110) = {0000,0010,0100,0120}, C4,1(110) = {0001,0011,0101,0111,0121}
C4,2(110) = {0012,0112,0122}, and C4,3(110) = {0123}.

The array [c110(n, k)]n,k≥0 does not appear in [15]. A recurrence relation for the coefficients c110(n, k) can be
obtained using Mathematica package (see Sect. 5), but the relation is very ugly and too involved. So we do not
provide it here.

4.13 The Pattern 210

Theorem 4.13 We have

H210(x, y) = x(1 − 4x − x3(1 − 2y) + x2(5 − y))

(1 − 2x)(1 + x3y2 + x2(2 + y) − x(3 + y))
.

c210(n, k) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, if k = 0, n = 1, 2

2, if k = 0, n = 3

5c210(n − 1, k) − 8c210(n − 2, k) + 4c210(n − 3, k), if k = 0, n ≥ 4

3c210(n − 1, k) + c210(n − 1, k − 1) − 2c210(n − 2, k)−
− c210(n − 2, k − 1) − c210(n − 3, k − 2), if k ≥ 1, n ≥ 4

0, otherwise

and

a210(n) ∼ (a + 1) (−1 + 2a)

3a2 + 6a − 4
· n ∼ 0.2630237717 · n,

where

a = −1 −
√

21

3
sin

(
1

3
arctan

(√
3

9

)

+ π

6

)

+ √
7 cos

(
1

3
arctan

(√
3

9

)

+ π

6

)

.

Proof Let w denote a non-empty Catalan word in C(210), and let w = 0(w′+1)w′′ be the first return decomposition,
where w′, w′′ ∈ C(210). Then, w has one of the following forms:

• w = 0(w′ + 1) where w′ ∈ C(210); the generating function for these words is x + xyH210(x, y).
• w = 0w′′ where w′′ ∈ C(210)+; the generating function for these words is xH210(x, y).
• w = 0(w′ + 1)w′′ where w′ ∈ C(01)+ and w′′ ∈ C(210)+; the generating function for these words is

xH01(x)H210(x, y).
• w = 01a12a2 · · ·kakw′′ where k ≥ 2, ai ≥ 1 for 1 ≤ i ≤ k, and w′′ ∈ C(10)+; the generating function for

these words is H10(x, y)
∑

k≥2
xk+1

(1−x)k
.

• w = 01a12a2 · · ·kak0b01b12b2 · · ·(k-2)bk−2(w′′ + k − 1) where k ≥ 2, ai ≥ 1 for 1 ≤ i ≤ k, bi ≥ 1 for
0 ≤ i ≤ k − 2, and w′′ ∈ C(210)\C(10); the generating function for these words is

(H210(x, y) − H10(x, y))
∑

k≥2

xk+1

(1 − x)k
xk−1

(1 − x)k−1 y
k−1.
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Combining these different cases, we deduce the functional equation:

H210(x, y) = x + xyH210(x, y) + xH210(x, y) + xH01(x)H210(x, y)

+H10(x, y)
∑

k≥2

xk+1

(1 − x)k
+ (H210(x, y) − H10(x, y))

∑

k≥2

x2k

(1 − x)2k−1 y
k−1,

which gives the results. 	

The series expansion of the generating function H210(x, y) is

x + (1 + y)x2 + (2 + 2y + y2)x3 + (5 + 5 y + 3 y2 + y3)x4

+(13 + 14y + 9y2 + 4y3 + y4)x5 + (33 + 40y + 28y2 + 14y3 + 5y4 + y5)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4,0(210) = {0000,0010,0100,0110,0120}, C4,1(210) = {0001,0011,0101,0111,0121}
C4,2(210) = {0012,0112,0122}, and C4,3(210) = {0123}.

5 An Experimental Approach by Using Computer Algebra

In the previous results we give several recurrence relations and asymptotic expansions for the sequences cp(n, k)
and a p(n), respectively. To find some of these recurrences, we used the package Guess (written by Manuel Kauers).
It is a Mathematica package for guessing multivariate recurrence equations and it is part of the RISCErgoSum
bundle, developed by the Research Institute for Symbolic Computation (RISC).

For example, consider the sequence c000(n, k). In Theorem 4.10 we prove that the generating function H000(x, y)
is rational, then the term c000(n, k) can be expressed as linear combinations of the previous terms. Once Guess
installed in a Mathematica session we find the recurrence relation given in Theorem 4.10 by executing the following
commands.

In[1]:= data = CoefficientList[Normal[CoefficientList[Series[
(x (1 - 3 x^2 - x^3 - (x^2 - x^3 - 3 x^4 + x^5) y)) /
((1 - x - 3 x^2 + x^3) (1 - x y - 2 x^2 y + x^3 y^2)),
{x, 0, 20}],x]], y] // PadRight;

In[2]:= sset = Flatten[Table[f[n - u, k - v], {u, 0, 3}, {v, 0, 3}]]

In[3]:= GuessMultRE[Delete[data, 1], sset, {n, k}, 1] // Simplify

Out[3]= {n (f[-3+n,-2+k] - 2 f[-2+n,-1+k] - f[-1+n,-1+k] + f[n,k]),
k (f[-3+n,-2+k] - 2 f[-2+n,-1+k] - f[-1+n,-1+k] + f[n,k]),
f[-3+n,-2+k] - 2f[-2+n,-1+k] - f[-1+n, -1+k] + f[n,k],
n (f[-3+n,-3+k] - 2 f[-2+n,-2+k] - f[-1+n,-2+k] + f[n,-1+k]),
k (f[-3+n,-3+k] - 2 f[-2+n,-2+k] - f[-1+n,-2+k] + f[n,-1+k]),
f[-3+n, -3+k] - 2f[-2+n,-2+k] - f[-1+n,-2+k] + f[n,-1+k]}

From this result we guess that for n ≥ 4 and k ≥ 1

c000(n, k) = c000(n − 1, k − 1) + 2c000(n − 2, k − 1) − c000(n − 3, k − 2).

From the generating function it is not difficult to prove the above equation. In order to obtain asymptotic
approximations for a p(n), we use two methods: if we can extract the coefficients of [xn]∂yH p(x, y)|y=1 and
[xn]H p(x, 1)(= cp(n)), we do it and we calculate the limit of the quotient; otherwise, we use classical methods
from generating functions (see [8,12]). Notice such a routine is implemented in a Maple function equivalent
of the Algolib and gfun libraries (see http://algo.inria.fr/libraries/).
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Abstract:  Lukasiewicz paths are lattice paths in N2 starting at the origin, ending on the x-axis, and consisting
of steps in the set {(1, k), k ≥ −1}. We give bivariate generating functions and exact values for the number of
n-length prefixes (resp. suffixes) of these paths ending (resp. starting) at height k ≥ 0 with a given type of
step. We make a similar study for paths of bounded height, and we prove that the average height of n-length
paths ending at a fixed height behaves as

√
πn when n→∞. Finally, we study prefixes of alternate  Lukasiewicz

paths, i.e.,  Lukasiewicz paths that do not contain two consecutive steps in the same direction.

Keywords: Asymptotics; Enumeration; Partial  Lukasiewicz paths
2020 Mathematics Subject Classification: 05A05; 05A15; 05A15

1. Introduction

A  Lukasiewicz path of length n ≥ 0 is a lattice path in N2 starting at the origin (0, 0), ending on the x-axis,
consisting of n steps lying in S = {(1, k), k ≥ −1}. We denote by ε the empty path, i.e., the path of length
zero. These paths constitute a natural generalization of Dyck and Motzkin paths (see [3, 4]), which are made
using steps into the sets {(1, 1), (1,−1)} and {(1, 1), (1, 0), (1,−1)}, respectively. We refer to [1,8,14,17–19] for
some combinatorial studies on  Lukasiewicz paths. Let Ln, n ≥ 0, be the set of  Lukasiewicz paths of length n,
and L =

⋃
n≥0 Ln. For convenience, we set D = (1,−1), F = (1, 0), Uk = (1, k) for k ≥ 1. See Figure 1 for an

illustration of a  Lukasiewicz path of length 18. Note that  Lukasiewicz paths can be interpreted as an algebraic
language of words w ∈ {x0, x1, x2, . . .}? such that δ(w) = −1 and δ(w′) ≥ 0 for any proper prefix w′ of w where
δ is the map from {x0, x1, x2, . . .}? to Z defined by δ(w1w2 . . . wn) =

∑n
i=1 δ(wi) with δ(xi) = i−1 (see [13,15]).

Figure 1: A  Lukasiewicz path of length 18: U5DDFFDU2DDDDU2FU2DDDD.

Any non-empty  Lukasiewicz path L ∈ L can be decomposed (see [6]) into one of the two following forms:
(1) L = FL′ with L′ ∈ L, or (2) L = UkL1DL2D . . . LkDL

′ with k ≥ 1 and L1, L2, . . . , Lk, L
′ ∈ L (see Figure

2). Due to this decomposition, the generating function L(z) =
∑
n≥0 anz

n where an is the cardinality of Ln,

satisfies the functional equation L(z) = 1 + zL(z) +
∑
k≥1 z

k+1L(z)k+1, or equivalently, L(z) = 1
1−zL(z) . Then,

L(z) = 1−√1−4z
2z . Therefore, an is the n-th Catalan number an = 1

n+1

(
2n
n

)
(see sequence A000108 in [16]).

In this paper, we provide enumerating results for several classes of partial  Lukasiewicz paths (prefixes and
suffixes of  Lukasiewicz paths, partial alternate  Lukasiewicz paths). More precisely, in Sections 2 and 3, we give
bivariate generating functions and exact values for the number of n-length prefixes (resp. suffixes) of these paths
ending at height k ≥ 0 with a given type of step (down, up, or horizontal step). In Sections 4 and 5, we make
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(1)
L′

(2)

L1

L2

Lk
L′

Figure 2: The two forms of a non-empty  Lukasiewicz path.

a similar study for paths of bounded height. In Section 6, we prove that the average height of n-length paths
ending at a fixed height behaves as

√
πn when n→∞. In Section 7, we focus on partial alternate  Lukasiewicz

paths, i.e.,  Lukasiewicz paths that do contain two consecutive steps with the same direction.
All our explicit formulæ follow from the standard identity

[zn]

(
1−
√

1− 4z

2z

)k
=

(
2n− 1 + k

n

)
−
(

2n− 1 + k

n

)
.

2. Enumeration of Partial Lukasiewicz paths

Partial  Lukasiewicz paths of length n (i.e., n-length prefixes of  Lukasiewicz paths) ending at height k can be
constructed through the following state diagram (Figure 3). The diagram has three types of states ranging from
0 to infinity on three layers; in the drawing, only the first fifth states of each type are shown. The first type of
states (top layer) refers to an up-step leading to a state, the second type (middle layer) refers to a horizontal
step leading to a state, and the third type (bottom layer) refers to a down-step leading to a state. Any path
from the origin to a state of rank k of a layer represents a partial  Lukasiewicz path ending at height k.

Figure 3: The state diagram for the generation of partial  Lukasiewicz paths. Black (resp. red, blue) arrows
correspond to up-steps (resp. down-steps, horizontal steps).

For k ≥ 0, we consider the generating function fk = fk(z) (resp. gk = gk(z), hk = hk(z)), where the
coefficient of zn in the series expansion is the number of partial  Lukasiewicz paths of length n ending at height
k with an up-step Uk, k ≥ 1, (resp. with a down-step D, resp. with a horizontal step F ). Considering the state
diagram in Figure 3, fk (resp. gk, hk) is the generating function in the variable z marking the length of the
paths ending on the (k+ 1)-th state of the top (resp. middle, bottom) layer. So, we easily obtain the following
equations:

f0 = 1, and fk = z
k−1∑
`=0

f` + z
k−1∑
`=0

g` + z
k−1∑
`=0

h`, k ≥ 1,

gk = zfk+1 + zgk+1 + zhk+1, k ≥ 0,

hk = zfk + zgk + zhk, k ≥ 0.

(1)

Now, we introduce bivariate generating functions

F (u, z) =
∑

k≥0
ukfk(z), G(u, z) =

∑

k≥0
ukgk(z), and H(u, z) =

∑

k≥0
ukhk(z).

For short, we also use the notation F (u), G(u) and H(u) for these functions. Summing the recursions in (1),
we have:

F (u) = 1 + z
∑

k≥1
uk
(k−1∑

`=0

f` +

k−1∑

`=0

g` +

k−1∑

`=0

h`

)

ECA 3:1 (2023) Article #S2R2 2
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= 1 + z
∑

k≥0

uk+1

1− ufk + z
∑

k≥0

uk+1

1− ugk + z
∑

k≥0

uk+1

1− uhk

= 1 +
uz

1− u (F (u) +G(u) +H(u)),

G(u) = z
∑

k≥0
uk
(
fk+1 + gk+1 + hk+1

)

=
z

u
(F (u) +G(u) +H(u)− F (0)−G(0)−H(0)),

H(u) =
z

1− z (F (u) +G(u)),

where F (0) +G(0) +H(0) is the number of  Lukasiewicz paths of length n, i.e.,

F (0) +G(0) +H(0) = L(z) =
1−
√

1− 4z

2z
.

Solving these functional equations, we deduce

F (u) = 1− z − z
(
1 +
√

1− 4z
)

2u− 1−
√

1− 4z
, G(u) =

√
1− 4z + 2z − 1

2u− 1−
√

1− 4z
, and

H(u) = z +
z
(√

1− 4z − 1
)

2u− 1−
√

1− 4z
,

which implies that

fk = [uk]F (u) =
2kz

(1 +
√

1− 4z)k
= z

(
1−
√

1− 4z

2z

)k
, (2)

gk = [uk]G(u) =
2k(1− 2z −

√
1− 4z)

(1 +
√

1− 4z)k+1

=
(1− 2z −

√
1− 4z)

2

(
1−
√

1− 4z

2z

)k+1

= z

(
1−
√

1− 4z

2z

)k+2

− z
(

1−
√

1− 4z

2z

)k+1

, (3)

and

hk = [uk]H(u) =
2kz(1−

√
1− 4z)

(1 +
√

1− 4z)k+1
=
z(1−

√
1− 4z)

2

(
1−
√

1− 4z

2z

)k+1

= z2
(

1−
√

1− 4z

2z

)k+2

. (4)

Theorem 1. The bivariate generating function for the total number of partial  Lukasiewicz paths of length n
with respect to the height of the end-point is given by

Total(z, u) = 1 +
−1 +

√
1− 4z

2u− 1−
√

1− 4z
,

and we have
[uk]Total(z, u) = [k = 0] + zL(z)k+2.

Finally, we have for n ≥ 1,

[zn][uk]Total(z, u) =
k + 2

n+ k + 1

(
2n+ k − 1

n− 1

)
,

[zn][uk]F (u) =
k

n+ k − 1

(
2n+ k − 3

n− 1

)
,

[zn][uk]G(u) =
k + 3

n+ k + 1

(
2n+ k − 2

n− 2

)
,

[zn][uk]H(u) =
k + 2

n+ k

(
2n+ k − 3

n− 2

)
.

ECA 3:1 (2023) Article #S2R2 3
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Here are examples of the series expansions of [uk]Total(z, u) for k = 0, 1, 2, 3 (leading terms):
• 1 + z + 2z2 + 5z3 + 14z4 + 42z5 + 132z6 + 429z7 + 1430z8 + 4862z9,
• z + 3z2 + 9z3 + 28z4 + 90z5 + 297z6 + 1001z7 + 3432z8 + 11934z9,
• z + 4z2 + 14z3 + 48z4 + 165z5 + 572z6 + 2002z7 + 7072z8 + 25194z9,
• z + 5z2 + 20z3 + 75z4 + 275z5 + 1001z6 + 3640z7 + 13260z8 + 48450z9,
which correspond respectively to A000108, A000245, A002057, and A000344 in [16].

According to Theorem 3.1 and Theorem 3.3 in [9], [zn][uk]Total(z, u) counts also standard Young tableaux of
shape (n+2, n−k+1) (see [11,20] for the definition of a standard Young tableau), and Dyck paths of semilength
n+ k starting with at least k up-steps and touching the x-axis somewhere between the two end-points.

3. Partial  Lukasiewicz paths from right to left

In this section, we count partial  Lukasiewicz paths that read from right to left, i.e., paths in N2 starting at the
origin, consisting of steps (1, k), k ≤ 1, and ending at a given height with a given type of step. Of course, this
study is completely equivalent to counting suffixes of  Lukasiewicz paths starting at a given height with a given
type of step. We denote here by fk, gk, and hk the generating functions for the number of these paths (with
respect to the length) ending at height k with an up-step, down-step, or a horizontal step, respectively.

Then we have

f0 = 1, and fk = zfk−1 + zgk−1 + zhk−1, k ≥ 1,

gk = z
∑

`≥k+1

f` + z
∑

`≥k+1

g` + z
∑

`≥k+1

h`, k ≥ 0,

hk = zfk + zgk + zhk, k ≥ 0.

(5)

Considering the bivariate generating functions

F (u) =
∑

k≥0
ukfk(z), G(u) =

∑

k≥0
ukgk(z), and H(u) =

∑

k≥0
ukhk(z),

and summing the recursions in (5), we obtain:

F (u) = 1 + z
∑

k≥1
uk (fk−1 + gk−1 + hk−1)

= 1 + zuF (u) + zuG(u) + zuH(u),

G(u) = z
∑

k≥0
uk
( ∑

`≥k+1

f` +
∑

`≥k+1

g` +
∑

`≥k+1

h`

)

= z
∑

k≥1

1− uk
1− u fk + z

∑

k≥1

1− uk
1− u gk + z

∑

k≥1

1− uk
1− u hk

=
z

1− u (F (1) +G(1) +H(1)− F (u)−G(u)−H(u)),

H(u) =
z

1− z (F (u) +G(u)),

with

F (0) +G(0) +H(0) = L(z) =
1−
√

1− 4z

2z
.

Moreover, we have

F (1) +G(1) +H(1) =
L(z)− 1

z
,

since there is a bijection between all partial  Lukasiewicz paths of length n that read from right to left and
 Lukasiewicz paths that read from left to right of length n + 1 (from a  Lukasiewicz path, we remove the first
step, and we read it from right to left).

Solving these functional equations, we deduce

F (u) = − 1 +
√

1− 4z

2zu−
√

1− 4z − 1
, G(u) =

−1 +
√

1− 4z + 2z

2zu−
√

1− 4z − 1
,

H(u) = − 2z

2zu−
√

1− 4z − 1
,

ECA 3:1 (2023) Article #S2R2 4



Jean-Luc Baril and Helmut Prodinger

which implies that

fk = [uk]F (u) =
2kzk

(1 +
√

1− 4z)k
, (6)

gk = [uk]G(u) =
2kzk(1− 2z −

√
1− 4z)

(1 +
√

1− 4z)k+1
, and (7)

hk = [uk]H(u) =
2k+1zk+1

(1 +
√

1− 4z)k+1
. (8)

Theorem 2. The bivariate generating function for the total number of partial  Lukasiewicz paths of length n
(from right to left) with respect to the height of the end-point is given by

Total(z, u) = 1 +
2

1− 2zu+
√

1− 4z
,

and we have
[uk]Total(z, u) = zkL(z)k+1.

Finally, for n ≥ 1, we obtain:

[zn][uk]Total(z, u) =
k + 1

n+ 1

(
2n− k
n

)
,

[zn][uk]F (u) =
k

n

(
2n− k − 1

n− 1

)
,

[zn][uk]G(u) =
k + 3

n+ 1

(
2n− k − 2

n

)
,

[zn][uk]H(u) =
k + 1

n

(
2n− k − 2

n− 1

)
.

Here are examples of the series expansions of [uk]Total(z, u) for k = 0, 1, 2, 3 (leading terms):
• 1 + z + 2z2 + 5z3 + 14z4 + 42z5 + 132z6 + 429z7 + 1430z8 + 4862z9,
• z + 2z2 + 5z3 + 14z4 + 42z5 + 132z6 + 429z7 + 1430z8 + 4862z9,
• z2 + 3z3 + 9z4 + 28z5 + 90z6 + 297z7 + 1001z8 + 3432z9,
• z3 + 4z4 + 14z5 + 48z6 + 165z7 + 572z8 + 2002z9,
which correspond to shifts of A000108, A000245, A002057, and A000344 in [16].

4. Partial  Lukasiewicz paths constrained by height

In this section, we count partial  Lukasiewicz paths bounded by a given height t ≥ 0. We introduce the notation
f tk, gtk, htk for 0 ≤ k ≤ t, F t(u), Gt(u) and Ht(u), which are the counterparts of fk, gk, hk, F (u), G(u) and
H(u). Considering the state diagram of Figure 3 where each layer consists of only t + 1 states, we deduce the
following system of equations:




−1 0 0 0 0 0 0 0 0 · · ·
0 −1 0 z z z 0 0 0 · · ·
z z z − 1 0 0 0 0 0 0 · · ·
z z z −1 0 0 0 0 0 · · ·
0 0 0 0 −1 0 z z z · · ·
0 0 0 z z z − 1 0 0 0 · · ·
z z z z z z −1 0 0 · · ·
0 0 0 0 0 0 0 −1 0 · · ·
0 0 0 0 0 0 z z z − 1 · · ·
...

...
...

...
...

...
...

...
...




·




f t0

gt0

ht0

f t1

gt1

ht1

f t2

gt2

ht2
...




=




−1

0

0

0

0

0

0

0

0
...




.

For a given height t ≥ 0, the previous matrix (denoted At) is square with 3(t + 1) rows. Using classical
properties of the determinant, we can prove that Dt = det(At) satisfies

Dt+2 +Dt+1 + zDt = 0,

ECA 3:1 (2023) Article #S2R2 5
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anchored with D0 = z − 1, and D1 = 1− 2z. Then we deduce,

Dt =
z(−1)t+2

(
1−
√

1− 4z
)t+2

2t+1
√

1− 4z
(
1 +
√

1− 4z
) +

z(−1)t+1
(
1 +
√

1− 4z
)t+2

2t+1
√

1− 4z
(
1−
√

1− 4z
) ,

which corresponds to
Dt = (−1)t+1 · Ft,

where Ft is the generalized Fibonacci polynomial (see [7, 12]):

Ft = 1−
(
t+ 1

1

)
z +

(
t

2

)
z2 −

(
t− 1

3

)
z3 + . . . .

For instance, we have D3 = F3 = 1− 4z + 3z2, and D4 = −F4 = −1 + 5z − 6z2 + z3.
Using Cramer’s rule to solve the system, for 0 ≤ k ≤ t, we have

f tk =
N t

3k+1

Dt
, gtk =

N t
3k+2

Dt
, htk =

N t
3k+3

Dt
, (9)

where N t
k is the determinant of the matrix At(k) obtained from At by replacing the (k+ 1)-th column with the

vector (−1, 0, 0, 0, . . . , 0, 0)T .
As we have done for Dt, it is easy to prove that N t

k satisfies the two recurrence relations

N t+2
k +N t+1

k + zN t
k = 0, 1 ≤ k, 1 +

⌈k
3

⌉
≤ t, and

N t+1
k+3 = −N t

k, 4 ≤ k, 1 ≤ t.
Calculating N t

k for (t, k) ∈ {0, 1, 2} × {1, 2, 3}, and for (t, k) ∈ {1, 2, 3} × {4, 5, 6}, we can easily obtain a
closed form for N t

3k+i, 1 ≤ i ≤ 3. See Table 1 for exact values of N t
k when 0 ≤ t ≤ 4 and 1 ≤ k ≤ 12.

k/t 0 1 2 3 4

1 z − 1 1− 2z −(z2 − 3z + 1) 3z2 − 4z + 1 z3 − 6z2 + 5z − 1

2 0 z2 −z2 z2(1− z) −z2(1− 2z)

3 −z z(1− z) −z(1− 2z) z(z2 − 3z + 1) −z(3z2 − 4z + 1)

4 z(1− z) −z(1− 2z) z(z2 − 3z + 1) −z(3z2 − 4z + 1)

5 0 −z2 z2 −z2(1− z)
6 z2 −z2 z2(1− z) −z2(1− 2z)

7 −z(1− z) z(1− 2z) −z(z2 − 3z + 1)

8 0 z2 −z2

9 −z2 z2 −z2(1− z)
10 z(1− z) −z(1− 2z)

11 0 −z2

12 z2 −z2

13 . . .

Table 1: The first values of N t
k for 0 ≤ t ≤ 4 and 1 ≤ k ≤ 12.

In particular, for t ≥ 0, we have N t
1 = Dt (see above for a closed form),

N t
2 =

z2
(
− 2z

1+
√
1−4z

)t
√

1− 4z
−
z2
(
− 2z
−√1−4z+1

)t
√

1− 4z
,

N t
3 = −

z2
(
−1 +

√
1− 4z

) (
− 2z

1+
√
1−4z

)t
√

1− 4z
(
1 +
√

1− 4z
) −

z2
(
1 +
√

1− 4z
) (
− 2z
−√1−4z+1

)t
√

1− 4z
(
−
√

1− 4z + 1
) ,

and for t ≥ 1,
N t

4 = N t
3, N

t
5 = −N t−1

2 , and N t
6 = N t

2.

Using (9), we can deduce closed forms for f tk, gtk, htk, 0 ≤ k ≤ 1, and k ≤ t. Using the above recurrence
relations for N t

k, we deduce closed forms for f tk, gtk, htk, 2 ≤ k ≤ t.
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Theorem 3. For 2 ≤ k ≤ t, we have

fk = [uk]F (u) =
N t−k+1

3

Dt
(−1)k−1, (10)

gk = [uk]G(u) =
N t−k

2

Dt
(−1)k, and (11)

hk = [uk]H(u) =
N t−k+1

2

Dt
(−1)k−1. (12)

For t = 2, 3, 4, the first terms of the series expansion of f2 are
• z + 2z2 + 5z3 + 13z4 + 34z5 + 89z6 + 233z7 + 610z8 + 1597z9,
• z + 2z2 + 5z3 + 14z4 + 41z5 + 122z6 + 365z7 + 1094z8 + 3281z9,
• z+ 2z2 + 5z3 + 14z4 + 42z5 + 131z6 + 417z7 + 1341z8 + 4334z9, which correspond to the sequences A001519,
A007051, A080937 in [16], that also count Dyck paths of semilength n of height at most t+ 1.

Theorem 4. The generating function [uk]Total t(z, u) for the number of partial  Lukasiewicz paths of height at
most t ≥ 0, ending at height k ≥ 1, is given by

(−1)k−1
N t−k+1

3 −N t−k
2 +N t−k+1

2

Dt
.

Moreover, we have

[u0]Total t(z, u) =
Dt +N t

2 +N t
3

Dt
.

The generating function for the total number of partial  Lukasiewicz paths of height at most t ≥ 0 is given by

Total t(z, 1) = (−1)t+1 ·D−1t = F−1t .

For t = 0, 1, 2, 3, 4, the first terms of the series expansion of Total t(z, 1) are
• 1 + z + z2 + z3 + z4 + z5 + z6 + z7 + z8 + z9,
• 1 + 2z + 4z2 + 8z3 + 16z4 + 32z5 + 64z6 + 128z7 + 256z8 + 512z9,
• 1 + 3z + 8z2 + 21z3 + 55z4 + 144z5 + 377z6 + 987z7 + 2584z8 + 6765z9,
• 1 + 4z + 13z2 + 40z3 + 121z4 + 364z5 + 1093z6 + 3280z7 + 9841z8 + 29524z9,
• 1 + 5z+ 19z2 + 66z3 + 221z4 + 728z5 + 2380z6 + 7753z7 + 25213z8 + 81927z9, which correspond to A000012,
A000079, A001906, A003462, A005021 in [16].

Using [12], [zn] Total t(z, 1) counts also paths of length 2n + 1 + t in N2 starting at the origin, ending at
(n+ t+ 1, n), consisting of steps (0, 1), and (1, 0), and such that all its points (x, y) satisfy x− t− 1 ≤ y ≤ x.
It would be interesting to exhibit a constructive bijection between these paths and partial  Lukasiewicz paths of
height at most t ≥ 0.

5. Partial  Lukasiewicz paths constrained by height from
right-to-left

In this section, we count partial  Lukasiewicz paths from right-to-left bounded by a given height t ≥ 0. We
denote here by f tk, gtk, htk for 0 ≤ k ≤ t, F t(u), Gt(u) and Ht(u), the generating functions in the same way as
for Section 4. We deduce the following system of equations:




−1 0 0 0 0 0 0 0 0 · · ·
0 −1 0 z z z z z z · · ·
z z z − 1 0 0 0 0 0 0 · · ·
z z z −1 0 0 0 0 0 · · ·
0 0 0 0 −1 0 z z z · · ·
0 0 0 z z z − 1 0 0 0 · · ·
0 0 0 z z z −1 0 0 · · ·
0 0 0 0 0 0 0 −1 0 · · ·
0 0 0 0 0 0 z z z − 1 · · ·
...

...
...

...
...

...
...

...
...




·




f t0

gt0

ht0

f t1

gt1

ht1

f t2

gt2

ht2
...




=




−1

0

0

0

0

0

0

0

0
...




.
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For a given height t ≥ 0, the previous matrix (denoted A′t) is square with 3(t + 1) rows. Using classical
properties of the determinant, we can prove that

det(A′t) = det(At) = Dt, for t ≥ 0.

Using Cramer’s rule to solve the system, for 0 ≤ k ≤ t, we have

f tk =
N t

3k+1

Dt
, gtk =

N t
3k+2

Dt
, htk =

N t
3k+3

Dt
, (13)

where N t
k is the determinant of the matrix A′t(k) obtained from A′t by replacing the k-th column with the vector

(−1, 0, 0, 0, . . . , 0, 0)T .
As we have done for Dt, it is easy to prove that N t

k satisfies the two recurrence relations

N t+2
k +N t+1

k + zN t
k = 0, 1 ≤ k ≤ 3, 2 ≤ t, and

N t+1
k = −zN t

k−3, 4 ≤ k, 0 ≤ t,
where N t

k is the same as in Section 4 whenever (t, k) ∈ N× {1, 2, 3}.

Theorem 5. For 0 ≤ k ≤ t, we have

fk = [uk]F (u) =
N t−k

1

Dt
(−1)kzk, (14)

gk = [uk]G(u) =
N t−k

2

Dt
(−1)kzk, and (15)

hk = [uk]H(u) =
N t−k

3

Dt
(−1)kzk. (16)

Theorem 6. The generating function [uk]Total t(z, u) for the number of partial  Lukasiewicz paths (from right
to left) of height at most t ≥ 0, ending at height k ≥ 0, is given by

(−1)kzk
N t−k

1 +N t−k
2 +N t−k

3

Dt
.

The generating function for the total number of partial  Lukasiewicz paths (from right to left) of height at
most t ≥ 2 is given by

Total t(z, 1) =
Dt−2
Dt

.

Moreover, we have

Total0(z, 1) =
1

1− z , and Total1(z, 1) =
1

1− 2z
.

For t = 0, 1, 2, 3, the first terms of the series expansion of Total t(z, 1) are
• 1 + z + z2 + z3 + z4 + z5 + z6 + z7 + z8 + z9,
• 1 + 2z + 4z2 + 8z3 + 16z4 + 32z5 + 64z6 + 128z7 + 256z8 + 512z9,
• 1 + 2z + 5z2 + 13z3 + 34z4 + 89z5 + 233z6 + 610z7 + 1597z8 + 4181z9,
• 1 + 2z + 5z2 + 14z3 + 41z4 + 122z5 + 365z6 + 1094z7 + 3281z8 + 9842z9,

which correspond to A000012, A000079, A001519, A007051 in [16].
Note that the two series in Theorem 4 and Theorem 6 coincide when t = 0, 1 since, in these cases, partial

 Lukasiewicz paths bounded by the height t are identical from left-to-right and from right-to-left.

6. The average height of  Lukasiewicz paths

In this section, we prove that the average height of n-length partial  Lukasiewicz paths (from left to right, and
from right to left) ending at a fixed height behaves as

√
πn when n→∞
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6.1 The left-to-right model

We simplify the expressions given in Section 4 using the substitution z = u
(1+u)2 , first used in [2]. Then, we find

Dt = (−1)t+3 1− ut+3

(1− u)(1 + u)t+2
,

N t
2 =

(−1)t+1u2(1− ut)
(1 + u)t+3(1− u)

,

N t
3 =

(−1)t+1u(1− ut+2)

(1− u)(1 + u)t+3
.

We start with paths ending on the x-axis, as the formula is (slightly) different. The generating function of these
paths bounded by t is

L [≤t] =
Dt +N t

2 +N t
3

Dt
=

(1 + u)− ut+2(1 + u2)

1− ut+3
.

Taking the limit when t→∞, we retrieve, as expected,

L [≤∞] = 1 + u =
1−
√

1− 4z

2z
.

Then, the generating function of paths of height at least t+ 1 is

L [>t] = L [≤∞] −L [≤t] =
ut+2(1− u2)

1− ut+3
.

We refer to [10] where a similar instance is worked out with an extensive amount of detail. For the average
height, we have (before normalizing by the Catalan numbers) to compute

∑

t≥0
t ·L [=t] =

∑

t≥0
L [>t] =

1− u2
u

∑

t≥3

ut

1− ut .

The goal is to find the local behavior of u ∼ 1 since it translates to the local behavior of z ∼ 1
4 . To find this,

we set u = e−t and we use the Mellin transform. We do not need to do the actual computation, since we just
cite the result from [10]. First, the factor is simple since we have

1− u2
u

∼ 2(1− u).

Since we only compute the leading term of the asymptotic expansion, we use

∑

t≥1

ut

1− ut ∼ −
log(1− u)

1− u ,

found in [10] for instance. So, we obtain

∑

t≥0
t ·L [=t] ∼ −2 log(1− u) ∼ −2 log(2

√
1− 4z) ∼ − log(1− 4z).

Singularity analysis of generating functions (see [5]) allows us to translate this to the coefficients of zn, with
the result ∼ 4n

n . For Catalan numbers, we have the well-known

1

n+ 1

(
2n

n

)
∼ 4n

n3/2
√
π
.

Finally, the average height of paths ending on the x-axis behaves as

4n

n
4n

n3/2
√
π

=
√
πn.

For path ending at height k ≥ 1, the generating function of paths bounded by t is

L
[≤t]
k = (−1)k−1

N t−k+1
3 −N t−k

2 +N t−k+1
2

Dt
= u(1 + u)k

1− ut−k+1

1− ut+3
.
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The limit for t→∞ is u(1 + u)k, and L
[>t]
k = L

[≤∞]
k −L

[≤t]
k is

u(1 + u)k − u(1 + u)k
1− ut−k+1

1− ut+3
= u−k−1(1 + u)k(1− uk+2)

ut+3

1− ut+3
.

Locally, we have (u ∼ 1)
u−k−1(1 + u)k(1− uk+2) ∼ 2k(k + 2)(1− u).

For the average height (the leading term only, before normalization), we compute

2k(k + 2)(1− u)
∑

t≥1

ut

1− ut ∼ −2k(k + 2) log(1− u),

and

[zn]
(
−2k(k + 2) log(1− u)

)
∼ 2k−1(k + 2)

4n

n
.

For the total number of paths ending at height k, we have

[zn]u(1 + u)k =

(
2n− 1 + k

n− 1

)
−
(

2n− 1 + k

n− 2

)
∼ 4n√

πn3/2
(k + 2)2k−1,

and the average height (k fixed, n→∞) is asymptotic to

2k−1(k + 2) 4n

n
4n√
πn3/2 (k + 2)2k−1

=
√
πn,

as before.
To compute the average height of paths with unspecified endpoints makes no sense in this model since the

number of such paths of length n is infinite.

6.2 The right-to left model

We simplify the expressions given in Section 5 using the substitution z = u
(1+u)2 . We have to analyze

R
[≤t]
k = (−1)kzk

N t−k
1 +N t−k

2 +N t−k
3

Dt
=

uk

(1 + u)k−1
1− ut+2−k

1− ut+3
.

Taking the limit when t→∞, we obtain

R
[≤∞]
k =

uk

(1 + u)k−1
,

and

R
[>t]
k = R

[≤∞]
k −R

[≤t]
k =

ut+2(1− uk+1)

(1 + u)k−1(1− ut+3)
.

For the average, we must compute
(k + 1)(1− u)

2k−1
∑

t≥1

ut

1− ut ,

where we took liberties about two missing terms, which do not influence the main term of the average height.
As before, we get the asymptotic behavior

(k + 1)

2k
4n

n
.

For the total number of paths ending at height k, we get

k + 1

2k
4n√
πn3/2

,

and the average height (k fixed, n→∞) is again asymptotic to
√
πn.

Now we move to the  Lukasiewicz paths with unspecified end and have to consider

R≤t =
Dt−2
Dt

=
(1 + u)3(1− u)

u2
ut+3

1− ut+3
.
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The fact that the formula is different for small values of t and that we start the sum at 1 and not at 3, does not
change the main term. We get

R>t ∼ (1 + u)3(1− u)

u2

∑

t≥1

ut

1− ut ∼ −8 log(1− u),

and the coefficient of zn in it is asymptotic to
4n+1

n
.

For the total number of paths, we get the asymptotic formula

4n+1

√
πn3/2

,

and the average height is again asymptotic to
√
πn.

7. Partial alternate  Lukasiewicz paths

In this section, we study prefixes of alternate  Lukasiewicz paths, i.e.,  Lukasiewicz paths that do not contain two
consecutive steps with the same direction (or equivalently, walks in the state diagram of Figure 3 without two
consecutive arrows of the same color). We refer to Figure 4 for the state diagram associated with these paths.
We denote here by fk, gk, and hk the generating functions for the number of these paths (with respect to the
length) ending at height k with an up-step, down-step, or a horizontal step, respectively.

Figure 4: The state diagram for partial alternate  Lukasiewicz paths. Black (resp. red, blue) arrows correspond
to up-steps (resp. down-steps, horizontal steps).

We have the following equations:

f0 = 1, and fk = zf0 + z
k−1∑
`=0

g` + z
k−1∑
`=0

h`, k ≥ 1,

gk = zfk+1 + zhk+1, k ≥ 0,

hk = zfk + zgk, k ≥ 0.

(17)

Considering the bivariate generating functions

F (u, z) =
∑

k≥0
ukfk(z), G(u, z) =

∑

k≥0
ukgk(z), and H(u, z) =

∑

k≥0
ukhk(z),

and summing the recursions in (17), we obtain

F (u) = 1 + z
∑

k≥1
uk
(

1 +
k−1∑

`=0

g` +
k−1∑

`=0

h`

)

= 1 +
zu

1− u + z
∑

k≥0

uk+1

1− ugk + z
∑

k≥0

uk+1

1− uhk
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= 1 +
zu

1− u (1 +G(u) +H(u)),

G(u) =
z

u
(F (u) +H(u)− 1−H(0)),

H(u) = z(F (u) +G(u)).

Solving these functional equations, we deduce

F (u) =
uz2(1 + z)H(0) + 2uz3 − u2z + u2 + z2 − u

u2z2 + 2uz3 + u2 + z2 − u ,

G(u) = −z
(
H(0)(uz2 + u− 1) + 2uz2 + z

)

u2z2 + 2uz3 + u2 + z2 − u ,

H(u) =
z
(
zH(0)(uz − u+ 1)− u2z + u2 − u

)

u2z2 + 2uz3 + u2 + z2 − u .

Now we apply the kernel method on H(u). We have

H(u) =
z
(
zH(0)(uz − u+ 1)− u2z + u2 − u

)

(1 + z2)(u− s1)(u− s2)
, (18)

with

s1 =
1− 2z3 +

√
4z6 − 4z4 − 4z3 − 4z2 + 1

2z2 + 2
,

s2 =
1− 2z3 −

√
4z6 − 4z4 − 4z3 − 4z2 + 1

2z2 + 2
.

In order to compute H(0), it suffices to plug u = s2 in the numerator of (18). Then, H(0) satisfies
zH(0)(s2z − s2 + 1)− s22z + s22 − s2 = 0, which implies that

H(0) =
s2
z
.

After this, and using s1s2(1+z2) = z2, we simplify of both, numerators and denominators, in F (u), G(u), H(u)
by factorizing them with (u− s2).

F (u) =
(1− z)u− (1 + z2)s1

(1 + z2)(u− s1)
= − z − 1

z2 + 1
− s1z (z + 1)

(u− s1) (z2 + 1)
,

G(u) = − z2s−11 + 2z3

(1 + z2)(u− s1)
= − z2(2zs1 + 1)

(1 + z2)s1(u− s1)
,

H(u) =
z((1− z)u− 1)

(1 + z2)(u− s1)
=

(1− z) z
z2 + 1

− (zs1 − s1 + 1) z

(u− s1) (z2 + 1)
.

Finally, we easily obtain

fk = [uk]F (u) =
z(z + 1)

(1 + z2)sk1
, (19)

gk = [uk]G(u) =
z2(2zs1 + 1)

(1 + z2)sk+2
1

, and (20)

hk = [uk]H(u) =
z((z − 1)s1 + 1)

(1 + z2)sk+1
1

. (21)

Since the series expansion of s1 does not have pretty coefficients, we cannot expect this from our final
answers.

Theorem 7. The bivariate generating function for the total number of partial alternate  Lukasiewicz paths with
respect to the length and the height of the end-point is given by

Total(z, u) =
s21z

2 + s1uz
2 + 2s1z

3 + s21 − s1u+ zs1 + z2

(z2 + 1) (−u+ s1)s1
.

Moreover, we have

[u0]Total(z, u) =
s21z

2 + 2s1z
3 + s21 + s1z + z2

(z2 + 1)s21
,

and for k ≥ 1,

[uk]Total(z, u) =
z(2s21z + 2s1z

2 + s1 + z)

(z2 + 1)sk+2
1

.
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Here are examples of the series expansions of [uk]Total(z, u) for k = 0, 1, 2, 3 (leading terms):
• 1 + z + z2 + 3z3 + 5z4 + 9z5 + 19z6 + 39z7 + 81z8 + 173z9,
• z + 3z2 + 5z3 + 11z4 + 25z5 + 53z6 + 115z7 + 255z8 + 565z9;
• z + 3z2 + 7z3 + 19z4 + 45z5 + 105z6 + 247z7 + 575z8 + 1333z9,
• z + 3z2 + 9z3 + 27z4 + 69z5 + 177z6 + 443z7 + 1087z8 + 2645z9,
which do not appear in [16]. The first terms of the series expansion of the generating function for the number
of alternate  Lukasiewicz paths are

1 + z + z2 + 3z3 + 5z4 + 9z5 + 19z6 + 39z7 + 81z8 + 173z9.

A singularity analysis of the generating function [u0]Total(z, u) gives

[zn][u0]Total(z, u) ∼
√
−6a6 + 4a4 + 3a3 + 2a2(a+ 1)2n

(
−a2 + a+ 1

)n
√
πa2 (a2 + 1)n

3
2

,

with

a =
1

3
−

2 cos
( arctan

(
15

√
111

487

)

6 + π
6

)

3
+

2 sin
( arctan

(
15

√
111

487

)

6 + π
6

)√
3

3
.

The reason that this constant appears, results from the singularity analysis. Indeed, one needs the solution
closest to the origin of 4z6 − 4z4 − 4z3 − 4z2 + 1 = 0, which is a = 0.403031716762 . . . . Maple provides the
curious explicit version if one asks for a simplification.
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We provide enumerating results for partial knight’s paths of a given size. We prove 
algebraically that zigzag knight’s paths of a given size ending on the x-axis are enumerated 
by the generalized Catalan numbers, and we give a constructive bijection with peakless 
Motzkin paths of a given length. After enumerating partial knight’s paths of a given length, 
we prove that zigzag knight’s paths of a given length ending on the x-axis are counted by 
the Catalan numbers. Finally, we give a constructive bijection with Dyck paths of a given 
length.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

For several decades lattice paths have been widely studied in the literature. Their links with many problems of various 
domains as computer science, biology and physics [24], give them an important place in combinatorics. For instance, they 
have very tight connections with RNA structures, pattern avoiding permutations, directed animals, and so on [7,12,15,16,24]. 
In combinatorics, a classical problem consists in enumerating some special kinds of paths with respect to the length and 
other statistics (see for instance [3,5,6,11,14,18,19,21,22]). Certainly, Dyck paths are the most known. These are lattice paths 
in N2 = {0, 1, 2, . . .}2 starting at the origin (0, 0), ending on the x-axis, consisting of steps lying in {(1, 1), (1, −1)}. They 
are enumerated with respect to the number of steps by the famous Catalan numbers (see A000108 in Sloane’s On-line 
Encyclopedia of Integer Sequences [23]).

In this work we deal with several classes of knight’s paths (see [17]), i.e., lattice paths in N2 starting at (0, 0), and 
consisting of right-moves of a knight in the game of chess (a right-move of a knight is a jump from left to right from one 
corner of any two-by-three rectangle to the opposite corner on a chessboard). Fig. 1 shows the four possible right-moves 
of a knight. It is worth noticing that knight’s paths always start at the origin and go to the right at each step. Therefore, 
this work is not related to the well known mathematical problem about the walk of a knight on a chessboard, namely the 
knight’s tour problem [13], which consists in finding a sequence of moves on a chessboard such that the knight visits every 
square exactly once.

More formally, we define knight’s paths as follows.

Definition 1. A knight’s path is a lattice path in N2 starting at the origin, ending on the x-axis, and consisting of steps lying 
in S = {(1, 2), (1, −2), (2, 1), (2, −1)}. A partial knight’s path is a prefix of a knight’s path.

* Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), jlramirezr@unal.edu.co (J.L. Ramírez).
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N

N

N

N

Fig. 1. The four possible right-moves of a knight on a chessboard.

Fig. 2. The left and the right drawing show both a partial knight’s path of size 18 and length 12. The left knight’s path ends at height 0, whereas the right 
one ends at height 2.

The length of a path is the number of its steps, and the size of a path is the abscissa of its last point. We denote by ε
the empty path, i.e., the path of length 0 (or equivalently of size 0). The height of a point (x, y) of a path is the ordinate y. 
We refer to Fig. 2 for two examples of partial knight’s paths where the heights of the last points are 0 and 2, respectively. 
Defining E = (2, 1), Ē = (2, −1), N = (1, 2) and N̄ = (1, −2), these two paths can be written as N Ē N N̄ E ĒN Ē E N̄ E N̄ and 
N Ē N N̄ E ĒN Ē E N̄ N Ē . Knight’s paths of a given size (ending on the x-axis) have been enumerated in [17]. On the other hand, 
there are enumerative results for knight’s paths of a given length which are in one-to-one correspondence with basketball 
walks in the first quarter plane (see for instance [1,4,8,9]). We will recall some of these results at the beginning of Sections 2
and 3.

In this paper, we will focus on a special kind of knight’s paths that are enumerated by Catalan and generalized Catalan 
numbers (see A004148 in [23] for a definition of the generalized Catalan numbers). More precisely, we will consider zigzag 
knight’s paths defined as follows.

Definition 2. A zigzag knight’s path (or zigzag path for short) is a knight’s path with the additional property that two consec-
utive steps cannot be in the same direction, i.e., two consecutive steps (a, b) and (c, d) lying in S must satisfy b · d < 0.

In a zigzag path described as word in N , N̄ , E , and Ē , barred and unbarred letters alternate. Notice that the two paths 
on Fig. 2 are zigzag paths.

Outline of the paper. In Section 2, we provide enumerating results for partial knight’s paths (prefixes of knight’s paths) 
of a given size. We make a similar study for partial zigzag paths of a given size. We prove that zigzag paths of a given size 
ending on the x-axis are enumerated by the generalized Catalan numbers, and the total number of partial zigzag paths of 
a given size are enumerated as the symmetric secondary structures of RNA molecules with a given number of nucleotides. 
Next, we give a constructive one-to-one correspondence between zigzag paths of size n and peakless Motzkin paths of 
length n + 1.

In Section 3, we provide enumerating results for partial zigzag knight’s paths of a given length. We prove that zigzag 
paths of a given length ending on the x-axis are enumerated by the Catalan numbers, and the total number of partial 
zigzag paths of a given length are enumerated by the central binomial coefficient. Finally, we give a constructive one-to-one 
correspondence between zigzag paths of length n and Dyck paths of length 2(n + 1).

2. Knight’s paths of a given size

In [17], Labelle and Yeh provide the generating function for the number of knight’s paths of size n (ending on the x-axis):

A(z) = 1 + 2z + √
1 − 4z + 4z2 − 4z4 − √

2
√

1 − 4z2 − 2z4 + (2z + 1)
√

1 − 4z + 4z2 − 4z4

4z2
.

The first terms of the series expansion are

1 + z2 + 3z4 + 2z5 + 12z6 + 14z7 + 54z8 + 86z9 + 274z10 + 528z11 + . . . ,

and the sequence of coefficients corresponds to A005220 in [23]. As mentioned in [17] (see Theorem 2.13), the generating 
function A(z) satisfies the functional equation

z4 A(z)4 − (2z3 + z2)A(z)3 + (z4 + 2z2 + 2z)A(z)2 − (2z + 1)A(z) + 1 = 0.

2
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Fig. 3. Partial knight’s paths of size 5 ending at height 1.

2.1. Partial knight’s paths

In this part, we count partial knight’s paths of a given size, i.e., prefixes of knight’s paths ending at a given abscissa. For 
k ≥ 0, we consider the generating function fk = fk(z) (resp. gk = gk(z)), where the coefficient of zn in the series expansion 
is the number of partial knight’s paths of size n ending at height k with an up-step N or E , (resp. with a down-step N̄ or 
Ē). So, we easily obtain the following equations:

f0 = 1, and f1 = z2( f0 + g0),

fk = z2( fk−1 + gk−1) + z( fk−2 + gk−2), k ≥ 2,

gk = z2( fk+1 + gk+1) + z( fk+2 + gk+2), k ≥ 0.

(1)

Now, we introduce the bivariate generating functions

F (u, z) =
∑
k≥0

uk fk(z) and G(u, z) =
∑
k≥0

uk gk(z).

For short, we use the notation F (u) and G(u) for these functions, respectively. Summing the recursions in (1), we have:

F (u) = 1 + z2
∑
k≥1

uk( fk−1 + gk−1) + z
∑
k≥2

uk( fk−2 + gk−2)

= 1 + z2u(F (u) + G(u)) + zu2(F (u) + G(u))

= 1 + zu(z + u)(F (u) + G(u)),

G(u) = z2
∑
k≥0

uk( fk+1 + gk+1) + z
∑
k≥0

uk( fk+2 + gk+2)

= z2

u
(F (u) − 1 + G(u) − g0) + z

u2
(F (u) − 1 − uz2(1 + g0) + G(u) − g0 − ug1),

where g0 = G(0) is the generating function for the number of non-empty knight’s paths ending on the x-axis with respect 
to the size, i.e., g0 = A(z) − 1, and g1 is the generating function for the number of partial knight’s paths ending at height 
1 with a down-step N̄ or Ē . Then, g1 is the difference between the generating function A1(z) for the number of partial 
knight’s paths ending at height 1, and the generating function for the number of partial knight’s paths ending at height 1 
with the step E = (2, 1), i.e. g1 = A1(z) − z2(g0 + 1) where A1(z) is given in [17] (see Lemma 2.11) as follows:

A1(z) = z2 A(z)2(1 − z A(z))−1.

Solving the above functional equations, we deduce

F (u) = uz2 A(z)(u2z + uz2 + u + z) + u2z2 A1(z)(u + z) + uz2 − u2 + z

u4z + u3z2 + uz2 − u2 + z
,

G(u) = −
(

A(z)(u3z2 + u2z3 + u2z + uz2 − uz − 1) + A1(z)(u3z + u2z2 − u) + zu + 1
)

z

u4z + u3z2 + uz2 − u2 + z
,

F (u) + G(u) = z(uz + 1)A(z) + uz A1(z) − u2

u4z + u3z2 + uz2 − u2 + z
.

The first terms of the series expansion of F (u) + G(u) are

1 + u2z + (1 + u + u4)z2 + (u + 2u2 + 2u3 + u6)z3 + (3 + 3u + u2 + 2u3 + 3u4 + 3u5 + u8)z4

+ (2 + 4u + 9u2 + 8u3 + 3u4 + 3u5 + 4u6 + 4u7 + u10)z5 + . . .

Notice that the array [znuk](F (u) +G(u)) corresponds to A096587. Fig. 3 shows the partial knight’s paths of size 5 ending 
at height 1.

Naturally, we retrieve the generating function for the knight’s paths ending on the x-axis F (0) + G(0) = A(z). Moreover, 
the generating function for the total number of partial knight’s paths with respect to the size is

3
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F (1) + G(1) = z(z + 1)A(z) + z A1(z) − 1

2 z2 + 2 z − 1
.

The first terms of its series expansion are

1 + z + 3z2 + 6z3 + 16z4 + 38z5 + 99z6 + 248z7 + 646z8 + 1659z9 + 4342z10 + . . . ,

and the sequence of coefficients corresponds to A096588 in [23].
Since it seems difficult to obtain closed forms for fk and gk , we only give the first terms of the series expansions of 

[uk](F(u) + G(u)) for the two values of k (k = 1, 2), since the case k = 0 is already mentioned above (see the series expansion 
of A(x)). For k = 1, 2 the series expansions are:

• z2 + z3 + 3z4 + 4z5 + 12z6 + 22z7 + 61z8 + 128z9 + . . .,
• z + 2z3 + z4 + 9z5 + 10z6 + 42z7 + 64z8 + 213z9 + . . .

The first expansion corresponds to the sequence A005221 in [23], whereas the sequence corresponding to the second 
expansion is not listed in [23]. Notice that the cases k = 0 and k = 1 are already known in [17].

2.2. Zigzag knight’s paths

In this part, we count partial zigzag knight’s paths of a given size, i.e., prefixes of zigzag knight’s paths ending at a given 
abscissa. We keep the notation of the previous section in the context of zigzag paths. For k ≥ 0, fk = fk(z) (resp. gk = gk(z)) 
is the generating function where the coefficient of zn in the series expansion is the number of partial zigzag knight’s paths 
of size n ending at height k with an up-step N or E , (resp. with a down-step N̄ or Ē).

Then, we easily have the following equations:

f0 = 1, f1 = z2( f0 + g0), and f2 = z( f0 + g0 + zg1),

fk = z2 gk−1 + zgk−2, k ≥ 3,

gk = z2 fk+1 + zfk+2, k ≥ 0.

(2)

Summing these recursions, we obtain:

F (u) = 1 + zu(z + u)(1 + G(u)),

G(u) = z2

u
(F (u) − 1) + z

u2
(F (u) − 1 − uz2(1 + g0)),

where g0 = G(0) is the generating function for the number of non-empty zigzag paths ending on the x-axis with respect to 
the size.

Solving these functional equations, we deduce

F (u) = g0u2z4 + g0uz5 + u2z4 + uz5 + u2z3 + uz4 − u3z − u2z2 + uz2 + z3 − u

u2z3 + uz4 + uz2 + z3 − u
and

G(u) = z2
(−u2z − uz2 + g0z − u

)
u2z3 + uz4 + uz2 + z3 − u

.

In order to compute g0, we use the kernel method on G(u) (see [2]). We have

G(u) = z2
(−u2z − uz2 + g0z − u

)
z3(u − s)(u − r)

,

where

r = 1 − z4 − z2 − √
z8 − 2 z6 − z4 − 2 z2 + 1

2z3
, (3)

and

s = 1 − z4 − z2 + √
z8 − 2 z6 − z4 − 2 z2 + 1

2z3
.

It suffices to plug u = r in the numerator of G(u). Then, g0 satisfies −r2z − rz2 + g0z − r = 0, which implies that

g0 = r2z + rz2 + r

z
= r2z3 + rz4 + rz2

z3
= r2z3 + rz4 + rz2 + z3

z3
− 1

= r

z3
− 1.

After this, and using sr = 1, we simplify both numerators and denominators in F (u) and G(u) by extracting the common 
factor (u − r).

4
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Fig. 4. Partial zigzag knight’s paths of size 5 ending at height 2.

Theorem 1. The bivariate generating functions F (u), G(u), and F (u) + G(u) are given by

F (u) = ru(u + z)

z2(1 − ru)
+ 1, G(u) = r

z3(1 − ru)
− 1, and F (u) + G(u) = ru2z + ruz2 + r

z3 (1 − ru)
,

where r is defined by Eq. (3). Moreover, we have

f0 = [u0]F (u) = 1, (4)

fk = [uk]F (u) = rz + 1

z2
rk−1 − [k = 1] 1

z2
, k ≥ 1, (5)

g0 = [u0]G(u) = r

z3
− 1, (6)

gk = [uk]G(u) = rk+1

z3
, k ≥ 1, (7)

where [k = 1] equals 1 whenever k = 1 and 0 otherwise.

The first terms of the series expansion of F (u) + G(u) are

1 + u2z + (1 + u)z2 + (u + u2)z3 + (2 + u + u3)z4 + (2u + 3u2)z5

+ (4 + 2u + u2 + 2u3)z6 + (5u + 6u2 + u4)z7 . . .

Fig. 4 shows the partial zigzag knight’s paths of length 5 ending at height 2.
Here are other examples of the first terms of the series expansions of [uk](F(u) + G(u)) for k = 1, 2, 3:
• z2 + z3 + z4 + 2z5 + 2z6 + 5z7 + 4z8 + 12z9 + 8z10 + 28z11 + 17z12 + . . .,
• z + z3 + 3z5 + z6 + 6z7 + 3z8 + 13z9 + 9z10 + 29z11 + 25z12 + 65z13 + . . .,
• z4 + 2z6 + 6z8 + z9 + 15z10 + 4z11 + 37z12 + 14z13 + 91z14 + 44z15 + . . .,
which do not appear in [23].

Corollary 1. The generating function for the number of zigzag knight’s paths of a given size ending on the x-axis is

F (0) + G(0) = r

z3
,

and the sequence of non-zero coefficients in the series expansion corresponds to the generalized Catalan numbers (see A004148 in 
[23]). The first terms of the series expansion are

1 + z2 + 2z4 + 4z6 + 8z8 + 17z10 + 37z12 + 82z14 + 185z16 + 423z18 + 978z20 + . . .

Corollary 2. The generating function for the number of partial zigzag knight’s paths of a given size is

F (1) + G(1) = rz2 + rz + r

z3 (1 − r)
,

and the sequence of coefficients of zn in the series expansion corresponds to A088518 in [23], which counts also symmetric secondary 
structures of RNA molecules with n nucleotides. The first terms of the series expansions are

1 + z + 2z2 + 2z3 + 4z4 + 5z5 + 9z6 + 12z7 + 21z8 + 29z9 + 50z10 + . . .

The next theorem provides close forms for the coefficients of zn in the series expansions of fk and gk , k ≥ 0.

5
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Theorem 2. We have [z0] f0 = 1, and for n ≥ 1, k ≥ 1,

[z2n] f2k+1 = a(n − k,2k + 1) + a(n − k + 1,2k),

[z2n−1] f2k = a(n − k,2k) + a(n − k + 1,2k − 1),

[z2n]g2k = a(n − k + 1,2k + 1),

[z2n−1]g2k−1 = a(n − k + 1,2k),

where

a(n,k) =
� n−1

2 �∑
i=0

k

n − i

(
n − i

i + k

)(
n − i

i

)
.

All other coefficients are equal to 0.

Proof. Let r̂ be the function z−1/2r(z1/2), where r(z) is defined in (3). Then

r̂ = 1 − z − z2 − √
1 − 2z − z2 − 2z3 + z4

2z2
.

The function r̂ satisfies the functional equation r̂ = z(1 + (1 + z)r̂ + zr̂2). Consider the auxiliary function q(z, t) defined by

q(z, t) = z(1 + (1 + t)q(z, t) + tq(z, t)2) = z�(q(z, t)),

where �(u) = (1 + u)(1 + tu). From Lagrange inversion, (see [20] for instance), we have that

[zn]q(z, t)k = k

n
[un−k]�(u)n = k

n
[un−k](u + 1)n(tu + 1)n

= k

n

n−k∑
i=0

(
n

n − k − i

)(
n

i

)
ti, n ≥ 1.

So, we obtain

[zn]r̂k = [zn]q(z, z)k = [zn]
∑
�≥1

k

�

�−k∑
i=0

(
�

� − k − i

)(
�

i

)
z�+i

= [zn]
∑
i≥0

∑
�≥0

k

� + i + 1

(
� + i + 1

� + 1 − k

)(
� + i + 1

i

)
z�+2i+1.

Setting h = � + 2i + 1, this implies

[zn]r̂k = [zn]
∑
i≥0

∑
h≥2i+1

k

h − i

(
h − i

h − 2i − k

)(
h − i

i

)
zh

=
� n−1

2 �∑
i=0

k

n − i

(
n − i

i + k

)(
n − i

i

)
= a(n,k).

Then, for all positive integers n and k, we have

[z2n]r2k = a(n − k,2k) and [z2n−1]r2k−1 = a(n − k,2k − 1).

From Theorem 1, we conclude

[z2n] f2k+1 = [z2n]
(

r2k+1

z
+ r2k

z2

)
= [z2n+1]r2k+1 + [z2n+2]r2k

= a(n − k,2k + 1) + a(n − k + 1,2k).

Analogously, we obtain the remaining identities. �

6
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Fig. 5. Illustration of the map ψ according to Definition 3.

2.3. A bijective approach

Corollary 1 proves that the set of zigzag knight’s paths of size 2n ending on the x-axis is equinumerous to the set of 
peakless Motzkin paths of length n +1, i.e., lattice paths in N2, starting at the origin, ending at (n +1, 0), consisting of steps 
U = (1, 1), D = (1, −1), F = (1, 0), and avoiding the pattern U D (see for instance [10]). Any non-empty peakless Motzkin 
path is either of the form (1) F Q or (2) U R D S or (3) U R D , where Q (resp. R , S) is a possible empty (resp. non-empty) 
peakless Motzkin path. Let Mn be the set of peakless Motzkin paths of length n, and M = ⋃

n≥0 Mn .
On the other hand, any non-empty zigzag knight’s path is either of the form (1) N N̄β , (2) E Ēβ or (3) N ĒβE N̄γ , where 

β, γ are possibly empty zigzag knight’s paths, and N = (1, 2), N̄ = (1, −2), E = (2, 1), Ē = (2, −1). We refer to the top of 
Fig. 5 for an illustration of these different forms. Let Rn be the set of zigzag paths of size 2n ending on the x-axis, and 
R = ⋃

n≥0 Rn .

Definition 3. We recursively define the map ψ from R to M as follows. For α ∈ R, we set:

ψ(α) =

⎧⎪⎪⎨
⎪⎪⎩

F if α = ε, (i)
Uψ(β)D if α = E Ēβ with β ∈ R, (ii)
Fψ(β) if α = N N̄β with β ∈ R, (iii)
Uψ(β)Dψ(γ ) if α = N ĒβE N̄γ with β,γ ∈ R. (iv)

Due to the recursive definition, the image of a zigzag knight’s path of size 2n under ψ is a peakless Motzkin path of 
length n + 1. For instance, the images of N N̄ , E Ē and N N̄ N N̄ are F F , U F D and F F F , respectively. We refer to Fig. 5 for an 
illustration of this mapping.

Theorem 3. For all n ≥ 0, the map ψ induces a bijection between Rn and Mn+1 .

Proof. Due to Corollary 1 in Section 2.2, the cardinality of Rn is given by the n-th term of generalized Catalan number. 
So it suffices to prove the injectivity of ψ . We proceed by induction on n. The case n = 0 is obvious since R0 = {ε} and 
M1 = {F }. For all k ≤ n, we assume that ψ is an injection from Rk to Mk+1, and we prove the result for k = n + 1. 
According to Definition 3, if α and β in Rn+1 satisfy ψ(α) = ψ(β), then α and β necessarily come from the same case 
among (i) – (iv). Using the induction hypothesis, we conclude directly that α = β , which completes the induction. Thus ψ
is injective and so bijective. �

For instance, the image of E Ē N N̄ N Ē N N̄ E N̄ under ψ is U F U F F D F D .

3. Knight’s paths of a given length

Knight’s paths of a given length n are clearly in one-to-one correspondence with basketball walks (see [1,4,8,9]), i.e., 
lattices paths in N2, starting at the origin, and consisting of n steps lying in S ′ = {(1, 1), (1, −1), (1, 2), (1, −2)}. The corre-
spondence is obtained by replacing (1, 1) and (1, −1) with E and Ē , respectively.

In [4], Banderier et al. (see Prop. 3.7) prove that the generating function E(z) = ∑
n≥0 enzn for the number of these paths 

with respect to the length satisfies

z4 E4 − (2z3 + z2)E3 + (3z2 + 2z)E2 − (2z + 1)E + 1 = 0,

and they obtain

en = 1

n + 1

�n/2�∑
i=0

(
2n + 2

i

)(
n − i − 1

n − 2i

)
.

The first values of en , n ≥ 0, are 1, 0, 2, 2, 11, 24, 93, 272, 971, 3194, 11293 (sequence A187430).
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3.1. Partial knight’s paths

Partial knight’s paths are also handled by Banderier et al. in [4]. In their Prop. 3.2, they prove that the generating function 
for basketball walks with respect to the number of steps, starting at the origin, ending at height k, is given by

uk+1
1 (z) − uk+1

2 (z)

u1(z) − u2(z)
,

where u1(z) and u2(z) are the small roots of

1 − z(u−2 + u−1 + u + u2) = 0.

For instance (see Eq. (3.11) and (3.12) in [4]), the generating functions for basketball walks with respect to the number 
of steps, starting at the origin, ending at height k, k = 1, 2, are respectively

1

2

⎛
⎝−1 +

√
2 − 3z − 2

√
1 − 4z

z

⎞
⎠ and

3 − √
1 − 4z −

√
2 + 12z + 2

√
1 − 4z

4z
.

The first terms of the series expansions are respectively
• z + z2 + 3z3 + 7z4 + 22z5 + 65z6 + 213z7 + . . . (sequence A166135) and
• z + z2 + 4z3 + 9z4 + 31z5 + 91z6 + 309z7 + . . . (sequence A111160).

3.2. Zigzag knight’s paths

In this part, we count partial zigzag knight’s paths of a given length. We adopt the notation used in Section 2.2 for zigzag 
paths of given length. For k ≥ 0, fk = fk(z) (resp. gk = gk(z)) is the generating function where the coefficient of zn in the 
series expansion is the number of partial zigzag knight’s paths of length n. Then, we easily have the following equations:

f0 = 1, f1 = z( f0 + g0), and f2 = z( f0 + g0 + g1),

fk = zgk−1 + zgk−2, k ≥ 3,

gk = zfk+1 + zfk+2, k ≥ 0.

(8)

Summing the recursions in (8), we have:

F (u) = 1 + zu(1 + u)(1 + G(u)),

G(u) = z

u
(F (u) − 1) + z

u2
(F (u) − 1 − uz(1 + g0)),

where g0 = G(0) is the generating function with respect to the length for the number of non-empty zigzag knight’s paths 
ending on the x-axis.

Solving these functional equations, we deduce

F (u) = g0u2z3 + g0uz3 + u2z3 − u3z + u2z2 + uz3 − u2z + 2 uz2 + z2 − u

u2z2 + 2 uz2 + z2 − u
,

and

G(u) = z2
(−u2 + g0 − 2u

)
u2z2 + 2 uz2 + z2 − u

.

In order to compute g0, we use the kernel method on G(u). We have

G(u) = z2
(−u2 + g0 − 2 u

)
z2(u − r)(u − s)

,

where

r = 1 − 2 z2 − √
1 − 4 z2

2z2
(9)

and

s = 1 − 2 z2 + √
1 − 4 z2

2z2
.

Plugging u = r in the numerator of G(u), we obtain −r2 + g0 − 2r = 0, which implies that g0 = r(2 + r). After this, and 
using sr = 1, we simplify both numerators and denominators in F (u) and G(u) by extracting the common factor (u − r).

8
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Fig. 6. Partial zigzag knight’s path of length 5 ending at height 1.

Theorem 4. The bivariate generating functions F (u), G(u), and F (u) + G(u) are given by

F (u) = ru2 + ur (1 − z) + z

z (1 − ru)
, G(u) = r(u + r + 2)

1 − ru
,

and

F (u) + G(u) = r2z + ru2 + ru + 2 rz + z

z (1 − ru)
,

where r is defined by Eq. (9). Moreover, we have

f0 = [u0]F (u) = 1, (10)

fk = [uk]F (u) = 1 + r

z
rk−1 − [k = 1]1

z
, k ≥ 1, (11)

g0 = [u0]G(u) = r(2 + r), (12)

gk = [uk]G(u) = rk+1

z2
, k ≥ 1. (13)

The first terms of the series expansion of F (u) + G(u) are

1 + (u + u2)z + (2 + u)z2 + (2u + 3u2 + u3)z3 + (5 + 4u + u2)z4

+ (5u + 9u2 + 5u3 + u4)z5 + (14 + 14u + 6u2 + u3)z6 + . . .

Fig. 6 shows the partial zigzag knight’s paths of length 5 ending at height 1.

Corollary 3. The generating function for the number of zigzag knight’s paths of a given length ending on the x-axis is

F (0) + G(0) = 1 + r(2 + r),

and the sequence of non-zero coefficients in the series expansion corresponds to the Catalan numbers (A000108 in [23]). The first terms 
of the series expansion are

1 + 2z2 + 5z4 + 14z6 + 42z8 + 132z10 + 429z12 + 1430z14 + 4862z16 + 16796z18 + 58786x20 + . . .

Corollary 4. The generating function for the number of partial zigzag knight’s paths of a given length is

F (1) + G(1) = 2 rz + r

(1 − r) z2
= 4 z + 2

1 − 4 z2 + √
1 − 4 z2

,

and the sequence of coefficients in the series expansion corresponds to a shift of A001405 in [23]. The first terms of the series expansion 
are

1 + 2z + 3z2 + 6z3 + 10z4 + 20z5 + 35z6 + 70z7 + 126z8 + 252z9 + 462z10 + . . .

Corollary 5. We have [z0] f0 = 1 and, for n ≥ 1,

[z2n−1] fk = 2k − 1

n + k

(
2n

n − k + 1

)
, k ≥ 1,

[z2n]g0 = 1

n + 2

(
2n + 2

n + 1

)
,

[z2n]gk = k + 1

n + 1

(
2n + 2

n − k

)
, k ≥ 1.

All other coefficients are equal to 0.

9
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ε
β

φ(β)

β

φ(β)

β
γ

φ(β)
φ(γ )

Fig. 7. Illustration of the map φ according to Definition 4.

Proof. The generating function r̂ := r(z1/2) (see Eq. (9)) satisfies the functional equation r̂ = z�(r̂), where �(u) = u2 +
2u + 1. From the Lagrange inversion we have that

[z2n]rk = [zn]r̂k = k

n
[un−k]�(u)n = k

n
[un−k](u + 1)2n = k

n

(
2n

n − k

)
, n ≥ 1.

From Eq. (11) we have

[z2n−1] fk = [z2n](rk−1 + rk) = k − 1

n

(
2n

n − k + 1

)
+ k

n

(
2n

n − k

)

= k − 1

n

(
2n

n − k + 1

)
+ k(n − k + 1)

n(n + k)

(
2n

n − k + 1

)

= 2k − 1

n + k

(
2n

n − k + 1

)
.

On the other hand,

[z2n]g0 = [z2n]r(2 + r) = 2

n

(
2n

n − 1

)
+ 2

n

(
2n

n − 2

)
= 1

n + 2

(
2n + 2

n + 1

)
,

and, for k ≥ 1

[z2n]gk = [z2n] rk+1

z2
= [z2n+2]rk+1 = k + 1

n + 1

(
2n + 2

n − k

)
. �

Here are other examples of the first terms of the series expansions of [uk](F(u) + G(u)) for k = 1, 2, 3:
• z + z2 + 2z3 + 4z4 + 5z5 + 14z6 + 14z7 + 48z8 + 42z9 + 165z10 + . . .,
• z + 3z3 + z4 + 9z5 + 6z6 + 28z7 + 27z8 + 90z9 + 110z10 + . . .,
• z3 + 5z5 + z6 + 20z7 + 8z8 + 75z9 + 44z10 + 275z11 + 208z12 + . . .,
which do not appear in [23].

3.3. A bijective approach

Corollary 3 proves that there is a bijection between the set of zigzag knight’s paths of length 2n ending on the x-axis 
and the set of Dyck paths of length 2(n + 1). Any non-empty Dyck path is either of the form (1) U D , (2) U Q D , (3) U D Q
or (4) U Q D R , where Q and R are non-empty Dyck paths. Let Dn (resp. Sn) be the set of Dyck paths (resp. zigzag paths) 
of length 2n, and D = ⋃

n≥0 Dn (resp. S = ⋃
n≥0 Sn).

Definition 4. We recursively define the map φ from S to D as follows. For α ∈ S , we set:

φ(α) =

⎧⎪⎪⎨
⎪⎪⎩

U D if α = ε, (i)
Uφ(β)D if α = E Ēβ with β ∈ S, (ii)
U Dφ(β) if α = N N̄β with β ∈ S, (iii)
Uφ(β)Dφ(γ ) if α = N ĒβE N̄γ with β,γ ∈ S. (iv)

Due to the recursive definition, the image of a zigzag knight’s path of length 2n under φ is a Dyck path of length 2(n +1). 
For instance, the images of N N̄ , E Ē and N N̄ N N̄ are U DU D , U U D D , and U DU DU D , respectively. We refer to Fig. 7 for an 
illustration of this mapping.

The proof of the following theorem is obtained mutatis mutandis as for Theorem 2 (see Section 2).

10



J.-L. Baril and J.L. Ramírez Discrete Mathematics 346 (2023) 113372

Theorem 5. For all n ≥ 0, the map φ induces a bijection between Sn and Dn+1 .

For instance, the image of E Ē N N̄ N Ē N N̄ E N̄ under φ is U U DU U DU D DU D D .
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Abstract

We introduce and study the new combinatorial class of Dyck paths with air pockets.
We exhibit a bijection with the peakless Motzkin paths, which transports several
pattern statistics, and give bivariate generating functions for the distribution of patterns
as peaks, returns, and pyramids. Then we deduce the popularities and asymptotic
expectations of these patterns, and point out a link between the popularity of pyramids
and a special kind of closed smooth self-overlapping curves, a subset of Fibonacci
meanders. Finally, we conduct a similar study for non-decreasing Dyck paths with air
pockets.

1 Introduction and notation

Lattice paths are widely studied in combinatorics. They have many applications in various
domains, such as computer science, biology, and physics [23], and they have very tight links
with other combinatorial objects such as directed animals, pattern avoiding permutations,
bargraphs, RNA structures, and so on [4, 11, 23]. A classical problem in combinatorics is the
enumeration of these paths with respect to their length and other statistics [1, 2, 3, 7, 15, 16,
18, 20, 21]. In the literature, Dyck and Motzkin paths are the ones most often considered.
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They are counted by the famous Catalan and Motzkin numbers (see A000108 and A001006 in
Sloane’s On-line Encyclopedia of Integer Sequences [22]). In 2005, Krinik et al. [13] introduced
Dyck paths with catastrophes in the context of queuing theory. They correspond to the
evolution of a queue by allowing some resets. The push (resp., pop) operation corresponds to
a step U = (1, 1) (resp., D = (1,−1)), and the reset operations are modeled by catastrophe
steps Dk = (1,−k) ending on x-axis, k ≥ 2. Banderier and Wallner [1] studied these paths
by providing enumerative results and limit laws.

In this paper, we introduce and study paths with air pockets corresponding to a queue
evolution with partial reset operations that cannot be consecutive. These paths can also be
viewed as airplane flights, sometimes showcasing turbulences that are known as air pockets,
where consecutive turbulences are considered to be one. More formally, a Dyck path with air
pockets is a nonempty lattice path in the first quadrant of Z2 starting at the origin, ending
on the x-axis, and consisting of up-steps U = (1, 1) and down-steps Dk = (1,−k), k ≥ 1,
where two down steps cannot be consecutive. For short, we set D = D1. The length of a
Dyck path with air pockets is the number of its steps. Let An be the set of n-length Dyck
paths with air pockets. By definition A0 = A1 = ∅ and we set A =

⋃
n≥2An.

Figure 1: The Dyck path with air pockets UUDUD2UUUD2UD2UUD2.

A Dyck path with air pockets is called prime whenever it ends with Dk, k ≥ 2, and
returns to the x-axis only once. The set of all prime Dyck paths with air pockets of length n is
denoted Pn. Notice that UD is not prime so we set P =

⋃
n≥3Pn. If α = UβUDk ∈ Pn, then

2 ≤ k < n, β is a (possibly empty) prefix of a path in A, and we define the Dyck path with
air pockets α[ = βUDk−1, called the ‘lowering’ of α. For example, the path α = UUDUUD3

is prime, and α[ = UDUUD2. The map α 7→ α[ is clearly a bijection from Pn to An−1 for all
n ≥ 3, and we let γ] denote the inverse image of γ ∈ An−1 (α] is a kind of ‘elevation’ of α,
drawing inspiration for the term from Deutsch’s definition of elevated Dyck paths [7]). Any
Dyck path with air pockets α ∈ A can be decomposed depending on its second-to-last return
to the x-axis : either

(i) α = UD; or

(ii) α = βUD with β ∈ A; or

(iii) α ∈ P ; or

(iv) α = βγ where β ∈ A and γ ∈ P .
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So if A(x) =
∑

n≥2 anx
n where an is the cardinality of An, and P (x) =

∑
n≥3 pnx

n where pn
is the cardinality of Pn, then we have P (x) = xA(x) and the previous decompositions imply
the functional equation A(x) = x2 + x2A(x) + xA(x) + xA(x)2, and

A(x) =
1− x− x2 −

√
x4 − 2x3 − x2 − 2x+ 1

2x
, (1)

which generates the generalized Catalan numbers (see A004148 [22]), which among other
things, counts the peakless Motzkin paths. The first values of an for 2 ≤ n ≤ 10 are
1, 1, 2, 4, 8, 17, 37, 82, 185. An asymptotic approximation for the coefficient of xn in the series
expansion of A(x) is √

14
√

5− 30

2n
√
πn(3−

√
5)

(√
5 + 3

2

)n

.

If a Dyck path with air pockets α ∈ An has k ≥ 1 peaks (a peak is an occurrence UDi

for some i ≥ 1), then it contains n − k up-steps. If we ‘unfurl’ all of its down-steps Di,
i ≥ 1, into runs Di of i consecutive D-steps, then we obtain a Dyck path of length 2(n− k)
having k peaks. This gives rise to a bijection between Dyck paths of semilength n − k
with k peaks and n-length Dyck paths with air pockets with k peaks. Hence, the number
of n-length Dyck paths with air pockets with k peaks is equal to the Narayana number
N(n− k, k) = 1

n−k
(
n−k
k

)(
n−k
k−1
)

[7].
In the following, a pattern consists of consecutive steps in a path, and a statistic s is an

integer-valued function from a set S of paths. Given a pattern p, we associate p with the
pattern statistic p : S → N where p(a) is the number of occurrences of the pattern p in a ∈ S
(we use the boldface to denote statistics). For example, the statistic giving the number of
occurrences of the consecutive pattern UU in a path is denoted by UU. For n ≥ 1, we let n̂
denote the constant statistic returning the value n. The popularity of a pattern p in S is the
total number of occurrences of p over all objects of S, that is p(S) =

∑
a∈S p(a) [6, 9, 10].

Let S ′ be another set of combinatorial objects, we say that two statistics, s on S and t on S ′,
have the same distribution if there exists a bijection f : S → S ′ satisfying s(a) = t(f(a)) for
any a ∈ S. In this case, with a slight abuse of the notation already used in the literature [5],
we write f(s) = t or s = t whenever f is the identity.

The remainder of this paper is organized as follows. In Section 2, we present a constructive
bijection between n-length Dyck paths with air pockets and peakless Motzkin paths of
length n − 1, and we show how this bijection transports some statistics. In Section 3, we
provide bivariate generating functions A(x, y) =

∑
n,k≥0 an,kx

nyk for the distributions of

some statistics s, i.e., the coefficient an,k of xnyk is the number of paths α ∈ An satisfying
s(α) = k. Then we deduce the popularities of some patterns (U , D, peak, return, catastrophe,
pyramid, . . . ) by calculating ∂y(A(x, y))|y=1, and we provide asymptotic approximations for
them using classical methods [8, 17]. We refer to Table 1 for an overview of the results. As
a byproduct, we point out a link between the popularity of pyramids and a special kind of
closed smooth self overlapping curves in the plane (a subset of Fibonacci meanders defined
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by Luschny and Wienand on their web pages [14, 24]). In Section 4, we make a similar study
for non-decreasing Dyck paths with air pockets.

Pattern Pattern popularity in An OEIS
U 1, 2, 5, 13, 32, 80, 201, 505, 1273, 3217 A110320
D 1, 0, 2, 3, 7, 17, 40, 97, 238, 587 A051291
Peak 1, 1, 3, 7, 16, 39, 95, 233, 577, 1436 A203611
Ret 1, 1, 3, 6, 13, 29, 65, 148, 341, 793 A093128
Cat 0, 1, 1, 4, 8, 19, 44, 102, 239, 563
∆k 0, . . . , 0︸ ︷︷ ︸

k−1 zeroes

, 1, 0, 2, 3, 7, 17, 40, 97, 238, 587 A051291

∆≥k 0, . . . , 0︸ ︷︷ ︸
k−1 zeroes

, 1, 1, 3, 6, 13, 30, 70, 167, 405 A201631(= un)

∆≤k ∆≤1 1, 0, 2, 3, 7, 17, 40, 97, 238, 587 un − un−k
∆≤2 1, 1, 2, 5, 10, 24, 47, 137, 335, 825, . . .
∆≤3 1, 1, 3, 5, 12, 27, 64, 154, 375, 922, . . .
...

Table 1: Pattern popularity in An, for 2 ≤ n ≤ 11.

2 Bijection with peakless Motzkin paths

In this section we exhibit a constructive bijection between n-length Dyck paths with air
pockets and (n − 1)-length peakless Motzkin paths, i.e., lattice paths in the first quarter
plane starting at the origin, ending at (n − 1, 0), made up of U , D and F = (1, 0) and
having no occurrence of UD. Moreover, we show how our bijection transports some pattern
based statistics. We let Mn denote the set of peakless Motzkin paths of length n, and
M =

⋃
n≥1Mn.

Definition 1. We recursively define the map ψ from A to M as follows. For α ∈ A, we set

ψ(α) =





F, if α = UD; (i)

Uψ(β)D, if α = βUD, with β ∈ A; (ii)

ψ(α[)F, if α ∈ P ; (iii)

ψ(γ[)Uψ(β)D, if α = βγ, with β ∈ A and γ ∈ P . (iv)

Notice that each factor in the above decomposition is nonempty, and that ψ maps
nonempty objects to nonempty ones. Due to the recursive definition, the image by ψ of a
n-length Dyck path with air pockets is a peakless Motzkin path of length n− 1. For instance,
the images of UD, UUD2, UUUD2UD2UD are respectively F , FF , and UUFFDFD. We
refer to Figure 2 for an illustration of this mapping.
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β

ψ(β)

α

ψ(α[)

β γ

ψ(γ[)
ψ(β)

Figure 2: Illustration of the map ψ according to Definition 1.

Theorem 2. For all n ≥ 2, the map ψ induces a bijection between An and Mn−1.

Proof. It is well known that the cardinality of Mn is given by the n-th term of generalized
Catalan number (see A004148 [22]). So it suffices (see observation after relation (1)) to
prove the injectivity of ψ. We proceed by induction on n. The case n = 2 is obvious since
A2 = {UD} and M1 = {F}. For all k ≤ n, we assume that ψ is an injection from Ak to
Mk−1, and we prove the result for k = n+ 1. According to Definition 1, if α and β in An+1

satisfy ψ(α) = ψ(β), then α and β necessarily come from the same case among (i)–(iv). Using
the induction hypothesis, we conclude directly that α = β, which completes the induction.
Thus ψ is injective and so bijective.

Proposition 3. For all n ≥ 2 and k ≥ 1, and ψ : An →Mn−1, the following hold:

• ψ(U) = F + U = F + D

• ψ(D) = ψ(UD) = 1F + UFD + 1UMD + U2MD2

• ψ(DU) = UFD + U2MD2

• ψ(UU) = F− 1̂

• ψ(∆k) = 1Fk + UFkD + 1Fk−1UMD + UFk−1UMD2

• ψ(Peak) = U + 1̂

• ψ(Ret) = n̂− LastF

• ψ(SLast) = Ret,

where

• 1β(α) = 1 if α = β and 0 otherwise;

• 1UMD(α) is equal to 1 if there exists β ∈M such that α = UβD and 0 otherwise;

• U2MD2(α) is the number of occurrences U2βD2 in α for β ∈M;
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• ∆k(α) is the number of occurrences UkDk in α;

• Peak(α) =
∑

k≥1 UDk(α);

• Ret(α) is the number of returns to the x-axis of α;

• LastF(α) is the position of the rightmost flat-step in α; and

• SLast(α) is the size of the the last step of α (i.e., k if the last step is Dk).

Proof. We provide the proof for ψ(U) and ψ(∆k) since those for the other relations can be
obtained, mutatis mutandis.

We proceed by induction on n. Since A2 = {UD} andM1 = {F} the statements trivially
hold for n = 2. Now assume the statements are true for all k ≤ n and let us prove them for
n+ 1.

If α ∈ An+1 with n ≥ 2, then we have either

(i) α = βUD;

(ii) α = γ]; or

(iii) α = βγ] where β, γ ∈ A.

In case (i), we have U(βUD) = 1 + U(β) and with the induction hypothesis, U(βUD) =
1 + (U + F)(ψ(β)) = (U + F)(Uψ(β)D) = (U + F)(ψ(βUD)) as expected.

In case (ii), we have U(γ]) = 1 + U(γ) and with the induction hypothesis, U(γ]) =
1 + (U + F)(ψ(γ)) = (U + F)(ψ(γ)F ) = (U + F)(ψ(γ])).

Case (iii) is handled in the same way.

So we have ψ(U) = U + F. Using similar reasoning, we can easily prove ψ(D) =
1F + UFD + 1UMD + U2MD2.

Now let us give details for the slightly less straightforward case of ψ(∆k) for k ≥ 1. The
case k = 1 is already handled since we have ψ(UD) = ψ(D). So we assume k ≥ 2. We
consider the following case analysis: any given Dyck path with air pockets is either of the
form

(i) βUD;

(ii) β∆]
k−1;

(iii) β∆]
k;

(iv) β(α∆k)
] with α ∈ A; or

(v) βα] with α ∈ A being neither ∆k−1, nor ∆k, nor α′∆k (α′ ∈ A), and β ∈ A ∪ {ε}.
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Reasoning by induction, case (ii) unfolds as follows: if β = ε, then we get

(1Fk + UFkD + 1Fk−1UMD + UFk−1UMD2)(F k) = 1,

which is the same as ∆k(∆]
k−1). Otherwise, we have

(1Fk + UFkD + 1Fk−1UMD + UFk−1UMD2)(ψ(β∆]
k−1))

= (1Fk + UFkD + 1Fk−1UMD + UFk−1UMD2)(F k−1Uψ(β)D)

= 1Fk(ψ(β)) + UFkD(ψ(β)) + 1 + 1Fk−1UMD(ψ(β))

+ UFk−1UMD2(ψ(β))

= 1 + ∆k(β) = ∆k(β∆]
k−1).

The four remaining cases are obtained in the same way.

Notice that the mirror of a Dyck path with air pockets is a  Lukasiewicz path avoiding
flat steps and two consecutive up-steps. Since there is a bijection between  Lukasiewicz paths
and plane trees [12], we easily deduce that Dyck paths with air pockets are in one-to-one
correspondence with plane trees without unary nodes, and such that the first child of any
node is always a leaf. We leave open the question of knowing how this bijection transports
some pattern-based statistics.

3 Distribution and popularity of patterns

3.1 The numbers of U and D

Theorem 4. Let A(x, y, z) =
∑

n,k,`≥0 an,k,`x
nykz` be the generating function (g.f.) where

an,k,` is the number of paths in An having k up-steps U and ` down-steps D = D1. Then the
following holds:

A(x, y, z) =
1− xy − x2yz − 2x3y2 + 2x3y2z −

√
R

2xy(1 + x2y − x2yz)
,

with
R = x4y2z2 + 2x3y2z − 4x3y2 + x2y2 − 2x2yz − 2xy + 1.

Proof. Due to the first return decomposition, any Dyck path with air pockets has one of the
following forms:

(i) UDγ;

(ii) U2D2γ;

(iii) (αUD)]γ with α ∈ A; or
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(iv) α]γ with α ∈ A not being UD nor βUD (β ∈ A), where γ ∈ A ∪ {ε}.

These four cases are disjoint and cover A entirely. Then we deduce the functional equation
by taking into account the length, and the numbers of U and D with respect to x, y and z:

A = (x2yz︸︷︷︸
(i)

+x3y2︸︷︷︸
(ii)

+x3y2A︸ ︷︷ ︸
(iii)

+xy(A− x2yz(1 + A))︸ ︷︷ ︸
(iv)

)(1 + A),

where A stands for A(x, y, z). Solving for A, we get the result.

Corollary 5. For all n ≥ 1, the number of Dyck paths with air pockets (of any length) having
n up-steps U is the n-th Catalan number 1

n+1

(
2n
n

)
(see A000108 [22]).

Proof. We check that 1 + A(1, y, 1) is the g.f. of the Catalan numbers.

Corollary 6. For all n ≥ 1, the number of Dyck paths with air pockets having n up-steps
U and no down-steps D is the n-th Riordan number

∑n
k=0(−1)n−k

(
n
k

)
ck, where ck = 1

k+1

(
2k
k

)

(see A005043 in [22]).

Proof. We check that 1 + A(1, y, 0) is the g.f. of the Riordan numbers.

Corollary 7. The g.f. for the popularity of up-steps U in An is

1− x− x2 −
√
x4 − 2x3 − x2 − 2x+ 1

2x
√
x4 − 2x3 − x2 − 2x+ 1

,

which generates a shift of the sequence A110320 [22]. An asymptotic approximation of the
n-th term is √

5− 1

2
√
πn
√

14
√

5− 30

(
3 +
√

5

2

)n

,

and an asymptotic for the expectation of the up-step number is

√
5 + 5

10
n ∼ 0.723606799 · n.

Proof. The g.f. is given by ∂y(A(x, y, 1))|y=1. The asymptotic approximation is obtained
using classical methods [8, 17].

Corollary 8. The g.f. for the popularity of down-steps D = D1 in An is

x2(1 + 2x2 − x3 + (1− x)
√
x4 − 2x3 − x2 − 2x+ 1)

2
√
x4 − 2x3 − x2 − 2x+ 1

,
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which generates a shift of the sequence A051291 [22]. An asymptotic approximation of the
n-th term is

5
√

5− 11

2
√
πn
√

14
√

5− 30

(
3 +
√

5

2

)n

,

and an asymptotic for the expectation of the D-step number is

5− 2
√

5

5
n ∼ 0.105572797 · n.

Proof. The g.f. is given by ∂z(A(x, 1, z))|z=1.

3.2 The number of peaks

In this part, we study the distribution of peaks, i.e., patterns UDm for m ≥ 1.

Theorem 9. Let P (x, y) =
∑

n,k≥0 pn,kx
nyk be the g.f. where pn,k is the number of n-length

Dyck paths with air pockets having k peaks. Then we have

P (x, y) =
1− x− x2y −

√
(1− x− x2y)2 − 4x3y

2x
,

which generates a shift of the sequence A089732 [22].

Proof. If a Dyck path with air pockets equals αUD with α ∈ A ∪ {ε}, then its contribution
to P (x, y) is (1 + P (x, y))x2y; if it has the form αβ] with β ∈ A, then its contribution is
(1 + P (x, y))xP (x, y). Hence, the second-to-last return decomposition yields

P (x, y) = (1 + P (x, y))(x2y + xP (x, y)),

which gives the result after solving for P (x, y).

Corollary 10. The g.f. for the popularity of peaks in An is

x(1 + x− x2 −
√
x4 − 2x3 − x2 − 2x+ 1)

2
√
x4 − 2x3 − x2 − 2x+ 1

,

which generates a shift of the sequence A203611 [22]. An asymptotic approximation of the
n-th term is √

5− 2
√
πn
√

14
√

5− 30

(
3 +
√

5

2

)n

,

and an asymptotic for the expectation of the peak number is

5−
√

5

10
n ∼ 0.276393191 · n.
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Remark 11. Another way of finding the total number of peaks in all Dyck paths with air
pockets of length n is the following: since the number of n-length Dyck paths with air pockets
with k peaks is N(n− k, k), we have

Peak(An) =

bn
2
c∑

k=1

kN(n− k, k) =

bn
2
c∑

k=1

k

n− k

(
n− k
k

)(
n− k
k − 1

)
.

Using the formula for the sequence A203611 [22], we get the following identity:

bn
2
c∑

k=1

(
n− k − 1

k − 1

)(
n− k
k − 1

)
=

n−1∑

k=0

(
k − 1

2k − n

)(
k

2k − n+ 1

)
.

3.3 The number of returns to the x-axis

A return to the x-axis is a step Dm, m ≥ 1, ending on the x-axis.

Theorem 12. Let R(x, y) =
∑

n,k≥0 rn,kx
nyk be the g.f. where rn,k is the number of n-length

Dyck paths with air pockets with k returns. Then:

R(x, y) =
2

2− y(1− x+ x2 −
√
x4 − 2x3 − x2 − 2x+ 1)

− 1,

which generates the triangle A098086 [22] where the row n and column k gives the number of
peakless Motzkin paths having its leftmost F -step on the k-th step (see also Proposition 3).

Proof. If a Dyck path with air pockets equals αUD with α ∈ A ∪ {ε}, then its contribution
to R(x, y) is (1 + R(x, y))x2y; if it has the form αβ] with β ∈ A, then its contribution is
(1 +R(x, y))xyA(x). So we deduce that

R(x, y) = (1 +R(x, y))(x2y + xyA(x)),

which gives the result using relation (1).

Corollary 13. The g.f. for the popularity of returns to the x-axis in An is

2
1− x+ x2 −

√
x4 − 2x3 − x2 − 2x+ 1

(1 + x− x2 +
√
x4 − 2x3 − x2 − 2x+ 1)2

,

which corresponds to the sequence A093128 [22], where the n-th term counts all possible
dissections of a regular (n + 2)-gon using zero or more strictly disjoint diagonals. An
asymptotic approximation of the n-th term is

√
14
√

5− 30
√

5

4n
√
πn

(
3 +
√

5

2

)n+1

,

and an asymptotic for the expectation of the return number is
√

5.
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3.4 The number of catastrophes

A catastrophe is a step Dm, m ≥ 2, ending on the x-axis.

Theorem 14. Let C(x, y) =
∑

n,k≥0 cn,kx
nyk be the g.f. where cn,k is the number of n-length

Dyck paths with air pockets with k catastrophes. Then we have

C(x, y) =
2

2− 2x2 − y(1− x− x2 −
√
x4 − 2x3 − x2 − 2x+ 1)

− 1.

Proof. If a Dyck path with air pockets equals αUD with α ∈ A ∪ {ε}, then its contribution
to C(x, y) is (1 + C(x, y))x2; if it has the form αβ] with β ∈ A, then its contribution is
(1 + C(x, y))xyA(x). So we deduce C(x, y) = (1 + C(x, y))(x2 + xyA(x)).

Corollary 15. The g.f. for the popularity of catastrophes in An equals

2
1− x− x2 −

√
x4 − 2x3 − x2 − 2x+ 1

(1 + x− x2 +
√
x4 − 2x3 − x2 − 2x+ 1)2

.

An asymptotic approximation of the n-th term is

√
14
√

5− 30(4−
√

5)

4n
√
πn

(
3 +
√

5

2

)n+1

,

and an asymptotic for the expectation of the catastrophe number is 4−
√

5.

Remark 16. As a byproduct of Corollaries 13 and 15, the ratio of the popularity of catastrophes
in An to the popularity of returns in An tends to 4−

√
5√

5
= 0.788854 . . . when n tends toward

∞.

3.5 The number of pyramids UkDk

A k-pyramid ∆k in a path is an occurrence of the pattern UkDk, k ≥ 1.

Theorem 17. For all k ≥ 1, the g.f. Pk(x, y) =
∑

n,m≥0 p
k
n,mx

nym where pkn,m is the number
of n-length Dyck paths with air pockets having m k-pyramids is given by

Pk(x, y) =
xk+1(y − 1)− 2xk+2(y − 1) + x2 + x− 1 +

√
Q

2(xk+2(y − 1)− x)
,

where

Q = xk+1(y − 1)(xk+1(y − 1) + 4x+ 2(x2 − x− 1)) + x4 − 2x3 − x2 − 2x+ 1.

Proof. We refine the first return decomposition so that any Dyck path with air pockets falls
into one of the following cases:
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(i) ∆mγ with 1 ≤ m ≤ k − 1;

(ii) ∆kγ;

(iii) ∆k+1γ;

(iv) (α∆k)
]γ with α ∈ A;

(v) β]γ with β ∈ A not being ∆m with 1 ≤ m ≤ k, nor α∆k with α ∈ A, where γ ∈ A∪{ε}.

These five cases are disjoint and cover all Dyck paths with air pockets. So we deduce

Pk = (
k∑

i=2

xi

︸ ︷︷ ︸
(i)

+xk+1y

︸ ︷︷ ︸
(ii)

+xk+2

︸︷︷︸
(iii)

+xk+2Pk

︸ ︷︷ ︸
(iv)

+x · (Pk −
k∑

i=2

xi − xk+1y(1 + Pk))

︸ ︷︷ ︸
(v)

)(1 + Pk),

where Pk stands for Pk(x, y). Solving for Pk, we get the result.

Corollary 18. For k ≥ 1, the g.f. for the popularity ∆k(An) of k-pyramids in An equals

Yk(x) =
xk+1(1 + 2x2 − x3 + (1− x)

√
x4 − 2x3 − x2 − 2x+ 1)

2
√
x4 − 2x3 − x2 − 2x+ 1

,

which generates the (n − k − 2)-th term of the sequence A051291 [22]. In particular, we
have ∆1(An) = ∆k(An+k−1) for all k ≥ 1 and n ≥ 2, which means that there are as many
1-pyramids in An as there are k-pyramids in An+k−1. An asymptotic approximation of the
n-th term of this sequence is

√
5− 1

2
√
πn
√

14
√

5− 30

(
3 +
√

5

2

)n−k−1

,

and for the expected number of k-pyramids we have

5−
√

5

10

(
3−
√

5

2

)k

· n.

Notice that Y1(x) corresponds to the generating function for the popularity of down-steps
D (see Corollary 7), since each D is necessarily preceded by an up-step. Moreover, we have
Yk(x) = xk−1Y1(x) since each pyramid ∆k in a path of length n comes from a pyramid ∆1

in a path of length n− k + 1 by adding k − 1 up-steps and by increasing the length of the
down-step. An immediate consequence of Corollary 18 is the following.
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Corollary 19. For k ≥ 1, the g.f. for the popularities ∆≥k(An) and ∆≤k(An) are respectively
given by

Y≥k(x) =
xk−1

1− xY1(x) and Y≤k(x) =
1− xk
1− x Y1(x),

which means that ∆≤k(An−k+1) = ∆≥k(An)−∆≥k(An−k).

For any k ≥ 1, the popularity of pyramids of size at least k in An (see Corollary 19) seems
to correspond to a shift of the sequence A201631 [22], which enumerates Fibonacci meanders
with central angle 180 degrees (see Luschny’s [14] and Wienand’s [24] posts in OEIS Wiki
about meanders). In order to prove this fact, we give the formal definition of such meanders,
and provide their g.f. that does not exist in the literature (to our knowledge).

A Fibonacci meander with central angle 180 degrees is a closed smooth self-overlapping
curve in the plane, consisting of an even length sequence of two types of arcs of angle 180
degrees, namely L = and R = , starting at the origin with an L-arc toward the
north, having no consecutive L-arcs except at the beginning where a run (of any length)
of consecutive L-arcs is authorized. Each arc starts at the end of the previous arc and it

preserves the direction of its arrow, i.e., LLR corresponds to . Let F2n be the set of such
meanders of length 2n. For instance, the left part of Figure 3 illustrates a meander in F20.

L L  L L  R R  L R   R L     R L      R L     R R      L R     L R
1 2  3 4   5 6  7 8   9 10  11 12  13 14  15 16  17 18  19 20

1

2

3

4

6

5

7

8

9

10

11

12

13

14

LL LL RR

LR RL

RL

RL

RR

LR

16

1517

18

19

20

LR

Figure 3: A Fibonacci meander in F20 where the sequence of arcs is given by
LLLLRRLRRLRLRLRRLRLR, and its associated lattice path.

Now we define a function τ , mapping a two-letter word over the alphabet {L,R} into the

set {U,D, F, F̃}:

τ(a) =





U, if a = RL;

D, if a = LR;

F, if a = RR;

F̃ , if a = LL.

and a function µ, mapping a meander w = w1w2 · · ·w2n ∈ F2n into an n-length word over
the alphabet {U,D, F, F̃}:

µ(w) = τ(w1w2)τ(w3w4) · · · τ(w2n−1w2n).
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Grand Motzkin paths are lattice paths of length n in N × Z, consisting of steps U =
(1, 1), D = (1,−1), and F = (1, 0), starting at (0, 0), ending at (n, 0) (contrarily to classical
Motzkin paths, they can go below the x-axis). For instance DUUDDFDUUUD is a grand
Motzkin path of length 11. Let Gn be the set of peakless (i.e., with no occurrence of UD)
grand Motzkin paths of length n and Nn be the subset of paths starting with a D-step in
Gn. Let Sn denote the set of peakless grand Motzkin paths of length n starting with a down
step or prefixed by a nonempty sequence of special flats, called wavy flats, F̃ = (1, 0). For

instance, F̃ F̃DUUDDFDUUUD ∈ S13.

Proposition 20. The function µ induces a bijection from F2n to Sn.

Proof. Every meander a ∈ F2n avoids the pattern LL except if the occurrence of LL is only
preceded by letters L, which means that µ(a) avoids the pattern UD. If the meander a starts
with a maximal prefix of the form (LL)k, k ≥ 1, then µ(a) starts, with a maximal sequence

of k wavy flats, F̃ k. If the meander a starts with LR, then µ(a) starts with D. Moreover,
the image by µ of a factor RR is F = τ(RR) in µ(a), the image of LR is D and the image of
RL is U . Thus, the fact that a is a closed curve, implies that µ(a) starts and ends on x-axis.
Due to all these observations, µ is necessarily a bijection from F2n to Sn.

Notice that the bijection µ is very close to the bijection of Roitner [19] between 2-
watermelons with arbitrary deviation and weighted Motzkin paths, which suggests that
there are tight links between 2-watermelons and Wienand-Luschny meanders. It would be
interesting to explore this correspondence in future work.

Theorem 21. The g.f. S(x) =
∑

n≥0 snx
n, where the coefficient sn is the number of 2n-length

Fibonacci meanders with a central angle 180 degrees, is

S(x) =
x2 − x+ 1−

√
R

(x− 1)(R + (x2 − x− 1)
√
R)
,

with R = x4 − 2x3 − x2 − 2x+ 1. Using Corollary 19, we have

S(x) =
Y1(x)

x2(1− x)
− 1,

which establishes the expected link between Fibonacci meanders and the popularity ∆≥k(An).

Proof. Considering Proposition 20, it suffices to enumerate Sn. We set G =
⋃
n≥0 Gn,

N =
⋃
n≥0Nn, and S =

⋃
n≥0 Sn. Recall that M is the set of nonempty peakless Motzkin

paths. Let V denote the set of Motzkin paths without valleys DU and by V the set of
paths obtained by symmetry about the x-axis (U ↔ D) of valleyless Motzkin paths, e.g.,
DUFDU ∈ V since it is symmetric to UDFUD ∈ V. Let W be the set of nonempty
sequences of wavy flat steps. We use M(x), V (x) = V (x), G(x), N(x), W (x) to denote the
corresponding generating functions with respect to the length.
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Obviously, we have W (x) = x
1−x . From Relation (1) and Theorem 2 we obtain M(x) =

A(x)/x. Also, there is a one-to-one correspondence ν between Mn and Vn−1 that can be
defined recursively by ν(F ) = ε, ν(FQ) = Fν(Q), ν(UQD) = Uν(Q)D, and ν(UQDR) =
Uν(Q)DFν(R) if R is non-empty. So we have V (x) = M(x)/x = A(x)/x2. Finally, we
decompose G, N and S as illustrated below:

G = ε
⊎

G
⊎ M

G
⊎

N ,

N =

V

⊎

V

M
G ⊎

V
G ,

S = W
G

⊎
N ,

which induces the following system of functional equations:





G(x) = 1 + xG(x) + x2M(x)G(x) +N(x);

N(x) = x2V (x) + x4V (x)M(x)G(x) + x3V (x)G(x);

S(x) = W (x)G(x) +N(x).

Solving this system, we obtain S(x).

4 Non-decreasing Dyck paths with air pockets

A Dyck path with air pockets is non-decreasing if the sequence of heights of its valleys is
non-decreasing, i.e., the sequence of the minimal ordinates of the occurrences DkU , k ≥ 1,
is non-decreasing from left to right [2]. For example, the Dyck path with air pockets
UUDUDUD2 is non-decreasing, since its two valleys both lie at height 1, while the path
UUDUD2UD is not, since its two valleys lie at heights 1 and 0 from left to right. Let An,
n ≥ 2, be the set of n-length non-decreasing Dyck paths with air pockets and A =

⋃
n≥2An.

The subset of n-length prime non-decreasing Dyck paths with air pockets is defined as the
intersection Pn := An ∩P , and we set P :=

⋃
n≥2Pn. Analogous to generic Dyck paths with

air pockets, the map α 7→ α[ induces a bijection between Pn and An−1, whose inverse is the
map α 7→ α].

Theorem 22. For n ≥ 2, if an is the number of n-length non-decreasing Dyck paths with air
pockets, then a2 = 1 and an = 2n−3 for n ≥ 3.
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Proof. Any non-decreasing Dyck path with air pockets α has one of the following two forms:
(i) α ∈ P ∪ {UD}, or (ii) α = ∆kβ where k ≥ 1 and β ∈ A . So if A (x) =

∑
n≥2 anx

n

where an is the cardinality of An, then the previous decomposition implies the functional
equation

A (x) = x(A (x) + x) +
x2

1− xA (x).

Thus we have A (x) = x2(1−x)
1−2x which completes the proof.

4.1 The numbers of U and D

Theorem 23. Let A (x, y, z) =
∑

n,k,`≥0 an,k,`x
nykz` be the trivariate g.f. where an,k,` is the

number of n-length non-decreasing Dyck paths with air pockets having k up-steps U and `
down-steps D. Then A (x, y, z) equals

x2y(1− xy)(xyz − xy − z)(x2yz + xy − 1)

(x3y2(z − 1) + x2y(y − z)− 2xy + 1)(x3y2(z − 1)− x2yz − xy + 1)
.

Proof. Let Z(x, y, z) =
∑

n,k,`≥0 zn,k,`x
nykz`, where zn,k,` is the number of n-length non-

decreasing Dyck paths with air pockets having only valleys at height 0, k up-steps U and `
down-steps D. Such a path has the form UDα or ∆kα with k ≥ 2, where α has all its valleys
at height 0. Then we have

Z(x, y, z) = (1 + Z(x, y, z))

(
x2yz +

x3y2

1− xy

)
.

Solving for Z(x, y, z), we get

Z(x, y, z) =
x2y(xy(1− z) + z)

x3y2(z − 1)− x2yz − xy + 1
.

Now any non-decreasing Dyck path with air pockets belongs to one of the following cases:

(i) βUD;

(ii) β(UD)];

(iii) β(αUD)] (α having all its valleys at height 0);

(iv) βα] (α having all its valleys at height 0, and not ending with UD), where β is either
empty or has all its valleys at height 0.

Thus, we have (for short, we use A and Z instead of A (x, y, z) and Z(x, y, z))

A = (1 + Z)(x2yz + x3y2 + x3y2Z + xy(A − x2yz(1 + Z))).

Solving for A , we get the result.
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Porism 24. For all n ≥ 1, the number of n-length non-decreasing Dyck paths with air
pockets which have all valleys at height 0 is equal to Fn−1, where Fk is the k-th Fibonacci
number.

Proof. Plugging y = z = 1 into the trivariate g.f. Z in the proof of the previous theorem we
obtain Z(x, 1, 1) = x2

1−x−x2 , which is the g.f. for the right shift of the sequence of Fibonacci
numbers.

As we have done in Section 3.1, we deduce the following.

Corollary 25. For all k ≥ 1, the number of non-decreasing Dyck paths with air pockets:

• having n up-steps U is the k-th term of the sequence A001519;

• having k up-steps U and no down-steps D is the (k−1)-th term of the sequence A099036.

Proof. We calculate Z(1, y, 1) and Z(1, y, 0), respectively.

Corollary 26. The popularity of up-steps U in An is equal to the (n − 2)-th term of the
sequence A098156 [22]. An asymptotic for the expectation of the up-step number is (3n−2)/4.

Proof. We calculate ∂y(Z(x, y, 1))|y=1.

Corollary 27. The g.f. for the popularity of down-steps D in An equals

x2(1− x)(1− 4x+ 5x2 − 2x3 + x5)

(1− 2x)2(1− x− x2) .

An asymptotic approximation of the n-th term is n · 2n−6. An asymptotic for the expectation
of the down-step number is n/8.

Proof. We calculate ∂z(Z(x, 1, z))|z=1.

4.2 The number of peaks

Theorem 28. For all n ≥ 2 and k ≥ 1, the number of n-length non-decreasing Dyck paths
with air pockets having k peaks is equal to

(
n−2

2(k−1)
)
.

Proof. Let B(x, y) be the g.f. where the coefficient of xnyk is the number of n-length paths
in A having k peaks. Any non-decreasing Dyck path with air pockets is either of the form
∆1 = UD, or α], or ∆kβ with k ≥ 1, with α, β ∈ A . This yields the following functional
equation:

B(x, y) = x2y + xB(x, y) +
x2

1− xyB(x, y)

with the solution B(x, y) = (1−x)x2y
(1−x)2−x2y , which generates the sequence A034839 [22].

Corollary 29. The popularity of peaks in An is the (n − 2)-th term of the sequence
A045891 [22], which is equal to (n + 2) · 2n−5 for n ≥ 4. Then the expectation of the
peak number is (n+ 2)/4.
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4.3 The number of returns to the x-axis

Theorem 30. The bivariate g.f. where the coefficient of xnyk is the number of n-length
non-decreasing Dyck paths with air pockets having k returns is

R(x, y) =
x2y(1− x)(1− x− x2)
(1− 2x)(1− x− x2y)

.

Proof. Using the second-to-last return decomposition of A , we easily get the following
functional equation:

R(x, y) = x2y + x2yR(x, y) + xyA (x) +
x3

1− xyR(x, y),

which gives the result.

Corollary 31. The g.f. for the popularity of returns in An is

x2(1− x)2

(1− 2x)(1− x− x2) ,

and for n ≥ 2 the coefficient of xn is 2n−2−Fn−2, where Fn is the n-th Fibonacci number (see
A099036 [22]). Then the expectation of the return number is 2− Fn−2/2n−3 that tends to 2.

4.4 The number of catastrophes

Theorem 32. The bivariate g.f. where the coefficient of xnyk is the number of n-length
non-decreasing Dyck paths with air pockets having k catastrophes is

C(x, y) =
x2(1− x)(1 + x(y − 2)− x2y)

(1− 2x)(1− x− x2 − x3(y − 1))
.

Proof. First, let us determine the bivariate g.f. U(x, y) with respect to the length and number
of catastrophes for non-decreasing Dyck paths with air pockets having all their valleys at
height 0. It is easy to see that

U(x, y) = (1 + U(x, y))

(
x2 +

x3y

1− x

)
,

which yields

U(x, y) =
x2(1− x+ xy)

1− x− x2 − x3(y − 1)
.

Then any non-decreasing Dyck path with air pockets has one of the following forms:

(i) βUD; or
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(ii) βU2D2; or

(iii) βα] with α not belonging to forms (i) or (ii), and where β is either empty or a
non-decreasing Dyck path with air pockets which only has valleys that lie at height 0.

Hence, the bivariate generating function C(x, y) satisfies the following equation:

C(x, y) = (1 + U(x, y))(x2 + x3y(1 + U(x, 1)) + xy(C(x, 1)− x2(1 + U(x, 1)))),

which gives the result.

Corollary 33. The g.f. for the popularity of catastrophes in An equals

x3(1− x)(1− x+ x2)

(1− 2x)(1− x− x2) ,

and for n ≥ 4 the coefficient of xn is 3 · 2n−4 + 2Fn−3, where Fn is the n-th Fibonacci
number (see the sequence A175657 [22]). Then the expectation of the catastrophe number is
3/2− Fn−3/2n−4 that tends to 3/2.

Remark 34. As a byproduct of Corollary 31 and Corollary 33, the ratio of the popularity of
catastrophes in An to the popularity of returns in An tends to 3

4
when n tends toward ∞.

4.5 The number of pyramids

Theorem 35. For k ≥ 1, let Pk(x, y) =
∑

n,m≥0 p
k
n,mx

nym be the g.f. where pkn,m is the
number of n-length non-decreasing Dyck paths with air pockets with m occurrences of the
pattern ∆k = UkDk. Then the following holds:

Pk(x, y) =
x2(1− x2

1−x + xk−1(1− x− x2(2−x)
1−x )(y − 1)− x2k(y − 1)2)

(1− x− x2

1−x − xk+1(y − 1))(1− x2

1−x − xk+1(y − 1))
.

Proof. First, let us determine the expression of the bivariate g.f. Zk(x, y) with respect to the
length and the number of patterns ∆k for non-decreasing Dyck paths with air pockets having
all their valleys at height 0. The second-to-last return decomposition of A yields

Zk(x, y) = (1 + Zk(x, y))(xk+1y +

(
x2

1− x − x
k+1

)
).

Hence, we get Zk(x, y) = 1

1− x2

1−x
−xk+1(y−1)

− 1.

Now, assuming that k 6= 1, any Dyck path has one of the following forms:

(i) βUD;

(ii) β∆]
k−1;
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(iii) β∆]
k;

(iv) β(α∆k)
] with α having all of its valleys at height 0;

(v) βα] with α ∈ A , α 6= ∆k−1,∆k, γ∆k (γ having all of its valleys at height 0), and where
β is either empty or has all its valleys at height 0.

This yields (for short we use Pk and Zk instead of Pk(x, y) and Zk(x, y))

Pk = (1 + Zk)(x
2 + xk+1y + xk+2(1 + Zk) + x(Pk − xk − xk+1y(1 + Zk))).

Solving for Pk, we get the result for k ≥ 2.
If k = 1, the expression of P1(x, y) is the same as that of the bivariate g.f. associated

with the pattern D in A (given in Theorem 30), because D occurs exactly as often as
UD = ∆1.

Corollary 36. For k ≥ 1, the g.f. for the popularity ∆k(An) of k-pyramids in An is

Wk(x) =
xk+1(1− x)(1− 4x+ 5x2 − 2x3 + x5)

(1− 2x)2(1− x− x2) .

In particular, we can see that ∆1(An) = ∆k(An+k−1), which means that there are as many
1-pyramids in An as there are k-pyramids in An+k−1. An asymptotic approximation of the
n-th term is n · 2n−5−k, and an asymptotic approximation for the expectation of the k-pyramid
number is n/2k+2.

An immediate consequence of the previous corollary is the following one, which is the
An-counterpart of Corollary 19.

Corollary 37. For k ≥ 1, the g.f. for the popularities ∆≥k(An) and ∆≤k(An) are respectively
given by

W≥k(x) =
xk−1

1− xW1(x) and W≤k(x) =
1− xk
1− x W1(x),

which means that ∆≤k(An−k+1) = ∆≥k(An)−∆≥k(An−k).

Going further. It should be interesting to give natural bijections whenever our enumerative
results suggest such bijections. Also, asymptotic investigations of expectations could be
extended to a study of the limit distributions. It will also be of interest to investigate the
‘Grand’ counterpart of Dyck paths with air pockets, that are paths where negative ordinates
are allowed, or ‘Motzkin’ counterpart where flat steps (1, 0) are allowed.
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Pattern Pattern popularity in An OEIS
U 1, 2, 5, 13, 32, 76, 176, 400, 896, 1984 A098156
D 1, 0, 2, 3, 7, 15, 33, 72, 157, 341
Peak 1, 1, 3, 7, 16, 36, 80, 176, 384, 832 A045891
Ret 1, 1, 3, 6, 13, 27, 56, 115, 235, 478 A099036
Cat 0, 1, 1, 4, 8, 18, 38, 80, 166, 342 A175657
∆k 0, . . . , 0︸ ︷︷ ︸

k−1 zeroes

, 1, 0, 2, 3, 7, 15, 33, 72, 157, 341

∆≥k 0, . . . , 0︸ ︷︷ ︸
k−1 zeroes

, 1, 1, 3, 6, 13, 28, 61, 133, 290, 631 New (= vn)

∆≤k ∆≤1 1, 0, 2, 3, 7, 15, 33, 72, 157, 341 vn − vn−k
∆≤2 1, 1, 2, 5, 10, 22, 48, 105, 229, 498
∆≤3 1, 1, 3, 5, 12, 25, 55, 120, 262, 570
...

Table 2: Pattern popularity in An for 2 ≤ n ≤ 11.
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This work is a continuation of some recent articles presenting 
enumerative results for Catalan words avoiding one or a pair 
of consecutive or classical patterns of length 3. More precisely, 
we provide systematically the bivariate generating function for 
the number of Catalan words avoiding a given pair of relations 
with respect to the length and the number of descents. We 
also present several constructive bijections preserving the 
number of descents. As a byproduct, we deduce the generating 
function for the total number of descents on all Catalan words 
of a given length and avoiding a pair of ordered relations.
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1. Introduction

A word w = w1w2 · · ·wn over the set of non-negative integers is called a Catalan 
word if w1 = 0 and 0 ≤ wi ≤ wi−1 + 1 for i = 2, . . . , n. Let Cn denote the set of the 
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Fig. 1. Dyck path of the Catalan word 00123223401011.

Catalan words of length n. The cardinality of the set Cn is given by the Catalan number 
Cn = 1

n+1
(2n

n

)
, see [16, Exercise 80]. A Dyck path of semilength n is a lattice path 

of Z × Z running from (0, 0) to (2n, 0) that never passes below the x-axis and whose 
permitted steps are U = (1, 1) and D = (1, −1). For a Dyck path of semilength n, we 
associate a Catalan word in Cn formed by the y-coordinate of each initial point of the 
up steps. This construction is a bijection. For example, in Fig. 1 we show the Dyck path 
associated to the Catalan word 00123223401011 ∈ C14.

Catalan words have already been studied in the context of exhaustive generation of 
Gray codes for growth-restricted words [11]. More recently, Baril et al. [5,6] study the 
distribution of descents on restricted Catalan words avoiding a pattern or a pair of 
patterns of length at most three. Ramírez and Rojas [13] also study the distribution of 
descents for Catalan words avoiding consecutive patterns of length at most three. Baril, 
González, and Ramírez [3] enumerate Catalan words avoiding a classical pattern of length 
at most three according to the length and the value of the last symbol. They also give 
the exact value or an asymptotic for the expectation of the last symbol. Also, we refer 
to [7,10], where the authors study several combinatorial statistics on the polyominoes 
associated with words in Cn. The goal of this work is to complement all these studies by 
providing enumerative results for Catalan words avoiding a set of consecutive patterns 
defined from a pair of relations (see below for a formal definition), with respect to the 
length and the number of descents.

The remaining of this paper is structured as follows. In Section 2, we introduce the 
notation that will be used in this work. In Section 3, we provide enumerative results for 
the number of Catalan words avoiding a pattern defined by an ordered pairs of relations. 
More precisely, in Section 3.1, we focus on the constant cases, i.e., pattern avoidances 
inducing a finite number of Catalan words independently of the length. All other sections 
handle exhaustively the remaining cases, by providing bivariate generating functions with 
respect to the length and the number of descents. We also deduce the generating function 
with respect to the length for the total number of descents in Catalan words avoiding a 
given pattern. Below, Tables 1 and 2 present an exhaustive list of the sequences counting 
Catalan words that avoid an ordered pair of relations. Notice that the avoidance of an 
ordered pairs of relation can be equivalent to the avoidance of a consecutive pattern of 
length three (for instance, (<, <) is equivalent to 012). In this case, the patterns were 
already studied in [13].
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Table 1
Number of Catalan words avoiding an ordered pair of relations: the 
constant cases.

(X, Y ) Cardinality of Cn(X, Y ), n ≥ 1 References

(≤, ≥), (≤, �=) 1, 2, 2, 2, . . . Section 3.1
(≤, ≤) 1, 2, 1, 2, 1, 2, . . . Section 3.1
( �=, ≤) 1, 2, 3, 3, 3, . . . Section 3.1

2. Notation

For an integer r ≥ 2, a consecutive pattern p = p1p2 · · · pr is a word (of length r) 
over the set {0, 1, . . . , r − 1} satisfying the condition: if j > 0 appears in p, then j − 1
also appears in p. A Catalan word w = w1w2 · · ·wn contains the consecutive pattern 
p = p1p2 · · · pr if there exists a subsequence wiwi+1 · · ·wi+r−1 (for some i ≥ 1) of w
which is order-isomorphic to p1p2 . . . pr. We say that w avoids the consecutive pattern p
whenever w does not contain the consecutive pattern p. For example, the Catalan word 
0123455543 avoids the consecutive pattern 001 and contains one subsequence isomorphic 
to the pattern 210. More generally, we consider pattern p as an ordered pair p = (X, Y )
of relations X and Y lying into the set {<, >, ≤, ≥, =, �=} (see for instance, Corteel et 
al. [8], Martinez and Savage [12], and Auli and Elizalde [1]). We will say that a Catalan 
word w contains the pattern p = (X, Y ) if there exists i ≥ 1 such that wi X wi+1 and 
wi+1 Y wi+2. As an example, the pattern (�=, ≥) appears twice in the Catalan word 
0123112 on the triplets 231 and 311. Notice that the avoidance of (�=, ≥) on Catalan 
words is equivalent to the avoidance of the four consecutive patterns 010, 011, 100, and 
210. On the other hand, the avoidance of (<, <) is equivalent to the consecutive pattern 
012.

For n ≥ 0 and for a given consecutive pattern p or an ordered pair of relations 
p = (X, Y ), let Cn(p) denote the set of Catalan words of length n avoiding the consecutive 
pattern p. We denote by cp(n) the cardinality of Cn(p), and we set C(p) :=

⋃
n≥0 Cn(p). 

We denote by des(w) the number of descents in w, i.e., the number of indices i ≥ 1
such that wi > wi+1. Let Cn,k(p) denote the set of Catalan words w ∈ Cn(p) such that 
des(w) = k, and let cp(n, k) := |Cn,k(p)|. Obviously, we have cp(n) =

∑n−1
k=0 cp(n, k). We 

introduce the bivariate generating function

Cp(x, y) :=
∑

w∈C(p)

x|w|ydes(w) =
∑

n,k≥0
cp(n, k)xnyk,

and we set

Cp(x) :=
∑

w∈C(p)

x|w| = Cp(x, 1).

The generating function for the total number of descents over all words in Cn(p) is given 
by
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Table 2
Number of Catalan words avoiding an ordered pair of relations.

(X, Y ) Cardinality of Cn(X, Y ), n ≥ 1 OEIS References

(=, =) c000(n) =
∑n

k=1
( k

n−k

)
mk−1 A247333 Theorem 2.8 of [13], seq. c000(n)

(=, ≥) 1, 2, 4, 10, 26, 72, 206, 606, 1820, 5558, . . . A102407 Section 3.2
(≥, =) 1, 2, 4, 10, 26, 72, 206, 606, 1820, 5558, . . . A102407 Section 3.2

(=, >) C110(x) = 1−2x2−
√

1−4x+4x3

2x(1−x) A087626 Theorem 2.6 of [13], seq. c110(n)
(>, =) C100(x) = 1−2x2−

√
1−4x+4x3

2x(1−x) A087626 Theorem 2.6 of [13], seq. c100(n)

(=, ≤) 1, 2, 3, 7, 17, 43, 114, 310, 861, 2433, . . . A143013 Section 3.3
(≤, =) 1, 2, 3, 7, 17, 43, 114, 310, 861, 2433, . . . A143013 Section 3.3

(=, <) c001(n) =
∑�(n−1)/2�

k=0
(−1)k

n−k

(n−k
k

)( 2n−3k
n−2k−1

)
A105633 Theorem 2.3 of [13], seq. c001(n)

(<, =) c011(n) =
∑�(n−1)/2�

k=0
(−1)k

n−k

(n−k
k

)( 2n−3k
n−2k−1

)
A105633 Theorem 2.4 of [13], seq. c011(n)

(<, >)
∑�(n−1)/2�

k=0
(−1)k

n−k

(n−k
k

)( 2n−3k
n−2k−1

)
A105633 Section 3.4

(=, �=) 1, 2, 4, 8, 17, 38, 89, 216, 539, 1374, . . . A086615 Section 3.5
( �=, =) 1, 2, 4, 8, 17, 38, 89, 216, 539, 1374, . . . A086615 Section 3.5

(≥, ≥) mn (Motzkin numbers) A001006 Section 3.6
(<, <) mn (Motzkin numbers) A001006 Theorem 2.1 of [13], seq. cn(012)

(≥, >) 1, 2, 5, 13, 35, 97, 275, 794, 2327, 6905, . . . A082582 Section 3.7
(>, ≥) 1, 2, 5, 13, 35, 97, 275, 794, 2327, 6905, . . . A082582 Section 3.7
(>, <) 1, 2, 5, 13, 35, 97, 275, 794, 2327, 6905, . . . A082582 Section 3.7

(≥, ≤) Fn+1 (Fibonacci number) A000045 Section 3.8
(≤, <) Fn+1 (Fibonacci number) A000045 Section 3.8
(<, ≤) Fn+1 (Fibonacci number) A000045 Section 3.8

(≥, <) 2n−1 A011782 Section 3.9
(≤, >) 2n−1 A011782 Section 3.9

(≥, �=)
(n
2
)
+ 1 A000124 Section 3.10

(>, >) c210(n) =
∑�n/2�

k=0
1

n−k

(n−k
k

)(n−k
k+1

)
2n−2k−1 A159771 Theorem 2.9 of [13], seq. c210(n)

(>, ≤) Pn+1 (Pell numbers) A000129 Section 3.11.

(>, �=) 1, 2, 5, 13, 34, 90, 242, 660, 1821, 5073, . . . New Section 3.12

(<, ≥) n A000027 Section 3.13
( �=, ≥) n A000027 Section 3.13

(<, �=) 1, 2, 3, 6, 12, 25, 54, 119, 267, 608, . . . New Section 3.14

( �=, >) 1, 2, 4, 9, 22, 56, 146, 388, 1048, 2869, . . . A152225 Section 3.15

( �=, <) 1, 2, 4, 8, 17, 37, 82, 185, 423, 978, . . . A292460 Section 3.16

( �=, �=) 1, 2, 3, 6, 11, 22, 43, 87, 176, 362, . . . A026418 Section 3.17
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Dp(x) := ∂Cp(x, y)
∂y

∣∣∣∣
y=1

.

Throughout this work, we will often use the first return decomposition of a Catalan 
word w, which is w = 0(w′ + 1)w′′, where w′ and w′′ are Catalan words, and where 
(w′ + 1) is the word obtained from w′ by adding 1 at all these symbols (for instance if 
w′ = 012012 then (w′ + 1) = 123123). As an example, the first return decomposition of 
w = 0122123011201 is given by setting w′ = 011012 and w′′ = 011201.

3. Enumeration

Section 3.1 handles pattern avoidances inducing a finite number of Catalan words 
independently of the length. Sections 3.1 to 3.17 handle exhaustively the other patterns.

3.1. Constant cases

The avoidance of (≤, ≥) on Catalan words is equivalent to the avoidance of 000, 010, 
011, 110, and 120. So, Catalan words in Cn(≤, ≥) are necessarily of the form 01 · · · n or 
001 · · · (n-1). Therefore c(≤,≥)(n) = 2 for all n ≥ 2.

The avoidance of (≤, �=) on Catalan words is equivalent to the avoidance of 001, 010, 
012, 110, and 120. So, we necessarily have C1(≤, �=) = {0} and Cn(≤, �=) = {0n, 01n−1}
for n ≥ 2. Therefore c(≤, �=)(n) = 2 for all n ≥ 2.

The avoidance of (≤, ≤) on Catalan words is equivalent to the avoidance of 000, 001, 
011, and 012. So, Catalan words in Cn(≤, ≤) are words made up of alternating zeros and 
ones except, possibly, for the last symbol, that is

Cn(≤,≤) =
{

(01)n/2 or (01)(n−2)/200, if n is even;
(01)(n−1)/20, if n is odd.

Therefore we obtain

c(≤,≤)(n) =
{

2, if n is even;
1, if n is odd.

Finally, the avoidance of (�=, ≤) on Catalan words is equivalent to the avoidance of 011, 
012, 100, 101, and 201. So, we have C1(�=, ≤) = {0}, C2(�=, ≤) = {00, 01}, and for n ≥ 3
Cn(�=, ≤) = {0n, 0n−11, 0n−210}. Therefore,

c( �=,≤)(n) =

⎧
⎪⎪⎨
⎪⎪⎩

1, if n = 1;
2, if n = 2;
3, if n ≥ 3.

We refer to Table 1 for a summary of the results obtained in this part.
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3.2. Cases C(=, ≥) and C(≥, =)

The avoidance of (=, ≥) (resp. (≥, =)) on Catalan words is equivalent to the avoidance 
of 000 and 110 (resp. 000 and 100). In [2], the authors established a bijection between 
Catalan words avoiding 100 and those avoiding 110: from left to right, we replace each 
maximal factor kj(k − �), j ≥ 2, � ≥ 1, with the factor k(k− �)j . This bijection preserves 
the number of descents and the avoidance of 000. For example, for w = 0122123300 ∈
C10(≥, =), we have the transformation

0122123300 → 0121123300 → 0121123000 ∈ C10(=,≥).

Therefore, we necessarily have C(≥,=)(x, y) = C(=,≥)(x, y), and below, we focus on the 
pattern (=, ≥).

Theorem 3.1. We have

C1(x, y) := C(=,≥)(x, y) = 1 − x − x2 + 2xy −
√

(1 − x − x2 + 2xy)2 − 4xy(1 + xy)
2xy .

Proof. Let w denote a non-empty Catalan word in C(=, ≥) = C(000, 110), and let w =
0(w′+1)w′′ be the first return decomposition, where w′, w′′ ∈ C(000, 110). If w′′ = ε, then 
w = 0(w′ +1) with w′ possibly empty. The generating function for this case is xC1(x, y). 
If w′′ is non-empty and w′ = ε, then w′′ cannot start with 00. The corresponding 
generating function is xA(x, y), where A(x, y) is the bivariate generating function for 
non-empty Catalan words in C(000, 110) that do not start with 00. Counting using the 
complement we have

A(x, y) = C1(x, y) − 1 −
[
x2C1(x, y) + x2y(C1(x, y) − 1 − B(x, y))(C1(x, y) − 1)

]
,

where B(x, y) is the bivariate generating function for Catalan words in C(=, ≥) that 
end with aa for any a ≥ 0 (we have to subtract this generating function to ensure the 
avoidance of 110). Since any word counted by B(x, y) is obtained from a non-empty 
Catalan word in C(=, ≥) duplicating the last symbol unless the word ends with two 
repeated symbols, so this last generating function satisfies B(x, y) = x(C1(x, y) − 1 −
B(x, y)).

If w′ and w′′ are non-empty, then the generating function of this case is

E(x, y) := xy(C1(x, y) − 1 − B(x, y))(C1(x, y) − 1).

Therefore, we have the functional equation

C1(x, y) = 1 + xC1(x, y) + xA(x, y) + E(x, y).

Solving this system of equations we obtain the desired result. �
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The series expansion of the generating function C1(x, y) is

1 + x + 2x2 + (3 + y)x3 + (5 + 5y)x4 + (8 + 16y + 2y2)x5

+ (13 + 43y + 16y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(=,≥) = C4(000, 110) = {0010, 0011, 0012, 0100, 0101, 0112, 0120, 0121, 0122, 0123}.

Corollary 3.2. The g.f. for the cardinality of C(=, ≥) with respect to the length is

C(=,≥)(x) = 1 + x − x2 −
√

1 − 2x − 5x2 − 2x3 + x4

2x .

Using the bijection given in Introduction between Catalan words and Dyck path, it is 
clear that the sequence c(=,≥)(n) = c000,100(n) also counts the number of all Dyck paths 
of semilength n that avoid DUDU (sequence A102407). Then, using [14] we have the 
combinatorial expression

c(=,≥)(n) = c000,110(n) =
� n

2 �∑

j=0

1
n − j

(
n − j

j

) n−2j∑

i=0

(
n − 2j

i

)(
j + i

n − 2j − i + 1

)
, n ≥ 1.

Corollary 3.3. The g.f. for the total number of descents on C(=, ≥) is

D(=,≥)(x) = 1 − 2x − 3x2 + x4 − (1 − x − x2)
√

1 − 2x − 5x2 − 2x3 + x4

2x
√

1 − 2x − 5x2 − 2x3 + x4
.

The series expansion of D(=,≥)(x) is

x3 + 5x4 + 20x5 + 75x6 + 271x7 + 964x8 + 3397x9 + O(x10),

where the coefficient sequence does not appear in [15].

3.3. Cases C(=, ≤) and C(≤, =)

The avoidance of (=, ≤) (resp. (≤, =)) on Catalan words is equivalent to the avoidance 
of 000 and 001 (resp. 000 and 011). In [13] (see Theorem 2.4), the authors established 
a bijection between Catalan words avoiding 011 and those avoiding 001. From left to 
right, they replace each factor kj(k + 1) with the factor k(k + 1)j (j ≥ 2). This bijection 
preserves the number of descents and the avoidance of 000. Therefore, we necessarily 
have C2(x, y) := C(≤,=)(x, y) = C(=,≤)(x, y).
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Theorem 3.4. We have

C2(x, y) := C(=,≤)(x, y) = 1 − x + 2xy −
√

1 − 2x + x2 − 4x2y − 4x3y

2xy .

Proof. Let w denote a non-empty Catalan word in C(=, ≤) = C(000, 001), and let w =
0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(=, ≤). If w′′ = ε, then 
w = 0(w′ +1) with w′ possibly empty. The generating function for this case is xC2(x, y). 
If w′′ is non-empty and w′ = ε, then w′′ cannot start with 00 or 01, so w′′ = 0. The 
corresponding generating function is x2. If w′ and w′′ are non-empty, then the generating 
function is xy(C2(x, y) − 1)2. Therefore, we have the functional equation

C2(x, y) = 1 + xC2(x, y) + x2 + xy(C2(x, y) − 1)2.

Solving this equation we obtain the desired result. �

The series expansion of the generating function C2(x, y) is

1 + x + 2x2 + (2 + y)x3 + (2 + 5y)x4 + (2 + 13y + 2y2)x5

+ (2 + 25y + 16y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(=,≤) = {0100, 0101, 0110, 0120, 0121, 0122, 0123}.

Corollary 3.5. The g.f. for the cardinality of C(=, ≤) with respect to the length is

C(=,≤)(x) = 1 + x −
√

1 − 2x − 3x2 − 4x3

2x .

This generating function coincides with that of the sequence A143013, that is

c(=,≤)(n) = c000,001(n) =
n∑

i=0

n−i+1∑

k=1

1
k

(
i − 1
k − 1

)(
k

n − k − i + 1

)(
k + i − 2

i − 1

)
, n ≥ 1.

Notice that sequence A143013 counts also the number of Motzkin paths with two 
kinds of level steps one of which is a final step.

Corollary 3.6. The g.f. for the total number of descents on C(=, ≤) is

D(=,≤)(x) = 1 − 2x − x2 − 2x3 − (1 − x)
√

1 − 2x − 3x2 − 4x3

2x
√

1 − 2x − 3x2 − 4x3
.
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The series expansion of D(=,≤)(x) is

x3 + 5x4 + 17x5 + 57x6 + 188x7 + 610x8 + 1971x9 + O(x10),

where the coefficient sequence does not appear in [15].

3.4. Cases (=, <), (<, =), and (<, >)

Obviously, we have C(=, <) = C(001), C(<, =) = C(011), and C(<, >) = C(010, 120). 
With the same bijection used at the beginning of Section 3.3, we have C(=,<)(x, y) =
C(<,=)(x, y), and we refer to [13] to see an expression of this generating function. On 
the other hand, a non-empty Catalan word in C(<, >) is either of the form (i) 0α with 
α ∈ C(<, >), (ii) 0(α + 1) with α ∈ C(<, >), α �= ε, or (iii) 0(α + 1)β, where α ends 
with a(a + 1) and β ∈ C(<, >), β �= ε. We deduce the functional equation

C(<,>)(x) = 1 + xC(<,>)(x) + x(C(<,>)(x) − 1)

+ x(C(<,>)(x) − 1)(C(<,>)(x) − 1 − x − x(C(<,>)(x) − 1)),

which proves that C(<,>)(x) = C(=,<)(x) = C(<,=)(x). Then, the sets C(011) = C(<, =)
and C(<, >) = C(010, 120) are in one-to-one correspondence, but the number of descents 
cannot be preserved (see for instance the list of Catalan words of length 3).

Below, we focus on the descent distribution over C(<, >).

Theorem 3.7. We have

C3(x, y) := C(<,>)(x, y) = 1 − 2x + 2xy − x2y −
√

1 − 4x + 4x2 − 2x2y + x4y2

2xy(1 − x) .

Proof. Let w denote a non-empty Catalan word in C(<, >) = C(010, 120). Let w =
0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(<, >). If w′′ = ε, then 
w = 0(w′ +1) with w′ possibly empty. The generating function for this case is xC3(x, y). 
If w′′ is non-empty and w′ = ε, then w′′ is any word of C(<, >), and the corresponding 
generating function is x(C3(x, y) − 1). If w′ and w′′ are non-empty, then w′ �= 0 or w′

does not end with an ascent a(a + 1), where a ≥ 0. The generating function is

E(x, y) := xy(C3(x, y) − 1 − x − B(x, y))(C3(x, y) − 1),

where B(x, y) is the generating function for the Catalan words in C(<, >) ending with 
an ascent. Since any word counted by B(x, y) is obtained from a non-empty Catalan 
word duplicating the last symbol plus 1, this generating function is given by B(x, y) =
x(C3(x, y) − 1). Therefore, we have the functional equation

C3(x, y) = 1 + xC3(x, y) + x(C3(x, y) − 1) + E(x, y).
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Solving this system of equations we obtain the desired result. �

The series expansion of the generating function C3(x, y) is

1 + x + 2x2 + 4x3 + (8 + y)x4 + (16 + 6y)x5 + (32 + 24y + y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(<,>) = {0000, 0001, 0011, 0012, 0110, 0111, 0112, 0122, 0123}.

Corollary 3.8. The g.f. for the cardinality of C(<, >) with respect to the length is

C(<,>)(x) = 1 − x2 −
√

1 − 4x + 2x2 + x4

2(1 − x)x .

This generating function coincides with the generating function of the sequence 
A105633, and

c(<,>)(n) = c010,120(n) =
�(n−1)/2�∑

k=0

(−1)k
n − k

(
n − k

k

)(
2n − 3k

n − 2k − 1

)
, n ≥ 1.

Using the bijection given in Introduction between Catalan words and Dyck path, the 
sequence c(<,=)(n) = c011(n) counts the Dyck paths of semilength n avoiding UUDU and 
c(=,<)(n) = c001(n) counts the Dyck paths of semilength n avoiding UDUU (cf. [14]). 
Notice that the sequence A105633 also counts the number of Dyck paths of semilength 
n +1 with no pairs of consecutive valleys at the same height. More generally, it is proved 
in [9] that the generating function of the sequence

cγ=012···k�(�+1)···(�+s)(n), 0 ≤ � ≤ k and s ≥ 1,

satisfies the functional equation

Cγ(x) = 1 + xCγ(x)2 − xMCγ(x)M−(k+1−�)
(

Cγ(x) − 1 − (xCγ(x))m
1 − xCγ(x)

)
,

where M = max{k + 1, s} and m = min{k + 1, s} (when k = 0, � = 0 and s = 1 we 
retrieve the generating function C(=,<)(x) = C(<,>)(x)).

Corollary 3.9. The g.f. for the total number of descents on C(<, >) is

D(<,>)(x) = 1 − 4x + 3x2 − (1 − 2x)
√

1 − 4x + 2x2 + x4

2(1 − x)x
√

1 − 4x + 2x2 + x4
.
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The series expansion of D(<,>)(x) is

x4 + 6x5 + 26x6 + 100x7 + 363x8 + 1277x9 + O(x10),

where the coefficient sequence does not appear in [15].

3.5. Cases C(=, �=) and C(�=, =)

The avoidance of (=, �=) (resp. (�=, =)) on Catalan words is equivalent to the avoidance 
of 001 and 110 (resp. 100 and 011). The following map is a bijection from C(=, �=)
to C(�=, =) and it preserves the number of descents: crossing σ ∈ C(=, �=) from right 
to left, we replace each factor k(k + 1)j with the factor kj(k + 1), j ≥ 2, and we 
replace each factor k(k − �)j with the factor kj(k − �). Therefore, we necessarily have 
C(=, �=)(x, y) = C( �=,=)(x, y). For example, for the word 01012323412300 ∈ C14(=, �=), 
we have the transformation:

01012323412300 → 01012323412330 → 01012323412230

→ 01012323411230 → 01012323441230 → 01012323341230

→ 01012322341230 → 01012332341230 → 01012232341230 → 01011232341230

→ 01001232341230 → 01101232341230 → 00101232341230 ∈ C14(�=,=).

Theorem 3.10. We have

C4(x, y) := C(=, �=)(x, y) = 1 − x + 2xy − 2x2y −
√

1 − 2x + x2 − 4x2y

2xy(1 − x) .

Proof. Let w denote a non-empty Catalan word in C(=, �=) = C(001, 110), and let w =
0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(=, �=). If w′′ = ε, 
then w = 0(w′ + 1) with w′ possibly empty. The generating function for this case is 
xC4(x, y). If w′′ is non-empty and w′ = ε, then w′′ = 0j for any j ≥ 1 (to avoid 001). 
The corresponding generating function is x(x/(1 −x)). If w′ and w′′ are non-empty, then 
the generating function is

E(x, y) := xy(C4(x, y) − 1 − B(x, y))(C4(x, y) − 1),

where B(x, y) is the bivariate generating function for Catalan words in C(=, �=) that do 
not end with aa (a ≥ 0). It is clear that B(x, y) = x(C4(x, y) − 1). Therefore, we have 
the functional equation

C4(x, y) = 1 + xC4(x, y) + x2

1 − x
+ E(x, y).

Solving this system of equations we obtain the desired result. �
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The series expansion of the generating function C4(x, y) is

1 + x + 2x2 + (3 + y)x3 + (4 + 4y)x4 + (5 + 10y + 2y2)x5

+ (6 + 20y + 12y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(=, �=) = {0000, 0100, 0101, 0111, 0120, 0121, 0122, 0123}.

Corollary 3.11. The g.f. for the cardinality of C(=, �=) with respect to the length is

C(=, �=)(x) = 1 + x − 2x2 −
√

1 − 2x − 3x2

2(1 − x)x .

This generating function coincides with the generating function of the sequence of 
partial sums of the Motzkin numbers mn (see sequence A086615), that is

c(=, �=)(n) = c001,110(n) = c100,011(n) =
n−1∑

j=0
mj , n ≥ 1,

where mn is the n-th Motzkin number.

Corollary 3.12. The g.f. for the total number of descents on C(=, �=) is

D(=, �=)(x) = 1 − 2x − x2 − (1 − x)
√

1 − 2x − 3x2

2(1 − x)x
√

1 − 2x − 3x2
.

The series expansion of D(=, �=)(x) is

x3 + 4x4 + 14x5 + 44x6 + 134x7 + 400x8 + 1184x9 + O(x10),

where the coefficient sequence corresponds to A097894 in [15], which counts the number 
of peaks at even height in all Motzkin paths of length n + 1.

3.6. Cases C(≥, ≥) and C(<, <)

The avoidance of (≥, ≥) (resp. (<, <)) on Catalan words is equivalent to the avoidance 
of 000, 100, 110, and 210 (resp. 012). For the pattern (<, <) = 012, we refer to [13] to 
see an expression of C(<,<)(x, y). Below, we prove that

C5(x, y) := C(≥,≥)(x, y) = C(<,<)(x, y),

by exhibiting a bijection between C(≥, ≥) and C(<, <) that preserves the length and the 
number of descents. Let w be a word in C(≥, ≥), we distinguish four cases:
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φ(w) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

ε if w = ε

0φ(u) if w = 0(u + 1)
01(φ(u) + 1) if w = 00(u + 1)
01(φ(v) + 1)φ(v′) if w = 0(va + 1)v′

,

where u, va, and v′ are Catalan words in C(≥, ≥), such that u and v are possibly empty, 
v′ is not empty, v ends with (a − 1) when v is not empty, and v′ does not start with 
00. Clearly, this map is a bijection from C(≥, ≥) to C(<, <) that preserves the descent 
number. For instance, the image by φ of w = 0123010122 ∈ C11(≥, ≥) is

φ(w) = 01φ(01) · φ(010122) = 0111 · 01 · φ(0122)

= 0111010φ(011) = 0111010001 ∈ C(<,<).

So, we deduce directly the following.

Theorem 3.13. We have

C5(x, y) := C(≥,≥)(x, y) = 1 − x − x2 + x2y −
√

(1 − x − x2(1 + y))2 − 4x3(1 + x)y
2x2y

.

The series expansion of the generating function C5(x, y) is

1 + x + 2x2 + (3 + y)x3 + (5 + 4y)x4 + (8 + 12y + y2)x5 + (13 + 31y + 7y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C5(≥,≥) = {0010, 0011, 0012, 0101, 0112, 0120, 0121, 0122, 0123}.

The coefficients of the bivariate generating function C5(x, y) coincide with the array 
A114690, which counts the number of Motzkin paths of length n having k weak ascents.

Corollary 3.14. The g.f. for the cardinality of C(≥, ≥) with respect to the length is

C(≥,≥)(x) = 1 − x −
√

1 − 2x − 3x2

2x2 .

This generating function coincides with the generating function of the Motzkin num-
bers (sequence A001006) mn =

∑�n/2�
k=0

(2n
k

)
Ck, where Ck is the k-th Catalan number, 

that is

c(≥,≥)(n) = c000,100,110,210(n) = mn, n ≥ 0.

Corollary 3.15. The g.f. for the total number of descents on C(≥, ≥) is

D(≥,≥)(x) = 1 − 2x − 2x2 + x3 − (1 − x − x2)
√

1 − 2x − 3x2

2x2
√

1 − 2x − 3x2
.
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The series expansion of D(≥,≥)(x) is

x3 + 4x4 + 14x5 + 45x6 + 140x7 + 427x8 + 1288x9 + O(x10),

where the coefficients correspond to the sequence A005775 which counts triangular poly-
ominoes of a given number of cells.

3.7. Cases C(≥, >), C(>, ≥), and C(>, <)

The avoidance of (≥, >) (resp. (>, ≥), resp. (>, <)) on Catalan words is equivalent 
to the avoidance 110 and 210 (resp. 100 and 210, resp. 201 and 101).

From the bijection described in Section 3.2, the sets C(≥, >) = C(110, 210) and C(>, ≥
) = C(100, 210) are in one-to-one correspondence (the bijection preserves also the descent 
number), which implies that C(≥,>)(x, y) = C(>,≥)(x, y).

On the other hand, let us prove that C(≥,>)(x, y) = C(>,<)(x, y) by exhibiting a bi-
jection ψ preserving the descent number. Let w be a word in C(≥, >), then we distinguish 
five cases:

ψ(w) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ε if w = ε

0ψ(u) if w = 0u
0(ψ(u) + 1) if w = 0(u + 1)
0(ψ(ua) + 1)0ψ(v) if w = 0(ua(a + 1) + 1)v
0(ψ(v) + 1)0 if w = 01v

,

where u, ua(a +1), and v are Catalan words in C(≥, >), such that u is possibly empty and 
v is not empty. Clearly, this map is a bijection from C(≥, >) to C(>, <) that preserves 
the descent number. For example, for the word 01234012343454 ∈ C14(≥, >), we have 
the transformation:

0·1234·012343454 → 0(ψ(01·2)+1)0·ψ(012343454) → 01(ψ(01)+2)0·0(ψ(01232343)+1)

→ 01 · 22 · 00 · 1(ψ(0121232) + 2) → 0122001 · 2(ψ(010121) + 3)

→ 01220012 · 3(ψ(0121) + 4)3 → 012200123 · 4(ψ(010) + 5)3

→ 0122001234 · 5(ψ(0) + 6)5 · 3 → 01220012345653 ∈ C14(>,<).

Theorem 3.16. We have

C6(x, y) := C(≥,>)(x, y) = 1 − 2x + x2y −
√

1 − 4x + 4x2 − 2x2y + x4y2

2x2y
.

Proof. Let w denote a non-empty Catalan word in C(≥, >) = C(110, 210), and let w =
0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(≥, >). If w′′ = ε, 
then w = 0(w′ + 1) with w′ possibly empty. The generating function for this case is 
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xC6(x, y). If w′′ is non-empty and w′ = ε, then w′′ is any non-empty word in C(≥, >), 
so the generating function is x(C6(x, y) − 1). If w′ and w′′ are non-empty, then w′ = 0
or w′ has to finish with an ascent a(a + 1) (a ≥ 0). Then the generating function is

E(x, y) := xy(x(C6(x, y) − 1)) + xy(x(C6(x, y) − 1))(C6(x, y) − 1).

Therefore, we have the functional equation

C6(x, y) = 1 + xC6(x, y) + x(C6(x, y) − 1) + E(x, y).

Solving this system of equations we obtain the desired result. �

The series expansion of the generating function C6(x, y) is

1 + x + 2x2 + (4 + y)x3 + (8 + 5y)x4 + (16 + 18y + y2)x5

+ (32 + 56y + 9y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(≥, >)={0000, 0001, 0010, 0011, 0012, 0100, 0101, 0111, 0112, 0120, 0121, 0122, 0123}.

The coefficient sequence of the bivariate generating function C6(x, y) coincides with 
A273717, which counts the number of bargraphs of semiperimeter n having k L-shaped 
corners (n ≥ 2, k ≥ 0).

Corollary 3.17. The g.f. for the cardinality of C(≥, >) with respect to the length is

C(≥,>)(x) = 1 − 2x + x2 −
√

1 − 4x + 2x2 + x4

2x2 .

This generating function coincides with the generating function of the sequence 
A082582, that is

c(≥,>)(n) = c110,210(n) =
n∑

k=0

n−k∑

j=0

1
j + 1

(
n − k − 1

j

)(
k

j

)(
k + j + 2

j

)
, n ≥ 1.

Notice that this sequence counts also Dyck paths of semilength n + 1 avoiding UUDD.

Corollary 3.18. The g.f. for the total number of descents on C(≥, >) is

D(≥,>)(x) = 1 − 4x + 3x2 − (1 − 2x)
√

1 − 4x + 2x2 + x4

2x2
√

1 − 4x + 2x2 + x4
.
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The series expansion of D(≥,>)(x) is

x3 + 5x4 + 20x5 + 74x6 + 263x7 + 914x8 + 3134x9 + O(x10),

where the coefficients correspond to the sequence A273718, which counts also the total 
number of descents in all bargraphs of semiperimeter n − 1.

3.8. Cases C(≥, ≤), C(≤, <), and C(<, ≤)

The avoidance of (≥, ≤) (resp. (≤, <), resp. (<, ≤)) on Catalan words is equivalent 
to the avoidance of 000, 001, 100, 101, and 201 (resp. 001 and 012, resp. 011 and 012).

From the bijection described in Section 3.3, C(≤, <) = C(001, 012) and C(<, ≤) =
C(011, 012) are in one-to-one correspondence by preserving the descent number, which 
implies that C(≤,<)(x, y) = C(<,≤)(x, y).

Theorem 3.19. We have

C7(x, y) := C(≤,<)(x, y) = 1 + x2 − x2y

1 − x − x2y
.

Proof. Let w denote a non-empty Catalan word in C(≤, <) = C(001, 012). From the 
conditions we have the decomposition 00j , 011j or 011jw′, where j ≥ 0 and w′ is a 
non-empty word in C(≤, <). Therefore, we have the functional equation

C7(x, y) = 1 + x

1 − x
+ x2

1 − x
+ x2y

1 − x
C7(x, y).

Solving this equation we obtain the desired result. �

The series expansion of the generating function C7(x, y) is

1 + x + 2x2 + (2 + y)x3 + (2 + 3y)x4 + (2 + 5y + y2)x5 + (2 + 7y + 4y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(≤, <) = {0000, 0100, 0101, 0110, 0111}.

The coefficients of the generating function C7(x, y) coincide with the table A129710.

Corollary 3.20. The g.f. for the cardinality of C(≤, <) with respect to the length is

C(≤,<)(x) = 1
1 − x − x2 .
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This generating function coincides with that of the Fibonacci sequence Fn+1, that is

c(≤,<)(n) = c001,012(n) = Fn+1, n ≥ 0.

Corollary 3.21. The g.f. for the total number of descents on C(≤, <) is

D(≤,<)(x) = x3(1 + x)
(1 − x − x2)2 .

The series expansion is

x3 + 3x4 + 7x5 + 15x6 + 30x7 + 58x8 + 109x9 + O(x10),

where the coefficient sequence corresponds to A023610.
Finally, we can prove easily that C(≥,≤)(x, y) = C(≤,<)(x, y) by exhibiting a bijection 

φ preserving the descent number. Let w be a word in C(≤, <), then we distinguish 
three cases: (i) φ(ε) = ε; (ii) if w = 0j , j ≥ 1, then we set φ(w) = 01j−1; and (iii) 
if w = 01j , j ≥ 1, then φ(w) = 012 · · · (j − 1)(j − 1); (iv) if w = 01jw′, j ≥ 1, then 
φ(w) = 01 · · · (j−1)(φ(w′) +j)0. For example, for the word 01101101111011 ∈ C14(≤, <), 
we have the transformation:

φ(01201101111011) = 01(φ(01201111011) + 2)0

= 0123(φ(014011) + 4)20 = 01234567(φ(012) + 8)420

= 01234557899(φ(ε) + 8)420 = 01234567899420 ∈ C14(≥,≤).

3.9. Cases C(≥, <) and C(≤, >)

The avoidance of (≥, <) (resp. (≤, >)) on Catalan words is equivalent to the avoidance 
of 001, 101, and 201 (resp. 010, 110. and 120). Below, we will see that for all n ≥ 1, 
the cardinalities of Cn(≥, <) resp. Cn(≤, >) are the same, but the distributions of the 
number of descents do not coincide.

Theorem 3.22. We have

C8(x, y) := C(≥,<)(x, y) = 1 − x + x2 − x2y

1 − 2x + x2 − x2y
.

Proof. Let w denote a non-empty Catalan word in C(≥, <) = C(101, 110, 201) and let 
w = 0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(≥, <). If w′ is 
empty, then we have w = 0j , j ≥ 0. Otherwise, we have w = 0(w′ + 1)0j , j ≥ 0. The 
generating function C8(x, y) satisfies the functional equation

C8(x, y) = 1
1 − x

+ x(C8(x, y) − 1) + x2y

1 − x
(C8(x, y) − 1),
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which gives the result. �

The series expansion of the generating function C8(x, y) is

1 + x + 2x2 + (3 + y)x3 + (4 + 4y)x4 + (5 + 10y + y2)x5 + (6 + 20y + 6y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(≥, <) = {0000, 0110, 0111, 0100, 0120, 0121, 0122, 0123}.

The coefficient sequence of the bivariate generating function C8(x, y) coincides with 
A034867, then

[xnyk]C8(x, y) =
(

n

2k + 1

)
.

Corollary 3.23. The g.f. for the cardinality of C(≥, <) with respect to the length is

C(≥,<)(x) = 1 − x

1 − 2x,

where the n-th term is 2n−1.

Corollary 3.24. The g.f. for the total number of descents on C(≥, <) is

D(≥,<)(x) = x3

(1 − 2x)2 .

The series expansion is

x3 + 4x4 + 12x5 + 32x6 + 80x7 + 192x8 + 448x9 + O(x10),

where the coefficient sequence corresponds to A001787, i.e., the n-th term is (n −2)2n−3.

Theorem 3.25. We have

C(≤,>)(x, y) = 1 − x

1 − 2x.

Proof. Let w denote a non-empty Catalan word in C(≤, >) = C(010, 110, 120) and let 
w = 0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(≥, <). If w′ is 
empty, then we have w = 0w′′. Otherwise, we have w = 0(w′ + 1). The generating 
function C(≤,>)(x, y) satisfies the functional equation

C(≤,>)(x, y) = 1 + xC(≤,>)(x, y) + x(C(≤,>)(x, y) − 1),

which gives the result. �
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3.10. Case C(≥, �=)

The avoidance of (≥, �=) on Catalan words is equivalent to the avoidance of 001, 102, 
201, 110, and 210. This means that any Catalan word of length n in C(≥, �=) is either of 
the form w = 01 . . . (k − 1)kn−k, k ≥ 0, or w = 01 . . . (k − 1)mn−k where 0 ≤ m < k − 1
and k ≥ 1. Therefore, we can deduce easily that

C9(x, y) := C(≥, �=)(x, y) = 1 + x

(1 − x)2 + yx3

(1 − x)3 ,

which implies the following.

Theorem 3.26. We have

C(≥, �=)(x, y) = 1 − 2x + 2x2 − x3 + x3y

(1 − x)3
.

The series expansion of the generating function C(≥, �=)(x, y) is

1 + x + 2x2 + (3 + y)x3 + (4 + 3y)x4 + (5 + 6y)x5 + (6 + 10y)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(≥, �=) = {0000, 0100, 0111, 0120, 0121, 0122, 0123}.

Corollary 3.27. The g.f. for the cardinality of C(≥, �=) with respect to the length is

C(≥, �=)(x) = 1 − 2x + 2x2

(1 − x)3
,

where the n-th term is 1 +
(
n
2
)
.

Corollary 3.28. The g.f. for the total number of descents on C(≥, �=) is

D(≥, �=)(x) = x3

(1 − x)3 .

The series expansion is

x3 + 3x4 + 6x5 + 10x6 + 15x7 + 21x8 + 28x9 + O(x10),

where the coefficient sequence corresponds to A000217, i.e., the n-th term is 
(
n−1

2
)
.
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3.11. Case C(>, ≤)

The avoidance of (>, ≤) on Catalan words is equivalent to the avoidance of 100, 101, 
and 201.

Theorem 3.29. We have

C10(x, y) := C(>,≤)(x, y) = 1 − x − x2y

1 − 2x − x2y
.

Proof. Let w denote a non-empty Catalan word in C(>, ≤) = C(100, 101, 201), and let 
w = 0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(>, ≤). If w′′ = ε, 
then w = 0(w′ + 1) with w′ possibly empty. The generating function for this case is 
xC10(x, y). If w′′ is non-empty and w′ = ε, then w′′ is any non-empty word in C(>, ≤), 
so the generating function is x(C10(x, y) − 1). If w′ and w′′ are non-empty, then w′

does not start with the prefix 01 or 00, otherwise w would contain the pattern 100 or 
201, respectively. Therefore, w′′ = 0 and the generating function is x2y(C10(x, y) − 1). 
Summarizing, we have the functional equation

C10(x, y) = 1 + xC10(x, y) + x(C10(x, y) − 1) + x2y(C10(x, y) − 1).

Solving this equation we obtain the desired result. �

The series expansion of the generating function C10(x, y) is

1 + x + 2x2 + (4 + y)x3 + (8 + 4y)x4 + (16 + 12y + y2)x5

+ (32 + 32y + 6y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(>,≤) = {0000, 0001, 0010, 0011, 0012, 0110, 0111, 0112, 0120, 0121, 0122, 0123}.

The coefficients of the above series coincide with the array A207538. Notice that this 
array coincides with the coefficients of the Pell polynomials.

Corollary 3.30. The g.f. for the cardinality of C(≤, <) with respect to the length is

C(>,≤)(x) = 1 − x − x2

1 − 2x − x2 .

This generating function coincides with the generating function of the Pell numbers 
Pn+1. The Pell sequence is defined by Pn = 2Pn−1 + Pn−2 for n ≥ 2, with the initial 
values P0 = 0 and P1 = 1 (see sequence A000129).
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Corollary 3.31. The g.f. for the total number of descents on C(>, ≤) is

D(>,≤)(x) = x3

(1 − 2x − x2)2 .

The series expansion of D(>,≤)(x) is

x3 + 4x4 + 14x5 + 44x6 + 131x7 + 376x8 + 1052x9 + O(x10),

where the coefficients correspond to the sequence A006645.

3.12. Case C(>, �=)

The avoidance of (>, �=) on Catalan words is equivalent to the avoidance of 101, 201, 
and 210, which means that C(>, �=) is the set of Catalan words without two consecutive 
descents and without valleys. Therefore, such a non-empty word is of the form 0u, or 
0(u +1), or 0(u +1)u′0v where u, v ∈ C(>, �=) and u′ = k(k +1) · · · � with � ≥ k ≥ 1 and 
if u + 1 ends with a then we set k = a, and if u is empty then we set k = 1. We deduce 
the following functional equation for C11(x, y) := C(>, �=)(x, y).

C11(x, y) = 1 + xC11(x, y) + x(C11(x, y) − 1) + yx2 x

1 − x
C11(x, y)2.

Then, we obtain the following.

Theorem 3.32. We have

C11(x, y) := C(>, �=)(x, y) =

(
1 − 2x −

√
1 − 4x + 4x2 − 4x3y

)
(1 − x)

2x3y
.

The series expansion of the generating function C11(x, y) is

1 + x + 2x2 + (4 + y)x3 + (8 + 5y)x4 + (16 + 18y)x5 + (32 + 56y + 2y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(>, �=)={0000, 0001, 0010, 0011, 0012, 0100, 0110, 0111, 0112, 0120, 0121, 0122, 0123}.

Corollary 3.33. The g.f. for the cardinality of C(>, �=) with respect to the length is

C(>, �=)(x) =
(
1 − 2x −

√
1 − 4x + 4x2 − 4x3

)
(1 − x)

2x3 .

The coefficient sequence of the series expansion does not appear in [15].
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Corollary 3.34. The g.f. for the total number of descents on C(>, �=) is

D(>, �=)(x) =
(1 − x)

(
1 − 4x + 4x2 − 2x3 − (1 − 2x)

√
1 − 4x + 4x2 − 4x3

)

2x3
√

1 − 4x + 4x2 − 4x3
.

The series expansion of D(>, �=)(x) is

x3 + 5x4 + 18x5 + 60x6 + 196x7 + 632x8 + 2015x9 + O(x10),

where the coefficient sequence does not appear in [15].

3.13. Cases C(<, ≥) and C(�=, ≥)

The avoidance of (<, ≥) (resp. (�=, ≥)) on Catalan words is equivalent to the avoidance 
of 010, 120, and 011 (resp. 100, 011, 210, 010, and 120). A non-empty Catalan word in 
C(<, ≥) is of the form 0k(u + 1), k ≥ 1 where u is either empty or u = 012 . . . k, k ≥ 1. 
Moreover, it is easy to check that C(<, ≥) = C(�=, ≥). Then, we deduce the following.

Theorem 3.35. We have

C12(x, y) := C(<,≥)(x, y) = C( �=,≥)(x, y) = 1 + 1
1 − x

x

1 − x
= 1 − x + x2

(1 − x)2
.

The n-th term of the series expansion is n.

3.14. Case C(<, �=)

The avoidance of (<, �=) on Catalan words is equivalent to the avoidance of 010, 012, 
and 120. We set C13(x, y) := C(<, �=)(x, y).

Theorem 3.36. We have

C13(x, y) = 1 − 2x2 − x3 + 2x2y − (1 + x)
√

1 − 2x − x2 + 2x3 + x4 − 4x3y

2x2y
.

Proof. Let w denote a non-empty Catalan word in C(<, �=) = C(010, 012, 120), and let 
w = 0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(<, �=). If w′ is 
empty, then the generating function for these words is xC13(x, y). If w′′ is empty, then 
w = 01(u + 1), where u ∈ C(<, �=), and the generating function for these words is 
x2C13(x, y). If w = 011u, where u is a non-empty word in C(<, �=), then the generating 
function for these words is x3y(C13(x, y) − 1). If w = 01(u + 1)v, where u, v ∈ C(<, �=), 
u ending with aa, a ≥ 0, and v non-empty, then the generating function for these words 
is x3y(C13(x, y) − 1)2. If w = 01(u + 1)v, where u, v ∈ C(<, �=), u ending with a descent 
and v non-empty, then the generating function for these words is x2yB(x, y)(C13(x, y) −
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1), where B(x, y) is the generating function for Catalan words in C(<, �=) ending by a 
descent. By considering the complement, we obtain easily that

B(x, y) = C13(x, y) − 1 − x − xB(x, y) − x(C13(x, y) − 1) − x2C13(x, y).

Summarizing, we have the following functional equation

C13(x, y) = 1 + xC13(x, y) + x2C13(x, y) + x3y(C13(x, y) − 1)

+ x3y(C13(x, y) − 1)2 + x2yB(x, y)(C13(x, y) − 1),

which gives the result. �

The series expansion of the generating function C13(x, y) is

1 + x + 2x2 + 3x3 + (5 + y)x4 + (8 + 4y)x5 + (13 + 12y)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C5(<, �=) = {00000, 00001, 00011, 00110, 00111, 00112,
01100, 01101, 01110, 01111, 01112, 01122} .

Corollary 3.37. The g.f. for the cardinality of C(<, �=) with respect to the length is

C(<, �=)(x) = 1 − x3 − (1 + x)
√

1 − 2x − x2 − 2x3 + x4

2x2 .

The coefficient sequence of the series expansion does not appear in [15].

Corollary 3.38. The g.f. for the total number of descents on C(<, �=) is

D(<, �=)(x)=1 − 4x2 − 4x3 + 2x5 − x6 − (1 + x)(1 − 2x2 − x3)
√

1 − 2x − x2 − 2x3 + x4

2x2(1 + x)
√

1 − 2x − x2 − 2x3 + x4
.

The series expansion of D(<, �=)(x) is

x4 + 4x5 + 12x6 + 35x7 + 97x8 + 262x9 + O(x10),

where the coefficient sequence does not appear in [15].

3.15. Case C(�=, >)

The avoidance of (�=, >) on Catalan words is equivalent to the avoidance of 010, 210, 
and 120.
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Theorem 3.39. We have

C14(x, y) := C( �=,>)(x, y) = 1 − 2x + 2x2y −
√

1 − 4x + 4x2 − 4x3y

2x2y
.

Proof. Let w denote a non-empty Catalan word in C(�=, >) = C(010, 120, 210), and let 
w = 0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(�=, >). If w′′ = ε, 
then w = 0(w′ + 1) with w′ possibly empty. The generating function for this case is 
xC14(x, y). If w′′ is non-empty and w′ = ε, then w′′ is any non-empty word in C(�=, >), 
so the generating function is x(C14(x, y) − 1). If w′ and w′′ are non-empty, then w′ �= 0
(to avoid 010), w′ does not end with an ascent a(a + 1) (a ≥ 0) (to avoid 120) or w′

does not end with a descent ab (a > b) (to avoid 210). Then, w′ ends with aa (a ≥ 0) 
and the generating function is x2y(C14(x, y) −1)2. Summarizing, we have the functional 
equation

C14(x, y) = 1 + xC14(x, y) + x(C14(x, y) − 1) + x2y(C14(x, y) − 1)2.

Solving this equation we obtain the desired result. �

The series expansion of the generating function C14(x, y) is

1 + x + 2x2 + 4x3 + (8 + y)x4 + (16 + 6y)x5 + (32 + 24y)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(�=, >) = {0000, 0001, 0011, 0012, 0110, 0111, 0112, 0122, 0123}.

Corollary 3.40. The g.f. for the cardinality of C(�=, >) with respect to the length is

C( �=,>)(x) = 1 − 2x + 2x2 −
√

1 − 4x + 4x2 − 4x3

2x2 .

This generating function coincides with the generating function of the sequence 
A152225 that counts Dyck paths of a given length with no peaks at height 0 (mod 
3) and no valleys at height 2 (mod 3).

Corollary 3.41. The g.f. for the total number of descents on C(�=, >) is

D( �=,>)(x) = 1 − 4x + 4x2 − 2x3 − (1 − 2x)
√

1 − 4x + 4x2 − 4x3

2x2
√

1 − 4x + 4x2 − 4x3
.

The series expansion of D( �=,>)(x) is

x4 + 6x5 + 24x6 + 84x7 + 280x8 + 912x9 + O(x10),

where the coefficient sequence does not appear in [15].



J.-L. Baril, J.L. Ramírez / Advances in Applied Mathematics 149 (2023) 102551 25

3.16. Case C(�=, <)

The avoidance of (�=, <) on Catalan words is equivalent to the avoidance of 012, 101, 
102, and 201.

Theorem 3.42. We have

C15(x, y) := C( �=,<)(x, y) = 1 − x − x2 −
√

(1 − x − x2)2 − 4x3y

2x3y
.

Proof. Let w denote a non-empty Catalan word in C(�=, <) = C(012, 101, 201), and 
let w = 0(w′ + 1)w′′ be the first return decomposition, where w′, w′′ ∈ C(�=, <). If 
w′′ = ε, then w = 0(w′ + 1) with w′ possibly empty. For w′ �= ε and to avoid 012, we 
have w′ = 01(w′′′ + 1), where w′′′ ∈ C(�=, <). The generating function for this case is 
x + x2C15(x, y). If w′′ is non-empty and w′ = ε, then w′′ is any non-empty word in 
C(�=, <), so the generating function is x(C15(x, y) −1). If w′ and w′′ are non-empty, then 
w′ = 0u and w′′ = 0v, where u, v ∈ C(�=, <). Then the generating function for this case 
is x3yC15(x, y). Summarizing, we have the functional equation

C15(x, y) = 1 + x + x2C15(x, y) + x(C15(x, y) − 1) + x3yC15(x, y).

Solving this equation we obtain the desired result. �

The series expansion of the generating function C15(x, y) is

1 + x + 2x2 + (3 + y)x3 + (5 + 3y)x4 + (8 + 9y)x5 + (13 + 22y + 2y2)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are

C4(�=, >) = {0000, 0001, 0010, 0011, 0100, 0110, 0111, 0112}.

The coefficients of the generating function C15(x, y) coincide with the array A114711.

Corollary 3.43. The g.f. for the cardinality of C(�=, >) with respect to the length is

C( �=,<)(x) = 1 − x − x2 −
√

1 − 2x − x2 − 2x3 + x4

2x3 .

This generating function coincides with the generating function of the sequence 
A292460 that gives the number of UkD-equivalence classes of Łukasiewicz paths (see 
[4]), which is a shift of the sequences A292460, A004148, and A203019. Then we have

c( �=,<)(n) = c012,101,201(n) =
� n+1

2 �∑

k=0
(−1)k

(
n − k − 1

k

)
mn+1−2k, n ≥ 0.
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Corollary 3.44. The g.f. for the total number of descents on C(�=, <) is

D( �=,<)(x) = 1 − 2x − x2 + x4 − (1 − x − x2)
√

1 − 2x − x2 − 2x3 + x4

2x3
√

1 − 2x − x2 − 2x3 + x4
.

The series expansion of D( �=,<)(x) is

x3 + 3x4 + 9x5 + 26x6 + 71x7 + 191x8 + 508x9 + O(x10),

where the coefficient sequence does not appear in [15].

3.17. Case C(�=, �=)

The avoidance of (�=, �=) on Catalan words is equivalent to the avoidance of 010, 012, 
101, 201, and 120.

Theorem 3.45. We have

C16(x, y) := C( �=, �=)(x, y) = 1 − x − x2 −
√

(1 − x − x2)2 − 4x4y

2x4y
.

Proof. Let w denote a non-empty Catalan word in C(�=, �=) = C(010, 012, 101, 120, 201,
210), and let w = 0(w′ +1)w′′ be the first return decomposition, where w′, w′′ ∈ C(�=, �=). 
If w′′ = ε, then w = 0(w′ + 1) with w′ possibly empty. For w′ �= ε and to avoid 012, 
we have w′ = 01(w′′′ + 1), where w′′′ ∈ C(�=, �=). The generating function for this case 
is x + x2C16(x, y). If w′′ is non-empty and w′ = ε, then the generating function is 
x(C16(x, y) − 1). If w′ and w′′ are non-empty, then w′ is a non-empty word in C(�=, �=)
such that the last two symbols are equal (to avoid 210 and 120) and w′′ = 0w′′′, where 
w′′′ ∈ C(�=, �=) (to avoid 101 and 201). Then the generating function for this case is

E(x, y) := xy(x2C16(x, y))(xC16(x, y))).

Summarizing, we have the functional equation

C16(x, y) = 1 + x + x2C16(x, y) + x(C16(x, y) − 1) + E(x, y).

Solving this equation we obtain the desired result. �

Notice that C16(x, y) = C15(x, xy). The series expansion of the generating function 
C16(x, y) is

1 + x + 2x2 + 3x3 + (5 + y)x4 + (8 + 3y)x5 + (13 + 9y)x6 + O(x7).

The Catalan words corresponding to the bold coefficients in the above series are
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C4(�=, �=) = {0000, 0001, 0011, 0110, 0111, 0112}.

Corollary 3.46. The g.f. for the cardinality of C(�=, �=) with respect to the length is

C( �=, �=)(x) = 1 − x − x2 −
√

1 − 2x − x2 + 2x3 − 3x4

2x4 .

This generating function coincides with the generating function of the sequence 
A026418 that counts ordered trees with a given number of edges and having no branches 
of length 1. Then, we have

c( �=, �=)(n) = c010,012,101,120,201,210(n) =
� n+1

2 �∑

k=0

(
n − k

k

)
mk, n ≥ 1.

Corollary 3.47. The g.f. for the total number of descents on C(�=, �=) is

D( �=, �=)(x) = 1 − 2x − x2 + 2x3 − x4 − (1 − x − x2)
√

1 − 2x − x2 + 2x3 − 3x4

2x4
√

1 − 2x − x2 + 2x3 − 3x4
.

The series expansion of D( �=,<)(x) is

x4 + 3x5 + 9x6 + 22x7 + 55x8 + 131x9 + O(x10),

where the coefficient sequence does not appear in [15].
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Abstract

Grand Dyck paths with air pockets (GDAP) are a generalization of Dyck paths with air
pockets by allowing them to go below the x-axis. We present enumerative results on GDAP
(or their prefixes) subject to various restrictions such as maximal/minimal height, ordinate
of the last point and particular first return decomposition. In some special cases we give
bijections with other known combinatorial classes.

Keywords: Dyck path, enumeration, composition.

Math. Subj. Class.: 05A15, 05A16

1 Introduction
In a recent paper [2], the authors introduce and study a new class of lattice paths, called
Dyck paths with air pockets (DAP for short). Such a path is a non empty lattice path in
the first quadrant of Z2 starting at the origin, ending on the x-axis, and consisting of up-
steps U “ p1, 1q and down-steps Dk “ p1,´kq, k ě 1, where two down steps cannot be
consecutive. See Figure 1 for an example. These paths can be viewed as ordinary Dyck
paths where each maximal run of down-steps is condensed into one large down step. As
mentioned in [2], they also correspond to a stack evolution with (partial) reset operations
that cannot be consecutive (see for instance [5]). In this paper, we generalize these paths
to grand Dyck path with air pockets (GDAP for short), which have the same definition as
DAP , except that they can go below the x-axis, and the empty path ε is considered as a
GDAP.

The main goal is to make enumerative studies on GDAP (or prefix of these paths) with
various restrictions on the maximal height reached, minimal height reached, height of the
last point, . . .
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The remaining of this paper is structured as follows. The next section recalls some useful
results from [2] and introduces several notations for particular subsets of GDAP. The main
result of Section 3 is Theorem 3.1 which gives the generating function counting the GDAP
with respect to the length, which is the ‘grand’ counterpart of the generating function in
(2.1) for DAP. In Section 4 we give similar results for prefixes of GDAP ending at a given
ordinate, the corresponding problem for DAP being already solved in [8]. In Section 5, we
provide generating functions for the number of partial GDAP that never go below the line
y “ m, with respect to the ordinate of the last point. In Section 6, we count partial GDAP
lying between the lines y “ 0 and y “ t, which correspond to partial DAP bounded by a
given height t ą 0. We present a constructive bijection between these paths of length n for
t “ 2 and the set of compositions of n´ 2 such that no two consecutive parts have the same
parity. In Section 7, we count partial GDAP lying between the lines y “ ´t and y “ t, and
we present a constructive bijection between these paths of length n for t “ 1 and the set
of compositions of n ` 3 such that the first part is odd, the last part is even, and no two
consecutive parts have the same parity. Finally, in Section 8 we provide enumerative results
for DAP with a special first return decompostion, which proves that there are in one-to-one
correspondence with Motzkin paths avoiding the patterns UH , HU and HH . We leave as
an open question the problem of finding a constructive bijection between these two sets.

2 Definitions and notations
2.1 DAP

The length of a path is the number of its steps, and for n ě 0, let An be the set of n-length
DAP. By definition A0 “ A1 “ ∅ and we set A “ Ť

ně2An, see [2]. A DAP is called
prime whenever it ends with Dk, k ě 2, and returns to the x-axis only once. The set of all
prime DAP of length n is denoted Pn. Notice that UD is not prime, where for short we
denote D1 by D, so we set P “ Ť

ně3 Pn. If α “ UβUDk P Pn, then 2 ď k ă n and β is
a (possibly empty) prefix of a path in A, and we define the DAP α5 “ βUDk´1, called the
‘lowering’ of α. For example, the path α “ UUDUUD3 is prime, and α5 “ UDUUD2.
The map α ÞÑ α5 is clearly a bijection from Pn to An´1 for all n ě 3, and we denote by γ7
the inverse image of γ P An´1 (α7 is a kind of ‘elevation’ of α).

Figure 1: The Dyck path with air pockets UUDUD2UUUD2UD2UUD2.

Any DAP α P A can be decomposed depending on its second-to-last return to the x-axis:
either (i) α “ UD, or (ii) α “ βUD with β P A, or (iii) α P P , or pivq α “ βγ where
β P A and γ P P . So, ifApxq “ ř

ně2 anx
n where an is the cardinality ofAn, and P pxq “ř

ně3 pnx
n where pn is the cardinality ofPn, then we have P pxq “ xApxq and the previous

decompositions imply the functional equation Apxq “ x2 ` x2Apxq ` xApxq ` xApxq2,
and

Apxq “ 1 ´ x´ x2 ´ ?
x4 ´ 2x3 ´ x2 ´ 2x` 1

2x
, (2.1)
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which generates the generalized Catalan numbers (see A004148 in [10]). The first values of
an for 2 ď n ď 10 are 1, 1, 2, 4, 8, 17, 37, 82, 185. In [2], the authors study the enumeration
of these paths according to many parameters, and they give a constructive bijection between
these paths and peakless Motzkin paths (i.e. lattice paths in the first quadrant, starting at
p0, 0q, ending on the x-axis, made of steps U “ p1, 1q, D “ p1,´1q and H “ p1, 0q, and
avoiding peaks of the form UD).

2.2 GDAP

The main object of study in this paper are grand Dyck paths with air pockets (GDAP
for short) which generalize DAP by allowing such paths to go below the x-axis; and for
convenience the empty path ε is a GDAP. See the first path in Figure 2 for an example. Let
Gn be the set of GDAP of length n ě 0, and we set G “ Ť

ně0 Gn.

Figure 2: A grand Dyck path with air pockets UUDUD4UDUUUUUD4U , and a partial
GDAP ending at ordinate 1 with an up-step.

We introduce notations for several subsets of G used in this study:

• G` is the set of GDAP starting with U , and the empty path;

– G`
1 is the set of elements of G` ending with Dk, k ě 1;

– G`
2 is the set of elements of G` ending with U .

• G´ is the set of GDAP starting with Dk, k ě 1;

– G´
1 is the set of elements of G´ ending with Dk, k ě 1;

– G´
2 is the set of elements of G´ ending with U .

Obviously, we have G` “ tεu Y G`
1 Y G`

2 , G´ “ G´
1 Y G´

2 , and G “ G` Y G´. Also,

we denote by
Ð
P the set of GDAP obtained from a prime DAP in P by mirroring it. For

instance, the mirror of U3D2UD2 P P is D2UD2U
3 P Ð
P .

3 Enumeration of GDAP
In this section, we present a generating function that counts GDAP with respect to the length.

Any element of G`
1 is of the form αβ, where α P G` and β P P Y tUDu. Any element

of G`
2 is either of the form (i) αβ where α P G`

2 and β P Ð
P Y tDUu, or of the form (ii) αβ

where α P G`
1 , β P Ð

P Y tDUu, and αβ is the path obtained by merging the last step of α
together with the first step of β, i.e. if α “ xDi and β “ Djy, then αβ “ xDi`jy. Finally,
any element of G` is either the empty path ε, an element of G`

1 , or an element of G`
2 .
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Thus, we deduce the following system of equations:
$
’’&
’’%

G`
1 pxq “ G`pxqpx2 ` P pxqq

G`
2 pxq “ G`

2 pxqpx2 ` P pxqq ` 1

x
G`

1 pxqpx2 ` P pxqq
G`pxq “ 1 `G`

1 pxq `G`
2 pxq,

where P , G`
1 , G`

2 , and G` are the generating functions with respect to the length for the
cardinalities of P , G`

1 , G`
2 , and G`, respectively. We have P pxq “ xApxq, where A is the

generating function for the set A of Dyck paths with air pockets, see (2.1). Solving the
system, we get:

G`
1 pxq “ x2?

x4 ´ 2x3 ´ x2 ´ 2x` 1
,

G`
2 pxq “ p1 ´ x´ x2q?

x4 ´ 2x3 ´ x2 ´ 2x` 1 ´ x4 ` 2x3 ` x2 ` 2x´ 1

2x4 ´ 4x3 ´ 2x2 ´ 4x` 2
,

G`pxq “ p1 ´ x` x2q?
x4 ´ 2x3 ´ x2 ´ 2x` 1 ` x4 ´ 2x3 ´ x2 ´ 2x` 1

2x4 ´ 4x3 ´ 2x2 ´ 4x` 2
,

and the first terms of the respective series expansions associated with those generating
functions are:

‚ x2 ` x3 ` 2x4 ` 5x5 ` 11x6 ` 26x7 ` 63x8 ` 153x9 ` 376x10 `Opx11q,
‚ x3 ` 2x4 ` 5x5 ` 13x6 ` 32x7 ` 80x8 ` 201x9 ` 505x10 `Opx11q,
‚ 1 ` x2 ` 2x3 ` 4x4 ` 10x5 ` 24x6 ` 58x7 ` 143x8 ` 354x9 ` 881x10 `Opx11q.

They correspond to the OEIS sequences A051286, A110320, and A110236.

On the other hand, any element of G´ is of the form αβ, where α P Ð
P Y tDUu and

β P G. Any element of G is either an element of G` or an element of G´.
Thus, we deduce the following system of equations:

#
G´pxq “ px2 ` P pxqqGpxq
Gpxq “ G`pxq ` px2 ` P pxqqGpxq,

where G´ and G are the generating functions with respect to the length for the cardinalities
of G´ and G, respectively. Solving the system, we get:

G´pxq “ p1 ´ x` x2 ´Rqpx4 ´ 2x3 ´ x2 ´ 2x` 1 ` p1 ´ x` x2qRq
2p1 ` x´ x2 `RqR

with R “ ?
x4 ´ 2x3 ´ x2 ´ 2x` 1, and we have the following result.

Theorem 3.1. The o.g.f. that counts the set G with respect to the length is given by

Gpxq “ x4 ´ 2x3 ´ x2 ´ 2x` 1 ` p1 ´ x` x2qR
p1 ` x´ x2 `RqR

with R defined as above.
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Notice that there is a bijection χ between the sets G`
1 and G´

2 defined as follows: for
α P G`

1 , χpαq is simply the mirror of α, for instance χpUUUD3q “ D3UUU .
So, we easily have #

G´
2 pxq “ G`

1 pxq
G´

1 pxq “ G´pxq ´G´
2 pxq.

The first terms of the series expansions of G´, G, G´
1 and G´

2 are respectively
‚ x2 ` x3 ` 3x4 ` 7x5 ` 16x6 ` 39x7 ` 95x8 ` 233x9 ` 577x10 `Opx11q,
‚ 1 ` 2x2 ` 3x3 ` 7x4 ` 17x5 ` 40x6 ` 97x7 ` 238x8 ` 587x9 ` 1458x10 `Opx11q,
‚ x4 ` 2x5 ` 5x6 ` 13x7 ` 32x8 ` 80x9 ` 201x10 `Opx11q,
‚ x2 ` x3 ` 2x4 ` 5x5 ` 11x6 ` 26x7 ` 63x8 ` 153x9 ` 376x10 `Opx11q.

They correspond to the OEIS sequences A203611, A051291, A110320, and A051286.

4 Partial GDAP ending at a given ordinate
Let prepGq be the set of partial GDAP, i.e. the set of all prefixes of elements of G, see the
second path in Figure 2 for an example. In this part, we enumerate partial GDAP ending at
a given ordinate with an up-step (resp. with a down-step) with respect to the length. Let fk
(resp. gk) be the generating function for the number (with respect to the length) of partial
GDAP ending at ordinate k P Z with an up-step (resp. with a down-step). For short, we will
write fk and gk instead of fkpxq and gkpxq.

According to the results in Section 2, for k “ 0 we obviously have:

f0 “ G`
2 pxq `G´

2 pxq “ 1 ´ x` x2 ` ?
x4 ´ 2x3 ´ x2 ´ 2x` 1

2
?
x4 ´ 2x3 ´ x2 ´ 2x` 1

´ 1,

and

g0 “ G`
1 pxq `G´

1 pxq “
`
1 ` x´ x2 ´ ?

x4 ´ 2x3 ´ x2 ´ 2x` 1
˘
x

2
?
x4 ´ 2x3 ´ x2 ´ 2x` 1

.

The first terms of the series expansions of f0 and g0 are respectively
‚ x2 ` 2x3 ` 4x4 ` 10x5 ` 24x6 ` 58x7 ` 143x8 ` 354x9 ` 881x10 `Opx11q,
‚ x2 ` x3 ` 3x4 ` 7x5 ` 16x6 ` 39x7 ` 95x8 ` 233x9 ` 577x10 `Opx11q.

They correspond to the sequences A110236 and A203611 in OEIS. Clearly, we have
Gpxq “ 1 ` f0 ` g0.

For k ą 0, a partial GDAP ending at ordinate k can be written αβ, where α is either
empty or a GDAP ending on the x-axis with an up-step, and β is a partial DAP ending at
ordinate k. Then, we obtain

fk ` gk “ p1 ` f0q ¨ Tkpxq
with

Tkpxq “ xksk`1
2 , and s2 “ 1 ` x´ x2 ´ ?´x2 ´ 2x3 ´ 2x` x4 ` 1

2x
,

where Tk is the o.g.f. that counts DAP ending at ordinate k with respect to length, which is
already obtained in [8].

As a consequence, we deduce the following result.
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Theorem 4.1. The o.g.f. that counts the partial GDAP ending at a positive ordinate (with
respect to the length) is given by

`
x2 ´ x´ 1 ` ?

x4 ´ 2x3 ´ x2 ´ 2x` 1
˘2

4x
?
x4 ´ 2x3 ´ x2 ´ 2x` 1

.

The first terms of the series expansion are: x` x2 ` 4x3 ` 9x4 ` 22x5+55x6 ` 136x7 `
339x8 ` 849x9 ` 2132x10 `Opx11q.

For k ă 0, a partial GDAP ending at ordinate k can be written β or αβ, where α is a
GDAP ending with a down-step, and β is the symmetric about the x-axis of a partial DAP
ending at ordinate ´k ą 0 in the right-to-left model studied in [8]. Then, we obtain

fk ` gk “ Rkpxq
ˆ

1 ` g0pxq
x

˙
,

with

Rkpxq “ ps2 ´ 1q ¨ s
´k´1
2

x
.

For instance, the first terms of the series expansion for k “ ´1,´2 are
‚ x`2x2 `4x3 `10x4 `24x5 `58x6 `143x7 `354x8 `881x9 `2204x10 `Opx11q,
‚ x`2x2 `5x3 `13x4 `32x5 `80x6 `201x7 `505x8 `1273x9 `3217x10 `Opx11q

which correspond to the sequences A110236 and A110320 in OEIS.
Notice that partial GDAP of length n´ 1 and ending at ordinate k “ ´1 are in one-to-

one correspondence with non-empty GDAP of length n and starting with an up-step (see the
set G` from Section 3). To perceive it, one can add an up-step at the end of a partial GDAP
ending at k “ ´1, apply a symmetry about the x-axis, and consider the mirror of this path.

Moreover, x2 ¨G`
2 pxq (see Section 3) is the generating function for partial GDAP ending

at k “ ´2. Such partial GDAP of length n are in one-to-one correspondence with paths
of length n ` 2 in G`

2 . To see it, from a partial GDAP ending at k “ ´2, one can add an
up-step at the beginning of the path and another one at the end.

Since there is an infinite number of partial paths of length n ending at negative height,
we cannot provide an ordinary generating function (with respect to the length) for these
paths. So, we get around this in the next section by counting partial GDAP lying above the
line y “ m for a given m ď 0.

5 Minorized partial GDAP
Let us denote by prepGqm the set of partial GDAP which never go below the line y “ m,
m ď 0, and let us reuse the same notations as in the previous section for the generating
functions fk and gk in this subset of prepGq. Obviously, we have fk “ 0 for all k ď m and
gk “ 0 for all k ă m. By convenience, we count the empty path in f0. Then, the o.g.f.’s
satisfy the following equations:

$
’&
’%

f0 “ 1 ` xf´1 ` xg´1,

@k ě m` 1, k ‰ 0, fk “ xfk´1 ` xgk´1,

@k ě m, gk “ ř8
i“1 xfk`i.
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As a consequence, we have fm`1 “ xgm. Now, we introduce the bivariate generating
functions

fpu, xq “ fpuq “
8ÿ

k“m`1

ukfk and gpu, xq “ gpuq “
8ÿ

k“m
ukgk.

Making use of the recursions above, we get:

fpuq “ 1 ` xu pfpuq ` gpuqq ,
gpuq “ x

1 ´ u
pumfp1q ´ fpuqq .

Plugging the second equation into the first one, we get:

fpuq “ 1 ` xufpuq ` x2u

1 ´ u
pumfp1q ´ fpuqq .

Solving for fpuq, we finally get:

fpuq “ 1 ´ u` x2um`1fp1q
1 ´ u´ xu` xu2 ` x2u

. (5.1)

In order to compute fp1q, we use the kernel method (see [1, 7]) on fpuq. We can rewrite
the denominator—which is a polynomial in u, of degree 2—as xpu´ r1qpu´ r2q, where:

r1 “ 1 ` x´ x2 ` ?
x4 ´ 2x3 ´ x2 ´ 2x` 1

2x
,

r2 “ 1 ` x´ x2 ´ ?
x4 ´ 2x3 ´ x2 ´ 2x` 1

2x
,

and then, relation (5.1) implies

fpuq ¨ pxpu´ r1qpu´ r2qq “ 1 ´ u` x2um`1fp1q.
Plugging u “ r2 (which has a Taylor expansion at x “ 0), we obtain:

1 ´ r2 ` x2rm`1
2 fp1q “ 0,

which gives an expression for fp1q:

fp1q “ r2 ´ 1

x2rm`1
2

,

and then:

fpuq “
1 ´ u` pr2 ´ 1q

´
u
r2

¯m`1

1 ´ u´ xu` xu2 ` x2u
,

gpuq “ x

1 ´ u
pumfp1q ´ fpuqq .

Finally, we have:
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Theorem 5.1. The o.g.f. that counts the partial GDAP above the line y “ m (with respect
to the length) is given by

fp1q ` gp1q “ r´m
2 ´ r´1´m

2 ´ x2

x3
.

For instance, if m “ ´1,´2 the first terms of the series expansions are
‚ 1`2x`4x2`8x3`17x4`37x5`82x6`185x7`423x8`978x9`2283x10`Opx11q,
‚ 1`3x`6x2 `13x3 `29x4 `65x5 `148x6 `341x7 `793x8 `1860x9 `4395x10 `

Opx11q.
They correspond to the sequences A004148 and A093128 in OEIS.

6 Partial (G)DAP bounded by y “ 0 and y “ t

6.1 Enumerative results

In this section, we count partial GDAP lying between the lines y “ 0 and y “ t, which
correspond to partial DAP bounded by a given height t ą 0. We introduce the notation f tk,
gtk for 0 ď k ď t, f tpuq, and gtpuq, which are the counterparts of fk, gk, fpuq, and gpuq
defined in the previous section. So, we deduce the following system of equations:

»
—————————————–

´1 0
x ´1 x 0

. . . . . . . . . . . .
x ´1 x 0

0 x . . . x ´1

0
. . .

...
. . .

. . . x
. . .

0 ´1

fi
ffiffiffiffiffiffiffiffiffiffiffiffiffifl

¨

»
——————————————–

f t0
...
...
f tt
gt0
...
...
gtt

fi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

“

»
———————————————–

´1
0
...
...
...
...
...
0

fi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

.

For a given height t ě 0, the previous matrix (denoted At) is square with 2pt ` 1q rows.

Using classical properties of the determinant (in particular det
ˆ
A B
C D

˙
“ detpAD´BCq

whenever D is invertible, and C and D commute [9]), we can easily prove that Dt “
detpAtq satisfies

Dt`2 ` px2 ´ x´ 1qDt`1 ` xDt “ 0,

anchored with D0 “ 1, and D1 “ 1 ´ x2. Then we deduce

Dt “ 2txt`1

W

˜
W ´ x2 ` x´ 1

pW ´ x2 ` x` 1qt`1 ` p´1qt`1 W ` x2 ´ x` 1

pW ` x2 ´ x´ 1qt`1

¸
,

where
W “

a
x4 ´ 2x3 ´ x2 ´ 2x` 1.

For instance, we haveD2 “ x4´x3´2x2`1, andD3 “ ´x6`2x5`2x4´2x3´3x2`1.
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Using Cramer’s rule to solve the system, for 0 ď k ď t, we have

f tk “ N t
k

Dt
, gtk “ N t

t`1`k
Dt

, (6.1)

whereN t
k is the determinant of the matrixAtpkq obtained fromAt by replacing the pk`1q-th

column with the vector p´1, 0, . . . , 0qT .
As we have done for Dt, it is easy to prove that N t

k satisfies the following recurrence
relations, for 0 ď k ď t:

$
’’’’’’&
’’’’’’%

N t
0 “ Dt

N t
2t`1 “ 0

N t
k “ xN t´1

k´11 ď k ď t

N t
t`k “ xN t´1

t`k´2 2 ď k ď t

N t
t`1 “ x2N t´1

0 ` xN t´1
t .

See Table 1 for exact values of N t
k when 0 ď t ď 3 and 0 ď k ď 7.

kzt 0 1 2 3
0 1 ´x2 ` 1 x4 ´ x3 ´ 2x2 ` 1 ´x6 ` 2x5 ` 2x4 ´ 2x3 ´ 3x2 ` 1
1 0 x ´x3 ` x x5 ´ x4 ´ 2x3 ` x
2 x2 x2 ´x4 ` x2

3 0 ´x4 ` x3 ` x2 x3

4 x3 x6 ´ 2x5 ´ x4 ` x3 ` x2

5 0 ´x5 ` x4 ` x3

6 x4

7 0

Table 1: The first values of N t
k for 0 ď t ď 3 and 0 ď k ď 7.

Using (6.1) and the above recurrence relations for N t
k, we can deduce closed forms for

f tk, gtk, 0 ď k ď t.
So, we can state the following result.

Theorem 6.1. The o.g.f. that counts the nonempty GDAP bounded by the lines y “ 0 and
y “ t (with respect to the length) is

gt0 “ N t
t`1

Dt

with

N t
t`1 “ 2t`2xt`3p´1qt

W px2 ´ x´ 1q2 ´W 3

ˆ
1

px2 ´ x´ 1 `W qt ´ 1

px2 ´ x´ 1 ´W qt
˙
.

For instance, if t “ 1, 2, 3, 4, then we have

g10 “ x2

1 ´ x2
, g20 “ x2

`
1 ` x´ x2

˘

x4 ´ x3 ´ 2x2 ` 1
, g30 “ x2

`
x4 ´ 2x3 ´ x2 ` x` 1

˘

px3 ´ 2x2 ´ x` 1q p1 ` x´ x3q , and
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g40 “ ´x8 ` 3x7 ´ 3x5 ´ 2x4 ` x3 ` x2

x8 ´ 3x7 ´ x6 ` 5x5 ` 4x4 ´ 3x3 ´ 4x2 ` 1
,

and the first terms of the series expansion of these generating functions are respectively

‚ x2 ` x4 ` x6 ` x8 ` x10 `Opx11q,

‚ x2 ` x3 ` x4 ` 3x5 ` 2x6 ` 6x7 ` 6x8 ` 11x9 ` 16x10 `Opx11q,

‚ x2 ` x3 ` 2x4 ` 3x5 ` 7x6 ` 9x7 ` 22x8 ` 32x9 ` 66x10 `Opx11q,

‚ x2 ` x3 ` 2x4 ` 4x5 ` 7x6 ` 16x7 ` 27x8 ` 63x9 ` 112x10 `Opx11q.

The first two correspond to shifts of A000035 and A062200. The last two sequences do not
appear in [10].

6.2 Bijection with a set of compositions

As stated above, the enumeration of the set Gr0,2s
n of GDAP bounded by y “ 0 and y “ 2 is

given by g20 “ x2p1`x´x2q
x4´x3´2x2`1 which have a series expansion where the coefficients coincide

(up to a shift) with the sequence A062200 in [10]. In this part, for any n ě 0, we exhibit
a constructive bijection ψ between Gr0,2s

n and the set Cpn ´ 2q of compositions of n ´ 2
such that no two consecutive parts have the same parity (see [6] for the enumeration of
these objects, and [4] for more results about the enumeration of compositions with regard to
several statistics on parts).

Let us define the map ψ. Assuming n ě 2, let α “ α1 . . . αn P Gr0,2s
n and α1 “

α2α3 . . . αn´1. We write α1 “ B1B2 . . . Br where each Bi is a subpath of α1 satisfying the
following rules:

• if α1 does not contain U2 and UD2, then r “ 1 and B1 “ α1;

• otherwise, we split α1 into subpaths Bi, 1 ď i ď r, by cutting it after all up-steps that
are followed by another up-step or a D2-step.

For instance, if α “ UUD2UUDUD2UDUDUUD2 “ Uα1D2, then α1 “
B1B2B3B4B5 where B1 “ U , B2 “ D2U , B3 “ UDU , B4 “ D2UDUDU , B5 “ U .
We refer to Figure 3 for an illustration of this decompostion.

1 2 3 6 1

1 ` 2 ` 3 ` 6 ` 1 “ 13

Figure 3: The image by ψ of α “ UUD2UUDUD2UDUDUUD2 is ψpαq “ 1, 2, 3, 6, 1.

Let b1, . . . , br be the lengths of the subpaths B1, . . . , Br, respectively. It is clear that
b1 ` b2 ` . . . ` br “ n ´ 2. Moreover, if the subpath Bi starts with U and ends with
U , then Bi is of he form UpDUqk for some k ě 0, and Bi`1 is necessarily of the form
D2pUDqℓU for some ℓ, which implies that bi is odd and bi`1 is even; if the subpath Bi
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starts with D2 and ends with U , then Bi is of the form D2pUDqkU for some k ě 0, and
Bi`1 is necessarily of the form UpDUqℓ for some ℓ, which implies that bi is even and
bi`1 is odd. Thus, two consecutive bi and bi`1 always have different parities. Then, the
above procedure defines a map ψ from Gr0,2s

n to the set Cpn´ 2q, and for α P Gr0,2s
n , we set

ψpαq “ b1, b2, . . . , br.

Theorem 6.2. The map ψ from Gr0,2s
n to Cpn´ 2q is a bijection.

Proof. Since Gr0,2s
n and Cpn ´ 2q have the same cardinality (see the o.g.f. g20 and the

sequence A062200 at the end of subsection 6.1, it suffices to prove that ψ is surjective.
Let c “ c1, . . . , cr be a composition in Cpn ´ 2q, with r ě 2 (the case r “ 1 being

trivial since if c1 is even, then we have c “ ψpUpDUqc1{2Dq, and if c1 is odd we have
c “ ψpUpUDqpc1´1q{2UD2q).

For r ě 2, we distinguish four cases:

(i) c1 and cr are even,

(ii) c1 is even and cr is odd,

(iii) c1 and cr are odd,

(iv) c1 is odd and cr is even.

According to each case, we define α P Gr0,2s
n such that ψpαq “ c as follows:

Case (i):

α “ U pDUqc1{2 pUDqpc2´1q{2U D2UpDUqpc3´2q{2 . . . D2UpDUqpcr´2q{2 D;

Case (ii):

α “ U pDUqc1{2 pUDqpc2´1q{2U D2UpDUqpc3´2q{2 . . . pUDqpcr´1q{2U D2;

Case (iii):

α “ U pUDqpc1´1q{2U D2UpDUqpc2´2q{2 pUDqpc3´1q{2U . . . pUDqpcr´1q{2U D2;

Case (iv):

α “ U pUDqpc1´1q{2U D2UpDUqpc2´2q{2 pUDqpc3´1q{2U . . . D2UpDUqpcr´2q{2 D.

For each case, it is clear that α belongs to Gr0,2s
n , which implies that ψ is surjective, and then

bijective.

7 GDAP bounded by y “ ´t and y “ t

7.1 Enumerative results

In this section, we count GDAP lying between the lines y “ ´t and y “ t. We introduce
the notation f tk, gtk for ´t ď k ď t, f tpuq, and gtpuq, which are the counterparts of fk, gk,
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fpuq, and gpuq. So, we deduce the following system of equations:

»
—————————————–

´1 0
x ´1 x 0

. . . . . . . . . . . .
x ´1 x 0

0 x . . . x ´1

0
. . .

...
. . .

. . . x
. . .

0 ´1

fi
ffiffiffiffiffiffiffiffiffiffiffiffiffifl

¨

»
————————————————————–

f t´t
...
f t´1

f t0
f t1
...
f tt
gt´t

...

...
gtt

fi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

“

»
————————————————————–

0
...
0

´1
0
...
0
0
...
...
0

fi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

.

For a given height t ě 0, the previous matrix (denoted A
1
t) is square with 2p2t ` 1q rows.

We notice that for all t ě 0, the matrix A
1
t is identical to the matrix A2t defined in the

previous section. Hence, we have D
1
t :“ detpA1

tq “ detpA2tq “ D2t, i.e.

D
1
t “ 4tx2t`1

W

˜
W ´ x2 ` x´ 1

pW ´ x2 ` x` 1q2t`1 ´ W ` x2 ´ x` 1

pW ` x2 ´ x´ 1q2t`1

¸
,

where
W “

a
x4 ´ 2x3 ´ x2 ´ 2x` 1.

Using Cramer’s rule to solve the system, for ´t ď k ď t, we have

f tk “
rN t
k

D
1
t

, gtk “
rN t
2t`1`k
D

1
t

, (7.1)

where rN t
k is the determinant of the matrix A

1
tpkq obtained from A

1
t by replacing the pk `

t` 1q-th column with the vector p0, . . . , 0,´1, 0, . . . , 0qT , where the ´1 is in the pt` 1q-th
position.

Now, we focus on the calculation of f tk and gtk for k “ 0. The other cases can be
obtained similarly, but they are much more technical and less interesting to present them
here. With the same arguments as in the previous section (in particular, using the mentioned
property of the determinant on blocks), it is easy to prove that rN t

0 satisfies:

rN t
0 “ Dt´1 ¨Dt.

Moreover, we have
rN t
2t`1 “ Dt´1 ¨N t

t`1.

Using the results obtained in the previous section, these two relations allow to obtain a
closed form for rN t

0 and rN t
2t`1. Using (7.1), we deduce closed forms for f t0 and gt0 and we

can state the following result.
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Theorem 7.1. The o.g.f. that counts the nonempty GDAP bounded by the lines y “ ´t and
y “ t (with respect to the length) is

f t0 ` gt0 “ Dt´1

D2t
¨ `
Dt `N t

t`1

˘

where Dt and N t
t`1 are defined in the previous section.

For instance, if t “ 1, 2, 3, then we have

f10 ` g10 “ 1

x4´x3´2x2`1
, f20 ` g20 “ px´1qpx`1q2

x7´2x6´3x5`2x4`6x3`3x2´x´1
,

f30 ` g30 “ px4´x3´2x2`1q2

x12´5x11`4x10`10x9´4x8´19x7´4x6`17x5`11x4´5x3´6x2`1
,

and the first terms of the series expansion of these generating functions are respectively
‚ 1 ` 2x2 ` x3 ` 3x4 ` 4x5 ` 5x6 ` 10x7 ` 11x8 ` 21x9 ` 27x10 `Opx11q,
‚ 1 ` 2x2 ` 3x3 ` 5x4 ` 13x5 ` 22x6 ` 48x7 ` 93x8 ` 190x9 ` 375x10 `Opx11q,
‚ 1 ` 2x2 ` 3x3 ` 7x4 ` 15x5 ` 36x6 ` 75x7 ` 176x8 ` 386x9 ` 869x10 `Opx11q.

The first one corresponds to a shift of A122514. The last two sequences do not appear in
[10].

7.2 Bijection with a set of compositions

As stated above, the enumeration of the set Gr´1,1s
n of GDAP bounded by y “ ´1 and y “ 1

is given by f10 ` g10 “ 1
x4´x3´2x2`1 which have a series expansion where the coefficients

coincide (up to a shift) with the sequence A122514. In this part, for any n ě 0, we exhibit
a constructive bijection ϕ between Gr´1,1s

n and the set C1pn` 3q of compositions of n` 3
such that the first part is odd, the last part is even, and no two consecutive parts have the
same parity.

Now, let us define the map ϕ. Assuming n ě 2, let α “ α1 . . . αn P Gr´1,1s
n . We

write α “ B1B2 . . . Br where each Bi is a subpath of α obtained by applying the same
decomposition made on α1 in subsection 6.2. Let b1, b2, . . . , br be the lengths of subpaths
B1, . . . , Br respectively. In the case r ě 2, let L be the reversed composition br, . . . , b1.
The composition ϕpαq of n`3 is obtained from L after going through the following process:

• if br´1 is even, then add 1 to br; otherwise, append 1 at the beginning of L;

• if b1 is even, then add 2 to b1; otherwise, append 2 at the end of L.

For instance, if α “ UD2UUDUD2UDUDUUD then we have B1 “ U , B2 “ D2U ,
B3 “ UDU , B4 “ D2UDUDU , B5 “ UD, b1 “ 1, b2 “ 2, b3 “ 3, b4 “ 6, b5 “ 2,
L “ 2, 6, 3, 2, 1, and ϕpαq “ 3, 6, 3, 2, 1, 2.

In the case r “ 1, α is either pUDqn{2 or pDUqn{2. So, we define ϕppUDqn{2q “
n` 1, 2, and ϕppDUqn{2q “ 1, n` 2 (these are valid compositions since n has to be even
in these cases).

In the case r “ 0, α is empty, and we define ϕpεq “ 1, 2.

Due to the definition, it is clear that the composition ϕpαq belongs to C1pn` 3q, for any
n ě 0.
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1 2 3 6 2

2, 6, 3, 2, 1 3, 6, 3, 2, 1, 2

Figure 4: The image by ϕ of α “ UD2UUDUD2UDUDUUD is ϕpαq “ 3, 6, 3, 2, 1, 2.

Theorem 7.2. The map ϕ from Gr´1,1s
n to C1pn` 3q is a bijection.

Proof. Since Gr´1,1s
n and C1pn`3q have the same cardinality (see the end of Subsection 7.1),

it suffices to prove that ϕ is surjective.
Let c “ c1, . . . , cr be an element of C1pn`3q, with r ě 2 (the case r “ 1 does not occur

since c1 is odd and cr is even implies r ě 2). Thus, r is necessarily even. We distinguish
four cases:

(i) c1 “ 1 and cr “ 2,

(ii) c1 “ 1 and cr is even and greater than 2,

(iii) c1 is odd and greater than 1 and cr “ 2,

(iv) c1 is odd and greater than 1 and cr is even and greater than 2.

According to each case, we define α P Gr´1,1s
n such that ϕpαq “ c:

Case (i): Since cr´1 is odd, cr´2 is even, and so on, and finally c2 is even.

α “ pUDqpcr´1´1q{2U D2UpDUqpcr´2´2q{2 . . . pUDqpc3´1q{2U D2UpDUqpc2´2q{2 .

Case (ii):

α “ pDUqpcr´2q{2 pUDqpcr´1´1q{2U . . . pUDqpc3´1q{2U D2UpDUqpc2´2q{2 .

Case (iii):

α “ pUDqpcr´1´1q{2U D2UpDUqpcr´2´2q{2 . . . D2UpDUqpc2´2q{2 pUDqpc1´1q{2 .

Case (iv):

α “ pDUqpcr´2q{2 pUDqpcr´1´1q{2U . . . D2UpDUqpc2´2q{2 pUDqpc1´1q{2 .

For each case, it is clear that α belongs to Gr´1,1s
n , which implies that ϕ is surjective,

and then bijective.

8 DAP with a special first return decomposition
Recently in [3], the authors introduced and enumerated the subset Dh,ě of restricted Dyck
paths defined as follows: the set Dh,ě is the union of the empty Dyck path with all Dyck
paths P having a first return decomposition P “ UαDβ satisfying the conditions:

#
α, β P Dh,ě,
hpUαDq ě hpβq, (8.1)
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where hpαq is the maximal ordinate reached by the path α. The authors prove algebraically
and bijectively that n-length paths in Dh,ě are in one-to-one correspondence with Motzkin
paths of length n. Based on this decomposition and in the same way as for Dyck paths, we
define a subset of AY tεu Ă G as follows. The setH is the union of the empty path with
all DAP γ P A having a first return decomposition satisfying the following condition:

(C) γ “ αβ with α P P Y tUDu, and α5 P H whenever α ‰ UD, β P H and hpαq ě
hpβq.

For n ě 0, we denote by Hn the set of DAP of length n in H. For instance, we
have H0 “ tεu, H1 “ H, H2 “ tUDu, H3 “ tUUD2u, H4 “ tUUUD3, UDUDu,
H5 “ tUUUUD4, UUDUD2, UUD2UDu.

In this section, we enumerate the setHn. For k ě 0, let Akpxq “ ř
ně0 an,kx

n (resp.
Bkpxq “ ř

ně0 bn,kx
n) be the generating function where the coefficient an,k (resp. bn,k) is

the number of DAP inHn having a maximal height equal to k (resp. of at most k). So, we

have Bkpxq “
kř
i“0

Aipxq and the generating function for the setH, namely Bpxq, is given

by Bpxq “ lim
kÑ8Bkpxq.

Due to the definition ofH, we have
$
’&
’%

A0pxq “ B0pxq “ 1,

A1pxq “ x2A0pxqB1pxq,
Akpxq “ xAk´1pxqBkpxq.

.

Lemma 8.1. For k ě 1, we have

Bk´1pxq “ p1 ´ x3 ` xqBkpxq ´ 1

x2Bkpxq ` x
.

Proof. We proceed by induction on k. Since B0pxq “ 1 and B1pxq “ x2

1´x2 it is easy to

check that B0pxq “ p1´x3`xqB1pxq´1
x2B1pxq`x .

Now, assume that Bi´1pxq “ p1´x3`xqBipxq´1
x2Bipxq`x for 1 ď i ď k ´ 2, we prove the result

for i “ k ´ 1. From the above equations, and the recurrence hypothesis on Bk´2pxq, we
obtain

Bkpxq “ Akpxq `Bk´1pxq
“ xAk´1pxqBkpxq `Bk´1pxq
“ xpBk´1 ´Bk´2qBkpxq `Bk´1pxq
“ xpBk´1 ´ p1 ´ x3 ` xqBk´1pxq ´ 1

x2Bk´1pxq ` x
qBkpxq `Bk´1pxq.

Isolating Bk´1pxq, we obtain Bk´1pxq “ p1´x3`xqBkpxq´1
x2Bkpxq`x , which completes the induction.

Taking the limit in the relation of Lemma 1 whenever k tends to 8, we obtain

Bpxq “ p1 ` x´ x3qBpxq ´ 1

x2Bpxq ` x
,
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which induces the following result.

Theorem 8.2. The o.g.f. that counts the setH with respect to the length is given by

Bpxq “ 1 ´ x3 ´ ?
x6 ´ 2x3 ´ 4x2 ` 1

2x2
.

The above generating function Bpxq counts also Motzkin paths of length n avoiding the
patterns UH , HU and HH , see sequence A329699. The first terms of its series expansion
are: 1 ` x2 ` x3 ` 2x4 ` 3x5 ` 6x6 ` 10x7 ` 20x8 ` 36x9 ` 72x10 ` 136x11 ` 273x12.

We finish this part with a natural question.
Open question: The setsH and that of tUH,HU,HHu-avoiding Motzkin paths are thus
in bijection and it would be interesting to exhibit a constructive bijection between them.
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Abstract

Motzkin paths with air pockets (MAP) are defined as a generalization of Dyck paths
with air pockets by allowing some horizontal steps with certain conditions. In this paper,
we introduce two generalizations. The first one consists of lattice paths in N2 starting at
the origin, made of steps U = (1, 1), Dk = (1,−k), k ⩾ 1 and H = (1, 0), where two
down steps cannot be consecutive, while the second one are lattice paths in N2 starting at
the origin, made of steps U , Dk and H , where each step Dk and H is necessarily followed
by an up step, except for the last step of the path. We provide enumerative results for these
paths according to the length, the type of the last step, and the height of its end-point. A
similar study is made for these paths read from right to left. As a byproduct, we obtain new
classes of paths counted by the Motzkin numbers. Finally, we express our results using
Riordan arrays.

Keywords: Enumeration, Motzkin paths, kernel method, Riordan array.
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1 Introduction
In a recent paper [2], the authors introduce, study and enumerate special classes of lattice
paths, called Dyck paths with air pockets (DAP for short). Such paths are non empty lattice
paths in the first quadrant of Z2 starting at the origin, and consisting of up-steps U = (1, 1)
and down-steps Dk = (1,−k), k ⩾ 1, where two down steps cannot be consecutive.
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The length of a path is the number of its steps. These paths can be viewed as ordinary
Dyck paths where each maximal run of down-steps is condensed into one large down step.
As mentioned in [2], they also correspond to a stack evolution with (partial) reset opera-
tions that cannot be consecutive (see for instance [7]). Whenever the last point is on the
x-axis, they prove that DAP of length n are in one-to-one correspondence with the peakless
Motzkin paths of length n − 1. They also investigate the popularity of many patterns in
these paths and they give asymptotic approximations. We also refer to [10] for the enu-
meration of DAP with respect to the length, the type (up or down) of the last step and the
height of the end-point (i.e., the ordinate of the end-point). In a second work [3], the au-
thors make a study for a generalization of these paths by allowing them to go below the
x-axis. They call these paths Grand Dyck paths with air pockets (GDAP), and they also
yield enumerative results for these paths according to the length and several restrictions on
the height.

In this paper, we introduce two generalizations of partial Dyck paths of air pockets by
allowing some possible horizontal stepsH = (1, 0) with some conditions. These two kinds
of paths can be viewed as special partial Motzkin paths (lattice paths in N2 starting at the
origin and made of U = (1, 1), D = (1,−1), and H = (1, 0)), where each maximal run of
down-steps is condensed into one large down step.

Definition 1.1. A partial Motzkin path with air pocket of the first kind is a lattice path in
N2 starting at the origin, consisting of steps U , Dk and H , where two down steps cannot
be consecutive. LetM1 be the set of these paths.

Definition 1.2. A partial Motzkin path with air pocket of second kind is a lattice path in N2

starting at the origin, consisting of steps U , Dk and H , where any step H and Dk (except
the last step of the path) is immediately followed by an up step U . LetM2 be the set of
these paths.

Whenever these paths end on the x-axis, we call them Motzkin paths with air pockets
of the first and second kinds, respectively. For short, we denote by PMAP all paths inMi,
i ∈ {1, 2}, and we denote by MAP all paths ending on the x-axis.

For instance, UUUDHUD2 ∈M1 andUUUDUHUD2 ∈M2 are two PMAP of the
first and second kinds, respectively. The paths UUUDHUD3UD and UUUDUHUD4

UD are MAP of the first and second kinds, respectively. See also Figure 1 and Figure 5 for
other examples of PMAP and MAP.

We also consider lattice paths obtained from MAP in M1 and M2 by reading them
from right to left and by replacing down-steps with up-steps and vice versa. More precisely,
we define the two setsM′

1 andM′
2 as follows.

Definition 1.3. Let M′
1 be the set of paths in N2 starting at the origin, consisting of up

steps Uk = (1, k), k ⩾ 1, horizontal step H and down step D, where two up steps cannot
be consecutive.

Definition 1.4. Let M′
2 be the set of paths in N2 starting at the origin, consisting of up

steps Uk = (1, k), k ⩾ 1, horizontal step H and down step D, where any H and Uk,
k ⩾ 1, (except the first step of the path) is preceded by a down step D.

All paths in M′
1 and M′

2 will be be called PMAP from right to left, and in the case
where they end on the x-axis, we call them MAP from right to left. For instance, we have
UDU3DHUD ∈ M′

1, UDU4DHDU ∈ M′
2, and the path UDU3DHUDDD (resp.
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UDU4DHDUDDD) is a MAP of the first (resp. second) kind from right to left. See also
Figure 3 and Figure 7 for other examples of PMAP and MAP from right to left. Notice that
D1 = D and U1 = U , and we will use both notations.

Throughout the paper, and for each class of pathsMi andM′
i, i ∈ {1, 2}, described

above, we will use the following notations. For k ⩾ 0, we consider the generating function
fk = fk(z) (resp. gk = gk(z), resp. hk = hk(z)), where the coefficient of zn in the series
expansion is the number of partial Motzkin paths with air pockets of length n ending at
height k with an up-step, (resp. with a down-step, resp. with a horizontal step H).

We introduce the bivariate generating functions

F (z, u) =
∑

k⩾0

ukfk(z), G(z, u) =
∑

k⩾0

ukgk(z), and H(z, u) =
∑

k⩾0

ukhk(z).

For short, we also use the notation F (u), G(u) and H(u) for these functions, and we
introduce the generating function

Total(z, u) = F (u) +G(u) +H(u).

Finally, for any bivariate generating function H(z, u) = H(u), we will use the notation
[uk]H(u) for the coefficient of uk in H(u).

The outline of this paper is the following. In Section 2, we present enumerative results
for partial Motzkin paths with air pockets of the first kind, and for these paths when we read
them from right to left. We provide bivariate generating functions that count these paths
with respect to the length, the type of the last step (up, down or horizontal step) and the
height of the end-point. In Section 3, we make a similar study for PMAP of second kind,
and we present new classes of lattice paths counted by the well known Motzkin numbers.
All these results are obtained algebraically by using the famous kernel method for solving
several systems of functional equations. More precisely, Sections 2.1, 2.2, 3.1 and 3.2 have
the same structure: we show how to obtain a system of equations involving fk, gk and hk,
and we apply the kernel method in order to provide some expressions of F (u), G(u) and
H(u). Finally, in Section 4 we express our results using Riordan arrays and we deduce
closed forms for PMAP of length n ending at height k.

2 PMAP of the first kind
In this section, we focus on PMAP of the first kind, i.e. lattices paths in N2 starting at the
origin, made of steps U , Dk and H , such that two down steps cannot be consecutive. The
first subsection considers the paths inM1, while the second subsection handles the paths in
M′

1 (see Introduction for the definition of these two sets). We yield enumerative results for
these paths according to the length, the type of the last step, and the height of its end-point.

2.1 PMAP in M1 - From left to right

In this part, we consider PMAP inM1. Figure 1 shows two examples of such paths.
Let P be a length n PMAP inM1 ending at height k ⩾ 0. If the last step of P is U ,

then k ⩾ 1 and P can be written P = QU where Q is a length (n − 1) PMAP ending at
height k − 1. So, we obtain the first relation fk = zfk−1 + zgk−1 + zhk−1 for k ⩾ 1,
anchored with f0 = 1 by considering the empty path. If the last step of P is a down step
Da, a ⩾ 1, then we have P = QDa where Q is a length (n − 1) PMAP ending at height
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Figure 1: The left drawing shows a Motzkin path with air pockets of length 18 inM1. The
right drawing shows a partial Motzkin path with air pockets of length 18 ending at height
3 inM1.

ℓ = a + k ⩾ k + 1 with no down step at its end. So, we obtain the second relation
gk = z

∑
ℓ⩾k+1 fℓ + z

∑
ℓ⩾k+1 hℓ. If the last step of P is a horizontal step H , then we

have P = QH where Q is a length (n − 1) PMAP ending at height k, which implies
hk = zfk + zgk + zhk.

Therefore, we have to solve the following system of equations.




f0 = 1, and fk = zfk−1 + zgk−1 + zhk−1, k ⩾ 1,

gk = z
∑

ℓ⩾k+1

fℓ + z
∑

ℓ⩾k+1

hℓ, k ⩾ 0,

hk = zfk + zgk + zhk, k ⩾ 0.

(2.1)

Summing the recursions in (2.1), we have:

F (u) = 1 + z
∑

k⩾1

ukfk−1 + z
∑

k⩾1

ukgk−1 + z
∑

k⩾1

ukhk−1

= 1 + zuF (u) + zuG(u) + zuH(u),

G(u) = z
∑

k⩾0

uk
( ∑

ℓ⩾k+1

fℓ

)
+ z

∑

k⩾0

uk
( ∑

ℓ⩾k+1

hℓ

)

= z
∑

k⩾1

fk(1 + u+ . . .+ uk−1) + z
∑

k⩾1

hk(1 + u+ . . .+ uk−1)

= z
∑

k⩾1

uk − 1

u− 1
fk + z

∑

k⩾1

uk − 1

u− 1
hk

=
z

u− 1
(F (u)− F (1) +H(u)−H(1)),

H(u) = zF (u) + zG(u) + zH(u).

Notice that we have F (1) − H(1) = 1 by considering the difference of the first and
third equations. Now, setting a := F (1) and solving these functional equations, we obtain

F (u) =
2au z2 − u z2 + uz + z2 − u− z + 1

u2z + u z2 + z2 − u− z + 1
,

G(u) = −z (2auz + 2az − uz − 2a− z + 2)

u2z + u z2 + z2 − u− z + 1
,

H(u) =
z (2az − u− 2z + 1)

u2z + u z2 + z2 − u− z + 1
.
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In order to compute a = F (1), we use the kernel method (see [1, 9]) on F (u). This
method consists in cancelling the denominator by finding u as an algebraic function of z,
s(z). So, if we substitute u with s(z) in the numerator, then it necessarily equals zero (in
order to counterbalance the cancellation of the denominator), which allows to find a =
F (1). Finally, we can deduce the generating function F (u).

We can write the denominator (which is a polynomial in u of degree 2), as z(u − r)
(u− s) with

r =
1− z2 +

√
z4 − 4z3 + 2z2 − 4z + 1

2z
,

s =
1− z2 −

√
z4 − 4z3 + 2z2 − 4z + 1

2z
.

Replacing u with s (which have a Taylor expansion at z = 0) in order to cancel the numer-
ator of F (u), we obtain the equation

2as z2 − s z2 + sz + z2 − s− z + 1 = 0.

Using zrs = z2 − z + 1, a straightforward calculation provides

a = F (1) = H(1) + 1 =
r(s− 1)

2z
.

Finally, after simplifying by the factor (u − s) in the numerators and denominators, we
obtain

F (u) =
r

r − u, G(u) =
r(s− 1)− z

r − u , and H(u) =
1

r − u.

Extracting the coefficient of uk in the series expansion of each generating function, we
obtain

[uk]F (u) := fk =
1

rk
,

[uk]G(u) := gk =
s− 1

rk
− z

rk+1
,

[uk]H(u) := hk =
1

rk+1
.

Theorem 2.1. The bivariate generating function for the total number of PMAP inM1 with
respect to the length and the height of the end-point is given by

Total(z, u) =
1

z(r − u)
,

and we have
[uk]Total(z, u) =

1

zrk+1
.

Finally, setting t(n, k) := [zn][uk]Total(z, u), we have for n ⩾ 2, k ⩾ 1,

t(n, k) = t(n, k − 1) + t(n− 1, k)− t(n− 1, k − 2)− t(n− 2, k)− t(n− 2, k − 1),

and setting tn := t(n, 0), then we have t0 = t1 = 1, and for n ⩾ 2,

tn = tn−1 + tn−2 +

n−3∑

k=0

tktn−k−3 +

n−1∑

k=2

(tk − tk−1) tn−k−1.
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Proof. Since Total(z, u) = F (u)+G(u)+H(u), the first two equalities are immediately
deduced from the previous results. The third equality is obtained using the Mathematica
package Guess.m (written by Manuel Kauers [6]) for guessing recurrence relations. After
this, it suffices to check algebraically:

Total(z, u) = (u+ z − u2z − z2 − uz2)Total(z, u)− u+
(z2 − z + 1)(1 + rs− z)

r
.

Now, let us prove the last equality. Any length n MAP of the first kind is of the form
(i) HP , or (ii) UDP , or (iii) UPHDQ where P,Q are some MAP so that the length k of
P lies into [0, n− 3], and the length of Q is n− k − 3, or (iv) P ♯Q where P ♯ = UP ′Dℓ,
ℓ ⩾ 1, and P ′ is a PMAP such that P ′Dℓ−1 is a MAP of length k lying into [2, n− 1], and
the length of Q is n− k − 1. Taking into account all these cases, we obtain the result.

Let T be the infinite matrix T := [t(n, k)]n⩾0,k⩾0. The first few rows of the matrix T
are

T =




1 0 0 0 0 0 0 0 · · ·
1 1 0 0 0 0 0 0 · · ·
2 2 1 0 0 0 0 0 · · ·
5 5 3 1 0 0 0 0 · · ·
13 14 9 4 1 0 0 0 · · ·
36 40 28 14 5 1 0 0 · · ·
105 118 87 48 20 6 1 0 · · ·
317 359 273 161 75 27 7 1 · · ·

...
...

...
...

...
...

...
...

. . .




.

Corollary 2.2. The generating function that counts the PMAP inM1 with respect to the
length is given by

Total(z, 1) =
1

z(r − 1)
.

The first few terms of the series expansion of Total(z, 1) are 1 + 2z + 5z2 + 14z3 +
41z4 + 124z5 + 385z6 + 1220z7 + 3929z8 + 12822z9 + O(z10), which correspond
to the sequence A159771 in [13] counting the n-leaf binary trees that do not contain
(()((()())((()())()))) as a subtree (see [11]). See Figure 2 for an illustration of the 14
PMAP of length 3.

Corollary 2.3. The generating function that counts the MAP in M1 with respect to the
length is given by

Total(z, 0) =
1

zr
.

The first few terms of the series expansion of Total(z, 0) are 1 + z + 2z2 + 5z3 +
13z4+36z5+105z6+317z7+982z8+3105z9+O(z10) which correspond to the sequence
A114465 in [13] counting Dyck paths of length 2n having no ascents of length 2 that start
at an odd level. We leave open the question of finding a constructive bijection between
these sets.
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Figure 2: The 14 PMAP of length three inM1. Notice that five paths end on the x-axis,
five paths end at height 1, three paths end at height 2, and one path ends at height 3, which
correspond to the fourth row of T .

2.2 PMAP in M′
1 - From right to left

Here, we consider the paths of the previous section, but we read them from right to left. This
means that down steps become up steps and vice versa, and horizontal steps are unchanged,
which implies that two up steps cannot be consecutive now. See Definition 1.3 and Figure 3
for two examples of such paths.

Figure 3: The left drawing shows a Motzkin path with air pockets of length 18 inM′
1. The

right drawing shows a partial Motzkin path with air pockets of length 18 ending at height
2 inM′

1.

Let P be a length n PMAP inM′
1 ending at height k ⩾ 0. If the last step of P is Ua,

a ⩾ 1, then k ⩾ a and we have P = QUa where Q is a length (n − 1) PMAP ending
at height ℓ = k − a with a horizontal step or a down step. So, we obtain the first relation
fk = z + z(g0 + g1 + . . . + gk−1) + z(h0 + h1 + . . . + hk−1) for k ⩾ 1, anchored with
f0 = 1 by considering the empty path. If the last step of P is a down step D, then we have
P = QD where Q is a length (n − 1) PMAP ending at height k + 1. So, we obtain the
second relation gk = zfk+1 + zgk+1 + zhk+1. If the last step of P is a horizontal step
H , then we have P = QH where Q is a length (n − 1) PMAP ending at height k, which
implies hk = zfk + zgk + zhk.

Therefore, we have to solve the following system of equations.





f0 = 1,

fk = z + z(g0 + g1 + . . .+ gk−1) + z(h0 + h1 + . . .+ hk−1), k ⩾ 1,

gk = zfk+1 + zgk+1 + zhk+1, k ⩾ 0,

hk = zfk + zgk + zhk, k ⩾ 0.

(2.2)



Acc
ep

te
d m

an
usc

rip
t

8 Ars Math. Contemp.

Summing the recursions in (2.2), we have:

F (u) = 1 +
zu

1− u + z
∑

k⩾1

(g0 + . . .+ gk−1)uk + z
∑

k⩾1

(h0 + . . .+ hk−1)uk

= 1 +
zu

1− u + z
∑

k⩾0

gk
uk+1

1− u + z
∑

k⩾0

hk
uk+1

1− u

= 1 +
zu

1− u (1 +G(u) +H(u)),

G(u) = z
∑

k⩾0

fk+1u
k + z

∑

k⩾0

gk+1u
k + z

∑

k⩾0

hk+1u
k

=
z

u
(F (u)− F (0) +G(u)−G(0) +H(u)−H(0)),

H(u) = zF (u) + zG(u) + zH(u).

Notice that we haveH(0) = z(1+G(0))
1−z by considering the third equation and F (0) = 1.

Solving these functional equations using a := G(0), we obtain

F (u) =
−u2z3 + a uz2 + 3u2z2 − uz3 − 3u2z + 2uz2 + u2 + uz − z2 − u+ z

(1− z) (u2z2 − u2z + uz2 + u2 − u+ z)
,

G(u) =
z
(
a uz2 − a uz + a u+ a z + uz − a

)

(−1 + z) (u2z2 − u2z + uz2 + u2 − u+ z)
,

H(u) =

(
a uz2 + u2z2 − a uz − 2u2z + uz2 + a z + u2 − u+ z

)
z

(1− z) (u2z2 − u2z + uz2 + u2 − u+ z)
.

In order to compute a = G(0), we use the kernel method on G(u). We can write the
denominator (which is a polynomial in u of degree 2), as (z−1)(z2−z+1)(u−r)(u−s)
with

r =
1− z2 +

√
z4 − 4 z3 + 2 z2 − 4 z + 1

2(z2 − z + 1)
,

s =
1− z2 −

√
z4 − 4 z3 + 2 z2 − 4 z + 1

2(z2 − z + 1)
.

Replacing u with s (which have a Taylor expansion at z = 0) in order to cancel the numer-
ator of G(u), we obtain the equation

a(sz2 − sz + s+ z − 1) + sz = 0.

Using sr(z2 − z + 1) = z, we deduce

a = G(0) =
1− r
r
− sz.

Finally, after simplifying by the factor (u− s) in the numerators and denominators, we
obtain

F (u) = 1 +
sru

r − u, G(u) =
s(1− r + rz)

r − u , and H(u) =
sr − sru(1− z)

r − u ,
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which implies that

[uk]F (u) := fk = [k = 0] + [k ̸= 0] · s

rk−1
,

[uk]G(u) := gk =
s(1− r + rz)

rk+1
,

[uk]H(u) := hk =
s

rk
− [k ̸= 0] · (1− z)s

rk−1
,

where [k = 0] (resp. [k ̸= 0]) equals 1 whenever k = 0 (resp. k ̸= 0), and 0 otherwise.

Theorem 2.4. The bivariate generating function for the total number of PMAP (read from
right to left) with respect to the length and the height of the end-point is given by

Total(z, u) = 1 +
s(1 + rz + ruz)

r − u ,

and we have

[uk]Total(z, u) = [k = 0] +
s(rz + 1)

rk+1
+ [k ̸= 0] · sz

rk−1
.

Finally, setting t(n, k) := [zn][uk]Total(z, u), we have for n ⩾ 2, k ⩾ 1,

t(n, k) = t(n− 2, k− 1) + t(n− 2, k)− t(n− 1, k− 1) + t(n− 1, k+ 1) + t(n, k− 1),

and setting tn := t(n, 0), we have t0 = t1 = 1, and for n ⩾ 2,

tn = tn−1 + tn−2 +
n−3∑

k=0

tktn−k−3 +
n−1∑

k=2

(tk − tk−1) tn−k−1.

Proof. The first two equalities are directly deduced from the previous results. Since we
have

(u− u2z2 − uz2 + zu2 − z − u2)Total(z, u) + u2(1− z)− (1 + s− sz)u+ s = 0,

we deduce the third relation. The last equality is already given in Theorem 2.1, since the
number of MAP inM′

1 is obviously equal to the number of MAP inM1.

Let T be the infinite matrix T := [t(n, k)]n⩾0,k⩾0. The first few rows of the matrix T
are

T =




1 0 0 0 0 0 · · ·
1 1 1 1 1 1 · · ·
2 3 3 3 3 3 · · ·
5 8 10 12 14 16 · · ·
13 23 33 43 53 63 · · ·
36 69 107 149 195 245 · · ·
105 212 348 512 704 924 · · ·
317 665 1141 1753 2509 3417 · · ·

...
...

...
...

...
...

. . .




.



Acc
ep

te
d m

an
usc

rip
t

10 Ars Math. Contemp.

Since there is an infinite number of PMAP of length n, we do not provide an ordinary
generating function (with respect to the length) for these paths. So, we get around this by
counting PMAP ending on a point (x, n− x) for a given n ⩾ 0.

Corollary 2.5. The generating function that counts the partial PMAP ending on the line
y = n− x is given by

Total(z, z) = 1 +
s(1 + rz + rz2)

r − z .

The first few terms of the series expansion of Total(z, z) are 1 + z + 3z2 + 9z3 +
25z4 + 73z5 + 223z6 + 697z7 + 2217z8 + 7161z9 + O(z10), which correspond to the
sequence A101499 in [13], which is a Chebyshev transform of the Catalan number that
counts peakless Motzkin paths of length n where horizontal steps at level at least one come
in 2 colors. See Figure 4 for an illustration of the 9 PMAP in M′

1 ending on the line
y = 3− x.

Notice that, from Theorem 2.4 we have

Total(z, 0) = 1 +
s(1 + rz)

r
,

which is obviously equal to the expression derived in Corollary 2.3 that counts MAP of the
first kind with respect to the length.

Figure 4: The 9 PMAP ending on the line y = 3− x inM′
1. Notice that five paths end on

the x-axis, three paths end at height 1, and one path ends at height 2, which correspond to
the fourth diagonal of T .

3 PMAP of the second kind
In this section, we focus on PMAP of the second kind. See Figure 5 for an illustration of
such paths. The first subsection considers paths inM2, while the second handles paths in
M′

2. We yield enumerative results for these paths according to the length, the type of the
last step, and the height of the end-point.

3.1 PMAP in M2 - From left to right

In this part, we consider PMAP in M2, i.e. lattice paths in N2 starting at the origin,
consisting of steps U , Dk and H , and where any down step or horizontal step (except
for the last step of the path) is immediately followed by an up step. Figure 5 shows two
examples of such paths.
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Figure 5: The left drawing shows a MAP of length 18 inM2. The right drawing shows a
PMAP of length 18 ending at height 3 inM2.

Let P be a length n PMAP inM2 ending at height k ⩾ 0. If the last step of P is U ,
then k ⩾ 1 and we have P = QU whereQ is a length (n−1) PMAP ending at height k−1.
So, we obtain the first relation fk = zfk−1 + zgk−1 + zhk−1 for k ⩾ 1, anchored with
f0 = 1 by considering the empty path. If the last step of P is a down step Da, a ⩾ 1, then
we have P = QDa where Q is a length (n− 1) PMAP ending at height ℓ = a+ k ⩾ k+ 1
with an up step. So, we obtain the second relation gk = z

∑
ℓ⩾k+1 fℓ. If the last step of P

is a horizontal step H , then we have P = QH where Q is a length (n− 1) PMAP ending
at height k with an up step, which implies hk = zfk.

So, we have to solve the following system of equations.




f0 = 1, and fk = zfk−1 + zgk−1 + zhk−1, k ⩾ 1,

gk = z
∑

ℓ⩾k+1

fℓ, k ⩾ 0,

hk = zfk, k ⩾ 0.

(3.1)

Summing the recursions in (3.1), we have:

F (u) = 1 + z
∑

k⩾1

ukfk−1 + z
∑

k⩾1

ukgk−1 + z
∑

k⩾1

ukhk−1

= 1 + zuF (u) + zuG(u) + zuH(u),

G(u) = z
∑

k⩾0

uk
( ∑

ℓ⩾k+1

fℓ

)
= z

∑

k⩾1

uk − 1

u− 1
fk

=
z

u− 1
(F (u)− F (1)),

H(u) = zF (u).

Now, setting a := F (1) and solving these functional equations, we deduce

F (u) =
au z2 − u+ 1

u2z2 + u2z − uz − u+ 1
,

G(u) = − z
(
au z2 + auz − a+ 1

)

u2z2 + u2z − uz − u+ 1
, H(u) =

z
(
au z2 − u+ 1

)

u2z2 + u2z − uz − u+ 1
.

In order to compute a = F (1), we use the kernel method on F (u). We can write the
denominator (which is a polynomial in u of degree 2), as (z2 + z)(u− r)(u− s) with

r =
1 + z +

√
−3z2 − 2z + 1

2z (z + 1)
, and s =

1 + z −
√
−3z2 − 2z + 1

2z (z + 1)
.
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Replacing u with s (which have a Taylor expansion at z = 0) in order to cancel the numer-
ator of F (u), we obtain the equation

as z2 − s+ 1 = 0,

and thus
a = F (1) =

s− 1

sz2
.

Finally using z(1 + z)rs = 1 and simplifying by the factor (u − s) in the numerators
and denominators, we obtain

F (u) =
r

r − u, G(u) =
s− 1

sz(r − u)
, and H(u) =

zr

r − u,

which implies that

[uk]F (u) := fk =
1

rk
,

[uk]G(u) := gk = (1 + z) · s− 1

rk
,

[uk]H(u) := hk =
z

rk
.

Theorem 3.1. The bivariate generating function for the total number of PMAP with respect
to the length and the height of the end-point is given by

Total(z, u) =
1

z(r − u)
,

and we have
[uk]Total(z, u) =

1

zrk+1
.

Finally, setting t(n, k) = [zn][uk]Total(z, u), we have for n ⩾ 2, k ⩾ 1,

t(n, k) = t(n, k − 1) + t(n− 1, k − 1)− t(n− 1, k − 2)− t(n− 2, k − 2),

and setting tn := t(n, 0), we have t0 = 1, and for n ⩾ 1,

tn = tn−1 +

n−2∑

k=1

tktn−1−k.

Proof. The first two equalities are immediately deduced from the previous results. The
third equality is obtained using the Mathematica package Guess.m ([6]) for guessing
recurrence relations. After this, it suffices to check algebraically:

Total(z, u) = (u+ uz − u2z − u2z2)Total(z, u)− u(1 + z) +
1

zr
.

For the last equality, it suffices to remark that the generating function of the sequence
(tn)n⩾0, that is 1/(zr), generates a shift of the well known Motzkin sequence A001006 in
in [13].
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Let T be the infinite matrix T := [t(n, k)]n⩾0,k⩾0. The first few rows of the matrix T
are

T =




1 0 0 0 0 0 0 0 · · ·
1 1 0 0 0 0 0 0 · · ·
1 2 1 0 0 0 0 0 · · ·
2 3 3 1 0 0 0 0 · · ·
4 6 6 4 1 0 0 0 · · ·
9 13 13 10 5 1 0 0 · · ·
21 30 30 24 15 6 1 0 · · ·
51 72 72 59 40 21 7 1 · · ·
...

...
...

...
...

...
...

...
. . .




.

Corollary 3.2. The generating function that counts the PMAP with respect to the length is
given by

Total(z, 1) =
1

z(r − 1)
.

The first few terms of the series expansion of Total(z, 1) are 1 + 2z + 4z2 + 9z3 +
21z4 + 51z5 + 127z6 + 323z7 + 835z8 + 2188z9 +O(z10), which correspond to a shift of
the sequence A001006 in [13] that counts the Motzkin paths of a given length. See Figure 6
for an illustration of the 9 paths of length 3.

Corollary 3.3. The generating function that counts the MAP with respect to the length is
given by

Total(z, 0) =
1

zr
.

The first few terms of the series expansion of Total(z, 0) are 1 + z+ z2 + 2z3 + 4z4 +
9z5 + 21z6 + 51z7 + 127z8 + 323z9 +O(z10) which correspond to a shift of the sequence
A001006 in [13] that counts Motzkin paths of a given length.

Figure 6: The 9 PMAP of length three inM2. Notice that two paths end on the x-axis,
three paths end at height 1, three paths end at height 2, and one path ends at height 3, which
correspond to the fourth row of T .
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3.2 PMAP in M′
2 - From right to left

Here, we consider the paths of the previous section, but we read them from right to left.
This means that down steps become up steps and vice versa, and horizontal steps are un-
changed, which implies that any up step or horizontal step (except the first step of the path)
is preceded by a down step. See Definition 1.4 and Figure 7 for two examples of such
paths.

Figure 7: The left drawing shows a Motzkin path with air pockets of length 18 in M′
2

(read from right to left). The right drawing shows a partial Motzkin path with air pockets
of length 18 ending at height 2 inM′

2.

LetP be a length n PMAP inM′
2 ending at height k ⩾ 0. If the last step ofP isUa, a ⩾

1, then k ⩾ a and we have P = QUa where Q is a length (n− 1) PMAP ending at height
ℓ = k−awith a down step. So, we obtain the first relation fk = z+z(g0+g1+. . .+gk−1)
for k ⩾ 1, anchored with f0 = 1 by considering the empty path. If the last step of P is a
down step D, then we have P = QD where Q is a length (n− 1) PMAP ending at height
k+1. So, we obtain the second relation gk = zfk+1 +zgk+1 +zhk+1. If the last step of P
is a horizontal step H , then we have P = QH where Q is a length (n− 1) PMAP ending
at height k with a down step whenever it is nonempty. If k ⩾ 1, then we have hk = zgk; if
k = 0 then we have h0 = z + zg0 where the monomial z corresponds to the path P = H .

So, we have to solve the following system of equations.




f0 = 1, and fk = z(1 + g0 + g1 + . . .+ gk−1), k ⩾ 1,

gk = zfk+1 + zgk+1 + zhk+1, k ⩾ 0,

h0 = z + zg0, and hk = zgk, k ⩾ 1.

(3.2)

Using the same notations as in the previous sections, and summing the recursions in
(3.2), we have:

F (u) = 1 +
∑

k⩾1

ukfk = 1 + z
∑

k⩾1

(1 + g0 + . . .+ gk−1)uk

= 1 +
zu

1− u (1 +G(u)),

G(u) = z
∑

k⩾0

(fk+1 + gk+1 + hk+1)uk

=
z

u
(F (u)− F (0) +G(u)−G(0) +H(u)−H(0)),

H(u) = z + zG(u).

Notice that F (0) = 1 and H(0) = z + zG(0) by the third relation. Now, setting
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a := G(0) and solving these functional equations, we deduce

F (u) =
a uz3 + a uz2 + uz3 − u2z + uz2 + u2 − uz + z2 − u+ z

u2 − uz + z2 − u+ z
,

G(u) = −z (a uz + a u− a z + uz − a)

u2 − uz + z2 − u+ z
,

H(u) = −z
(
a uz2 + a uz − a z2 + uz2 − a z − u2 + uz − z2 + u− z

)

u2 − uz + z2 − u+ z
.

In order to compute a = G(0), we use the kernel method on F (u). We can write the
denominator (which is a polynomial in u of degree 2), as (u− r)(u− s) with

r =
1 + z +

√
−3 z2 − 2 z + 1

2
, and s =

1 + z −
√
−3 z2 − 2 z + 1

2
.

Replacing u with s (which have a Taylor expansion at z = 0) in oder to cancel the numer-
ator of F (u), we obtain the equation

a sz3 + a sz2 + sz3 − s2z + sz2 + s2 − sz + z2 − s+ z = 0.

Using rs = z(1 + z), we deduce

a = G(0) =
1− r
r

.

Finally, after simplifying by the factor (u − s) in the numerators and denominators, we
obtain

F (u) =
u(z − 1) + r

r − u , G(u) =
1− r
r − u, and H(u) =

z(1− u)

r − u ,

which implies that

[uk]F (u) := fk =
1

rk
+ [k ̸= 0] · z − 1

rk
,

[uk]G(u) := gk =
1− r
rk+1

,

[uk]H(u) := hk =
z

rk+1
− [k ̸= 0] · z

rk
.

Theorem 3.4. The bivariate generating function for the total number of PMAP with respect
to the length and the height of the end-point is given by

Total(z, u) =
1− u+ z

r − u .

[uk]Total(z, u) =
z + 1

rk+1
− [k ̸= 0] · 1

rk
.

Finally, setting t(n, k) = [zn][uk]Total(z, u), we have for n ⩾ 1, k ⩾ 1,

t(n, k) = t(n, k − 1)− t(n− 1, k) + t(n− 2, k + 1) + t(n− 1, k + 1),

and setting tn := t(n, 0), we have t0 = 1, and for n ⩾ 2,

tn = tn−1 +

n−2∑

k=1

tktn−1−k.
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Proof. The proof are obtained mutatis mutandis as for the previous theorems.

Let T be the infinite matrix T := [t(n, k)]n⩾0,k⩾0. The first few rows of the matrix T
are

T =




1 0 0 0 0 0 0 · · ·
1 1 1 1 1 1 1 · · ·
1 1 1 1 1 1 1 · · ·
2 3 4 5 6 7 8 · · ·
4 6 8 10 12 14 16 · · ·
9 15 22 30 39 49 60 · · ·
21 36 54 75 99 126 156 · · ·
51 91 142 205 281 371 476 · · ·
...

...
...

...
...

...
...

. . .




.

Since there is an infinite number of PMAP of length n, we do not provide an ordinary
generating function (with respect to the length) for these paths. So, we get around this by
counting PMAP ending on a point (x, n− x) for a given n ⩾ 0.

Corollary 3.5. The generating function that counts the partial PMAP ending on the line
y = n− x is given by

Total(z, z) =
1

r − z .

The first few terms of the series expansion of Total(z, z) are 1 + z + 2z2 + 4z3 +
9z4 + 21z5 + 51z6 + 127z7 + 323z8 + 835z9 +O(z10), which correspond to the sequence
A001006 in [13] that counts the Motzkin paths with respect to the length. See Figure 8 for
the illustration of the 9 PMAP inM′

2 ending on the line y = 4− x.
Notice that we obviously retrieve the results of Corollary 3.3, i.e., the generating func-

tion Total(z, 0) that counts the MAP with respect to the length is also a shift of the
Motzkin sequence A001006 in [13].

Figure 8: The 9 PMAP ending on the line y = 4 − x inM′
2. Notice that four paths end

on the x-axis, three paths end at height 1, one path ends at height 2, and one path ends at
height 3, which correspond to the fifth diagonal of T .
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4 A Riordan array point of view
In this section, we make links between the previous matrices T = [tn,k]n⩾0,k⩾0 and some
Riordan arrays or almost Riordan arrays. We first give a short background on Riordan
arrays [4, 5, 12].

An infinite column vector (a0, a1, . . . )
T has generating function f(z) if f(z) =∑

n⩾0 anz
n. A Riordan array is an infinite lower triangular matrix whose k-th column

has generating function g(z)f(z)k for all k ⩾ 0, for some formal power series g(z) and
f(z), with g(0) ̸= 0, f(0) = 0, and f ′(0) ̸= 0. Such a Riordan array is denoted by
(g(z), f(z)). If we multiply this matrix by a column vector (b0, b1, . . . )

T having generat-
ing function h(z) =

∑
n⩾0 bnz

n, then the resulting column vector has generating function
g(z)h(f(z)). This property is known as the fundamental theorem of Riordan arrays.

The product of two Riordan arrays (g(z), f(z)) and (h(z), l(z)) is defined by

(g(z), f(z)) ∗ (h(z), l(z)) = (g(z)h(f(z)), l(f(z))) .

Under the operation “∗”, the set of all Riordan arrays is a group [12]. The identity element
is I = (1, z), and the inverse of (g(z), f(z)) is

(g(z), f(z))−1 =
(
1/
(
g ◦ f

)
(z), f(z)

)
,

where f(z) denotes the compositional inverse of f(z).
Moreover, if a matrix T = [tn,k]n⩾0,k⩾0 is a Riordan array (g(z), f(z)) then tn,k

equals the coefficient of znuk in the series expansion of the bivariate generating function

g(z)

1− uf(z)
,

and we say that this is the bivariate generating function of the matrix T .
An almost Riordan array T ′ is a matrix that consists of an initial column vector

(d0, d1, . . . )
T with generating function g0(z) =

∑
n⩾0 dnz

n, followed by a vertically
shifted Riordan array (g(z), f(z)) as illustrated below.

T ′ =




d0 0 · · · 0 0 · · ·
d1

d2

d3 (g(z), f(z))

d4

d5
...

...
...

...
...

...




Therefore, the bivariate generating function for this matrix is given by

g0(z) + zu
g(z)

1− uf(z)
.

Finally, we will say that a matrixM = [mn,k]n⩾0,k⩾0 is the rectification of the Riordan
array (g(z), f(z)) whenever mn,k equals the coefficient of znuk in the series expansion of
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the bivariate generating function

g(z)

1− u f(z)z
.

In this section, C(z) = 1−√
1−4z
2z will be the generating function where the coefficient

of zn in its series expansion is the Catalan number cn = 1
n+1

(
2n
n

)
.

4.1 Comment on Section 2.1

Let T = [t(n, k)]n⩾0,k⩾0 be the matrix given in Section 2.1 where t(n, k) is the number
of length n PMAP inM1 ending at height k.

Proposition 4.1. The matrix T = [t(n, k)]n⩾0,k⩾0 is a Riordan array defined by

(
1

1− z2C
(
z(1− z + z2)

(1− z2)2

)
,

z

1− z2C
(
z(1− z + z2)

(1− z2)2

))
.

Proof. Considering r defined in Section 2.1, we have

[uk]Total(z, u) =
1

zrk+1
=

(
1

zr

)(
1

r

)k

=
2

1− z2 +
√

1− 4z + 2z2 − 4z3 + z4

(
2z

1− z2 +
√

1− 4z + 2z2 − 4z3 + z4

)k
.

Therefore, the array T satisfies

T =

(
2

1− z2 +
√

1− 4z + 2z2 − 4z3 + z4
,

2z

1− z2 +
√

1− 4z + 2z2 − 4z3 + z4

)

=

(
1− z2 −

√
1− 4z + 2z2 − 4z3 + z4

2z(1− z + z2)
,

1− z2 −
√

1− 4z + 2z2 − 4z3 + z4

2(1− z + z2)

)

=

(
1

1− z2C
(
z(1− z + z2)

(1− z2)2

)
,

z

1− z2C
(
z(1− z + z2)

(1− z2)2

))
.

Proposition 4.2. The general term t(n, k) equals

n−k∑

i=0

(
k + n−k−i

2
n−k−i

2

)
1 + (−1)n−k−i

2

i∑

j=0

Ck+j,k

j∑

m=0

(
j

m

)
(−1)m

m∑

p=0

(
m

p

)
(−1)p

(
2j − 1 + i−j−m−p

2
i−j−m−p

2

)
1 + (−1)i−j−m−p

2
,

where Cn,k = k+1
n+1

(
2n−k
n−k

)
is the general term of the Catalan matrix (A033184 in [13]).
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Proof. Setting Z = z(1−z+z2)
(1−z2)2 , we have

t(n, k) = [zn]zk
1

(1− z2)k+1
C(Z)k+1

= [zn−k]
1

(1− z2)k+1
C(Z)k+1

=
n−k∑

i=0

[zn−k−i]
1

(1− z2)k+1
[zi]C(Z)k+1 (Product rule [8])

=

n−k∑

i=0

[zn−k−i]
1

(1− z2)k+1

i∑

j=0

[zj ]C(z)k+1[zi]Zj (Composition rule [8])

=
n−k∑

i=0

[zn−k−i]
1

(1− z2)k+1

i∑

j=0

[zj ]
1

zk
C(z)(zC(z))k[zi]Zj

=

n−k∑

i=0

(
k + n−k−i

2
n−k−i

2

)
1 + (−1)n−k−i

2

i∑

j=0

Ck+j,k[zi]Zj (See [8]).

Since we have

[zi]Zj = [zi]

(
z(1− z + z2)

(1− z2)2

)j

=

j∑

m=0

(
j

m

)
(−1)m

m∑

p=0

(
m

p

)
(−1)p

(
2j − 1 + i−j−m−p

2
i−j−m−p

2

)
1 + (−1)i−j−m−p

2
,

the result follows.

4.2 Comment on Section 2.2

Let T = [t(n, k)]n⩾0,k⩾0 be the matrix given in Section 2.2 where t(n, k) is the number
of length n PMAP inM′

1 ending at height k.

Proposition 4.3. The matrix T = [t(n, k)]n⩾0,k⩾0 can be written

T =




1 0 0 0 0 0 · · ·
1 1 1 1 1 1 · · ·
2 3 3 3 3 3 · · ·
5 8 10 12 14 16 · · ·
13 23 33 43 53 63 · · ·
36 69 107 149 195 245 · · ·
...

...
...

...
...

...
. . .




= A ·B
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where

A =




1 0 0 0 0 0 · · ·
1 1 0 0 0 0 · · ·
2 3 0 0 0 0 · · ·
5 8 2 0 0 0 · · ·
13 23 10 0 0 0 · · ·
36 69 38 4 0 0 · · ·
...

...
...

...
...

...
. . .




and B =




1 0 0 0 0 0 · · ·
0 1 1 1 1 1 · · ·
0 0 1 2 3 4 · · ·
0 0 0 1 3 6 · · ·
0 0 0 0 1 4 · · ·
0 0 0 0 0 1 · · ·
...

...
...

...
...

...
. . .




are defined as follows:

• The matrix B = [bn,k]n,k⩾0 is defined by b0,0 = 1, and bn,0 = b0,n = 0 if n ⩾ 1,
and bn,k =

(
k−1
n−1

)
otherwise, which is a kind of Pascal matrix.

• The matrix A = [an,k]n,k⩾0 is the almost Riordan array with initial column of gen-
erating function

g0(z) =
1− z2 −

√
1− 4z + 2z2 − 4z3 + z4

2z(1− z + z2)
,

followed by the shifted Riordan array
(

1− 3z + z2 − z3 − (1− z)
√

1− 4z + 2z2 − 4z3 + z4

2z3(1− z + z2)
,

1− 2z − z2 −
√

1− 4z + 2z2 − 4z3 + z4

2z

)
.

The second column of T 1, 3, 8, 23, 69, . . . with generating function

1− 3z + z2 − z3 − (1− z)
√

1− 4z + 2z2 − 4z3 + z4

2z3(1− z + z2)

is the convolution of the first column of T 1, 1, 2, 5, 13, 36, . . . (A114465 in [13]) and the
sequence 1, 2, 4, 10, 28, . . . (A187256 in [13]).

Proof. An almost Riordan array is represented by an initial column vector with generating
function g0(z), followed by a vertically shifted Riordan array (g(z), f(z)). The bivariate
generating function of this matrix is then given by g0(z) + zu g(z)

1−uf(z) . In our case, for the
almost Riordan array A, we have

g0(z) =
1− z2 −

√
1− 4z + 2z2 − 4z3 + z4

2z(1− z + z2)
,

g(z) =
1− 3z + z2 − z3 − (1− z)

√
1− 4z + 2z2 − 4z3 + z4

2z3(1− z + z2)
,

f(z) =
1− 2z − z2 −

√
1− 4z + 2z2 − 4z3 + z4

2z
.
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We let G(z, u) = g0(z) + zu g(z)
1−uf(z) , the bivariate generating function of the almost Rior-

dan array. Now, it suffices to check that the generating function corresponding to the matrix
A ·B, that is

G(z,
u

1− u ) =
(1− u+ uz)(1− 2z + 2uz − (1 + 2u)z2 −

√
1− 4z + 2z2 − 4z3 + z4

2(1− z + z2)(u(u− 1) + (1− u2)z + u(u+ 1)z2)
,

coincides with the generating function Total(z, u) of the matrix T .

Proposition 4.4. The matrix

[t(n, k)]n⩾1,k⩾1 =




1 1 1 1 1 · · ·
3 3 3 3 3 · · ·
8 10 12 14 16 · · ·
23 33 43 53 63 · · ·
69 107 149 195 245 · · ·
...

...
...

...
...

. . .




is the rectification of the Riordan array (g(z), h(z)) with

h(z) =
1− z2 −

√
1− 4z + 2z2 − 4z3 + z4

2
, and

g(z) =
1− 3z + z2 − z3 − (1− z)

√
1− 4z + 2z2 − 4z3 + z4

2z3(1− z + z2)
.

Proof. It suffices to check that the generating function of T , i.e. Total(z, u), given in
Theorem 2.4, equals to

Total(z, 0) + zu
g(z)

1− uh(z)z
.

We can express h(z) and g(z), respectively, in the following form

h(z) =
z(1− z + z2)

1− z2 C

(
z(1− z + z2)

(1− z2)2

)
,

g(z) =
1

1− 3z + z2 − z3C
(

z3(1− z + z2)

(1− 3z + z2 − z3)2

)
.

Then g(z) expands to give the first column 1, 3, 8, 23, . . ., whose n-th term vn can be
expressed

vn =
n∑

k=0

k∑

j=0

(
k

j

)
(−1)j

j∑

i=0

(
j

i

)
(−1)i

n−3k−j−i∑

ℓ=0

(
2k + ℓ

ℓ

) ℓ∑

m=0

(
ℓ

m

)
3ℓ−m(−1)m

(
m

n− 3k − j − i− ℓ−m

)
(−1)n−3k−j−i−ℓ−mck.

Using vn, we can deduce the following.



Acc
ep

te
d m

an
usc

rip
t

22 Ars Math. Contemp.

Proposition 4.5. The general term t(n, k) equals

n+k∑

i=0

vn+k−i

i∑

j=0

j∑

m=0

Mm,k

m∑

p=0

(
m

p

)
(−1)p

p∑

q=0

(
p

q

)
(−1)q

(
2m− 1 + j−m−p−q

2
j−m−p−q

2

)
1 + (−1)j−m−p−q

2

(
k
i−j
2

)
(−1)

i−j
2

1 + (−1)i−j

2
,

where

Mn,k =

{
[k = 0] if n = 0,
n
k

(
2n−k−1
n−k

)
otherwise,

is the general term of Riordan array (1, zC(z)) (see A106566 in [13]).

4.3 Comment on Section 3.1

Let T = [t(n, k)]n⩾0,k⩾0 be the matrix given in Section 3.1 where t(n, k) is the number
of length n PMAP inM2 ending at height k.

Proposition 4.6. The matrix T = [t(n, k)]n⩾0,k⩾0 is the Riordan array

T = (1 + zM(z), z(1 + zM(z)))

=

(
C

(
z

1 + z

)
, zC

(
z

1 + z

))
,

where M(z) = 1−z−
√
1−2z−3z2

2z2 is the generating function of the Motzkin numbers (see
A001006 in [13]).

Proof. It suffices to check that Total(z, u) given in Theorem 3.1 satisfies

Total(z, u) =
C
(

z
1+z

)

1− uzC
(

z
1+z

) ,

and that 1 + zM(z) = C
(

z
1+z

)
.

This triangle T corresponds to A091836 in [13] where the coefficient of row n− 1 and
column k is the number of Motzkin paths of length n having k points on the horizontal axis
(besides the first and last point). As mentioned in [13], we obtain

t(n, k) =





1, if n = k,

k+1
n+1

n−k∑
j=1

j(−1)n−k−j
(
n+j
j

) n−k∑
i=0

1
n−k

(
i

n−k−i+j
)(
n−k
i

)
, otherwise.

A second expression for t(n, k) is given by the following proposition.

Proposition 4.7. The general term t(n, k) of the Riordan array (1+zM(z), z(1+zM(z)))
is given by

t(n, k) =

{
1 if n = k,
k+1
n−k

∑k
j=0

(
k
j

)∑n−k
i=0

(
n−k
i

)(
i

n−k−i−j−1

)
otherwise.
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Proof. We prove this using Lagrange inversion, using the fact that

z

1 + z + z2
M

(
z

1 + z + z2

)
= z,

which means that the compositional inverse (zM(z))−1 of zM(z) is

(zM(z))−1 =
z

1 + z + z2
.

Thus we have

t(n, k) = [zn](1 + zM(z))(z(1 + zM(z)))k

= [zn−k](1 + zM(z))k+1

= [zn−k]G(zM(z)), with G(z) = (1 + z)k+1

=
1

n− k [zn−k−1]G′(z)

(
z

(zM(z))−1

)n−k
(Lagrange inversion)

=
1

n− k [zn−k−1](k + 1)(1 + z)k(1 + z + z2)n−k

=
k + 1

n− k [zn−k]

k∑

j=0

(
k

j

)
zj

n−k∑

i=0

(
n− k
i

)
zi(1 + z)i

=
k + 1

n− k [zn−k]
k∑

j=0

(
k

j

)
zj

n−k∑

i=0

(
n− k
i

)
zi

i∑

ℓ=0

(
i

ℓ

)
zℓ

=
k + 1

n− k
k∑

j=0

(
k

j

) n−k∑

i=0

(
n− k
i

)(
i

n− k − i− j − 1

)
.

Remark 4.8. The Riordan array (1 + zM(z), z(1 + zM(z))) is a pseudo-involution in
the Riordan group (see [5, Example 8]), that is, the matrix [(−1)ktn,k]n,k⩾0 is idempotent.
Thus, this work yields a significant lattice path interpretation of this array.

4.4 Comment on Section 3.2

Let T = [t(n, k)]n⩾0,k⩾0 be the matrix given in Section 3.2 where t(n, k) is the number
of length n PMAP inM′

2 ending at height k.

Proposition 4.9. The matrix T = [t(n, k)]n⩾0,k⩾0 can be written

T =




1 0 0 0 0 0 · · ·
1 1 1 1 1 1 · · ·
1 1 1 1 1 1 · · ·
2 3 4 5 6 7 · · ·
4 6 8 10 12 14 · · ·
9 15 22 30 39 49 · · ·
...

...
...

...
...

...
. . .




= A ·B
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where

A =




1 0 0 0 0 0 · · ·
1 1 0 0 0 0 · · ·
1 1 0 0 0 0 · · ·
2 3 1 0 0 0 · · ·
4 6 2 0 0 0 · · ·
9 15 7 1 0 0 · · ·
...

...
...

...
...

...
. . .




and B =




1 0 0 0 0 0 · · ·
0 1 1 1 1 1 · · ·
0 0 1 2 3 4 · · ·
0 0 0 1 3 6 · · ·
0 0 0 0 1 4 · · ·
0 0 0 0 0 1 · · ·
...

...
...

...
...

...
. . .




are defined as follows:

• The matrix B = [bn,k]n,k⩾0 is defined by b0,0 = 1, and bn,0 = b0,n = 0 if n ⩾ 1,
and bn,k =

(
k−1
n−1

)
otherwise, which is the same as in Proposition 4.3.

• The matrix A = [an,k]n,k⩾0 is the almost Riordan array with initial column whose
generating function is

g0(z) = 1 + zM(z) =
1 + z −

√
1− 2z − 3z2

2z
,

which is followed by the shifted Riordan array (g(z), z2g(z)) where

g(z) =
1− z − 2z2 −

√
1− 2z − 3z2

2z3(1 + z)
.

Proof. The almost Riordan array A has generating function

g0(z) + zu
g(z)

1− z2ug(z)
.

Setting G(z, u) = g0(z) + zu g(z)
1−z2ug(z) , it suffices to check that the generating function

corresponding to the matrixA·B, that isG(z, u
1−u ), coincides with the generating function

Total(z, u) of the matrix T given in Theorem 3.4.

Proposition 4.10. The matrix

[t(n, k)]n⩾1,k⩾1 =




1 1 1 1 1 · · ·
1 1 1 1 1 · · ·
3 4 5 6 7 · · ·
6 8 10 12 14 · · ·
15 22 30 39 49 · · ·
36 54 75 99 126 · · ·
...

...
...

...
...

. . .




is the rectification of the Riordan array (M(z), zR(z)) where M(z) = 1−z−
√
1−2z−3z2

2z2

is the generating function of the Motzkin numbers, and R(z) = 1+z−
√
1−2z−3z2

2z(1+z) is the
generating function of the Riordan numbers (A005043 in [13]).
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Proof. It suffices to check that the generating function of T , i.e. Total(z, u), given in
Theorem 3.4, equals to g0(z) + zu M(z)

1−u zR(z)
z

.

We let mn denote the n-th Motzkin number mn =
∑⌊n

2 ⌋
k=0

(
n
2k

)
ck where ck is the k-th

Catalan defined above.

Corollary 4.11. We have

t(n, k) =

{
[k = 0] if n = 0,

r(n− 1, k) otherwise,

where

r(n, k) =
n∑

i=0

mi · (k + [n = i])

n+ k − i+ [n = i]

n−i∑

j=0

(−1)n−i−j
(
n+ k − i+ j − 1

j

) n+k−i∑

ℓ=0

(
n+ k − i

ℓ

)(
ℓ

n− i− j − ℓ

)
.

Proof. We have (M(z), zR(z))−1 =
(

(1−x)2
1−x+x2 ,

x(1−x)
1−x+x2

)
. If we denote by (v(z), u(z))

this inverse Riordan array, then we obtain

(M(z), zR(z)) =

(
1

v(ū(z))
, ū(z)

)
,

where ū is the compositional inverse [8] of u. Using the definition of a Riordan array, and
Lagrange inversion, we find that the Riordan array (M(z), zR(z)) has general term r̃(n, k)
given by

n∑

i=0

mi · (k + [n = k + i])

n− i+ [n = k + i]

n−k−i∑

j=0

(−1)n−k−i−j
(
n− i+ j − 1

j

) n−i∑

ℓ=0

(
n− i
ℓ

)(
ℓ

n− k − i− j − ℓ

)
.

This array begins as follows:




1 0 0 0 0 0 · · ·
1 1 0 0 0 0 · · ·
2 1 1 0 0 0 · · ·
4 3 1 1 0 0 · · ·
9 6 4 1 1 0 · · ·

21 15 8 5 1 1 · · ·
...

...
...

...
...

...
. . .




.

To rectify this array and thus to obtain the array (M(z), R(z)), we change n to n+ k, and
we obtain r(n, k) above. To this array we must now prepend the row (1, 0, 0, 0, . . .), and
the result follows.
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Symmetries in Dyck paths with air pockets

Jean-Luc Baril, Rigoberto Flórez, and José L. Raḿırez

Abstract. The main objective of this paper is to analyze symmetric and asymmetric peaks
in Dyck paths with air pockets (DAPs). These paths are formed by combining each maximal
run of down-steps in ordinary Dyck paths into a larger, single down-step. To achieve this,
we present a trivariate generating function that counts the number of DAPs based on their
length and the number of symmetric and asymmetric peaks they contain. We determine the
total numbers of symmetric and asymmetric peaks across all DAPs, providing an asymptotic
for the ratio of these two quantities. Recursive relations and closed formulas are provided
for the number of DAPs of length n, as well as for the total number of symmetric peaks,
weight of symmetric peaks, and height of symmetric peaks. Furthermore, a recursive relation
is established for the overall number of DAPs, similar to that for classic Dyck paths. A DAP
is said to be non-decreasing if the sequence of ordinates of all local minima forms a non-
decreasing sequence. In the last section, we focus on the sets of non-decreasing DAPs and
examine their symmetric and asymmetric peaks.

Mathematics Subject Classification. 05A15, 05A19.

Keywords. Dyck path with air pockets, Non-decreasing Dyck path, Symmetric peak, Popu-

larity.

1. Introduction

In their paper on lattice paths, Baril et al. [3] introduced a new type of lattice
paths in the first quadrant of Z2, called Dyck paths with air pockets (DAPs).
These paths start at the origin, end on the x-axis, and consist of up-steps
U = (1, 1) and down-steps Dk = (1,−k), where k ≥ 1, and no two down-
steps can be consecutive. The length of a path P is the number of its steps,
denoted by |P |. DAPs can be seen as a variation of ordinary Dyck paths
where maximal runs of down-steps are replaced by one large down-step. (As
remarked in [3], DAPs also correspond to a stack evolution with (partial) reset
operations that cannot be consecutive, see [20].) The authors enumerate these
paths and their prefixes with respect to the length, the type (up or down) of
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Figure 1. Symmetric and asymmetric peaks of a Dyck path
with air pockets

the last step, and the ordinate of the endpoint. Furthermore, they establish a
one-to-one correspondence between DAPs of length n and peak-less Motzkin
paths of length n − 1. In a subsequent paper, Baril et al. [4] generalized these
paths by allowing them to go below the x-axis, calling them grand Dyck paths
with air pockets (GDAP). They also provided enumerative results for these
paths based on their length and various restrictions on their minimum and
maximum ordinates. More recently, the definition of DAPs was extended to
include horizontal steps under certain conditions, as described in [5].

Let D be the set of all DAPs and Dn be the set of DAPs of length n. Addi-
tionally, a special subset of these paths, namely those that are non-decreasing,
is considered. A DAP is non-decreasing if, as the path is read from left to right,
the sequence of the minimal ordinates of the valleys (where a valley is an oc-
currence of DkU , k ≥ 1) is non-decreasing. This concept has been previously
studied in the literature (see, for example, [2,8,9]). The set of non-decreasing
DAPs is denoted by ND.

In this paper, the focus is on analyzing the distribution of symmetric and
asymmetric peaks in DAPs and non-decreasing DAPs. A maximal peak is de-
fined as an occurrence of UkD�, where k, � ≥ 1, that cannot be extended to
Uk+1D�. For the sake of simplicity, the term “peak” is used instead of “max-
imal peak”. (In literature, this type of concept may also be referred to as a
maximal pyramid.)

On the other hand, a symmetric peak is a peak (again, maximal) of the form
Δk := UkDk. An asymmetric peak is simply a peak that is not symmetric. We
use peak(P ), sp(P ), and ap(P ) to denote the total number of peaks, symmetric
peaks, and asymmetric peaks, respectively, in a given path P .

In addition to these parameters, the height and weight of each peak are
considered. The height of a peak is the maximum ordinate of its points, and
the weight of a peak is the difference between the maximum and minimum
ordinates. For a peak of the form UkD�, the weight is simply the max{k, �}.
We use sumh(P ) and symw(P ) to denote the sum of heights and weights of all
symmetric peaks in P , respectively.

For example, the path shown in Fig. 1, which has a length of 24, contains
four symmetric peaks and four asymmetric peaks. In this particular instance,
the height and weight of the symmetric peaks are 2, 3, and 1, corresponding
to the height and weight of the last three peaks. It is worth noting that in this
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example, both the height and weight are equal for each peak. However, in a
more general case, the height and weight can be distinct.

In recent years, there has been a significant amount of research on the
concept of symmetric peaks. In 2018, Asakly [1] introduced this concept for
words. Later, Flórez and Ramı́rez [18] extended the concept of symmetric and
asymmetric peaks to Dyck paths. The concept was further extended to non-
decreasing Dyck paths by Elizalde et al. [14] and Flórez et al. [17], to Motzkin
paths by Flórez and Ramı́rez [16], and to partial Dyck paths by Sun et al. [26].
Elizalde also provided other symmetric results on Dyck paths [13]. In some of
these papers, the authors refer to these objects as symmetric pyramids instead
of symmetric peaks.

This paper explores various characteristics of symmetric and asymmetric
peaks in both DAPs and non-decreasing DAPs. To provide statistics and ex-
amine the asymptotic behavior of the different features, generating functions
(g.f.) are used. These functions are defined using parameters such as path
length, the number of symmetric and asymmetric peaks, and the height of
symmetric peaks. Specifically, the total number of symmetric and asymmetric
peaks, as well as the height of symmetric peaks, are presented. Additionally,
we analyze the asymptotic behavior of the ratio between the number of sym-
metric peaks and the total number of peaks, and the ratio between the number
of asymmetric peaks and the total number of peaks.

Recursive relations for the features examined in this paper are provided, and
constructive proofs that rely on combinatorial arguments are offered. These
proofs aim to provide intuitive insights into the behavior of symmetric peaks
and their weight. For example, we present a recursive relation for the total
number of DAPs that is reminiscent of the recursive relation for the total
number of classic Dyck paths.

Using the generating functions and recursive relations, we derive closed
formulas for the statistics presented in this paper. Most of these formulas
use binomial coefficients or Fibonacci numbers. Notably, the total number of
DAPs is counted by the generalized Catalan number (see A004148 in [23]),
which among other things, counts also the peakless Motzkin paths.

Finally, a combinatorial interpretation of DAPs in terms of binary trees is
provided. Thus, we establish a constructive bijection between the trees and
DAPs.

2. Symmetric and asymmetric peaks in DAP

In this section, a generating function with three variables is introduced to
represent the length of the path, the number of symmetric peaks, and the
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number of asymmetric peaks, as defined in the introduction. Using this gen-
erating function, we obtain the number of paths in Dn that avoid symmet-
ric peaks as a corollary. Additionally, the total number of paths in Dn that
avoid asymmetric peaks—peaks located in paths with pyramids at the ground
level— is determined, aligning with the Fibonacci numbers Fn. Furthermore,
another corollary of the generating function provides insights into the asymp-
totic behavior of the ratio between the number of symmetric peaks and the
total number of peaks, as well as the ratio between the number of asymmetric
peaks and the total number of peaks.

We provide a recursive function that simultaneously counts the total num-
ber of paths in Dn and coincides with the generalized Catalan number. Fur-
thermore, we present recursive relations for the number of symmetric peaks
and the total number of peaks. We also derive a closed formula using binomial
coefficients for the total number of peaks.

Finally, we establish a combinatorial interpretation of DAPs in terms of
binary trees. We define a constructive bijection between the trees and DAPs
and provide an example to illustrate how the bijection works.

Considering the trivariate generating function:

Fsp,ap(x, y, z) =
∑

P∈D
x|P |ysp(P )zap(P ),

which represents the number of Dyck paths with air pockets of length n having
k symmetric peaks and � asymmetric peaks. Specifically, the coefficient of
xnykz� counts the number of such paths.

The following theorem presents the generating function Fsp,ap(x, y, z) in
terms of the length and the numbers of symmetric and asymmetric peaks:

Theorem 2.1. The generating function Fsp,ap(x, y, z) for the number of DAPs
with respect to the length and the numbers of symmetric and asymmetric peaks
is

(1 − x)
(
1 − x2 − x2y − x3y + 2x3z −

√
(1 − x2(1 + y + xy − 2xz))2 − 4xp(x, y, z)

)

2xp(x, y, z)
,

where p(x, y, z) = (1 − x − x2(y − z))2.

Proof. For short, we set F = Fsp,ap(x, y, z). Let P be a nonempty DAP. Then,
we distinguish the following cases.

(1) If P = UaDaQ, a ≥ 1, where Q is a DAP, then the g.f. for such paths is
x2

1−xyF.

(2) If P = UUaDaQU bDb+1R, a, b ≥ 1, where Q,R are some DAP, then the
g.f. for these paths is

x
x2

1 − x
zF

x2

1 − x
zF =

x5

(1 − x)2
z2F 2.
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(3) If P = UUaDaQ̄R, a ≥ 1, where Q,R are DAPs (Q non-empty and R
possibly empty) and Q̄ is obtained from Q after increasing by one the
size of the last down-step, and Q does not end with a symmetric peak,
then the g.f. for these paths is

x
x2

1 − x
zBF,

where B is the g.f. for the number of nonempty DAPs not ending with
a symmetric peak. Considering the complement, we obtain easily B =

F − 1 − x2

1−xyF .

(4) If P = UQUaDa+1R, a ≥ 1, where Q,R are some DAPs (Q non-empty
and R possibly empty), and Q does not start with a symmetric peak,
then the g.f. for these paths is

xB′ x2

1 − x
zF,

where B′ is the g.f. for the number of nonempty DAPs not starting with
a symmetric peak. Using the complement as above, we easily have B′ =

B = F − 1 − x2

1−xyF .

(5) If P = UQ̄R where Q,R are DAPs (Q non-empty and R possibly empty)
such that Q does not start and end with a symmetric peak, and Q̄ is
obtained from Q after increasing by one the size of the last down-step. The
g.f. for this case is xCF where C is the g.f. for the number of nonempty
DAPs that do not start and end with a symmetric peak. Considering the

complement, we deduce easily C = B − x2y
1−xB.

Summing up all these cases, we obtain the following functional equation:

F = 1 +
x2

1 − x
yF +

x5

(1 − x)2
z2F 2 + 2

x3

1 − x
zF

(
F − 1 − x2

1 − x
yF

)

+xF

(
F − 1 − x2

1 − x
yF

)
(1 − x2y

1 − x
),

which gives us the desired result. �

The first terms of the Taylor expansion are as follows:

1 + x2y + x3y + (y2 + y)x4 + (2y2 + z2 + y)x5

+(y3 + 3y2 + 3z2 + y)x6 + O(x7),

where the weights of the DAPs of length 6 are shown in boldface in the expan-
sion. Figure 5 displays these eight DAPs and their corresponding contributions
to Fsp,ap(x, y, z).
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Figure 4. Decomposition of case (5)

Corollary 2.2. The generating function for the number of DAPs avoiding sym-
metric peaks is given by:

F (x, 0, 1) =
(1 − x)

(
1 − x2 + 2x3 −

√
(1 − x)(1 − 3x + 3x2 − 5x3 + 4x4 − 4x5)

)

2x(1 − x + x2)2
.

The Taylor expansion of this generating function is

1 + x5 + 3x6 + 6x7 + 12x8 + 25x9 + 53x10 + 115x11 + O(x12),

where the sequence of coefficients does not appear in [23]. The bold coefficient
in the above series can be verified in Fig. 5.

Here, we use the standard notation Fn to denote the n-th Fibonacci num-
ber. Specifically, we have Fn = Fn−1+Fn−2 (n ≥ 2), with the initial conditions
F0 = 0 and F1 = 1.

Corollary 2.3. The generating function for the number of DAPs avoiding asym-
metric peaks is given by:

F (x, 1, 0) =
1 − x

1 − x − x2
.

That is, the number of DAPs of length n without asymmetric peaks is given by
the Fn−1.

It is worth noting that the Fibonacci sequence counts the compositions of
n into parts of size at least 2. In fact, a non-empty DAP of length n without
asymmetric peaks necessarily takes the form

Ua1Da1
Ua2Da2

. . . UakDak
, with k ≥ 1, ai ≥ 1, and

n = k + a1 + a2 + · · · + ak,

and it can be associated with the composition of n: (a1+1), (a2+1), . . . , (ak+1),
see for instance Fig. 6.

We refer to [3] for the expression of the bivariate generating function for
DAPs with respect to the length and the number of peaks (symmetric and
asymmetric), which is denoted as F (x, 1, 1).
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Figure 6. Illustration of the bijection between length n
DAPs without asymmetric peaks and compositions of n

By calculating ∂y(F (x, y, 1))|y=1 and ∂z(F (x, 1, z))|y=1, we obtain the fol-
lowing two corollaries. The asymptotic approximations of the coefficient of zn

is obtained using classical methods presented in [15,22].

Corollary 2.4. The generating function for the total number of symmetric peaks
in all DAPs is given by:

x
(
−1 + 2x + 2x2 + 3x3 − 2x4 + (1 + 2x)(1 − x)

√
(1 − 3x + x2)(1 + x + x2)

)

2(1 − x)
√

(1 − 3x + x2)(1 + x + x2)
,

and the asymptotic for the n-th coefficient is

9 − 4
√

5
√

πn
√

14
√

5 − 30

(
1 +

√
5

2

)2n

.

The Taylor expansion is x2 +x3 +3x4 +5x5 +10x6 +21x7 +45x8 +101x9 +
O(x10), where the sequence of coefficients does not appear in [23]. In Fig. 5 it
is possible to verify that there are ten symmetric peaks in all DAPs of length

6. Notice that the asymptotic depends on the golden ratio 1+
√

5
2 which is a

root of the polynomial x2 −x−1. In Theorem 2.9 we give a recurrence relation
to calculate the number of symmetric peaks in all DAP.

Corollary 2.5. The g.f. for the total number of asymmetric peaks in all DAPs
is

x
(
1 − x − 2x2 − x3 + x4 − (1 − x2)

√
(1 − 3x + x2)(1 + x + x2)

)

(1 − x)
√

(1 − 3x + x2)(1 + x + x2)
,

and an asymptotic for the n-th coefficient is

5
√

5 − 11
√

πn
√

14
√

5 − 30

(
1 +

√
5

2

)2n

.

The Taylor expansion of the generating function for the total number of
asymmetric peaks in all DAPs is 2x5 + 6x6 + 18x7 + 50x8 + 132x9 + O(x10).
Note that the sequence of coefficients does not appear in [23]. Figure 5 confirms
that there are 6 asymmetric peaks in all DAPs of length 6.
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We denote the total number of peaks, symmetric peaks, and asymmetric
peaks in all DAPs by p(n), s(n), and t(n), respectively. It is worth noting that
from Corollary 10 of [3], we have

p(n) ∼
√

5 − 2
√

πn
√

14
√

5 − 30

(
1 +

√
5

2

)2n

.

In this corollary we present asymptotic ratios for various peak counts in all
DAPs.

Corollary 2.6. An asymptotic expression for the ratio between the number of
symmetric peaks and the total number of peaks in all DAPs:

lim
n→∞

s(n)

p(n)
=

√
5 − 2 ∼ 0.236067977.

An asymptotic expression for the ratio between the number of asymmetric peaks
and the total number of all peaks in all DAPs:

lim
n→∞

t(n)

p(n)
= 3 −

√
5 ∼ 0.763932023.

An asymptotic expression for the ratio between the numbers of asymmetric and
the total number symmetric peaks in all DAPs:

lim
n→∞

t(n)

s(n)
=

√
5 + 1 ∼ 3.236068475.

2.1. A recursive relation for the number of DAPs

We use g(n) to denoted the number of DAPs in Dn. The classic proof for the
number of Dyck paths can be adapted to obtain a recurrence relation for g(n).
It is formally given in the Theorem 2.7.

Let Bn ⊂ Dn the set of all DAPs without valleys at a ground level, i.e.,
DAPs with no occurrence DkU , k ≥ 1, touching the x-axis. There is a bijec-
tion between Bn and Dn−1 by deleting the first North-East step (U -step) and
replacing the last South-East step of length a (Da-step) with a step Da−1 in
all paths in Bn. Notice that B3 = {U2D2} maps bijectively to D2 = {UD1},
while B2 = {UD1} is in bijection with D1 := {} (the empty set).

Theorem 2.7. For n > 3, we have

g(n) = g(n − 1) + g(n − 2) +

n−3∑

k=2

g(k)g(n − k − 1),
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anchored with the initial values g(1) = 0 and g(2) = g(3) = 1. Furthermore,
we have the closed form formula:

g(n) =

n−1∑

k=1

1

n − k

(
n − k

k

)(
n − k

k − 1

)
, n ≥ 2. (1)

Proof. Let us consider P ∈ Dn. Then P can be decomposed as either Q ∈ Bn,
or UD1R with R ∈ Dn−2, or QR with Q ∈ Bk+1 and R ∈ Dn−k−1 with
2 ≤ k ≤ n − 3 (this last decomposition is as in Fig. 4). Due to the above
bijection between Dn−1 and Bn, the DAPs satisfying the first two cases are
enumerated by g(n− 1)+ g(n− 2), and for a fixed k, 2 ≤ k ≤ n− 3, the DAPs
satisfying the third case are enumerated by g(k)g(n − k − 1). Varying k in the
set {2, 3, . . . , n − 3}, we obtain the desired result.

On the other hand, let G(x) be the generating function of the sequence
g(n). We have

G(x) = Fsp,ap(x, 1, 1) =
1 − x − x2 −

√
1 − 2x − x2 − 2x3 + x4

2x
.

If U(x) = G(x)/x, then U(x) = x(1 + (1 + x)U(x) + xU2(x)). Consider the
auxiliary function f(x, t) defined by f(x, t) = x(1+(1+ t)f(x, t)+ tf2(x, t)) =
x(Φ(x, t)), where Φ(u) = (1 + u)(1 + tu). From the Lagrange inversion, (see
[21] for instance), we have that

[xn]f(x, t) =
1

n
[un−1]Φ(u)n =

1

n
[un−1](1 + u)n(1 + tu)n

=
1

n

n−1∑

i=0

(
n

n − 1 − i

)(
n

i

)
ti, n ≥ 1.

Then g(n) = [xn]G(x) = [xn−1]U(x) = [xn−1]f(x, x). Comparing coefficients
we obtain that

g(n) = [xn−1]
∑

n≥1

1

n

n−1∑

i=0

(
n

n − 1 − i

)(
n

i

)
xn+i

= [xn−1]
∑

i≥0

∑

n≥0

1

n + i + 1

(
n + i + 1

n

)(
n + i + 1

i

)
xn+2i+1.

Setting h = n + 2i + 1, this implies

g(n) = [xn−1]
∑

i≥0

∑

h≥2i+1

1

h − i

(
h − i

h − 2i − 1

)(
h − i

i

)
xh

=

� n−2
2 	∑

i=0

1

n − 1 − i

(
n − 1 − i

i + 1

)(
n − 1 − i

i

)
.

�
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Figure 7. Decomposition of the trees in T

The first ten values of the sequence g(n) for n = 2, . . . , 11 are as follows:

1, 1, 2, 4, 8, 17, 37, 82, 185, 423.

The sequence g(n) has connections to various combinatorial structures,
such as generalized bracketings [12], peakless Motzkin paths [7], and zigzag
knight’s paths [6]. Additionally, recurrence relations of this type have been
studied and generalized by Stein and Waterman [25].

We give a probably new combinatorial interpretation in terms of binary
trees. An ordered binary tree is a rooted tree where each node is either a leaf
(with no children), or an internal node (with one or two left/right children).
For instance, there are five ordered binary trees with three nodes, and it is well
known that these trees with n nodes are counted by the n-th Catalan number
(see A000108). Let Tn be the set of ordered binary trees with n nodes where
(i) any right node has a left child, and (ii) any right node is sibling to a left
node. Let T be the set

⋃
n≥1 Tn. Any tree T ∈ T is either a simple root, or a

root with a left subtree T� ∈ T , or a root with a left subtree T� ∈ T paired
with a right subtree Tr with at least two nodes, see Fig. 7.

From this description of T , we easily deduce that Tn has the same cardi-
nality as Dn. Indeed, if T := T (x) is the generating function for the cardi-
nality of T with respect to the number of nodes, then the description induces
T = x + xT + xT (T − x).

Let us now exhibit the bijection between Dn and Tn. Given a path P ∈ Dn,
we can express it as a concatenation of subpaths of the form U tDd, t, d ≥ 1.
Initiating the process, let us create a root node r. Starting at r as the current
node, for the first U -step in P (reading from left to right), we add a new left-
child to the current node and move to the newly created leaf, which becomes
the new current node. We repeat this procedure for the t consecutive U -steps.
For each Dd-step, we create a right-child to the (d + k)-th ancestor (i.e., we
go back (d + k) times towards the root) where k is the number of ancestors of
the current node with a right child, or equivalently the number of ancestors of
out-degree 2). We then move to the newly created leaf (which becomes the new
current node). We repeat this procedure until we traverse entirely the path P ,
except the last down-step.
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The fact that a DAP does not contain two consecutive down-steps implies
that any right node has a left child. Due to the construction, any right node
is sibling of a left node, which ensures that the generated tree belongs to T .
With the above cardinality argument, this map is a bijection. See Fig. 8 for an
illustration of the bijection applied to all DAPs of length 6.

2.2. The total number of symmetric peaks

In this section, a recursive relation for the total number of symmetric peaks
in Dn is given. Let us denote by s∗(n) the total number of all first peaks that
are symmetric, excluding the symmetric peak Un−1Dn−1 of length n (i.e, the
path formed by a single peak). Additionally, let us use Δk to represent the
symmetric peak UkDk.

Using the symmetry construction of paths in Dn, we can show that the
total number of last symmetric peaks at ground level in Dn is equal to the
total number of first symmetric peaks in Dn, except for the peak Un−1Dn−1

of length n. If we include the path formed by a single peak, the total count
is given by s∗(n) + 1, for n ≥ 2. We state this fact formally in the following
lemma.

Lemma 2.8. If n > 1, then s∗(n) is given by

s∗(n) =

n−2∑

i=2

i−1∑

k=1

1

i − k

(
i − k

k

)(
i − k

k − 1

)
.

Proof. The total number of the first (resp., last) peaks that are symmetric
is counted by the total number of first (resp., last) peaks at a ground level.
Thus, this is counted by the total number of paths of the form ΔiP (resp.,
PΔi) where P is a DAP of length n− i−1 for 1 ≤ i ≤ n−3. Clearly, for i fixed
it is counted by the total number of paths in Dn−i−1; this is given by g(n−i−1)
(see Theorem 2.7). Varying i from 1 to n−3, we obtain the recurrence relation

s∗(n) =
∑n−2

i=2 g(i) for n > 4, with the initial values s∗(4) = 1 and s∗(n) = 0
for n < 4. This, together with Theorem 2.7, implies the desired formula. �

As stated in the introduction, our goal is to derive recurrence relations
using combinatorial arguments. Thus, we now present a recurrence relation
and its proof, which help us achieve this objective to some extent.

Theorem 2.9. The sequence s(n) satisfies the following recurrence relation for
n > 4

s(n) = s(n − 1) + s(n − 2) − 2s∗(n − 1) + g(n − 2) +

n−3∑

k=2

2g(n − k − 1)s′(k),

where s′(k) = s(k)−s∗(k), and with initial values s(2) = s(3) = 1 and s(4) = 3.
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Proof. Notice that any non-empty path in Dn can be decomposed as QR where
Q ∈ Bk+1 and R ∈ Dn−k−1 for k ≥ 1 (see Fig. 4).

To count the number of symmetric peaks in a path of the form QR, we
observe that it is given by the sum of the number of symmetric peaks in Q
and the number of symmetric peaks in R. The first is found multiplying the
number of symmetric peaks in Bk+1 by the total number of path in Dn−k−1.
We distinguish four cases.

(1) If k = 1, then we have Q = Δ1 ∈ B2. The total number of peaks derived
from Q = Δ1 is g(n − 2) (equal to the number of paths in Dn−2). There-
fore, adding g(n − 2) with the total number of symmetric peaks counted
over all paths R ∈ Dn−2, we obtain that there are s(n − 2) + g(n − 2)
symmetric peaks in the paths lying in this case.

(2) If k = 2, then using a similar argument as for k = 1, there are s(n − 3) +
g(n − 3) symmetric peaks counted over all paths lying in this case.

(3) If k = n − 1, then the number of symmetric peaks derived from Q ∈
Bn−1+1 can be counted using s(n − 1) (by the bijection given above).
However the first and the last peaks that are symmetric in all paths in
Dn−1 are not symmetric peaks in Bn, so we have to subtract them from
s(n−1). We can use s∗(n−1) for this purpose. Thus, the total number of
symmetric peaks counted over all paths in this case is s(n−1)−2s∗(n−1).

(4) If 2 < k < n − 2, then the number of symmetric peaks derived from
Q ∈ Bk+1 can be counted using s(k) − 2s∗(k). (The shaded peaks in
Fig. 3 shows the part that we need to subtract by 2s∗(n− 1).) Therefore,
the total number of symmetric peaks counted over all paths of the form
QR, Q ∈ Bk+1, R ∈ Dn−k−1, is given by (s(k) − 2s∗(k))g(n − k − 1) +
s(n − k − 1)g(k). By varying k from 3 to n − 3 and adding the special
three cases, we obtain the desired result.

This completes the proof. �

Let us define p(n) as the total number of peaks in Dn. Using a binomial
expression, we can write this sequence as:

p(n) =

n∑

k=0

(
k − 1

2k − n

)(
k

2k − n + 1

)
.

A proof of this result, using generating functions, can be found in [3, p. 10].
Alternatively, by modifying the proof of Theorem 2.9 —by removing the use
of s∗(k)— we can derive a recurrence relation that counts the total number of
peaks in Dn, that is, for n ≥ 5

p(n) = p(n − 1) + p(n − 2) + g(n − 2) + 2

n−3∑

k=2

p(k)g(n − k − 1),
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with the initial values p(2) = p(3) = 1 and p(4) = 3. It is important to note
that a recurrence relation for the number of asymmetric peaks in Dn can be
obtained by subtracting s(n) from p(n).

3. Counting symmetric weight

Recall that the weight of a peak is the difference between the maximum and
minimum ordinates, which is also equal to the max{k, �} whenever the peak is
UkD�. For a symmetric peak UkDk, its weight is k. Let symw(P ), called the
sum of symmetric weights, be the sum of weights of all symmetric peaks in
P . As an illustration, the symmetric peaks of the path depicted in Fig. 1 have
weights 1, 2, 3, and 1, respectively. Thus, symw(P ) = 7.

In this section, we present several results related to the sum of weights of
symmetric peaks in Dn. Firstly, we derive a generating function in two variables
that counts the sum of weights of all symmetric peaks in Dn. Secondly, we
establish a recursive relation for the sum of weights of all symmetric peaks in
Dn. We start by introducing the generating function W (x, q) of all DAPs with
respect to their length and sum of symmetric weights, defined as follows:

W (x, q) =
∑

P∈D
x|P |qsymw(P ).

Using the same decomposition as in the proof of Theorem 2.1, we derive the
following result.

Theorem 3.1. The generating function W (x, q) for the number of DAPs with
respect to the length and the sum of symmetric weights is

W (x, q) =
(1 − x)(1 − qx)

(
1 − qx − (1 + q)x2 + (2 + q)x3 − qx4 −

√
w(x, q)

)

2x(1 − x(1 + q) + x2)2
,

where w(x, q) is defined as:

w(x, q) = (1 − x)(1 − (3 + 2q)x + (1 + q)(3 + q)x2

−(5 + q2)x3 + 2(2 + 2q − q2)x4 − 2(2 + q + q2)x5 + q(4 + q)x6 − q2x7).

The first terms of the Taylor expansion are as follows:

1 + qx2 + q2x3 + (q2 + q3)x4 + (1 + 2q3 + q4)x5

+(3 + q3 + 3q4 + q5)x6 + O(x7).

All DAPs of length 6 are displayed in Fig. 9, with their corresponding sym-
metric weights highlighted in boldface in the previous expansion.

The total symmetric weight of Dn is defined as the sum of the symmet-
ric weights over all paths in Dn, and it is denoted by w(n). By calculating
∂q(W (x, q))|q=1, we can obtain the following two corollaries.
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Corollary 3.2. The generating function for the total symmetric weight in all
DAPs is given by

x
(
−1 + 2x + 2x2 + 3x3 − 2x4 + (1 − x)(1 + 2x)

√
1 − 2x − x2 − 2x3 + x4

)

2(1 − x)2
√

1 − 2x − x2 − 2x3 + x4
,

and an asymptotic expression for the n-th coefficient is

5
√

10 − 11
√

2

4
√

πn
√

−15 + 7
√

5
·
(

1 +
√

5

2

)2n

.

The Taylor expansion of the generating function is

x2 + 2x3 + 5x4 + 10x5 + 20x6 + 41x7 + 86x8 + 187x9 + O(x10).

It worth to mention that the sequence of coefficients does not appear yet in
[23].

Let us use w∗(n) to denote the total sum of symmetric weights of all first
peaks that are symmetric over all paths in Dn, except for the path UnDn.
The weight sum of all first peaks that are symmetric, including the weight of
the single peak of length n, is given by w∗(n) + (n − 1). Using the symmetry
construction of paths in Dn, we can observe that the total weight of the first
peaks that are symmetric in Dn is equal to the total weight of the last peak
at a ground level that is symmetric in Dn. It is worth noting that w∗(n) also
counts the total height of all first peaks that are symmetric in Dn, except for
the path formed by the single peak. Recall that the height of an occurrence
UkD� in a path is the maximal ordinate of its points.

Lemma 3.3. If n > 1, then w∗(n) is given by

w∗(n) =

n−2∑

i=2

n−i−1∑

k=1

i − 1

n − i − k

(
n − i − k

k

)(
n − i − k

k − 1

)
.

Proof. For a given i ≥ 1, the sum of the weights (over all DAPs in Dn) of all
first (resp., last) peaks Δi is i multiplied by the number of DAPs of length
n − i − 1, which is i · g(n − i − 1). Varying i in the set {1, 2, . . . , n − 3}, we

obtain the recurrence relation w∗(n) =
∑n−2

i=2 (i − 1)g(n − i) for n > 4, with
the initial values w∗(4) = 1 and w∗(n) = 0 for n < 4.

Using Theorem 2.7, we have the binomial expression for w∗(n) given in the
statement of this lemma. �

Theorem 3.4. For n ≥ 4, we have

w(n) = w(n − 1) + w(n − 2) − 2w∗(n − 1) + 1 +

n−3∑

k=1

2w′(k)g(n − k − 1),

where w′(k) = w(k)−w∗(k)+ 1
2 , and the initial values are w(1) = 0, w(2) = 1,

and w(3) = 2.
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Proof. Consider any non-empty path in Dn, which can be decomposed as QR
where Q ∈ Bk+1 and R ∈ Dn−k−1 for k ≥ 1 (it can be seen in Fig. 4). We
consider four cases.

(1) If k = 1, then Q = Δ1 and the total symmetric weight of all symmetric
peaks (over Dn) derived from Q = Δ1 is g(n − 2). Adding this to the
total symmetric weight of all paths of the form R ∈ Dn−2, we obtain that
w(n−2)+g(n−2) is the total symmetric weight of all paths in this case.

(2) If k = 2, then, with the same argument as for the previous case, the total
symmetric weight of all paths in this case is w(n − 3) + 2g(n − 3).

(3) If k = n − 1, then the total symmetric weight of Q ∈ Bn−1+1 is given by
the total symmetric weight of Dn−1 which is w(n − 1). However, there
are two sub-cases to consider in this counting: firstly, the weight of the
single peak in Dn−1 is n − 1 but in Bn it is n, so we must add one to
the counting; secondly, the first and the last peaks that are symmetric in
all paths in Dn−1 cannot be counted, as they are not symmetric peaks
in Bn, so we have to subtract them from w(n − 1). We use w∗(n − 1)
to adjust for these differences. Thus, the total symmetric weight of Bn is
w(n − 1) − 2w∗(n − 1) + 1.

(4) If 3 ≤ k ≤ n−3, then the total symmetric weight derived from Q ∈ Bk+1

can be counted using w(k) − 2w∗(k) + 1. Therefore, the total symmetric
weight for QR (see Fig. 3) is given by (w(k) − 2w∗(k) + 1)g(n − k − 1) +
w(n − k − 1)g(k). By varying k from 3 to n − 3 and adding the special
three cases, we obtain the desired result.

This completes the proof. �

4. Counting symmetric height

In this section, we present a method for counting the sum of heights of peaks
in Dn, using a generating function expressed as a continuous fraction. Addi-
tionally, we provide recursive relations to compute both the sum of heights of
all peaks and the sum of heights of symmetric peaks in Dn.

Let h(n) and hs(n) denote the sums of heights of all peaks and all symmetric
peaks, respectively, in the set Dn of DAPs of length n. The height of a peak
is defined as the y-coordinate of its highest point measured from the ground
level. We use sumh(P ) to denote the sum of heights of all peaks in the path
P , and peak(P ) to denote the number of peaks in the path P .

Let R be the set of all classical Dyck paths. We define the generating
function R(x, p, q) over all classical Dyck paths

R(x, p, q) =
∑

P∈R
x|P |/2ppeak(P )qsumh(P ).
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Deutsch [11] proved that this generating function satisfies the functional equa-
tion

R(x, p, q) = 1 + x(R(x, qp, q) − 1 + pq)R(x, p, q). (2)

Let Q(x, q) be the generating functions of all DAPs with respect to the length
and the sum of the heights. That is,

Q(x, q) =
∑

P∈D
x|P |qsumh(P ).

Theorem 4.1. An expression for generating function of Q(x, q) is given by the
continued fraction

Q(x, q) =
1

1 + x − qx2 − x

1 + x − q2x2 − x

1 + x − q3x2 − x

. . .

.

Proof. Notice that each peak in a Dyck path has to be counted as a down
step in a DAP. Therefore, we have the relation Q(x, q) = R(x, x, q). From the
functional equation (2), we obtain

Q(x, q) = R(x, x, q) = 1 + x(R(x, qx, q) − 1 + qx)R(x, x, q).

Therefore, we have

Q(x, q) =
1

1 − x(R(x, qx, q) − 1 + qx)
=

1

1 + x − qx2 − xR(x, qx, q)
.

Iterating this expression yields the desired result. �

The first terms of the continued fraction are as follows:

1 + qx2 + q2x3 + (q2 + q3)x4 + (2q3 + 2q4)x5

+(q3 + 3q4 + 3q5 + q6)x6 + (3q4 + 6q5 + 5q6 + 2q7 + q8)x7 + O(x8).

Theorem 4.2. The generating function for the sum of the heights of all peaks
in Dn is

H(x) =
∑

n≥0

h(n)xn =
x2

(1 − 3x + x2)(1 + x + x2)
.

Moreover,

h(n) =

n∑

k=0

1

2

(
2n − 2k

2k − 1

)
,
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and an asymptotic for the n-th coefficient is
√

5

20
·
(

1 +
√

5

2

)2n

.

Proof. We can use Theorem 4.1 to derive an expression for the generating
function H(x) as follows:

H(x) = ∂q(Q(x, q))|q=1 =
∑

�≥1

�x�+1

M2�(x)
=

x2M2(x)

(x − M2(x))2
, (3)

where

M(x) = 1 + x − x2 − x

1 + x − x2 − x

1 + x − x2 − x

. . .

= 1 + x − x2 − x

M(x)
.

Note that we can express M(x) as

M(x) = 1/2
(
1 + x − x2 −

√
1 − 2x − x2 − 2x3 + x4

)
.

Substituting this expression for M(x) into (3), we obtain the desired expression
for H(x).

To obtain the combinatorial sum, we can manipulate the generating func-
tion using standard techniques. �

Upon comparing this generating function with the sequence defined in
A182890, it is evident that they are identical.

Theorem 4.3. The sequence h(n) satisfies the following recurrence relation for
n ≥ 4:

h(n) = h(n − 2) + h(n − 1) + p(n − 1) + g(n − 2) +
n−3∑

k=2

(2h(k) + p(k)) g(n − k − 1),

with initial values h(2) = 1 and h(3) = 2.

Proof. Consider any non-empty path P in Dn, which can be decomposed as
P = QR where Q ∈ Bk+1 and R ∈ Dn−k−1 for some k ≥ 1. We distinguish
three cases.

(1) If k = 1, then Q = Δ1, and the sum of the heights of these peaks (over
all paths in Dn) is the cardinality of Dn−2, which is g(n − 2). Adding
this to the sum of the heights of all peaks in paths of the form R ∈ Dn−2

gives us that h(n − 2) + g(n − 2) is the sum of the heights of peaks of all
paths in this case.
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(2) If k = n − 1, then the sum of the heights of all peaks in Bn−1+1 = Bn is
given by the sum of the heights of all peaks in Dn−1 plus the total number
of its peaks. This gives us that the sum of the heights of all peaks of all
paths in this case is h(n − 1) + p(n − 1).

(3) If 2 ≤ k ≤ n − 3, then the sum of the heights of all peaks in Bk+1 can
be counted using g(n − k − 1)(h(k) + p(k)). Therefore, the sum of the
heights of all peaks of all paths in this case (with k fixed) is given by
h(n − k)g(k) + g(n − k − 1)(h(k) + p(k)). By varying k from 2 to n − 3,
we obtain the recurrence relation in the statement of the theorem.

This completes the proof. �
The first ten values of the sequence h(n) for n = 2, . . . , 11 are as follows:

1, 2, 5, 14, 36, 94, 247, 646, 1691, 4428.

We use hs(n) to represent the sum of the heights of all symmetric peaks of
Dn.

Theorem 4.4. The sequence hs(n), which represents the sum of the heights
of all symmetric peaks in Dn, can be described by the following recurrence
relation:

hs(n)=hs(n − 2)−hs(n − 1)+g(n − 2)+2h′
s(n − 1)+2

n−3∑

k=2

h′(k)g(n − k − 1),

where h′
s(k) = hs(k) + 1

2s(k) − s∗(k) − w∗(k) for n ≥ 4, with initial values
hs(2) = 1 and hs(3) = 2.

Proof. The proof follows similar steps as the proof of Theorem 3.4, but we
need to take into account the height of the peak measured from the ground.

Consider any non-empty path in Dn, which can be decomposed as QR
where Q ∈ Bk+1 and R ∈ Dn−k−1 for k ≥ 1. We distinguish three cases.

(1) If k = 1, then the sum of the heights of all symmetric peaks in all these
paths is hs(n − 2) + g(n − 2).

(2) If k = n − 1, then the sum of the heights of all symmetric peaks in all
these paths is given by hs(n − 1) − 2w∗(n − 1) + s(n − 1) − 2s∗(n − 1).

(3) If 3 ≤ k ≤ n−3, then the sum of the heights of all symmetric peaks in all
paths in Bk+1 is (hs(k) − 2w∗(k) + s(k) − 2s∗(k))g(n − k − 1). Therefore,
the sum of the heights of all symmetric peaks in all paths in this case
(with k fixed) is given by (hs(k) − 2w∗(k) + s(k) − 2s∗(k))g(n − k − 1) +
w(n − k − 1)g(k). By varying k from 3 to n − 3 and adding the special
two cases, we obtain the desired result.

This completes the proof. �
The first ten values of the sequence hs(n) for n = 2, . . . , 11 are as follows:

1, 2, 5, 10, 20, 42, 91, 206, 485, 1174.
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5. Symmetric and asymmetric peaks in non-decreasing DAP

In 1997, Barcucci et al. [2] introduced the concept of non-decreasing Dyck
paths. Later in 2001, Prodinger [24] studied non-decreasing Dyck paths in
relation to Elena trees. In 2003, Deutsch and Prodinger [10] provided bijec-
tions between non-decreasing Dyck paths, directed column-convex polyomi-
noes, Elena trees, and ordered trees of height at most three. In 2015, Flórez et
al. [8] used generating functions to count the number of peaks, pyramid weight,
and number of valleys in all non-decreasing Dyck paths of a given length. Re-
cently, there has been significant research on the concept of non-decreasing
paths, see for example, [3,9,14,17].

In this section, we first focus on the set ND of non-decreasing DAPs, that
is, DAPs where the sequence of the minimal ordinates of the valleys DkU ,
k ≥ 1, (taken from left to right) is non-decreasing. We consider the trivariate
generating function

Gsp,ap(x, y, z) =
∑

P∈ND
x|P |ysp(P )zap(P ),

where the coefficient of xnykz� is the number of non-decreasing Dyck paths
with air pockets of length n with k symmetric peaks and � asymmetric peaks.
Corollary 2.3 counts the total number of DAPs formed by symmetric peaks
(with no asymmetric peaks). The same result holds here. That is, the total
number of non-decreasing DAPs that consist solely of paths with peaks located
at a ground level Fn−1 for n > 1.

We summarize our results in a table at the end of this section.

Theorem 5.1. The generating function Gsp,ap(x, y, z) for the number of non-
decreasing DAPs with respect to the length and the numbers of symmetric and
asymmetric peaks is

1 − 3x + (3 − y)x2 − (1 − 2y + z)x3 − (y − z)x4 + x5z2

(1 − x − x2y)(1 − 2x − x2(−1 + y) + x3(y − z))
.

Proof. To simplify notation, we set G = Gsp,ap(x, y, z). Let P be a nonempty
non-decreasing DAPs. We distinguish the following cases.

(1) If P = UaDaQ, a ≥ 1, where Q is a DAP (possibly empty), then the g.f.

is x2

1−xyG.

(2) If P = UUaDaQU bDb+1, for a, b ≥ 1, where Q is a DAP, then necessarily
Q is empty or of the form Q = Ua1Da1

Ua2Da2
· · · UakDak

, for some
k ≥ 1, and ai ≥ 1 for i ≤ k. See Fig. 10 for an illustration. The generating
function for this case is given by

x
x2

1 − x
z

1

1 − x2

1−xy

x2

1 − x
z =

z2x5

(1 − x − x2y) (1 − x)
.
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Figure 10. Decomposition of case (2)

(3) If P = UUaDaQ̄, for a ≥ 1, where Q is not empty and does not start or
end with a symmetric peak, and Q̄ is obtained from Q by increasing by

one the size of its last down-step. The g.f. for this case is xz x2

1−xB, where
B is the generating function for non-empty non-decreasing DAPs that do
not end with a symmetric peak. Considering the complement, we easily
have B = G − 1

1− x2

1−x y
.

(4) If P = UQ̄ where Q is not empty and does not end and start with a
symmetric peak, and Q̄ is obtained from Q by increasing by one the size of
its last down-step. The g.f. for this case is xC, where C is the generating
function for non-empty non-decreasing DAPs that do not start or end

with a symmetric peak. We easily have C = B · (1 − x2

1−xy).

Summarizing all these cases, we obtain the following functional equation:

G = 1 +
x2

1 − x
yG +

z2x5

(1 − x − x2y) (1 − x)

+
x3z

1 − x

(
G − 1

1 − x2y
1−x

)
+ x

(
G − 1

1 − x2y
1−x

) (
1 − x2y

1 − x

)
,

which induces the result. �

5.1. Increasing DAPs

Let I be the set of strictly increasing DAPs, which are non-decreasing DAPs
where consecutive valleys cannot have the same ordinate. Notice that any
path in I has one of the following three forms: (i) a non-decreasing DAP
without symmetric peaks, (ii) a symmetric peak followed by a non-decreasing
DAP without symmetric peaks, or (iii) a symmetric peak followed by another
symmetric peak.

Now, let us consider the trivariate generating function

Hsp,ap(x, y, z) =
∑

P∈I
x|P |ysp(P )zap(P ),

where the coefficient of xnykz� is the number of increasing Dyck paths with
air pockets of length n having k symmetric peaks and � asymmetric peaks.
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Based on the three previous forms of an increasing DAP, we can deduce the
following.

Theorem 5.2. The generating function Hsp,ap(x, y, z) for the number of in-
creasing DAPs with respect to the length and the numbers of symmetric and
asymmetric peaks is

Hsp,ap(x, y, z) = G(x, 0, z)

(
1 +

x2y

1 − x

)
+

(
x2y

1 − x

)2

.

The first terms of the Taylor expansion are

1 + x2y + x3y + (y2 + y)x4 + (2y2 + z2 + y)x5 + (3y2 + 3z2 + y)x6 + O(x7).

The g.f. for the number of increasing DAPs is

H(x, 1, 1) =
(1 − x)2(1 + x2)

1 − 2x + x2 − x3
.

The Taylor expansion of the given expression is

1 + x2 + x3 + 2x4 + 4x5 + 7x6 + 12x7 + 21x8 + 37x9 + O(x10),

where the sequence of coefficients of xn corresponds to A005251 in [23]. No-
tice that the increasing DAPs of length n are in bijection with the Dyck
path of semi-length n − 1, subject to the condition that the vector of valleys
(ν1, ν2, . . . , νk) satisfies νi+1 − νi ≥ 2, as shown in [19].

We can adapt the same proofs used in the previous sections to non-decreasing
DAPs. Therefore, we will only provide a summary of the results without in-
cluding the proofs.
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CONSECUTIVE PATTERN-AVOIDANCE IN CATALAN WORDS

ACCORDING TO THE LAST SYMBOL

Jean-Luc Baril1 , Daniela Colmenares2 , José L. Raḿırez2,* ,
Emmanuel D. Silva2 , Lina M. Simbaqueba2 and Diana A. Toquica2

Abstract. We study the distribution of the last symbol statistics on the sets of Catalan words
avoiding a consecutive pattern of length at most three. For each pattern p, we provide a bivariate
generating function, where the coefficient cp(n, k) of xnyk in its series expansion is the number of
length n Catalan words avoiding p and ending with the symbol k. We deduce recurrence relations or
closed forms for cp(n, k) and we provide asymptotic approximations for the expectation of the last
symbol on all Catalan words avoiding p. Finally, we characterize the sequence cp(n, k) using Riordan
arrays.
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1. Introduction

Restricted growth words w = w1w2 · · ·wn are words defined over the set of non-negative integers by w1 = 0

and 0 ≤ wi ≤ st(w1 · · ·wi−1) + 1, where st is an integer statistic. Whenever the statistic st returns the last
symbol of a word, i.e., st(w1 · · ·wi−1) = wi−1, the restricted growth words are called Catalan words, that is,
the word w = w1w2 · · ·wn is a Catalan word if w1 = 0 and 0 ≤ wi ≤ wi−1 + 1 for i = 2, . . . , n. For n ≥ 0, let Cn
denote the set of Catalan words of length n. For instance, C3 = {000, 001, 010, 011, 012}. The cardinality of Cn
is given by the Catalan number Cn = 1

n+1

(
2n
n

)
, see [1], Exercise 80. Catalan words have already been studied

in the context of exhaustive generation of Gray codes for growth-restricted words [2]. More recently, Baril et al.
[3, 4] study the distribution of descents on restricted Catalan words avoiding a pattern or a pair of patterns of
length at most three. Ramı́rez and Rojas [5] also study the distribution of descents for Catalan words avoiding
consecutive patterns of length at most three. Baril, González, and Ramı́rez [6] enumerate Catalan words avoiding
a classical pattern of length at most three according to the length and the value of the last symbol. They also
give the exact value or an asymptotic for the expectation of the last symbol. Also, we refer to [7, 8], where the
authors study several combinatorial statistics on the polyominoes associated with words in Cn.

Keywords and phrases: Catalan word, consecutive pattern, generating function.
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The goal of this work is to complement all these studies by providing enumerative results for Catalan words
avoiding a consecutive pattern of length at most three with respect to the length and the value of the last symbol.
Using classical methods presented in [9, 10], we also give the exact value or an asymptotic approximation for the
expectation of the last symbol for these words. The study of consecutive patterns was introduced by Elizalde
and Noy [11] in the context of permutations. Since then, several results have appeared in the literature, see for
example [12–14] and references therein.

The remainder of this paper is structured as follows. In Section 2, we introduce the notation that will be used
in this work. In Section 3, we study the distribution of the last symbol in the set of Catalan words avoiding
consecutive patterns of length 2 providing the bivariate generating function that counts Catalan words avoiding
a given pattern with respect to the length and the last symbol and a matrix with the total number of words for
each length and last symbol. Also, we present a recurrence and an asymptotic approximation for the expectation
of the last symbol for these patterns. In Section 4, we present the same for the consecutive patterns of length 3
including bijections between some of them. Finally, in Section 5 we show how the matrices presented above are
Riordan arrays.

2. Notations

For an integer r ≥ 2, a consecutive pattern p = p1p2 · · · pr is a word (of length r) over the set {0, 1, . . . , r− 1}
satisfying the condition: if j > 0 appears in p, then j − 1 also appears in p. A Catalan word w = w1w2 · · ·wn
contains the consecutive pattern p = p1p2 · · · pr if there exists a subsequence wiwi+1 · · ·wi+r−1 (for some i ≥ 1)
of w which is order-isomorphic to p1p2 . . . pr. We say that w avoids the consecutive pattern p whenever w
does not contain the consecutive pattern p. For example, the Catalan word 0123455543 avoids the consecutive
pattern 001 and contains one subsequence isomorphic to the pattern 210.

For n ≥ 0, let Cn(p) denote the set of Catalan words of length n avoiding the consecutive pattern p. We
denote by cp(n) the cardinality of Cn(p), C(p) :=

⋃
n≥0 Cn(p), and C(p)+ := C(p) \ {ϵ}. We denote by last(w)

the last symbol of w. Let Cn,k(p) denote the set of Catalan words w ∈ Cn(p) such that last(w) = k, and let

cp(n, k) := |Cn,k(p)|. Obviously, we have cp(n) =
∑n−1
k=0 cp(n, k).

We introduce the bivariate generating function

Hp(x, y) :=
∑

w∈C(p)+
x|w|ylast(w) =

∑

n≥1, k≥0

cp(n, k)xnyk,

and we set

Hp(x) :=
∑

w∈C(p)+
x|w| = Hp(x, 1).

Notice that these generating functions do not consider the empty word. Let Tp be the infinite matrix Tp :=
(cp(n, k))n≥1,k≥0.

The expectation of the last symbol on all Catalan words in Cn(p) is given by (see [9])

ap(n) :=
[xn]∂yHp(x, y)|y=1

cp(n)
=

[xn]∂yHp(x, y)|y=1

[xn]Hp(x, 1)
.

In order to obtain an asymptotic approximation for ap(n), we will use classical methods presented in [9, 10]
on the two generating functions [xn]∂yHp(x, y)|y=1 and [xn]Hp(x, 1).

Throughout this work, we will often use the first return decomposition of a Catalan word w, which is
w = 0(w′ + 1)w′′, where w′ and w′′ are Catalan words, and where (w′ + 1) is the word obtained from w′ by
adding 1 at all these symbols (for instance if w′ = 012012 then (w′ + 1) = 123123). As an example, the first
return decomposition of w = 0122123011201 is given by setting w′ = 011012 and w′′ = 011201.
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3. Consecutive patterns of length 2

The goal of this section is to study the distribution of the last symbol in the set of Catalan words avoiding a
consecutive pattern of length 2. For each pattern p ∈ {00, 01, 10}, we provide the bivariate generating function
Hp(x, y) that counts Catalan words with respect to the length and the last symbol.

Theorem 3.1. We have

H00(x, y) =
2x

1 + x− 2xy +
√

1− 2x− 3x2
.

Proof. Let w denote a non-empty Catalan word in C(00), and let w = 0(w′ + 1)w′′ be the first return decompo-
sition, where w′, w′′ ∈ C(00). If w′′ = ϵ, then w = 0(w′ + 1), where w′ is possibly empty. The generating function
for this case is x + xyH00(x, y). If w′′ is non-empty, then w′ is necessarily non-empty and this produces the
generating function xH00(x)H00(x, y). Therefore, we have the functional equation

H00(x, y) = x+ xyH00(x, y) + xH00(x)H00(x, y),

where H00(x) = H00(x, 1), satisfies the functional equation H00(x) = x+ xH00(x) + xH00(x)2. Solving these
equations, we obtain the desired result.

Theorem 3.2. For n ≥ 2 and 0 ≤ k < n, we have

c00(n, k) =

n−1∑

i=k−1

c00(n− 1, i)− c00(n− 1, k),

anchored with c00(1, 0) = 1 and c00(n, k) = 0 for k < 0 or 1 ≤ n ≤ k. Moreover, for n ≥ 2, 2 ≤ k < n, we have

c00(n, k) = c00(n, k − 1)− c00(n− 1, k) + c00(n− 1, k − 1)− c00(n− 1, k − 2).

Proof. Let w = w1 · · ·wn denote a non-empty Catalan word in Cn,k(00), with n ≥ 2. So, the subword w1 · · ·wn−1

necessarily belongs to Cn−1,i(00) for some i ≥ k − 1, i ̸= k (otherwise the word w would end with kk). Conse-
quently, we obtain the first equality. In addition, if we consider the difference c00(n, k)− c00(n, k − 1), then we
deduce the second equality.

The first few rows of the matrix T00 are

T00 =




1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 2 0 1 0 0 0 0 0
3 2 3 0 1 0 0 0 0
6 7 3 4 0 1 0 0 0
15 14 12 4 5 0 1 0 0
36 37 24 18 5 6 0 1 0
91 90 67 36 25 6 7 0 1




The Catalan words corresponding to the bold coefficients in the above array are

C4,0(00) = {0120}, C4,1(00) = {0101, 0121}, C4,2(00) = {}, and C4,3(00) = {0123}.
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φ(w) = UFDFFUUDUDFDF

Figure 1. Motzkin path corresponding to the word w = 01201234343423 ∈ C14,3(00).

The matrix T00 coincides with the array A097609, in the OEIS [15], that counts the number of Motzkin paths
with respect to the length and the number of horizontal steps at level 0. Recall that a length n Motzkin path is
a lattice path in N2, starting at the origin, ending at (n, 0), consisting of steps U = (1, 1), D = (1,−1), and F =
(1, 0). A constructive bijection ϕ between C(00) and the set of Motzkin paths can be defined recursively as follows:
ϕ(0) = ϵ, ϕ(0(w′ + 1)) = Fϕ(w′), and ϕ(0(w′ + 1)w′′) = Uϕ(w′)Dϕ(w′′). Clearly, if w ∈ Cn,k(00) then ϕ(w) is
a Motzkin path of length n − 1 having k horizontal steps at level 0. For example, if w = 01201234343423 ∈
C14,3(00), then we have

ϕ(w) = Uϕ(01)Dϕ(01234343423) = UFϕ(0)DFϕ(0123232312) = UFDFFϕ(012121201)

= UFDFFUϕ(010101)Dϕ(01) = UFDFFUUϕ(0)Dϕ(0101)DFϕ(0)

= UFDFFUUDUϕ(0)Dϕ(01)DF = UFDFFUUDUDFDF.

Figure 1 shows the corresponding Motzkin path with 3 horizontal steps at level 0.

Corollary 3.3. An asymptotic approximation for the expectation a00(n) of the last symbol over Cn(00)
is 2.

The last two theorems of this section have been already presented in [6], since Catalan words avoiding a
consecutive pattern p ∈ {01, 10} are those avoiding the corresponding classical pattern.

Theorem 3.4. We have

H01(x, y) =
x

1− x, c01(n, k) =

{
1, if k = 0;
0, otherwise;

and a01(n) = 0.

Theorem 3.5. We have

H10(x, y) =
x

1− x(1 + y)
, c10(n, k) =

(
n− 1

k

)
and a10(n) =

n− 1

2
.

4. Consecutive patterns of length 3

In this section we investigate the distribution of the last symbol in the set of Catalan words avoiding a
consecutive pattern of length 3.

4.1. The consecutive pattern 012

Theorem 4.1. We have

H012(x, y) =
1− x+ xy − 3x2y − 2x3y2 − (1 + xy)

√
1− 2x− 3x2

2x(1− y + xy + x2y2)
.

Proof. Let w denote a non-empty Catalan word in C(012), and let w = 0(w′ + 1)w′′ be the first return
decomposition, where w′, w′′ ∈ C(012). If w′′ = ϵ, then w = 0, or w = 01(w′ + 1) with w′ ∈ C(012). The corre-
sponding generating function for these words is x+ x2y(1 + H012(x, y)). If w′′ is non-empty, then w = 0w′′, or
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w = 01(w′ + 1)w′′, where w′ is possibly empty. This case produces the generating function

xH012(x, y) + x2(1 + H012(x))H012(x, y),

where (see Thm. 2.1 of [5])

H012(x) =
1− x−

√
1− 2x− 3x2

2x2
− 1

is the generating function for the number of non-empty Catalan words avoiding 012. Therefore, we have the
functional equation

H012(x, y) = x+ x2y(1 + H012(x, y)) + xH012(x, y) + x2(1 + H012(x))H012(x, y).

Solving this equation, we obtain the desired result.

Theorem 4.2. For n ≥ 2, 3 ≤ k ≤ n− 1, we have

c012(n, k) =
n−1∑

i=k−1

c012(n− 1, i)−
n−1∑

i=k−2

c012(n− 3, i),

and for n ≥ 2, k = 0, 1, we have

c012(n, k) =
n−1∑

i=k−1

c012(n− 1, i),

anchored with c012(1, 0) = 1 and c012(n, k) = 0 for k < 0 or 1 ≤ n ≤ k. Moreover, for n ≥ 4 and 3 ≤ k ≤ n− 1,
we have

c012(n, k) = c012(n, k − 1)− c012(n− 1, k − 2) + c012(n− 3, k − 3).

Proof. Let w = w1 · · ·wn denote a non-empty Catalan word in Cn,k(012), with n ≥ 2. So, the subword
w1 · · ·wn−1 necessarily belongs to Cn−1,i(012) for i ≥ k − 1, but we have not to consider the cases where
wn−3 ≥ wn−2 = k − 2 with wn−1 = k − 1 whenever they can occur, i.e. when k ≥ 2. Therefore, by summing
over all possible values of i, we obtain the first equality; whenever k = 0, 1, all i ≥ k − 1 have to be considered
which induces the second equality. Finally, by considering the difference c012(n, k) − c012(n, k − 1) whenever
n ≥ 4 and k ≥ 3, the third equality follows.

The first few rows of the matrix T012 are

T012 =




1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
2 2 0 0 0 0 0 0 0
4 4 1 0 0 0 0 0 0
9 9 3 0 0 0 0 0 0
21 21 8 1 0 0 0 0 0
51 51 21 4 0 0 0 0 0
127 127 55 13 1 0 0 0 0
323 323 145 39 5 0 0 0 0
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ψ(w) = FUUFUDDUDD

Figure 2. Motzkin path corresponding to the word w = 0011222312 ∈ C10,2(012).

The Catalan words corresponding to the bold coefficients in the above array are

C4,0(012) = {0000, 0010, 0100, 0110}, C4,1(012) = {0001, 0011, 0101, 0111}, and

C4,2(012) = {0112}.

The matrix T012 coincides with the array A098979 that counts the number of Motzkin paths with respect
to the length and the length of the final run of down steps. Moreover, the row sums of T012 corresponds to
the sequence of Motzkin numbers A001006. A constructive bijection ψ can be defined recursively as follows:
ψ(ϵ) = ϵ, ψ(0w′) = Fψ(w′), and ψ(01(w′ + 1)w′′) = Uψ(w′)Dψ(w′′). Clearly, if w ∈ Cn,k(012), then ψ(w) is a
Motzkin path of length n where the length of its final descent is k. For example, if w = 0011222312 ∈ C10,2(012),
then we have

ψ(w) = Fψ(011222312)F = FUψ(0111201)Dψ(ϵ) = FUUψ(001)Dψ(01)D

= FUUFUDDUDD.

Figure 2 shows the corresponding Motzkin path with a final descent of length 2.

Corollary 4.3. An asymptotic approximation for the expectation a012(n) of the last symbol over Cn(012)
is 5/4.

4.2. The consecutive pattern 001 and 011

Theorem 4.4. We have

H001(x, y) =
2x

1− x2 − (2x− 2x2)y +
√

1− 4x+ 2x2 + x4
.

Proof. Let w denote a non-empty Catalan word in C(001), and let w = 0(w′ + 1)w′′ be the first return decom-
position, where w′, w′′ ∈ C(001). If w′′ = ϵ, then w = 0(w′ + 1) with w′ possibly empty. The generating function
for this case is x+ xyH001(x, y). If w′′ is non-empty, then w = 00 · · · 0 (with w′ = ϵ) or w = 0(w′ + 1)w′′ (with
w′ ̸= ϵ). This case produces the generating function

x2

1− x + xH001(x)H001(x, y),

where (see Thm. 2.3 of [5])

H001(x) =
1− x2 −

√
(1− x)(1− 3x− x2 − x3)

2(1− x)x
− 1
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is the generating function for the number of non-empty Catalan words avoiding the consecutive pattern 001.
Therefore, we have the functional equation

H001(x, y) = x+ xyH001(x, y) +
x2

1− x + xH001(x)H001(x, y).

Solving this equation, we obtain the desired result.

Theorem 4.5. We have H011(x, y) = H001(x, y).

Proof. There exists a bijection between the Catalan words avoiding 011 and those avoiding 001 preserving
the last symbol (see Thm. 2.4 of [5]). Indeed, the bijection comes from an algorithm explained in [5], which
consists in replacing, from left to right, each factor kj(k + 1) with the factor k(k + 1)j (j ≥ 2). For instance,
the bijection transforms w = 000123222321112001012 ∈ C(011) into 012333233321222011012 ∈ C(001). So,
the two bivariate generating functions are equal.

Theorem 4.6. Let p ∈ {011, 001}. Then, for n ≥ 2, 0 ≤ k ≤ n− 1, we have

cp(n, k) =

n−2∑

i=k−1

cp(n− 1, i)− cp(n− 2, k − 1),

anchored with cp(1, 0) = 1 and cp(n, k) = 0, otherwise. Moreover, for n ≥ 2 and 1 ≤ k ≤ n, we have

cp(n, k) = cp(n, k − 1)− cp(n− 1, k − 2)− cp(n− 2, k − 1) + cp(n− 2, k − 2).

Proof. Let w = w1 · · ·wn denote a non-empty Catalan word in Cn,k(001), with n ≥ 2. So, the subword
w1 · · ·wn−1 necessarily belongs to Cn−1,i(001) for i ≥ k − 1, but we have not to consider the words where
wn−2 = wn−1 = k − 1. Therefore, by summing over all possible values of i, we obtain the first equality. The
second equality follows from the difference c001(n, k)− c001(n, k − 1).

The first few rows of the matrix Tp, for p ∈ {011, 001} are

Tp =




1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0
4 3 1 1 0 0 0 0 0
9 7 4 1 1 0 0 0 0
22 18 10 5 1 1 0 0 0
57 48 28 13 6 1 1 0 0
154 132 79 39 16 7 1 1 0
429 372 227 115 51 19 8 1 1




.

This array does not appear in the OEIS [15], however the first column (and the row sums) corresponds to the
sequence A105633 (this sequence also counts the number of Dyck paths of semilength n+ 1 avoiding UUDU).
The Catalan words corresponding to the bold coefficients in the above array are

C4,0(001) = {0000, 0100, 0110, 0120}, C4,1(001) = {0101, 0121, 0111},
C4,2(001) = {0122}, and C4,3(001) = {0123}.
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An asymptotic analysis of the generating functions [xn]∂yHp(x, y)|y=1 and [xn]Hp(x, 1), p ∈ {011, 001}, gives
the following result. The constant a is the solution closest to the origin of the polynomial z3 + z2 + 3z − 1.
Maple provides an explicit version if one asks for a simplification.

Corollary 4.7. For p ∈ {011, 001}, an asymptotic approximation for the expectation ap(n) of the last symbol
over Cn(p) is

a (1− a)
3 (

17a2 + 22a + 57
)2

4 (2a2 + 3a + 7)
2 ∼ 1.6785735141,

where a = 1
3

(
26 + 6

√
33
) 1

3 − 8
3

(
26 + 6

√
33
)− 1

3 − 1
3 .

4.3. The consecutive pattern 010

Theorem 4.8. We have

H010(x, y) =
1− 2xy + x2 −

√
1− 4x+ 2x2 − 4x3 + x4

2(1 + x2 − y − x2y + xy2)
.

Proof. Let w denote a non-empty Catalan word in C(010), and let w = 0(w′ + 1)w′′ be the first return decom-
position, where w′, w′′ ∈ C(010). If w′′ = ϵ, then w = 0(w′ + 1) with w′ possibly empty. The generating function
for this case is x+ xyH010(x, y). If w′′ is non-empty, then w′ ̸= 0. This case produces the generating function

x(H010(x)− x+ 1)H010(x, y),

where (see Thm. 2.3 of [5])

H010(x) =
1 + x2 −

√
(1 + x2)(1− 4x+ x2)

2x
− 1

is the generating function of the non-empty Catalan words avoiding the consecutive pattern 010. Therefore, we
have the functional equation

H010(x, y) = x+ xyH010(x, y) + x(H010(x)− x+ 1)H010(x, y).

Solving this equation, we obtain the desired result.

Theorem 4.9. For n ≥ 2, 0 ≤ k ≤ n− 1, we have

c010(n, k) =

n−2∑

i=k−1

c010(n− 1, i)− c010(n− 2, k),

anchored with c010(1, 0) = 1 and c010(n, k) = 0, otherwise. Moreover, for n ≥ 2 and 2 ≤ k ≤ n− 1, we have

c010(n, k) = c010(n, k − 1)− c010(n− 1, k − 2)− c010(n− 2, k) + c010(n− 2, k − 1).

Proof. Let w = w1 · · ·wn denote a non-empty Catalan word in Cn,k(010), with n ≥ 2. So, the subword
w1 · · ·wn−1 necessarily belongs to Cn−1,i(010) for i ≥ k − 1, but we do not have to consider the words where
wn−2 = k and wn−1 = k + 1. Therefore, by summing over all possible values of i we obtain the first equality.
Moreover, if we consider the difference c010(n, k)− c010(n, k − 1), then we have the second equality.
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The first few rows of the matrix T010 are

T010 =




1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 2 1 0 0 0 0 0 0
3 3 3 1 0 0 0 0 0
9 8 6 4 1 0 0 0 0
25 25 16 10 5 1 0 0 0
73 74 51 28 15 6 1 0 0
223 223 159 91 45 21 7 1 0
697 696 496 296 150 68 28 8 1




This array does not appear in the OEIS [15], however, the first column of this matrix is the sequence A101499
(this sequence also counts the number of peakless Motzkin paths of length n in which the horizontal steps at
level greater than or equal to 1 come in 2 colors). The row sums of T010 corresponds to the sequence A187256.
The Catalan words corresponding to the bold coefficients in the above array are

C4,0(010) = {0000, 0110, 0120}, C4,1(010) = {0001, 0011, 0111},
C4,2(010) = {0012, 0112, 0122}, and C4,3(010) = {0123}.

Corollary 4.10. An asymptotic approximation for the expectation a010(n) of the last symbol over Cn(010)
is 2.

4.4. The consecutive pattern 201

Theorem 4.11. We have

H201(x, y) =
(1− x)

(
1 + 2x−

√
1− 4x+ 4x3

)

(2− x)
(
1− 2xy +

√
1− 4x+ 4x3

) .

Proof. Let w denote a non-empty Catalan word in C(201) and let w = 0(w′ + 1)w′′ be first return decomposition,
where w′, w′′ ∈ C(201). If w′′ = ϵ, then w = 0(w′ + 1) with w′ possibly empty. The generating function for this
case is x + xyH201(x, y). If w′′ ̸= ϵ and w′ = ϵ, then w = 0w′′ and the generating function for this case is
xH201(x, y). If w′′ ̸= ϵ and w′ ̸= ϵ, then w = 0(w′ + 1)w′′ and we consider two subcases:

(i) If w′ ends with 0, then w′ = w′′′0 with w′′′, w′′ ∈ C(201). The generating function for this case is x2(1 +
H201(x))H201(x, y), where

H201(x) =
1− 2x+ 2x2 −

√
1− 4x+ 4x3

2(2− x)x2
− 1,

is the generating function for the total number of non-empty Catalan words avoiding 201 (see Thm. 2.5 of [5]).
(ii) If w′ does not end with 0, then the last symbol of (w′ + 1) is at least 2, which implies that w′′ necessarily

is 0 or 0w′′′ with w′′′ ∈ C(201). So, in this case the generating function is

x(H201(x)− xH201(x)− x)x(H201(x, y) + 1).

Therefore, bringing together all the above subcases, we have the functional equation

H201(x, y) = x+ xyH201(x, y) + xH201(x, y) + x2(1 + H201(x))H201(x, y)+

x(H201(x)− xH201(x)− x)x(H201(x, y) + 1).
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Solving this equation, we obtain the desired result.

Theorem 4.12. Let n ≥ 2, 1 ≤ k ≤ n− 1, we have

c201(n, k) =
n−2∑

i=k−1

c201(n− 1, i)−
n−3∑

i=k+1

c201(n− 2, i),

and for n ≥ 2, k = 0,

c201(n, 0) =
n−2∑

i=0

c201(n− 1, i),

anchored with c201(1, 0) = 1, and c201(n, k) = 0 otherwise. Moreover, for n ≥ 3 and 3 ≤ k < n, we have

c201(n, k) = c201(n, k − 1)− c201(n− 1, k − 2) + c210(n− 2, k).

Proof. Let w = w1 · · ·wn denote a non-empty Catalan word in Cn,k(201), with n ≥ 2. So, the subword
w1 · · ·wn−1 necessarily belongs to Cn−1,i(201) for i ≥ k − 1, but we do not have to consider the words where
wn−2 > k and wn−1 = k−1. Therefore, by summing over all possible values of i we obtain the first equality when-
ever k ≥ 1, and the second equality for k = 0. Finally, by considering the difference c201(n, k)− c201(n, k − 1),
we obtain the third equality.

The first few rows of the matrix T201 are

T201 =




1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
2 2 1 0 0 0 0 0 0
5 5 3 1 0 0 0 0 0
14 13 9 4 1 0 0 0 0
41 37 26 14 5 1 0 0 0
124 110 78 45 20 6 1 0 0
384 338 240 144 71 27 7 1 0
1212 1062 756 463 243 105 35 8 1




This array does not appear in OEIS [15], however, the first column of this matrix is the sequence A159769
(this sequence also counts the number of Dyck paths of semilength n − 1 avoiding DDUUU).The row sums
of T201 corresponds to the sequence A159773. The Catalan words corresponding to the bold coefficient in the
above array are

C5,1(201) = {00001, 00011, 00101, 00111, 00121,
01001, 01011, 01101, 01111, 01121, 01211, 01221, 01231}

Corollary 4.13. An asymptotic approximation for the expectation a201(n) of the last symbol over Cn(201) is

−128a7 + 352a5 − 284a3 + 55a

16a5 + 24a4 − 12a3 − 24a2 + 2a + 6
∼ 2.070578537,

where a = −
√
3
3 cos

(
1
6 arctan

(
3
√
111
5

)
+ π

6

)
+ sin

(
1
6 arctan

(
3
√
111
5

)
+ π

6

)
is the solution closest to the origin

of 4z3 − 4z + 1.
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4.5. The consecutive pattern 101

Theorem 4.14. We have

H101(x, y) =
x
(
2− x+ 2x2 − x3 − x

√
1− 4x+ 2x2 − 4x3 + x4

)

(1− x+ x2)(1− 2xy + x2 +
√

1− 4x+ 2x2 − 4x3 + x4)
.

Proof. Let w denote a non-empty Catalan word in C(101), and let w = 0(w′ + 1)w′′ be the first return decom-
position, where w′, w′′ ∈ C(101). If w′′ = ϵ, then w = 0(w′ + 1) with w′ possibly empty. The generating function
for this case is x+ xyH101(x, y). If w′′ is non-empty and w′ = ϵ, then the corresponding generating functions is
xH101(x, y). If w′ and w′′ are non-empty, we distinguish two cases.

(i) If w′ ends with 0 then w′ = v0 with v ∈ C(101). This implies that w′′ cannot start with 01, which means
that w′′ = 0w′′′ with w′′′ ∈ C(101). The generating function for this case is x2(1 + H101(x))x(1 + H101(x, y)),
where

H101(x) =
1− x2 −

√
(1 + x2)(1− 4x+ x2)

2x(1− x+ x2)
− 1

is the generating function for the number of all non-empty Catalan words avoiding 101 (see Thm. 2.3 of [5]).
(ii) If w′ does not end with 0 then w′′ has no more restriction, and the generating function for this case is

x(H101(x)− xH101(x)− x)H101(x, y).

Therefore we have the functional equation

H101(x, y) = x+ xyH101(x, y) + xH101(x, y) + x2(1 + H101(x))x(1 + H101(x, y))+

x(H101(x)− xH101(x)− x)H101(x, y).

Solving this equation, we obtain the desired result.

Theorem 4.15. For n ≥ 2, 1 ≤ k ≤ n, we have

c101(n, k) =
n−2∑

i=k−1

c101(n− 1, i)− c101(n− 2, k),

and for n ≥ 2,

c101(n, 0) =
n−2∑

i=0

c101(n− 1, i),

anchored with c101(1, 0) = 1, and c101(n, k) = 0 otherwise. Moreover, for n ≥ 2 and 2 ≤ k ≤ n, we have

c101(n, k) = c101(n, k − 1)− c101(n− 1, k − 2)− c101(n− 2, k) + c101(n− 2, k − 1).

Proof. Let w = w1 · · ·wn denote a non-empty Catalan word in Cn,k(101), with n ≥ 2. So, the subword
w1 · · ·wn−1 necessarily belongs to Cn−1,i(101) for i ≥ k − 1, but we do not have to consider the words where
where wn−2 = k and wn−1 = k − 1. By summing over all possible values of i we obtain the first equality for
k ≥ 1, and the second for k = 0. Finally, by considering the difference c101(n, k)− c101(n, k − 1), we have the
third equality.
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The first few rows of the matrix T101 are

T101 =




1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
2 2 1 0 0 0 0 0 0
5 4 3 1 0 0 0 0 0
13 11 7 4 1 0 0 0 0
36 32 20 11 5 1 0 0 0
105 94 62 33 16 6 1 0 0
317 285 192 107 51 22 7 1 0
982 888 603 347 172 75 29 8 1




This array does not appear in the OEIS [15], however, the first column (and the row sums) of this matrix
corresponds to the sequence A114465 (this sequence also counts the number of Dyck paths semilength n having
no ascents of length 2 that start at an odd level). The Catalan words corresponding to the bold coefficients in
the above array are

C4,0(101) = {0000, 0010, 0100, 0110, 0120}, C4,1(101) = {0001, 0011, 0111, 0121},
C4,2(101) = {0012, 0112, 0122}, and C4,3(101) = {0123}.

Corollary 4.16. An asymptotic approximation for the expectation a101(n) of the last symbol over Cn(101) is

13 + 8
√

3

7 + 4
√

3
∼ 1.928203230.

4.6. The consecutive pattern 000

Theorem 4.17. We have

H000(x, y) =
2x(1 + x)

1 + x+ x2(1− 2y)− 2xy +
√

1− 2x− 5x2 − 6x3 − 3x4
.

Proof. Let w denote a non-empty Catalan word in C(000), and let w = 0(w′ + 1)w′′ be the first return decompo-
sition, where w′, w′′ ∈ C(000). If w′′ = ϵ, then w = 0(w′ + 1) with w′ possibly empty. The generating function for
this case is x+ xyH000(x, y). If w′′ is non-empty and w′ = ϵ, then w′′ cannot start with 00. The corresponding
generating function is xH000,00(x, y), where H000,00(x, y) is the bivariate generating function for Catalan words
in C(000) that do not start with 00. By counting by the complement we have

H000,00(x, y) = x+ xyH000(x, y) + xH000(x)H000(x, y),

where (see Thm. 2.8 of [5])

H000(x) =
1 + x+ x2 −

√
(1− x− x2)2 − 4x2(1 + x)2

2x(1 + x)
− 1.

If w′ and w′′ are non-empty, then the generating function is xH000(x)H000(x, y). Therefore, we have the
functional equation

H000(x, y) = x + xyH000(x, y) + x(x + xyH000(x, y) + xH000(x)H000(x, y)) + xH000(x)H000(x, y).
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Solving this equation, we obtain the desired result.

Theorem 4.18. For n ≥ 2, 1 ≤ k ≤ n, we have

c000(n, k) =
∑

i≥k−1

c000(n− 1, i)− c000(n− 3, k − 1)−
∑

i≥k+1

c000(n− 3, i),

and for n ≥ 2,

c000(n, 0) =
n−1∑

m=0

1

m+ 1

n−m−1∑

i=⌈n/2⌉−m−1

(−1)i
(

2m

m

)(
m+ i

i

)(
m+ i+ 1

n−m− i− 1

)
,

anchored with c000(1, 0) = 1, and c000(n, k) = 0, otherwise.

Proof. Let w = w1 · · ·wn denote a non-empty Catalan word in Cn,k(000), with n ≥ 2. So, the subword
w1 · · ·wn−1 necessarily belongs to Cn−1,i(000) for i ≥ k − 1, but we do not have to consider the words where
wn−2 = k and wn−1 = k. Since a word w′ ending with kk in Cn−1,k(000) is of the form w′ = w′′k − 1kk, or
w′ = w′′ikk, i ≥ k + 1, the number of such words is given by c000(n− 3, k − 1) +

∑
i≥k+1

c000(n− 3, i). Therefore,

we have

c000(n, k) =
∑

i≥k−1

c000(n− 1, i)− c000(n− 3, k − 1)−
∑

i≥k+1

c000(n− 3, i).

The second relation is given in the OEIS [15].

Notice that the sequence c000(n, 0) corresponds to A061639. This sequence counts the number of planar
planted trees with n non-root nodes and every 2-valent node isolated.

The first few rows of the matrix T000 are

T000 =




1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 2 1 0 0 0 0 0 0
4 3 3 1 0 0 0 0 0
10 10 6 4 1 0 0 0 0
28 29 19 10 5 1 0 0 0
85 84 60 32 15 6 1 0 0
262 262 183 107 50 21 7 1 0
829 830 586 344 175 74 28 8 1




This array does not appear in the OEIS [15], however the row sums of T000 corresponds to the sequence
A247333. The Catalan words corresponding to the bold coefficients in the above array are

C4,0(000) = {0010, 0100, 0110, 0120}, C4,1(000) = {0011, 0101, 0121},
C4,2(000) = {0012, 0112, 0122}, and C4,3(000) = {0123}.

Corollary 4.19. An asymptotic approximation for the expectation a000(n) of the last symbol over Cn(000)
is 2.
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4.7. The consecutive pattern 210

Theorem 4.20. We have

H210(x, y) =
(2− x)x

1− x− x3 − 2xy + x2(1 + y) +
√

1− 4x+ 4x3
.

Proof. Let w denote a non-empty Catalan word in C(210), and let w = 0(w′ + 1)w′′ be the first return decom-
position, where w′, w′′ ∈ C(210). If w′′ = ϵ, then w = 0(w′ + 1) with w′ possibly empty. The generating function
for this case is x + xyH210(x, y). If w′′ is non-empty and w′ = ϵ, then the corresponding generating function
is xH210(x, y). If w′ and w′′ are not empty, then w′ cannot end with a descent, ab (a > b), that is, w′ = 0 or
w′ = vb where v = v1 . . . vr ∈ C(210) with r ≥ 1 and b = vr or b = vr + 1. Therefore, the generating function for
this case is

x2H210(x, y) + 2x2H210(x)H210(x, y),

where (see Thm. 2.9 in [5])

H210(x) =
1− 2x+ 2x2 −

√
1− 4x+ 4x3

2(2− x)x2
− 1.

Therefore, we have the functional equation

H210(x, y) = x+ xyH210(x, y) + xH210(x, y) + x2H210(x, y) + 2x2H210(x)H210(x, y)

Solving this equation, we obtain the desired result.

Theorem 4.21. For n ≥ 2, 1 ≤ k ≤ n, we have

c210(n, k) =
∑

i≥k−1

c210(n− 1, i)− c210(n− 3, k + 1)−
n−2−k∑

i=1

(2i+ 1) · c210(n− 3, k + i+ 1),

and for n ≥ 2,

c210(n, 0) =
∑

i≥0

c210(n− 1, i)− c210(n− 3, 1)−
n−2∑

i=1

(2i+ 1) · c210(n− 3, i+ 1),

anchored with c210(1, 0) = 1, and c210(n, k) = 0 otherwise.

Proof. Let w = w1 · · ·wn denote a non-empty Catalan word in Cn,k(210), with n ≥ 2. So, the subword
w1 · · ·wn−1 necessarily belongs to Cn−1,i(210) for i ≥ k − 1, but we do not have to consider the words where
wn−2 > wn−1 > k. Since a word w′ ending with ji, j > i > k in Cn−1,i(210) is of the form w′ = w′′ji, where
w′′ ∈ Cn−3,j−1(210) or w′′ ∈ Cn−3,j(210) the number of such words is given by

∑

i≥k+1

∑

j≥i+1

c210(n− 3, j − 1) +
∑

i≥k+1

∑

j≥i+1

c210(n− 3, j)

=

n−2−k∑

i=1

i · c210(n− 3, k + i) +

n−2−k∑

i=0

(i+ 1) · c210(n− 3, k + i+ 1)

= c210(n− 3, k + 1) +
n−2−k∑

i=1

(2i+ 1) · c210(n− 3, k + i+ 1).
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Finally, we obtain the recursion

c210(n, k) =
∑

i≥k−1

c210(n− 1, i)− c210(n− 3, k + 1)−
n−2−k∑

i=1

(2i+ 1) · c210(n− 3, k + i+ 1).

The case where k = 0 can be obtained mutatis mutandis.

Notice that the sequence c210(n, 0) corresponds to A114465. This sequence counts the number of Dyck paths
of length 2n having no ascents of length 2 that start at an odd level.

The first few rows of the matrix T210 are

T210 =




1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
2 2 1 0 0 0 0 0 0
5 5 3 1 0 0 0 0 0
13 14 9 4 1 0 0 0 0
36 40 28 14 5 1 0 0 0
105 118 87 48 20 6 1 0 0
317 359 273 161 75 27 7 1 0
982 1118 869 536 270 110 35 8 1




This array does not appear in the OEIS [15], however the row sums of T210 corresponds to the sequence A159771.
The Catalan words corresponding to the bold coefficients in the above array are

C4,0(210) = {0000, 0010, 0100, 0110, 0120}, C4,1(210) = {0001, 0011, 0101, 0111, 0121},
C4,2(210) = {0012, 0112, 0122}, and C4,3(210) = {0123}.

Corollary 4.22. An asymptotic approximation for the expectation a210(n) of the last symbol over Cn(210) is

32a
(
a3 − 2a2 + 3a − 1

) (
8976a2 + 1552a − 9297

)2
(−2 + a)

13225 (152a2 + 64a − 119)
2 ∼ 2.943409552,

where a = −
√
3
3 cos

(
1
6 arctan

(
3
√
111
5

)
+ π

6

)
+ sin

(
1
6 arctan

(
3
√
111
5

)
+ π

6

)
is the solution closest to the origin

of 4z3 − 4z + 1.

4.8. The consecutive patterns 120, 100, and 110

Theorem 4.23. We have H100(x, y) = H110(x, y) = H120(x, y).

Proof. There exists a bijection between Catalan words avoiding 100 and those avoiding 110 preserving the last
symbol: from left to right, we replace each maximal factor kj(k − ℓ), j ≥ 2, ℓ ≥ 1, with the factor k(k − ℓ)j .
For instance, the bijection transforms w = 00012220122331 ∈ C(100) into 00012000122311 ∈ C(110). Since this
bijection preserves the last symbol, the two bivariate generating functions for the these sets are equal.

Also, there is a bijection between Catalan words avoiding 120 and those avoiding 110 preserving the last
symbol: from left to right, we replace each factor kk(k − ℓ), ℓ ≥ 1, with the factor k(k + 1)(k − ℓ). Then, the
two bivariate generating functions for the these sets are equal.
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Theorem 4.24. For p ∈ {120, 100, 110} we have

Hp(x, y) =
1− 2xy −

√
1− 4x+ 4x3

2− 2x2 − 2y + 2xy2
.

Proof. Let w a non-empty Catalan word in C(120) whose first return decomposition is w = 0(w′ + 1)w′′ such
that w′, w′′ ∈ C(120). If w′′ = ϵ then w = 0(w′ + 1) with w′ possibly empty. The generating function for this case
is x + xyH120(x, y). If w′′ ̸= ϵ and w′ = ϵ the corresponding generating function is xH120(x, y). If w′ and w′′

are non-empty, then w′ + 1 does not finish with an ascent a(a+ 1), where a ≥ 1. The corresponding generating
function is

x(H120(x)−H ′
120(x))H120(x, y),

where (see Thm. 2.6 in [5])

H120(x) =
1− 2x2 −

√
1− 4x+ 4x3

2x(1− x)
− 1

and H ′
120(x) is the generating function for non-empty Catalan words avoiding 120 and ending with an ascent,

which induces that H ′
120(x) = xH120(x).

Consequently, we have the functional equation

H120(x, y) = x+ xyH120(x, y) + xH120(x, y) + x(H120(x)− xH120(x))H120(x, y)

and solving this, we obtain the desired result.

Theorem 4.25. Let p ∈ {120, 100, 110}. For n ≥ 2 and 1 ≤ k ≤ n− 1, we have

cp(n, k) = cp(n− 2, k)− cp(n− 1, k − 2) + cp(n, k − 1)

and for n ≥ 2,

cp(n, 0) =
(−1)

n−1−k
2

2
(1 + (−1)n−1−k)

(
k

⌊n−1−k
2 ⌋

)
Ck,

where Ck is the k-th Catalan number.

Proof. For the first recurrence relation, it suffices to check that H120(x, y)− (x2− xy2 + y)H120(x, y) + xy does
not depend on y. For the second relation, the sequence cp(n, 0) (p ∈ {120, 100, 110}) is already known in the
OEIS [15] as the sequence A157003.

Notice that the sequence A157003 also counts the number of Dyck paths of semilength n avoiding any one of
the words UDUDD, UUDDD, UUDUD, or UUUDD. The first few rows of the matrix Tp for p ∈ {120, 100, 110}



CONSECUTIVE PATTERN-AVOIDANCE IN CATALAN WORDS ACCORDING TO THE LAST SYMBOL 17

are

Tp =




1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
2 2 1 0 0 0 0 0 0
4 5 3 1 0 0 0 0 0
10 12 9 4 1 0 0 0 0
27 32 25 14 5 1 0 0 0
78 90 72 44 20 6 1 0 0
234 266 213 137 70 27 7 1 0
722 812 650 428 235 104 35 8 1




This array does not appear in the OEIS [15], however the row sums of Tp corresponds to the sequence
A087626. The Catalan words corresponding to the bold coefficients for p = 120 in the above array are

C4,0(120) = {0000, 0010, 0100, 0110}, C4,1(120) = {0001, 0011, 0101, 0111, 0121}
C4,2(120) = {0012, 0122, 0112}, and C4,3(120) = {0123},

Corollary 4.26. For p ∈ {120, 100, 110}, an asymptotic approximation for the expectation ap(n) of the last
symbol over Cn(p) is

−4a
(
4a2 − 5

)2
(2a− 1)

(4a2 + 2a− 3)
2 ∼ 2.340172972,

with a = −
√
3
3 cos

(
1
6 arctan

(
3
√
111
5

)
+ π

6

)
+ sin

(
1
6 arctan

(
3
√
111
5

)
+ π

6

)
.

5. Catalan matrices as Riordan arrays

In this section, we use Riordan arrays to describe the matrices introduced in the previous sections. We start
by giving some background on Riordan arrays [16]. An infinite column vector (a0, a1, . . . )

T has generating
function f(x) if f(x) =

∑
n≥0 anx

n, and we index rows and columns starting at 0. A Riordan array is an

infinite lower triangular matrix whose k-th column has generating function g(x)f(x)k for all k ≥ 0, for some
formal power series g(x) and f(x) with g(0) ̸= 0, f(0) = 0, and f ′(0) ̸= 0. Such a Riordan array is denoted by
(g(x), f(x)). If we multiply this matrix by a column vector (c0, c1, . . . )

T having generating function h(x), then
the resulting column vector has generating function g(x)h(f(x)). The product of two Riordan arrays (g(x), f(x))
and (h(x), l(x)) is defined by

(g(x), f(x)) ∗ (h(x), l(x)) = (g(x)h(f(x)), l(f(x))) . (5.1)

Under this operation, the set of all Riordan arrays is a group [16]. The identity element is I = (1, x), and the
inverse of (g(x), f(x)) is

(g(x), f(x))−1 =
(
1/
(
g ◦ f<−1>

)
(x), f<−1>(x)

)
, (5.2)

where f<−1>(x) denotes the compositional inverse of f(x).
For a consecutive pattern p and a formal power series f(x) =

∑
i≥0 fix

i, such that f0 = 1, we introduce the
infinite matrix

Mf(x)
p :=

(
1 0
f Tp

)
,
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where Tp = (cp(n, k))n≥1,k≥0, f = (f1, f2, . . . )
T , and 0 = (0, 0, . . . ). In other words, let Tp[i] denote the i-th

column of Tp, then Mf(x)
p = (f(x), Tp[0], Tp[1], . . . ).

Theorem 5.1. For p ∈ {010, 000, 210, 120, 100, 110} and f(x) = 1, the matrix Mf(x)
p is a Riordan array given

by (1,Hp(x, 0)).

Proof. Let us deal with the case p = 010 and the remaining cases can be obtained mutatis mutandis. A
Catalan word w ∈ C(010), whose last symbol is k, can be decomposed as w0(w1 + 1) · · · (wk + k), where
wi ∈ ∪n≥1Cn,0(010) for 0 ≤ i ≤ k. Therefore, the generating function of Tp[k] is given by

∑
n≥0 c010(n, k)xn =

H010(x, 0)k. Consequently, Mf(x)=1
010 = (1,H010(x, 0),H010(x, 0)2, . . . ) is a Riordan array.

For example,

Mf(x)=1
010 =

(
1,

1 + x2 −
√

1− 4x+ 2x2 − 4x3 + x4

2(1 + x2)

)
=




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 1 2 1 0 0 0 0
0 3 3 3 1 0 0 0
0 9 8 6 4 1 0 0
0 25 25 16 10 5 1 0
0 73 74 51 28 15 6 1




.

Theorem 5.2. For p ∈ {001, 011} and f(x) = 1/(1− x), the matrix Mf(x)
p is a Riordan array given by

(
f(x),

Hp(x, 0)

f(x)

)
=

(
1

1− x, (1− x)Hp(x, 0)

)
.

Proof. Let us deal with case p = 001, for the other case we can follow a similar argument. A Catalan word
w ∈ C(001), whose last symbol is k, can be decomposed as w0(w1 + 1) · · · (wk + k), where wi ∈ ∪n≥1Cn,0(001)
for 0 ≤ i ≤ k. The pattern 001 can be observed in between the blocks (wi + i)(wi+1 + i+ 1) if it has the form
(w′

i + i)0j(w′
i+1 + i + 1), for some j ≥ 1. Therefore, the generating function of the column T001[k] is given by

H001(x, 0)k/f(x)k−1. From the definition of Riordan array we obtain the desired result.

For example,

Mf(x)=1/(1−x)
001 =

(
1

1− x,
2(1− x)x

1− x2 +
√

1− 4x+ 2x2 + x4

)
=




1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0
1 2 1 1 0 0 0 0
1 4 3 1 1 0 0 0
1 9 7 4 1 1 0 0
1 22 18 10 5 1 1 0
1 57 48 28 13 6 1 1




.

Theorem 5.3. The matrix T101 is a Riordan array given by
(
H101(x, 0)/x,H010(x, 0)

)
.
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Proof. Multiplying the right-hand side of the equality by the vector (1, y, y2, . . . )T , which has generating function
1/(1− xy), the resulting vector has bivariate generating function

(
H101(x, 0)/x,H010(x, 0)

) 1

1− xy =
H101(x, 0)

x

1

1−H010(x, 0)y

=
2− x+ 2x2 − x3 − x

√
1− 4x+ 2x2 − 4x3 + x4

(1− x+ x2)(1− 2xy + x2 +
√

1− 4x+ 2x2 − 4x3 + x4)

=
H101(x, y)

x
,

by Theorem 4.14.

From a similar argument as in the previous theorem we obtain the following theorem.

Theorem 5.4. The matrix T201 is a Riordan array given by
(
H201(x, 0)/x,Hp(x, 0)

)
, where p ∈ {120, 100, 110}.

Notice that the matrix related to the pattern 012 can not be a Riordan array.
From Theorems 5.3 and 5.4 we obtain the following combinatorial identities:

c101(n, k) =
∑

ℓ+ℓ1+···+ℓk=n
c101(ℓ, 0)c010(ℓ1, 0) · · · c010(ℓk, 0)

and

c201(n, k) =
∑

ℓ+ℓ1+···+ℓk=n
c201(ℓ, 0)cp(ℓ1, 0) · · · cp(ℓk, 0),

where p ∈ {120, 100, 110}.
Finally, we will use a characterization of the Riordan arrays given by Rogers in [17]. That is, every element

not belonging to row 0 or column 0 in a Riordan array can be expressed as a fixed linear combination of
the elements in the preceding row. The A-sequence is defined to be the sequence coefficients of this linear
combination. Similarly, Merlini et al. [18] introduced the Z-sequence, that characterizes the elements in column
0, except for the top one.

Theorem 5.5 ([18]). An infinite lower triangular array F = (dn,k)n,k≥0 is a Riordan array if and only if

d0,0 ̸= 0 and there exist two sequences (a0, a1, a2, . . . ), with a0 ̸= 0, and (z0, z1, z2, . . . ) (called the A-sequence
and the Z-sequence, respectively), such that

dn+1,k+1 = a0dn,k + a1dn,k+1 + a2dn,k+2 + · · · for n, k ≥ 0,

dn+1,0 = z0dn,0 + z1dn,1 + z2dn,2 + · · · for n ≥ 0.

Note that the A-sequence, the Z-sequence, and the upper-left element completely characterize a Riordan
array.

Theorem 5.6 ([18, 19]). Let F = (g(x), f(x)) be a Riordan array with inverse F−1 = (d(x), h(x)). Then the
A-sequence and the Z-sequence of F have generating functions

A(x) =
x

h(x)
, Z(x) =

1

h(x)
(1− d0,0d(x)) ,

respectively.
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From the definition of the A-sequence and Z-sequence for the Riordan arrays we can give additional recurrence
relations for the sequences cp(n, k).

Theorem 5.7. If Cn denotes the n-th Catalan number, then for n ≥ 2 and k ≥ 0,

c010(n, k) =
n−1∑

ℓ=0

c010(n− 1, k − 1− ℓ) aℓ,

where

an := 1 +

⌊n−1
2 ⌋∑

i=0

(−1)i+1

(
n− i− 1

i

)
Cn−i−1 and Cn :=

{
Cn−1

2
, if n is odd;

0, otherwise.

Proof. By equation (5.2), the inverse of the matrix Mf(x)=1
010 is given by

(Mf(x)=1
010 )−1 =

(
1,

1−
√

1− 4x2 + 8x3 − 4x4

2(1− x)x

)
.

Therefore, by Theorem 5.6, the A-sequence and Z-sequence of the Riordan array Mf(x)=1
010 have generating

functions given by

A(x) =
∑

n≥0

anx
n =

1 +
√

1− 4((1− x)x)2

2(1− x)
and Z(x) = 0.

Notice that A(x) = xF (x(1−x)), where F (x) :=
∑
n≥0 fnx

n = (1 +
√

1− 4x2)/(2x). It is possible to prove that

fn = Cn, where Cn is as in the statement of the theorem. By comparing coefficients in A(x) and the recurrences
from Theorem 5.5 we now obtain the desired result.

The first few values of the sequence an for n ≥ 0 are

1, 1, 0, 2, 0, 4, −4, 12, −24, 56, −128, . . . .

We can obtain similar identities for the remaining sequences.

6. Final remarks

We use generating functions to enumerate Catalan words avoiding any consecutive pattern of length two
and three with respect to the length and the value of the last symbol. We note that much of the combinatorial
interpretations given by us are (probably) new and they do not correspond to those that appear in the OEIS.
In this context, it can be of interest to obtain bijections that show the links between the different combinatorial
objects.

Finally, we now give a potential open problem. What is the combinatorial interpretation of the inverse Riordan
arrays introduced in the previous theorem? For example, the absolute value of the second and third columns

of the inverse matrix (Mf(x)=1
010 )−1 are the sequences A104545 (number of Motzkin paths of length n having no
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consecutive (1, 0) steps) and A256169, respectively.

(Mf(x)=1
010 )−1 =




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 1 −2 1 0 0 0 0
0 −3 3 −3 1 0 0 0
0 5 −8 6 −4 1 0 0
0 −11 17 −16 10 −5 1 0
0 25 −38 39 −28 15 −6 1




.
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Skew Dyck paths with air pockets
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Abstract. We yield bivariate generating function for the number of n-length partial skew
Dyck paths with air pockets (DAPs) ending at a given ordinate. We also give an asymptotic
approximation for the average ordinate of the endpoint in all partial skew DAPs of a given
length. Similar studies are made for two subclasses of skew DAPs, namely valley-avoiding
and zigzagging, valley-avoiding skew DAPs. We express these results as Riordan arrays.
Finally, we present two one-to-one correspondences with binary words avoiding the patterns
00 and 0110, and palindromic compositions with parts in {2, 1, 3, 5, 7, . . .}.

Mathematics Subject Classification. 05A05, 05A15, 05A15.

1. Introduction

Dyck paths with air pockets (DAPs) are introduced in a recent paper [2]. These
paths consist in lattice paths in N2 starting at the origin, ending on the x-axis,
and made of up-steps U = (1, 1) and down-steps Dk = (1,−k) where k � 1,
and so that no two down-steps can be consecutive. The length of a path P is
the number of steps in P . DAPs can be viewed as ordinary Dyck paths where
maximal runs of down-steps are replaced by one large down-step. In sorting
theory, DAPs also correspond to a stack evolution with (partial) reset opera-
tions that cannot be consecutive, see [9]. In [2], the authors enumerate these
paths and their prefixes with respect to the length, the type (up or down)
of the last step, and the ordinate of the endpoint. Moreover, they establish a
one-to-one correspondence between DAPs of length n and peak-less Motzkin
paths of length n − 1. In a second paper, the authors [3] generalized DAPs by
allowing them to go below the x-axis, calling them grand Dyck paths with air
pockets (GDAPs). They yield enumerative results for these paths with respect
to their length and various restrictions on their minimum and maximum ordi-
nates. More recently, the definition of DAPs was extended to include horizontal
steps under certain conditions, as described in [1,4].
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Figure 1. From left to right, a skew Dyck path with air
pockets and a partial skew Dyck path with air pockets ending
at ordinate 3, respectively

Let D be the set of all DAPs and Dn be the set of DAPs of length n. In
this paper, we generalize DAPs by allowing back-down steps as follows.

Definition 1. A skew Dyck path with air pockets (abbreviated as “skew DAP”)
is a lattice path in N2, consisting of steps in the set {U,L,D1,D2, . . .}, where
U = (1, 1), L = (−1,−1), and Dk = (1,−k) for every positive integer k (we
abbreviate D1 to D for convenience), starting at the origin (0, 0), ending some-
where on the x-axis, and such that any occurrence of the following consecutive
patterns is forbidden: UL, LU , and DiDj for any i, j > 0.

We say a skew DAP has length n (where n is a nonnegative integer) if
it consists of n steps (the empty path ε counts as a 0-length skew DAP).
For all n � 0, we let Sn denote the set of n-length skew DAPs, and we set
S =

⋃
n�0 Sn.

Definition 2. A skew DAP is valley-avoiding (v.a. skew DAP for short) if it
contains no occurrence of the consecutive pattern DkU , for all k > 0.

For all n � 0, we let Vn denote the set of n-length v.a. skew DAPs, and we
set V =

⋃
n�0 Vn.

Definition 3. A valley-avoiding skew DAP is zigzagging (z.v.a. skew DAP for
short) if it contains no occurrence of the consecutive pattern LL.

For all n � 0, we let Zn denote the set of n-length z.v.a skew DAPs, and
we set Z =

⋃
n�0 Zn.

Finally, for each type of skew Dyck paths defined above, we will use the
terminology of partial skew Dyck paths to refer to a prefix of a skew DAP (i.e.
the path does not necessarily end on the x-axis). For all n � 0, we let PDn

(resp. PVn, resp. PZn) denote the set of n-length partial skew DAPs (resp.
v.a. skew DAPs, resp. z.v.a. skew DAPs), and we use the notation PD, PV,
PZ for the sets of all partial skew DAPs of each type. We refer to Fig. 1 for
an illustration of a skew DAP and a partial skew DAP.

For k � 0, we consider the generating function fk = fk(z) (resp. gk = gk(z),
resp. hk = hk(z)), where the coefficient [zn]fk (resp. [zn]gk, resp. [zn]hk) of zn

in its series expansion is the number of partial skew Dyck paths of length n,



Skew Dyck paths with air pockets

ending at ordinate k with an up-step U (resp., with a down-step Dk, k � 1,
resp., with a back-down step L). Also, we introduce the bivariate generating
functions

F (u, z) =
∑

k�0

ukfk(z), G(u, z) =
∑

k�0

ukgk(z), and H(u, z) =
∑

k�0

ukhk(z).

For short, we use the notation F (u), G(u), and H(u) for these functions. In
Sects. 3 and 4 respectively, the same notations are preserved for partial v.a.
skew DAPs and partial z.v.a. skew DAPs, respectively.

Motivation and outline of the paper The main goal of this work is to present
enumerative results for three classes of partial skew Dyck paths, and to exhibit
some links between these paths and restricted classes of binary words and
compositions (incidentally, we express these results as Riordan arrays). More
precisely, in Sect. 2, we give bivariate generating functions for the number of
n-length partial skew DAPs ending at ordinate k � 0 with a given type of
step (up, down or back-down step). We deduce the generating function for
the total number of skew DAPs (resp. of partial skew DAPs). We also give
asymptotic approximations for the corresponding cardinalities, and for the
average ordinate of the endpoint in all partial skew DAPs of a given length.
In Sect. 3, we make a similar study for partial v.a. skew DAPs. In addition, we
present a bijection between these paths and binary words avoiding the patterns
00 and 0110. Section 4 presents the counterpart for z.v.a skew DAPs, and we
provide a bijection between these paths and palindromic compositions with
parts in {2, 1, 3, 5, 7, . . .}. Some of the obtained results are summarized in the
following table.

Type of paths First terms OEIS

Skew DAPs 1, 0, 1, 1, 3, 5, 13, 26, 64, 143, . . . New
Partial skew DAPs 1, 1, 2, 4, 9, 19, 44, 100, 236, 558 . . . New
v.a. skew DAPs 1, 0, 1, 1, 2, 2, 4, 5, 9, 12, . . . A124280
Partial v.a. skew DAPs 1, 1, 2, 3, 5, 7, 11, 16, 25, 37, . . . A130137
z.v.a skew DAPs 1, 0, 1, 1, 2, 2, 3, 4, 6, 8, . . . A103632
Partial z.v.a skew DAPs 1, 1, 2, 3, 5, 7, 10, 14, 20, 28, . . . New

2. Enumerating skew DAPs

In this part, we count partial skew DAPs of a given length, i.e., ending at a
given abscissa, according to the type of the last step, and the ordinate of the
endpoint.
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Theorem 1. We have

F (u) =
s1

s1 − u
, G(u) =

1 − s1z

z(s1 − u)
, H(u) =

1 − s1z

(s1 − u)(s1 − z)
,

and thus,

F (u) + G(u) + H(u) =
s1(1 − z2)

z(s1 − z)(s1 − u)
,

where s1 = A
6z +

4z4−2z3− 4
3 z2− 2

3 z+ 2
3

zA + z+1
3z , with

A =
(
72z5 − 72z4 + 44z3 + 12B z − 48z2 − 12z + 8

) 1
3 ,

and

B =
√

−96z10 + 144z9 + 60z8 − 108z7 − 24z6 − 48z5 + 81z4 − 18z2 + 12z − 3.

Proof. By convention, we fix f0 = 1 to take into account the empty path
consisting of the origin (0, 0) only. A nonempty skew DAP of length n ending
at ordinate k � 1 with an up-step U is uniquely obtained from a skew DAP
of length n − 1 ending at ordinate k − 1 with either an up-step or a down-
step, which implies the recurrence relation fk(z) = z(fk−1(z) + gk−1(z)) for
k � 1. A skew DAP of length n ending at ordinate k � 0 with a down-step
Di, i � 1, is uniquely obtained from a skew DAP of length n − 1 ending
at ordinate k + i, i � 1, with either an up-step U or a back-down-step L,
which implies the recurrence relation gk(z) = z

∑
i�1 (fk+i(z) + hk+i(z)) , for

k � 0. A skew DAP of length n ending at ordinate k � 0 with an L-step
is uniquely obtained from a skew DAP of length n − 1 ending at ordinate
k + 1 with either a down-step or an L-step, which implies the recurrence
relation hk(z) = z(gk+1(z)+hk+1(z)) for k � 0. Hence, we obtain the following
equations:

⎧
⎪⎪⎨
⎪⎪⎩

f0(z) = 1,
∀k > 0, fk(z) = z (fk−1(z) + gk−1(z)) ,
∀k � 0, gk(z) = z

∑
i�1 (fk+i(z) + hk+i(z)) ,

∀k � 0, hk(z) = z (gk+1(z) + hk+1(z)) .

From the previous system, we multiply both sides of all four equations by uk,
then we sum over k, and using basic algebraic methods on generating functions.
For instance, let us examine the case of G(u), which is the least straightforward,
we get:

G(u) =
∑

k�0

gkuk =
∑

k�0

z
∑

i�1

(fk+i(z) + hk+i(z)) uk.
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Interchanging the order of the double summation, the formula becomes:

G(u) = z
∑

i�1

(fi + hi)

i−1∑

k=0

uk = z
∑

i�1

(fi + hi)
1 − ui

1 − u
.

Then, bringing the factor 1
1−u to the front of the expression, and expanding

the product inside of the summation, we deduce:

G(u) =
z

1 − u

⎛
⎝∑

i�1

fi −
∑

i�1

fiu
i +

∑

i�1

hi −
∑

i�1

hiu
i

⎞
⎠ ,

which can be rewritten as:

G(u) =
z

1 − u
(F (1) − F (0) − F (u) + F (0) + H(1) − H(0) − H(u) + H(0)) .

Ultimately, we derive the following system for F (u), G(u), and H(u):
⎧
⎨
⎩

F (u) = 1 + zu(F (u) + G(u)),
G(u) = z

1−u (F (1) − F (u) + H(1) − H(u)) ,

H(u) = z
u (H(u) − H(0) + G(u) − G(0)) .

Solving the previous linear system for F (u), G(u), and H(u), we get:

F (u) =
u z2 (u − z) (F (1) + H(1)) + u z3(G(0) + H(0)) − u2 + (z + 1) u + z2 − z

u3z − 2u z3 − u2z + z2u − u2 + zu + z2 + u − z
,

G(u) = −z ((zu − 1) (u − z) (F (1) + H(1)) + (z2u − z) (G(0) + H(0)) + u − z)

u3z − 2u z3 − u2z + z2u − u2 + zu + z2 + u − z
,

H(u) = − ((z2u + (u2 − u) z − u + 1) (G(0) + H(0)) + z (zu − 1) (F (1) + H(1)) + z) z

u3z − 2u z3 − u2z + z2u − u2 + zu + z2 + u − z
.

All three fractions share the same denominator, which we can be rewritten
as z(u − s1)(u − s2)(u − s3), where s1, s2, s3 are the roots of u3z − 2u z3 −
u2z + z2u−u2 + zu+ z2 +u− z. We observe that only two roots have a Taylor
expansion around z = 0 (without loss of generality, we assume that these roots
are s2 and s3). According to the kernel method [11], u − s2 and u − s3 are
bad factors that can be cancelled both numerator and denominator. Thus, the
numerator is simplified into the coefficient of u2, and the denominator becomes
z(u − s1). Finally, we obtain:

⎧
⎪⎨
⎪⎩

F (u) = 1−z2(F (1)+H(1))
z(s1−u) ,

G(u) = z(F (1)+H(1))
s1−u ,

H(u) = z(G(0)+H(0))
s1−u ,

where the third root s1 is equal to s1 = A
6z +

4z4−2z3− 4
3 z2− 2

3 z+ 2
3

zA + z+1
3z , with

A =
(
72z5 − 72z4 + 44z3 + 12B z − 48z2 − 12z + 8

) 1
3 ,
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and

B =
√

−96z10 + 144z9 + 60z8 − 108z7 − 24z6 − 48z5 + 81z4 − 18z2 + 12z − 3.

Fixing u = 0 and u = 1 in the above equations, we obtain the values of G(0),
H(0), F (1) and H(1):

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

G(0) = 1−zs1

zs1
,

H(0) = zs1−1
(z−s1)s1

,

F (1) =
(z−1)(−s2

1z+2s1 z2+z2+s1−z)
z(s1−1)(z−s1)

,

H(1) =
(−2s1−1)z4+(s2

1+2s1+2)z3+(−2s2
1−1)z2+(s3

1−s2
1+2s1−1)z−s2

1+s1

z2(s1−1)(z−s1)
.

Plugging those expressions back into F (u), G(u), and H(u), we obtain the
expected result. �

The first terms of the series expansion of F (u) + G(u) + H(u) are

1 + uz + (u2 + 1)z2 + (u3 + 2u + 1)z3 + (u4 + 3u2 + 2u + 3)z4

+ (u5 + 4u3 + 3u2 + 6u + 5)z5 + (u6 + 5u4 + 4u3 + 10u2 + 11u + 13)z6

+ (u7 + 6u5 + 5u4 + 15u3 + 19u2 + 28u + 26)z7 + O(z8).

Now, we deduce the coefficient [uk](F (u)+G(u)+H(u)) of uk in the series
expansion of F (u) + G(u) + H(u) by using the well known series expansion

1
s1−u = 1

s1

∑
k�0 s1

−k · uk.

Corollary 1. We have

[uk] (F (u) + G(u) + H(u)) =
1 − z2

z(s1 − z)
s−k
1 .

The next remark makes a link with Riordan arrays theory. We refer to
[5,6,12] for a background on Riordan arrays.

Remark 1. Let P be the matrix [pn,k]n,k�0, where pn,k is the number of skew
DAPs of length n ending at ordinate k, i.e. the coefficient of zn in the series
expansion of [uk] (F (u) + G(u) + H(u)). The first values of P are

P =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 2 0 1 0 0 0 0
3 2 3 0 1 0 0 0 . . .
5 6 3 4 0 1 0 0
13 11 10 4 5 0 1 0
26 28 19 15 5 6 0 1

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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Since F (u) + G(u) + H(u) = g(z)
1−uf(z) with f(z) = s−1

1 and g(z) = 1−z2

z(s1−z) , the

matrix P corresponds to the Riordan array
(

1 − z2

z(s1 − z)
,

1

s1

)
.

Now we plug in u = 0 and u = 1 to get the generating functions for skew
DAPs and partial skew DAPs, respectively, and using classical methods [7,10],
we provide an asymptotic approximation of the coefficient of zn.

Theorem 2. The generating function for the total number of skew DAPs with
respect to the length is given by

F (0, z) + G(0, z) + H(0, z) =
z2 − 1

z (z − s1)
,

and an asymptotic approximation of the n-th term is

0.5292 · 2.7309n · n−3/2.

The leading terms of the series expansion of F (0, z)+G(0, z)+H(0, z) are

1 + z2 + z3 + 3z4 + 5z5 + 13z6 + 26z7 + 64z8 + 143z9 + O
(
z10

)
.

Theorem 3. The generating function for the total number of partial skew DAPs
with respect to the length is given by

F (1, z) + G(1, z) + H(1, z) =
s1(1 − z2)

z(s1 − z)(s1 − 1)
,

and an asymptotic approximation of the n-th term is

2.4909 · 2.7309n · n−3/2.

The leading terms of the series expansion of F (1, z)+G(1, z)+H(1, z) are

1 + z + 2z2 + 4z3 + 9z4 + 19z5 + 44z6 + 100z7 + 236z8 + 558z9 + O
(
z10

)
.

By calculating ∂u(F (u, z)+G(u, z)+H(u, z))|u=1, we obtain the following.

Corollary 2. An asymptotic approximation for the average of the ordinate of
the endpoint in all partial skew DAPs of a given length is 2.4859.

3. Enumerating v.a. skew DAPs

In this part, we use the same methodology and notation as in Sect. 2 in order
to enumerate (partial) valley-avoiding skew Dyck paths with air pockets (v.a.
skew DAPs for short), i.e. skew DAPs that do not contain a down-step followed
by an up-step.
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Theorem 4. We have

F (u) =
1

1 − zu
, G(u) =

z2 − z4

(1 − zu)(1 − z − z2 + z3 − z4)
,

H(u) =
z4

(1 − zu)(1 − z − z2 + z3 − z4)
,

and thus,

F (u) + G(u) + H(u) =
1 − z + z3 − z4

(1 − zu)(1 − z − z2 + z3 − z4)
.

Proof. By convention, we fix f0 = 1 to take into account the empty path
consisting of the origin (0, 0) only. A nonempty v.a. skew DAP of length n
ending at ordinate k � 1 with an up-step U is uniquely obtained from a skew
v.a. DAP of length n − 1 ending at ordinate k − 1 with an up-step, which
implies the recurrence relation fk(z) = zfk−1(z) for k � 1. The two recurrence
relations for gk(z) and hk(z) are the same as in the previous section. So, we
refer to Sect. 2 for an explanation on how they are derived, and we have the
following system of equations:

⎧
⎪⎪⎨
⎪⎪⎩

f0(z) = 1,
∀k > 0, fk(z) = zfk−1(z),
∀k � 0, gk(z) = z

∑
i�1(fk+i(z) + hk+i(z)),

∀k � 0, hk(z) = z(gk+1(z) + hk+1(z)).

Using the same method as for the proof of Theorem 1, the previous system
induces the following equations for F (u), G(u), and H(u):

⎧
⎨
⎩

F (u) = 1
1−zu ,

G(u) = z
1−u (F (1) − F (u) + H(1) − H(u)),

H(u) = z
u (G(u) − G(0) + H(u) − H(0)).

Solving the previous linear system for F (u), G(u), and H(u), we get:

⎧
⎨
⎩

F (u) = 1
1−zu ,

G(u) = C
u3z2−u2z3−u z4−u3z+2u z3+z3+u2−2z2−u+z ,

H(u) = D
u3z2−u2z3−u z4−u3z+2u z3+z3+u2−2z2−u+z ,

with

C = − z
(
u2z2H(1) − u2z(1 + H(1)) + uz3(G(0) + H(0) − H(1))

+ uz2(1 − G(0) − H(0) + H(1)) + uz(1 − H(1)) + uH(1)

− z2(1 + G(0) + H(0) − H(1)) + z(G(0) + H(0) − H(1))
)
,
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and

D = − z
(
u2z2(G(0) + H(0)) − u2z(G(0) + H(0)) + uz3H(1)

− uz2(1 + G(0) + H(0) + H(1)) + u(G(0) + H(0))

+ z2(1 − H(1)) + z(G(0) + H(0) + H(1)) − G(0) − H(0)
)
.

Here, G(u) and H(u) share the same denominator, which we write as (z2 − z)
(u − r1)(u − r2)(u − r3), where r1, r2, and r3 are the roots of u3z2 − u2z3 −
u z4 − u3z + 2u z3 + z3 + u2 − 2z2 − u + z. Since two of them have a Taylor
expansion around z = 0 (without loss of generality, we assume that these
roots are r2 and r3), the kernel method [11] once again tells us that u − r2

and u − r3 are both bad factors and can be thus cancelled both numerator
and denominator in G(u) and H(u). This leaves us with the numerators being
simplified into the coefficient of u2, and the denominators both being simplified
into (z2−z)(u−r1). Moreover, r1 happens to be equal to 1

z , which conveniently
leads to simplifications further on. The previous system is then simplified into:

⎧
⎪⎨
⎪⎩

F (u) = 1
1−zu ,

G(u) = z((z−1)H(1)−1)
(1−z)(u−1/z) ,

H(u) = −z(G(0)+H(0))
u−1/z .

Evaluating the second equation at u = 0, and the third one at u = 0 and u = 1
respectively, we derive the values of G(0), H(0), and H(1):

⎧
⎪⎨
⎪⎩

G(0) = (z2−1)z
z4−z3+z2+z−1 ,

H(0) = −z4

z4−z3+z2+z−1 ,

H(1) = z4

z5−2z4+2z3−2z+1 .

Plugging those expressions back into F (u), G(u), and H(u), we obtain the
expected result. �

The first terms of the series expansion of F (u) + G(u) + H(u) are

1 + uz +
(
u2 + 1

)
z2 +

(
u3 + u + 1

)
z3 +

(
u4 + u2 + u + 2

)
z4

+
(
u5 + u3 + u2 + 2u + 2

)
z5 +

(
u6 + u4 + u3 + 2u2 + 2u + 4

)
z6

+
(
u7 + u5 + u4 + 2u3 + 2u2 + 4u + 5

)
z7 + O

(
z8

)
.

Now, we deduce the coefficient [uk](F (u) + G(u) + H(u)) of uk in the series
expansion of F (u) + G(u) + H(u).

Corollary 3. We have

[uk](F (u) + G(u) + H(u)) =
1 − z + z3 − z4

1 − z − z2 + z3 − z4
zk.
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Remark 2. Let PV be the matrix PV = [pV
n,k]n,k�0, where pV

n,k is the number
of v.a. skew DAPs of length n ending at ordinate k, i.e. the coefficient of zn in
the series expansion of [uk](F (u) + G(u) + H(u)). The first values of PV are

PV =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 1 1 0 1 0 0 0 . . .
2 2 1 1 0 1 0 0
4 2 2 1 1 0 1 0
5 4 2 2 1 1 0 1

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Since F (u)+G(u)+H(u) = g(z)
1−uf(z) , with f(z) = z and g(z) = 1−z+z3−z4

1−z−z2+z3−z4 ,

the matrix PV corresponds to the Riordan array
(

1 − z + z3 − z4

1 − z − z2 + z3 − z4
, z

)
.

Now we plug in u = 0 and u = 1 to get the generating function for v.a.
skew DAPs and partial v.a. skew DAPs, respectively.

Theorem 5. The generating function for the total number of v.a. skew DAPs
with respect to the length is given by:

F (0, z) + G(0, z) + H(0, z) =
1 − z + z3 − z4

1 − z − z2 + z3 − z4
,

and an asymptotic of the n-th term is

−a4 + a3 − a + 1

4a4 − 3a3 + 2a2 + a
·
(
a3 − a2 + a + 1

)n ≈ 0.3051 · 1.5129n,

where a ≈ 0.6609925319 is the smallest root (modulus-wise) of z4 − z3 + z2 +
z − 1.

A simple calculation on generating functions allows to prove that the num-
ber an of n-length v.a. skew DAPs satisfies a0 = a2 = a3 = 1, a1 = 0, a4 = 2
and an = 2an−2 + an−5 for n � 5. The leading terms of the series expansion
of F (0, z) + G(0, z) + H(0, z) are:

1 + z2 + z3 + 2z4 + 2z5 + 4z6 + 5z7 + 9z8 + 12z9 + O
(
z10

)
.

The coefficients spell out sequence A124280 in [13], and the n-th term an

satisfies

an =

� n−2
2 �∑

k=0

n−2k−2∑

j=0

(
j

n − 2k − j − 2

)(
k

n − 2k − j − 2

)
.
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Theorem 6. The generating function for the total number of partial v.a. skew
DAPs with respect to the length is given by:

F (1, z) + G(1, z) + H(1, z) =
1 + z3

1 − z − z2 + z3 − z4
,

and an asymptotic of the n-th term is

a3 + 1

4a4 − 3a3 + 2a2 + a
·
(
a3 − a2 + a + 1

)n ≈ 0.9000 · 1.5129n,

where a ≈ 0.6609925319 is the smallest root (modulus-wise) of z4 − z3 + z2 +
z − 1.

A simple calculation on generating functions allows to prove that the num-
ber bn of n-length partial v.a. skew DAPs satisfies b0 = b1 = 1, b2 = 2, b3 = 3,
b4 = 5 and bn = 2bn−2 + bn−5 for n � 5. The leading terms of the series
expansion of F (1, z) + G(1, z) + H(1, z) are:

1 + z + 2z2 + 3z3 + 5z4 + 7z5 + 11z6 + 16z7 + 25z8 + 37z9 + O
(
z10

)
.

The coefficients spell out sequence A130137 in [13].
In the same way as we did at the end of Sect. 2, we obtain the following.

Corollary 4. An asymptotic approximation for the average of the ordinate of
the endpoint in all partial v.a. skew DAPs of a given length is 1.9497.

We end this section by exhibiting a constructive bijection between the set
PVn of n-length partial v.a. skew v.a. DAPs, and the set Bn−1 of (n−1)-length
binary words avoiding the patterns 00 and 0110. Let B =

⋃
n�0

Bn.

Definition 4. We recursively define the map χ from the set PV \ {ε} to B as
follows. For β ∈ PV \ {ε}, we set:

χ(β) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ε if β = U (i)
1k−10 if β = UkDk, k � 1 (ii)
χ(α)1 if β = Uα, α ∈ PV \ {ε} (iii)
χ(α)10 if β = UαL, α ∈ V \ {ε} (iv)

χ(α)1k0 if β = UkαDk, k � 1, α ∈ V \ {ε} ending with L (v)

where the operator • acts on a binary word ending with zero, by replacing
this last zero with a one, i.e. w1w2 . . . wn−10 = w1w2 . . . wn−11.

Notice that χ is defined so that the image of any nonempty partial v.a. skew
DAP is a binary word that avoids both patterns 00 and 0110. Furthermore,
the image of any nonempty v.a. skew DAP ends with a 0. For instance, we
have

χ(U4DLD2) = χ(U2DL)110 = χ(UD)10110 = 010110 = 011110.

We refer to Fig. 2 for an illustration of the cases in the definition of the
bijection χ.
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Figure 2. Illustration of the map χ

Theorem 7. The map χ induces a bijection between PVn \ {ε} and B(n − 1)
for all n � 1.

Proof. It follows from Theorem 6 and [13] (entry A130137) that PVn \{ε} and
B(n − 1) have the same cardinality for all n � 1. Thus, it is enough to prove
the injectivity of χ. We proceed by induction on n. The statement is trivial
for n = 1, 2. Now, let n � 3, and let α, β ∈ PVn \ {ε} such that χ(α) = χ(β).

If χ(α) = 1k0, then both χ(α) and χ(β) belong to case (ii) in the definition
of χ. If not, say for example α = UAL with A ∈ V \ {ε}, then 1k0 = χ(α) =
χ(UAL) = χ(A)10, which implies χ(A) = 1k−1, and in turn A = Uk, which
contradicts the fact that A is an element of V \ {ε}. The hypothesis that α is
of the form U �AD� with � � 1 and A ∈ V \{ε} can be ruled out with a similar
reasoning. It now follows from the definition of χ that α = Uk+1Dk+1 = β.

Otherwise, depending on their ending letters, χ(α) and χ(β) both either
belong to case (iii) (χ(α) ends with 1), (iv) (χ(α) ends with 010), or (v)
(χ(α) ends with 110) in the definition of χ. Say they both belong to case (v),
for instance. Then, from the definition of χ, it follows that α = UkADk and
β = U �BD� for some k, � � 1 and A,B ∈ V \{ε} ending with L. Thus, we have

χ(α) = χ(A)1k0 and χ(β) = χ(B)1�0. Suppose for a contradiction that k �= �,
and without loss of generality, let us assume k > �. Then, χ(α) = χ(β) implies

χ(A)1k−� = χ(B). Since χ(A) avoids 00 and ends with 0 (A ∈ V \{ε}), it ends

with 10, which implies χ(B) ends with 111. Now, B cannot be of the form

UXL with X ∈ V \{ε}, otherwise χ(B) would end with 010, and in turn χ(B)
would not end with 111 anymore; moreover, B cannot end with a down-step
since β = U �BD�, which yields a contradiction. Hence, we have k = �, which
implies χ(A) = χ(B). Since A,B ∈ V \ {ε}, we have χ(A) = χ(B), and, by
induction, A = B; thus, α = β.

Cases (iii) and (iv) are handled mutatis mutandis, which completes the
induction. The cardinality argument then proves the bijectivity. �



Skew Dyck paths with air pockets

4. Enumerating z.v.a. skew DAP

Once again, we use the same methodology and notation as in Sects. 2 and 3
in order to enumerate z.v.a. skew DAPs and partial z.v.a. skew DAPs. Then,
we provide here all main results without the details of the proofs. The first
system of equations is:

⎧
⎪⎪⎨
⎪⎪⎩

f0(z) = 1,
∀k > 0, fk(z) = zfk−1(z),
∀k � 0, gk(z) = z

∑
i�1(fk+i(z) + hk+i(z)),

∀k � 0, hk(z) = zgk+1(z).

Redoing the same work as in Sects. 2 and 3, we are led to the following results.

Theorem 8. We have

F (u) =
1

1 − zu
, G(u) =

z2

(1 − zu)(1 − z − z4)
,

H(u) =
z4

(1 − zu)(1 − z − z4)
,

and thus,

F (u) + G(u) + H(u) =
1 − z + z2

(1 − zu)(1 − z − z4)
.

The first terms of the series expansion of F (u) + G(u) + H(u) are

1 + uz +
(
u2 + 1

)
z2 +

(
u3 + u + 1

)
z3 +

(
u4 + u2 + u + 2

)
z4

+
(
u5 + u3 + u2 + 2u + 2

)
z5 +

(
u6 + u4 + u3 + 2u2 + 2u + 3

)
z6

+
(
u7 + u5 + u4 + 2u3 + 2u2 + 3u + 4

)
z7 + O

(
z8

)
.

Therefore, we can obtain the coefficient [uk](F (u)+G(u)+H(u)) of uk in the
series expansion of F (u) + G(u) + H(u).

Corollary 5. We have

[uk](F (u) + G(u) + H(u)) =
1 − z + z2

1 − z − z4
zk.

Remark 3. Let PZ be the matrix PZ = [pZ
n,k]n,k�0, where pZ

n,k is the number
of z.v.a. skew DAPs of length n ending at ordinate k, i.e. the coefficient of zn

in the series expansion of [uk](F (u) + G(u) + H(u)). The first values of PZ
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are

PZ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 1 1 0 1 0 0 0 . . .
2 2 1 1 0 1 0 0
3 2 2 1 1 0 1 0
4 3 2 2 1 1 0 1

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Since F (u) + G(u) + H(u) = g(z)
1−uf(z) , with f(z) = z and g(z) = 1−z+z2

1−z−z4 , the

matrix PZ corresponds to the Riordan array
(

1 − z + z2

1 − z − z4
, z

)
.

Now we plug in u = 0 and u = 1 to get the generating function for v.a.
skew DAPs and partial v.a. skew DAPs, respectively.

Theorem 9. The generating function for the total number of z.v.a. skew DAPs
with respect to the length is given by:

F (0, z) + G(0, z) + H(0, z) =
1 − z + z2

1 − z − z4
,

and an asymptotic of the n-th term is

a2 − a + 1

4a4 + a
·
(
(a + 1)

(
a2 − a + 1

))n ≈ 0.4382 · 1.3803n,

where a ≈ 0.7244919590 is the smallest root (modulus-wise) of z4 + z − 1.

A simple calculation on generating functions allows to prove that the num-
ber cn of n-length z.v.a. skew DAPs satisfies c0 = c2 = c3 = 1, c1 = 0, and
cn = cn−1 + cn−4 for n � 4. The leading terms of the series expansion of
F (0, z) + G(0, z) + H(0, z) are:

1 + z2 + z3 + 2z4 + 2z5 + 3z6 + 4z7 + 6z8 + 8z9 + O
(
z10

)
.

The coefficients spell out sequence A103632 in [13], and the n-th term cn

satisfies

cn =

� n
2 �∑

k=0

(� 2n−3k−1
2 �

n − 2k

)
.
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Theorem 10. The generating function for the total number of partial z.v.a.
skew DAPs with respect to the length is given by:

F (1, z) + G(1, z) + H(1, z) =
z2 − z + 1

(−1 + z) (z4 + z − 1)
,

and an asymptotic of the n-th term is

a2 − a + 1

a (4a3 + 1) (1 − a)
·
(
(a + 1)

(
a2 − a + 1

))n ≈ 1.5905 · 1.3803n,

where a ≈ 0.7244919590 is the smallest root (modulus-wise) of z4 + z − 1.

A simple calculation on generating functions allows to prove that the num-
ber dn of n-length partial z.v.a. skew DAPs satisfies d0 = d1 = 1, d2 = 2,
d3 = 3, d4 = 5 and dn = 2dn−1 − dn−2 + dn−4 − dn−5 for n � 5. The leading
terms of the series expansion of F (1, z) + G(1, z) + H(1, z) are:

1 + z + 2z2 + 3z3 + 5z4 + 7z5 + 10z6 + 14z7 + 20z8 + 28z9 + O
(
z10

)
.

Finally, we obtain the following.

Corollary 6. An asymptotic approximation for the average of the ordinate of
the endpoint in all partial z.v.a. skew DAPs of a given length is 2.6296.

It follows from Theorem 9 and [13] (entry A103632) that n-length z.v.a.
skew DAPs are in bijection with palindromic compositions of n − 2 that have
parts in {2, 1, 3, 5, 7, 9, . . .}, where a palindromic composition of n is a compo-
sition (c1, c2, . . . , ck), c1 + c2 + . . . + ck = n, that reads the same backwards
as forwards; for instance, (3, 1, 5, 2, 5, 1, 3) is a palindromic composition of 20
(see [8]). Let C(n − 2) be the set of such compositions, and let C =

⋃
n�0 C(n).

We shall now provide an explicit bijection.

Definition 5. Let us recursively define the map ψ : Z −→ C as follows. For
β ∈ Z, we set:

ψ(β) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε if β = UD (i)
(1) if β = U2D2 (ii)
(2) if β = U2DL (iii)
(3) if β = U3D2L (iv)
(1, ψ(UaDk−2B), 1) if β = Ua+2DkB, a � 1, k � 3 (v)
(2, ψ(UaB), 2) if β = Ua+2DLB, a � 1, B �= ε (vi)

+2ψ(UaDk+1B)+2 if β = Ua+2D2LDkB, a � 2, k � 1 (vii)

where B is a suffix of a z.v.a. skew DAP, and where +2(x1, x2, . . . , xn−1, xn)+2 :=
((x1 + 2), x2, . . . , xn−1, (xn + 2)) for n � 2; for the case n = 1, we define

+2(x1)+2 := (x1 + 4).
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Figure 3. Illustration of the map ψ (the three nontrivial
cases)

For instance, we have

ψ(U7D2LD2LD) = +2ψ(U5D3LD)+2 = +2(1, ψ(U3DLD), 1)+2

= +2(1, 2, ψ(UD), 2, 1)+2 = (3, 2, 2, 3).

We refer to Fig. 3 for an illustration of the nontrivial cases in the definition
of the bijection ψ.

Theorem 11. The map ψ induces a bijection between Zn and C(n − 2) for all
n � 2.

Proof. Since Zn and C(n − 2) have the same cardinality for all n � 2, it
is enough to prove that ψ induces an injection from Zn to C(n − 2). We
proceed by induction on n. The statement is trivial for n = 2, 3. Now, let
n � 4, and let α, β ∈ Zn such that ψ(α) = ψ(β). If ψ(α) ∈ {(2), (3)}, then
we immediately get α = β. Otherwise, depending on their starting letter,
ψ(α) and ψ(β) both either belong to case (v), (vi), or (vii) in the definition
of ψ. Say they both belong to case (v), for instance. Then, from the defi-
nition of ψ, it follows that α = Ua1+2Dk1

B1 and β = Ua2+2Dk2
B2 for some

a1, a2, k1, k2, B1, B2. Thus, we have ψ(α) = (1, ψ(Ua1Dk1−2B1), 1) and ψ(β) =
(1, ψ(Ua2Dk2−2B2), 1), and in turn, ψ(Ua1Dk1−2B1) = ψ(Ua2Dk2−2B2). Since
Ua1Dk1−2B1 and Ua2Dk2−2B2 are both elements of Zn−2, and ψ is (by induc-
tion) injective from Zn−2 to C(n−4), we deduce Ua1Dk1−2B1 = Ua2Dk2−2B2,
which implies α = β. Cases (vi) and (vii) are handled mutatis mutandis, which
completes the induction. The cardinality argument then proves the bijectivity.

�
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A bijection is given between the set of directed column-convex polyominoes on triangular and 
honeycomb lattices of area 𝑛 and some families of restricted compositions. This is an analogous 
result to one given by Deutsch and Prodinger for polyominoes over square lattices. As a byproduct, 
we deduce new close forms for the number of hexagonal and triangular directed column-convex 
polyominoes of area 𝑛 with 𝑘 columns.

1. Introduction

A polyomino is a connected set of 𝑛 unit cells on a lattice structure. In the literature, polyominoes are widely studied in the domain 
of combinatorics. Generally, the studies consist in the enumeration of some special classes of polyominoes with respect to the type 
of lattice and some given values of parameters (area, height, number of columns, perimeter, ...). We refer to the survey of Viennot 
[23], the book edited by Guttmann [16], and the papers [2,3,6–9,19–21]. In this paper, we will consider polyominoes in the square 
(resp. triangular, resp. honeycomb) lattice, where the unit cell is a square (resp. hexagon, resp. triangle). See Fig. 1 for an illustration 
of these lattices and the associated unit cells. Notice that the unit cell for the honeycomb lattice is an equilateral triangle that can be 
oriented in two ways (triangle pointing upwards and downwards).

For each lattice, we consider a set of directions (North/East for the square lattice, North/North-East/East for the triangular and 
honeycomb lattices). A polyomino 𝑃 is directed if there exists a cell 𝑆 , called the source of 𝑃 , such that any cell 𝐶 of 𝑃 can be 
obtained by repeatedly joining cells from 𝐶 using the predetermined set of directions. A polyomino 𝑃 is said column convex when 
any column of 𝑃 is a connected set, where a column of 𝑃 is defined as the set of cells of 𝑃 whose centers intersect a fixed line 𝐿
(vertical line for the square and triangular lattices, and oblique lines of slope 𝜋3 for the honeycomb lattice).

Definition 1.1. A dcc-polyomino consists of a set of unit cells satisfying the three key properties: the set of cells is connected, directed, 
and column convex.

We refer to Fig. 2 for three examples of dcc-polyominoes in the three kinds of lattices. The source cell is located at the bottom left 
corner and each dcc-polyomino is constructed by attaching unit cells in the allowed directions of the lattice, by taking into account 
the property of directed column convexity.

✩ This article belongs to Section A: Algorithms, automata, complexity and games, Edited by Paul Spirakis.

* Corresponding author.

E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), jlramirezr@unal.edu.co (J.L. Ramírez), fvelandias@unal.edu.co (F.A. Velandia).
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Fig. 1. Square, triangular and honeycomb lattices, and the associated unit cells (square, hexagon, and triangle). For the honeycomb lattice, there are two kinds of 
cells: triangles pointing upwards and downwards.

𝑆 𝑆 𝑆

Fig. 2. From left to right, a square, a hexagonal, and a triangular dcc-polyominoes of areas 21, 18 and 37, respectively. All these polyominoes have 9 columns.

Let 𝑃 be a dcc-polyomino. The area of 𝑃 , denoted by 𝑎(𝑃 ), is the number of unit cells of 𝑃 . We denote the number of columns of 
𝑃 by 𝑐(𝑃 ). The height ℎ(𝑃 ) of 𝑃 is the length (number of cells) of a longest path from the source of 𝑃 to any of the cells in 𝑃 .

For each kind of lattice described above, Barcucci et al. [3] gave multivariate generating functions for the number of dcc-

polyominoes with respect to the area, the number of columns, and the height. The method used consists in giving a recursive 
description of the set of dcc-polyominoes which induces a functional equation for the multivariate generating function. They also 
deduce (for each lattice) the average height of dcc-polyominoes and its asymptotic behaviors when the area tends to infinity. In 
a second study [2], Barcucci, Pinzani, and Sprugnoli use a traditional recurrence relation approach in order to count the number 
of dcc-polyominoes in the square lattice with area 𝑛 and with 𝑘 columns. They prove that this number is given by the binomial 
coefficient(

𝑛+ 𝑘− 2
𝑛− 𝑘

)
,

and they deduce that the number of square dcc-polyominoes of area 𝑛 is the Fibonacci number 𝐹2𝑛+1, where 𝐹0 = 0, 𝐹1 = 1 and 
𝐹𝑛 = 𝐹𝑛−1 +𝐹𝑛−2 for 𝑛 ≥ 2. Moreover, Deutsch and Prodinger [7] exhibit a constructive bijection between these polyominoes of area 
𝑛 and ordered trees of height at most three with 𝑛 edges, that transports the number of columns into one plus the number of nodes 
at level 2. They also give a one-to-one correspondence with nondecreasing Dyck paths that transports the number of columns into 
the number of peaks, knowing that a nondecreasing Dyck path is a Dyck path having a nondecreasing sequence of the heights of its 
valleys (see [1] for an introduction of nondecreasing paths and [11–14] for some generalizations of these paths).

Motivation: To our knowledge, the literature does not mention any one-to-one correspondence between hexagonal (resp. trian-

gular) dcc-polyominoes of a given area with other classical combinatorial objects so that the number of columns is transported into a 
natural statistic. The objective of this note is to remedy this shortcoming by exhibiting a unified combinatorial class of objects which 
is in bijection with the other two kinds of dcc-polyominoes (hexagonal and triangular). As a byproduct, we will deduce new close 
forms for the number of these dcc-polyominoes of area 𝑛 with 𝑘 columns.

Outline of the paper: In Section 2, we exhibit a one-to-one correspondence between hexagonal dcc-polyominoes of area 𝑛 with 𝑘
columns and compositions of the integer 𝑛 −1 in which three different types of ones are allowed 1𝑁 , 1𝐷 , and 1𝐸 , and such that 𝑘 −1
parts are different from 1𝑁 . By counting these compositions and using this bijection, we deduce a new close form for the number 𝐻𝑛,𝑘
of hexagonal dcc-polyominoes of area 𝑛 with 𝑘 column. We also give a one-to-one correspondence between these polyominoes and 
the set of order-consecutive partitions of {1, 2, … , 𝑛} that transports the number of columns into the number of parts in the partition. 
Section 3 presents a similar study for triangular dcc-polyominoes in the honeycomb lattice. We exhibit a bijection between these 
polyominoes of area 𝑛 with 𝑘 columns and compositions of the integer 𝑛 − 1 in which only parts of the form 2𝑖, 𝑖 ≥ 0, are allowed, 
and such that 𝑘 − 1 parts are different from 1. As previous, this bijection allows us to deduce a new close form for the number 𝑡𝑛,𝑘
of triangular dcc-polyominoes of area 𝑛 with 𝑘 column. We also give a one-to-one correspondence between these polyominoes and 
the set of consecutive partitions of {1, 2, … , 𝑛} that transports the number of columns into the number of parts with at least two 
elements.

We end this section by fixing some definitions about compositions of an integer 𝑛. Also, we give some notations used in this 
note. A composition of a positive integer 𝑛 is a sequence of positive integers 𝜎 = (𝜎1, 𝜎2, … , 𝜎𝓁) such that 𝜎1 + 𝜎2 +⋯ + 𝜎𝓁 = 𝑛. The 
summands 𝜎𝑖 are called parts of the composition and 𝑛 is referred to the weight of 𝜎. For example, the compositions of 4 are

(4), (3,1), (1,3), (2,2), (2,1,1), (1,2,1), (1,1,2), (1,1,1,1).

It is well known [17,26] that the number of compositions of 𝑛 with 𝑘 parts is 
(𝑛−1
𝑘−1

)
, and the total number of compositions of 

𝑛 is 2𝑛−1. Throughout this note, we will use the following notations. The composition of the integer 0 will be denoted (), and if 
𝑐 = (𝑚1, 𝑚2, … , 𝑚𝑘) is a composition of 𝑛 ≥ 0 with 𝑘 parts, then 𝑐 corresponds to the sequence 𝑚1, 𝑚2, … , 𝑚𝑘, and for an integer 
𝑎 ≥ 1, the notation (𝑎, 𝑐) corresponds to the composition (𝑎, 𝑚1, 𝑚2, … , 𝑚𝑘) of the integer 𝑛 + 𝑎. In particular, if 𝑐 = () then we have 
(𝑎, 𝑐) = (𝑎).
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(𝑖) (𝑖𝑖) 

Q

(𝑖𝑖𝑖) 

Q

(𝑖𝑣) 

Q

Fig. 3. Recursive decomposition of a hexagonal dcc-polyomino 𝑃 .

2. Hexagonal dcc-polyominoes

Barcucci et al. [3] proved that the number of hexagonal dcc-polyominoes having area 𝑛, denoted by 𝐻𝑛 , is equal to

𝐻𝑛 =
1
4
(𝜃𝑛1 + 𝜃𝑛2) =

𝑛∑
𝑘=0

(
𝑛
2𝑘

)
2𝑛−𝑘−1 (𝑛 ≥ 1),

where 𝜃1 = 2 +
√
2 and 𝜃2 = 2 −

√
2. Moreover, the authors give the generating function of the sequence

𝐻(𝑥) ∶=
∑
𝑛≥1

𝐻𝑛𝑥
𝑛 = 𝑥(1 − 𝑥)

1 − 4𝑥+ 2𝑥2
.

The first few values for 𝑛 ≥ 1 of 𝐻𝑛 are

1, 3, 10, 34, 116, 396, 1352, 4616, 15760,…

Notice that 𝐻𝑛 corresponds with the sequence A007052 in [25]. Among the objects counted by this sequence are the compositions 
of an integer in which there are three different types of ones, denoted by 1𝑁, 1𝐷 , and 1𝐸 , respectively. Let 𝑎𝑛 be the number of these 
compositions of weight 𝑛. For example, 𝑎2 = 10 and the corresponding compositions are

(1𝑁,1𝑁 ), (1𝑁,1𝐷), (1𝑁,1𝐸 ), (1𝐷,1𝑁 ), (1𝐷,1𝐷), (1𝐷,1𝐸 ),

(1𝐸,1𝑁 ), (1𝐸,1𝐷), (1𝐸,1𝐸 ), (2).

Theorem 2.1. For all 𝑛 ≥ 0, we have the equality 𝑎𝑛 =𝐻𝑛+1.

Proof. Let  denote the family (combinatorial class) of compositions in which three different types of ones are allowed, then we can 
write the symbolic equation:

 = SEQ({1𝑁,1𝐷,1𝐸,2,3,4,…}),

where SEQ denotes the sequence combinatorial class (the previous equation simply rephrases that every element of  is a sequence 
whose terms belong to {1𝑁, 1𝐷, 1𝐸, 2, 3, 4, … }). For a general background about the symbolic method see the book [10]. In terms of 
generating functions, the last equation translates into

𝐴(𝑥) ∶=
∑
𝑛≥0

𝑎𝑛𝑥
𝑛 = 1

1 −
(
3𝑥+

∑
𝓁≥2 𝑥𝓁

) = 1
1 − 3𝑥−2𝑥2

1−𝑥

= 1 − 𝑥
1 − 4𝑥+ 2𝑥2

,

and we obtain that 𝐻(𝑥) = 𝑥𝐴(𝑥), which means that 𝑎𝑛 =𝐻𝑛+1. □

As already mentioned in [3], any hexagonal dcc-polyomino 𝑃 of area 𝑛 ≥ 1 can be uniquely decomposed in one of the following 
forms (see Fig. 3):

(𝑖) 𝑃 consists of one hexagonal cell;

(𝑖𝑖) 𝑃 is obtained by attaching a dcc-polyomino 𝑄 of area 𝑛 − 1 to the north side of a hexagonal cell which becomes the source of 
𝑃 ;

(𝑖𝑖𝑖) 𝑃 is obtained by attaching a dcc-polyomino 𝑄 of area 𝑛 −1 to the north-east side of a hexagonal cell which becomes the source 
of 𝑃 ;

(𝑖𝑣) 𝑃 is obtained by attaching a column 𝐶 of 𝑘 ≥ 1 unit cells so that the most southern cell of 𝐶 is attached (by its east side) to a 
dcc-polyomino 𝑄 of area 𝑛 − 𝑘.

According to this decomposition, we define recursively a map 𝜙 from the set of hexagonal dcc-polyominoes of area 𝑛 + 1 and the 
set 3

𝑛 of compositions of 𝑛 having parts in {1𝑁, 1𝐷, 1𝐸, 2, 3, 4, … } (the part 1 can take three different colors).

- If 𝑃 belongs to the case (𝑖), then we set 𝜙(𝑃 ) = () (empty composition);

- If 𝑃 belongs to the case (𝑖𝑖), then we set 𝜙(𝑃 ) = (1𝑁, 𝜙(𝑄));
- If 𝑃 belongs to the case (𝑖𝑖𝑖), then we set 𝜙(𝑃 ) = (1𝐷, 𝜙(𝑄));
- If 𝑃 belongs to the case (𝑖𝑣), then we distinguish two cases:
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⟶ (1𝐸 ,1𝑁 ,1𝑁 ,3,1𝑁 ,1𝐷,1𝐷,2,1𝑁 ,1𝐸 ,1𝐸 ,1𝑁 ,1𝐷,1𝑁 )

Fig. 4. A hexagonal dcc-polyomino of area 18 with 9 columns and its image by 𝜙, which is a composition of 17 with parts in {1𝑁 , 1𝐷, 1𝐸 , 2, 3, 4, … }. The number of 
parts different from 1𝑁 equals 8, which also is the number of columns minus one.

- If 𝑘 = 1 (𝑘 is the number of cells in the first column of 𝑃 ), then we set 𝜙(𝑃 ) = (1𝐸, 𝜙(𝑄));
- Otherwise we have 𝑘 ≥ 2, and we set 𝜙(𝑃 ) = (𝑘, 𝜙(𝑄)).

See Fig. 4 for an illustration of the map 𝜙 on a hexagonal dcc-polyomino.

Theorem 2.2. For all 𝑛 ≥ 0, 𝜙 is a bijection between the set of dcc-polyominoes of area 𝑛 + 1 and the set of compositions of 𝑛 where the 
parts belong to {1𝑁, 1𝐷, 1𝐸, 2, 3, 4, … }. Moreover, 𝜙 transports the number of columns minus one into the number of parts different from 
1𝑁 in the composition.

Proof. We can easily observe that the image by 𝜙 of a hexagonal dcc-polymomino of area 𝑛 + 1 is a composition in 3
𝑛 . Moreover, if 

this polyomino 𝑃 has 𝑘 + 1 columns, then 𝜙(𝑃 ) has exactly 𝑘 parts lying in {1𝐷, 1𝐸, 2, 3, 4, … }. Conversely, any composition in 3
𝑛

with 𝑘 parts different from 1𝑁 can be uniquely decomposed into one of the following forms:

(𝑖) the empty composition () whenever 𝑛 = 0;

(𝑖𝑖) (1𝑁, 𝑐1, … , 𝑐𝓁), 𝓁 ≥ 0, where (𝑐1, … , 𝑐𝓁) ∈ 3
𝑛−1 with 𝑘 parts different from 1𝑁 ;

(𝑖𝑖𝑖) (1𝐷, 𝑐1, … , 𝑐𝓁), 𝓁 ≥ 0, where (𝑐1, … , 𝑐𝓁) ∈ 3
𝑛−1 with 𝑘 − 1 parts different from 1𝑁 ;

(𝑖𝑣𝑎) (1𝐸, 𝑐1, … , 𝑐𝓁), 𝓁 ≥ 0, where (𝑐1, … , 𝑐𝓁) ∈ 3
𝑛−1 with 𝑘 − 1 parts different from 1𝑁 ;

(𝑖𝑣𝑏) (𝑎, 𝑐1, … , 𝑐𝓁), 𝓁 ≥ 0, where 𝑎 ≥ 2 and (𝑐1, … , 𝑐𝓁) ∈ 3
𝑛−𝑎 with 𝑘 − 1 parts different from 1𝑁 .

Therefore, the set of hexagonal dcc-polyominoes of area 𝑛 +1 and the set 3
𝑛 have the same recursive description, which ensures that 

𝜙 is a bijection that transports the number of columns minus one into the number of parts different from 1𝑁 . □

Let (𝐿𝑛)𝑛≥0 be the sequence defined by the first difference 𝐿𝑛 =𝐻𝑛+1 −𝐻𝑛. The first 10 values of this sequence are

1, 2, 7, 24, 82, 280, 956, 3264, 11144, 38048. (A003480)

It is interesting to notice that 𝐿𝑛 enumerates the number of 𝐿-convex polyominoes with 𝑛 cells in the square lattice, which are in 
one-to-one correspondence with 2-compositions of 𝑛, i.e. matrices with two rows whose entries are non-negative integers, summing 
up to 𝑛, containing no rows all made of 0 s (see [4,5]).

Let 𝐻𝑛,𝑘 be the number of hexagonal dcc-polyominoes of area 𝑛 with exactly 𝑘 columns. Notice that an immediate consequence 
of the recursive decomposition of a dcc-polyomino is the recursive formula 𝐻𝑛,1 = 1 for 𝑛 ≥ 1, and for 𝑛 ≥ 2, 𝑘 ≥ 2,

𝐻𝑛,𝑘 =𝐻𝑛−1,𝑘 +𝐻𝑛−1,𝑘−1 +
𝑛−1∑
𝓁=1

𝐻𝑛−𝓁,𝑘−1.

As a byproduct of the bijection 𝜙 given in Theorem 2.2 we deduce a close form for 𝐻𝑛,𝑘.

Theorem 2.3. If 𝑛 ≥ 𝑘 ≥ 2, then

𝐻𝑛,𝑘 =
𝑘−1∑
𝑖=0

(
𝑘− 1
𝑖

)(
𝑛+ 𝑖− 1
𝑛− 𝑘

)
.

Proof. Due to the bijection 𝜙 defined above, 𝐻𝑛,𝑘 corresponds to the number of compositions of 𝑛 − 1 with parts in 
{1𝑁, 1𝐷, 1𝐸, 2, 3, 4, … }, and where exactly 𝑘 − 1 parts are different from 1𝑁 . Such a composition 𝑐 can be uniquely obtained 
from a composition of 𝑟, 𝑘 − 1 ≤ 𝑟 ≤ 𝑛 − 1, with 𝑘 − 1 parts and where all parts lie in {1𝐷, 1𝐸, 2, 3, 4, … }, by adding (𝑛 − 1 − 𝑟) parts 
1𝑁 in the right places. Since there are 

(𝑛−𝑟−1+𝑘−1
𝑘−1

)
=
(𝑛−𝑟+𝑘−2

𝑘−1

)
ways for adding these parts into 𝑘 places (this is the number of ways 

to choose 𝑘 − 1 parts among 𝑛 − 1 − 𝑟 + 𝑘 − 1 parts), we obtain

𝐻𝑛,𝑘 =
𝑛−1∑

𝑟=𝑘−1

(
𝑛− 2 − 𝑟+ 𝑘

𝑘− 1

)
𝑎𝑟,𝑘−1,

where 𝑎𝑟,𝑘−1 is the number of compositions of 𝑟 with (𝑘 − 1) parts lying into {1𝐷, 1𝐸, 2, 3, 4, … }.
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From the definition of the sequence 𝑎𝑟,𝑠 and for a given 𝑠, we obtain the following expression for its generating function:

∑
𝑟≥0

𝑎𝑟,𝑠𝑥
𝑟 = (2𝑥+ 𝑥2 + 𝑥3 +⋯)𝑠 = 𝑥𝑠

𝑠∑
𝑖=0

(
𝑠
𝑖

)
1

(1 − 𝑥)𝑖
.

From the equality 1∕(1 − 𝑥)𝑚+1 =
∑∞

𝓁=0
(𝑚+𝓁

𝓁

)
𝑥𝓁 , we have

∑
𝑟≥0

𝑎𝑟,𝑠𝑥
𝑟 = 𝑥𝑠 +

𝑠∑
𝑖=1

∞∑
𝓁=0

(
𝑠
𝑖

)(
𝑖+ 𝓁 − 1

𝓁

)
𝑥𝓁+𝑠.

By setting 𝓁 = 0, the coefficient of 𝑥𝑠 in this expression is 𝑎𝑠,𝑠 = 2𝑠. For 𝑟 > 𝑠, setting 𝓁 = 𝑟 − 𝑠 yields

𝑎𝑟,𝑠 =
𝑠∑

𝑖=1

(
𝑠
𝑖

)(
𝑖+ 𝑟− 𝑠− 1

𝑟− 𝑠

)
=

𝑠∑
𝑖=1

(
𝑠
𝑖

)(
𝑟− 𝑠+ 𝑖− 1

𝑟− 𝑠

)
.

Therefore, by considering the previous value of 𝑎𝑟,𝑠 for 𝑠 = 𝑘 − 1, we obtain

𝐻𝑛,𝑘 = 𝑎𝑘−1,𝑘−1

(
𝑛− 1
𝑘− 1

)
+

𝑛−1∑
𝑗=𝑘

(
𝑛− 2 − 𝑗 + 𝑘

𝑘− 1

)
𝑎𝑗,𝑘−1

= 2𝑘−1
(
𝑛− 1
𝑘− 1

)
+

𝑘−1∑
𝑖=1

(
𝑘− 1
𝑖

) 𝑛−𝑘∑
𝑗=1

(
(𝑖− 1) + 𝑗

𝑗

)(
𝑛− 𝑗 − 1
𝑛− 𝑗 − 𝑘

)

= 2𝑘−1
(
𝑛− 1
𝑘− 1

)
+

𝑘−1∑
𝑖=1

(
𝑘− 1
𝑖

) 𝑛−𝑘∑
𝑗=1

(
(𝑖− 1) + 𝑗

𝑗

)(
(𝑘− 1) + (𝑛− 𝑘− 𝑗)

𝑛− 𝑗 − 𝑘

)
.

The last sum can be simplified by means of the identity (3.2) in [15] by setting 𝑥 = 𝑖 − 1, 𝑦 = 𝑘 − 1, and 𝑚 = 𝑛 − 𝑘. Therefore,

𝐻𝑛,𝑘 = 2𝑘−1
(
𝑛− 1
𝑘− 1

)
+

𝑘−1∑
𝑖=1

(
𝑘− 1
𝑖

)[(
𝑛+ 𝑖− 1
𝑛− 𝑘

)
−
(
𝑛− 1
𝑛− 𝑘

)]

=
𝑘−1∑
𝑖=0

(
𝑘− 1
𝑖

)(
𝑛+ 𝑖− 1
𝑛− 𝑘

)
. □

Using the same decomposition as previously for defining the bijection with compositions having parts into {1𝑁, 1𝐷, 1𝐸, 2, 3, 4, … }, 
we can easily exhibit another bijection between dcc-polyominoes of area 𝑛 with 𝑘 columns and order-consecutive partitions of 
{1, 2, … , 𝑛} with 𝑘 parts, knowing that an ordered partition of {1, 2, … , 𝑛} with 𝑝 parts is a 𝑝-uplet (𝑆1, 𝑆2, … , 𝑆𝑝) of subsets such 

that 𝑆𝑖 ∩ 𝑆𝑗 = ∅ if 𝑖 ≠ 𝑗, and 
𝑝⋃

𝑖=1
𝑆𝑖 = {1, 2, … , 𝑛}. An order-consecutive partition of {1, 2, … , 𝑛} is an ordered partition satisfying the 

property: for 𝑗 = 1, … , 𝑝, 
𝑗⋃

𝑖=1
𝑆𝑖 is an interval.

So, we define recursively a map 𝜓 from the set of hexagonal polyominoes of area 𝑛 + 1 and the set 𝑛 of order-consecutive 
partitions of {1, 2, … , 𝑛}.

- If 𝑃 belongs to the case (𝑖), then we set 𝜓(𝑃 ) = {1};

- If 𝑃 belongs to the case (𝑖𝑖), then 𝜓(𝑃 ) is obtained from 𝜓(𝑄) by inserting 𝑛 in the last part; for instance, if 𝜓(𝑄) = {3, 4}{2}{1}, 
then 𝜓(𝑃 ) = {3, 4}{2}{1, 5};

- If 𝑃 belongs to the case (𝑖𝑖𝑖), then 𝜓(𝑃 ) is obtained from 𝜓(𝑄) by adding the part {𝑛} on the right; for instance, if 𝜓(𝑄) =
{3, 4}{2}{1}, then 𝜓(𝑃 ) = {3, 4}{2}{1}{5};

- If 𝑃 belongs to the case (𝑖𝑣), then 𝜓(𝑃 ) is obtained from 𝜓(𝑄) by increasing by 𝑘 ≥ 1 all values in 𝜓(𝑄), and by adding the part 
{1, 2, … , 𝑘} on the right; for instance, if 𝜓(𝑄) = {3, 4}{2}{1} and 𝑘 = 4, then 𝜓(𝑃 ) = {7, 8}{6}{5}{1, 2, 3, 4}.

With a same argument as the proof of Theorem 2.2, we can easily prove that 𝜓 is a bijection that transports the number of 
columns into the number of parts. The image of the polyomino represented in Fig. 4 is

{9}{8,10,11}{5,6,7,12}{13}{14}{3,4,15}{2}{1,16}{17,18}.

As a consequence of this bijection and using Theorem 2.3 and Theorem 6 in [18], we deduce another close form for 𝐻𝑛,𝑘.
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Corollary 2.4. The number of hexagonal dcc-polyominoes of area 𝑛 with 𝑘 columns is

𝐻𝑛,𝑘 =
𝑘−1∑
𝑖=0

(−1)𝑘−1−𝑖
(
𝑘− 1
𝑖

)(
2𝑘− 𝑖− 2

𝑖

)
.

From the above results we have the bivariate generating function

∑
𝑛,𝑘≥1

𝐻𝑛,𝑘𝑥
𝑛𝑦𝑘 = (1 − 𝑥)𝑥𝑦

1 − 2𝑥(1 + 𝑦) + 𝑥2(1 + 𝑦)
.

Let  be the matrix defined by  = [𝐻𝑛,𝑘]𝑛,𝑘≥1. The first few rows of the matrix  are

 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0
1 2 0 0 0 0 0 0
1 5 4 0 0 0 0 0
1 9 16 8 0 0 0 0
1 14 41 44 16 0 0 0
1 20 85 146 112 32 0 0
1 27 155 377 456 272 64 0
1 35 259 833 1408 1312 640 128
⋮ ⋮ ⋮ ⋮

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The matrix  corresponds to the array A056242 and it corresponds with the Riordan array (cf. [24])  =
(

1
1−𝑥 ,

𝑥(2−𝑥)
(1−𝑥)2

)
. From the 

theory of Riordan arrays (cf. [22]) we obtain the following curious relation. If 𝑛, 𝑘 ≥ 1, then

𝐻𝑛+1,𝑘+1 = 2𝐻𝑛,𝑘 +
3
2
𝐻𝑛,𝑘+1 +

∑
𝓁≥2

1
1 − 2𝓁

(
2𝓁
𝓁

)(−1
4

)𝓁
𝐻𝑛,𝑘+𝓁

= 2𝐻𝑛,𝑘 +
3
2
𝐻𝑛,𝑘+1 +

∑
𝓁≥2

𝐶𝓁−1
(−1)𝓁−1

22𝓁−1
𝐻𝑛,𝑘+𝓁 ,

where 𝐶𝓁 is the 𝓁-th Catalan number.

3. Triangular dcc-polyominoes

Let  be the set of triangular dcc-polyominoes. Barcucci et al. [3] proved that the generating function for the number of triangular 
dcc-polyominoes having area 𝑛, denoted by 𝑇𝑛, is given by

𝑇 (𝑥) ∶=
∑
𝑛≥1

𝑇𝑛𝑥
𝑛 = 𝑥(1 − 𝑥2)

1 − 𝑥− 2𝑥2 + 𝑥3
.

The first few values for 𝑛 ≥ 1 of 𝑇𝑛 are

1, 1, 2, 3, 6, 10, 19, 33, 61, 108,…

Notice that 𝑇𝑛 corresponds with the sequence A028495 in [25]. From the expression of 𝑇 (𝑥) follows that 𝑇𝑛 satisfies the recurrence 
relation

𝑇𝑛 = 𝑇𝑛−1 + 2𝑇𝑛−2 − 𝑇𝑛−3 (𝑛 ≥ 4),

with initial conditions 𝑇1 = 1, 𝑇2 = 1, and 𝑇3 = 2. This relation can be applied repeatedly in the following manner:

𝑇𝑛 − 𝑇𝑛−1 = 2𝑇𝑛−2 − 𝑇𝑛−3

= 𝑇𝑛−2 + 2𝑇𝑛−4 − 𝑇𝑛−5

= 𝑇𝑛−2 + 𝑇𝑛−4 + (𝑇𝑛−4 − 𝑇𝑛−5)

⋮

=

{
𝑇𝑛−2 + 𝑇𝑛−4 +⋯+ 𝑇2 + 𝑇0, if 𝑛 is even;

𝑇𝑛−2 + 𝑇𝑛−4 +⋯+ 𝑇3 + 𝑇1, if 𝑛 is odd;

This can be rewritten as

𝑇𝑛 = 𝑇𝑛−1 +
⌊𝑛∕2⌋∑
𝑘=1

𝑇𝑛−2𝑘.
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(𝑖) (𝑖𝑖) (𝑖𝑖𝑖) 

Q

(𝑖𝑣) 
Q

Fig. 5. Recursive decomposition of a triangular dcc-polyomino 𝑃 .

⟶ (1,1,1,4,1,2,1,1,4,1,1,1,2,8,1,2,2,2)

Fig. 6. A triangular dcc-polyomino of area 37 with 9 columns and its image by 𝜒 , which is a composition of 36 with parts in {1, 2, 4, 6, 8,… } and so that 8 parts are 
different from 1.

The sequence (𝑇𝑛)𝑛≥0 enumerates a variety of combinatorial objects, such as all paths of length of 𝑛 on the path graph 𝑃6 and the 
compositions of 𝑛 whose parts belong to the set {1, 2, 4, 6, 8, … }. Let us establish the relation between triangular dcc-polyominoes 
and this family of compositions. Let 𝑏𝑛 be the number of compositions of 𝑛 into parts from {1, 2, 4, 6, 8, … }.

Proposition 3.1. For all 𝑛 ≥ 0, we have the equality 𝑏𝑛 = 𝑇𝑛+1.

Proof. We will prove this statement using the symbolic method. Let  be the family of all compositions whose parts belong to the 
set {1, 2, 4, 6, 8, … }. Thus  = SEQ({1, 2, 4, 6, 8, … }). In terms of generating functions, the last equation translates into

𝐵(𝑥) ∶=
∑
𝑛≥1

𝑏𝑛𝑥
𝑛 = 1

1 −
(
𝑥+

∑
𝓁≥1 𝑥2𝓁

) = 1
1 − 𝑥− 𝑥2

1−𝑥2

= 1 − 𝑥2

1 − 𝑥− 2𝑥2 + 𝑥3
.

Therefore, we obtain 𝑇 (𝑥) = 𝑥𝐵(𝑥), which means that 𝑏𝑛 = 𝑇𝑛+1. □

As already mentioned in [3], any triangular dcc-polyomino 𝑃 of area 𝑛 ≥ 1 can be uniquely decomposed in one of the following 
forms (see Fig. 5):

(𝑖) 𝑃 consists of one triangular cell (a triangle pointing upwards);

(𝑖𝑖) 𝑃 consists of two triangular cells (two triangles pointing upwards and downwards);

(𝑖𝑖𝑖) 𝑃 is obtained by attaching a triangular dcc-polyomino 𝑄 of area 𝑛 −2 to the north side of two triangular cells where the leftmost 
cell becomes the source of 𝑃 ;

(𝑖𝑣) 𝑃 is obtained by attaching a column 𝐶 of 𝑘 ≥ 2 triangular dcc-polyominoes so that the most southern down-cell of 𝐶 is attached 
(by its east side) to a triangular dcc-polyomino 𝑄 of area 𝑛 − 𝑘.

According to this decomposition, we define recursively a map 𝜒 from the set of triangular dcc-polyominoes of area 𝑛 + 1 and the 
set 𝑛 of compositions of 𝑛 having parts in {1, 2, 4, 6, 8, …}.

- If 𝑃 belongs to the case (𝑖), then we set 𝜒(𝑃 ) = () (empty composition);

- If 𝑃 belongs to the case (𝑖𝑖), then we set 𝜒(𝑃 ) = (1);
- If 𝑃 belongs to the case (𝑖𝑖𝑖), then we set 𝜒(𝑃 ) = (1, 1, 𝜒(𝑄));
- If 𝑃 belongs to the case (𝑖𝑣), then we distinguish two cases:

- If the number 𝑘 ≥ 2 of cells in the first column is odd, then we set 𝜒(𝑃 ) = (1, 𝑘 − 1, 𝜒(𝑄));
- Otherwise (𝑘 ≥ 2 is even), we set 𝜒(𝑃 ) = (𝑘, 𝜒(𝑄));

See Fig. 6 for an illustration of the map 𝜒 on a triangular dcc-polyomino.

Theorem 3.2. For all 𝑛 ≥ 0, 𝜒 is a bijection between the set of triangular dcc-polyominoes of area 𝑛 + 1 and the set of compositions of 𝑛
where the parts belong to {1, 2, 4, 6, 8, …}. Moreover, 𝜒 transports the number of columns minus one into the number of parts different from 
1 in the composition.

Proof. We can easily observe that the image by 𝜒 of a triangular dcc-polymomino of area 𝑛 + 1 is a composition in 𝑛. Moreover, 
if this polyomino 𝑃 has 𝑘 + 1 columns, then 𝜙(𝑃 ) has exactly 𝑘 parts different to one. Conversely, any composition in 𝑛 with 𝑘
parts different from 1 can be uniquely decomposed into one of the following forms:

(𝑖) the empty composition () whenever 𝑛 = 0;

(𝑖𝑖) the composition (1);
(𝑖𝑖) (1, 1, 𝑐1, … , 𝑐𝓁), 𝓁 ≥ 0, where (𝑐1, … , 𝑐𝓁) ∈ 𝑛−2 with 𝑘 parts different from 1;

(𝑖𝑣𝑎) (1, 𝑎, 𝑐1, … , 𝑐𝓁), 𝓁 ≥ 0, 𝑎 ≥ 2, where (𝑐1, … , 𝑐𝓁) ∈ 𝑛−𝑎−1 with 𝑘 − 1 parts different from 1;
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(𝑖𝑣𝑏) (𝑎, 𝑐1, … , 𝑐𝓁), 𝓁 ≥ 0, 𝑎 ≥ 2, where (𝑐1, … , 𝑐𝓁) ∈ 𝑛−𝑎 with 𝑘 − 1 parts different from 1;

Therefore, the set of triangular dcc-polyominoes of area 𝑛 + 1 and the set 𝑛 have the same recursive description, which ensures 
that 𝜒 is a bijection that transports the number of columns minus one into the number of parts different from 1. □

Let 𝑡𝑛,𝑘 be the number of triangular dcc-polyominoes of area 𝑛 with exactly 𝑘 columns. Notice that an immediate consequence of 
the recursive decomposition of a dcc-polyomino is the recursive formula 𝑡𝑛,1 = 1 for 𝑛 ≥ 1, and for 𝑛 ≥ 3, 𝑘 ≥ 2,

𝑡𝑛,𝑘 = 𝑡𝑛−2,𝑘 +
𝑛−1∑
𝓁=2

𝑡𝑛−𝓁,𝑘−1.

As a byproduct of the bijection given in Theorem 3.2 we give a closed form for 𝑡𝑛,𝑘.

Theorem 3.3. If 𝑛 ≥ 𝑘 ≥ 1, then

𝑡𝑛,𝑘 =
⌊(𝑛−1)∕2⌋∑
𝑟=⌊𝑘∕2⌋

(
𝑛− 2 − 2𝑟+ 𝑘

𝑘− 1

)(
𝑟− 1

𝑟− 𝑘+ 1

)
.

Proof. Due to the bijection 𝜒 defined previously, 𝑡𝑛,𝑘 corresponds to the number of compositions of 𝑛 − 1 with parts in 
{1, 2, 4, 6, 8, …}, and where exactly 𝑘 − 1 parts are different from 1. Such a composition 𝑐 can be uniquely obtained from a composi-

tion of 𝑟, 𝑘 − 1 ≤ 𝑟 ≤ 𝑛 − 1, with 𝑘 − 1 parts and where all parts lie in {2, 4, 6, 8, …}, by adding (𝑛 − 1 − 𝑟) parts 1 in the right places. 
Since there are 

(𝑛−𝑟−1+𝑘−1
𝑘−1

)
=
(𝑛−𝑟+𝑘−2

𝑘−1

)
ways for adding these parts into 𝑘 places (this is the number of ways of choosing 𝑘 − 1 parts 

among 𝑛 − 1 − 𝑟 + 𝑘 − 1 parts), we obtain

𝑡𝑛,𝑘 =
𝑛−1∑

𝑟=𝑘−1

(
𝑛− 2 − 𝑟+ 𝑘

𝑘− 1

)
𝑏𝑟,𝑘−1,

where 𝑏𝑟,𝑘−1 is the number of compositions of 𝑟 having all its (𝑘 − 1) parts lying into {2, 4, 6, 8, …}.

From the definition of the sequence 𝑏𝑟,𝑠 and for a given 𝑠, we obtain the following expression for its generating function:

∑
𝑟≥0

𝑏𝑟,𝑠𝑥
𝑟 = (𝑥2 + 𝑥4 + 𝑥6 +⋯)𝑠 = 𝑥2𝑠

(
1

1 − 𝑥2

)𝑠
.

From the equality 1∕(1 − 𝑥)𝑚+1 =
∑∞

𝓁=0
(𝑚+𝓁

𝓁

)
𝑥𝓁 , we have

∑
𝑟≥0

𝑏𝑟,𝑠𝑥
𝑟 = 𝑥2𝑠

∞∑
𝓁=0

(
𝑠+ 𝓁 − 1

𝓁

)
𝑥2𝓁 .

We obtain 𝑏𝑟,𝑠 = 0 when 𝑟 is odd and 𝑏𝑟,𝑠 =
(𝑟∕2−1
𝑟∕2−𝑠

)
whenever 𝑟 is even. Therefore, by considering the previous value of 𝑏𝑟,𝑠 for 

𝑠 = 𝑘 − 1, we obtain

𝑡𝑛,𝑘 =
𝑛−1∑

𝑟=𝑘−1

(
𝑛− 2 − 𝑟+ 𝑘

𝑘− 1

)
𝑏𝑟,𝑘−1 =

⌊(𝑛−1)∕2⌋∑
𝑟=⌊𝑘∕2⌋

(
𝑛− 2 − 2𝑟+ 𝑘

𝑘− 1

)(
𝑟− 1

𝑟− 𝑘+ 1

)
. □

From this bijection, we deduce easily one-to-one correspondence between triangular dcc-polyominoes of area 𝑛 with 𝑘 columns 
and consecutive partitions of 𝑛 with 𝑘 parts (i.e. partitions where every subset consists of consecutive elements). Indeed, the consec-

utive partition 𝑝 associated to the polyomino 𝑃 is defined from the composition 𝜒(𝑃 ) = (𝑐1, 𝑐2, … , 𝑐𝑠) as follows:

𝑝 = {1,… , 𝑐1}{𝑐1 + 1,… , 𝑐1 + 𝑐2}{𝑐1 + 𝑐2 + 1,… , 𝑐1 + 𝑐2 + 𝑐3}⋯

⋯{𝑐1 + 𝑐2 +…+ 𝑐𝑠−1 + 1,… , 𝑐1 + 𝑐2 +…+ 𝑐𝑠}.

The image of the polyomino represented in Fig. 4 is

{1}{2}{3}{4,5,6,7}{8}{9,10}{11}{12}{13,14,15,16}{17}{18}

{19}{20,21}{22,23,24,25,26,27,28,29}{30}{31,32}{33,34}{35,36}.

Let  = [𝑏(𝑛, 𝑘)] be the Riordan array defined by  =
(

1
1−𝑥 ,

𝑥
(1−𝑥)(1−𝑥2)

)
, and let  be the matrix defined by  = [𝑡𝑛,𝑘]𝑛,𝑘≥1

(A060098). The first few rows of the matrix  are
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 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 2 0 0 0 0 0
1 4 1 0 0 0 0
1 6 3 0 0 0 0
1 9 8 1 0 0 0
1 12 16 4 0 0 0
1 16 30 13 1 0 0
⋮ ⋮ ⋮ ⋮

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Notice that the anti-diagonals of the matrix  are the rows of the matrix  , that is, 𝑡𝑛,𝑘 = 𝑏(𝑛 − 𝑘, 𝑘).
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Abstract

In this paper, we study four subfamilies of Motzkin paths. Two of
these subfamilies are well-established in the literature and are known as
Motzkin paths with air pockets of the first kind and Motzkin paths with
air pockets of the second kind. The remaining two subfamilies extend
the concept of non-decreasing paths to the first two families mentioned
earlier. Within these four subfamilies, we define two distinct types of
subpaths, namely symmetric peaks and asymmetric peaks. Our anal-
ysis focuses on understanding the distribution of these symmetric and
asymmetric peaks across these subfamilies of paths.

To facilitate this analysis, we present trivariate generating functions.
These functions take into consideration parameters such as path length
and the numbers of symmetric and asymmetric peaks. These generating
functions allow us to calculate, for instance, the total number of sym-
metric and asymmetric peaks for paths of specific lengths. Furthermore,
we conduct an asymptotic analysis of the relationship between these two
quantities.
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1 Introduction

A Motzkin path is a lattice path in Z2
≥0 that starts at the origin, ends on the x-axis,

and consists of steps U = (1, 1), H = (1, 0), and Dk = (1, −k) for any k ≥ 1. A
Motzkin path with air pockets of the first kind (MAP1) is a Motzkin path where
two consecutive down-steps cannot be adjacent. Similarly, a Motzkin path with air
pockets of the second kind (MAP2) is a Motzkin path where every step H or Dk is
immediately followed by an up-step. We denote the sets of all MAP1 and MAP2
as M1 and M2, respectively. These two path families were originally introduced by
Baril and Barry (see, for example, [6]).

A valley is a subpath of the form DkU , HU , or DkH. A subpath in the form of
UkDk is called a symmetric peak if it cannot be extended to a subpath in the form of
Uk+1Dk. An asymmetric peak is a subpath of the form U ℓDk whether either ℓ > k,
or ℓ < k and the subpath cannot be extended to a subpath of the form U ℓDk. We
use sp(P ) (and ap(P )) to denote the number of symmetric (and asymmetric) peaks
in the path P .

Figure 1: Symmetric and asymmetric peaks of a MAP1.

A path of the form of MAP1 or of the form of MAP2 is called non-decreasing if
the sequence of ordinates of valleys DkU , DkH, HU (considered from left to right)
is non-decreasing.

It is worth noting that MAPs without horizontal steps are referred to as Dyck
paths with air pockets. This term was introduced in a recent paper by Baril et al. [4].
As mentioned in their work, these paths also correspond to a stack evolution with
(partial) reset operations, where consecutive resets are not allowed (refer to [14] for
more details). Recently, Prodinger [16] used the kernel method to study the partial
Dyck paths with air pockets.

In a separate study by Baril et al. [3], the authors explored the prevalence of
symmetric and asymmetric peaks in these paths and provided asymptotic approxi-
mations for their occurrences.

Furthermore, in a related work [5], these paths were further generalized by al-
lowing them to extend below the x-axis, leading to the concept of grand Dyck paths
with air pockets. The paper presents enumerative results for these paths, consider-
ing parameters such as path length and restrictions on the minimum and maximum
ordinates reached.

It is worth mentioning that MAP1 is enumerated by the sequence A114465 in
Sloane’s On-line Encyclopedia of Integer Sequences [17], while MAP2 corresponds
to the sequence of Motzkin numbers (as seen in A001006). These sequences were
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originally derived using generating functions. However, in our paper, we employ
recurrence relations to achieve the same counting results.

In this paper, we center our focus on analyzing the distribution of symmetric
and asymmetric peaks within various classes of Motzkin paths with air pockets,
encompassing those of both the first and second kinds, including non-decreasing
paths. To accomplish this, we present trivariate generating functions that account
for the path’s length, the count of symmetric peaks, and the number of asymmetric
peaks.

Through the utilization of these generating functions, we are able to determine,
for instance, the cumulative count of sp(P ) (as well as ap(P )) for paths of specific
lengths. Additionally, we delve into an asymptotic analysis to explore the relationship
between these two quantities.

For the sake of simplicity, we adopt the abbreviation ‘g.f.’ to represent ‘generating
function’.

The concept of symmetric and asymmetric peaks was first introduced by Asakly
in 2018 in the context of words [1]. Since then, several related studies have been pub-
lished on this subject. For instance, Flórez and Ramı́rez [12] explored the concept of
symmetric and asymmetric peaks for Dyck paths. The concept was further extended
to non-decreasing Dyck paths by Elizalde et al. [9] and Flórez et al. [11], to Motzkin
paths by Flórez and Ramı́rez [10], and to partial Dyck paths by Sun et al. [18].
Mansour et al. introduced this concept for integer compositions [15]. Elizalde also
contributed other significant findings on Dyck paths [8]. In some of these papers,
the authors referred to these objects as ‘symmetric pyramids’ instead of ‘symmetric
peaks’.

2 Symmetric and asymmetric peaks in MAP1

In this section, our research is focused on Motzkin paths with air pockets of the first
kind, denoted as M1. We introduce a trivariate generating function that depends on
three key parameters: path length, the count of symmetric peaks, and the number of
asymmetric peaks. As a corollary to this power series, we derive both a generating
function and a closed-form expression for the total number of symmetric peaks.
Additionally, we conduct an asymptotic analysis to explore the ratio of the number
of symmetric peaks to the total number of peaks for paths of specific lengths. The
same analysis is performed for asymmetric peaks. Towards the conclusion of this
section, we present a recursive relation for counting the number of paths in M1 with
a given length.

Consider the generating function with the parameters of length, symmetric peaks,
and asymmetric peaks:

Msp,ap(x, y, z) =
∑

P∈M1

x|P |ysp(P )zap(P ).

We establish the following theorem:



J.-L. BARIL ET AL. /AUSTRALAS. J. COMBIN. 89 (2) (2024), 323–343 326

Theorem 2.1 The generating function Msp,ap(x, y, z) for the number of MAP1 with
respect to length, number of symmetric peaks, and number of asymmetric peaks is
given by:

2(1 − x)

1 − x − x2y − x3(y − 2z) +
√

(1 − x − x2y − x3(y − 2z))2 − α
,

where α := α(x, y, z) = 4x(1 − x − x2(y − z))(1 − 2x + x2(2 − y + z) − x3).

Proof. We denote the generating function as M := Msp,ap(x, y, z). Now, let us
consider various cases. Except for Case (1) where the paths start with H, we deal
with paths UADkB where the first return to ground occurs just after Dk for some
k ≥ 1. We consider seven cases (2)− (8) grouped into three types of paths: Case (2)
deal with paths where UADk is a symmetric peak; Cases (3), (4), and (5) deal with
paths where A starts with a symmetric peak; and Cases (6), (7), and (8) deal with
the other paths.

Case (1). If the path, denoted as P , is of the form HQ, where Q is another MAP1,
then the generating function for this case is simply xM .

Case (2). If the path P is of the form UaDaQ (where a ≥ 1), and Q is a MAP1 (see
Figure 2, left-hand side), then the generating function for this case is x2

1−x
yM .

Case (3). When P is of the form P = UUaDaQU bDb+1R (with a, b ≥ 1) and both
Q and R are MAP1 (see Figure 2, right-hand side), the generating function
becomes

x
x2

1 − x
zM

x2

1 − x
zM =

x5

(1 − x)2
z2M2.

(2): P = UaDaQ (3): P = UUaDaQU bDb+1R

Figure 2: Decomposition of cases (2) and (3).

Case (4). If the path P takes the form of UUaDaQ̄R (with a ≥ 1) and both Q and R
are MAP1, with Q ending in a down-step and not concluding with a symmetric
peak, and Q̄ being an adjusted version of Q after increasing the size of its last
down-step by one, the generating function is

x
x2

1 − x
zBM,

where B := B(x, y, z) represents the generating function for nonempty MAP1
paths that do not end with a symmetric peak nor with a horizontal step. Con-
sidering the complement, we easily obtain B = M − 1 − x2

1−x
yM − xM .
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Case (5). If the path P is of the form UUaDaQHDR (with a ≥ 1) and both Q and
R are MAP1 (see Figure 3 left-hand side), the generating function takes the
shape of

x
x2

1 − x
zx2M2.

Case (6). When P has the form of UQUaDa+1R (with a ≥ 1) and both Q and R are
MAP1, with Q not starting with a symmetric peak (see Figure 3, right-hand
side), the generating function becomes

xMB′ x2

1 − x
z,

where B′ := B′(x, y, z) denotes the generating function for nonempty MAP1
paths that do not start with a symmetric peak. Considering the complement,
we have B′ = M − 1 − x2

1−x
yM .

(5): P = UUaDaQHDR (6): P = UQUaDa+1R

Figure 3: Decomposition of cases (5) and (6).

Case (7). If the path P takes the form of UQ̄R, where both Q and R are MAP1,
with Q being nonempty, ending with a down-step, not starting or ending with
a symmetric peak, and Q̄ being an adjusted version of Q, after increasing the
size of its last down-step by one, see Figure 4. So, the generating function
for this case given by xCM , where C := C(x, y, z) represents the generating
function for nonempty MAP1 that end with a down-step and do not start or
end with a symmetric peak. Considering the complement, we deduce C =
B′ − x2y

1−x
B′ − x(B′ + 1).

Case (8). In the final case, if the path P is of the form UQHDR where both Q and
R are MAP1, and Q does not start with a symmetric peak, see Figure 4, the
generating function becomes x3(B′ + 1)M .

(7): P = UQ̄R (8): P = UQHDR

Figure 4: Decomposition of cases (7) and (8).
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Summing up these cases, we derive the following functional equation:

M = 1 + xM +
x2

1 − x
yM +

x5

(1 − x)2
z2M2 +

x3

1 − x
zM(M − 1 − x2

1 − x
yM − xM)

+
x5z

1 − x
M2 +

x3z

1 − x
MB′ + xM

(
B′ − x2y

1 − x
B′ − x(B′ + 1)

)
+ x3(B′ + 1)M,

which leads to the desired result. �

The first terms of the Taylor expansion of M are as follows:

1 + x + (1 + y)x2 + (3y + 2)x3 + (y2 + 6y + z + 5)x4

+ (5y2 + z2 + 12y + 6z + 12)x5 + O(x6).

In Figure 5, the MAP1 of length 4 are displayed, with their corresponding weights
highlighted in boldface in the previous expansion.

x
4
y x

4
x
4
y x

4
z x

4
x
4

x
4
y
2

x
4
y x

4
y x

4
x
4
y x

4
y

x
4

Figure 5: The MAP1 of length 4 and their contribution in Msp,ap(x, y, z).

Corollary 2.2 The generating function for the number of MAP1 that avoid sym-
metric and asymmetric peaks is given by:

M(x, 0, 0) =
2

1 +
√

1 − 4x + 4x2 − 4x3
.

The Taylor expansion of this generating function yields:

1 + x + x2 + 2x3 + 5x4 + 12x5 + 29x6 + 73x7 + 190x8 + 505x9 + O(x10).

Remarkably, the coefficients in this sequence correspond to A152171 in [17], which
counts Dyck paths of semi-length n without peaks at height 2 (mod 3) and valleys
at height 1 (mod 3).
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From the formulas provided in A152171 and A025265, we can determine the
number of MAP1 of length n that avoid symmetric and asymmetric peaks. Hence,
we obtain the expression:

n∑

ℓ=0

ℓ∑

k=0

n−ℓ∑

i=0

k+1∑

j=0

Ck

(
j

ℓ − k − j

)(
k + 1

j

)(
n − ℓ − i

i

)
(−1)−ℓ+k+i,

where Ck represents the kth Catalan number.

Corollary 2.3 The generating function for the number of MAP1 that avoid sym-
metric peaks is given by:

M(x, 0, 1) =
2(1 − x)

1 − x + 2x3 +
√

(1 − x)(1 − 5x + 8x2 − 12x3 + 8x4 − 8x5)
.

The Taylor expansion of this generating function is as follows:

1 + x + x2 + 2x3 + 6x4 + 19x5 + 58x6 + 173x7 + 519x8 + 1585x9 + O(x10).

It is worth noting that this sequence of coefficients does not appear in [17].

Corollary 2.4 The generating function for the number of MAP1 that avoid asym-
metric peaks is given by:

M(x, 1, 0) =
2(1 − x)

1 − x − x2 − x3 +
√

(1 − x)(1 − 5x + 6x2 − 2x3 + x4 + 3x5)
.

The Taylor expansion of this generating function is as follows:

1 + x + 2x2 + 5x3 + 12x4 + 29x5 + 73x6 + 190x7 + 508x8 + 1391x9 + O(x10).

This sequence of coefficients does not appear in [17].

To find the total number of symmetric peaks and asymmetric peaks in all MAP1,
we calculate ∂y(M(x, y, 1))|y=1 and ∂z(M(x, 1, z))|z=1. This yields two generating
functions that we formally state in the following two corollaries.

Corollary 2.5 The g.f. for the total number of symmetric peaks in all MAP1 is
given by:

2x2(1 − 3x + x2 − 3x3 + (1 + x)
√

β)

(1 − x)
√

β(1 − x2 +
√

β)2
,

where β = 1 − 4x + 2x2 − 4x3 + x4. An asymptotic expression for the n-th coefficient
is given by:

(2 +
√

3)n

3
√

2(12 + 7
√

3)πn
.
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The Taylor expansion of this generating function is

x2 + 3x3 + 8x4 + 22x5 + 64x6 + 196x7 + 625x8 + 2053x9 + O(x10).

It is important to note that this sequence of coefficients is not found in [17].

Corollary 2.6 The g.f. for the total number of asymmetric peaks in all MAP1 is

4x3(1 − x + 2x2 +
√

β)

(1 − x)
√

β(1 − x2 +
√

β)2
,

where β = 1 − 4x + 2x2 − 4x3 + x4. An asymptotic expression for the n-th coefficient
is given by:

(2 +
√

3)n(−17 + 10
√

3)

6
√

2(−12 + 7
√

3)πn
.

The Taylor expansion of this generating function is

x4 + 8x5 + 38x6 + 154x7 + 590x8 + 2204x9 + O(x10).

It is important to note that this sequence of coefficients is not found in [17].

Let p1(n) represent the total number of peaks in all MAP1 of length n. From
Corollaries 2.5 and 2.6 we can approximate p1(n) as follows:

p1(n) ∼
(2 +

√
3)n

(
2
√

(−12 + 7
√

3)π − (17 − 10
√

3)
√

(12 + 7
√

3)π

)

6
√

6nπ
.

Now, let s1(n) and t1(n) denote the numbers of symmetric and asymmetric peaks,
respectively, in all MAP1 of length n. We can derive the following asymptotic ratios.

Corollary 2.7 The asymptotic for the ratio between the number of symmetric peaks
and the number of all peaks in all MAP1 is

lim
n→∞

s1(n)

p1(n)
=

2
√

(−12 + 7
√

3)π

2
√

(−12 + 7
√

3)π − (17 − 10
√

3)
√

(12 + 7
√

3)π
∼ 0.309401077.

The asymptotic for the ratio between the number of asymmetric peaks and the number
of all peaks in all MAP1 is

lim
n→∞

t1(n)

p1(n)
=

(−17 + 10
√

3)
√

(12 + 7
√

3)π

2
√

(−12 + 7
√

3)π + (−17 + 10
√

3)
√

(12 + 7
√

3)π
∼ 0.690598923.

The asymptotic for the ratio between the numbers of asymmetric and symmetric peaks
in all MAP1 is

lim
n→∞

t1(n)

s1(n)
=

1

2
+

√
3 ∼ 2.232050808.
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We denote the set of paths of length n in M1 as M1
n, and we use m1(n) to

represent the cardinality of M1
n. Additionally, let Bn ⊆ M1

n denote the subset of
paths that do not have valleys at ground level and do not contain sub-paths of the
form H at ground level. Essentially, these are MAP1s without sub-paths of the form
H and DkU that touch the x-axis, where k ≥ 1. It is worth to note that B2 = {UD1}
and B3 = {U2D1, UHD1}.

Lemma 2.8 For n ≥ 4, |Bn| = m1(n − 1) − m1(n − 2) + m1(n − 3).

Proof. The set M1
n can be partitioned into three disjoint sets: An, Bn, and Cn. In

An we include all paths where the last step Da satisfies a ≥ 1. Bn comprises all
paths of the form PHH, where P ∈ M1

n−2. Finally, Cn = M1
n \ (An ∪ Bn).

By adding an initial north-east step and replacing the last South-East step of length a
(Da-step) with a step Da+1 in all paths in An, we obtain a set WA ⊂ Bn+1. Similarly,
by adding an initial north-east step and replacing the last horizontal step H with a
step D1 in all paths in Bn, we obtain a set WB ⊂ Bn+1.

Notably, WA ∪ WB = Bn+1. Consequently, no path in Cn gives rise to a path in
Bn+1. This construction establishes the bijection between Bn+1 and M1

n \ S where
S is the subset of paths from M1

n that end with precisely one H step, which induces
|Bn| = m1(n − 1) − m1(n − 2) + m1(n − 3). �

Theorem 2.9 For n > 3, we have

m1(n) = 3m1(n−3)+2m1(n−1)+
n−1∑

k=4

(
m1(k−1)−m1(k−2)+m1(k−3)

)
m1(n−k),

anchored with the initial values m1(1) = 1, m1(2) = 2, and m1(3) = 5.

Proof. Consider a path P ∈ M1
n. Such a path P can be decomposed into one of

the following forms: HRn−1 or QkRn−k, where Qk ∈ Bk and Rn−k ∈ M1
n−k, for

2 ≤ k < n, and if k = n, we consider R0 as the empty path.

It is evident that all paths of the form HRn−1 are enumerated by m1(n − 1). Since
|B2| = 1 and |B3| = 2, it follows that all paths of the form Q2Rn−2 and Q3Rn−3 are
enumerated by m1(n − 2) and 2m1(n − 3), respectively.

By Lemma 2.8, paths of the form QnR0 are enumerated by m1(n − 1) − m1(n − 2) +
m1(n − 3). Furthermore, by Lemma 2.8 paths of the form QkRn−k, for a fixed k,
4 ≤ k ≤ n − 1, are counted as

(
m1(k − 1) − m1(k − 2) + m1(k − 3)

)
m1(n − k).

By varying k within the set {4, . . . , n − 1}, we obtain the desired result. �

The first eleven values of the sequence m1(n) for n = 1, . . . , 11 are as follows:

1, 2, 5, 13, 36, 105, 317, 982, 3105, 9981, 32520.
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3 Symmetric and asymmetric peaks in MAP2

In this section, our research is focused on Motzkin paths with air pockets of the
second kind, denoted as M2. It is worth recalling that in P ∈ M2, two consecutive
down-steps cannot occur, and any horizontal-step and down-step (except the last of
the path) are immediately followed by an up-step.

We introduce a trivariate generating function that depends on three key param-
eters: path length, the count of symmetric peaks, and the number of asymmetric
peaks. As a corollary to this power series, we derive a generating function for the
total number of paths avoiding symmetric peaks, with coefficients corresponding to
the Fibonacci numbers. Additionally, we conduct an asymptotic analysis to explore
the ratio of the number of symmetric peaks to the total number of peaks for paths of
specific lengths. The same analysis is performed for asymmetric peaks. Towards the
conclusion of this section, we present a recursive relation for counting the number of
paths in M2 with a given length.

Consider the generating function with the parameters of length, symmetric peaks,
and asymmetric peaks:

M ′
sp,ap(x, y, z) =

∑

P∈M2

x|P |ysp(P )zap(P ).

For brevity, we set M ′ := M ′
sp,ap(x, y, z).

Theorem 3.1 The generating function M ′
sp,ap(x, y, z) for the number of MAP2s with

respect to length, number of symmetric peaks, and number of asymmetric peaks is as
follows:

(1 − x)2
(
1 − x2y − x3(1 + y − 2z) −

√
(1 − x)γ

)

2x(1 − x − x2y + x2z)(1 − x2 − x2y + x2z)
,

where γ := γ(x, y, z) is the polynomial:

1 − 3x + x2(1 − 2y) − x4(1 − y2) − x5(1 + y − 2z)2 + x3(3 + 4y − 4z).

Proof. We consider a MAP2s which can be categorized into three groups: H, HQ,
or Q, where Q is non-empty and starts with U . Now, let S be the set of non-empty
MAP2 that start with U , and we denote S := S(x, y, z) as its trivariate generating
function. Clearly, we have:

M ′ = 1 + x + (1 + x)S.

Let us determine the generating function S for P , where P is a path in S. We
distinguish several cases according to the first return decomposition UADkB of P .
We consider five cases (1)− (5) grouped into three types of paths: Case (1) deal with
paths where UADk is a symmetric peak; Cases (2) and (3) deal with paths where A
starts with a symmetric peak; and Cases (4) and (5) deal with the other paths.
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Case (1). When P = UaDaQ and a ≥ 1, where Q can be either empty or belong to

S, the generating function for these paths is x2y
1−x

(S+1). (See Figure 2 (left-hand
side).)

Case (2). When P = UUaDaQU bDb+1R and a, b ≥ 1, where Q and R are possibly
empty or belong to S, see Figure 2 (right-hand side), the generating function
for these paths is

x
x2

1 − x
z(S + 1)

x2

1 − x
z(S + 1) =

x5

(1 − x)2
z2(S + 1)2.

Case (3). When P = UUaDaQ̄R and a ≥ 1, where Q and R are in S, R can be
empty, Q does not end with a symmetric peak, and Q̄ is obtained from Q by
increasing the size of the last down-step by one, the generating function for
these paths is

x
x2

1 − x
zV (S + 1),

where V := V (x, y, z) is the generating function for the paths in S that do
not end with a symmetric peak. Using the complement, it is clear that V =
S − (S + 1) x2y

1−x
.

Case (4). When P = UQUaDa+1R and a ≥ 1, where Q, R are some MAP2, Q does
not start with a symmetric peak, see Figure 3 (right-hand side). the contribution
is

xV ′ x2

1 − x
z(S + 1).

Here, V ′ := V ′(x, y, z) is the generating function for paths in S that do not
start with a symmetric peak (as in case (3)), plus the g.f. for MAP2 starting
with H, that is V ′ = V + x(S + 1).

Case (5). When P = UQ̄R, where Q and R are some MAP2, with R in S and Q
does not start or end with symmetric peaks, Q different from H, Q̄ is obtained
from Q by increasing the size of the last down-step by one, see Figure 4 (left-
hand side), the contribution is xW (S +1), where W := W (x, y, z) is the g.f. for
paths in S that do not start or end with a symmetric peak, and different from
H. Clearly, we have W = V ′ − x − V ′ x2y

1−x
.

Summarizing all these cases, we obtain the following functional equation:

S =
x2y

1 − x
(S + 1) +

x5

(1 − x)2
z2(S + 1)2 +

x3

1 − x
zV (S + 1)

+ V ′ x3

1 − x
z(S + 1) + xW (S + 1).

This functional equation leads to the desired result. �
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The Taylor expansion of this generating function is

1 + x + x2y + 2x3y + (y2 + 2y + z)x4 + (3y2 + z2 + 2y + 3z)x5

+ (y3 + 5y2 + 3yz + 4z2 + 2y + 6z)x6 + O(x7).

In Figure 6, the MAP2 of length 4 are displayed, with their corresponding weights
highlighted in boldface in the previous expansion.

x
4
y x

4
z x

4
y
2

x
4
y

Figure 6: The MAP2 of length 4 and their contribution in M ′
sp,ap(x, y, z).

Corollary 3.2 The generating function for the number MAP2 avoiding symmetric
peaks is given by:

M ′(x, 0, 1) =
(1 − x2)(1 + x3 −

√
1 − 4x + 4x2 − 2x3 + x6)

2x(1 − x + x2)
.

The Taylor expansion is 1 + x + x4 + 4x5 + 10x6 + 23x7 + 54x8 + 131x9 + O(x10),
where the sequence of coefficients does not appear in [17].

Corollary 3.3 The generating function for the number MAP2 avoiding asymmetric
peaks is given by:

M ′(x, 1, 0) =
1 − x2

1 − x − x2
.

The Taylor expansion is 1+x+x2+2x3+3x4+5x5+8x6+13x7+21x8+34x9+O(x10),
where the sequence of coefficients corresponds to the Fibonacci sequence A212804
in [17].

By calculating ∂y(M
′(x, y, 1))|y=1 and ∂z(M

′(x, 1, z))|z=1 we obtain the following
corollaries.

Corollary 3.4 The g.f. for the total number of symmetric peaks in all MAP2 is

x(−1 + 3x + 2x2 +
√

1 − 2x − 3x2)

2(1 − x)
√

1 − 2x − 3x2
,

and an asymptotic for the n-th coefficient is

√
3 3n

36
√

πn
.
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The Taylor expansion is x2 +2x3 +4x4 +8x5 +18x6 +43x7 +109x8 +286x9 +O(x10),
where the sequence of coefficients does not appear in [17].

Corollary 3.5 The generating function for the total number of symmetric peaks in
all MAP2 is given by:

x(2 − 3x − 3x2 − (2 − x)
√

1 − 2x − 3x2

2(1 − x)
√

1 − 2x − 3x2)
,

and an asymptotic for the n-th coefficient is

√
3 3n

12
√

πn
.

The Taylor expansion is x4 + 5x5 + 17x6 + 53x7 + 158x8 + 464x9 + O(x10), where the
sequence of coefficients does not appear in [17].

Let p2(n) be the number of peaks in all MAP2 on length n. From Corollaries 3.4
and 3.5 we can deduce that:

p2(n) ∼ 3n−1

√
3nπ

.

Now, let us define s2(n) and t2(n) as the number of symmetric peaks and asym-
metric peaks, respectively, in all MAP2s of length n.

Corollary 3.6 The asymptotic for the ratio between the number of symmetric peaks
and the number of all peaks in all MAP2 is

lim
n→∞

s2(n)

p2(n)
=

1

4
.

The asymptotic for the ratio between the number of asymmetric peaks and the number
of all peaks in all MAP2 is

lim
n→∞

t2(n)

p2(n)
=

3

4
.

The asymptotic for the ratio between the numbers of asymmetric and symmetric peaks
in all MAP2 is 3.

Corollary 3.7 The generating function for the total number of peaks in all MAP2
is given by:

z(1 + z −
√

1 − 2z − 3z2)

2
√

1 − 2z − 3z2

and an asymptotic for the n-th coefficient is

√
3 3n

9
√

πn
.
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The Taylor expansion is z2 + 2z3 + 5z4 + 13z6 + 96z7 + 267z8 + 750z9 + O(x10),
where the sequence of coefficients corresponds to A005773 in [17], which also counts
the directed animals of size n (see [7] for instance).

We use M2
n to denote the set of paths of length n in M2, and we use m2(n) to

denote the cardinality of M2
n. Let S2

n ⊆ M2
n to represent all paths starting with

a U step. Define B2
n := M2

n \ {HQn−1|Qn−1 ∈ Sn−1}. We use s(n) to denote the
cardinality of Sn.

Theorem 3.8 For n ≥ 3, we have

m2(n) = s(n − 2) + s(n − 1) + m2(n − 1) +
n−3∑

k=2

m2(k)s(n − k − 1),

where m2(2) = 1, s(2) = 1, and s(n) = m2(n) − s(n − 1).

Proof. Let us consider a path P ∈ M2
n. Such a path P can be decomposed into one

of the following forms: HQn−1, UD1Qn−2, UMn−1, or UMkQn−(k+1), where Qi ∈ Si,
and Mi is obtained from a path in M2

i by increasing the size of the last down-step
by one.

From definition of Bn, we can deduce that s(i) = m2(i) − s(i − 1). Therefore, from
the decomposition, we can see that all paths of the form HQn−1 and UD1Qn−2 are
counted by s(n−1) and s(n−2), respectively. Paths of the form UMn−1 are counted
by m2(n − 1).

For a fixed k, 2 ≤ k ≤ n − 3, once again from the decomposition, we have that all
paths of the form UMkQn−(k+1) are counted by m2(k)s(n − k − 1). So, by varying k
in the set {2, . . . , n − 3}, and adding s(n − 1), s(n − 2), and m2(n − 1), we obtain
the desired result. �

The first eleven values of the sequence m2(n) for n = 2, . . . , 12 are as follows:

1, 2, 4, 9, 21, 51, 127, 323, 835, 2188, 5798.

This sequence is related to the Motzkin numbers, see A001006.

4 The non-decreasing MAPS

In this section we introduce the concept of non-decreasing Motzkin paths with air
pockets of both kinds. The concept of non-decreasing path was first introduced by
Barcucci et al. [2] in the context of the classical Dyck paths. Recently, Flórez and
Ramı́rez [13] studied this concept for Motzkin paths.

We present a trivariate generating function that depends on three parameters:
path length, the number of symmetric peaks, and the number of asymmetric peaks.
We then count the number of non-decreasing paths in the form of MAP1 and MAP2,
and provide a table with a similar structure to those counted in the previous sections.
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4.1 Symmetric and asymmetric peaks in non-decreasing MAP1

In this section, we focus our attention to the set NM1 of non-decreasing MAP1.
These are MAP1 in which the sequence of valley ordinates, specifically DkU , DkH
for k ≥ 1, and HU , forms a non-decreasing pattern when read from left to right.

Theorem 4.3 provides the generating function

Nsp,ap(x, y, z) =
∑

P∈NM1

x|P |ysp(P )zap(P ).

For brevity, we will refer to this generating function as N . To facilitate our analysis,
we will begin by introducing some essential lemmas.

This lemma explores non-decreasing MAP1, with all its valleys positioned at
ground level.

Lemma 4.1 Let V := Vsp,ap(x, y, z) denote the generating function for the number
of non-decreasing MAP1 having all its valleys at ordinate 0, with respect to the path’s
length and the number of symmetric and asymmetric peaks. The generating function
is given by:

V =
(1 − x)2

1 − 3x + (3 − y)x2 − (2 − y)x3
.

It is important to note that non-decreasing MAP1 with valleys at ground level do
not contain any asymmetric peaks. Consequently, the variable z does not appear in
the expression for V .

Proof. To establish the generating function for non-decreasing MAP1 with all its
valleys at ground level (or equivalently on the x-axis), we consider non-empty non-
decreasing paths of the form Ha0R1H

a1 · · · RkH
ak . Here, k ≥ 0, ai ≥ 0 for 0 ≤ i ≤ k,

and Ri can either be a symmetric peak UaDa or a truncated symmetric peak UaHbDa,
where UaHbDa, a, b ≥ 1, for 1 ≤ i ≤ k. Therefore, the generating function V comes
from the decomposition of paths into a run of initial H steps, followed by a sequence
of subpaths of the form UkDkH

ℓ or UkHmDkH
ℓ:

V =
1

1 − x
· 1

1 − 1
1−x

· ( x2y
1−x

+ x3

(1−x)2
)
.

This completes the proof. �

Lemma 4.2 The g.f. B := Bsp,ap(x, y, z) for the number of non-decreasing MAP1
ending with a down-step, that do not end end with a symmetric peak, with respect to
the length and the numbers of symmetric and asymmetric peaks satisfies

B = N − 1 − xV − x2yV

1 − x
,

where V is given in the previous lemma.
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Proof. By reasoning with the complement, a non-decreasing MAP1 ending with a
down-step, that does not end with a symmetric peak, is a non-decreasing MAP1
different from (i) the empty path, (ii) QH, and (iii) QUaDa, where Q has all of its
valleys at ordinate 0. Summarizing all these cases, we deduce functional equation.

�

Theorem 4.3 The g.f. Nsp,ap(x, y, z) for the number of non-decreasing MAP1 with
respect to length, number of symmetric peaks, and number of asymmetric peaks is
P (x,y,z)
Q(x,y,z)

, where P (x, y, z) is

1− 6x−x2(−14+ y)−x3(17− 4y + z)−x4(−11+6y − 4z)+x5(−2+4y − 5z + z2)

− x6(1 − 3z + 2z2) − x7(−1 + 2y − z2) − x8(−y + z),

and Q(x, y, z) is

(1−3x−x2(−3+y)+x3(−2+y))(1−4x−x2(−5+y)−x4(y−z)−x3(3−2y+z)).

Proof. Let P be a non-decreasing MAP1 (NMAP1 for short). Except for the first
case where P starts with H, we distinguish several cases according to the first return
decomposition UADkB of P . We consider eight cases (2)–(9) grouped into four types
of paths: Case (2) deals with paths where UADk is a symmetric peak; Case (3) deals
with paths where A starts with H; Cases (4), (5) and (6) deal with paths where A
starts with a symmetric peak; and Cases (7), (8) and (9) deal with the other paths.

Case (1). If P = HQ where Q also is a NMAP1, then the g.f. for this case is xN .

Case (2). If P = UaDaQ for a ≥ 1 and Q a NMAP1, then the g.f. is x2y
1−x

N .

Case (3). If P = UaHbDaQ, for a, b ≥ 1 and Q a non-empty NMAP1, then the
g.f. is x3

(1−x)2
N .

Case (4). If P = UUaDaQU bDb+1, for a, b ≥ 1 and Q a NMAP1 having all its
valleys on the x-axis, then the g.f. is

x3z

1 − x
V

x2z

1 − x
,

where V := V (x, y, z) is given in Lemma 4.1.

Case (5). If P = UUaDaQHD for a ≥ 1, Q having all its valleys at ordinate 0, then
the g.f. is x5z

1−x
V.

Case (6). If P = UUaDaQ̄ for a ≥ 1, Q a non-empty NMAP1 ending with a down-
step and that does not end with a symmetric peak, and Q̄ is obtained from Q
by increasing by one the size of the last down step, then the g.f. is

x3z

1 − x
B,

where B := B(x, y, z) is the g.f. of Lemma 4.2.
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Case (7). If P = UQUaDa+1 for a ≥ 1, Q a non-empty NMAP1 that does not start
with a symmetric peak, and having all its valleys on the x-axis, then the g.f. is

(
V − 1 − x2y

1 − x
V

)
x3z

1 − x
.

Case (8). If P = UQ̄, where Q does not start with a symmetric peak, ends with a
down step but does not end with a symmetric peak, and Q̄ is obtained from Q
by increasing the last down-step, then the g.f. is

x

(
B − x2yB

1 − x
− x3

(1 − x)2

)
,

where B satisfies Lemma 4.2. Indeed, B− x2yB
1−x

corresponds to the paths Q that
do not start with a symmetric peak, ending with a down step, but not end with
a symmetric peak, and we must substract x3

(1−x)2
in order to eliminate paths of

the form UaHbDa, a, b ≥ 1.

Case (9). If P = UQHD where Q does not start with a symmetric peak and having
all its valleys at ordinate 0, and different from Ha, a ≥ 1, then the g.f. is

x3

(
V − 1 − x2yV

1 − x
− x

1 − x

)
.

Summarizing all these cases and using the the previous lemmas, we obtain the result.
�

The Taylor expansion of this generating function is

1+x+(y+1)x2+(2+3y)x3+(y2+6y+z+5)x4+(5y2+z2+12y+5z+12)x5+O(x6)

Corollary 4.4 The g.f. for the number of non-decreasing MAP1 is

N(x, 1, 1) =
1 − 6x + 13x2 − 14x3 + 9x4 − 2x5

(1 − 3x + 2x2 − x3)(1 − 4x + 4x2 − 2x3)
.

The Taylor expansion of this generating function is

1 + x + 2x2 + 5x3 + 13x4 + 35x5 + 96x6 + 265x7 + 734x8 + 2040x9 + O(x10),

where the sequence does not appear in [17].

We can adapt the same proofs used in the previous sections to non-decreasing
MAPs of both kinds. Therefore, we will only provide in Table 1 a summary of the
results without including the proofs.

Notice that the sequences associated to the statistics given in Table 1 do not
appear in [17].

Corollary 4.5 An asymptotic for the ratio between the numbers of asymmetric and
symmetric peaks in non-decreasing MAP1 is

(√
33 + 7

) (
26 + 6

√
33

) 1
3 − 2

√
33 −

(
26 + 6

√
33

) 2
3 + 2

3
(
26 + 6

√
33

) 2
3

∼ 0.5436890133.
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Statistic population Generating function

Non-decreasing MAP1
avoiding symmetric
peaks

N(x, 0, 1) = 1−5x+8x2−5x3+2x4+x5−x6

(1−2x)(1−3x+x2)(1−x+x2)

Non-decreasing MAP1
avoiding asymmetric
peaks

N(x, 1, 0) = 1−6x+13x2−13x3+5x4+2x5−x6−x7+x8

(1−3x+2x2−x3)(1−4x+4x2−x3−x4)

Non-decreasing MAP1
avoiding symmetric
and asymmetric peaks

N(x, 0, 0) = (1−3x+2x2−x3)(1−3x+3x2−x3−x4)
(1−2x)(1−x+x2)(1−4x+5x2−3x3)

Symmetric peaks in all
non-decreasing MAP1

(1−x)x2(1−x+x2)(1−9x+31x2−52x3+48x4−32x5+22x6−16x7+8x8−2x9)
(1−3x+2x2−x3)2(1−4x+4x2−2x3)2

Asymmetric peaks
in all non-decreasing
MAP1

(1−x)x4(1−3x−x2+8x3−10x4+6x5−2x6)
(1−3x+2x2−x3)(1−4x+4x2−2x3)2

Table 1: Some statistics for non-decreasing MAP1.

4.2 Symmetric and asymmetric peaks in non-decreasing MAP2

Finally, we focus on the set NM2 of non-decreasing Dyck paths with air pockets of
second kind. The following theorem provides the generating function

N ′
sp,ap(x, y, z) =

∑

P∈NM2

x|P |ysp(P )zap(P ).

For short, we set N ′ := N ′
sp,ap(x, y, z).

Theorem 4.6 The g.f. N ′
sp,ap(x, y, z) for the number of non-decreasing MAP2 with

respect to the numbers of symmetric and asymmetric peaks is

(1 + x)(1 − 3x + 2x2 + x3 − x4 − x2y + 2x3y − x4y − x3z + 2x4z − x5z + x5z2)

(1 − x − x2y)(1 − 2x + x3 − x2y + x3y − x3z)
.

Proof. We set N ′ = N ′
sp,ap(x, y, z). Any nonempty non-decreasing MAP2 (NMAP2

for short) is either H, HQ, or Q, where Q is non-empty and Q starts with U .

Now, let S be the set of non-empty NMAP2 that starts with U , and S := S(x, y, z)
its associated generating function. Obviously, we have N ′ = 1 + x + (1 + x)S. We
distinguish several cases according to the beginning and the end of A in the first
return decomposition UADkB of P .

Case (1). If P = UaDaQ, a ≥ 1, where Q is either empty or Q ∈ S, the g.f. for

these paths is x2y
1−x

(S + 1).
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Case (2). If P = UUaDaQU bDb+1, a, b ≥ 1, where Q is either empty or Q ∈ S with
all its valleys on the x-axis, then the g.f. is

x
x2

1 − x
zW

x2

1 − x
z =

x5

(1 − x)2
z2W,

where W := W (x, y, z) is the g.f. for NMAP2 in S ∪ {ǫ} having valleys on the

x-axis, i.e., W is the solution of W = 1 + x2y
1−x

W .

Case (3). If P = UHQUaDa+1, a ≥ 1, where Q is either empty or Q ∈ S having all
its valleys on the x-axis, then the g.f. is x4z

1−x
W .

Case (4). If P = UUaDaQ̄, a ≥ 1, where Q ∈ S, Q ends with an asymmetric peak,
and Q̄ is obtained from Q after increasing by one the size of the last down-step,
then the g.f. is

x
x2z

1 − x
z(S − (W − 1)).

Case (5). If P = UHQ̄, where Q ∈ S, Q ends with an asymmetric peak, and Q̄ is
obtained from Q after increasing by one the size of the last down-step, then the
g.f. is

x2(S − W + 1).

Case (6). If P = UQ̄, where Q is a NMAP2 in S, Q starts and ends with an
asymmetric peak, Q̄ is obtained from Q by increasing by one the last down-
step, then the contribution is

x

(
S − W + 1 − x2y

1 − x
(S − W + 1)

)
.

Summarizing all these cases, we obtain the following functional equation.

S =
x2y

1 − x
(S + 1) +

x5z2W

(1 − x)2
+

x4zW

1 − x
+

x3z

1 − x
(S − W + 1)

+ x2(S − W + 1) + x(S − W + 1)

(
1 − x2

1 − x

)
,

which induces the result for S, and thus for N ′. �

The first terms of the Taylor expansion of N ′ are

1 + x + yx2 + 2yx3 + (2y + y2 + z)x4 + (2y + 3y2 + 3z + z2)x5

+ (2y + 5y2 + y3 + 6z + 2yz + 4z2)x6

+ (2y + 7y2 + 4y3 + 11z + 8yz + 11z2 + 2yz2)x7 + O(x8).

Corollary 4.7 The g.f. for the number of non-decreasing MAP2 is

N ′(x, 1, 1) =
(1 + x)(1 − 2x)

1 − 2x − x2 + x3
.
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The first terms of the Taylor expansion are

1 + x + x2 + 2x3 + 4x4 + 9x5 + 20x6 + 45x7 + 101x8 + 227x9 + O(x10),

where the sequence of coefficients corresponds to the sequence A052534 in [17].

In Table 2 we summarized the results for the MAP2.

Statistic population Generating function

Non-decreasing MAP2 avoid-
ing symmetric peaks

N ′(x, 0, 1) = (1+x)(1−3x+2x2+x4)
(1−x)(1−2x)

Non-decreasing MAP2 avoid-
ing asymmetric peaks

N ′(x, 1, 0) = 1−x2

1−x−x2 , Fibonacci sequence

Symmetric peaks in all non-
decreasing MAP2

x2(1+x)(1−4x+3x2+3x3−x4−x5)
(1−x−x2)(1−2x−x2+x3)2

Asymmetric peaks in all non-
decreasing MAP2

x4(1+x)(1−x−3x2+x3+x4)
(1−x−x2)(1−2x−x2+x3)2

Table 2: Some statistics for non-decreasing MAP2.

Corollary 4.8 An asymptotic for the ratio between the numbers of asymmetric and
symmetric peaks in NMAP2 is

a2 (a4 + a3 − 3a2 − a + 1)

−a5 − a4 + 3a3 + 3a2 − 4a + 1
∼ 0.8019374457,

where

a =
1

3
−

√
7 sin

(
arctan(3

√
3)

3
+ π

6

)

3
+

√
3
√

7 cos

(
arctan(3

√
3)

3
+ π

6

)

3
∼ 0.4450418680.
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1LIB, Université de Bourgogne
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Abstract

Motzkin paths with air pockets (MAP) of the first kind are defined as a general-
ization of Dyck paths with air pockets. They are lattice paths in N2 starting at the
origin made of steps U = (1, 1), Di = (1,−i), i ⩾ 1 and H = (1, 0), where two down-
steps cannot be consecutive. We enumerate MAP and their prefixes avoiding peaks
(resp. valleys, resp. double rise) according to the length, the type of the last step, and
the height of its end-point. We express our results using Riordan arrays. Finally, we
provide constructive bijections between these paths and restricted Dyck and Motzkin
paths.

1 Introduction

In a recent paper [6], the authors introduce, study, and enumerate special classes of lattice
paths, called Dyck paths with air pockets (DAP for short). Such paths are non empty lattice
paths in the first quadrant of Z2 starting at the origin, and consisting of up-steps U = (1, 1)
and down-steps Di = (1,−i), i ⩾ 1, where two down-steps cannot be consecutive. These
paths can be viewed as ordinary Dyck paths (i.e., paths in N2 starting at the origin, ending
on the x-axis and consisting of U and D1(= D)), where each maximal run of down-steps is
condensed into one large down-step. As mentioned in [6], they also correspond to a stack
evolution with (partial) reset operations that cannot be consecutive (see for instance [13]).
The authors enumerate these paths with respect to the length, the type (up or down) of the
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last step and the height of the end-point. Whenever the last point is on the x-axis, they
prove that the DAP of length n are in one-to-one correspondence with the peak-less Motzkin
paths of length n− 1. They also investigate the popularity of many patterns in these paths
and they give asymptotic approximations. In a second work [7], the authors make a study
for a generalization of these paths by allowing them to go below the x-axis. They call these
paths Grand Dyck paths with air pockets (GDAP), and they also yield enumerative results
for these paths according to the length and several restrictions on the height. In a third
paper, Baril and Barry [8] study two generalizations of DAP by allowing some horizontal
steps H = (1, 0) with some conditions. They call them Motzkin paths with air pockets of the
first and second kind. For other generalizations of Motzkin paths, we refer to [17, 15] for
example.

In this paper we study Motzkin paths with air pockets of the first kind, which are defined
as Motzkin paths [9] (lattice paths in N2 starting at the origin and made of U , D, and H),
where each maximal run of down-steps is condensed into one large down-step. More precisely,
we consider lattice paths in N2 starting at the origin, consisting of steps U , H, and Di, i ⩾ 1,
where two down-steps cannot be consecutive. We denote by D (resp. M, resp. MP) the set
of Dyck paths (resp. Motzkin paths, resp. Motzkin paths with air pockets of the first kind).
Moreover, we denote by PMP the set of partial Motzkin paths with air pockets (PMAP for
short). The MAP of the first kind are enumerated by the sequence A114465. This sequence
also counts the Dyck paths having no ascents of length 2 that start at an odd level.

Throughout the paper, we will use the following notations. For k ⩾ 0, we consider the
generating function fk = fk(z) (resp. gk = gk(z), resp. hk = hk(z)), where the coefficient of
zn in the series expansion is the number of partial Motzkin paths with air pockets of length
n ending at height k with an up-step, (resp. with a down-step, resp. with a horizontal step
H). We introduce the bivariate generating functions

F (u, z) =
∑

k⩾0
ukfk(z), G(u, z) =

∑

k⩾0
ukgk(z), and H(u, z) =

∑

k⩾0
ukhk(z).

For short, we also use the notation F (u), G(u), and H(u) for these functions.
A Riordan array is an infinite lower triangular matrix whose k-th column has generating

function g(z)f(z)k for all k ⩾ 0, for some formal power series g(z) and f(z), with g(0) ̸= 0,
f(0) = 0, and f ′(0) ̸= 0. Such a Riordan array is denoted by (g(z), f(z)). We refer to
[25, 26] for more details on Riordan arrays. Several authors have used Riordan arrays to
study lattice paths; see for example [19, 22, 23, 29, 30, 31].

The outline of this paper is the following. We present enumerative results for partial
Motzkin paths with air pockets of the first kind avoiding peaks (resp. avoiding valleys, resp.
avoiding double rises), knowing that a peak is an occurrence UDi for some i ⩾ 1, a valley
is an occurrence DiU for some i ⩾ 1, and a double rise is an occurrence UU . For each
avoidance, we provide bivariate generating functions that count the PMAP with respect to
the length, the type of the last step (up, down or horizontal step) and the height of the end-
point. All these results are obtained algebraically by using the famous kernel method for
solving several systems of functional equations [1, 20]. We express our results using Riordan
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arrays and we deduce closed forms for PMAP of length n ending at height k. Finally, we
provide constructive bijections between these paths and some restricted Dyck and Motzkin
paths.

2 Partial peak-less Motzkin paths with air pockets

In this section, we study partial Motzkin paths with air pockets of the first kind avoiding
occurrences of UDi for all i ⩾ 1.

2.1 Enumerative results

Let P be a length n PMAP ending at height k ⩾ 0 and avoiding the occurrences of UDi for
i ⩾ 1. If the last step of P is U , then k ⩾ 1 and we have P = QU , where Q is a length
(n− 1) MAP ending at height k− 1 and avoiding the peaks (Q can be the empty path). So,
we obtain the first relation fk = zfk−1 + zgk−1 + zhk−1 for k ⩾ 1, anchored with f0 = 1 by
considering the empty path. If the last step of P is a down-step Di, i ⩾ 1, then we have
P = QDi, where Q is a length (n − 1) PMAP ending at height ℓ ⩾ k + 1 with no up- and
down-steps at its end, and with no peaks. So, we obtain the second relation gk = z

∑
ℓ⩾k+1

hℓ.

If the last step of P is a horizontal step H, then we have P = QH, where Q is a length
(n − 1) PMAP ending at height k with no peaks, which implies that hk = z(fk + gk + hk)
for k ⩾ 0.

Therefore, we have to solve the following system of equations:





f0 = 1, and fk = zfk−1 + zgk−1 + zhk−1, k ⩾ 1,

gk = z
∑

ℓ⩾k+1

hℓ, k ⩾ 0,

hk = zfk + zgk + zhk, k ⩾ 0.

(1)

Multiplying by uk the recursions in (1) and summing over k, we have:

F (u) = 1 + z
∑

k⩾1
ukfk−1 + z

∑

k⩾1
ukgk−1 + z

∑

k⩾1
ukhk−1

= 1 + zuF (u) + zuG(u) + zuH(u),

G(u) = z
∑

k⩾0
uk
( ∑

ℓ⩾k+1

hℓ

)
= z

∑

k⩾1
hk(1 + u+ · · ·+ uk−1)

= z
∑

k⩾1

uk − 1

u− 1
hk =

z

u− 1
(H(u)−H(1)),

H(u) = zF (u) + zG(u) + zH(u).

Notice that we have F (1)−H(1) = 1 by considering the difference of the first and third
equations. Now, setting h1 := H(1) and solving these functional equations, we obtain
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F (u) =
h1 uz2 + zu+ z2 − u− z + 1

u2z + z2 − u− z + 1
,

G(u) = −z (h1 uz + zh1 − h1 + z)

u2z + z2 − u− z + 1
, H(u) =

z (zh1 − u+ 1)

u2z + z2 − u− z + 1
.

In order to compute h1, we use the kernel method (see [2, 20]) on H(u). We can write
the denominator (which is a polynomial in u of degree 2), as z(u− r)(u− s) with

r =
1 +
√
−4 z3 + 4 z2 − 4 z + 1

2z
and s =

1−
√
−4 z3 + 4 z2 − 4 z + 1

2z
.

Plugging u = s (which has a Taylor expansion at z = 0) in H(u)z(u− r)(u− s), we obtain
the equation zh1− s+ 1 = 0, which implies that

h1 =
s− 1

z
.

Finally, after simplifying by the factor (u−s) in the numerators and denominators, we obtain

F (u) =
r

r − u, G(u) =
s− 1

r − u, and H(u) =
1

r − u,

which induces that

fk = [uk]F (u) =
1

rk
, gk = [uk]G(u) =

s− 1

rk+1
, and hk = [uk]H(u) =

1

rk+1
.

It is worth noticing that the system of equations for F (u), G(u), and H(u) can be solved
directly using the algorithm presented in [12].

Theorem 1 The bivariate generating function for the total number of peak-less PMAP with
respect to the length and the height of the end-point is given by

Total(z, u) =
1

z(r − u)
,

and we have

[uk]Total(z, u) =
1

zrk+1
.

Finally, setting t(n, k) = [zn][uk]Total(z, u), we have for n ⩾ 2 and k ⩾ 1,

t(n, k) = t(n, k − 1) + t(n− 1, k)− t(n− 1, k − 2)− t(n− 2, k),

and setting tn := t(n, 0), then we have

tn = tn−1 +
n−3∑

k=0

tktn−k−3 +
n−1∑

k=2

(tk − tk−1) tn−k−1.
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Proof. The first three equalities are immediately deduced from the previous results. Now,
let us prove the last equality. Any length n peak-less MAP is of the form (i) HP where P
is a MAP of length n− 1, or (ii) UQHDR, where Q,R are some MAP such that the length
of Q lies into [0, n − 3], or (iii) P ♯Q, where P ♯ = UP ′Di, i ⩾ 2, and P ′Di−1 is a MAP of
length lying into [2, n − 1]. The number of P ′Di−1 of a given length k is the total number
of peak-less MAP of length k minus the number of peak-less MAP of length k and ending
with H. Taking into account all these cases, we obtain the result. 2

Corollary 1 The generating function that counts all peak-less PMAP with respect to the
length is given by

Total(z, 1) =
1

z(r − 1)
.

The first few terms of the series expansion of Total(z, 1) are

1 + 2z + 4z2 + 9z3 + 22z4 + 56z5 + 146z6 + 388z7 + 1048z8 + 2869z9 +O(x10),

which corresponds to the sequence A152225 in [27] counting Dyck paths of semilength n+ 1
with no peaks of height 0 (mod 3) and no valleys of height 2 (mod 3); see [14].

Corollary 2 The generating function that counts the peak-less MAP with respect to the
length is given by

Total(z, 0) =
1

zr
.

The first few terms of the series expansion of Total(z, 0) are

1 + z + z2 + 2z3 + 5z4 + 12z5 + 29z6 + 73z7 + 190z8 + 505z9 +O(z10),

which corresponds to the sequence A152171 in [27] counting Dyck paths of length 2n with
no peaks of height 2 (mod 3) and no valleys of height 1 (mod 3). In Section 2.2, we will
exhibit a constructive bijection between these two classes of paths.

Let T be the infinite matrix T := [t(n, k)]n,k⩾0, where t(n, k) = [zn][uk]Total(z, u). The
first few rows of the matrix T are

T =




1 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0

2 3 3 1 0 0 0 0 0

5 6 6 4 1 0 0 0 0

12 15 13 10 5 1 0 0 0

29 38 33 24 15 6 1 0 0

73 96 87 63 40 21 7 1 0

190 248 229 172 110 62 28 8 1




.
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In Figure 1 we show the peak-less PMAP counted by t(5, 1) = 15.

Figure 1: Peak-less PMAP of length 5 ending at height 1.

Corollary 3 The matrix T = [t(n, k)]n,k⩾0 is a Riordan array defined by

(
C
(
z(1− z + z2)

)
, zC

(
z(1− z + z2)

))
,

where C(z) = 1−√
1−4z
2z

is the generating function of the Catalan numbers cn = 1
n+1

(
2n
n

)
.

Proof. Indeed, we directly deduce the result from the following.

[uk]Total(z, u) =
1

zrk+1
=

1

zr
· 1

rk
= C

(
z(1− z + z2)

)
·
(
zC
(
z(1− z + z2)

))k
.

2

Corollary 4 We have

t(n, k) =
n−k∑

j=0

k + 1

2(n− j)− k + 1

(
2(n− j)− k + 1

n− k − j

)
a(n− k − j, j),

where a(n, k) = (−1)k
∑n

i=0

(
n
i

)(
n−i
k−2i

)
.

Proof. From the Lagrange Inversion Formula (cf. [16, 28]), we know that

C(z)k =
∑

n⩾0

k

2n+ k

(
2n+ k

n

)
zn. (2)
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From definition of Riordan arrays and Eq. (2) we have

t(n, k) = [zn−k]
(
C
(
z(1− z + z2)

))k+1

= [zn−k]
∞∑

ℓ=0

k + 1

2ℓ+ k + 1

(
2ℓ+ k + 1

ℓ

)
zℓ(1− z + z2)ℓ

= [zn−k]
∞∑

ℓ=0

k + 1

2ℓ+ k + 1

(
2ℓ+ k + 1

ℓ

)
zℓ

2ℓ∑

j=0

a(ℓ, j)zj

= [zn−k]
∞∑

j=0

∞∑

ℓ=0

k + 1

2(ℓ+ ⌊j/2⌋) + k + 1

(
2(ℓ+ ⌊j/2⌋) + k + 1

ℓ+ ⌊j/2⌋

)
a(ℓ+ ⌊j/2⌋, j)zj+ℓ+⌊j/2⌋.

If we take s = j + ℓ+ ⌊j/2⌋, then

t(n, k) = [zn−k]
∞∑

j=0

∞∑

s=j

k + 1

2(s− j) + k + 1

(
2(s− j) + k + 1

s− j

)
a(s− j, j)zs

=
n−k∑

j=0

k + 1

2(n− j)− k + 1

(
2(n− j)− k + 1

n− k − j

)
a(n− k − j, j).

2

In [24], Rogers gave an equivalent characterization of the Riordan arrays. That is, every
element not belonging to row 0 or column 0 in a Riordan array can be expressed as a fixed
linear combination of the elements in the preceding row. The A-sequence is defined to be the
sequence coefficients of this linear combination. Analogously, Merlini et al. [18] introduced
the Z-sequence, that characterizes the elements in column 0, except for the top one.

An infinite lower triangular matrix [dn,k]n,k⩾0 is a Riordan array if and only if d0,0 ̸= 0
and there exist two sequences (a0, a1, a2, . . . ), with a0 ̸= 0, and (z0, z1, z2, . . . ) (called the
A-sequence and the Z-sequence, respectively), such that

dn+1,k+1 = a0dn,k + a1dn,k+1 + a2dn,k+2 + · · · for n, k ⩾ 0, (3)

dn+1,0 = z0dn,0 + z1dn,1 + z2dn,2 + · · · for n ⩾ 0. (4)

The product of two Riordan arrays (g(z), f(z)) and (h(z), l(z)) is defined by

(g(z), f(z)) ∗ (h(z), l(z)) = (g(z)h(f(z)), l(f(z))) . (5)

Under this operation, the set of all Riordan arrays is a group [25]. The identity element is
I = (1, z) and the inverse of (g(z), f(z)) is given by

(g(z), f(z))−1 =
(
1/
(
g ◦ f<−1>

)
(z), f<−1>(z)

)
, (6)

where f<−1>(z) denotes the compositional inverse of f(z).
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The generating functions for the A-sequence and Z-sequence of the Riordan array F =
(g(z), f(z)), with inverse F−1 = (d(z), h(z)), are given by ([18, 11])

A(z) =
z

h(z)
and Z(z) =

1

h(z)
(1− d0,0d(z)) ,

respectively.
From the definition of the A-sequence and Z-sequence for the Riordan arrays we can give

an additional recurrence relation for the sequence t(n, k).

Corollary 5 We have

t(n+ 1, k + 1) =
∑

j⩾0
a(j)t(n, k + j),

where a(n) = (−1)n+1
∑n

k=1

∑k
j=0

1
k

(
j

n−k−j

)(
k
j

)(
n−k−2
k−1

)
for n ⩾ 1 and a(0) = 1. Moreover,

tn+1 =
∑

j⩾0
a(j + 1)t(n, j).

Proof. By Equation (6), the inverse of the matrix T = [t(n, k)]n,k⩾0 is given by T −1 =
(g2(z), zg2(z)), where

g2(z) =
−1 + z2 +

√
1− 2z2 + 4z3 − 3z4

2z3
.

Therefore, the A-sequence and Z-sequence of the Riordan array T have generating functions

A(z) =
∑

n⩾0
a(n)zn =

2z3

−1 + z2 +
√

1− 2z2 + 4z3 − 3z4
and Z(z) =

A(z)− 1

z
.

The generating function A(z) corresponds with the sequence A247162, where the explicit
formula for a(n) can be found. From (3) we obtain the result. 2

The first few values of the sequence a(n) for n ⩾ 0 are

1, 1, 0, 1, 0, 1, −1, 2, −3, 6, −10, . . . .

2.2 A bijective approach

Corollary 2 proves that the set of peak-less Motzkin paths with air pockets of length n
(ending on the x-axis) is equinumerous to the set Dn(2, 1) of Dyck paths of length 2n with
no peak at height 2 (mod 3) and no valley at height 1 (mod 3).

Any non-empty peak-less Motzkin path with air pockets is either of the form (1) Hα or
(2) Uα1Uα2 · · ·UαkHDkβ, where k ⩾ 1 and α, α1, . . . , αk, β are possibly empty peak-less
MAP. We refer to the left part of Figure 2 for an illustration of this form.

Remember thatMP denotes the set of Motzkin paths with air pockets of the first kind.
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Definition 1 We recursively define the map ψ from MP to ∪n⩾0Dn(2, 1) as follows. For
α ∈MP, we set:

ψ(P ) =





ϵ if P = ϵ (i)

UDψ(α) if P = Hα with α ∈MP (ii)

U3ψ(α1)DUψ(α2)DU . . .DUψ(αk)D3ψ(β) if P = Uα1Uα2 . . . UαkHDkβ with

k ⩾ 1 and α1, . . . , αk, β ∈MP . (iii)

We refer to Figure 3 for an illustration of the third case of the definition of ψ.

α1
α2

αk

β
=⇒

ψ(α1) ψ(α2) ψ(αk)

ψ(β)

Figure 2: Illustration of the map ψ for the more general case (iii) in Definition 1.

Due to the recursive definition, the image of peak-less MAP of length n under ψ is a Dyck
path of length 2n. Moreover it is clear that the obtained path is a Dyck path in ∪n⩾0Dn(2, 1).
For instance (see Figure 3 for an illustration of this example).

ψ(UUHDHUHUHD3HH) = ψ(U ·
α1︷ ︸︸ ︷

UHDH ·U ·
α2︷︸︸︷
H ·U ·

α3︷︸︸︷
ϵ ·HD3 ·

β︷︸︸︷
HH

= U3ψ(UHDH) ·DU · ψ(H) ·DU · ψ(ϵ) ·D3 · ψ(HH)

= U3 · (U3D3ψ(H)) ·DU · UD ·DU ·D3 · UDUD
= U6D3UD2U2D2UD2DUDUD.

UUHDHUHUHD3HH UUUUUUDDDUDDUUDDUDDDUDUD

Figure 3: ψ(UUHDHUHUHD3HH) = UUUUUUDDDUDDUUDDUDDDUDUD.

Theorem 2 For all n ⩾ 0, the map ψ induces a bijection betweenMPn and Dn(2, 1).

Proof. SinceMPn and Dn(2, 1) have the same cardinality (due to Corollary 2 and A152171
in [27]), it suffices to prove that for P,Q ∈ MP , P ̸= Q implies ψ(P ) ̸= ψ(Q). A simple
induction on n allows to obtain the result. 2
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3 Partial valley-less Motzkin paths with air pockets

Using the same arguments we used for the system of the previous section, we study partial
Motzkin paths with air pockets of the first kind avoiding occurrences of DiU for all i ⩾ 1.

3.1 Enumerative results

In the same way as we done in Section 2.1, we have to solve the following system of equations:




f0 = 1, and fk = zfk−1 + zhk−1, k ⩾ 1,

gk = z
∑

ℓ⩾k+1

fℓ + z
∑

ℓ⩾k+1

hℓ, k ⩾ 0,

hk = zfk + zgk + zhk, k ⩾ 0.

(7)

Multiplying by uk the recursions in (7) and summing over k, we have:

F (u) = 1 + zuF (u) + zuH(u),

G(u) =
z

u− 1
(F (u)− F (1) +H(u)−H(1)),

H(u) = zF (u) + zG(u) + zH(u).

This system of equations for F (u), G(u), and H(u) can be solved directly using the
algorithm presented in [12]. However we provide the main steps for solving it.

Notice that we have (1 − z)F (1) = 1 + zH(1) by considering the first equation. Now,
setting f1 := F (1) and solving these functional equations, we obtain

F (u) =
f1 uz2 − uz2 + zu+ z2 − u− z + 1

u2z + z2 − u− z + 1
,

G(u) = − f1 uz + f1 z − zu− f1 + 1

u2z + z2 − u− z + 1
, H(u) = −z (f1 uz − zu− f1 + u+ z)

u2z + z2 − u− z + 1
.

In order to compute f1, we use the kernel method (see [2, 20]) on F (u). We can write
the denominator (which is a polynomial in u of degree 2), as z(u− r)(u− s) with

r =
1 +
√
−4 z3 + 4 z2 − 4 z + 1

2z
and s =

1−
√
−4 z3 + 4 z2 − 4 z + 1

2z
.

Plugging u = s (which has a Taylor expansion at z = 0) in F (u)z(u−r)(u−s), we obtain
the equation f1 sz2 − sz2 + zs+ z2 − s− z + 1 = 0, which implies that

f1 = 1 +
s− 1

z
.

Finally, after simplifying by the factor (u − s) in the numerators and denominators, we
obtain

F (u) =
r

r − u, G(u) =
s− 1

z(r − u)
, and H(u) =

s

r − u,
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which implies that

fk = [uk]F (u) =
1

rk
, gk = [uk]G(u) =

s− 1

zrk+1
, and hk = [uk]H(u) =

s

rk+1
.

Theorem 3 The bivariate generating function for the total number of partial valley-less
MAP with respect to the length and the height of the end-point is given by

Total(z, u) =
s

z(r − u)
,

and we have
[uk]Total(z, u) =

s

zrk+1
.

Finally, setting t(n, k) = [zn][uk]Total(z, u), we have for n ⩾ 2, k ⩾ 1,

t(n, k) = t(n, k − 1) + t(n− 1, k)− t(n− 1, k − 2)− t(n− 2, k),

and setting tn := t(n, 0) and t−1 = 1, then we have for n ⩾ 2,

tn−1 = tn−2 +
n−3∑

k=0

tk−1tn−k−4 +
n−1∑

k=2

(tk−1 − tk−2) tn−k−2.

Proof. The first three equalities are immediately deduced from the previous results. For the
last equality, the term tn satisfies the same recurrence relation as in Theorem 1 (modulo
shift of n) since the two sequences are equal modulo a shift. 2

Corollary 6 The generating function that counts the partial valley-less MAP with respect
to the length is given by

Total(z, 1) =
s

z(r − 1)
.

The first few terms of the series expansion of Total(z, 1) are

1 + 2z + 5z2 + 13z3 + 34z4 + 90z5 + 242z6 + 660z7 + 1821z8 + 5073z9 +O(x10),

which does not appear in [27].

Corollary 7 The generating function that counts the partial valley-less MAP with respect
to the length is given by

Total(z, 0) =
s

zr
.
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The first few terms of the series expansion of Total(z, 0) are

1 + z + 2z2 + 5z3 + 12z4 + 29z5 + 73z6 + 190z7 + 505z8 + 1363z9 +O(z10),

which corresponds to a shift of the sequence A152171 in [27] counting Dyck paths of length
2n with no peaks of height 2 (mod 3) and no valleys of height 1 (mod 3) (see also Section
3.1).

Let T be the infinite matrix T := [t(n, k)]n,k⩾0. The first few rows of the matrix T are

T =




1 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0

2 2 1 0 0 0 0 0 0

5 4 3 1 0 0 0 0 0

12 10 7 4 1 0 0 0 0

29 26 18 11 5 1 0 0 0

73 67 49 30 16 6 1 0 0

190 175 133 85 47 22 7 1 0

505 467 361 241 139 70 29 8 1




.

In Figure 4 we show the valley-less PMAP counted by t(4, 0) = 12.

Figure 4: The 12 UU -less PMAP of length 4 ending at height 0.

Corollary 8 The matrix T = [t(n, k)]n,k⩾0 is a Riordan array defined by
(

(z2 − z + 1)C
(
z(1− z + z2)

)2
, zC

(
z(1− z + z2)

))
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where C(z) = 1−√
1−4z
2z

is the generating function of the Catalan numbers cn = 1
n+1

(
2n
n

)
.

Proof. Indeed, we directly deduce the result from the following.

[uk]Total(z, u) =
s

zrk+1
=

s

zr
· 1

rk
= (z2 − z + 1)C

(
z(1− z + z2)

)2 ·
(
zC
(
z(1− z + z2)

))k
.

2

From a similar argument as in Corollary 4 we obtain the following result.

Corollary 9 We have

t(n, k) =
n−k∑

j=0

k + 2

2(n− j)− k + 2

(
2(n− j)− k + 2

n− k − j

)
a(n− k − j + 1, j),

where a(n, k) = (−1)k
∑n

i=0

(
n
i

)(
n−i
k−2i

)
.

3.2 A bijective approach

Corollary 7 and Corollary 2 prove that the set of valley-less Motzkin paths with air pockets
of length n− 1 (ending on the x-axis) is equinumerous to the set of peak-less Motzkin paths
with air pockets of length n, which is in one-to-one correspondence with the set Dn(2, 1)
of Dyck paths of length 2n with no peak at height 2 (mod 3) and no valley at height 1
(mod 3) (see a constructive bijection in Section 2.2). Below, we provide a bijection between
valley-less MAP of length n− 1 and peak-less MAP of length n.

Any valley-less Motzkin path with air pockets is either of the form (i) ϵ, (ii) αH, (iii)
UαD, (iv) βHUαD, (v) UγDk, or (vi) βHUγDk, where α, β are valley-less MAP (possibly
empty), and γDk−1 is a valley-less MAP. According to all these cases, we define the map ϕ.

Definition 2 We recursively define the map ϕ from valley-less MAP of length n − 1 to
peak-less MAP of length n. Let P be a valley-less MAP, we set:

ϕ(P ) =





H if P = ϵ, (i)

ϕ(α)H if P = αH, (ii)

Uϕ(α)D if P = UαD, (iii)

ϕ(β)Uϕ(α)D if P = βHUαD, (iv)

ϕ(αDk−1)
♯ if P = UαDk, (v)

ϕ(β)ϕ(αDk−1)
♯ if P = βHUαDk, (vi)

where the ♯-operator maps a peak-less MAP of the form αDk−1 into the peak-less MAP
(αDk−1)

♯ = UαDk.

Due to the recursive definition, the image of valley-less MAP of length n− 1 under ϕ is a
peak-less MAP of length n. The recursive definition naturally induces that ϕ is a bijection.
Using the bijection ψ presented above, we can easily obtain a constructive bijection between
valley-less MAP of length n− 1 and Dyck paths of length 2n with no peak at height 2 (mod
3) and no valley at height 1 (mod 3).
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4 Partial UU-less Motzkin paths with air pockets

In this section, we study partial Motzkin paths with air pockets of the first kind avoiding
occurrences of UU .

4.1 Enumerative results

In the same way as we done in the previous section, we have to solve the following system
of equations:





f0 = 1, f1 = z + zg0 + zh0, and fk = zgk−1 + zhk−1, k ⩾ 2,

gk = z
∑

ℓ⩾k+1

fℓ + z
∑

ℓ⩾k+1

hℓ, k ⩾ 0,

hk = zfk + zgk + zhk, k ⩾ 0.

(8)

Multiplying by uk the recursions in (8) and summing over k, we have:

F (u) = 1 + zu+ zuG(u) + zuH(u),

G(u) =
z

u− 1
(F (u)− F (1) +H(u)−H(1)),

H(u) = zF (u) + zG(u) + zH(u).

Again, this system of equations for F (u), G(u), and H(u) can be solved directly using
the algorithm presented in [12]. However we provide the main steps for solving it.

Notice that we have H(1) = (1 + z)(F (1) − 1) by considering the first and the last
equation. Now, setting f1 := F (1) and solving these functional equations, we obtain

F (u) =
f1u z3 + 2f1u z2 + u2z2 − u2z − 2u z2 + 2uz + z2 − u− z + 1

u2z2 + u z3 + uz + z2 − u− z + 1
,

G(u) = −z (f1u z3 + 2f1u z2 − u z3 + f1 z2 − u z2 + f1z + uz − z2 − 2f1 + 2)

u2z2 + u z3 + uz + z2 − u− z + 1
,

H(u) =
z (f1u z3 + 2f1u z2 − u z3 + f1 z2 − u2z − 2u z2 + 2f1z + uz − z2 − u− 2z + 1)

u2z2 + u z3 + uz + z2 − u− z + 1
.

In order to compute f1, we use the kernel method (see [2, 20]) on F (u). We can write
the denominator (which is a polynomial in u of degree 2), as z2(u− r)(u− s), with

r =
−z3 − z + 1 +

√
z6 − 2 z4 + 2 z3 − 3 z2 − 2 z + 1

2z2
and

s =
1− z − z3 −

√
z6 − 2 z4 + 2 z3 − 3 z2 − 2 z + 1

2z2
.
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Plugging u = s (which has a Taylor expansion at z = 0) in F (u)z2(u − r)(u − s), we
obtain the equation f1s z3 + 2f1s z2 + s2z2 − s2z − 2s z2 + 2sz + z2 − u− z + 1 = 0, which
implies that

f1 = 1 +
s− 1

z(z + 2)
.

Finally, after simplifying by the factor (u−s) in the numerators and denominators, we obtain

F (u) =
z − 1

z
+

r

z(r − u)
, G(u) =

s+ z

r − u, and H(u) =
zr + 1

z(r − u)
− 1,

which implies that f0 = 1, g0 = s+z
r

, h0 = 1
zr

and

fk = [uk]F (u) =
1

zrk
, gk = [uk]G(u) =

s+ z

rk+1
, and hk = [uk]H(u) =

1 + zr

zrk+1
.

Theorem 4 The bivariate generating function for the total number of UU-less PMAP with
respect to the length and the height of the end-point is given by

Total(z, u) =
1 + uz

(r − u)z2
,

and we have

[u0]Total(z, u) =
1

z2r
,

and for k ⩾ 1

[uk]Total(z, u) =
rz + 1

z2rk+1
.

Finally, setting t(n, k) = [zn][uk]Total(z, u), we have for n ⩾ 2, k ⩾ 1,

t(n, k) = t(n, k − 1) + t(n− 1, k)− t(n− 1, k − 1)− t(n− 2, k)

− t(n− 2, k − 2)− t(n− 3, k − 1).

and setting tn := t(n, 0), then we have

tn = tn−1 + tn−2 + tn−3 +
n−2∑

k=2

tk−2tn−k−2 +
n−1∑

k=3

(tk−1 − tk−2)tn−k−1.

Proof. The first three equalities are immediately deduced from the previous results. Now,
let us prove the last equality. Any non-empty length n UU -less MAP is of the form (i) HP
where P is a UU -less MAP of length n− 1, or (ii) UDQ where Q is a MAP of length n− 2
avoiding UU , or (iii) UQDR, where Q,R are some MAP avoiding UU such that the length
of Q lies into [1, n− 2] and Q starts and ends with H, or (iv) PQ, where P = UP ′Di, i ⩾ 2,
and P ′Di−1 is a MAP of length lying into [3, n − 1] and starting with H. The number of
P ′Di−1 of a given length k is the total number of UU -less MAP of length k − 1 minus the
total number of UU -less MAP of length k−2. Taking into account all these cases, we obtain
the result.

2
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Corollary 10 The generating function that counts the partial UU-less MAP with respect to
the length is given by

Total(z, 1) =
1 + z

(r − 1)z2
.

The first few terms of the series expansion of Total(z, 1) are

1 + 2z + 4z2 + 9z3 + 21z4 + 50z5 + 122z6 + 302z7 + 759z8 + 1928x9 +O(x10),

which does not appear in [27].

Corollary 11 The generating function that counts UU-less MAP with respect to the length
is given by

Total(z, 0) =
1

z2r
.

The first few terms of the series expansion of Total(z, 0) are

1 + z + 2z2 + 4z3 + 9z4 + 20z5 + 47z6 + 112z7 + 274z8 + 679x9 +O(z10),

which corresponds to the sequence A095980 in [27] counting Motzkin paths of length n with
no occurrences of UHU .

Let T be the infinite matrix T := [t(n, k)]n,k⩾0. The first few rows of the matrix T are

T =




1 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0

2 2 0 0 0 0 0 0 0

4 4 1 0 0 0 0 0 0

9 9 3 0 0 0 0 0 0

20 21 8 1 0 0 0 0 0

47 50 21 4 0 0 0 0 0

112 121 55 13 1 0 0 0 0

274 298 143 39 5 0 0 0 0




.

In Figure 5 we show the UU -less PMAP counted by t(4, 0) = 9.

Figure 5: The 9 UU -less PMAP of length 4 ending at height 0.
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The matrix G is not a (proper) Riordan array. For this reason, we consider the matrix
G := [g(n, k)]n⩾0,k⩾0, where

g(n, k) =





1, if n = k = 0;

t(n+ k − 1, k), if n ⩾ 1.

The first few rows of the matrix G are

G =




1 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0

2 4 3 1 0 0 0 0 0

4 9 8 4 1 0 0 0 0

9 21 21 13 5 1 0 0 0

20 50 55 39 19 6 1 0 0

47 121 143 113 64 26 7 1 0

112 298 372 319 203 97 34 8 1




.

Corollary 12 The matrix G = [g(n, k)]n,k⩾0 is the Riordan array defined by (t(z), t(z)− 1),
where

t(z) =
1 + z(1− z)2 −

√
(1− 3z + z3)(1 + z + z3)

2z(1− z + z2)
.

Proof. It follows from the relation t(z) = 1
zr

+ 1. 2

It seems difficult to obtain a close form for the coefficient g(n, k) using the Lagrange
Inversion Formula. Indeed, t(z) can be expressed in terms of C(u), where u = 1

4
(−z6 +2z4−

2z3 + 3z2 + 2z) is a polynomial of degree 6, which complicates the calculations.

4.2 A bijective approach

Corollary 11 proves that the set of UU -less Motzkin paths with air pockets of length n
(ending on the x-axis) is equinumerous to the set of Motzkin paths of length n avoiding
UHU . Below, we provide a bijection between these two sets.

Any UU -less Motzkin path with air pockets is either of the form (i) ϵ, (ii) Hα, (iii)
UDα, (iv) UHDα, (v) UHαHDβ, or (vi) UHkγDiβ, where α, β are UU -less MAP (possibly
empty), and γDi−1 is a UU -less MAP and k ⩾ 1. According to all these cases, we define the
map χ.
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Definition 3 We recursively define the map χ from UU-less MAP of length n to UHU-less
Motzkin paths of length n. Let P be a UU-less MAP, we set:

χ(P ) =





ϵ if P = ϵ, (i)

Hχ(α) if P = Hα, (ii)

UDχ(α) if P = UDα, (iii)

UHDχ(α) if P = UHDα, (iv)

UHHχ(α)Dχ(β) if P = UHαHDβ, (v)

Uχ(γDi−1)H
k−1Dχ(β) if P = UHkγDiβ, (vi)

Due to the recursive definition, the image of UU -less MAP of length n by χ is a UHU -
less Motzkin path of length n. The recursive definition naturally induces that χ is a
bijection. For instance, if P = UHUHD2UDUHUHHUD3H then we obtain χ(P ) =
χ(UH1UHD2)χ(UD)χ(UHUHHUD3)χ(H) = UUHDDUDUUUDHDDH (see Figure 6
for an illustration of this example).

UHUHD2UDUHUHHUD3H UUHDDUDUUUDHDDH

Figure 6: χ(P ) = UUHDDUDUUUDHDDH.

5 Going further

In [1] and [9] some interesting results on the generating functions of restricted lattice paths
are obtained for a finite set of types of moves. Can we adapt these techniques to Motzkin
paths with air pockets (avoiding some patterns? Considering [3, 4], is it possible to obtain an
efficient algorithm for the exhaustive generation of partial Motzkin paths with air pockets?
Is it possible to list PMAP of a given length in Gray code order using [5, 10]?
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1 Introduction

A word w = w1w2 · · ·wn over the set of nonnegative integers is called a
Catalan word if w1 = 0 and 0 ≤ wi ≤ wi−1+1 for i = 2, . . . , n. Throughout
this paper, |w| denotes the length of w and ϵ denotes the empty word, which
is the unique word of length zero. For n ≥ 0, let Cn denote the set of Catalan
words of length n. We set C :=

⋃
n≥0 Cn and C+ :=

⋃
n≥1 Cn be the set of

nonempty Catalan words. For example,

C4 =

{
0000, 0001, 0010, 0011, 0012, 0100, 0101,
0110, 0111, 0112, 0120, 0121, 0122, 0123

}
.

Note that |Cn| = Cn = 1
n+1

(
2n
n

)
is the nth Catalan number. The explo-

ration of Catalan words has begun with the comprehensive generation of
Gray codes tailored for growth-constricted words [12]. Baril et al. [2, 4, 5]
have delved into analyzing the distribution of descents and the last sym-
bol in Catalan words avoiding one or two classical patterns of length at
most three. Similar findings [1, 7, 17] emerge in studies of restricted Cata-
lan words avoiding consecutive patterns of length three or pairs of rela-
tions. Callan et al. [10] initiate the enumeration of statistics, including
area and perimeter, on the polyominoes associated with Catalan words.
Furthermore, assorted combinatorial statistics regarding polyominoes asso-
ciated with both Catalan and Motzkin terminologies have been scrutinized
[6, 13, 14, 15]. Next Shattuck [18] initiated an examination into the fre-
quency of distinct subword occurrences, spanning no more than three char-
acters, nestled within Catalan words, like descents, ascents, and levels. In
a recent paper [3], Baril et al. provide generating functions, formulas, and
asymptotic expressions for the number of Catalan words based on the num-
ber of runs of ascents (descents), runs of weak ascents (descents), ℓ-valleys,
valleys, symmetric valleys, ℓ-peaks, peaks, and symmetric peaks.

Given a permutation of [n] = {1, . . . , n} in one-line notation π = π1π2 · · ·πn,
the runs of π are the maximal contiguous increasing subwords of π. If the
sequence of leading terms of the runs of π appears in increasing order,
then π is called flattened partition of length n. Nabawanda et al. give
recursive formula for the number of flattened partitions of length n with
k runs [16, Theorem 1]. Callan gives the number of flattened partitions
of length n avoiding a single 3-letter pattern [9]. Elder et al. extended
the work Nabawanda et al. to establish recursive formulas for the number
of flattened parking functions built from permutations of [n], with r ad-
ditional ones inserted that have k runs [11, Theorems 29, 30 and 35]. A
further generalization includes the work of Buck et al. [8] who establish that
flattened Stirling permutations are enumerated by the Dowling numbers,
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which corresponds to the OEIS entry [19, A007405].

In this work, we define flattened Catalan words, which are Catalan words
whose maximal contiguous nondecreasing subwords have leading terms in
weakly increasing order. For example, the Catalan word
0012301222345523343 ∈ C19 is a flattened Catalan word with four max-
imal contiguous nondecreasing subwords 00123, 012223455, 2334, and 3,
whose leading terms satisfy 0 ≤ 0 ≤ 2 ≤ 3. Conversely, 012321 ∈ C6 is
not a flattened Catalan word as it has maximal contiguous nondecreasing
subwords 0123, 2, and 1, and the leading terms 0, 2, and 1 are not in
weakly increasing order. We denote the sets of nonempty flattened Catalan
words and flattened Catalan words of length n as Flat(C+) and Flat(Cn),
respectively.

Let w = w1w2 · · ·wn ∈ Flat(Cn). As usual, we say that w has an ascent
(descent) at position ℓ if wℓ < wℓ+1 (wℓ > wℓ+1), where ℓ ∈ [n− 1]. Simi-
larly, we define weak ascent (resp. weak descent) at position ℓ if wℓ ≤ wℓ+1

(wℓ ≥ wℓ+1), where ℓ ∈ [n − 1]. A run (resp. weak run) of ascents (resp.
weak ascents) in a word w is a maximal subword of consecutive ascents
(resp. weak ascents). The number of runs in w is denoted by runs(w), and
the number of weak runs in w is denoted by wruns(w). The runs of descents
and weak descents are defined similarly, and the statistics will be denoted
runs(w) and wruns(w), respectively. An ℓ-valley in a flattened Catalan word
w is a subword of the form abℓ(b+1), where a > b and ℓ is a positive integer
and bℓ denotes ℓ consecutive copies of the letter b. If ℓ = 1, we say that it is
a short valley. The number of ℓ-valleys of w is denoted by ℓ-val(w) and the
number of all ℓ-valleys for ℓ ≥ 1 of w is denoted by val(w). A symmetric
valley is a valley of the form a(a − 1)ℓa with ℓ ≥ 1. The number of sym-
metric valleys of w is denoted by symv(w). Analogously, we define the peak
statistic. Namely, an ℓ-peak in w is a subword of the form a(a+1)ℓb, where
a ≥ b and ℓ is a positive integer. The number of ℓ-peaks of w is denoted by
ℓ-peak(w) and the sum of all ℓ-peaks for ℓ ≥ 1 of w is denoted by peak(w).
If ℓ = 1, we say that it is a short peak ; and if a = b, it is called a symmetric
peak. The number of symmetric peaks of w is denoted by symp(w).

Our contributions include generating functions and combinatorial expres-
sions for the number of flattened Catalan words based on the number of
runs of ascents (descents), runs of weak ascents (descents), ℓ-valleys, val-
leys, symmetric valleys, ℓ-peaks, peaks, and symmetric peaks. We also
establish one-to-one correspondences between:

• flattened Catalan words of length n with k runs of ascents and k-part
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order-consecutive partitions of n, which have been studied in [21], see
Theorem 3.5;

• flattened Catalan words of length n and compositions of all even nat-
ural numbers into n − 1 parts of at most two where the part 0 is
allowed, see Theorem 3.4;

• flattened Catalan words of length n with k runs of weak ascents and
binary words of length n− 1 where 2k− 2 symbols are replaced with
a dot •, see Theorem 3.11;

• flattened Catalan words of length n with k short valleys and Dyck
paths of semilength n with k occurrences of DDUU, where the height
sequence of occurrences DDU (from left to right) is nondecreasing, see
Remark 4.3.

• flattened Catalan words of length n and ordered trees with n edges
and with k + 1 nodes having only leaves as children and satisfying
two additional conditions, see Remark 4.6.

We aggregate our results and the notation used throughout in Table 1.

2 Basic Definitions

Throughout the article, we will use the following decomposition of Catalan
words, called first return decomposition of a Catalan word w, which is
w = 0(w′ + 1)w′′, where w′ and w′′ are Catalan words (w′ and w′′ could be
empty), and where (w′ + 1) is the word obtained from w′ by adding 1 at
all these symbols. Note that whenever w′ is the empty word, denoted by ϵ,
then (w′ + 1) remains the empty word.

For example, the first return decomposition of w = 0122200122322334544 ∈
Flat(C19) is given by setting w′ = 0111 and w′′ = 00122322334544. For this
word w, we have runs(w) = 11, wruns(w) = 4, runs(w) = 16, wruns(w) = 9,
1-val(w) = 0, 2-val(w) = 2, ℓ-val(w) = 0 (ℓ > 2), symv(w) = 1, 1-
peak(w) = 2, 2-peak(w) = 0, 3-peak(w) = 1, ℓ-peak(w) = 0 (ℓ > 3),
and symp(w) = 2.

Drawing Catalan words as lattice diagrams on the plane proves to be a
convenient representation. These diagrams are constructed using unit up
steps (0, 1), down steps (0,−1), and horizontal steps (1, 0). Each symbol
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Statistics
runs of asc. runs of w. asc. runs of desc. runs of w. desc. ℓ-valleys short valleys

Statistic on w runs(w) wruns(w) runs(w) wruns(w) ℓ-val(w) 1-val(w)
Bivariate g. function R(x, y) W (x, y) R̄(x, y) W̄ (x, y) Vℓ(x, y) V1(x, y)
Distribution r(n, k) w(n, k) r̄(n, k) w̄(n, k) vℓ(n, k) v1(n, k)
Total occurrences over Flat(Cn) r(n) w(n) r̄(n) w̄(n) vℓ(n) v1(n)

valleys sym. valleys ℓ-peaks short peaks peaks sym. peaks
Statistic on w val(w) symv(w) ℓ-peak(w) 1-peak(w) peak(w) symp(w)
Bivariate g. function V (x, y) S(x, y) Pℓ(x, y) P1(x, y) P (x, y) T (x, y)
Distribution v(n, k) s(n, k) pℓ(n, k) p1(n, k) p(n, k) t(n, k)
Total occurrences over Flat(Cn) v(n) s(n) pℓ(n) p1(n) p(n) t(n)

Statistic Bivariate g. f. Total occurrences over Flat(Cn) OEIS

runs xy(1−x−xy)
1−2x+x2−2xy+x2y+x2y2

1
4 (3n−1 + 1)(n+ 1)

wruns (1−2x)xy
1−4x+4x2−x2y

1
36 (27− 9n+ (5 + n)3n)

runs xy(1−2xy)
1−4xy−x2y+4x2y2

1
36 (27n− 9 + (5n+ 1)3n)

wruns yx(1−xy−x)
x2y2+x2y+x2−2 xy−2 x+1

n+1
4 (1 + 3n−1)

ℓ-val x(1−2x+xℓ+1−xℓ+1y)
(1−x)(1−3x+xℓ+1−xℓ+1y)

1
4

(
1− 3n−2−ℓ + 2 · 3n−2ℓ(n− 2− ℓ)

)

val x−3x2+x3(3−y)
(1−x)(1−4x+4x2−x2y)

1
36 (3n(n− 4) + 9n) A212337

symv x(1−2x)(1−2x+2x2−x2y)
(1−x)(1−5x+8x2−5x3−x2y+2x3y)

1
144

(
3n(2n− 5)− 18n2 + 54n− 27

)

ℓ-peak x(1−2x)
(1−x)(1−3x+xℓ+1(1−y))

1
4

(
(3n−ℓ−2(2n+ 1− 2ℓ))− 1

)

peak x(1−2x)
1−4x+4x2−x2y

1
4 (3n−2 − 1)(n− 1) A261064

symp x(1−x)(1−2x)
1−5x+8x2−5x3−x2y+2x3y

1
144

(
63 + 3n + 2(−45 + 3n)n+ 18n2)

)

Table 1: Summary of notation and results for statistics considered.

wi of a Catalan word is represented by the horizontal segment between the
points (i − 1, wi) and (i, wi), and the vertical steps are inserted to obtain
a connected diagram. For example, in Figure 1, we illustrate the lattice
diagram associated to the Catalan word w.

Figure 1: Lattice diagram of the word w = 0122200122322334544.

Remark 2.1. Let C↑n denote the set of weakly increasing Catalan words

of length n. Notice that |C↑0 | = 1 and for n ≥ 1 |C↑n| = 2n−1, then its
generating functions is 1 + x/(1− 2x) if we include the empty word. Note
that the set of nonempty weakly increasing Catalan words is precisely the
set of flattened Catalan words with a single weak run. Hence, the generating
functions for the later set is x/(1− 2x).
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3 The Distribution of Runs

3.1 Runs of Ascents

In order to count nonempty flattened Catalan words according to the length
and the number runs of ascents, we introduce the following bivariate gen-
erating function

R(x, y) =
∑

w∈Flat(C+)

x|w|yruns(w) =
∑

n≥1

x|w| ∑

w∈Flat(Cn)

yruns(w),

where the coefficient of xnyk is the number of flattened Catalan words of
length n with k runs of ascents.

In Theorem 3.2, we give an expression for this generating function, but first
we provide an example.

Example 3.1. Consider the flattened Catalan word w = 012230123122 ∈
Flat(C12). Then w has 5 runs of ascents: 012, 23, 0123, 12, and 2.

Theorem 3.2. The generating function for nonempty flattened Catalan
words with respect to the length and the number of runs of ascents is

R(x, y) =
xy(1− x− xy)

1− 2x+ x2 − 2xy + x2y + x2y2
.

Proof. Let w be a nonempty flattened Catalan word and let w = 0(w′+1)w′′

be the first return decomposition, with w′, w′′ ∈ Flat(C). There are four
different types of this word. Figure 2 illustrates this case.

0 0w
′′0(w′ + 1) 0 · 11 . . . 22 . . . 33 · · ·w

′′

Figure 2: Decomposition of a nonempty flattened Catalan word in Flat(C).

If w′ = w′′ = ϵ, then w = 0. Then its generating function is xy.

If w′′ = ϵ and w′ ̸= ϵ, then w = 0(w′ + 1). Then the generating function is
xR(x, y).
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If w′ = ϵ and w′′ ̸= ϵ, then w = 0w′′. Then the generating function is
xyR(x, y) because we have an extra run.

If w′ ̸= ϵ and w′′ ̸= ϵ, then w = 0(w′ +1)w′′. Note w′ is a weakly increasing
word because w ∈ Flat(C+). Then the bivariate generating function for
such words w′ is

∑

n≥1

n∑

k=1

(
n− 1

k − 1

)
xnyk =

∑

n≥0

y(1 + y)n−1xn =
xy

1− x(1 + y)
.

Therefore, the generating function for this case is given by

x2y

1− x− xyR(x, y).

Therefore, we have the functional equation

R(x, y) = xy + x(1 + y)R(x, y) +
x2y

1− x− xyR(x, y).

Solving this equation, we obtain the desired result.

Corollary 3.3. The generating function for nonempty flattened Catalan
words is given by

R(x, 1) =
∑

n≥1

f(n)xn =
x(1− 2x)

(1− 3x)(1− x)
.

Therefore,

f(n) =
1

2

(
3n−1 + 1

)
.

The first few values of the sequence f(n) (n ≥ 1) correspond to the OEIS
entry [19, A007051]:

1, 2, 5, 14, 41, 122, 365, 1094, 3281, 9842, . . . .

This sequence also counts the compositions of all even natural numbers
(from 0 to 2(n− 1)) into n− 1 parts of at most two (the part 0 is allowed).

Theorem 3.4. Flattened Catalan words of length n and compositions of
all even natural numbers (from 0 to 2(n − 1)) into n − 1 parts of at most
two (the part 0 is allowed) are in bijection.

Proof. A bijection ψ between flattened Catalan words of length n and this
combinatorial class is given by ψ(0) = ϵ; ψ(0(w + 1)) = 2ψ(w); ψ(0w) =
0ψ(w); and ψ(0(w + 1)w′) = 1ψ(w)1ψ(w′).
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Let r(n, k) denote the number of flattened Catalan words of length n with
exactly k runs of ascents, that is r(n, k) = [xnyk]R(x, y), which denotes the
coefficient of xnyk in R(x, y). The first few rows of this array are

R := [r(n, k)]n,k≥1 =




1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 3 1 0 0 0 0 0

1 6 6 1 0 0 0 0
1 10 19 10 1 0 0 0
1 15 45 45 15 1 0 0
1 21 90 141 90 21 1 0
1 28 161 357 357 161 28 1




.

For example, r(4, 3) = 6, the entry boxed inR above, and the corresponding
flattened Catalan words (and lattice diagrams) are shown in Figure 3.

0010 0100 0101 0110 0120 0121

Figure 3: Flattened Catalan words of length 4 with 2 runs of ascents. The
red marked vertex denotes the start of the second run of ascents.

The array R corresponds to the OEIS entry [19, A056241]. Notice that this
sequence has a different combinatorial interpretation. It counts the number
of k-part order-consecutive partitions of n. An order-consecutive partition
of {1, 2, . . . , n} with k parts is a k-uplet (S1, S2, . . . , Sk) of subsets such

that Si∩Sj = ∅ if i ̸= j,
k⋃
i=1

Si = {1, 2, . . . , n}, where every subset Si are in

increasing order relatively to their maximum elements, and satisfying the

property: for j = 1, . . . , k,
j⋃
i=1

Si is an interval (cf. [21]).

Theorem 3.5. Flattened Catalan words of length n with exactly k runs of
ascents are in bijection with k-part order-consecutive partitions of n.

Proof. We define recursively a map ψ from the set of words in Flat(Cn) and
the set OCPn of order-consecutive partitions of {1, 2, . . . , n}. We consider
the four cases of Figure 2.

- If w belongs to the case (i), then w = 0 and we set ψ(w) = {1};
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- If w belongs to the case (ii), then w = 0(w′ +1) and ψ(w) is obtained
from ψ(w′) by inserting n in the last part; for instance, if f(w′) =
{2, 3}{1, 4}, then f(w) = {2, 3}{1, 4, 5};

- If w belongs to the case (iii), then w = 0w′ and ψ(w) is obtained from
ψ(w′) by adding the part {n} on the right; for instance, if f(w′) =
{2, 3}{1, 4}, then f(w) = {2, 3}{1, 4}{5};

- If w belongs to the case (iv), then w = w′w′′ where w′ consists of one
weak run starting with 01. Using the previous cases, ψ(w′) = S1 . . . Sk
where Sk = {a1, . . . aℓ, |w′|−1, |w′|} ends with a part containing both
|w′| − 1 and |w′|. So, we set ψ(w) = S1 . . . Sk−1(ψ(w′′) + |w′| −
1){a1, . . . , aℓ, |w′|−1, |w′|+|w′′|}. For instance if w = 0112 0120, w′ =
0112, w′′ = 0120 and f(w′) = {1, 2}{3, 4} and f(w′′) = {3}{1, 2, 4}
then f(w) = {1, 2}{6}{4, 5, 7}{3, 8}.

Theorem 3.5 and [21, Theorem 6] imply the following combinatorial expres-
sion.

Corollary 3.6. If n, k ≥ 1, then

r(n, k) =
k−1∑

j=0

(
n− 1

2k − j − 2

)(
2k − j − 2

j

)
.

Let r(n) be the total number of runs of ascents over all flattened Catalan
words of length n.

Corollary 3.7. We have

∑

n≥0

r(n)xn =
x− 5x2 + 8x3 − 3x4

(1− 3x)2(1− x)2
.

Moreover, for n ≥ 1, we have

r(n) =
1

4
(3n−1 + 1)(n+ 1).

The first few values of the sequence r(n) (n ≥ 1) are

1, 3, 10, 35, 123, 427, 1460, 4923, 16405, 54131, . . . .
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3.2 Runs of Weak Ascents

In order to count nonempty flattened Catalan words according to the length
and the number runs of weak ascents, we introduce the following bivariate
generating function

W (x, y) =
∑

w∈Flat(C+)

x|w|ywruns(w) =
∑

n≥1

x|w| ∑

w∈Flat(Cn)

ywruns(w),

where the coefficient of xnyk is the number of flattened Catalan words of
length n with k runs of weak ascents.

Example 3.8. Consider the flattened Catalan word w = 012230123122 ∈
Flat(C12). Then w has 3 runs of weak ascents: 01223, 0123, 122.

In Theorem 3.9, we give an expression for this generating function.

Theorem 3.9. The generating function for the number of nonempty flat-
tened Catalan words with respect to the length and the number of runs of
weak ascents is

W (x, y) =
(1− 2x)xy

1− 4x+ 4x2 − x2y .

Proof. Let w be a nonempty flattened Catalan word and let w = 0(w′+1)w′′

be the first return decomposition, with w′, w′′ ∈ Flat(C). There are four
different types of this word. If w′ = w′′ = ϵ, then w = 0. Then its
generating function is xy. If w′′ = ϵ and w′ ̸= ϵ, then w = 0(w′ + 1).
Then the generating function is xW (x, y). Similarly, if w′ = ϵ and w′′ ̸= ϵ,
then w = 0w′′. Then the generating function is xW (x, y). If w′ ̸= ϵ and
w′′ ̸= ϵ, then w = 0(w′+1)w′′. Note w′ is a weakly increasing word because
w ∈ Flat(C+). Then the generating function is given by

x
∑

k≥1

2kxkyW (x, y) =
x2y

1− 2x
W (x, y).

Therefore, we have the functional equation

W (x, y) = xy + 2xW (x, y) +
x2y

1− 2x
W (x, y).

Solving this equation, we obtain the desired result.
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Let w(n, k) denote the number of flattened Catalan words of length n with
exactly k runs of weak ascents, that is w(n, k) = [xnyk]W (x, y), which
denotes the coefficient of xnyk in W (x, y). The first few values of this array
are

W := [w(n, k)]n,k≥1 =




1 0 0 0 0
2 0 0 0 0
4 1 0 0 0

8 6 0 0 0
16 24 1 0 0
32 80 10 0 0
64 240 60 1 0
128 672 280 14 0
256 1792 1120 112 1




.

For example, w(4, 2) = 6, the entry boxed inW above, and the correspond-
ing flattened Catalan words (and lattice diagrams) are shown in Figure 4.

0010 0100 0101 0110 0120 0121

Figure 4: Flattened Catalan words of length 4 with 2 runs of weak ascents.
The red marked vertex denotes the start of the second run of weak ascents.

Corollary 3.10. For n, k ≥ 1, we have

w(n, k) = 2n−2k+1

(
n− 1

2k − 2

)
.

Proof. From Theorem 3.9, we obtain the recurrence relation

w(n, k)− 4w(n− 1, k) + 4w(n− 2, k)− 4w(n− 2, k− 1) = 0, n ≥ 3, k ≥ 1,

with the initial values w(2, 1) = 2, w(1, 1) = 1, and w(n, k) for n < k. It
is not difficult to verify that 2n−2k+1

(
n−1
2k−2

)
satisfies the same recurrence

relation and the same initial values. Therefore, the sequences are the same.

We give an alternate proof of Corollary 3.10 through a bijective proof. We
state the result formally for ease of reference.

Theorem 3.11. Flattened Catalan words of length n with k runs of weak
ascents and binary words of length n− 1 where 2k− 2 symbols are replaced
with a dot • are in bijection.
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Proof. We now give bijection between flattened Catalan words of length
n with k runs of weak ascents and binary words of length n − 1 where
2k − 2 symbols are replaced with a dot • (Corollary 3.10 and a simple
combinatorial argument prove that the two classes of objects have the same
cardinality). Let u = u1u2 · · ·un−1 be such a binary word with 2k − 2 •’s,
and let us suppose that the •’s are on the positions {i1, i2, . . . , i2k−2}. Then,
we define the flattened Catalan words with k runs of weak ascents as follows:

Let v = v0v1 · · · vn−1 be the word of length n constructed from u by fixing
v0 = 0, vi2a+1

:= 1, vi2a := 0, a = 0, 1, . . . , k − 1, and vi := ui for all
other positions i. We fix i0 = 0 and i2k−1 = n. Now, v consists of the
juxtaposition of k nonempty factors of the form ra = vi2a · · · vi2a+2−1, a =
0, 1, . . . , k− 1, all of them starting with 0. We associate to each factor s =
0s2 · · · sp the nondecreasing Catalan word c(s) = 0c2 · · · c|s|, where ci = ci−1

if si = 0 and ci = ci−1 + 1, otherwise (for instance, if s = 011010110 then
c(s) = 012233455).

The bijection f is defined as follows:

f(u) = c(r0)(a0 + c(r1))(a0 +a1 + c(r2)) · · · (a0 +a1 + · · ·+ak−2 + c(rk−1)),

where aj is the number of 1’s in the factor vi2(j+1)
· · · vi2(j+1)+1−1.

For instance, if n = 29 and k = 4 and u = 10100•1010•0110•01•0110•0•00.
We have

v = 01010011010 00110101 0011010 000,

and
f(u) = 01122234455 22344556 4456677 666.

Let w(n) be the total number of runs of weak ascents over all flattened
Catalan words of length n.

Corollary 3.12. For n ≥ 1, we have

∑

n≥1

w(n)xn =
x(1− 2x)3

(1− 4x+ 3x2)2
.

Moreover, for n ≥ 1, we have

w(n) =
1

36
(27− 9n+ (5 + n)3n) .

The first few values of the sequence w(n) (n ≥ 1) are

1, 2, 6, 20, 67, 222, 728, 2368, 7653, 24602, . . .
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3.3 Runs of Descents

In order to count nonempty flattened Catalan words according to the length
and the number runs of descents, we introduce the following bivariate gen-
erating function

R̄(x, y) =
∑

w∈Flat(C+)

x|w|yruns(w) =
∑

n≥1

x|w| ∑

w∈Flat(Cn)

yruns(w),

where the coefficient of xnyk is the number of flattened Catalan words of
length n with k runs of descents.

Example 3.13. Consider the flattened Catalan word w = 012230123122 ∈
Flat(C12). Then w has 10 runs of descents: 0, 1, 2, 2, 30, 1, 2, 31, 2, and
2.

It is worth noticing that in any flattened Catalan word w of length n,
we have runs(w) = n + 1 − wruns(w). Therefore, we can directly deduce
Theorem 3.14 and Corollary 3.15.

Theorem 3.14. The generating function for the number of nonempty flat-
tened Catalan words with respect to the length and the number of runs of
descents is

R̄(x, y) = yW

(
xy,

1

y

)
=

xy(1− 2xy)

1− 4xy − x2y + 4x2y2
.

Let r̄(n, k) denote the number of flattened Catalan words of length n with
exactly k runs of descents, that is r̄(n, k) = [xnyk]R̄(x, y), which denotes
the coefficient of xnyk in R̄(x, y). The first few values of this arrays are

R̄ := [r̄(n, k)]n,k≥1 =




1 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0
0 1 4 0 0 0 0 0 0

0 0 6 8 0 0 0 0 0
0 0 1 24 16 0 0 0 0
0 0 0 10 80 32 0 0 0
0 0 0 1 60 240 64 0 0
0 0 0 0 14 280 672 128 0




.

For example, r̄(4, 3) = 6, the entry boxed in R̄ above, and the corresponding
flattened Catalan words (and lattice diagrams) are shown in Figure 5.
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0100 01010010 01210110 0120

Figure 5: Flattened Catalan words of length 4 with 3 runs of descents. The
red marked vertices denote the end of a run of descents.

Corollary 3.15. For n, k ≥ 1, we have

r̄(n, k) = 22k−n−1

(
n− 1

2(n− k)

)
.

A combinatorial interpretation of this last formula can be obtained from
the bijection f (see Section 3.2) between flattened Catalan words of length
n with n+ 1−k runs of weak ascents (or equivalently with k descents) and
binary words of length n− 1 with (2n− 2k) dots •.

Let r̄(n) be the total number of runs of descents over all flattened Catalan
words of length n.

Corollary 3.16. We have

∑

n≥0

r̄(n)xn =
x(1− 4x+ 4x2 + 2x3)

(1− 4x+ 3x2)2
.

Moreover, for n ≥ 1, we have

r̄(n) =
1

36
(27n− 9 + (5n+ 1)3n) .

The first few values of the sequence r̄(n) (n ≥ 1) are

1, 4, 14, 50, 179, 632, 2192, 7478, 25157, 83660, . . . .

3.4 Runs of Weak Descents

In a flattened Catalan word of length n, the number of runs of ascents
plus the number of runs of weak descents equals n+ 1. Hence, the number
w̄(n, k) of flattened Catalan words of length n with k runs of weak descents
equals the number r(n, k) of flattened Catalan words of length n with k
runs of ascents. Moreover, we can defined a simple involution ϕ on Flat(Cn)
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such that ϕ(w) = w′ with wruns(ϕ(w)) = runs(w), as follows: ϕ(ϵ) = ϵ,
ϕ(0(w + 1)) = 0ϕ(w), ϕ(0w) = 0(1 + ϕ(w)), and ϕ(0(1 + w)w′) = 0(1 +
ϕ(w))ϕ(w′) whenever w,w′ ̸= ϵ. Then, we the results can be restated as
those in Section 3.1.

Theorem 3.17. The generating function for the number of nonempty flat-
tened Catalan words with respect to the length and the number of runs of
weak descents is

W̄ (x, y) = R(x, y) =
yx (1− xy − x)

x2y2 + x2y + x2 − 2xy − 2x+ 1
.

Therefore,

w̄(n, k) = r(n, k) =
k−1∑

j=0

(
n− 1

2k − j − 2

)(
2k − j − 2

j

)
.

Corollary 3.18. We have

∑

n≥0

w̄(n)xn =
∑

n≥0

r(n)xn =
x
(
1− 3x3 + 8x2 − 5x

)

(3x2 − 4x+ 1)
2 .

Moreover, for n ≥ 1, we have

w̄(n) = r(n) =
n+ 1

4
(1 + 3n−1).

4 The Distribution of Valleys

4.1 Valleys

In order to count nonempty flattened Catalan words according to the length
and the number ℓ-valleys, we introduce the following bivariate generating
function

Vℓ(x, y) =
∑

w∈Flat(C+)

x|w|yℓ-val(w) =
∑

n≥1

x|w| ∑

w∈Flat(Cn)

yℓ-val(w),

where ℓ-val(w) denotes the number of occurrences of subwords of the form
abℓ(b+1), and a > b, in w. The coefficient of xnyk in Vℓ(x, y) is the number
of flattened Catalan words of length n with k ℓ-valleys.

In Theorem 4.1, we give an expression for this generating function.
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Theorem 4.1. The generating function for nonempty flattened Catalan
words with respect to the length and the number of ℓ-valleys is

Vℓ(x, y) =
x(1− 2x+ xℓ+1 − xℓ+1y)

(1− x)(1− 3x+ xℓ+1 − xℓ+1y)
.

Proof. Let w be a nonempty flattened Catalan word, and let w = 0(w′ +
1)w′′ be the first return decomposition, with w′, w′′ ∈ Flat(C). If w′ =
w′′ = ϵ, then w = 0, and its generating function is x. If w′ ̸= ϵ and w′′ = ϵ,
then w = 0(w′ + 1), and its generating function is xVℓ(x, y). Similarly, if
w′ = ϵ and w′′ ̸= ϵ, then w = 0w′′, and its generating function is xVℓ(x, y).
Finally, if w′ ̸= ϵ and w′′ ̸= ϵ, then w = 0(w′ + 1)w′′. Because w is
a flattened Catalan word, w′ must be a weakly increasing word, and we
distinguish two cases. If w′′ is of the form 0ℓ−1w′′′, where w′′′ starts with
01, then w = 0(w′ + 1)0ℓ−1w′′′, and the generating function is

(
xℓ+1y

1− 2x

)
(Vℓ(x, y)− (x+ xVℓ(x, y)) .

Notice that Tℓ(x, y) := Vℓ(x, y) − (x + xVℓ(x, y)) is obtained using the
complement of the generating function for the word 0 and the words starting
with 00.

The second case is the negation, so, w′′ does not start with 0ℓ1. Notice
that ℓ is fixed because we are interested in the ℓ-valleys, so the generating
function is

x2

1− 2x
(Vℓ(x, y)− xℓ−1Tℓ(x, y)).

Therefore, we have the functional equation

Vℓ(x, y) = x+ 2xVℓ(x, y) +

(
xℓ+1y

1− 2x

)
Tℓ(x, y)

+
x2

1− 2x
(Vℓ(x, y)− xℓ−1Tℓ(x, y)).

Solving this equation, we obtain the desired result.

Let vℓ(n, k) denote the number of flattened Catalan words of length n with
exactly k ℓ-valleys, that is vℓ(n, k) = [xnyk]Vℓ(x, y), which denotes the
coefficient of xnyk in Vℓ(x, y). For example, the first few values of this
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array for ℓ = 2 are

V2 := [v2(n, k)]n≥4,k≥0 =




14 0 0 0
40 1 0 0

115 7 0 0
331 34 0 0
953 140 1 0
2744 527 10 0
7901 1877 64 0




.

For example, v2(6, 1) = 7, the entry boxed in V2 above, and the corre-
sponding flattened Catalan words of length 6 with one 2-valley (and lattice
diagrams) are shown in Figure 6.

010010 010011001001 010012

011001 012001 012112

Figure 6: Flattened Catalan words of length 6 with one 2-valley. The red
edges indicate the location of the 2-valley.

The first column of the array V2 corresponds to OEIS entry [19, A052963].

Let vℓ(n) be the sum of all ℓ-valleys in the set of flattened Catalan words
of length n.

Corollary 4.2. The generating function of the sequence vℓ(n) is

∑

n≥1

vℓ(n)xn =
xℓ+3

(1− x)(1− 3x)2
.

Moreover, for n ≥ 1, we have

vℓ(n) =
1

4

(
1− 3n−2−ℓ + 2 · 3n−2ℓ(n− 2− ℓ)

)
.

Taking ℓ = 1 in Theorem 4.1, we obtain the generating function for nonempty
flattened Catalan words with respect to the length and the number of short
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valleys

V1(x, y) =
∑

w∈Flat(C+)

x|w|y1-val(w) =
x− 2x2 + x3(1− y)

(1− x)(1− 3x+ x2(1− y))
.

Let v1(n, k) denote the number of flattened Catalan words of length n with
exactly k short valleys, that is v1(n, k) = [xnyk]V1(x, y), which denotes the
coefficient of xnyk in V1(x, y). The first few values of this array are

V1 = [v1(n, k)]n≥1,k≥0 =




1 0 0 0
2 0 0 0
5 0 0 0
13 1 0 0

34 7 0 0
89 32 1 0
233 122 10 0
610 422 61 1
1597 1376 295 13




.

For example, v1(5, 1) = 7, the entry boxed in V1 above, and the correspond-
ing flattened Catalan words of length 5 with exactly one short valley (and
lattice diagrams) are shown in Figure 7.

01010 01011 01101 00101

01012 01201 01212

Figure 7: Flattened Catalan words of length 5 with one short valley. The
red edges indicates the location of the short valley.

Remark 4.3. In [3], we proved that Catalan words of length n with k short
valleys are in one-to-one correspondence with Dyck paths of semilength n
with k occurrences of DDUU. Taking the restriction on flattened Catalan
words of this bijection, we obtain a one-to-one correspondence between flat-
tened Catalan words of length n with k short valleys and Dyck paths of
semilength n with k occurrences of DDUU, where the height sequence of oc-
currences DDU (from left to right) is nondecreasing.

We can also obtain the generating function for the number of flattened
Catalan words of length n with respect to the number of valleys (we consider
all ℓ-valleys for ℓ ≥ 1).
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Theorem 4.4. The generating function for nonempty flattened Catalan
words with respect to the length and the number of valleys is

V (x, y) =
x− 3x2 + x3(3− y)

(1− x)(1− 4x+ 4x2 − x2y)
.

Let v(n, k) denote the number of flattened Catalan words of length n with
exactly k valleys, that is v(n, k) = [xnyk]V (x, y), which denotes the coeffi-
cient of xnyk in V (x, y). The first few values of this arrays are

V = [v(n, k)]n≥1,k≥0 =




1 0 0 0
2 0 0 0
5 0 0 0
13 1 0 0
33 8 0 0
81 40 1 0

193 160 12 0
449 560 84 1
1025 1792 448 16




.

For example, v(7, 2) = 12, the entry boxed in V above, and the correspond-
ing flattened Catalan words of length 7 with exactly two valleys are

0010101, 0100101, 0101001, 0101010, 0101011, 0101012,

0101101, 0101201, 0101212, 0110101, 0120101, 0121212.

Corollary 4.5. For n ≥ 0 we have

v(n, k) =

{
(n− 1)2n−2 + 1, if k = 0

2n−2k−2
(
n−1
2k+1

)
, if k ≥ 1

.

Note that v(n, 0) corresponds to OEIS entry [19, A005183].

Remark 4.6. In [3], we proved that Catalan words of length n with k
valleys are in one-to-one correspondence with ordered trees with n edges and
having exactly k + 1 non-leaf nodes all of those children are leaves. Taking
the restriction on flattened Catalan words of this bijection, we obtain a
one-to-one correspondence between flattened Catalan words of length n and
ordered trees with n edges and with k+1 nodes having only leaves as children
and satisfying the following:

• if T1, T2, . . . , Tr are the subtrees of the root, then Ti, i ∈ [1, r − 1], is
nondecreasing (i.e. for any node, its subtrees, except the rightmost,
consist of one node only),
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• the rightmost subtree of the root again satisfies all these properties.

Let v(n) be the sum of all valleys in the set of flattened Catalan words of
length n.

Corollary 4.7. The generating function of the sequence v(n) is

∑

n≥0

v(n)xn =
x4

(1− x)2(1− 3x)2
.

Moreover, for n ≥ 4, we have

v(n) =
1

36
(3n(n− 4) + 9n) .

For n ≥ 4, the first few values of the sequence v(n) are

1, 8, 42, 184, 731, 2736, 9844, 34448, 118101, 398584, . . . .

This sequence corresponds to OEIS entry [19, A212337].

4.2 Symmetric Valleys

A symmetric valley is a valley of the form a(a − 1)ℓa with ℓ ≥ 1. Let
symv(w) denote the number of symmetric valleys in the word w. In order
to count flattened Catalan words according to the length and the number of
symmetric valleys, we introduce the following bivariate generating function
generating function

S(x, y) =
∑

w∈Flat(C+)

x|w|ysymv(w) =
∑

n≥1

x|w| ∑

w∈Flat(Cn)

ysymv(w),

where the coefficient of xnyk in S(x, y) is the number of nonempty flattened
Catalan words of length n with k symmetric ℓ-valleys.

In Theorem 4.8, we give an expression for this generating function.

Theorem 4.8. The generating function of the nonempty flattened Catalan
words with respect to the length and the number of symmetric valleys is

S(x, y) =
x(1− 2x)(1− 2x+ 2x2 − x2y)

(1− x)(1− 5x+ 8x2 − 5x3 − x2y + 2x3y)
.

20



Proof. Let w be a nonempty flattened Catalan word, and let w = 0(w′ +
1)w′′ be the first return decomposition, with w′, w′′ ∈ C. If w′ = w′′ = ϵ,
then w = 0, and its generating function is x. If w′ ̸= ϵ and w′′ = ϵ, then
w = 0(w′ + 1), and its generating function is xS(x, y). Similarly, if w′ = ϵ
and w′′ ̸= ϵ, then w = 0w′′, and its generating function is xS(x, y). Finally,
if w′ ̸= ϵ and w′′ ̸= ϵ, then w = 0(w′ + 1)w′′, we consider three cases.

1. If w′ = 0k and w′′ has a nonzero entry, then its generating function
is (

x2

1− x

)
y

(
S(x, y)− x

1− x

)
.

2. If w′ is a weakly increasing flattened Catalan word different than 0k,
and w′′ has a nonzero entry, then its generating function is

x

(
x

1− 2x
− x

1− x

)(
S(x, y)− x

1− x

)
.

3. If w′ is a weakly increasing flattened Catalan word and w′′ = 0k, then
its generating function is

x3

(1− x)(1− 2x)
.

Therefore, we have the functional equation

S(x, y) = x+ 2xS(x, y) +

(
x2

1− x

)
y

(
S(x, y)− x

1− x

)
+

x

(
x

1− 2x
− x

1− x

)(
S(x, y)− x

1− x

)
+

x3

(1− x)(1− 2x)
.

Solving the obtained functional equation yields the desired result.

Let s(n, k) denote the number of flattened Catalan words of length n with
exactly k symmetric valleys, that is s(n, k) = [xnyk]S(x, y), which denotes
the coefficient of xnyk in S(x, y). The first few values of this arrays are

S = [s(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
5 0 0 0 0
13 1 0 0 0

34 7 0 0 0
90 31 1 0 0
242 113 10 0 0
659 375 59 1 0




.
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For example, s(5, 1) = 7, the entry boxed in S above, and the corresponding
flattened Catalan words of length 5 with 1 symmetric valley are given in
Figure 8.

01010 01011

01012

00101 01001

01101 01212

Figure 8: Flattened Catalan words of length 5 with one symmetric valley.
In red we mark the location of the symmetric valley.

Let s(n) be the sum of all symmetric valleys in the set of flattened Catalan
words of length n.

Corollary 4.9. The generating function of the sequence s(n) is

∑

n≥0

s(n)xn =
x4(1 + 2x)

(1− 3x)2(1− x)3
.

Moreover, for n ≥ 4, we have

s(n) =
1

144

(
3n(2n− 5)− 18n2 + 54n− 27

)
.

The first few values of the sequence s(n) (n ≥ 4) are

1, 7, 33, 133, 496, 1770, 6142, 20902, 70107, 232489, . . . .

5 The Distribution of Peaks

5.1 Peaks

In order to count flattened Catalan words according to the length and the
number of ℓ-peaks, we introduce the following bivariate generating function

Pℓ(x, y) =
∑

w∈Flat(C+)

x|w|yℓ-peak(w) =
∑

n≥1

x|w| ∑

w∈Flat(Cn)

yℓ-peak(w),
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where ℓ-peak(w) denotes the number of occurrences of subwords of the form
a(a+1)ℓb, and a ≥ b, in w. The coefficient of xnyk in Pℓ(x, y) is the number
of flattened Catalan words of length n with k ℓ-peaks.

In Theorem 5.1, we give an expression for this generating function.

Theorem 5.1. The generating function for nonempty flattened Catalan
words with respect to the length and the number of ℓ-peaks is

Pℓ(x, y) =
x(1− 2x)

(1− x)(1− 3x+ xℓ+1(1− y))
.

Proof. Let w be a nonempty flattened Catalan word, and let w = 0(w′ +
1)w′′ be the first return decomposition, with w′, w′′ ∈ C. If w′ = w′′ = ϵ,
then w = 0, and its generating function is x. If w′ ̸= ϵ and w′′ = ϵ, then
w = 0(w′ + 1), and its generating function is xPℓ(x, y). Similarly, if w′ = ϵ
and w′′ ̸= ϵ, then w = 0w′′, and its generating function is xPℓ(x, y). Finally,
if w′ ̸= ϵ and w′′ ̸= ϵ, then w = 0(w′ + 1)w′′, its generating function is

x

(
x

1− 2x
− xℓ − xℓ+1

1− 2x

)
Pℓ(x, y) + xy

(
xℓ +

xℓ+1

1− 2x

)
Pℓ(x, y).

Therefore, we have the functional equation

Pℓ(x, y) = x+ 2xPℓ(x, y) + x

(
x

1− 2x
− xℓ − xℓ+1

1− 2x

)
Pℓ(x, y)

+ xy

(
xℓ +

xℓ+1

1− 2x

)
Pℓ(x, y).

Solving the obtained functional equation yields the desired results.

Let pℓ(n) be the sum of all ℓ-peaks in the set of flattened Catalan words of
length n.

Corollary 5.2. The generating function of the sequence pℓ(n) is

∑

n≥1

pℓ(n)xn =
xℓ+2(1− 2x)

(1− 3x)2(1− x)
.

Moreover, for n ≥ 1 we have

pℓ(n) =
1

4

(
(3n−ℓ−2(2n+ 1− 2ℓ))− 1

)
.
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Taking ℓ = 1 in Theorem 5.1, establishes that the generating function for
flattened Catalan words with respect to the length and the number of short
peaks is

P1(x, y) =
x(1− 2x)

(1− x)(1− 3x+ x2(1− y))
.

Let p1(n, k) denote the number of flattened Catalan words of length n with
exactly k short peaks, that is p1(n, k) = [xnyk]P1(x, y), which denotes the
coefficient of xnyk in P1(x, y). The first few values of this array are

P1 = [p1(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
4 1 0 0 0
9 5 0 0 0
22 18 1 0 0

56 58 8 0 0
145 178 41 1 0
378 532 173 11 0
988 1563 656 73 1




.

For example, p1(6, 2) = 8, the entry boxed in S above, and the correspond-
ing flattened Catalan words of length 6 with 2 short peaks are

001010, 010100, 010101, 010010, 010120, 010121, 012010, 012121.

For n ≥ 1 we have p1(n, 0) = F2(n−1) + 1, where Fm is the mth Fibonacci
number with initial values F1 = F2 = 1. For n ≥ 1, the sequence p1(n, 0)
corresponds to the OEIS entry [19, A055588].

Using a similar proof as for Theorem 5.1, we generalize the result in order to
obtain the following generating function for the number of flattened Catalan
words of length n with respect to the number of peaks (we consider all ℓ-
peaks for ℓ ≥ 1).

Theorem 5.3. The generating function for flattened Catalan words with
respect to the length and the number of peaks is

P (x, y) =
x(1− 2x)

1− 4x+ 4x2 − x2y .

Let p(n, k) denote the number of flattened Catalan words of length n with
exactly k peaks, that is p(n, k) = [xnyk]P (x, y), which denotes the coeffi-
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cient of xnyk in P (x, y). The first few values of this arrays are

P = [p(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
4 1 0 0 0

8 6 0 0 0
16 24 1 0 0
32 80 10 0 0
64 240 60 1 0
128 672 280 14 0
256 1792 1120 112 1




.

For example, p(4, 1) = 6, the entry boxed in P above, and the corresponding
flattened Catalan words of length 4 with 1 peaks are

0010, 0100, 0110, 0101, 0120, 0121.

Let p(n) be the sum of all peaks in the set of flattened Catalan words of
length n.

Corollary 5.4. The generating function of the sequence p(n) is

∑

n≥0

p(n)xn =
(1− 2x)x3

(1− 4x+ 3x2)2
.

Moreover, for n ≥ 3, we have

p(n) =
1

4
(3n−2 − 1)(n− 1).

The first few values of the sequence p(n) (n ≥ 3) are

1, 6, 26, 100, 363, 1274, 4372, 14760, 14760, 49205, . . . .

This sequence corresponds to the OEIS entry [19, A261064]. Our combina-
torial interpretation is new.

5.2 Symmetric Peaks

A symmetric peak is a peak of the form a(a+1)ℓa with ℓ ≥ 1. Let symp(w)
denote the number of the symmetric peaks of the word w. In order to count
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flattened Catalan words according to the length and the number symmetric
peaks, we introduce the following bivariate generating function

T (x, y) =
∑

w∈Flat(C+)

x|w|ysymp(w) =
∑

n≥1

x|w| ∑

w∈Flat(Cn)

ysymp(w),

where the coefficient of xnyk in T (x, y) is the number of flattened Catalan
words of length n with k symmetric peaks.

Theorem 5.5, we give an expression for this generating function.

Theorem 5.5. The generating function of the nonempty flattened Catalan
words with respect to the length and the number of symmetric peaks is

T (x, y) =
x(1− x)(1− 2x)

1− 5x+ 8x2 − 5x3 − x2y + 2x3y
.

Proof. Let w be a nonempty flattened Catalan word, and let w = 0(w′ +
1)w′′ be the first return decomposition, with w′, w′′ ∈ Flat(C). If w′ = w′′ =
ϵ, then w = 0, and its generating function is x. If w′ ̸= ϵ and w′′ = ϵ, then
w = 0(w′ + 1), and its generating function is xT (x, y). Similarly, if w′ = ϵ
and w′′ ̸= ϵ, then w = 0w′′, and its generating function is xT (x, y).

Finally, if w′ ̸= ϵ and w′′ ̸= ϵ, then w = 0(w′ +1)w′′, and we have two cases
to consider.

1. If w′ is all 0’s, its generating function is

x2y

1− xT (x, y).

2. Otherwise, the generating function is

x

(
x

1− 2x
− x

1− x

)
T (x, y).

Therefore, we have the functional equation is

T (x, y) = x+ 2xT (x, y) +
x2y

1− xT (x, y) + x

(
x

1− 2x
− x

1− x

)
T (x, y).

Solving this equation yields the desired result.
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Let t(n, k) denote the number of flattened Catalan words of length n with
exactly k symmetric peaks, that is t(n, k) = [xnyk]T (x, y), which denotes
the coefficient of xnyk in T (x, y). The first few values of this arrays are

T = [t(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
4 1 0 0 0

9 5 0 0 0
23 17 1 0 0
63 51 8 0 0
176 149 39 1 0
491 439 153 11 0




.

For example, t(4, 1) = 5, the entry boxed in T above, and the corresponding
flattened Catalan words of length 4 with 1 symmetric peak (and lattice
diagrams) are shown in Figure 9.

0100 0101 0010 01210110

Figure 9: Flattened Catalan words of length 4 with 1 symmetric peak. In
red we mark the location of the symmetric peak.

The first and second column of the array T coincides with OEIS entries
[19, A369328, A290900].

Let t(n) be the sum of all symmetric peaks in the set of flattened Catalan
words of length n.

Corollary 5.6. The generating function of the sequence t(n) is

∑

n≥0

t(n)xn =
(1− 2x)2x3

(1− 3x)2(1− x)3
.

Moreover, for n ≥ 3, we have

t(n) =
1

144

(
63 + 3n + 2(−45 + 3n)n+ 18n2)

)
.

For n ≥ 3, the first few values of the sequence t(n) are

1, 5, 19, 67, 230, 778, 2602, 8618, 28303, 92275, . . . .
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1 Introduction
A word w = w1w2 · · ·wn over the set of nonnegative integers is called a Catalan word if
w1 = 0 and 0 ≤ wi ≤ wi−1 + 1 for i = 2, . . . , n. We let |w| denote the length of w.
We denote by ϵ the empty word, that is the unique word of length zero. For n ≥ 0, let Cn
denote the set of Catalan words of length n. We set C :− ⋃n≥0 Cn and C+ :− ⋃n≥1 Cn be
the set of nonempty Catalan words. For example,

C4 =

{
0000,0001,0010,0011,0012,0100,0101,
0110,0111,0112,0120,0121,0122,0123

}
.

As may be expected given their name, the cardinality of the set Cn is given by the nth
Catalan number cn = 1

n+1

(
2n
n

)
, see [27, Exercise 80]. Catalan words have been previ-

ously studied within the framework of exhaustively generation of Gray codes for growth-
restricted words [19]. Baril et al. [3, 4, 6] have investigated the distribution of descents and
the last symbol in restricted Catalan words that avoid a classical pattern or a pair of patterns
of length at most three. Analogous results have been found in [2, 7, 21] for restricted Cata-
lan words avoiding a consecutive pattern or an ordered pair of relations of length at most
three. On the other hand, Callan et al. [8] initiate the enumeration of statistics, including
area and perimeter, on the polyominoes associated with Catalan words. Additionally, we
refer to [5, 16, 17, 18], where the authors investigate several combinatorial statistics on
the polyominoes linked to both Catalan and Motzkin words. Recently, Shattuck [25] began
studying the number of occurrences of different subwords of length at most three contained
within Catalan words, such as descents, ascents, levels, etc. Our paper continues the study
of different statistics or parameters in Catalan words (runs of ascents, run of weak ascents,
ℓ-valleys, ℓ peaks,...) and their connections with other combinatorial objects, like trees and
restricted Dyck paths. Notice that the joint distribution of patterns 121 and 231 studied in
[25] corresponds to our study for ℓ-peaks whenever ℓ = 1. Similarly, the joint distribution
of consecutive patterns 212 and 312 studied in [25] corresponds to our study for ℓ-valleys
for ℓ = 1.

Let w = w1w2 · · ·wn ∈ Cn. As usual, we say that w has an ascent (descent) at position
ℓ if wℓ < wℓ+1 (wℓ > wℓ+1), where ℓ ∈ [n − 1]. Similarly, we define weak ascent (resp.
weak descent) whenever the inequality is not strict. A run (resp. weak run) of ascents
(resp. weak ascents) in a word w is a maximal subword of consecutive ascents (resp. weak
ascents). The number of runs in w is denoted by runs(w), and the number of weak runs in
w is denoted by wruns(w). The runs of descents and weak descents are defined similarly,
and the statistics will be denoted runs(w) and wruns(w), respectively. An ℓ-valley in a
Catalan word w is a subword of the form abℓ(b+1), where a > b and ℓ is a positive integer
and bℓ denotes ℓ consecutive copies of the letter b. If ℓ = 1, we say that it is a short valley.
The number of ℓ-valleys of w is denoted by ℓ-val(w) and the number of all ℓ-valleys for
ℓ ≥ 1 of w is denoted by val(w). A symmetric valley is a valley of the form a(a − 1)ℓa
with ℓ ≥ 1. The number of symmetric valleys of w is denoted by symv(w). Analogously,
we define the peak statistic. An ℓ-peak in w is a subword of the form a(a + 1)ℓb, where
a ≥ b and ℓ is a positive integer. The number of ℓ-peaks of w is denoted by ℓ-peak(w) and
the sum of all ℓ-peaks for ℓ ≥ 1 of w is denoted by peak(w). If ℓ = 1, we say that it is a
short peak; and if a = b, it is called a symmetric peak. The number of symmetric peaks of
w is denoted by symp(w).

Among our contributions, we give generating functions, formulas, and asymptotic ex-
pressions for the number of Catalan words based on the number of runs of ascents (de-
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Statistics
runs of asc. runs of w. asc. runs of desc. runs of w. desc. ℓ-valleys short valleys

statistic on w runs(w) wruns(w) runs(w) wruns(w) ℓ-val(w) 1-val(w)
bivariate g. function R(x, y) W (x, y) R̄(x, y) W̄ (x, y) Vℓ(x, y) V1(x, y)
distribution r(n, k) w(n, k) r̄(n, k) w̄(n, k) vℓ(n, k) v1(n, k)
total number over Cn r(n) w(n) r̄(n) w̄(n) vℓ(n) v1(n)

valleys sym. valleys ℓ-peaks short peaks peaks sym. peaks
statistic on w val(w) symv(w) ℓ-peak(w) 1-peak(w) peak(w) symp(w)
bivariate g. function V (x, y) S(x, y) Pℓ(x, y) P1(x, y) P (x, y) T (x, y)
distribution v(n, k) s(n, k) pℓ(n, k) p1(n, k) p(n, k) t(n, k)
total number over Cn v(n) s(n) pℓ(n) p1(n) p(n) t(n)

Table 1: Summary of notation and results for statistics considered.

scents), runs of weak ascents (descent), ℓ-valleys, valleys, symmetric valleys, ℓ-peaks,
peaks, and symmetric peaks. We also establish some bijections with restricted Dyck paths
and ordered trees. These statistics have been studied in detail for Dyck paths, see for ex-
ample [9, 13, 14, 22, 23, 24].

We aggregate our results and the notation used in Table 1.

2 Basic definitions
A Dyck path of semilength n is a lattice path from (0, 0) to (2n, 0) consisting of (1, 1)
up steps, and (1,−1) down steps, in which the path never falls below the x-axis. Let Dn
denote the set of all Dyck paths of semilength n. Given a Dyck path D ∈ Dn, we can
associate a Catalan word in Cn formed by the y-coordinate of each initial point of the up
steps in D. It is known that this construction yields a bijection between Dn and Cn, see
[8, 27]. For example, in Figure 1, we illustrate the Dyck path associated to the Catalan
word 012120012312 ∈ C12.

0 0 0

1 11 1

2 2 2 2

3

Figure 1: Dyck path of the Catalan word 012120012312.

Throughout, we use the first return decomposition of a Catalan word w, which is

w = 0(w′ + 1)w′′,

where w′ and w′′ are Catalan words (w′ and w′′ could be empty), and where (w′ + 1) is
the word obtained from w′ by adding 1 at all these symbols. Note that whenever w′ is
the empty word, denoted by ϵ, then (w′ + 1) remains the empty word. For example, the
first return decomposition of w = 012120012312 is given by setting w′ = 0101 and
w′′ = 0012312. For this word w, we have runs(w) = 5, wruns(w) = 4, runs(w) = 9,
wruns(w) = 8, 1-val(w) = 2, 2-val(w) = 1, ℓ-val(w) = 0 (ℓ > 2), symv(w) = 1,
1-peak(w) = 3, ℓ-peak(w) = 0 (ℓ > 1), and symp(w) = 1.
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Drawing Catalan words as lattice diagrams on the plane proves to be a convenient rep-
resentation. These diagrams are constructed using unit up steps (0, 1), down steps (0,−1),
and horizontal steps (1, 0). Each symbol wi of a Catalan word is represented by the seg-
ment in between the points (i − 1, wi) and (i, wi), and the vertical steps are inserted to
obtain a connected diagram. For example, in Figure 2, we illustrate the lattice diagram
associated to the Catalan word of Figure 1.

Figure 2: Lattice diagram of the word 012120012312.

3 The distribution of runs
3.1 Runs of ascents

In order to count nonempty Catalan words according to the length and the number runs of
ascents, we introduce the following bivariate generating function

R(x, y) =
∑

w∈C+

x|w|yruns(w) =
∑

n≥1

x|w| ∑

w∈Cn

yruns(w),

where the coefficient of xnyk is the number of Catalan words of length n with k runs of
ascents.

In Theorem 3.1, we give an expression for this generating function.

Theorem 3.1. The generating function for the number of nonempty Catalan words with
respect to the length and the number of runs of ascents is

R(x, y) =
1− x(1− y)−

√
(1− x− xy)2 − 4x2y

2x
.

Proof. Let w be a nonempty Catalan word, and let w = 0(w′ + 1)w′′ be the first return
decomposition of w, with w′, w′′ ∈ C. If w′ = w′′ = ϵ, then w = 0, and its generating
function is xy. If w′′ = ϵ and w′ ̸= ϵ, then w = 0(w′ + 1), and its generating function is
xR(x, y). Similarly, if w′ = ϵ and w′′ ̸= ϵ, then w = 0w′′, and then its generating function
is xyR(x, y) because we have made an extra run. Finally, if w′ and w′′ are not empty, then
w = 0(w′ + 1)w′′, and then its generating function is given by xR2(x, y). Therefore, we
have the functional equation

R(x, y) = xy + x(1 + y)R(x, y) + xR2(x, y).

Solving this equation, we obtain the desired result.

Figure 3 illustrates the cases given in the decomposition described in the proof of The-
orem 3.1. The red point denotes the new run of ascents.
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0 0w
′′0(w′ + 1) 0(w′ + 1)w′′

Figure 3: Decomposition of a nonempty Catalan word.

Let r(n, k) denote the number of Catalan words of length n with exactly k runs of
ascents, that is r(n, k) = [xnyk]R(x, y), which denotes the coefficient of xnyk in R(x, y).
The first few values of this arrays are

R :− [r(n, k)]n,k≥1 =




1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 3 1 0 0 0 0 0

1 6 6 1 0 0 0 0
1 10 20 10 1 0 0 0
1 15 50 50 15 1 0 0
1 21 105 175 105 21 1 0
1 28 196 490 490 196 28 1




.

For example, r(4, 2) = 6, the entry boxed in R above, and the corresponding Catalan
words (and lattice diagrams) are shown in Figure 4.

0012 0101 0112 0120 0121 0122

Figure 4: Catalan words of length 4 with 2 runs of ascents.

The array R corresponds with the OEIS entry [26, A001263], which is called the
Narayana array. Therefore, we have the combinatorial expression

r(n, k) =
1

k

(
n− 1

k − 1

)(
n

k − 1

)
.

Notice, that this sequence counts the number of peaks in Dyck paths. Let r(n) be the total
number of runs of ascents over all Catalan words of length n.

Corollary 3.2. For n ≥ 1, we have r(n) =
(
2n−1
n

)
.

Proof. By differentiating R(x, y) with respect to y and evaluating at y = 1, Theorem 3.1
gives

∂R(x, y)

∂y

∣∣∣∣
y=1

=
1 +
√

1− 4x

2
√

1− 4x
=
∑

n≥1

(
2n− 1

n

)
xn.

By comparing the nth coefficient, we obtain the desired result. We use the generating
function of the central binomial coefficients:

1√
1− 4x

=
∑

n≥0

(
2n

n

)
xn.
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The first few values of the sequence r(n) (n ≥ 1) correspond with the OEIS entry [26,
A001700]:

1, 3, 10, 35, 126, 462, 1716, 6435, 24310, 92378, . . . .

Notice that in the notation of patterns in subwords, see [25], the sequence r(n) counts
the total number of maximal patterns of the form 12 · · · (ℓ− 1)ℓ, with ℓ ≥ 1, in all Catalan
words of length n.

3.2 Runs of weak ascents

In order to count nonempty Catalan words according to the length and the number runs of
weak ascents, we introduce the following bivariate generating function

W (x, y) =
∑

w∈C+

x|w|ywruns(w) =
∑

n≥1

x|w| ∑

w∈Cn

ywruns(w),

where the coefficient of xnyk is the number of Catalan words of length n with k runs of
weak ascents.

In Theorem 3.3, we give an expression for this generating function.

Theorem 3.3. The generating function for the number of nonempty Catalan words with
respect to the length and the number of runs of weak ascents is

W (x, y) =
1− 2x−

√
1− 4x+ 4x2 − 4x2y

2x
.

Proof. From a similar argument as in the proof of Theorem 3.1, we obtain the functional
equation

W (x, y) = xy + 2xW (x, y) + xW 2(x, y).

Solving this equation, we obtain the desired result.

Let w(n, k) denote the number of Catalan words of length n with exactly k runs of
weak ascents, that is w(n, k) = [xnyk]W (x, y), which denotes the coefficient of xnyk in
W (x, y). The first few values of this array are

W :− [w(n, k)]n,k≥1 =




1 0 0 0 0
2 0 0 0 0
4 1 0 0 0

8 6 0 0 0
16 24 2 0 0
32 80 20 0 0
64 240 120 5 0
128 672 560 70 0
256 1792 2240 560 14




.

For example, w(4, 2) = 6, the entry boxed inW above, and the corresponding Catalan
words (and lattice diagrams) are shown in Figure 5.
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0010 0100 0101 0110 0120 0121

Figure 5: Catalan words of length 4 with 2 runs of weak ascents.

Theorem 3.4. For n, k ≥ 1, we have

w(n, k) =
1

n

(
n

k

)(
n− k
k − 1

)
2n−2k+1.

Proof. Rewriting the functional equation in the proof of Theorem 3.3, we obtain

W (x, y) = xy + 2xW (x, y) + xW 2(x, y) = xΦ(W (x, y)),

where Φ(z) = y + 2z + z2. From the Lagrange inversion theorem (see for instance [20]),
we have

w(n, k) = [xnyk]W (x, y) =
1

n
[zn−1yk](y + 2z + z2)n

=
1

n
[zn−1yk]

n∑

i=0

(
n

i

)
yi(2z + z2)n−i

=
1

n
[zn−1]

(
n

k

)
(2z + z2)n−k

=
1

n

(
n

k

)
[zn−1−(n−k)]

n−k∑

i=0

(
n− k
i

)
2n−k−izi

=
1

n

(
n

k

)(
n− k
k − 1

)
2n−2k+1.

From Theorem 3.4, we obtain the combinatorial identity for the Catalan numbers

cn =
1

n

n∑

k=1

(
n

k

)(
n− k
k − 1

)
2n−2k+1. (3.1)

Open Problem 3.1. Find a combinatorial interpretation for the identity in (3.1).

The arrayW corresponds with the OEIS entry [26, A091894]. Among the combinato-
rial objects counted by this sequence, there are Dyck paths of semilength n having exactly
k − 1 UU ’s with midpoint at even height. Let Un be the set of Dyck paths of semilength
n and U =

⋃
n≥0 Un. For instance, there are 6 Dyck paths of semilength 4 having one

occurrence UU with midpoint at even height:

U(UU)DUDDD, U(UU)UDDDD, UDU(UU)DDD,

U(UU)DDDUD, U(UU)DDUDD, UUD(UU)DDD.

We define recursively the bijection ψ from Cn to Un as follows:

ψ(w) =





ϵ if w = ϵ,

UDψ(u) if w = 0(u+ 1),

UUψ(u1)DU · · ·DUψ(ua−1)DDψ(ua) if w = 0(u1 + 1) · · ·0(ua + 1), a ≥ 2, ua ̸= ϵ,

UUψ(u1)DU · · ·DUψ(ua−1)DUψ(ua)DD if w = 0(u1 + 1) · · ·0(ua + 1)0, a ≥ 1,
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where ui, 1 ≤ i ≤ a, are Catalan words (possibly empty except for the third case where
ua ̸= ϵ), and where, as in the first return decomposition, (u + 1) corresponds to the word
obtained from u by increasing by one all letters of u. For instance, we have

ψ(0012231010) = ψ(0 · ϵ · 012231 · 01 · 0)

= UUψ(ϵ)DUψ(01120)DUψ(0)DD

= UU · ϵ ·DU · UUψ(001)DD ·DU · UD ·DD
= UUDUUU · UUψ(ϵ)DDψ(0) ·DDDUUDDD
= UUDUUUUUDDUDDDDUUDDD.

Refer to Figure 6 for an illustration of the above example. The red points denote the mid-
points at even height.

Figure 6: An example for the bijection ψ from C10 to U10.

A simple observation allows us to prove that ψ is a bijection. Now, let us check (by
induction on the length) thatψ transports the number of runs of weak ascents minus one into
the number of occurrences UU with midpoint at even height. Let mid(P ) be the number
of such occurrences in the path P . By convenience, we set wruns(ϵ) = 1, mid(ϵ) = 0 and
the base case n = 0 follows. Letw satisfyingw = 0(1+u1) · · ·0(1+ua), a ≥ 2, ua ̸= ϵ,
and let k be the number of nonempty ui for 1 ≤ i ≤ a− 1. We have

mid(ψ(w)) = mid(UUψ(u1)DU · · ·DUψ(ua−1)DDψ(ua))

= k + mid(ψ(u1)) + · · ·+ mid(ψ(ua−1)) + mid(ψ(ua)).

Using the recurrence hypothesis, we have mid(ψ(ui)) = wruns(ui) − 1 for 1 ≤ i ≤ a.
So, we deduce

mid(ψ(w)) = k +
(
wruns(u1)− 1

)
+ · · ·+

(
wruns(ua−1)− 1

)
+
(
wruns(ua)− 1

)

= k + wruns(u1) + · · ·+ wruns(ua−1)− (a− 1) + wruns(ua)− 1

= wruns(0(1 + u1) · · ·0(1 + ua))− 1

= wruns(w)− 1.

The second case where w = 0(1+u1) · · ·0(1+ua)0, a ≥ 1 is handled mutatis mutandis.
Letw(n) be the total number of runs of weak ascents over all Catalan words of length n.

Corollary 3.5. For n ≥ 1, we have w(n) =
(
2n−2
n−1

)
.

The first few values of the sequencew(n) corresponds to the OEIS entry [26, A000984]

1, 2, 6, 20, 70, 252, 924, 3432, 12870, . . . .

Our combinatorial interpretation does not appear in the OEIS.
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3.3 Runs of descents

In order to count nonempty Catalan words according to the length and the number runs of
descents, we introduce the following bivariate generating function

R̄(x, y) =
∑

w∈C+

x|w|yruns(w) =
∑

n≥1

x|w| ∑

w∈Cn

yruns(w),

where the coefficient of xnyk is the number of Catalan words of length n with k runs of
descents.

In Theorem 3.6, we give an expression for this generating function.

Theorem 3.6. The generating function for the number of nonempty Catalan words with
respect to the length and the number of runs of descents is

R̄(x, y) =
1− 2xy −

√
4x2y2 − 4x2y − 4xy + 1

2x

Proof. Let w be a nonempty Catalan word, and let w = 0(w′ + 1)w′′ be the first return
decomposition of w, with w′, w′′ ∈ C. If w′ = w′′ = ϵ, then w = 0, and its generating
function is xy. If w′′ = ϵ and w′ ̸= ϵ, then w = 0(w′ +1), and then its generating function
is xyR̄(x, y). Similarly, if w′ = ϵ and w′′ ̸= ϵ, then w = 0w′′, and then its generating
function is xyR̄(x, y). Finally, ifw′ andw′′ are not empty, thenw = 0(w′+1)w′′, and then
its generating function is given by xR̄2(x, y). Therefore, we have the functional equation

R̄(x, y) = xy + 2xyR̄(x, y) + xR̄2(x, y).

Solving this equation yields the desired result.

Let r̄(n, k) denote the number of Catalan words of length n with exactly k runs of
descents, that is r̄(n, k) = [xnyk]R̄(x, y), which denotes the coefficient of xnyk in R̄(x, y).
The first few values of this arrays are

R̄ :− [r̄(n, k)]n,k≥1 =




1 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0
0 0 6 8 0 0 0 0
0 0 2 24 16 0 0 0
0 0 0 20 80 32 0 0
0 0 0 5 120 240 64 0
0 0 0 0 70 560 672 128




.

The array R̄ does not appear in the OEIS.

Corollary 3.7. For n ≥ 1, we have r̄(n) =
(
2n
n

)
−
(
2n−2
n−1

)
.

Proof. By differentiating R̄(x, y) with respect to y and evaluating at y = 1, Theorem 3.6
gives

∂R̄(x, y)

∂y

∣∣∣∣
y=1

=
1− x−

√
1− 4x√

1− 4x
.
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By comparing the nth coefficient, we obtain the desired result. We use the generating
function of the central binomial coefficients:

1√
1− 4x

=
∑

n≥0

(
2n

n

)
xn.

The first few values of the sequence r̄(n) (n ≥ 1) correspond with the OEIS entry [26,
A051924]:

1, 4, 14, 50, 182, 672, 2508, 9438, 35750, 136136, . . . .

3.4 Runs of Weak Descents

In a Catalan word of length n, the number of runs of ascents plus the number of runs of
weak descents equals n+ 1. Due to the relation r(n, k) = r(n, n+ 1− k) in the Narayana
array (see Section 3.1), the number w̄(n, k) of Catalan words of length n with k runs of
weak descents equals the number r(n, k) of Catalan words of length n with k runs of
ascents. Then, we refer to Section 3.1.

4 The distribution of valleys
4.1 Valleys

In order to count Catalan words according to the length and the number ℓ-valleys, we
introduce the following bivariate generating function

Vℓ(x, y) =
∑

w∈C+

x|w|yℓ-val(w) =
∑

n≥1

x|w| ∑

w∈Cn

yℓ-val(w),

where ℓ-val(w) denotes the number of occurrences of subwords of the form abℓ(b+1), and
a > b, in w. The coefficient of xnyk in Vℓ(x, y) is the number of Catalan words of length
n with k ℓ-valleys.

In Theorem 4.1, we give an expression for this generating function.

Theorem 4.1. The generating function for nonempty Catalan words with respect to the
length and the number of ℓ-valleys is

Vℓ(x, y) =
1− 2x− xℓ+1(1− y)−

√
1− 4x+ 2xℓ+1(1− y) + x2(ℓ+1)(1− y)2

2x(1− xℓ−1(1− y) + xℓ(1− y))
.

Proof. Let w be a nonempty Catalan word, and let w = 0(w′ + 1)w′′ be the first return
decomposition, with w′, w′′ ∈ C. If w′ = w′′ = ϵ, then w = 0, and its generating function
is x. If w′ ̸= ϵ and w′′ = ϵ, then w = 0(w′ + 1), and its generating function is xVℓ(x, y).
Similarly, if w′ = ϵ and w′′ ̸= ϵ, then w = 0w′′, and its generating function is xVℓ(x, y).
Finally, if w′ ̸= ϵ and w′′ ̸= ϵ, then w = 0(w′ + 1)w′′, and we distinguish two cases. If
w′′ is of the form 0ℓ−1w′′′, where w′′′ starts with 01, then w = 0(w′ + 1)0ℓ−1w′′′, and
the generating function is xyVℓ(x, y)xℓ−1Aℓ(x, y), where

Aℓ(x, y) = Vℓ(x, y)− x(1 + Vℓ(x, y))
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is obtained using the complement of the generating function for the word 0 and the words
starting with 00. Otherwise, the generating function is

xVℓ(x, y)(Vℓ(x, y)− xℓ−1Aℓ(x, y)).

Therefore, we have the functional equation

Vℓ(x, y) = x+ 2xVℓ(x, y) + xyVℓ(x, y)xℓ−1 (Vℓ(x, y)− x(1 + Vℓ(x, y)) +

xVℓ(x, y)
(
Vℓ(x, y)− xℓ−1 (Vℓ(x, y)− x(1 + Vℓ(x, y)))

)
.

Solving this equation, we obtain the desired result.

Let vℓ(n, k) denote the number of Catalan words of length n with exactly k ℓ-valleys,
that is vℓ(n, k) = [xnyk]Vℓ(x, y), which denotes the coefficient of xnyk in Vℓ(x, y). For
example, the first few values of this array for ℓ = 2 are

V2 :− [v2(n, k)]n≥1,k≥0 =




1 0 0 0
2 0 0 0
5 0 0 0
14 0 0 0
41 1 0 0

125 7 0 0
393 36 0 0
1266 163 1 0
4158 693 11 0




.

For example, v2(6, 1) = 7, the entry boxed in V2 above, and the corresponding Catalan
words (and lattice diagrams) are shown in Figure 7. The red segments denote the valley.

001001 010010 010011 010012

011001 012001 012112

Figure 7: Catalan words of length 6 with one 2-valley.

Let vℓ(n) be the sum of all ℓ-valleys in the set of Catalan words of length n.

Corollary 4.2. The generating function of the sequence vℓ(n) is

∑

n≥1

vℓ(n)xn =
xℓ−2

(
1− 5x+ 5x2 − (1− 3x+ x2)

√
1− 4x

)

2
√

1− 4x
.

Moreover, for all n ≥ 1, we have

vℓ(n) =

(
2(n− ℓ)− 1

n− ℓ− 3

)
, (4.1)
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and an asymptotic approximation for vℓ(n) is

22(n−ℓ)−1

√
πn

.

We compute asymptotics of the combinatorial sequences using classical singularity
analysis (cf. [11]).

Taking ℓ = 1 in Theorem 4.1, we obtain the generating function for nonempty Catalan
words with respect to the length and the number of short valleys

V1(x, y) =
∑

w∈C+

x|w|y1-val(w) =
1− 2x− x2(1− y)−

√
1− 4x+ 2x2(1− y) + x4(1− y)2

2x(y + x(1− y))
.

Notice that in the notation of subwords patterns, see [25], the sequence v1(n) counts
the joint distribution of the patterns 212 and 312.

Let v1(n, k) denote the number of Catalan words of length n with exactly k short val-
leys, that is v1(n, k) = [xnyk]V1(x, y), which denotes the coefficient of xnyk in V1(x, y).
The first few values of this array are

V1 = [v1(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
5 0 0 0 0
13 1 0 0 0

35 7 0 0 0
97 34 1 0 0
275 143 11 0 0
794 558 77 1 0
2327 2083 436 16 0




.

For example, v1(5, 1) = 7, the entry boxed in V1 above, and the corresponding Catalan
words (and lattice diagrams) are shown in Figure 8.

00101 01010 01011 01012

01101 01201 01212

Figure 8: Catalan words of length 5 with one short valley.

The matrix V1 corresponds to the OEIS sequence [26, A114492]. Among the combi-
natorial objects counted by this sequence are Dyck paths of semilength n having exactly k
occurrences of DDUU . For instance, the 7 Dyck paths of semilength 5 having one short
valley are
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UDUU(DDUU)DD, UUDU(DDUU)DD,
UU(DDUU)DDUD, UUUD(DDUU)DD,
UU(DDUU)UUUDDD, UU(DDUU)UUDUDD,
UUUD(DDUU)DDD.

We recursively define the bijection χ from Cn to the set of Dyck paths of semilength n
as follows:

χ(w) =





ϵ if w = ϵ,

Uχ(u)D if w = 0(1 + u),

UDχ(u) if w = 0u,

Uχ(u)Dχ(v) if w = 0(1 + u)v, u, v ̸= ϵ,

where (1 + u) corresponds to the word obtained from u by increasing by one all letters
of u. For instance, we have

χ(0012231010) = χ(0 · 012231010)

= UDχ(0 · 12231 · 010)

= UDUχ(0 · 112 · 0)Dχ(0 · 1 · 0)

= UDUUUDUUDDDUDDUUDDUD.

A simple observation allows us to prove that χ is a bijection. Now, let us check (by
induction on the length) that χ transports the number of short valleys into the number of
occurrences of DDUU . Let dduu(P ) be the number of such occurrences in the path P .
The case n = 0 is trivial. Let us consider the general decomposition of a Catalan word
w = 0(1 + u)v. The cases where u or v are empty is easy to check, so we assume that
u and v nonempty. We have dduu(χ(w)) = dduu(Uχ(u)Dχ(v)). We distinguish two
cases.

Case (i): v starts with 01. By definition, χ(v) starts with UU and we have

dduu(ψ(w)) = dduu(Uχ(u)Dχ(v)) = dduu(χ(u)) + 1 + dduu(χ(v)).

Using the recurrence hypothesis, we deduce

dduu(ψ(w)) = 1 + sval(u) + sval(v) = sval(w).

Case (ii): v does not start with 01. In the same way, we have

dduu(ψ(w)) = dduu(Uχ(u)Dχ(v))

= dduu(χ(u)) + dduu(χ(v))

= sval(u) + sval(v) = sval(w).

Using a similar proof as for Theorem 4.1, we generalize the result in order to obtain the
following generating function for the number Catalan words of length n with respect to the
number of valleys (we consider all ℓ-valleys for ℓ ≥ 1).

Theorem 4.3. The generating function for nonempty Catalan words with respect to the
length and the number of valleys is

V (x, y) =
1− 3x+ x2 + x2y −

√
(1− 3x+ x2 + x2y)2 − 4x2y(1− x)2

2xy(1− x)
.
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Let v(n, k) denote the number of Catalan words of length n with exactly k valleys, that
is v(n, k) = [xnyk]V (x, y), which denotes the coefficient of xnyk in V (x, y). The first
few values of this arrays are

V = [v(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
5 0 0 0 0
13 1 0 0 0

34 8 0 0 0
89 42 1 0 0
233 183 13 0 0
610 717 102 1 0
1597 2622 624 19 0




.

Note that v(n, 1) = F2n−1 (n ≥ 1), where Fn is the nth Fibonacci number. The array
V corresponds to the OEIS entry [26, A114502], where the nth term counts the number of
ordered trees with n edges and having exactly k+ 1 nodes all of whose children are leaves.
For example, v(5, 1) = 8, the entry boxed in V above, and the corresponding Catalan words
and trees are shown in Figure 9.

00101 01010 01011 01012 01101 01201 0121201001

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 2 2 2

Figure 9: Bijection ψ.

Theorem 4.4. The set of ordered trees with n edges and having exactly k + 1 nodes all of
whose children are leaves is in bijection with the set of Catalan words of length n having k
valleys.

Proof. Recall that an ordered tree is either a single node, called root and denoted () or
equivalently •, or a root whose some ordered subtrees S1, S2, . . . , Sk, k ≥ 1, denoted
(S1, S2, . . . , Sk). A leaf of an ordered tree is a node with no children. We define recursively
the bijection ψ from Catalan words of length n to ordered trees with n edges as follows:

(i) ψ(w) = •, if w = ϵ,

(ii) ψ(w) = (ψ(v1), ψ(v2), . . . , ψ(vk)), if w = 0(1 + v1) · · ·0(1 + vk),
k ≥ 1, 1 ≤ i ≤ k.

Clearly, ψ is a bijection, and the word w corresponds to the level minus one of the nodes
(except the root) read in the preorder traversal of ψ(w) (see Figure 9). Now let us prove
by induction on the length that ψ transports the number val(w) of valleys plus one into the
number nl(ψ(w)) of nodes whose all children are leaves in the tree ψ(w). Assuming that
w = 0(1 + v1) · · ·0(1 + vk), where vi are possibly empty, we have

nl(ψ(w)) = nl ((ψ(v1), ψ(v2), . . . , ψ(vk))) .

We distinguish two cases.
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Case (i): For all j, 1 ≤ j ≤ k, we have vj = ϵ. Thus, we have w = 0k, ψ(w) =
(•, . . . , •), and nl(ψ(w)) = 1 = val(w) + 1.

Case (ii): Otherwise, let j1, j2, . . . , ja, a ≥ 1, the indices j where vj ̸= ϵ. Thus,
we have nl(ψ(w)) = nl(ψ(vj1)) + · · ·+nl(ψ(vja)). Using the recurrence
hypothesis, we obtain nl(ψ(w)) = val(vj1)+· · ·+val(vja)+a = val(w)+1,
which completes the induction.

Let v(n) be the sum of all valleys in the set of Catalan words of length n.

Corollary 4.5. The generating function of the sequence v(n) is

∑

n≥0

v(n)xn =
1− 5x+ 5x2 − (1− 3x+ x2)

√
1− 4x

2(1− x)x
√

1− 4x
.

Moreover, for all n ≥ 1, we have

v(n) =
n−1∑

ℓ=1

(
2(n− ℓ)− 1

n− ℓ− 3

)
, (4.2)

and an asymptotic approximation for v(n) is

22n

6
√
πn

.

For n ≥ 4, the first few values of the sequence v(n) are

1, 8, 44, 209, 924, 3927, 16303, 66691, 270181, . . . .

This sequence does not appear in the OEIS.

Open Problem 4.1. Find a combinatorial proof for the equality in (4.2).

4.2 Symmetric valleys

A symmetric valley is a valley of the form a(a − 1)ℓa with ℓ ≥ 1. Let symv(w) denote
the number of symmetric valleys in the word w. In order to count Catalan words according
to the length and the number of symmetric valleys, we introduce the following bivariate
generating function generating function

S(x, y) =
∑

w∈C+

x|w|ysymv(w) =
∑

n≥1

x|w| ∑

w∈Cn

ysymv(w),

where the coefficient of xnyk in S(x, y) is the number of nonempty Catalan words of
length n with k symmetric ℓ-valleys.

We remark that the symmetric valley statistic has been recently studied in the context
of k-ary words [1], Dyck paths [10, 12], and integer compositions [15].

Theorem 4.6. The generating function of the nonempty Catalan words with respect to the
length and the number of symmetric valleys is

S(x, y) =
1− 3x+ x2(3− y)− 2x3(1− y)−

√
1− 6x+ x2(11− 2y)− 2x3(5− 3y) + x4(5− 6y + y2)

2x(1− x)(1− x(1− y))
.
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Proof. Let w be a nonempty Catalan word, and let w = 0(w′ + 1)w′′ be the first return
decomposition, with w′, w′′ ∈ C. If w′ = w′′ = ϵ, then w = 0, and its generating function
is x. If w′ ̸= ϵ and w′′ = ϵ, then w = 0(w′ + 1), and its generating function is xS(x, y).
Similarly, if w′ = ϵ and w′′ ̸= ϵ, then w = 0w′′ and its generating function is xS(x, y).
Finally, if w′ and w′′ are not empty, then w = 0(w′ + 1)w′′ and we have a new symmetric
valley in the case where w′ ends with 0 and w′′ ̸= 0ℓ (ℓ ≥ 1). The generating function for
this case is

xS(x, y)2+x(xS(x, y)+x)y

(
S(x, y)− x

1− x

)
−x(xS(x, y)+x)

(
S(x, y)− x

1− x

)
.

Summing all the cases and solving the obtained functional equation yields the desired re-
sult.

Let s(n, k) denote the number of Catalan words of length n with exactly k symmetric
valleys, that is s(n, k) = [xnyk]S(x, y), which denotes the coefficient of xnyk in S(x, y).
The first few values of this arrays are

S = [s(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
5 0 0 0 0
13 1 0 0 0

35 7 0 0 0
98 33 1 0 0
284 135 10 0 0
846 519 64 1 0
2576 1933 340 13 0




.

For example, s(5, 1) = 7, the entry boxed in S above, and the corresponding Catalan words
of length 5 with 1 symmetric valley are

00101, 01001, 01010, 01011, 01012, 01101, 01212.

Let s(n) be the sum of all symmetric valleys in the set of Catalan words of length n.

Corollary 4.7. The generating function of the sequence s(n) is

∑

n≥0

s(n)xn =
1− 4x+ 2x2 − (1− 2x)

√
1− 4x

2(1− x)
√

1− 4x
.

Moreover, for all n ≥ 1, we have

s(n) = (3n− 2)cn−1 −
1

2

n∑

k=1

(
2k

k

)
, (4.3)

and an asymptotic approximation for s(n) is

22n

12
√
πn

.
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For n ≥ 4, the first few values of the sequence s(n) are

1, 7, 35, 155, 650, 2652, 10660, 42484, 168454, 665874, . . . .

This sequence does not appear in the OEIS. An asymptotic approximation for the ratio
between s(n) and v(n) is 1/2.

Open Problem 4.2. Find a combinatorial proof for the expression for s(n) given in equa-
tion (4.3), as stated in Corollary 4.7.

5 The distribution of peaks
5.1 Peaks

It is clear that the number of weak valleys of a Catalan word w is exactly the number of
weak peaks of w minus one, but there is no natural link between the number of ℓ-valleys
and the number of ℓ-peaks. So, in order to count Catalan words according to the length and
the number of ℓ-peaks, we introduce the following bivariate generating function

Pℓ(x, y) =
∑

w∈C+

x|w|yℓ-peak(w) =
∑

n≥1

x|w| ∑

w∈Cn

yℓ-peak(w),

where ℓ-peak(w) denotes the number of occurrences of subwords of the form a(a+ 1)ℓb,
and a ≥ b, in w. The coefficient of xnyk in Pℓ(x, y) is the number of Catalan words of
length n with k ℓ-peaks.

In Theorem 5.1, we give an expression for this generating function.

Theorem 5.1. The generating function for nonempty Catalan words with respect to the
length and the number of ℓ-peaks is

Pℓ(x, y) =
1− 2x+ xℓ+1(1− y)−

√
1− 4x+ 2xℓ+1(1− y) + x2(ℓ+1)(1− y)2

2(xℓ+1(y − 1) + x)
.

Proof. From a similar argument as in the proof of Theorem 4.1, we have the functional
equation:

Pℓ(x, y) = x+ 2xPℓ(x, y) +
x

1− x (Pℓ(x, y)− 2xPℓ(x, y)− x)Pℓ(x, y)

+ xPℓ(x, y)

(
x

1− x − x
ℓ

)
+ xyxℓPℓ(x, y)

+ x

(
Pℓ(x, y)

x

1− x − Pℓ(x, y)xℓ
)
Pℓ(x, y) + xyPℓ(x, y)2xℓ.

Solving this equation yields the desired result.

Let pℓ(n) be the sum of all ℓ-peaks in the set of Catalan words of length n.

Corollary 5.2. The generating function of the sequence pℓ(n) is

∑

n≥1

pℓ(n)xn =
xℓ−1

(
1− 3x− (1− x)

√
1− 4x

)

2
√

1− 4x
.
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Moreover, for all n ≥ 1 we have

pℓ(n) =

(
2(n− ℓ)− 1

n− ℓ− 2

)
, (5.1)

and an asymptotic approximation for pℓ(n) is

22(n−ℓ)−1

√
πn

.

Taking ℓ = 1 in Theorem 5.1, establishes that the generating function for Catalan words
with respect to the length and the number of short peaks is

P1(x, y) =
1− 2x+ x2(1− y)−

√
1− 4x+ 2x2(1− y) + x4(1− y)2

2(x2(y − 1) + x)
.

Let p1(n, k) denote the number of Catalan words of length nwith exactly k short peaks,
that is p1(n, k) = [xnyk]P1(x, y), which denotes the coefficient of xnyk in P1(x, y). The
first few values of this array are

P1 = [p1(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
4 1 0 0 0
9 5 0 0 0
22 19 1 0 0
57 66 9 0 0
154 221 53 1 0
429 729 258 14 0
1223 2391 1131 116 1




.

The array P1 corresponds to the OEIS entry [26, A116424]. Notice that in the notation of
subwords patterns, see [25], the sequence p1(n) counts the joint distribution of the patterns
121 and 231.

Using a similar proof as for Theorem 5.1, we generalize the result in order to obtain the
following generating function for the number Catalan words of length n with respect to the
number of peaks.

Theorem 5.3. The generating function for Catalan words with respect to the length and
the number of peaks is

P (x, y) =
1− 3x− x2y + 3x2 −

√
1− 6x+ 11x2 − 6x3 + x4 − 2x2y + 2x3y − 2x4y + x4y2

2x (xy − 2x+ 1)
.

Let p(n, k) denote the number of Catalan words of length n with exactly k peaks, that
is p(n, k) = [xnyk]P (x, y), which denotes the coefficient of xnyk in P (x, y). The first
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few values of this arrays are

P = [p(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
4 1 0 0 0

8 6 0 0 0
16 25 1 0 0
32 89 11 0 0
64 290 74 1 0
128 893 392 17 0
256 2645 1796 164 1




.

This array does not appear in the OEIS. For example, p(4, 1) = 6, the entry boxed in
P above, and the corresponding Catalan words of length 4 with one peak are shown in
Figure 10.

0010 0100 0101 0110 0120 0121

Figure 10: Catalan words of length 4 with one peak.

Let p(n) be the sum of all peaks in the set of Catalan words of length n.

Corollary 5.4. The generating function of the sequence p(n) is

∑

n≥0

p(n)xn =
1− 3x− (1− x)

√
1− 4x

2(1− x)
√

1− 4x
,

and an asymptotic approximation for p(n) is

22n

6
√
πn

.

The first few values of the sequence p(n) (n ≥ 3) are

1, 6, 27, 111, 441, 1728, 6733, 26181, 101763, 395693, . . . .

This sequence does not appear in the OEIS. Since p(n) =
∑

ℓ≥1

pℓ(n), by equation (5.1), we

deduce

p(n) =
n−1∑

ℓ=1

(
2(n− ℓ)− 1

n− ℓ− 2

)
.

5.2 Symmetric peaks

A symmetric peak is a peak of the form a(a + 1)ℓa with ℓ ≥ 1. Let symp(w) denote the
number of the symmetric peaks of the word w. In order to count Catalan words accord-
ing to the length and the number symmetric peaks, we introduce the following bivariate
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generating function

T (x, y) =
∑

w∈C+

x|w|ysymp(w) =
∑

n≥1

x|w| ∑

w∈Cn

ysymp(w),

where the coefficient of xnyk in T (x, y) is the number of Catalan words of length n with
k symmetric peaks.

In Theorem 5.5, we give an expression for this generating function.

Theorem 5.5. The generating function of the nonempty Catalan words with respect to the
length and the number of symmetric peaks is

T (x, y) =
x2y − 3x2 + 3x− 1 +

√
x4y2 − 6x4y + 5x4 + 6x3y − 10x3 − 2x2y + 11x2 − 6x+ 1

2x (−1 + x)
.

Proof. Let w be a nonempty Catalan word, and let w = 0(w′ + 1)w′′ be the first return
decomposition, with w′, w′′ ∈ C. If w′ = w′′ = ϵ, then w = 0, and its generating function
is x. If w′ ̸= ϵ and w′′ = ϵ, then w = 0(w′ + 1), and its generating function is xT (x, y).
Similarly, if w′ = ϵ and w′′ ̸= ϵ, then w = 0w′′, and its generating function is xT (x, y).
Finally, if w′ and w′′ are not empty, then w = 0(w′ + 1)w′′, and we have a new symmetric
peak in the case where w′ is 0k, k ≥ 1. The generating for this case is

x2y

1− xT (x, y) + x

(
T (x, y)− x

1− x

)
T (x, y).

Summing all the cases and solving the obtained functional equation yields the desired re-
sult.

Let t(n, k) denote the number of Catalan words of length n with exactly k symmetric
peaks, that is t(n, k) = [xnyk]T (x, y), which denotes the coefficient of xnyk in T (x, y).
The first few values of this arrays are

T = [t(n, k)]n≥1,k≥0 =




1 0 0 0 0
2 0 0 0 0
4 1 0 0 0

9 5 0 0 0
23 18 1 0 0
64 60 8 0 0
187 199 42 1 0
563 667 189 11 0
1731 2259 795 76 1




.

For example, t(4, 1) = 5, the entry boxed in T above, and the corresponding Catalan
words of length 4 with 1 symmetric peak are

0100, 0101, 0010, 0110, 0121.

Let t(n) be the sum of all symmetric peaks in the set of Catalan words of length n.
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Corollary 5.6. The generating function of the sequence t(n) is

∑

n≥0

t(n)xn =
x
(
2x2 − 3x+ 1− (1− x)

√
1− 4x

)

2 (1− x)
2√

1− 4x
.

Moreover, for all n ≥ 1, we have

t(n) =
n−3∑

k=0

(
2k + 2

k

)
,

and an asymptotic approximation for t(n) is

22n

12
√
πn

.

For n ≥ 3, the first few values of the sequence t(n) are

1, 5, 20, 76, 286, 1078, 4081, 15521, 59279, 227239, . . . .

This sequence corresponds to the OEIS entry [26, A057552]. An asymptotic approxima-
tion for the ratio between t(n) and p(n) is 1/2.
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FIBONACCI AND CATALAN PATHS IN A WALL

JEAN-LUC BARIL AND JOSÉ L. RAMÍREZ

Abstract. We study the distribution of some statistics (width, number of steps, length,
area) defined for paths contained in walls. We present the results by giving generating
functions, asymptotic approximations, as well as some closed formulas. We prove alge-
braically that paths in walls of a given width and ending on the x-axis are enumerated by
the Catalan numbers, and we provide a bijection between these paths and Dyck paths.
We also find that paths in walls with a given number of steps are enumerated by the
Fibonacci numbers. Finally, we give a constructive bijection between the paths in walls
of a given length and peakless Motzkin paths of the same length.

1. Introduction and notation

Lattice path theory takes an important place in combinatorics. In the literature, there
are many articles that study combinatorial problems on lattice paths (see [15]). Most of
the time, lattice paths are defined in Z2 by a starting point (almost always the origin), and
a sequence of vectors (also called steps) lying in a given set S. For instance, paths (also
called walks) defined with S = {N,S,E,W}, where N = (0, 1), S = (0,−1), E = (1, 0),
and W = (−1, 0), are widely studied in the quarter plane N2 (see [9, 17, 18] for instance).
Such a path may overlap itself (i.e., vertices and edges can be repeated). The problem of
the enumeration of these paths is very interesting to solve whenever boundary constraints
are imposed. On the other hand, we can consider lattice paths in N2 with no overlaps by
forcing the paths to go to the right; this is the subclass of directed paths. For example, if
S = {U,D}, where U = (1, 1), D = (1,−1), then the paths in N2 starting at the origin
and ending on the x-axis are the famous Dyck paths that are counted with respect to
the semilength (number of steps divided by 2) by the Catalan numbers Cn = 1

n+1

(
2n
n

)

(see A000108 in Sloane’s On-line Encyclopedia of Integer Sequences [27]). Moreover, if we
permit steps H = (1, 0), then we obtain the class of Motzkin paths that are enumerated by
the sequence A001006 in [27]. We refer to [1, 4, 5, 6, 7, 8, 10, 12, 19, 20, 25, 26] for several
works on the enumeration and the generation of such paths (with and without overlaps)
with respect to the length and various statistics.

In this work we introduce a new class of paths in N2 induced by a regular tiling of the
first quadrant: the wall. More precisely, a wall is a tiling of N2 using tiles (or bricks) of size
1× 2 organized as shown in Figure 1. More formally, a wall is a subgrid of N2 constituted
by the segments (0, b)− (∞, b) for every b ≥ 0, and (a, b)− (a, b+ 1) for a ≥ 0 and b ≥ 0 of

Date: September 14, 2024.
2010 Mathematics Subject Classification. 05A15, 05A19.
Key words and phrases. Catalan, Fibonacci, Dyck path, generating function, kernel method.
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the same parity. Note that this tiling can be also viewed as the cell structure of the plant
tissues (see [28] for instance), and our work studies the enumeration of paths of the sap
[16] according to several parameters defined below.

Figure 1. The wall tiling of N2.

A path in a wall is a lattice path on the subgrid defined by the wall. More precisely, it is
a lattice path in N2 starting at the origin (0, 0) where each step links two adjacent corners
of the bricks, by following the sides of the bricks with no overlap and no return to the
left (each step touching exactly two corners of some bricks at its beginning and its end).
Thus a path consists of steps N = (0, 1), S = (0,−1), and E ∈ {E1 = (1, 0), E2 = (2, 0)}
and their connections are constrained by the tiling (E2 is used on the x-axis and E1

above). Let P be the set of all paths in a wall. For instance, Figure 2 shows the two
paths NEEENEESESENEES and NEEENEESESENENEN , which can also writ-
ten as NE1E1E1NE1E1SE1SE2NE1E1S and NE1E1E1NE1E1SE1SE2NE1NE1N . The
first path ends on the x-axis and the second path ends at ordinate 3. Note that some works
[13, 14] have investigated the connection between paths and tilings of the plane, but this
does not correspond to our definition of the paths in a wall.

A statistic on the set P is a function w from P to N. Below, we define three important
statistics for our study. The width of a path P , denoted width(P ), is the abscissa of its
last point. For instance Figure 2 shows two paths of width 10. The length of a path P ,
denoted length(P ), is the length of the path considering as a curve in R2. Figure 2 shows
two paths of length 16 and 17, respectively. The number of steps of a path P , denoted
nbstep(P ), is the number of steps in the path (or equivalently the number of connections
of two corners). Figure 2 shows two paths with 15 and 16 steps, respectively.

Figure 2. Two paths in a wall NEEENEESESENEES and
NEEENEESESENENEN . The left path ends on the x-axis, its width
is 10, it has 15 steps, and its length is 16. The right path ends at ordinate
3, its width is 10, it has 16 steps, and its length is 17.
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Now, let us assume that the statistic w returns either the width, or the length, or the
number of steps of a path. For k ≥ 0, we consider the generating function fk = fk(z)
(resp. gk = gk(z), resp. hk = hk(z)), where the coefficient of zn in the series expansion
is the number of paths P ∈ P such that w(P ) = n, ending at ordinate k with an up-step
N (resp., with a down-step S, resp., with a horizontal-step E). Let f 0

k (resp. f 1
k ) be the

generating function consisting of the terms zn in fk such that n + k ≡ 0 mod 2 (resp.,
n+k ≡ 1 mod 2). Similarly, we define g0k, g1k, h0k, and h1k. Obviously, we have fk = f 0

k +f 1
k ,

gk = g0k + g1k, and hk = h0k + h1k for any k ≥ 0.
Also, we introduce the bivariate generating functions for i ∈ {0, 1},

F i(u, z) =
∑

k≥0

ukf i
k(z), Gi(u, z) =

∑

k≥0

ukgik(z), and H i(u, z) =
∑

k≥0

ukhik(z).

For short, we use the notation F i(u), Gi(u), and H i(u), i ∈ {0, 1}, for these functions.
We will use all these notations for the three following sections of this study according

to the choice of the statistic w (w = width in Section 3, w = nbstep in Section 4, and
w = length in Section 5).

Outline of the paper. In this paper, we investigate the enumeration problem of the
paths defined by the wall with respect to several parameters. In Section 2, we count paths
of a given width (ending on a given abscissa) according to the type of the last step and
the ordinate of the last point. We provide an asymptotic approximation for the expected
ordinate of the last point, and we prove that such paths ending on the x-axis are counted
by the well known Catalan numbers. We exhibit a bijection between these paths and Dyck
paths. Note that this last result was already found by Odlyzko [22] in the context of the
enumeration of fountains with a given number of coins on the basis. En passant, Odlyzko
also enumerates fountains with n coins, which allows us to say that paths ending on the
x-axis in the wall and having a given number of bricks below the path, are counted by the
infinite continued fraction

1

1− z

1− z2

1− z3

. . .

.

In this section we also enumerate the paths ending on the x-axis with a given area and
width. We note that the total area of the paths is related with the path length in binary
trees.

In Section 3, we count paths of a given number of steps according to the type of the
last step and the ordinate of the last point. We prove that such paths are counted by the
Fibonacci numbers. We exhibit a bijection between these paths and binary words avoiding
two consecutive ones.

Finally, in Section 4, we make an analogous study for paths having a given length. We
prove that such paths are counted by the generalized Catalan number, which are known
to also count RNA structures. We exhibit a bijection between these paths and peakless
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Motzkin paths. Note that the study made in this last section is equivalent to the study of
paths of a given length in the honeycomb (i.e., hexagonal) lattice (it suffices to expand all
bricks of the wall into hexagonal cells).

2. Paths of a given width

In this part, we count paths in P of a given width, i.e., ending at a given abscissa.
By convention, we fix f 0

0 = 1 for considering the empty path consisting of the origin
(0, 0) only. Observing that a step N = (0, 1) in a path cannot end on a corner (n, k),
k ≥ 1, with n + k ≡ 0 mod 2, we deduce f 0

k = 0 for k ≥ 1. Of course, a path ending
with N cannot end at ordinate 0, which implies f 1

0 = 0. A path ending with N at ordinate
k = 1 ends necessarily at an even abscissa, and then, it equals either N or QN , where
Q is a path ending with a horizontal step (2, 0), which implies f 1

1 = 1 + h00. Finally, a
path ending with N on a corner (n, k), k > 1, n + k ≡ 1 mod 2, follows necessarily an
horizontal step (1, 0) that ends at (n, k − 1), which implies f 1

k = h0k−1, k > 1.
Other recurrence relations for gik and hik, k ≥ 0, i ∈ {0, 1}, can be obtained mutatis

mutandis. Thus we obtain the following equations:
{
f 0
0 = 1 and f 0

k = 0, k ≥ 1,

f 1
0 = 0, f 1

1 = 1 + h00, and f 1
k = h0k−1, k > 1,

,

{
g0k = h1k+1, k ≥ 0,

g1k = 0, k ≥ 0,
and

(1)

{
h00 = z2 + z2(h00 + g00) and h0k = z(h1k + f 1

k ), k ≥ 1,

h10 = 0 and h1k = z(h0k + g0k), k ≥ 1.

Summing the recursions in (1), we have:




F 0(u) = 1,

F 1(u) = u+
∑
k≥1

ukh0k−1 = u+ uH0(u),





G0(u) =
∑
k≥0

ukh1k+1 = 1
u
H1(u),

G1(u) = 0,

,





H0(u) = h00 + z
∑
k≥1

uk(f 1
k + h1k)

= h00 + z(F 1(u) +H1(u)),

H1(u) = z
∑
k≥0

uk(g0k + h0k)− z(h00 + g00)

= z(H0(u) +G0(u))− h0
0−z2

z
.

Solving the above functional equations, we deduce

F 0(u) = 1 and F 1(u) =
u (h00 z − u+ z)

u2z − u+ z
,

G1(u) = 0 and G0(u) = −h
0
0 uz + h00 z

2 + z2 − h00
(u2z − u+ z) z

,
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H0(u) =
z (−u2 + h00)

u2z − u+ z
and H1(u) = −u (h00 uz + h00 z

2 + z2 − h00)
(u2z − u+ z) z

.

In order to compute h00, we use the kernel method [2, 3, 24, 25] on F 1(u). This method
consists in cancelling the denominator of F 1(u) by finding u as an algebraic function r of z.
Therefore, if we substitute u with r in the numerator then it necessarily equals zero (in
order to counterbalance the cancellation of the denominator), which induces the value of
h00.

Thus, we factorize the denominator u2z − u+ z = z(u− r)(u− s) with

r =
1−
√

1− 4z2

2z
and s =

1 +
√

1− 4z2

2z
.

Note that r is the generating function of Catalan numbers, which ensures us that we remain
in the ring of formal power series.

Hence we obtain

h00 =
r − z
z

.

Now, substituting h00 with its value in the above generating functions, and simplifying
by (u− r) in the numerator and the denominator, we obtain the following:

Theorem 1. We have

F 0(u) = 1, F 1(u) =
u

z(s− u)
, G0(u) =

r − z
z2(s− u)

, G1(u) = 0, and

H0(u) =
r + u

s− u, H1(u) =
u(r − z)

z2(s− u)
.

Finally, the bivariate generating function S(z, u), where the coefficient of znuk is the num-
ber of paths of width n ending at ordinate k, satisfies

S(z, u) =
r(1 + u)

z2(s− u)
.

The first terms of the series expansion of S(z, u) are

1 + u+
(
u2 + u

)
z +

(
u3 + u2 + 2u+ 2

)
z2 +

(
u4 + u3 + 3u2 + 3u

)
z3+

+
(
u5 + u4 + 4u3 + 4u2 + 5u+ 5

)
z4 +

(
u6 + u5 + 5u4 + 5u3 + 9u2 + 9u

)
z5+

+
(
u7 + u6 + 6u5 + 6u4 + 14u3 + 14u2 + 14u+ 14

)
z6 + · · ·

Using the Vieta relations rs = 1 and r + s = 1/z, we deduce the following.

Corollary 1. We have

[uk]F 0(u) = [k = 0], k ≥ 0, [uk]F 1(u) =
rk

z
, k ≥ 1,

[uk]G0(u) =
(r − z)rk+1

z2
, k ≥ 0,
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[uk]H0(u) =
rk+1

z
, k ≥ 1, [uk]H1(u) =

(r − z)rk

z2
, k ≥ 1,

[uk]S(z, u) =
rk+1(r + 1)

z2
− [k = 0]

z
, k ≥ 0, and

all other coefficients are equal to zero.

In order to provide closed forms for the coefficients of znuk in the previous generating
functions, we need to obtain a closed form for the coefficient of zn in rk, k ≥ 0. The
quantity r satisfies the functional equation r = z(1 + r2) = zϕ(r) with ϕ(t) = 1 + t2. From
Lagrange inversion, (see [21] for instance), we have

[zn]rk =
k

n
[tn−k]ϕ(t)n =

k

n
[tn−k](1 + t2)n.

Thus we have

[zn]rk = 0 if n− k ̸≡ 0 mod 2 and [zn]rk =
k

n

(
n

n−k
2

)
otherwise.

Therefore, we obtain the following.

Theorem 2. The number f(n, k) of paths of width n ending at ordinate k with a step N
is given by

f(n, k) =
k

n+ 1

(
n+ 1
n+1−k

2

)
if n+ k ̸≡ 0 mod 2 and 0 otherwise.

The number g(n, k) of paths of width n ending at ordinate k with a step S is given by

g(n, k) =
k + 2

n+ 2

(
n+ 2
n−k
2

)
− k + 1

n+ 1

(
n+ 1
n−k
2

)
if n+ k ≡ 0 mod 2 and 0 otherwise.

Theorem 3. The number s(n, k) of paths of width n ending at ordinate k is given by

s(n, k) =
k + 2

n+ 2

(
n+ 2
n−k
2

)
if n+ k ≡ 0 mod 2 and

s(n, k) =
k + 1

n+ 2

(
n+ 2
n−k+1

2

)
otherwise.

From Theorem 2 and Theorem 3, we can easily deduce a closed form for the number
h(n, k) of paths of width n ending at ordinate k with a horizontal step. As a byproduct of
Theorem 3, if we set k = 0 and n = 2m is even, then s(2m, 0) = 1

m+1

(
2m+2
m

)
= 1

m+2

(
2m+2
m+1

)
,

which corresponds to the (m + 1)-th Catalan number (see A000108). Figure 3 shows the
14 paths of width 6 ending on the x-axis (i.e., ending at ordinate k = 0).
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Figure 3. The 14 paths of width 6 ending on the x-axis (Catalan number).

Corollary 2. The generating function for the number of paths of a given width is

S(z, 1) =
2r

z2(s− 1)
=

1− z − 2z2 − (1− z)
√

1− 4z2

z3(−1 + 2z)
,

and the n-th coefficient in the series expansion is given by

2 ·
(
n+ 1

⌊n/2⌋

)
,

which corresponds to twice the coefficients of A037952 in [27].

The first terms of the series expansion are

2 + 2z + 6z2 + 8z3 + 20z4 + 30z5 + 70z6 + 112z7 + 252z8 + 420z9 + · · ·

By calculating ∂u(S(z, u))|u=1, and using classical methods [11, 23] for an asymptotic
approximation of the coefficient of zn, we obtain the following.

Corollary 3. An asymptotic for the expected ordinate of the last point in all paths of a
given width is given by

√
πn

2
≈ 1.253314137

√
n.

We end this section by exhibiting a constructive bijection ϕ between paths of width 2n
ending on the x-axis in P and Dyck paths with n+ 1 up steps. Recall that E1 = (1, 0) and
E2 = (2, 0). Let P1 be the set of paths in the wall starting at (1, 1), ending at ordinate 1,
and never going to the x-axis. If Q is a path in P1, then we define the path Q̄ in P obtained
from Q after a translation by the vector (−1,−1) (note that some occurrences of E1E1 in Q
can be transformed by the translation into a step E2). For instance, if Q = E1E1NE1E1S
then Q̄ = E2NE1E1S.
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Proposition 1. Let us consider the map ϕ recursively defined from P to the set D of Dyck
paths as follows. For P ∈ P, we set:

ϕ(P ) =





UD if P = ϵ,

UDϕ(Q) if P = E2 Q with Q ∈ P ,
Uϕ(Q̄)D if P = NE1QE1S ∈ P , and Q ∈ P1,

Uϕ(Q̄)Dϕ(R) if P = NE1QE1SE2R ∈ P , with R ∈ P and Q ∈ P1.

Then, the map ϕ is a bijection.

Due to the recursive definition, the image by ϕ of a path ending on the x-axis of width
2n in P is a Dyck path of semilength n + 1, and it is easy to see that ϕ is a bijection.
For instance, the image ofNE1E1E1NE1E1SE1SE2NE1E1S (of width 10) is the Dyck path
Uϕ(E2NE1E1S)Dϕ(NE1E1S) = UUDϕ(NE1E1S)Dϕ(NE1E1S) = UUDUUDDDUUDD
(of length 12), see Figure 4. We also refer to Figure 5 for an illustration of the last three
cases used in the definition of ϕ.

Figure 4. The path NEEENEESESENEES of width 10 and its image
by ϕ, the Dyck path UUDUUDDDUUDD of length 12,

2.1. The total area. The area of a path P ending on the x-axis is defined as two times
the number of bricks between the path and the x-axis. It is denoted by area(P ). For
example, the path in Figure 2 has area 10. In this part, we enumerate the paths in P of a
given width, ending on the x-axis, and with a given area.

The following theorem provides a functional equation satisfied by the generating function

F (z, q) =
∑

P∈P
zwidth(P )qarea(P ).

Theorem 4. The bivariate generating function F (z, q), where the coefficient of znqk is
the number of paths of width n ending on the x-axis and area k, satisfies the functional
equation

F (z, q) = 1 + z2F (z, q) + z2q2F (zq, q) + z4q2F (zq, q)F (z, q).(2)

Proof. In the bijection introduced in Proposition 1 we note that any non-empty path can
be decomposed as E2Q,NE1QE1S, or NE1QE1SE2R, where Q ∈ P1 and R ∈ P , see
Figure 5 for a pictorial representation. For the paths P of the form E2Q, the contribution
is z2F (z, q) since the area of P and Q are the same, and the width of P is equal to that of Q
plus two. For the paths P of the form NE1QE1S, the contribution is z2q2F (zq, q) since the
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area of P is 2+width(Q)+area(Q), and the width of P is 2+width(Q). The contribution
of the third case is obtained mutatis mutandis. Therefore, fom this decomposition follows
the functional equation.

Figure 5. Decomposition of a path into E2Q, or NE1QE1S, or NE1QE1SE2R.

□
Theorem 5. An expression for the generating function F (z, q) is given by the continued
fraction

F (z, q) =
1

−z2 +
1

1 +
q2z2

−q2z2 +
1

1 +
q4z2

−q4z2 +
1

. . .

.

Proof. From Theorem 4 we have

F (z, q) =
1 + z2q2F (zq, q)

1− z2 − z4q2F (zq, q)
=

1

−z2 +
1

1 + z2q2F (zq, q)

.

Iterating this expression yields the desired result. □
The first terms of the continued fraction are as follows:

1 + (1 + q2)z2 + (1 + 2q2 + q4 + q6)z4 + (1 + 3q2 + 3q4 + 3q6 + 2q8 + q10 + q12)z6+

(1 + 4q2 + 6q4 + 7q6 + 7q8 + 5q10 + 5q12 + 3q14 + 2q16 + q18 + q20)z8 + · · ·
The paths corresponding to the boldface in the expansion are displayed in Figure 3. Note
that by considering 1 + q · F (

√
q,
√
q), we obtain the generating function for the paths
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without steps on the x-axis having a given number of bricks below the path, and we retrieve
the results of Odlyzko [22] that enumerates fountains with n coins with the continued
fraction

1

1− z

1− z2

1− z3

. . .

.

Corollary 4. The generating function of the total area in all paths in P of a given width
and ending on the x-axis is

1− 3z2 − (1− z2)
√

1− 4z2

z4(1− 4z2)
.

The n-th coefficient of the series expansion is asymptotically equivalent to

(1 + (−1)n)2n+1.

Proof. Let G := ∂q(F (z, q))|q=1. Then, by differentiating (2) with respect to q, we obtain

G = z2G+ (2z2 + 2z4F (z, 1) + z4G)F (z, 1) + z2(1 + z2F (z, 1))H,(3)

where H = ∂q(F (qz, q))|q=1. From Theorem 1 we have

F (z, 1) =
1− 2z2 −

√
1− 4z2

2z4
=
∑

n≥0

Cn+1z
2n,

where Cn is the n-th Catalan number. From the definition of F (z, q) we have

H = ∂q(F (qz, q))|q=1 =
∑

n≥0

2nCn+1z
2n +G.

Since we have
∑

n≥0

2nCn+1z
2n = 2

1− 3z2 − (1− z2)
√

1− 4z2

z4
√

1− 4z2
,

we can substitute this expression in (3). Solving for G, we obtain the desired result. □

The first terms of the series expansion are

2z2 + 14z4 + 74z6 + 352z8 + 1588z10 + 6946z12 + 29786z14 + 126008z16 + · · · ,
which corresponds to A138156 in [27], that also counts the sum of the path lengths of
all incomplete binary trees with n edges. It would be interesting to investigate the link
between the area in these paths and the path length in these trees.
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3. Paths with a given number of steps

In this part, we count paths in P with a given number of steps (recall that a step is a
move N = (0, 1), S = (0,−1), E ∈ {(1, 0), (2, 0)} connecting two adjacent corners in a wall.
With the similar arguments used in the previous section, we easily obtain the following
recurrence relations.

{
f 0
0 = 1, and f 0

k = 0, k ≥ 1,

f 1
0 = 0, f 1

1 = z + zh00, and f 1
k = zh0k−1, k ≥ 2,

,

{
g0k = zh1k+1, k ≥ 0,

g1k = 0, k ≥ 0,
and

(4)

{
h00 = z + z(h00 + g00), and h0k = z(h1k + f 1

k ), k ≥ 1,

h10 = 0, and h1k = z(h0k + g0k), k ≥ 1.

Summing the recursions in (4), we have:




F 0(u) = 1,

F 1(u) = zu+ z
∑
k≥1

ukh0k−1 = zu+ zuH0(u),





G0(u) = z
∑
k≥0

ukh1k+1 = z
u
H1(u),

G1(u) = 0,




H0(u) = h00 + z
∑
k≥1

uk(f 1
k + h1k)

= h00 + z(F 1(u) +H1(u)),

H1(u) = z
∑
k≥0

uk(g0k + h0k)− z(h00 + g00)

= z(H0(u) +G0(u))− h00 + z.

Solving these functional equations, we deduce

F 0(u) = 1 and F 1(u) =
uz (h00 uz + h00 z

2 − h00 u+ z2 − u)

−uz4 + u2z2 + uz2 + z2 − u ,

G1(u) = 0 and G0(u) = − z (h00 uz
2 + h00 z − h00 + z)

−uz4 + u2z2 + uz2 + z2 − u,

H0(u) =
uz4 − (u2 − h00 + u)z2 + h00uz − h00u
−uz4 + (u2 + u+ 1)z2 − u and H1(u) = − u (h00 uz

2 + h00 z − h00 + z)

−uz4 + u2z2 + uz2 + z2 − u.

In order to compute h00, we use the kernel method on F 1(u) (see Section 2 for more
details). We factorize the denominator −uz4 + u2z2 + uz2 + z2− u = z2(u− r)(u− s) with

r =
1− z2 + z4 −

√
(z2 + z + 1) (z2 − z + 1) (z2 + z − 1) (z2 − z − 1)

2z2
and

s =
1− z2 + z4 +

√
(z2 + z + 1) (z2 − z + 1) (z2 + z − 1) (z2 − z − 1)

2z2
.

Cancelling the numerator of F 1(u) by substituting u by r, we obtain

h00 =
z

1− z − rz2 .
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The first terms of the series expansion of h00 are

z + z2 + z3 + z4 + 2 z5 + 3 z6 + 5 z7 + 7 z8 + 11 z9 + · · · ,
and this sequence does not appear in [27]. However, if we set h(n) := [zn]h00 then the
sequence of odd powers corresponds to A051286, and we have

h(2n+ 1) =
n∑

k=0

(
n− k
k

)2

.

Moreover, the sequence of even powers corresponds to A203611, and we have

h(2n) =
n∑

k=0

(
k − 1

2k − 1− n

)(
k

2k − n

)
.

Corollary 5. The generating function for the number of paths of a given number of steps
in P and ending on the x-axis is

h00
z

=
2

1− 2z + z2 − z4 +
√

1− 2z2 − z4 − 2z6 + z8
,

and the n-th coefficient of the series expansion is given by h(n+ 1).

Now, substituting h00 by its value in the previous generating functions, and simplifying
by (u− r) in the numerators and denominators, we obtain the following:

Theorem 6. We have

F 0(u) = 1, F 1(u) =
u(1 + h00 − h00z)

z(s− u)
, G0(u) =

zh00
s− u, G1(u) = 0, and

H0(u) =
ru+ h00
r(s− u)

, H1(u) =
uh00
s− u,

where

h00 =
z

1− z − rz2 .

Finally, the bivariate generating function S(z, u), where the coefficient of znuk is the num-
ber of paths with n steps ending at ordinate k, satisfies

S(z, u) = 1 +
ru+ zru+ h00(ru+ z2r + z)

zr(s− u)
.

The first terms of the series expansion of S(z, u) are

1 + (u+ 1)z + (1 + 2u)z2 + (u2 + 3u+ 1)z3 + (2u2 + 4u+ 2)z4 + (u3 + 4u2 + 5u+ 3)z5+

+ (2u3 + 6u2 + 8u+ 5)z6 + (u4 + 5u3 + 9u2 + 12u+ 7)z7+

+ (2u4 + 8u3 + 14u2 + 20u+ 11)z8 + · · ·
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Theorem 7. We have

[uk]F 0(u) = [k = 0], k ≥ 0, [uk]F 1(u) =
1 + h00(1− z)

z
· rk, k ≥ 1,

[uk]G0(u) = zh00r
k+1, k ≥ 0,

[uk]H0(u) = (1 + h00)r
k − [k = 0], k ≥ 0, [uk]H1(u) = h00r

k, k ≥ 1,

S(z, 0) = h00/z, [uk]S(z, u) =
1 + 2h00

z
· rk, k ≥ 1, and

all other coefficients are equal to zero.

In order to provide a closed form for the coefficient of zn of all these previous quantities,
we need to provide a closed form of r(n, k) := [zn]rk. We set r′ = r(

√
z). Then r′ is the

generating function for the generalized Catalan numbers, and using the comment of Barry
in [27] (see A004148) giving the general term of r′k, we can easily obtain:

r(2k, k) := [z]2krk = 1, k ≥ 0

r(2k + 2ℓ, k) := [z]2k+2ℓrk = k

ℓ∑

i=⌈ ℓ+1
2

⌉

1

i

(
i

ℓ− i

)(
i+ k − 1

ℓ+ k − i

)
, k ≥ 1, ℓ ≥ 1,

r(2n+ 1, k) := [z2n+1]rk = 0, otherwise.

Corollary 6. The number s(n, k) of paths with n steps in P ending at ordinate k is given
by

s(n, k) = r(n+ 1, k) + 2
n+1∑

i≥0

h(i)r(n+ 1− i, k),

where r(n, k) and h(n) are defined previously.

Corollary 7. The generating function for the number of paths of a given number of steps
in P is

S(z, 1) =
1 + z

1− z − z2 ,
and the n-th coefficient s(n) in the series expansion is given by a shift of the Fibonacci
sequence A000045 in [27], defined by s(n) = s(n − 1) + s(n − 2) anchored with s(0) = 1
and s(1) = 2.

The first terms of the series expansion are

1 + 2z + 3z2 + 5z3 + 8z4 + 13z5 + 21z6 + 34z7 + 55z8 + 89z9 + · · ·
Figure 6 shows the eight paths with four steps. Note that there is a simple bijection ψ
between the set of paths in P with n steps and the set of binary words of length n that
do not contain two adjacent ones: reading the path from left to right, we replace each
vertical step by 1, and each horizontal step by 0. For instance, the image of the path
ENENEESEEN is 0101001001.
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Figure 6. The eight paths with four steps (Fibonacci).

By calculating ∂u(S(z, u))|u=1 and using classical methods [11, 23] for an asymptotic
approximation of the coefficient of zn, we obtain the following.

Corollary 8. The expected ordinate of the last point in all paths in P with n steps is
asymptotically equivalent to

√
−15 + 7

√
5
(
5 + 3

√
5
)√

n

10
√
π

≈ 0.5335775634
√
n.

4. Paths with a given length

In this part, we count paths in P with a given length. We easily obtain the following
recurrence relations.{

f 0
0 = 1 and f 0

k = 0, k ≥ 1,

f 1
0 = 0, f 1

1 = z + zh00, and f 1
k = zh0k−1, k ≥ 2,

,

{
g0k = zh1k+1, k ≥ 0,

g1k = 0, k ≥ 0,
and

(5)

{
h00 = z2 + z2(h00 + g00) and h0k = z(h1k + f 1

k ), k ≥ 1,

h10 = 0 and h1k = z(h0k + g0k), k ≥ 1.

Summing the recursions in (5), we have:




F 0(u) = 1,

F 1(u) = zu+ z
∑
k≥1

ukh0k−1 = zu+ zuH0(u),





G0(u) = z
∑
k≥0

ukh1k+1 = z
u
H1(u),

G1(u) = 0,




H0(u) = h00 + z
∑
k≥1

uk(f 1
k + h1k)

= h00 + z(F 1(u) +H1(u)),

H1(u) = z
∑
k≥0

uk(g0k + h0k)− z(h00 + g00)

= z(H0(u) +G0(u))− h0
0−z2

z
.

Solving the above functional equations, we deduce

F 0(u) = 1 and F 1(u) =
uz (h00 z

2 + z2 − u)

−uz4 + u2z2 + uz2 + z2 − u,
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G1(u) = 0 and G0(u) = − h00 uz
2 + h00 z

2 + z2 − h00
−uz4 + u2z2 + uz2 + z2 − u,

H0(u) =
z2 (uz2 − u2 + h00 − u)

−uz4 + u2z2 + uz2 + z2 − u and H1(u) = − u (h00 uz
2 + h00 z

2 + z2 − h00)
(−uz4 + u2z2 + uz2 + z2 − u) z

.

In order to compute h00, we use the kernel method on F 1(u) (see Section 2 for more
details). We factorize the denominator −uz4 +u2z2 +uz2 +z2−u = z2(u−r)(u−s) where
r and s are the same as those defined in Section 3.

Cancelling the numerator of F 1(u) by substituting u with r, we obtain

h00 =
r − z2
z2

.

Now, substituting h00 by its value in the previous generating functions, and simplifying
by (u− r) in the numerators and denominators, we obtain the following:

Theorem 8. We have

F 0(u) = 1, F 1(u) =
u

z(s− u)
, G0(u) =

r − z2
z2(s− u)

, G1(u) = 0, and

H0(u) =
1

z2(s− u)
− 1, H1(u) =

u(r − z2)
z3(s− u)

.

Finally, the bivariate generating function S(z, u), where the coefficient of znuk is the num-
ber of paths of length n ending at ordinate k, satisfies

S(z, u) =
rz + z + ru− z3

z3(s− u)
.

The first terms of the series expansion of S(z, u) are

1 + uz + (u+ 1)z2 + (u2 + 2u)z3 + (u2 + 2u+ 2)z4 + (u3 + 3u2 + 3u)z5+

+ (u3 + 3u2 + 4u+ 4)z6 + (u4 + 4u3 + 6u2 + 6u)z7+

+ (u4 + 4u3 + 7u2 + 9u+ 8)z8 + · · ·
Theorem 9. We have

[uk]F 0(u) = [k = 0], k ≥ 0, [uk]F 1(u) =
rk

z
, k ≥ 1,

[uk]G0(u) = rk+2/z2 − rk+1, k ≥ 0,

[uk]H0(u) = rk+1/z2 − [k = 0], k ≥ 0, [uk]H1(u) = rk+1/z3 − rk/z, k ≥ 1,

S(z, 0) =
r − z2
z4

, [uk]S(z, u) =
rk+1

z2
(1 + r +

1

z
− z2), k ≥ 1, and

all other coefficients are equal to zero.

Using the closed form of [zn]rk obtained in the previous section, we deduce the following.
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Corollary 9. The number s(n, k) of paths of length n in P ending at ordinate k is given
by

s(2, 0) = 1, s(n, 0) = r(n+ 4, 1), n ≥ 4, and

s(n, k) = r(n+ 2, k + 1) + r(n+ 3, k + 1)− r(n, k + 1) + r(n+ 2, k + 2),

where r(n, k) := [zn]rk is given before Corollary 6

Corollary 10. The generating function for the number of paths of a given length in P is

S(z, 1) =
z3 − rz − z − r

z3(1− s) =
−1 + 2z2 + 2z5 + z6 + (1− z2)

√
1− 2z2 − z4 − 2z6 + z8

2z5(1− z − z2) .

The sequences of coefficients of z2n+1 corresponds to A003440 and the sequences of
coefficients of z2n does appear in [27]

Corollary 11. The generating function for the number of paths of a given length in P
ending on the x-axis is r−z2

z4
and the n-th coefficient of the series expansion is given by

r(2n, 0), which corresponds to the n-th generalized Catalan number (see A004148).

Corollary 12. An asymptotic for the expected ordinate of the last point in all paths in P
of a given length is

(
3 +
√

5
)√
−15 + 7

√
5

2
√
πn

≈ 1.193115703 · 1√
n
.

Figure 7 shows the eight paths of length 8 ending on the x-axis.

Figure 7. The eight paths of length 8 ending on the x-axis (generalized Catalan)

We end the section by exhibiting a constructive bijection ψ between paths of length
2n ending on the x-axis in P and peakless Motzkin paths with n + 1 steps (i.e., Motzkin
paths with no occurrence of UD). Recall that E1 = (1, 0) and E2 = (2, 0), and that P1

is the set of paths in the wall starting at (1, 1), ending at ordinate 1, and never going to
the x-axis. If Q ∈ P1, then we recall that Q̄ is the path in P obtained from Q after the
translation by the vector (−1,−1). These definitions are already given in Section 2 just
before Proposition 1.
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Proposition 2. Let us consider the map ψ recursively defined from P to the set PM of
peakless Motzkin paths as follows. For P ∈ P, we set:

ψ(P ) =





H if P = ϵ,

Hψ(Q) if P = E2 Q with Q ∈ P ,
Uψ(Q̄)D if P = NE1QE1S ∈ P , and Q ∈ P1,

Uψ(Q̄)Dψ(R) if P = NE1QE1SE2R ∈ P , with R ∈ P and Q ∈ P1.

Due to the recursive definition, the image by ψ of a path ending on the x-axis of length 2n
in P is a peakless Motzkin path with n+ 1 steps, and it is easy to see that ψ is a bijection.
For instance, the image of NE1E1E1NE1E1SE1SE2NE1E1S (of length 16) is the peakless
Motzkin path UHUHDDUHD (of length 9), see Figure 8. Note that the definition of ψ
is basically the same as in Proposition 1 since we use the same decomposition of a path
(the only change is that we use horizontal steps instead of peaks UD).

Figure 8. The path NE1E1E1NE1E1SE1SE2NE1E1S of length 16 and its
image by ψ, the peakless Motzkin path UHUHDDUHD of length 9.

5. Conclusions

In this work, we enumerate lattice paths in the wall with respect to their width, number
of steps, length, and area. Can we identify the underlying limit law (see [11])? The main
tools are multivariate generating functions and the kernel method. We can extend our
results by considering additional statistics, for example the number of turns of the path,
i.e., the number of occurrences of the subpaths EN,ES,NE, and SE. For example, it is
possible to give an expression for the multivariate generating function S(z, u, w), where the
coefficient of znukwℓ is the number of paths with n steps, ℓ turns, and ending at ordinate
k. The expression is too large, however, the first few terms of the Taylor expansion are

S(z, u, w) = 1 + (1 + u)z + (1 + 2uw)z2 + (1 + 2uw + uw2 + u2w2)z3

+ (1 + 2uw + w2 + 2uw2 + 2u2w3)z4

+ (1 + 2uw + 3uw2 + u2w2 + 2w3 + 2u2w3 + u2w4 + u3w4)z5 + · · ·
Moreover, the bivariate generating function S(z, 1, w), where the coefficient of znwℓ is the
number of paths with n steps and ℓ turns is given by

S(z, 1, w) =
(w2 − 2w + 1)z2 − z − 1

w2z2 + z − 1
.
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Therefore, the generating function for the total number of turns in all paths of a given
width is

2z2(1 + z)

(1− z − z2)2 = 2z2 + 6z3 + 14z4 + 30z5 + 60z6 + 116z7 + 218z8 + 402z9 + · · · ,

and the n-th coefficient corresponds to twice the convolution of the Fibonacci sequence
(see A023610 in [27]), that is,

2 ·
n+1∑

i=2

FiFn+1−i.

Can we obtain enumerative results for paths with other boundary conditions? Can
we generalize our study if we drop the non-overlapping constraint and allow the step
W = (−1, 0)? Finally, the paths studied in the last section are in one-to-one correspondence
with paths of a given length in the honeycomb lattice, which suggests to explore in more
detail the link between the paths in the wall and the honeycomb lattice.
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Abstract: We study the enumeration of different classes of grand knight’s paths in the plane. In particular,
we focus on the subsets of the zigzag knight’s paths that are subject to constraints. These constraints include
ending at y-coordinate 0, bounded by a horizontal line, confined within a tube, among other considerations. We
present our results using generating functions or direct closed-form expressions. We derive asymptotic results,
finding approximations for quantities such as the probability that a zigzag knight’s path stays in some area of
the plane, or for the average of the altitude of such a path. Additionally, we exhibit some bijections between
grand zigzag knight’s paths and some pairs of compositions.
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1 Introduction

In combinatorics, the enumeration of different classes of lattice paths according to several parameters is often
studied. One of the motivations is to exhibit new one-to-one correspondences between these classes and various
objects from other domains, such as computer science, biology, and physics [26]. For instance, they have
close connections with RNA structures, pattern-avoiding permutations, directed animals, and other related
topics [10,19,26]. We refer to [7–9,14,17,21,22,24,27,28], and the references therein, for such studies.

Labelle and Yeh [20] investigate knight’s paths, that are lattice paths in N2 that start at the origin and
consist of steps N = (1, 2), N̄ = (1,−2), E = (2, 1), and Ē = (2,−1). Note that these steps correspond to
the right moves of a knight on a chessboard. Recently, in [11], the authors focus on zigzag knight’s paths, i.e.,
knight’s paths where the direction of the steps alternate up and down, or equivalently knight’s paths avoiding
the consecutive patterns NN , NE, EN , EE, N̄N̄ , N̄Ē, ĒN̄ , ĒĒ. They prove that such paths ending on the
x-axis with a given number of steps are enumerated by the well-known Catalan numbers (see sequence A000108
in Sloane’s On-line Encyclopedia of Integer Sequences [25]), and they exhibit a bijection between these paths
and Dyck paths (lattice paths in N2 starting at the origin, ending on the x-axis and made of steps U = (1, 1)
and D = (1,−1)).

In this work, we extend the aforementioned study by allowing knight’s paths to go below the x-axis.

Definition 1.1. A grand knight’s path is a lattice path in Z2 that starts at the origin and consists of steps
N = (1, 2), N̄ = (1,−2), E = (2, 1), and Ē = (2,−1).

The size of such a path is the x-coordinate of its last point. The empty path ε is a path of size 0. The height
is the maximal y-coordinate reached by a point of the path, and the altitude is the y-coordinate of the last point
of the path. We also define grand zigzag knight’s paths as follows.

Definition 1.2. A grand zigzag knight’s path is a grand knight’s path with the additional property that the
vertical components of two consecutive steps cannot be in the same direction, i.e., two consecutive steps cannot
be NN , NE, N̄N̄ , N̄Ē, EE, EN , ĒĒ, ĒN̄ .

See Figure 1 for an illustration of two grand knight’s paths, with the second one also being a grand zigzag
knight’s path.
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Figure 1: On the left: a grand knight’s path of size 19, height 3, and altitude 1. On the right: a grand zigzag
knight’s path of size 19, height 1, and altitude −2.

The enumeration of grand knight’s paths of a given size can be obtained using the work of Banderier and

Flajolet [6]. Indeed, it suffices to consider the step polynomial P (z, u) = zu2 + z
u2 + z2

u + z2u, where z (resp. u)

marks the size (resp. height) of the step, i.e., zu2, z
u2 , z2

u , and z2u correspond to the steps N , N̄ , Ē, and E,
respectively. The Laurent series providing the number of grand knight’s paths with respect to the size (marked
with z), the number of steps (marked with x), and the altitude (marked with u) is given by

1

1− xP (z, u)
.

Fixing x = u = 1, we deduce the generating function 1/(1 − 2z − 2z2) for the number of grand knight’s paths

with respect to the size. The coefficient of zn is
∑n+1
k=0

(
n+1
2k+1

)
3k, which corresponds to the sequence A002605 in

the OEIS [25]. The first values of un are

1, 2, 6, 16, 44, 120, 328, 896, 2448, 6688, 18272.

An asymptotic approximation is given by
√

3/6 · (
√

3 + 1)n+1.
The generating function for the number of grand knight’s paths ending on the x-axis is

x

(
u3(x)′

u3(x)
+

u4(x)′

u4(x)

) ∣∣∣∣
x=1

,

where u3(x) and u4(x) are the small roots in u of 1−xP (u) (i.e. the roots ui(x) that satisfy limx→0 ui(x) = 0),
and the derivative with respect to x. The bivariate generating function for the number of grand knight’s paths
of a given size and altitude k ≥ 0 is then

Wk(z, u) =
(x
k

(
u3(x)−k

)′
+
x

k

(
u4(x)−k

)′)
∣∣∣∣
x=1

.

In the subsequent sections of the paper, among other results, we recover the aforementioned formulae,
although in a different statement (without involving any derivatives).

Recently, Asinowski, Bacher, Banderier, Gittenberger, and Roitner [1–5] developed a method for solving
enumerative problems that arise out of paths avoiding consecutive patterns. Grand zigzag knight’s paths could
be modeled as grand knight’s paths avoiding eight consecutive patterns of size 2. However, in this paper we
present a more specific method, using the point of view of Prodinger [23] based on the kernel method. It consists
in studying two generating functions that count the desired paths by distinguishing the direction of the last step
(up or down). Then, we provide formulae for different kinds of constraints, give bijections, direct closed-form
expressions for the n-th coefficient, and asymptotic results.

Outline of the paper. In Section 2, we apply the kernel method for providing generating function of the
number of grand knight’s paths with respect to the size and the altitude. We deduce asymptotic approximations
for the number of grand knight’s paths of a given size and a non-negative altitude, and for the expected altitude
of a grand knight’s path ending at a positive altitude. In the following sections, we focus on grand zigzag
knight’s paths. In Section 3, we give the counterpart of Section 2 for grand zigzag knight’s paths. Moreover,
we exhibit a bijection between pairs of integer compositions and grand zigzag knight’s paths ending at (n, k),
where n and k have the same parity. As a byproduct, we obtain a closed form for the number of grand zigzag
knight’s paths ending at (n, k), and the expected value for the number of steps of a grand zigzag knight’s path
ending at (n, k); asymptotic approximations are also derived. In Section 4, we consider grand zigzag knight’s
paths staying in a region delimited by horizontal lines. We make a similar study as for the previous sections,
which allows us to estimate asymptotic approximations for the probability that a grand zigzag knight’s path
chosen uniformly at random among all grand zigzag knight’s paths stays above a horizontal line. We end by
giving an appendix for the general case of grand zigzag knight’s paths staying in a general tube.

ECA 5:1 (2025) Article #S2R6 2



Jean-Luc Baril, Nathanaël Hassler, Sergey Kirgizov, and José L. Ramı́rez

2 Unrestricted grand knight’s paths

In this section, we enumerate grand knight’s paths starting at the origin (0, 0) and ending at (n, k) for n ≥ 0,
k ∈ Z. Let Hn,k be the set of such paths and let hn,k be its cardinality. Due to the symmetry with respect to
the x-axis, we obviously have hn,k = hn,−k. Therefore it is sufficient to focus on non-negative k. For (fixed)
k ≥ 0, let hk =

∑
n≥0 hn,kz

n be the generating function for the number of grand knight’s paths of altitude k
with respect to the size. A non-empty grand knight’s path of altitude k and size n ≥ 1 is of one of the following
forms (a) PN̄ with P ∈ Hn−1,k+2, (b) PĒ with P ∈ Hn−2,k+1, (c) PE with P ∈ Hn−2,k−1, (d) PN with
P ∈ Hn−1,k−2. Therefore we easily obtain the following equations after considering the symmetry h−k = hk:

h0 = 1 + 2zh2 + 2z2h1, (1)

h1 = z2(h0 + h2) + z(h1 + h3), (2)

hk = z2(hk−1 + hk+1) + z(hk−2 + hk+2), for k ≥ 2. (3)

Let H(u, z) =
∑
k≥0 hk(z)uk be the bivariate generating function for the number of grand knight’s paths with

respect to the size and the altitude. We will write H(u) for short. Thus, by multiplying (3) by uk, summing
over k ≥ 2, with h0 + h1u we obtain

H(u) = h0+h1u+ z2
∑

k≥2
(hk−1 + hk+1)uk + z

∑

k≥2
(hk−2 + hk+2)uk,

and

H(u) = h0 + h1u+ z2
(
u(H(u)− h0) +

H(u)− h0 − h1u− h2u2
u

)

+z

(
u2H(u) +

H(u)− h0 − h1u− h2u2 − h3u3
u2

)
.

(4)

From (1) and (2) we obtain h2 = − 1
2z + h0

2z − zh1 and h3 = 1
2 + (z2 + 1

z − 1)h1− ( 1
2 + z)h0. By replacing h2 and

h3 by these expressions in (4), and after simplifying, we eventually have

H(u)
(
u2 − zu4 − z − z2u− z2u3

)
=
u2

2
+ h0

(
u2

2
− z − z2u

)
+ zuh1(u2 − 1). (5)

We use the kernel method (see [23]) to determine h0 and h1. Let K(u) = u2 − zu4 − z − z2u− z2u3 be the
kernel of Equation (5), and let u1 and u2 be two of the roots of K(u):

u1 =
−z2 +

√
z4 + 8z2 + 4z

4z
+

1

2
√

2

√
z3 − z

√
z4 + 8z2 + 4z − 4z + 2

z
(6)

and

u2 =
−z2 −

√
z4 + 8z2 + 4z

4z
− 1

2
√

2

√
z3 + z

√
z4 + 8z2 + 4z − 4z + 2

z
. (7)

Note that u1 = u1(1) and u2 = u2(1) where u1(x) and u2(x) are the two other roots of the step polynomial
1− xP (z, u) (see Introduction), which implies that 1/(u− u1) and 1/(u− u2) have no power series expansions
around (u, z) = (0, 0). This implies that (u− u1)(u− u2) must be a factor of the numerator. Then by (5), we
have

u2i
2

+ h0

(
u2i
2
− z − z2ui

)
+ zuih1(u2i − 1) = 0, for i = 1, 2.

After solving for h0 and h1, we obtain

h0 =
1 + u1u2

1 + u1u2 − 2z2(u1 + u2)− 2z + 2z(1− u21 − u22)u−11 u−12

(8)

and

h1 =
u1 + u2
1 + u1u2

h0. (9)

Then we can deduce H(u) from (5), which yields the following.

ECA 5:1 (2025) Article #S2R6 3



Jean-Luc Baril, Nathanaël Hassler, Sergey Kirgizov, and José L. Ramı́rez

Theorem 2.1. The bivariate generating function for grand knight’s paths with respect to the size and the altitude
is

H(u) =
−h1u+ h0u1u2

(u− u1) (u− u2)
,

where u1, u2, h0, h1 are defined in (6), (7), (8) and (9).

By decomposing H(u) into partial fractions, we deduce a close form for the coefficient [uk]H(u) of uk in
H(u).

Corollary 2.1. The generating function for grand knight’s paths of altitude k with respect to the size is

[uk]H(u) =
h0u1 − h1
u1 − u2

u−k2 − h0u2 − h1
u1 − u2

u−k1 .

The following table presents the numbers hn,k for 0 ≤ n ≤ 9, 0 ≤ k ≤ 9. It is given in the entry A096608
of [25].




1 0 0 0 0 0 0 0 0 0 · · ·
0 0 1 0 0 0 0 0 0 0 · · ·
2 1 0 0 1 0 0 0 0 0 · · ·
0 2 3 2 0 0 1 0 0 0 · · ·
8 6 1 3 4 3 0 0 1 0 · · ·
6 12 16 12 3 4 5 4 0 0 · · ·
44 33 18 21 27 20 6 5 6 5 · · ·
60 76 95 72 40 34 41 30 10 6 · · ·
256 210 154 155 177 135 75 52 58 42 · · ·
460 520 581 480 335 288 299 228 126 76 · · ·
...

...
...

...
...

...
...

...
...

...
. . .




.

We refer to Figure 2 for the illustration of the eight grand knight’s paths of size 4 ending on the x-axis (see
the entry indicated by the boldface in the table).

Figure 2: The eight grand knight’s paths of size 4 ending on the x-axis.

Corollary 2.2. The generating function for the total number tn of grand knight’s paths ending at a non-negative
altitude with respect to the size is

H(1) =
h0u1u2 − h1

(1− u1)(1− u2)
.

An asymptotic approximation of tn is √
3

12

(
1 +
√

3
)n+1

.

The first terms of tn, 0 ≤ n ≤ 12, are

1, 1, 4, 8, 26, 63, 186, 478, 1352, 3574, 9927, 26640, 73354,

and this sequence does not appear in the OEIS.

Corollary 2.3. The generating function for the total sum sn of the altitudes in all grand knight’s paths of size
n ending at a non-negative altitude is

∂

∂u
H(u) |u=1=

h0u
2
1u2 + u1u2(h0u2 − 2h0 − h1) + h1

(1− u1)2(1− u2)2
.

An asymptotic approximation of sn is

(4
√

3 + 7)
√

2
√

137
√

3− 237

6

√
n

π

(
1 +
√

3
)n

.
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The first terms of sn, 0 ≤ n ≤ 12, are

0, 2, 5, 20, 56, 180, 516, 1552, 4452, 13000, 37120, 106684, 303090,

and this sequence does not appear in OEIS.

Corollary 2.4. The expected altitude of a grand knight’s path of size n ending at positive altitude is asymptot-
ically

(5 + 3
√

3)

√
137
√

3− 237

√
2n

3π
.

3 Unrestricted grand zigzag knight’s paths

Recall from Definition 1.2 that a grand zigzag knight’s path is a grand knight’s path avoiding the consecutive
patterns NN , NE, N̄N̄ , N̄Ē, EE, EN , ĒĒ, ĒN̄ .

Let Zn,k be the set of grand zigzag knight’s paths of size n and altitude k, and Z+
n,k (resp. Z−n,k) be the

subset of Zn,k of paths starting with E or N (resp. Ē or N̄). Note that the symmetry with respect to the x-axis
provides a direct bijection between Zn,k and Zn,−k, and also between Z+

n,k and Z−n,−k.

3.1 Enumeration using algebraic method

Let F̂ (x, u, z) be the generating function for the number of grand zigzag knight’s paths ending with E or N
with respect to the number of steps (marked by x), the altitude (marked by u, the power of u is negative for
paths ending below x-axis) and the size (final x-coordinate, marked by z). Denote by Ĝ(x, u, z) the generating
function for grand zigzag knight’s paths ending with Ē or N̄ and by Ẑ(x, u, z) the generating function for all
grand zigzag knight paths.

Then we have readily the following system of equations:





F̂ (x, u, z) = (1 + Ĝ(x, u, z))(xzu2 + xz2u),

Ĝ(x, u, z) = (1 + F̂ (x, u, z))(xzu−2 + xz2u−1),

Ẑ(x, u, z) = 1 + F̂ (x, u, z) + Ĝ(x, u, z).

(10)

The solutions of (10) are rational:

F̂ (x, u, z) = − xz (u+ z)
(
u2 + uxz2 + xz

)

u2x2z3 + ux2z4 + ux2z2 − u+ x2z3
,

Ĝ(x, u, z) = − xz (uz + 1)
(
u2xz + uxz2 + 1

)

u (u2x2z3 + ux2z4 + ux2z2 − u+ x2z3)
,

Ẑ(x, u, z) = −
(
u2 + uxz2 + xz

) (
u2xz + uxz2 + 1

)

u (u2x2z3 + ux2z4 + ux2z2 − u+ x2z3)
.

Fixing u = 1 and x = 1 in the third equation, we obtain the generating function for all grand zigzag knight’s
paths of a given size:

Ẑ(1, 1, z) =
1 + z + z2

1− z − z2 . (11)

Here are the first coefficients of zn for 0 ≤ n ≤ 16:

1, 2, 4, 6, 10, 16, 26, 42, 68, 110, 178, 288, 466, 754, 1220, 1974, 3194.

This corresponds to the sequence A128588 in [25], which is a Fibonacci-like sequence with a0 = 1, a1 = 2 and
a2 = 4 (the n-th term, except the first, is twice the Fibonacci number Fn defined by Fn = Fn−1 + Fn−2 for
n ≥ 2, with F0 = 0 and F1 = 1).

By decomposing the rational fraction Ẑ(x, u, z) into partial fractions, and after isolating the terms which are
analytic at u = 0, we can obtain an expression for the generating function for paths of positive height. In this
paper, we use a different technique inspired by Prodinger [23] and based on the kernel method. We describe it
in full details in order to introduce the routine that we will use in Section 4 for bounded paths.

For k ∈ Z, let fk (resp. gk) be the generating function of the number of grand zigzag knight’s paths of
altitude k with E or N (resp. Ē or N̄), with respect to the size. Due to the symmetry with respect to the
x-axis, we have f−k = gk for k 6= 0, and f0 = 1 + g0. So, we will focus on positive altitudes. Let us consider
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F (u, z) =
∑
k≥0 fk(z)uk and G(u, z) =

∑
k≥0 gk(z)uk (for short, we will write F (u) and G(u)). We easily obtain

the following equations, with the convention that the empty path is counted in f0:

f1 = z2 + zg−1 + z2g0 = z2 + zf1 + z2g0 = zf1 + z2f0, (12)

f2 = z + zg0 + z2g1,

fk = zgk−2 + z2gk−1 for k ≥ 3,

gk = zfk+2 + z2fk+1 for k ≥ 0. (13)

From equations (12-13) we deduce the following functional equations:

F (u) =

(
1 +

z3u

1− z

)
f0 + zu(z + u)(G(u) + 1),

G(u) = −
(
z

u2
+
z2

u
+

z3

u(1− z)

)
f0 +

(
z

u2
+
z2

u

)
F (u),

which yields

F (u) =
f0(−uz4 + uz3 + z4 − uz2 − z3 − uz + u)− u3z2 − u2z3 + u3z + u2z2

(−1 + z) (u2z3 + uz4 + z2u+ z3 − u)
,

G(u) =

(
f0(uz3 + z2 − z)− u2z2 − z3u+ u2z + z2u− zu− z2 + u+ z

)
z2

(−1 + z) (u2z3 + uz4 + z2u+ z3 − u)
.

Let

r :=
1− z4 − z2 −

√
z8 − 2 z6 − z4 − 2 z2 + 1

2z3
,

s :=
1− z4 − z2 +

√
z8 − 2 z6 − z4 − 2 z2 + 1

2z3

be the two roots in u of the kernel u2z3 + uz4 + z2u+ z3 − u. Applying the kernel method, we obtain

f0 =
r(z − 1)

z3(rz2 + z − 1)
=

(1− z)(−1 + z2 + z4 +
√

1− 2z2 − z4 − 2z6 + z8)

z5(1− 2z + z2 − z4 −
√

1− 2z2 − z4 − 2z6 + z8)
,

and we can state the following cancelling the factor (u− r).
Theorem 3.1. The generating functions F (u), G(u) are given by:

F (u) =
−u2 − u(r + z)− z2f0s

z2(u− s) and G(u) =
−z2u− z2f0s+ z2s

z2(u− s) .

The bivariate generating function H(u) := F (u) + G(u) for the number of grand zigzag knight’s paths (ending
at a non-negative y-coordinate) with respect to the size and the altitude is

H(u) = −u
2 + u(r + z + z2) + z2s(2f0 − 1)

z2(u− s) .

The generating function for the total number of grand zigzag knight’s paths of size n ending at a non negative
y-coordinate is

H(1) = −1 + r + z + z2 + z2s(2f0 − 1)

z2(1− s) .

Here are the first terms of H(1) for 0 ≤ n ≤ 16:

1, 1, 3, 3, 7, 9, 18, 24, 45, 63, 115, 166, 296, 435, 763, 1138, 1973.

Note that the generating function for the total number of grand zigzag knight’s paths is thus

2H(1)− (2f0 − 1) =
1 + z + z2

1− z − z2 .

Consistently with the beginning of this section, the coefficient of zn in 2H(1) − (2f0 − 1) is twice the n-th
Fibonacci number (see sequence A128588 in [25]). This can be also seen bijectively as follows. A grand zigzag
knight’s paths of size n starting with an up-step (so half of the total number of grand zigzag knight’s paths of
size n) can start either with E, and then followed by a grand zigzag knight’s path of size n − 2 starting with
a down-step, or it can start with N , and then followed by a grand zigzag knight’s path of size n − 1 starting
with a down-step. See Table 1 for the first values of |Zn,k|. Note that the sequence (|Z+

2n,0|)n≥0 corresponds to
sequence A051286 in [25].
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Corollary 3.1. The generating function for the number of grand zigzag knight’s paths ending at y-coordinate
k with respect to the size is given by:

[u0]H(u) = 2f0 − 1, [u1]H(u) =
r + z + 2z2f0

z2s
,

[uk]H(u) =
rk−1

z2
(1 + r(r + z) + 2rz2f0) for k ≥ 2.

Corollary 3.2. An asymptotic approximation for the expected altitude of a grand zigzag knight’s path of size n
ending on or above the x-axis is

2(
√

5− 2)√
7
√

5− 15

√
n

π
.

This is also the variance (divided by 2) of the altitude of a grand zigzag knight’s path (not necessarily ending on
or above the x-axis) of size n (the expected value of the altitude being simply 0 for those paths).

Proof. The generating function for the total number of grand zigzag knight’s paths of size n is H(1), and the
one for the total sum of altitudes over all grand zigzag knight’s paths of size n is ∂

∂uH(u) |u=1. We compute
asymptotics of the coefficients of both those generating functions using singularity analysis (see [15]), and then
we take the ratio to obtain the stated result.

Remark 3.1. From [11, Theorem 1], we deduce that the expected altitude of a grand zigzag knight’s path of size
n and staying above the x-axis is equivalent as n→∞ to

(5 +
√

5)
√

7
√

5− 15

20

√
πn.

Thus, the altitude of a zigzag knight’s path (i.e. a grand zigzag knight’s path in N2), is, in average, ≈ 1.57079633
times the altitude of a grand zigzag knight’s path in Z2 ending at non-negative altitude.

k
n

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0 1 0 2 0 4 2 10 6 22 16 52 44 126 116 306 302
1 0 0 1 2 2 4 4 10 11 26 28 64 71 160 183 402
2 0 1 0 1 0 3 2 7 6 16 18 40 52 100 142 252
3 0 0 0 0 1 0 2 0 6 2 16 8 41 28 107 90
4 0 0 0 0 0 0 0 1 0 3 0 10 2 30 10 85

Table 1: The number of grand zigzag knight’s paths from (0, 0) to (n, k) for (n, k) ∈ [0, 15]× [0, 4].

We refer to Figure 3 for the illustration of the six grand zigzag knight’s paths of size 7 ending on the x-axis
(see the entry indicated by the boldface in the table).

Figure 3: The six grand zigzag knight’s paths of size 7 ending on the x-axis.

Now, we focus on grand zigzag knight’s paths that never touch the x-axis except for the initial and the final
point. Let B the set of such paths.

Corollary 3.3. The generating function B(z) for the number bn of grand zigzag knight’s paths in B with respect
to the size is

B(z) =
2z5r + 2z4 − 2z3 − 3rz + 3r

r(1− z) .
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Proof. Let Γ = 2f0 − 1 be the generating function for the grand zigzag knight’s paths ending on the x-axis.
Each element counted by Γ is either empty or can be uniquely decomposed into a juxtaposition B1 · · ·Bk of
non-empty paths Bi ∈ B so that BiBi+1 forms a zigzag, which forces Bi+1 to start with an up step (resp. down
step) if Bi ends with a down step (resp. up step). Therefore, the generating function for B1 is B(z) − 1, and
the generating function for Bi, i ≥ 2, is (B(z)− 1)/2. Thus, we have

Γ = 1 + (B(z)− 1)
∑

k≥0

(
B(z)− 1

2

)k
=

1 +B(z)

3−B(z)
.

We deduce B(z) = (3Γ− 1)/(Γ + 1) and the expression of B(z) follows from Corollary 3.1.

The first terms of bn for 0 ≤ n ≤ 22 are

1, 0, 2, 0, 2, 2, 4, 2, 4, 2, 6, 2, 10, 2, 18, 2, 36, 2, 76, 2, 166, 2, 372.

All the odd terms equal 2 for 2n + 1 ≥ 5, because the only paths of size 2n + 1 in B are EN̄N · · ·NN̄E and
its symmetric ĒNN̄ · · · N̄NĒ. Figure 4 shows the six grand zigzag knight paths of size 10 in B (see the entry
indicated by the boldface in the list above).

Figure 4: The six grand zigzag knight’s paths of size 10 having exactly the starting and the ending point on the
x-axis.

3.2 A bijective approach

In this part, we exhibit a bijection between pairs of integer compositions and grand zigzag knight’s paths ending
at (n, k) where n and k have the same parity.

In [12], Bóna and Knopfmacher provided the following bijection ϕ between pairs of compositions of n with
parts in {1, 2} that have the same number of parts, and lattice paths starting at (0, 0) with size n and steps
from the set {(1, 0), (2, 0), (2, 1), (1,−1)}. Let X = (x1, . . . , xk) and Y = (y1, . . . , yk) be compositions of n with
k parts. The mapping is defined by ϕ(X,Y ) = ϕ(x1, y1) · · ·ϕ(xk, yk) with

ϕ(xi, yi) =





(1, 0), if xi = yi = 1,

(2, 0), if xi = yi = 2,

(2, 1), if xi = 2 and yi = 1,

(1,−1), if xi = 1 and yi = 2.

Here we construct a similar bijection with grand zigzag knight’s paths ending at a point whose coordinates have
the same parity.

Let Cn,m be the set of ordered pairs (X,Y ) of compositions of n and m, respectively, where every part is 1
or 2, such that X and Y have the same number of parts. Note that Cn,m = ∅ if n ≤ dm/2e or m ≤ dn/2e.

Lemma 3.1. If n ≤ m, then

|Cm,n| = |Cn,m| =
n−dm/2e∑

i=0

(
n− i
i

)(
n− i

m− n+ i

)
.

Proof. Let us count the compositions of n into parts equal to 1 or 2 with i parts (n ≥ i ≥ dn/2e). Since there
are i parts, there are necessarily n− i parts equal to 2, and 2i− n parts equal to 1. Then it remains to choose
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the places of the 1’s among those i parts, which can be done in
(

i
2i−n

)
=
(
i

n−i
)

ways. Therefore, if we assume
n ≤ m,

|Cn,m| =
n∑

i=dm/2e

(
i

n− i

)(
i

m− i

)
=

n−dm/2e∑

i=0

(
n− i
i

)(
n− i

m− n+ i

)
.

Lemma 3.2. If n, k ∈ N with n = k (mod 2), then there is a bijection φ between Cn−k
2 ,n+k

2
and Z+

n,k, and a

bijection ψ between Cn−k
2 ,n+k

2
and Z−n,k.

Proof. Let (X,Y ) ∈ Cn−k
2 ,n+k

2
. Let i be the number of parts of X and Y , so that X = (x1, . . . , xi) and

Y = (y1, . . . , yi), with xj , yj ∈ {1, 2}. We define φ(X,Y ) as the path φ(x1, y1) · · ·φ(xk, yk), where

φ(xj , yj) =





EĒ, if xj = yj = 2,

NN̄, if xj = yj = 1,

NĒ, if xj = 1 and yj = 2,

EN̄, if xj = 2 and yj = 1.

Note that the size of φ(xj , yj) is xj +yj , so the size of φ(X,Y ) is
∑i
j=1(xj +yj) = n. The altitude of φ(xj , yj) is

yj−xj , and consequently, the altitude of φ(X,Y ) is
∑i
j=0(yj−xj) = k. Therefore, φ maps into Z+

n,k. The inverse

of φ is easy to obtain, since each path of Z+
n,k can be seen as a path of steps belonging to {EĒ,NN̄,NĒ,EN̄}.

Thus, φ is a bijection between Cn,m and Z+
n,k. The bijection ψ can be constructed similarly since each path of

Z−n,k can be seen as a path of steps belonging to {ĒE, N̄N, ĒN, N̄E}.

Example 3.1. If we consider the compositions

X = (2, 2, 2, 1, 1, 1, 1, 2, 1) and Y = (1, 2, 1, 2, 2, 1, 2, 1, 2),

then (X,Y ) ∈ C13,14 is mapped to the path EN̄EĒEN̄NĒNĒNN̄NĒEN̄NĒ ∈ Z+
27,1, see Figure 5.

Figure 5: Illustration to Example 3.8. The path φ(X,Y ) is a grand zigzag knight’s path of size 27 and altitude 1.

Theorem 3.2. If n = k (mod 2), with (n, k) 6= (0, 0), then

|Zn,k| = 2

n−|k|
2∑

i=0

(n−|k|
2 − i
i

)(n−|k|
2 − i
|k|+ i

)
.

If n 6= k (mod 2), then

|Zn,k| = |Z+
n−1,k−2|+ |Z+

n−2,k−1|+ |Z−n−1,k+2|+ |Z−n−2,k+1|,

where each of those four terms can be expressed with the above formula (without the factor 2).

Proof. By Lemma 3.2, if n = k (mod 2), then we have |Zn,k| = |Z+
n,k| + |Z−n,k| = 2|Cn−k

2 ,n+k
2
|. We conclude

using Lemma 3.1. If n 6= k (mod 2), then we have

Zn,k = Zn−1,k−2 ·N ∪ Zn−2,k−1 · E ∪ Zn−1,k+2 · N̄ ∪ Zn−2,k+1 · Ē,

which completes the proof.

Remark 3.2. When n = k (mod 2), |Zn,k| is even (except for (n, k) = (0, 0)). Indeed, since each path of Zn,k
has an even number of steps, we have a bijection from Z+

n,k to Z−n,k, induced by

NN̄ → N̄N
EĒ → ĒE
NĒ → ĒN
EN̄ → N̄E.
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3.3 Step number of a grand zigzag knight’s path

For n/2 ≤ i ≤ n, let Zin,k be the subset of Zn,k consisting of paths with i steps (see Section 3 for a definition

of Zn,k). We define similarly Zi,+n,k and Zi,−n,k . Note that |Zin,k| = 0 if i 6= n− k (mod 2).

Theorem 3.3. For n = k (mod 2) and i even,

|Zi,+n,k | = |Z
i,−
n,k | =

(
i/2

n−i−k
2

)(
i/2

n−i+k
2

)
.

For n 6= k (mod 2) and i odd,

|Zi,+n,k | =
( i+1

2
n−k−i

2 + 1

)( i−1
2

n+k−i
2 − 1

)
,

|Zi,−n,k | =
( i−1

2
n−k−i

2 − 1

)( i+1
2

n+k−i
2 + 1

)
.

Proof. Let us first assume n = k (mod 2) and i is even. Let e,n, ē, n̄ be the numbers of steps E,N, Ē, N̄ of a
path in Zi,+n,k (or Zi,−n,k ). Then we have the following equations:





e + ē = n− i,
n + n̄ = 2i− n,
e + n = i/2,
ē + n̄ = i/2,

e + 2n− ē− 2n̄ = k.

This linear system is non-degenerate, thus we deduce the unique solution

(e,n, ē, n̄) =

(
n− i− k

2
,

2i− n+ k

2
,
n− i+ k

2
,

2i− n− k
2

)
.

Then, it remains to choose the positions of the N ’s among the up-steps, and the positions of the N̄ ’s among
the down-steps. This eventually yields the desired formula. When n 6= k (mod 2) and i is odd, the third and
the fourth equations become {

e + n = (i+ 1)/2,
ē + n̄ = (i− 1)/2,

for Zi,+n,k , and {
e + n = (i− 1)/2,
ē + n̄ = (i+ 1)/2,

for Zi,−n,k . We then conclude similarly.

Corollary 3.4. If n = k (mod 2) with (n, k) 6= (0, 0),

|Zn,k| = 2
n−k∑

i=0
i even

(
i/2

n−i−k
2

)(
i/2

n−i+k
2

)
.

If n 6= k (mod 2),

|Zn,k| =
n−k+1∑

i=0
i odd

[( i+1
2

n−k−i
2 + 1

)( i−1
2

n+k−i
2 − 1

)
+

( i−1
2

n−k−i
2 − 1

)( i+1
2

n+k−i
2 + 1

)]
.

Remark 3.3. Note that we obtain the same formula as the one in Theorem 3.2. Also, we now have a formula
for |Zn,k| when n 6= k (mod 2) involving only 2 sums, instead of 4 as stated in Theorem 3.2.

Corollary 3.5. The expected value for the number of steps of a grand zigzag knight’s path ending at (n, k) is

2

|Zn,k|
n−k∑

i=0
i even

i

(
i/2

n−i−k
2

)(
i/2

n−i+k
2

)
if n = k (mod 2) and

1

|Zn,k|
n−k∑

i=0
i odd

i

[( i+1
2

n−k−i
2 + 1

)( i−1
2

n+k−i
2 − 1

)
+

( i−1
2

n−k−i
2 − 1

)( i+1
2

n+k−i
2 + 1

)]
,

otherwise.
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Theorem 3.4. An asymptotic approximation for the expected number of steps of a grand zigzag knight’s path
ending on the x-axis of size 2n (which is also the expected number of parts of a pair of compositions of n with
parts in {1, 2} and having the same number of parts) is

1 +
√

5

2
√

5
· 2n.

Proof. By Corollary 3.5 and Theorem 3.2, it suffices to estimate
∑n
i=0

(
i

n−i
)2

and
∑n
i=0 i

(
i

n−i
)2

(respectively
A051286 and A182879 in [25]). Their generating functions are respectively

1√
1− 2z − z2 − z3 + z4

, and
z(1 + 2z2 − z3)

((1− 3z + z2)(1 + z + z2))3/2
.

We conclude using singularity analysis.

Based on Mathematica calculations, we suspect that the behavior is the same for odd sizes.

Conjecture 3.1. An asymptotic approximation for the expected number of steps of a grand zigzag knight’s path
ending on the x-axis of size n is

1 +
√

5

2
√

5
· n.

4 Bounded grand zigzag knight’s paths

In this section, we focus on grand zigzag knight’s paths staying in some regions delimited by horizontal lines.

4.1 Grand zigzag knight’s paths staying above a horizontal line

First, we consider paths that stay above the line y = −m for a given integer m ≥ 0. By symmetry, this is
equivalent to count grand zigzag knight’s paths staying below the line y = +m. Note that the case m = 0 has
been done in [11], thus we will assume m ≥ 1.

Remark 4.1. When n = k (mod 2), there is a bijection between those paths ending at (n, k) and pairs of
compositions (X,Y ) ∈ Cn−k

2 ,n+k
2

such that for all j,

−m ≤
j∑

i=1

(yi − xi)

(see the bijections φ and ψ used in Lemma 3.2).

Figure 6 shows an example of a grand zigzag knight’s path above the line y = −3, with size 27, and
altitude −2.

Figure 6: A grand zigzag knight’s path staying above the line y = −3, with size 27, and altitude -2.

As in the previous section, for k ≥ 0, let f−m+k (resp. g−m+k) be the generating function of the number of
grand zigzag knight’s paths staying above the y-coordinate −m and ending at altitude −m+ k with an up-step
N or E (resp. with a down-step N̄ or Ē). Then we easily obtain the following equations

f−m = 0, f−m+1 = 1[m=1] + z2g−m, (14)

f−m+k = zg−m+k−2 + z2g−m+k−1 + 1[k=m] + 1[k=m+1]z
2 + 1[k=m+2]z for k ≥ 2

and
g−m+k = zf−m+k+2 + z2f−m+k+1 for k ≥ 0,
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where 1[a=b] is 1 if a = b, and 0 otherwise.

Setting F (u) =
∑
k≥0 f−m+ku

k and G(u) =
∑
k≥0 g−m+ku

k, we obtain

F (u) = zum+1(z + u) + um + zu(z + u)G(u),

G(u) = − z
u
f−m+1 +

(
z

u2
+
z2

u

)
F (u).

Using the kernel method (the roots r and s of the kernel are the same as for Section 3.1), we find

f−m+1 = (1 + zr)rm−1 +
rm+1

z
.

Remark 4.2. From equation (14), we obtain g−m = 1+zr
z2 rm−1 + rm+1

z3 −1[m=1]
1
z2 . This is the same expression

as the generating function for the total number of grand zigzag knight’s paths of altitude m and staying above
the x-axis, see [11, Theorem 1]. Indeed, reading the paths backwards, we get a bijection between those ending at
altitude m and staying above y = 0, and those ending at altitude −m and staying above y = −m, see Figure 7.

−m

+m

Figure 7: There is a bijection between grand zigzag knight’s paths staying above y = −m and ending at
altitude −m, and grand zigzag knight’s paths staying above y = 0 and ending at altitude k.

Theorem 4.1. The bivariate generating functions for the number of grand zigzag knight’s paths staying above
y = −m and ending with respectively an up-step and a down-step with respect to the size and the altitude are

F (u) = −u(um(1 + z2u+ zu2)− rm−1z(u+ z)(z + rz2 + r2))

z3(u− r)(u− s) ,

G(u) =
rm−1(z + r2 + z2r)− zum−1(1 + zu)(1 + z2u+ zu2)

z3(u− r)(u− s) .

Setting H(u) := F (u)+G(u), the generating function for the total number of grand zigzag knight’s paths staying
above y = −m with respect to the size is

H(1) =
zrm−1 + z2rm + rm+1 − z2 − z − 1

z2 + z − 1
.

Here are the first terms of H(1) when m = 2 and 0 ≤ n ≤ 15:

1, 2, 4, 6, 9, 15, 23, 38, 58, 95, 147, 239, 373, 603, 947, 1525.

Remark 4.3. H(1) converges as m → ∞ to (1 + z + z2)/(1 − z − z2), the generating function for the total
number of grand zigzag knight’s paths (see the beginning of Section 3). Moreover, the valuation of r is 3, thus
we can estimate the rate of convergence:

val

(
H(1)− 1 + z + z2

1− z − z2
)

= 3m− 2.

In particular, every grand zigzag knight’s path of size ≤ 3m− 3 stays above y = −m, and we know that the path
(N̄E)m−1N̄ has size 3m− 2 and goes below y = −m.
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Corollary 4.1. For m ≥ 0, the probability that a grand zigzag knight’s path chosen uniformly at random among
all grand zigzag knight’s paths of size n stays above the line y = −m is asymptotically cm/

√
n, with

cm =





2+
√
5

2

√
7
√
5−15
π , if m = 0,

4m+3−
√
5

4(
√
5−2)

√
7
√
5−15
π , if m ≥ 1.

Proof. Using basic singularity analysis, since the generating function for the total number of grand zigzag
knight’s paths with respect to the size is (1 + z + z2)/(1− z − z2), we deduce that the asymptotic for the total

number a(n) of grand zigzag knight’s paths of size n is 4√
5(
√
5−1)α

−n, with α =
√
5−1
2 . Now we study H(1) (see

Theorem 4.1). It turns out that the main singularity of this function (the one with the smallest absolute value)
is also α. Using the following approximation near α:

rj

z − α =
1

z − α +
j
√

10− 4
√

5√
5− 2

(z − α)−1/2 +O(1),

we deduce

H(1) ∼ (2m+ 1− α)
√

10− 4
√

5√
5(
√

5− 2)
(z − α)−1/2

as z → α. We thus have the following approximation for the number am(n) of grand zigzag knight’s paths of
size n and staying above y = −m (see for instance [15, Chapter VI]) as n→∞, when m ≥ 1:

am(n) ∼ (2m+ 1− α)
√

10− 4
√

5√
5α(
√

5− 2)

α−n√
πn

.

By taking the quotient, we obtain the asymptotic for the desired probability as n→∞:

am(n)

a(n)
∼ 4m+ 3−

√
5

4(
√

5− 2)

√
7
√

5− 15

πn
.

When m = 0, we use similarly the generating function from [11, Corollary 2].

Remark 4.4. We can deduce from the previous proof (going one order further) that the asymptotic probability
that a grand zigzag knight’s path of size n chosen uniformly at random has minimal height −m is

am(n)− am−1(n)

a(n)
∼





2+
√
5

2

√
7
√
5−15
πn , if m = 0,

5+3
√
5

4

√
7
√
5−15
πn , if m = 1,

(2 +
√

5)

√
7
√
5−15
πn , if m ≥ 2.

In particular, asymptotically, every minimal height ≤ −2 has the same probability. By symmetry, this is exactly
the same for maximal heights.

4.2 Grand zigzag knight’s paths staying in a symmetric tube

Here we count grand zigzag knight’s paths that stay in a symmetric tube, i.e. between two horizontal lines
y = −m and y = +m, for m ≥ 1. See [13,16,18] for previous studies of lattices paths staying in a tube. Figure 8
shows an example of a grand zigzag knight’s path staying between the lines y = −2 and y = 2, with size 27 and
altitude 0.

Figure 8: A grand zigzag knight’s path staying between the lines y = −2 and y = +2, with size 27 and altitude 0.

We use the same notation as in the previous subsection. Note that f−k = gk for all −m ≤ k ≤ m. We
obtain the following equations:

f−m = gm = 0, f−m+1 = 1[m=1] + z2g−m, gm−1 = z2fm,
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f−m+k = zg−m+k−2 + z2g−m+k−1 + 1[k=m] + 1[k=m+1]z
2 + 1[k=m+2]z

for 2 ≤ k ≤ 2m, and
g−m+k = zf−m+k+2 + z2f−m+k+1 for 0 ≤ k ≤ 2m− 2.

Remark 4.5. We actually have a finite linear system with unknowns fk, gk, with polynomial coefficients. There-
fore, we expect rational solutions and in particular, the generating function for the total number of grand zigzag
knight’s paths staying between y = −m and y = +m is rational.

Setting F (u) =
∑2m
k=0 f−m+ku

k and G(u) =
∑2m
k=0 g−m+ku

k we obtain

F (u) = um − zu2m+1(f−m+1 − 1[m=1]) + zu(z + u)(G(u) + um),

G(u) = − z
u
f−m+1 +

(
z

u2
+
z2

u

)
F (u).

The kernel method then leads to

f−m+1 =
rm(1 + rz2 + r2z(1 + 1[m=1]))

z(rz + z2 + r2m+1)
.

Theorem 4.2. The generating functions F (u) and G(u) counting the number of grand zigzag knight’s paths
staying between y = −m and y = +m with respect to the size and the altitude are given by:

F (u) = − (z(1[m=1] − f−m+1)u2m+1 − z2(u+ z)f−m+1 + um(1 + z2u+ zu2))u

z3(u− r)(u− s) ,

G(u) = −z(1 + zu)(1[m=1] − f−m+1)u2m+1 − uf−m+1 + um(1 + zu)(1 + z2u+ zu2)

z2(u− r)(u− s) .

Setting H(u) = F (u) +G(u), the generating function for the total number of grand zigzag knight’s paths staying
between y = −m and y = +m is

H(1) =
(2f−m+1 − 1[m=1])z − z2 − z − 1

z2 + z − 1
.

Remark 4.6. As a consequence of Remark 4.5, f−m+1 and H(1) are rational. As in Remark 4.3, H(1)
converges as m→∞ to (1 + z + z2)/(1− z − z2), the generating function for the total number of grand zigzag
knight’s paths (see (11) at the beginning of Section 3).

Example 4.1. For m = 1, the generating function for the number of grand zigzag knight’s paths staying between
y = −1 and y = +1 and ending on the x-axis is (−z4 + z − 1)/(z4 + z − 1). Its first terms for 0 ≤ n ≤ 18 are:

1, 0, 0, 0, 2, 2, 2, 2, 4, 6, 8, 10, 14, 20, 28, 38, 52, 72, 100.

The term of order 2n+ 4 corresponds to 2×sequence A052535(n)= 2
∑bn/2c
k=0

(
2n−3k
k

)
. The term of order 2n+ 3

corresponds to 2×sequence A158943(n).

For instance, we can easily exhibit three bijections between such paths from (0, 0) to (2n + 4, 0) starting
with E and

• tilings of a 2× 2n rectangle with 1× 2 and 4× 1 tiles,

• pairs X = (x1, . . . , xk), Y = (y1, . . . , yk) of compositions of n + 2 with same number of parts, with all
parts in {1, 2} and such that for all 1 ≤ j ≤ k,

∣∣∣∣∣

j∑

i=1

(xi − yi)
∣∣∣∣∣ ≤ 1.

• compositions of n with parts in {2, 1, 3, 5, 9, 11, . . .}. Indeed, a grand zigzag knight’s path of size 2n + 4
staying between y = −1 and y = +1 can be uniquely decomposed as EPĒ with P of size 2n and having
its steps in {ĒE} ∪⋃k≥0{N̄(EĒ)kN}. If P = S1 · · ·Sj , then we set Φ(EPĒ) = (Φ(S1), . . . ,Φ(Sj)) with

Φ(ĒE) = 2 and Φ(N̄(EĒ)kN) = 2k + 1.
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Figure 9: A grand zigzag knight’s path staying between the lines y = −2 and y = +3, with size 27 and altitude 0.

A Grand zigzag knight’s paths staying in a general tube

Here we provide, without going into details, additional results that can be obtained by similar methods. We
enumerate grand zigzag knight’s paths that stay between the lines y = −m and y = +M for m,M ≥ 0 with
M ≥ m. In particular, we always have M ≥ 1 (the case m = M = 0 being trivial). Figure 9 shows an example
of a grand zigzag knight’s path staying between the lines y = −2 and y = +3, with size 27 and altitude 0.

Remark A.1. When n = k (mod 2), there is a bijection between those paths ending at (n, k) and pairs of
compositions (X,Y ) ∈ Cn−k

2 ,n+k
2

such that for all 1 ≤ j ≤ k,

−m ≤
j∑

i=1

(yi − xi) ≤M

(see bijections φ and ψ in Lemma 3.2).

With a similar reasoning as in Section 4, we obtain the following equations:

F (u) = um − z3um+M+1fM + zu(z + u)(G(u) + um),

G(u) = − z
u
f−m+1 +

(
z

u2
+
z2

u

)
(F (u)− 1[m=0]).

Remark A.2. As in Remark 4.5, the solutions are rational.

Using the kernel method, we find:

f−m+1 =
(1 + sz)

(
(1[m=0] − sm(1 + sz2 + s2z))rm+M+2 + sm+M+1(rm+1(1 + rz2 + r2z)− 1[m=0]z

2(z + r)(1 + zr))
)

sm+Mz2(r + z(2 + sz))− rm+M+1
,

fM = −r
m + z(z + r)

(
rm+1 − z

(
sm−1(1 + sz)(1 + s2z + sz2)− 1[m=0](r − s)

))

z3(z2(r + z)(1 + sz)sm+M − rm+M+1)
.

Theorem A.1. The generating functions F (u) and G(u) counting the number of grand zigzag knight’s paths
staying between y = −m and y = +M with respect to the size and the altitude are given by:

F (u) =
z3um+M+2fM + uz2(u+ z)f−m+1 + 1[m=0]z

2(u+ z)(1 + uz)− um+1(1 + uz2 + u2z)

z3(u− r)(u− s) ,

G(u) =
z3um+M+1(1 + uz)fM + uf−m+1 + 1[m=0](1 + uz)− um(1 + uz)(1 + uz2 + u2z)

uz2(u− r)(u− s) .

We set H(u) := F (u) +G(u).

Corollary A.1. The generating function for the number of grand zigzag knight’s path staying between y = 0
and y = +M and ending on the x-axis is H(0) = f1

z2 .

When M = 2, we obtain the first terms, 0 ≤ n ≤ 18,

1, 0, 1, 0, 2, 0, 4, 0, 7, 0, 14, 0, 26, 0, 50, 0, 95, 0, 181,

where the even terms are sequence A052535 (see Example 4.1).

Remark A.3. We have a convergence to the generating function for all grand zigzag knight’s path staying above
the x-axis and ending on it A = r

z3 (see [11, Corollary 1]) as M →∞.

Corollary A.2. The generating function for the total number of grand zigzag knight’s paths staying between
y = −m and y = +M is

Hm,M (z) := H(1) =
(f−m+1 + z2fM − 1)z + 1[m=0]z(1 + z)− 1− z2

z2 + z − 1
.
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As a byproduct and using the inclusion–exclusion principle, the generating function for grand zigzag knight’s
paths staying between lines y = −m and y = M , and reaching them, is Hm,M (z)−Hm−1,M (z)−Hm,M−1(z) +
Hm−1,M−1(z) when 1 ≤ m ≤M , and H0,M (z)−H0,M−1(z) when 0 ≤M . Then the generating function grand
zigzag knight’s paths such that the difference between the maximal and minimal y-coordinates of a point of the
path is exactly k is

2


H0,k(z)−H0,k−1(z) +

bk/2c∑

m=1

(Hm,k−m(z)−Hm−1,k−m(z)−Hm,k−m−1(z) +Hm−1,k−m−1(z))


 .

Table 2 gives the first coefficients for k = 1, 2, 3. The sequences do not appear in OEIS.

k
n

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 0 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2
2 0 2 2 6 6 12 14 24 30 46 60 88 118 168 228 320 438
3 0 0 0 0 2 4 10 16 32 52 94 148 252 392 648 996 1612

Table 2: The number of grand zigzag knight’s paths such that the difference of the maximal and minimal heights
is at most k.
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a b s t r a c t

A word w = w1 · · ·wn over the set of positive integers is a Motzkin word whenever
w1 = 1, 1 ≤ wk ≤ wk−1 + 1, and wk−1 ̸ = wk for k = 2, . . . , n. It can be
associated to a n-column Motzkin polyomino whose i-th column contains wi cells, and all
columns are bottom-justified. We reveal bijective connections between Motzkin paths,
restricted Catalan words, primitive Łukasiewicz paths, and Motzkin polyominoes. Using
the aforementioned bijections together with classical one-to-one correspondence with
Dyck paths avoiding UDUs, we provide generating functions with respect to the length,
area, semiperimeter, value of the last symbol, and number of interior points of Motzkin
polyominoes. We give asymptotics and closed-form expressions for the total area, total
semiperimeter, sum of the last symbol values, and total number of interior points over all
Motzkin polyominoes of a given length. We also present and prove an engaging trinomial
relation concerning the number of cells lying at different levels and first terms of the
expanded (1 + x + x2)n.
© 2024 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In the literature, Dyck and Motzkin paths play a crucial role in many problems from combinatorial theory (see [19]
and the references wherein). Remember that a Dyck path of semilength n is a lattice path of Z × Z running from (0, 0)
to (2n, 0) that never passes below the x-axis and whose permitted steps are U = (1, 1) and D = (1,−1). A Motzkin path
of length n is a lattice path in the first quadrant made of n steps U , D, and F = (1, 0), from the origin to the point (n, 0).
These paths are enumerated by the well-known Catalan and Motzkin numbers (respectively, A000108 and A001006 in
the On-line Encyclopedia of Integer Sequences [29]).

These sequences have a similar behavior since, almost always, they appear together, and a large number of similar
types of combinatorial classes are enumerated by these numbers. For Catalan numbers, we refer to the catalog of Catalan
combinatorial classes compiled by Stanley [30]. Similarly, there are several combinatorial classes where the Motzkin family
arises. For example, the rooted plane trees are a classical Catalan family, but if we add loops, yields a Motzkin family [14].
Additional examples of Motzkin families can be found in [4,8] and the references therein.

In this paper, we focus on the class of Motzkin words introduced by Mansour and Ramírez in [24]. Specifically, a
word w = w1w2 · · ·wn of length n over the set of positive integers is called a Motzkin word whenever w1 = 1,
1 ≤ wk ≤ wk−1 + 1, and wk−1 ̸ = wk for k = 2, . . . , n. The empty word ϵ is the only one word of length 0. For n ≥ 0, let
Mn denote the set of Motzkin words of length n. For example,

∗ Corresponding author.
E-mail addresses: barjl@u-bourgogne.fr (J.-L. Baril), sergey.Kirgizov@u-bourgogne.fr (S. Kirgizov), jlramirezr@unal.edu.co (J.L. Ramírez),

dvillami@xula.edu (D. Villamizar).

https://doi.org/10.1016/j.dam.2024.12.002
0166-218X/© 2024 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Motzkin words of length 5 and their associated Motzkin polyominoes.

M5 = {12121, 12123, 12312, 12321, 12323, 12341, 12342, 12343, 12345}.

In [24], the authors prove that the cardinality of the set Mn is given by the Motzkin number mn−1, where mn is defined
by the combinatorial sum (see [8,14])

mn =
1

n + 1

∑
i≥0

(
n + 1

i

)(
n + 1 − i
i + 1

)
, n ≥ 0.

The number mn corresponds to the n-th term of the generating function

M(x) :=

∑
n≥0

mnxn =
1 − x −

√
1 − 2x − 3x2

2x2
,

and the first few values of the Motzkin numbers are

1, 1, 2, 4, 9, 21, 51, 127, 323, 835, 2188, . . .

For all 1 ≤ k ≤ n, we denote by Mn,k the set of the Motzkin words of length n whose last symbol is k. Let m(n, k) denote
the number of Motzkin words in Mn,k. It is clear that mn =

∑
k≥1 m(n, k). Moreover, in [24] the authors proved that

m(n, k) =
k
n

n∑
j=k

(−1)n−j
(
n
j

)(
2j − k − 1

j − 1

)
. (1)

A Motzkin word w = w1 · · ·wn can also be viewed as a polyomino (also called bargraph) whose i-th column contains
wi cells for 1 ≤ i ≤ n, and where all columns are bottom-justified (i.e. the bottom-most cells of all of its columns are
in the same row). The polyomino associated to a Motzkin word of length n is called a Motzkin polyomino of length n. In
Fig. 1, we show all Motzkin polyominoes of length 5.

In this work, we focus on the class of Motzkin polyominoes, and we investigate enumerative problems about several
statistics on these objects.

Let w be a Motzkin word and P(w) its associated polyomino. We denote by area(w) the number of cells (or the
area) of P(w), which also is the sum of all wi for 1 ≤ i ≤ n. The semiperimeter of P(w), denoted sper(w), is half of the
perimeter of P(w), while the perimeter of P(w) is the number of cell borders that do not touch another cell of P(w). An
interior-vertex of P(w) is a point that belongs to exactly four cells of P(w). We denote by inter(w) the number of interior
points of P(w). For instance, if w = 12341, then area(w) = 11, sper(w) = 9, and inter(w) = 3. We refer to [18]
for a historical review on polyominoes, and to [26] for the definitions of many statistical and enumerative methods over
polyominoes. Additionally, analogous results are known for bargraphs [9,12], compositions [10], set partitions [20,21],
Catalan words [13,23,25], inversion sequences [1], and words [11,22].

Motivation and outline of the paper. The motivation of this work is to provide enumerative results on Motzkin
words according to several parameters (area, semiperimeter, and number of interior points) defined on the associated
polyominoes. Except for the first section where we exhibit bijections between Motzkin words and other classical
combinatorial classes counted by the Motzkin numbers, all other results are obtained algebraically by considering
functional equations for multivariate generating functions. In Section 2 we give three bijections between Motzkin words
and three known combinatorial classes counted by the Motzkin numbers. In Section 3, we focus on the two statistics
of the area and the semiperimeter. We provide the trivariate generating function, where the coefficient of xnpkqℓ is the
number of Motzkin polyominoes P(w) of length n, and satisfying sper(w) = k and area(w) = ℓ. From this, we deduce
the generating function for the total sum of the last symbol over all Motzkin words of length n, and we give asymptotic
approximation for the coefficient of xn. In Section 4, we focus on the semiperimeter statistic. We give the generating
function for nonempty Motzkin polyominoes with respect to the length and the semiperimeter. We exhibit a bijection

2
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Fig. 2. Bijection between Motzkin paths and Motzkin words.

between Motzkin polyominoes of length n with semiperimeter 2n − k, and Motzkin paths of length n − 1 with exactly k
up steps. We deduce a closed-form expression for the total semiperimeter over all Motzkin polyominoes of length n. In
Section 5, we make a similar study as in Section 4 by considering the area instead of the semiperimeter. Finally, Section 6
is dedicated to the statistic of the number of interior points of the Motzkin polyominoes, and we exhibit a closed-form
expression for the total number of interior points over all Motzkin polyominoes of length n.

2. Links between Motzkin words and other Motzkin classes

Below, we present three bijections between Motzkin words (or equivalently Motzkin polyominoes) and three known
combinatorial classes counted by the Motzkin numbers.

First, let us recursively define the bijection ψ between Mn and the set of Motzkin paths of length n − 1, i.e. lattice
paths in the first quadrant, starting at the origin, ending on the x-axis, and made of (n − 1) steps F = (1, 0), U = (1, 1),
and D = (1,−1):

ψ(w) =

{
ϵ if w = 1,
Fψ(u) if w = 1(1 + u), where u ̸ = ϵ ,

Uψ(u)Dψ(v) if w = 1(1 + u)v , where u, v ̸ = ϵ ,

where u and v are Motzkin words and (1 + u) corresponds to the word obtained from u by increasing by one all letters
of u. For instance, we have

ψ(12123453412) = Uψ(1)Dψ(123453412) = UDUψ(123423)Dψ(12)
= UDUFψ(12312)DFψ(1) = UDUFUψ(12)Dψ(12)DF = UDUFUFDFDF .

In Fig. 2 we show the corresponding Motzkin path.
On the other hand, in a previous paper [6], the authors study the avoidance of patterns in Catalan words of length n,

i.e. words w = w1w2 · · ·wn satisfying w1 = 0 and 0 ≤ wi ≤ wi−1 + 1. They focus on Catalan words of length n avoiding
the pattern (≥,≥), that is those that do not contain occurrences wi ≥ wi+1 ≥ wi+2, or equivalently those avoiding
the consecutive patterns 100, 000, 110, and 210. They prove algebraically that these words are counted by the Motzkin
number mn. Below, we give a bijection φ establishing a link between this class of Catalan words and Mn.

Let w be a Catalan word avoiding (≥,≥), then φ is recursively defined as follows.

φ(w) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if w = ϵ ,

1(1 + φ(u)) if w = 1(1 + u),
1(1 + φ(ū))φ(v) if w = 1(1 + u)v , u, v ̸ = ϵ ,

1(1 + φ(u))1 if w = 11(1 + u),
1(1 + φ(ū))φ(v)1 if w = 11(1 + u)v , u, v ̸ = ϵ ,

where u and v are some Catalan words, and ū is obtained from u by deleting the last symbol, and where (1+u) corresponds
to the word obtained from u by increasing by one all letters of u. For instance, we have

φ(1123231231) = 1φ(121)φ(1231)1 = 12323123121.

We leave it as an exercise to check that φ is a bijection.

Link with primitive Łukasiewicz paths. A Łukasiewicz path of length n ≥ 0 is a lattice path in the first quadrant of the
xy-plane starting at the origin (0, 0), ending on the x-axis, and consisting of n steps lying in the set {(1, k) : k ≥ −1}. It
is well-known [5,16,30] that these paths are enumerated by the Catalan numbers cn =

1
n+1

(2n
n

)
. A primitive Łukasiewicz

path is one with exactly one return on the x-axis (necessarily at the end). The empty path is not primitive. Let Ln be the
family of primitive Łukasiewicz paths of length n without horizontal steps.

There is a bijection between the sets Mn and Ln+1. Indeed, for 1 ≤ i ≤ n the i-th entry of the Motzkin word is exactly
the y-coordinate of the final point of the i-th step of the corresponding Łukasiewicz path (see Fig. 3), and the avoidance
of horizontal steps becomes from the avoidance of two consecutive identical entries in the Motzkin word.

3
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Fig. 3. Bijection between Motzkin words and primitive Łukasiewicz paths.

Fig. 4. Motzkin polyominoes whose last column is of height 1.

3. Area and semiperimeter statistics

In this section, we study the area and semiperimeter statistics on Motzkin words (or equivalently Motzkin polyomi-
noes). Recall that, for all 1 ≤ i ≤ n, Mn,i is the set of Motzkin words of length n whose last symbol is i. We define the
generating functions

Ai(x; p, q) :=

∑
n≥1

xn
∑

w∈Mn,i

psper(w)qarea(w).

and

A(x; p, q; v) :=

∑
i≥1

Ai(x; p, q)vi−1.

Theorem 3.1. The generating function A(x; p, q; v) satisfies the functional equation

A(x; p, q; v) = p2qx +
pqx

1 − qv
A(x; p, q; 1) +

(
p2q2xv −

pqx
1 − qv

)
A(x; p, q; qv). (2)

Proof. Let w be a Motzkin word in Mn. We distinguish two cases: (i) w ∈ Mn,1 and (ii) w ∈ Mn,i for i ≥ 2.
Case (i). The last symbol of w is 1. Hence, we have either w = 1 or w = w′1 where w′

∈ Mn−1,j, with n ≥ 2 and j ≥ 2.
See Fig. 4 for a graphical representation of these two cases. The generating function for this case is given by

A1(x; p, q) = p2qx + pqx
∑
j≥2

Aj(x; p, q).

From this relation it is clear that

A1(x; p, q) = p2qx + pqx(A(x; p, q; 1) − A1(x; p, q)). (3)

Case (ii). The last symbol of w is at least 2. From the definition of Motzkin word we have the decomposition w = w′i,
with w′

∈ Mn−1,j, and with either j = i − 1 ≥ 1 or j > i ≥ 2. See Fig. 5 for a graphical representation of these two cases.
In terms of generating functions, we deduce the functional equations:

Ai(x; p, q) = p2qixAi−1(x; p, q) + pqix
∑
j≥i+1

Aj(x; p, q), for i ≥ 2. (4)

By multiplying Eq. (4) by vi−1 and summing over i ≥ 2, we obtain

4
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Fig. 5. Motzkin polyominoes whose last column is of height ≥ 2.

A(x; p, q; v) − A1(x; p, q) =

∑
i≥2

p2qixAi−1(x; p, q)vi−1
+

∑
i≥2

pqix
∑
j≥i+1

Aj(x; p, q)vi−1

= p2q2xvA(x; p, q; qv) + px
∑
j≥3

Aj(x; p, q)
j−1∑
i=2

qivi−1

= p2q2xvA(x; p, q; qv) + px
∑
j≥3

Aj(x; p, q)
q2v − qjvj−1

1 − qv

= p2q2xvA(x; p, q; qv) +
pq2xv
1 − qv

(A(x; p, q; 1) − A1(x; p, q) − A2(x; p, q))

−
pqx

1 − qv
(A(x; p, q; qv) − A1(x; p, q) − qvA2(x; p, q))

= p2q2xvA(x; p, q; qv) +
pq2xv
1 − qv

(A(x; p, q; 1) − A1(x; p, q))

−
pqx

1 − qv
(A(x; p, q; qv) − A1(x; p, q)).

Simplifying the last expression using (3), we obtain the desired result. □
Note that when p = q = 1, we have(

1 − xv +
x

1 − v

)
A(x; 1, 1; v) = x +

x
1 − v

A(x; 1, 1; 1).

The generating function A(x; 1, 1; 1) corresponds to the generating function of the nonempty Motzkin words, so
A(x; 1, 1; 1) = xM(x). Thus, we deduce the following.

Corollary 3.2. The generating function for the number of nonempty Motzkin words with respect to the length and the value of
the last symbol is

A(x; 1, 1; v) · v =
xv(1 − v) + x2vM(x)
1 − v + x − vx + v2x

. (5)

The first terms of the series expansion are

xv + v2x2 +
(
v3 + v

)
x3 +

(
v4 + 2v2 + v

)
x4 +

(
v5 + 3v3

+ 2v2 + 3v
)
x5 +(

v6 + 4v4 + 3v3 + 7v2 + 6v
)
x6 +

(
v7 + 5v5 + 4v4 + 12v3 + 14v2 + 15v

)
x7 + O(x8).

There are three polyominoes of length 5 ending with a column of height three (see Fig. 1). By differentiating A(x; 1, 1; v)·v
at v = 1, we deduce:

Corollary 3.3. The generating function for the total sum gn of the last symbol in all Motzkin words of length n is
1 − x − 2x2 −

√
1 − 2x − 3x2

2x2
.

An asymptotic approximation for the coefficient gn of xn is given by

3
√
3
( 1
n

) 3
2 3n

2
√
π

.

5
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Fig. 6. Motzkin polyominoes of length 5 and semiperimeter 9.

The asymptotic approximation is easily obtained with a singularity analysis (see [15,27]).
The first terms of gn, 1 ≤ n ≤ 10, are

1, 2, 4, 9, 21, 51, 127, 323, 835, 2188, . . . .

This sequence corresponds to the Motzkin numbers A001006 in the OEIS [29]. Finally, the expected value of the last
symbol is mn/mn−1, and an asymptotic is 3.

Notice that we can retrieve Corollary 3.3 as follows. From a Motzkin word w ∈ Mn−1,k, we can construct k Motzkin
words w′

= wx ∈ Mn,x by adding a letter x ∈ [1, k − 1]\{k}. Conversely, any Motzkin word of length n can be uniquely
constructed with this process. This means that

∑n−1
k=1 km(n−1, k) = mn which gives a simple combinatorial interpretation

of Corollary 3.3.

4. The semiperimeter statistic

In this section we study the semiperimeter statistic on Motzkin polyominoes. By (2) with q = 1, we obtain(
1 − p2xv +

px
1 − v

)
A(x; p, 1; v) = p2x +

px
1 − v

A(x; p, 1; 1). (6)

In order to compute S(x, p) := A(x; p, 1; 1), we use the kernel method (see [2,28]). The method consists in cancelling
the coefficient of A(x; p, 1; v) by taking the small root v0 (the ones going to 0 for x ∼ 0) of 1 − p2xv0 +

px
1−v0

, namely

v0 =
1 + p2x −

√
1 − 2p2x − 4p3x2 + p4x2

2p2x
.

When the factor on the left-hand side equals zero (and thus satisfies the equation), the right-hand side also equals zero
and so the solution v0 can be used on the right-hand side to obtain A(x; p, 1, 1) (see Theorem 4.1).

Theorem 4.1. The generating function for the number of nonempty Motzkin polyominoes according to the length and the
semiperimeter is given by

S(x, p) =
1 − p2x −

√
1 − 2p2x − 4p3x2 + p4x2

2px
.

The first terms of the series expansion of S(x, p) are

p2x + p4x2 + (p5 + p6)x3 + (3p7 + p8)x4 + (2p8 + 6p9
+ p10)x5 + O(x6).

Fig. 6 yields the 6 Motzkin polyominoes of length 5 and semiperimeter 9.

Theorem 4.2. The map ψ (defined in Section 2) induces a bijection between the Motzkin polyominoes (or equivalently words)
in Mn of semiperimeter 2n − k for k = 1, 2, . . . , ⌊ n−1

2 ⌋, and the Motzkin paths of length n − 1 with exactly k up steps.

Proof. Let us prove the statement by induction on n. The case n = 0 is trivial since ψ(1) = ϵ. Let us assume the statement
is true for m ≤ n, and let us prove it for n + 1. Let w ∈ Mn+1 with semiperimeter 2(n + 1) − k. We denote by up(M) the
number of up-steps of the Motzkin path M .

If w = 1(1+u), u ̸ = ϵ, then we have sper(u) = 2n−k, ψ(w) = Fψ(u), and up(ψ(w)) = up(ψ(u)). Using the induction
hypothesis on u, we have up(ψ(u)) = k, and then up(ψ(w)) = k as expected.

If w = 1(1 + u)v , u, v ̸ = ϵ, then we have sper(u) = s1 and sper(v) = s2 with s1 + s2 + 1 = 2(n + 1) − k,
ψ(w) = Uψ(u)Dψ(v), and up(ψ(w)) = 1 + up(ψ(u)) + up(ψ(v)). Using the induction hypothesis on u and v, we have

6
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up(ψ(u)) = 2|u| − s1, and up(ψ(v)) = 2|v| − s2, where |u| is the length of u. Hence, this implies that up(ψ(w)) =

1 + 2|u| − s1 + 2|v| − s2 = 2 + 2|u| + 2|v| − 2(n + 1) + k = k, as expected.
Considering these two cases, the induction is completed. □
Using relation (6), we deduce the following.

Theorem 4.3. The generating function for the number of nonempty Motzkin polyominoes according to the length, the
semiperimeter, and the value of the last letter is given by

A(x; p, 1; v) =
1 + p2(x − 2vx) −

√
1 − 2p2x − 4p3x2 + p4x2

2(1 + px + p2v2x − v(1 + p2x))
.

The first terms of the series expansion of A(x; p, 1; v) are

p2x + p4vx2 + (p5 + p6v2)x3 + (p7 + 2p7v + p8v3)x4 +

(2p8 + p9
+ 2p9v + 3p9v2

+ p10v4)x5 + O(x6).

From Fig. 6 we can verify that there are 1, 2, and 3 Motzkin polyominoes of length 5 and semiperimeter 9, whose value
of the last symbol (height of last column) is 1, 2, and 3, respectively.

Let s(n, i) denote the sum of the semiperimeters of all Motzkin polyominoes of length n whose last column has height
i. The first few values are

[s(n, i)]n,i≥1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0 0 0 · · ·

0 4 0 0 0 0 · · ·

5 0 6 0 0 0 · · ·

7 14 0 8 0 0 · · ·

25 18 27 0 10 0 · · ·

61 72 33 44 0 12 · · ·

...
...

...
...

...
...

. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Notice that from the decomposition given in Fig. 5, we have for n ≥ 2 and 2 ≤ i ≤ n,

s(n, i) = s(n − 1, i − 1) + 2m(n − 1, i − 1) +

n−1∑
j=i+1

(s(n − 1, j) + m(n − 1, j)) ,

where m(n, i) is given in (1). If we consider the difference s(n, i)− s(n, i− 1), then for n ≥ 2 and 3 ≤ i ≤ n, we obtain the
recurrence relation

s(n, i) = s(n, i − 1) + s(n − 1, i − 1) − s(n − 1, i − 2) − s(n − 1, i)
+ 2(m(n − 1, i − 1) − m(n − 1, i − 2)) − m(n − 1, i).

Let s(n) be the total semiperimeter over all Motzkin polyominoes of length n. By Theorem 4.3 at v = 1, we deduce:

Corollary 4.4. The generating function of the sequence s(n) is given by
1 + x2 − (1 + x)

√
1 − 2x − 3x2

2x
√
1 − 2x − 3x2

.

An asymptotic approximation of s(n) is given by

5
√
3
√

1
n 3n

6
√
π

.

The first few values for 1 ≤ n ≤ 10 are

2, 4, 11, 29, 80, 222, 624, 1766, 5030, 14396, . . .

This sequence does not appear in the OEIS. The expected value of the semiperimeter is 5n/3. In Corollary 4.5 we give an
explicit relation for the sequence s(n) using the central trinomial coefficient Tn, that is the coefficient of xn in the expansion
(x2 + x + 1)n. From the multinomial theorem we see that

Tn =

n∑
k=0

(
n
k

)(
n − k
k

)
.

Moreover, the generating function of the central trinomial coefficients is given by

T (x) :=

∑
n≥0

Tnxn =
1

√
1 − 2x − 3x2

. (7)

7
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Corollary 4.5. The total semiperimeter over all Motzkin polyominoes of length n is given by

s(n) = Tn + 2Tn−1 − mn−1,

where mn is the n-th Motzkin number.

Proof. By differentiating S(x, p) at p = 1, Theorem 4.1 gives
∂

∂p
S(x, p)|p=1 =

1 + x2 − (1 + x)
√
1 − 2x − 3x2

2x
√
1 − 2x − 3x2

= −1 + T (x) + 2xT (x) − xM(x).

Comparing the n-th coefficient we obtain the desired result. □
We leave as an open question to find a combinatorial interpretation of the equation obtained in Corollary 4.5.

5. The area statistic

The goal of this section is to analyze the area statistic on Motzkin polyominoes. By (2) with p = 1 we obtain

A(x; 1, q; v) = qx +
qx

1 − qv
A(x; 1, q; 1) −

qx(1 − qv + q2v2)
1 − qv

A(x; 1, q; qv). (8)

By iterating this equation an infinite number of times (here we assume |x| < 1 or |q| < 1), we obtain

A(x; 1, q; v) =

∑
j≥1

(−1)j−1qjxj
(
1 +

A(x; 1, q; 1)
1 − qjv

) j−1∏
i=1

1 − qiv + q2iv2

1 − qiv
.

By setting v = 1, and solving for A(x; 1, q; 1), we can state the following result.

Theorem 5.1. The generating function U(x, q) := A(x; 1, q; 1) for the number of nonempty Motzkin polyominoes according to
the length and the area is given by

U(x, q) =

∑
j≥1(−1)j−1qjxj

∏j−1
i=1

1−qi+q2i

1−qi

1 −
∑

j≥1(−1)j−1 qjxj

1−qj
∏j−1

i=1
1−qi+q2i

1−qi

.

The first terms of the series expansion of U(x, q) are

qx + q3x2 + (q4 + q6)x3 + (q6 + q7 + q8 + q10)x4+

+ (q7
+ 3q9

+ 2q11
+ q12

+ q13
+ q15)x5 + O(x6).

We refer to Fig. 7 for an illustration of the polyominoes of length 5.

Theorem 5.2. The generating function for the number of Motzkin polyominoes, including the empty word, according to the
length and area is given by the infinite continued fraction

1 + U(x, q) =
1

1 −
qx

1 + qx −
(1 + qx)q2x

1 + q2x −
(1 + q2x)q3x

. . .

.

Proof. First note that the Motzkin words of length n are in bijection with Dyck paths of length 2n avoiding the consecutive
subword UDU . Indeed, given a Dyck path avoiding UDU , we associate a Motzkin word formed by the y-coordinate of each
final point of the up steps. For example, in Fig. 8 we show the Dyck path associated to the Motzkin word 123212343 ∈ M9.
We denote by D the set of Dyck paths avoiding UDU .

From this bijection, it is clear that the area of a Motzkin polyomino is equivalent to count the area of a Dyck path
avoiding the subword UDU (the area of a Dyck path is the area of the region bounded by the path and the x-axis). Given
a Dyck path P in D from the first return decomposition it can be one of the following options: ϵ ,UD,UP ′DP ′′, where
P ′, P ′′

∈ D and P ′
̸ = ϵ. Let J(x, q) be the bivariate generating function for the Dyck paths in D according to the length and

the area. From the decomposition we obtain the functional equation

J(x, q) = 1 + xq + xq(J(qx, q) − 1)J(x, q).

Therefore, we deduce

8
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Fig. 7. Motzkin polyominoes of length 5 and their weighted area.

Fig. 8. Dyck path associated to the Motzkin word 123212343.

J(x, q) =
1 + xq

1 − xq(J(qx, q) − 1)
.

Iterating this expression we obtain the desired result. □

Let u(n, i) denote the total area of the Motzkin polyominoes of length n that end with a column of height i. The first
few values are

[u(n, i)]n,i≥1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 · · ·

0 3 0 0 0 0 · · ·

4 0 6 0 0 0 · · ·

7 14 0 10 0 0 · · ·

27 21 33 0 15 0 · · ·

75 89 45 64 0 21 · · ·

...
...

...
...

...
...

. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

From the decomposition given in Fig. 5, we have for n ≥ 2 and 2 ≤ i ≤ n,

u(n, i) = u(n − 1, i − 1) + i · m(n − 1, i − 1) +

n−1∑
j=i+1

(u(n − 1, j) + i · m(n − 1, j)) ,

where m(n, i) is given in (1). If we consider the difference u(n, i) − u(n, i − 1), then for n ≥ 2 and 3 ≤ i ≤ n, we obtain
the recurrence relation

u(n, i) = u(n, i − 1) + u(n − 1, i − 1) − u(n − 1, i) − u(n − 1, i − 2)

+ i · m(n − 1, i − 1) − (i − 1)m(n − 1, i − 2) − i · m(n − 1, i) +

n−1∑
j=i

m(n − 1, j).

Let u(n) be the total area of over all Motzkin polyominoes of length n. The first few values are

1, 3, 10, 31, 96, 294, 897, 2727, 8272, 25048, . . .

This sequence corresponds to the sequence A055217 in the OEIS [29]. Recently, Goy and Shattuck [17] gave a combinatorial
interpretation for this sequence by using marked Motzkin paths. Our interpretation is different and probably new. In the
following theorem we give an interesting combinatorial formula to calculate the sequence u(n).

Theorem 5.3. The total area over all Motzkin polyominoes of length n is given by

u(n) =
1
2

(
3n

− Tn
)

=
1
2

(
3n

−

n∑
k=0

(
n
k

)(
n − k
k

))
,

9
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and an asymptotic is 3n/2.

Proof. Let B(x; v) =
∂
∂qA(x; 1, q; v) |q=1. Then by differentiating (8) with respect to q, we obtain

B(x; v) = x +
x2M(x)
(1 − v)2

+
x

1 − v
B(x; 1)

−
x(1 − 2v + 4v2 − 2v3)

(1 − v)2
A(x; 1, 1; v) −

x(1 − v + v2)
1 − v

(B(x; v) + v
∂

∂ v
A(x; 1, 1; v)).

By using (5), we obtain
∂

∂ v
A(x; 1, 1; v) =

∂

∂ v

(
x(1 − v) + x2M(x)

1 − v + x − vx + v2x

)
(9)

=
1 − 2vx − x2 − 2vx2 + 2v2x2 − (1 + x − 2vx)

√
1 − 2x − 3x2

2(1 − v + x − vx + v2x)2
. (10)

Therefore
(1 − v + x − vx + v2x)3

1 − v
B(x; v) = x(1 − v + x − vx + v2x)2 +

x2(1 − v + x − vx + v2x)2M(x)
(1 − v)2

+
x(1 − v + x − vx + v2x)2

1 − v
B(x; 1)

−
x(1 − 2v + 4v2 − 2v3)(1 − v + x − vx + v2x)

(1 − v)2
(
x(1 − v) + x2M(x)

)
−

xv(1 − v + v2)
2(1 − v)

(
1 − 2vx − x2 − 2vx2 + 2v2x2 − (1 + x − 2vx)

√
1 − 2x − 3x2

)
.

By twice differentiating this equation with respect to v and taking v = xM(x) + 1, we obtain that

B(x, 1) =
1 + x −

√
1 − 2x − 3x2

2 − 4x − 6x2
=

1
2

(
1

1 − 3x
−

1
√
1 − 2x − 3x2

)
.

Comparing the n-th coefficient we obtain the desired result. □

5.1. Link with trinomial coefficients

The sequence u(n) (A055217) corresponds to the sum of the first n coefficients of (1 + x + x2)n. Enigmatically, the
monomials from the first part of the expansion of (1 + x + x2)n can be literally written on the cells of all Motzkin
polyominoes of size n in a simple one-to-one manner. Term xk goes onto a cell of height n− k, see Fig. 9. This subsection
is devoted to explain this fact, which is easy to state, but not easy to prove. Theorem 5.3 follows from the results of this
section if we replace x by 1, consider the symmetry of coefficients of (1 + x + x2)n, and subtract the central trinomial
coefficient.

Let T (n, i) be the i-th coefficient in the expansion of (1 + x + x2)n. It is not difficult to prove that

T (n, i) = T (n − 1, i) + T (n − 1, i − 1) + T (n − 1, i − 2), 0 ≤ i ≤ n − 2, (11)

and T (n, n−1) = Tn−1 +T (n−1, n−2)+T (n−1, n−3), where Tn is the central trinomial coefficient, that is Tn = T (n, n).
We also have T (n, n − 1) = n|Mn| = nmn−1, see A005717 in the OEIS for more information. If i > n − 1 or i < 0 we
define T (n, i) = 0, moreover T (1, 1) = 1. The first few values of this array are

[T (n, i)]n≥1,i≥0 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 · · ·

1 2 0 0 0 0 0 0 · · ·

1 3 6 0 0 0 0 0 · · ·

1 4 10 16 0 0 0 0 · · ·

1 5 15 30 45 0 0 0 · · ·

1 6 21 50 90 126 0 0 · · ·

1 7 28 77 161 266 357 0 · · ·

1 8 36 112 266 504 784 1016 · · ·

...
...

...
...

...
...

...
...

. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Let h(n, i) be the total number of cells of height i in Mn. From Fig. 9, we have h(5, 1) = 45, h(5, 2) = 30, h(5, 3) =

15, h(5, 4) = 5, h(5, 5) = 1. Notice that these numbers are related to the first 5 coefficients of the expansion of

(1 + x + x2)5 = 1 + 5x + 15x2 + 30x3 + 45x4 + 51x5 + 45x6 + 30x7 + 15x8 + 5x9 + x10.

Let w be a Motzkin word. We denote by hi(w) the number of cells of height i in the Motzkin polyomino associated
with w. We introduce the following generating functions

10
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Fig. 9. Correspondence between Motzkin polyominoes of size n and first n terms of the expansion of (1 + x + x2)n .

Hi(x, q) := 1 +

∑
w∈M

x|w|qhi(w)

and

Bi(x) :=
∂Hi(x, q)
∂q

⏐⏐⏐⏐
q=1

.

From the definition it is clear that [xn]Bi(x) = h(n, i).

Theorem 5.4. For i ≥ 2, we have

Hi(x, q) =
1 + x

1 − (Hi−1(x, q) − x)
,

and H1(x, q) = 1 + qxM(xq), where M(x) is the generating function of the Motzkin numbers.

Proof. Motzkin words of length n are in bijection with Dyck paths of length 2n avoiding the subword UDU (the i-th entry
of the word w corresponds to the y-coordinate of the endpoint of the i-th up-step of its corresponding Dyck path). From
this bijection it is clear that

H1(x, q) = 1 + xq + xq(H1(x, q) − 1)H1(x, q).

Solving this equation, we obtain that H1(x, q) = 1 + qxM(xq). Analogously, from the decomposition given in the proof of
Theorem 5.2 we obtain the functional equation

Hi(x, q) = 1 + x + x(Hi−1(x, q) − 1)Hi(x, q), i ≥ 2. □

For example, for i = 3 we have the expression

H3(x, q) =
2 − x − q(2 + x2) + x

√
(1 + qx)(1 − 3qx)

2(1 − q − x + q(1 − x)x)
= 1 + x + x2 + (1 + q)x3 + (1 + 2q + q2)x4 + (1 + 3q + 3q2

+ 2q3)x5 + O(x6).

Fig. 10 yields the Motzkin polyominoes of length 5 and the cells of height 3.

11
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Fig. 10. Motzkin polyominoes of length 5 and the cells of height 3.

Proposition 5.5. For i ≥ 1, we have

Bi(x) =
xiM i(x)

1 − x − 2x2M(x)
,

where M(x) is the generating function of the Motzkin numbers.

Proof. We proceed by induction on i. The identity clearly holds for i = 1; see Theorem 5.4. Now suppose that the result
is true for i − 1. We prove it for i:

Bi(x) =
∂Hi(x, q)
∂q

⏐⏐⏐⏐
q=1

=
∂

∂q

(
1 + x

1 − (Hi−1(x, q) − x)

)⏐⏐⏐⏐
q=1

=
∂

∂q

(
1

1 −
x

1−xHi−1(x, q)

)⏐⏐⏐⏐⏐
q=1

=

x
1+x

xi−1M i−1(x)
1−x−2x2M(x)(

1 −
x

1+x (1 + xM(x))
)2 =

(1 + x)xiM i−1(x)
(1 − x2M(x))2

=
xiM i(x)

1 − x − 2x2M(x)
. □

A Motzkin walk of length n is a Motzkin path prefix without the condition that never passes below the x-axis (see for
instance [3]). A Motzkin walk ending on x-axis is also known as Grand Motzkin path. Let g(n, i) be the number of Motzkin
walks of length n ending at height i. It is clear that g(n, i) = g(n − 1, i − 1) + g(n − 1, i) + g(n − 1, i + 1). We define the
generating function

Gi(x) =

∑
n≥0

g(n, i)xn.

Theorem 5.6. For all i ≥ 0, Gi(x) = Bi(x). Moreover, For n > 0, i > 1, we have

h(n, i) = h(n − 1, i − 1) + h(n − 1, i) + h(n − 1, i + 1),

h(n, 1) = n · [xn−1
]M(x).

Proof. Let P be a Motzkin walk ending at height i. It can be decomposed as GUM1UM2U · · ·UMi, where G is a Motzkin
walk ending at height zero and Mj is a Motzkin path for all 1 ≤ j ≤ i. Therefore, we have the generating function Gi(x) =

xiG0(x)M i(x), where M(x) is the generating function of the Motzkin numbers. Notice that G0(x) = 1+xG0(x)+2x2M(x)G0(x),
because a nonempty Motzkin walk ending at height zero is either FG′

0, or UMDG′

0, or DM̄UG′

0 where G′

0 is a Motzkin walk
ending at height zero, M is a Motzkin path (ending on the x-axis) and M̄ is a Motzkin walk obtained from a Motzkin path
(ending on the x-axis) after exchanging U and D. So, we have G0(x) = 1/(1 − x − 2x2M(x)). Therefore,

Gi(x) =
xiM i(x)

1 − x − 2x2M(x)
= Bi(x).

Now, it is clear that the sequences h(n, i) and g(n, i) are the same, therefore h(n, i) satisfies the desired recurrence
relation. □

From Theorem 5.6 and (11), it is possible to verify that the sequence T (n, i) and h(n, n− i) satisfy the same recurrence
relation with the same initial values, therefore they are the same.

Theorem 5.7. The number of cells of height n − i (0 ≤ i < n) in all Motzkin polyominoes of length n is given by the trinomial
coefficient T (n, i).

12
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Now we can give an alternative proof of the combinatorial identity given in Theorem 5.3.
Second proof of Theorem 5.3. Notice that

∑n−1
i=0 T (n, i) = u(n). But the trinomial coefficients are palindromic, that is

T (n, i) = T (n, 2n − i), then
2n∑
i=0

T (n, i) = 2u(n) − T (n, n) = 2u(n) − Tn.

Notice that we have to subtract the central trinomial coefficient. But it is clear that this sum is 3n, therefore 3n
= 2u(n)−Tn.

We end this section by asking the following (open) questions: can we obtain an interpretation moving down a level
to binomial coefficients? Can we obtain a generalization of this result by using tetranomial coefficients (i.e. coefficients
of the polynomials (1 + x + x2 + x3)n), and for which polyomino classes?

6. The interior points statistic

In this section, we study the statistic of the number of interior points on Motzkin polyominoes. As in the previous
section, for all 1 ≤ i ≤ n, Mn,i is the set of the Motzkin words of length n whose last symbol is i, and we define the
generating functions

Ai(x; q) :=

∑
n≥1

xn
∑

w∈Mn,i

qinter(w).

and

A(x; q; v) :=

∑
i≥1

Ai(x; q)vi−1.

Theorem 6.1. The generating function A(x; q; v) is given by

A(x; q; v) =

∑
j≥1

xj
(
1 + A(x; q; 1)

1
1 − qjv

) j−1∏
i=1

(
xqi−1v −

x
1 − qiv

)
.

Proof. According to the decomposition given in Figs. 4 and 5, we obtain the relations

A1(x; q) = x + x
∑
j≥2

Aj(x; q),

Ai(x; q) = xqi−2Ai−1(x; q) + xqi−1
∑
j≥i+1

Aj(x; q).

By multiplying the last equation by vi−1 and summing over i ≥ 2, we obtain the functional equation

A(x; q; v) − A1(x; q) =
xqv

1 − qv
A(x; q; 1) +

(
xv −

x
1 − qv

)
A(x; q; qv)

−

(
xqv

1 − qv
−

x
1 − qv

)
A1(x; q).

Simplifying this expression we obtain the equation

A(x; q; v) = x +
x

1 − qv
A(x; q; 1) +

(
xv −

x
1 − qv

)
A(x; q; qv). (12)

By iterating the last equation an infinite number of times (here we assume |x| < 1 or |q| < 1), we obtain the desired
result. □

By setting v = 1 in Theorem 6.1, and solving for A(x; q; 1) we can state the following result.

Corollary 6.2. The generating function H(x, q) := A(x; q; 1) for the number of nonempty Motzkin polyominoes according to
the length and the number of interior points is given by

H(x, q) =

∑
j≥1 x

j∏j−1
i=1

(
qi−1

−
1

1−qi

)
1 −

∑
j≥1

xj
1−qj

∏j−1
i=1

(
qi−1 −

1
1−qi

) .
The first terms of the series expansion of H(x, q) are

H(x, q) = x + x2 + (1 + q)x3 + (1 + q + q2 + q3)x4

+ (1 + 2q + q2
+ 2q3

+ q4
+ q5

+ q6)x5 + O(x6).

We refer to Fig. 11 for an illustration of the polyominoes of length 5.

13
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Fig. 11. Motzkin polyominoes of length 5 and their weighted interior points.

Corollary 6.3. The generating function of the number of interior points over all Motzkin polyominoes of length n is
2 − 3x − 5x2 − (2 − x − 2x2)

√
1 − 2x − 3x2

2x(1 + x)(1 − 3x)
,

and an asymptotic for the n-th coefficient of the series expansion is 3n/2. The expected value of the number of interior points
is
√
π
3 n

3/2.

Proof. Let B(x; v) =
∂
∂qA(x; q; v) |q=1. Then by differentiating (12) with respect to q, we obtain

B(x; v) =
vx2M(x)
(1 − v)2

+
x

1 − v
B(x; 1)

−
xv

(1 − v)2
A(x; 1, v) +

(
xv −

x
1 − v

)
(B(x; v) + v

∂

∂ v
A(x; 1; v)).

From (9), we know that
∂

∂ v
A(x; 1; v) =

1 − 2vx − x2 − 2vx2 + 2v2x2 − (1 + x − 2vx)
√
1 − 2x − 3x2

2(1 − v + x − vx + v2x)2
.

Therefore
(1 − v + x − vx + v2x)3

1 − v
B(x; v) =

x(1 − v + x − vx + v2x)2

1 − v
B(x; 1)

+
v

2

(
1 − x − vx − 3x2 + 2vx2 − v2x2 − x3 + 3vx3 − 3v2x3 + 2v3x3

−(1 − xv − x2 + vx2 − v2x2)
√
1 − 2x − 3x2

)
.

By twice differentiating this equation with respect to v and taking v = xM(x) + 1, we obtain that

B(x, 1) =
2 − 3x − 5x2 − (2 − x − 2x2)

√
1 − 2x − 3x2

2x(1 + x)(1 − 3x)
.

Comparing the n-th coefficient we obtain the desired result. □
As an application of Pick’s theorem (cf. [7, pp. 40]), one may establish a relation between the area, semiperimeter, and

number of interior points of a Motzkin polyomino. Pick’s theorem says that the area of a simple polygon with integer
vertex coordinates is equal to I + B/2 − 1, where I is the number of interior points and B is the number of points lying
on the boundary. Let int(n) be the sum of the interior points over all Motzkin polyominoes of length n.

Corollary 6.4. The number of interior points over all Motzkin polyominoes of length n is
1
2

(
3n

− 3Tn
)
− 2Tn−1 + 2mn−1.

Proof. From Pick’s theorem we can obtain the relation

u(n) = int(n) + s(n) − mn−1.

Now the identity follows from Corollary 4.5 and Theorem 5.3. □
The first few values of the sequence int(n) for n ≥ 3 are

1, 6, 25, 93, 324, 1088, 3565, 11487, . . .

This sequence does not appear in the OEIS.
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Abstract

In the Stanley lattice defined on Dyck paths of size n, cover relations are obtained
by replacing a valley DU by a peak UD. We investigate a greedy version of this
lattice, first introduced by Chenevière, where cover relations replace a factor DU kD
by U kD2. By relating this poset to another poset recently defined by Nadeau and
Tewari, we prove that this still yields a lattice, which we call the ascent lattice Dn.
We then count intervals in Dn. Their generating function is found to be algebraic of
degree 3. The proof is based on a recursive decomposition of intervals involving
two catalytic parameters. The solution of the corresponding functional equation is
inspired by recent work on the enumeration of walks confined to a quadrant. We
also consider the order induced in Dmn on m-Dyck paths, that is, paths in which
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descent lengths are multiples of m. The first poset Dm,n is still a lattice for any m,
while the second poset D′m,n is only a join semilattice when m > 1. In both cases, the
enumeration of intervals is still described by an equation in two catalytic variables.
Interesting connections arise with the sylvester congruence of Hivert, Novelli and
Thibon, and again with walks confined to a quadrant. We combine the latter
connection with probabilistic results to give asymptotic estimates of the number of
intervals in both Dm,n and D′m,n. Their form implies that the generating functions
of intervals are no longer algebraic, nor even D-finite, when m > 1.
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1 Introduction and main results

In recent years, several orders have been studied on the set of Dyck paths of fixed size n, with
a special attention to the number of their intervals. The most natural of these posets is the
so-called Stanley lattice (or Dyck lattice [30]), where a Dyck path is smaller than another one if
it lies (weakly) below it [5]. Its cover relations are obtained by replacing a valley by a peak; in
symbols, DU →UD, where U and D stand for up and down steps, respectively. All other Dyck
orders that have been studied are included in this one, in the sense that if a path is less than
another one, it lies below it. Let us cite the Kreweras lattice [46, 5], the Tamari lattice [40, 44],
its greedy version due to Dermenjian [32], the alt-Tamari lattices of Chenevière [29], or the
pyramid lattice introduced by three of the authors of the present paper [2]. Figure 1 presents the
subposet-inclusion structure of these posets. Interesting connections arise between intervals
in these posets and various families of planar maps [5, 21, 18, 26, 37, 35, 36, 38], and, at least
conjecturally, with certain quotient rings of polynomials [4, 17, 42].

Tamari [40, 44]Pyramid [2]

Greedy Tamari [32]

Kreweras [46]

Stanley [5]

Ascent

Alt-Tamari [29]

Figure 1: Subposet-inclusion structure of some orders on Dyck paths.

In this paper we consider yet another order — in fact, a lattice — on the set of Dyck paths of
size n. This poset was first considered by Chenevière in his thesis [30], following a suggestion
of Nadeau. The enumeration of its intervals reveals connections with 2-dimensional walks
confined to a cone, and, on a more algebraic side, with classes of the sylvester congruence on
words [43, 49].

<·
Figure 2: A cover relation between two Dyck paths of size 6.

The cover relations in this lattice, called the ascent lattice and denoted by Dn, are easy to
describe. They consist in swapping a down step with the ascent that follows it, where we call
ascent a (non-empty) maximal sequence of up steps; see Figure 2. In symbols, DU kD −→U kDD
for any k ⩾ 1. Roughly speaking, one applies at once as many cover relations of the Stanley
lattice as possible, using always the same down step. This explains why this poset is called
greedy Dyck poset in [30, Def. 7.2.5]. Figure 3 shows the whole lattice for n = 4. After establishing
some properties of the lattice Dn, we exhibit a recursive construction of its intervals, which
can be described by a generating tree with two labels. This tree also describes a family of lattice
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Figure 3: The Hasse diagram of D4 = D1,4 = D′1,4.

walks confined to the quadrant, in which an infinite family of steps is allowed. This construction
translates, for the associated generating function, into a linear equation with two additional
(or: catalytic) variables. An important literature has been devoted, in the past 20 years, to the
solution of similar-looking equations, corresponding to quadrant walks in which only finitely
many steps are allowed [8, 10, 20, 33, 51]. We solve our equation by adapting the invariant
approach of [8], and conclude that the generating function of intervals in the ascent lattices Dn

is an algebraic (cubic) series. The asymptotic behaviour of the corresponding numbers, in
µnn−7/2, is far less common in enumerative combinatorics than the tree behaviour in µnn−3/2,
or the (rooted) map behaviour in µnn−5/2. This puts ascent intervals in the same universality
class as unrooted planar maps [59, 53], or discrete versions of the Brownian motion confined to
a wedge of angle 2π/5 [31, 8].

Theorem 1. Let g(n) be the number of intervals in the ascent lattice Dn. The associated generating
function G :=

∑
n⩾1 g(n)tn is

G = Z(1− 2Z + 2Z3),

where Z is the only formal power series in t satisfying Z = t(1+Z)(1+2Z)2. In particular, the series G
is algebraic of degree 3 over Q(t).

As n tends to infinity, the number of intervals in Dn is equivalent to

κµnn−7/2,
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with

µ =
11 + 5

√
5

2
, κ =

3
8

√
275 + 123

√
5

10π
.

After completing this paper, we learnt that this result had been conjectured by Nadeau and
Tewari.

Figure 4: From left to right, a 2-Dyck path of size 3 (element of D2,3), and a mirrored
2-Dyck path of size 3 (element of D′2,3).

Inspired by earlier papers on other Dyck lattices [21, 18, 4, 17], we also consider the family
of m-Dyck paths of size n, in which the n up steps now have height m instead of 1 (Figure 4,
left). They can also be seen as Dyck paths of size mn in which the length of each ascent is a
multiple of m. They form an upper ideal, and an interval, in Dmn, and thus a new lattice that
we denote by Dm,n (Figure 5, left). Its cover relations are still described by DU kD −→ U kDD,
where now U , in boldface, stands for a large up step of height m. We extend to this lattice the
construction of intervals found for m = 1, and obtain again a bijection with certain quadrant
walks with infinitely many allowed steps. However, in contrast with other lattices defined on
m-Dyck paths [21, 18], as soon as m ⩾ 2 the associated generating function stops being algebraic,
or even D-finite (i.e., solution of a linear differential equation with polynomial coefficients). We
prove this by determining the asymptotic behaviour of the number of intervals, which, due to
deep number theoretic results [11], rules out the possibility of D-finiteness.

Proposition 2. Let us fix m ⩾ 1. The number gm(n) of intervals in the ascent lattice Dm,n satisfies,
as n tends to infinity,

gm(n) ∼ κµnnα ,

for some positive constant κ, where

µ =
m
√
m2 + 4 +m2 + 2

2
·



2 +
√
m2 + 4
m



m

and

α = −1−π/ arccos(−c) with c = −
√

m2 + 2−
√
m2 + 4

2m2 + 6
.

For m = 1 we have α = −7/2, but for m > 1 the exponent α is irrational. This implies that for m > 1
the generating function of intervals in Dm,n is not D-finite.

Finally, we also consider the class of mirrored m-Dyck paths of size n: now, the up steps have
height 1 and the n down steps have height m (Figure 4, right). Alternatively, these paths can
be seen as Dyck paths of size mn in which the length of each descent is a multiple of m. For
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Figure 5: On the left, the Hasse diagram of D2,3, and on the right, the Hasse diagram
of D′2,3.

m > 1 the order induced by Dmn on these paths is no longer a lattice, and in particular it has
several minimal elements. But it is still a join semilattice, which we denote by D′m,n (Figure 5,
right). Its cover relations are still described by DU kD −→U kDD, where D, in boldface, stands
for a large down step. Working with these mirrored m-Dyck paths is less standard than working
with m-Dyck paths, but turns out to be rewarding: when investigating the number of intervals
in D′m,n, we found them in the On-line Encyclopedia of Integer Sequences [55], as the number
of sylvester classes of m-parking functions [43, 49]. We first establish a bijection between these
classes and intervals in D′m,n. Then, we describe a recursive construction of intervals of D′m,n,
which, when m = 1, is not the same as the earlier one. It gives again a bijection with quadrant
walks with infinitely many allowed steps, and a linear equation in two catalytic variables for the
generating function. This time we also have an alternative interpretation in terms of quadrant
walks with finitely many (weighted) allowed steps. We determine the asymptotic behaviour of
the number of intervals, which again rules out the possibility of D-finiteness for m ⩾ 2.

Proposition 3. Let us fix m ⩾ 1. The number g ′m(n) of intervals in the ascent poset D′m,n satisfies, as
n tends to infinity,

g ′m(n) ∼ κµnnα ,
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for some positive constant κ, where

µ =
(
2m+

√
1 + 4m2

)
1 +
√

1 + 4m2

2m




2m

and

α = −1−π/ arccos(−c) with c = −
√

1 + 2m2 −m
√

1 + 4m2

2(3m2 + 1)
.

For m = 1 we have α = −7/2, but for m > 1 the exponent α is irrational. This implies that for m > 1
the generating function of ascent intervals in D′m,n is not D-finite.

Outline of the paper. We begin in Section 2 with various definitions, in particular of the
ascent posets Dm,n and D′m,n. We give a characterization of the ascent order that reveals a
connection with another poset defined on nonincreasing sequences, recently introduced by
Nadeau and Tewari [48]. We rely on their results to conclude that Dm,n is a lattice, and D′m,n
a join semilattice. In Section 3, we show how to transform bijectively intervals of the Nadeau-
Tewari poset into words on the alphabet Z that avoid two patterns, and are representatives
for classes of the sylvester congruence introduced by Hivert et al. [43]. In particular, we exhibit
sylvester classes that are in bijection with intervals of Dm,n and D′m,n. In Section 4, we describe
recursive constructions of these intervals, and convert them into functional equations for the
associated generating functions. To write these equations, one needs to record two additional
(or: catalytic) variables. In Section 5 we solve the two equations obtained for m = 1, and establish
Theorem 1 and refinements of it. Section 6 is devoted to the asymptotic estimates of Theorems 2
and 3. We conclude with a few remarks.

2 Ascent posets

2.1 Definitions

We begin with precise definitions of the objects and notions discussed more informally in the
introduction.

Dyck paths. Let us first recall that a Dyck path P is a 2-dimensional path starting at the origin
(0,0), consisting of up steps U = (1,1) and down steps D = (1,−1), that ends on the x-axis and
never goes strictly below the x-axis. The size of P is the number n of up steps. We denote by Dn

the set of such paths. An ascent of a path P is a maximal, non-empty sequence of consecutive up
steps. A descent is defined similarly using down steps. A factor of P is a non-empty sequence of
consecutive steps. A peak is a factor UD, while a valley is a factor DU . The ascent composition of
a Dyck path P is the composition c(P ) = (c1, . . . , ck), where the part ci > 0 is the length of the ith
ascent of P . Clearly, the ci ’s sum to n, so that c(P ) is a composition of the integer n if P ∈ Dn.

For m ⩾ 1, we call m-Dyck path of size n any path of Dmn in which all ascent lengths are
multiples of m, and denote the corresponding set by Dm,n. Analogously, we call mirrored m-Dyck
path of size n any path of Dmn in which all descent lengths are multiples of m, and denote the
corresponding set by D′m,n. We sometimes consider m-Dyck paths of size n as sequences of
large up steps U = (m,m) and (unit) down steps D, and analogously for mirrored m-Dyck paths,
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which have large down steps D = (m,−m) and unit up steps. The number of m-Dyck paths of
size n is the Fuss-Catalan number (see A355262 in the OEIS [55]):

Cm(n) =
1

mn+ 1

(
(m+ 1)n

n

)
. (1)

Orders on Dyck paths. There exists on Dn a classical order, called the Stanley order (or
lattice, in fact), for which P is less than or equal to Q if it lies (weakly) below Q. By this, we
mean that for any ℓ, the prefix of P of length ℓ contains at most as many up steps as the prefix
of length ℓ of Q. A path Q covers a path P in this order if and only if Q is obtained by replacing
a valley DU of P into a peak UD.

In this paper we consider a greedy version of this order, which we call the ascent order. It is
described by its cover relations: we say that Q covers P (denoted P <· Q) if there exists in P a
factor DU kD such that Q is obtained from P by replacing this factor by U kDD. Observe that
in this case P lies below Q. In particular, this relation is irreflexive and anti-symmetric. Its
transitive closure is thus an order relation onDn, denoted ⩽, and one easily checks that the cover
relations of this order are indeed those described above. We denote by Dn the corresponding
poset. Since Dm,n and D′m,n are subsets of Dmn, we can consider the orders induced by ⩽ on these
subsets. We denote by Dm,n and D′m,n the corresponding posets.

Formal power series. For a ring R, we denote by R[t] (resp. R[[t]]) the ring of polynomials
(resp. formal power series) in t with coefficients in R. If R is a field, then R(t) stands for the
field of rational functions in t. This notation is generalized to several variables. For instance, in
Section 4 we consider the generating function Gm(t;x,y) of intervals in the ascent lattices Dm,n,
n ⩾ 1, where t records the size (the number n of up steps), and x (resp. y) the length of the final
descent of the smaller (resp. larger) path; this series belongs to Q[x,y][[t]]. We often omit in our
notation the dependency in t of our series, writing for instance Gm(x,y) instead of Gm(t;x,y).

2.2 A characterisation of the ascent order

Let us first recall that a composition c refines another composition c′ if we can write c =
(c1,1, c1,2, . . . , c1,j1 , . . . , ci,1, ci,2, . . . , ci,ji ) and c′ = (c′1, . . . , c

′
i) where c′k = ck,1+ck,2+· · ·+ck,jk , for 1 ⩽ k ⩽ i.

For instance, the paths of Figure 2 have ascent compositions c(P ) = (2,2,2) and c(Q) = (2,4), and
we observe that c(P ) refines c(Q). Note that refinement is an order relation on compositions of n,
for each integer n. It is isomorphic to the Boolean lattice on (n−1) elements. The cover relations
are obtained by merging two consecutive parts.

Proposition 4. In the ascent poset Dn, we have P ⩽Q if and only if P lies (weakly) below Q and the
ascent composition c(P ) refines c(Q).

Graphically, the second condition means that for every descent of Q, there is a descent of P lying
on the same line (of slope −1).

Proof. Let us first prove that if P ⩽ Q in Dn, the other two conditions hold. By transitivity, it
suffices to prove them if P <·Q. By definition, this means that one obtains Q from P by replacing
a factor DU kD by U kDD. This shows at once that Q is above P . Moreover, c(Q) is either c(P ),
or is obtained from c(P ) by merging two consecutive parts. It follows that c(P ) is a refinement
of c(Q).
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cj

cjcj−1

dj

dj−1

P1 = Q1 P3, Q3

P3, Q3P1 = Q1

P

Q

Q

P

3 = cj ⩽ dj = 4

2 + 3 = cj−1 + cj ⩽ dj−1 = 6

Figure 6: Applying the transformation DU kD→U kDD at the first valley of P that is
not a valley of Q. Top: P1 ends with D. Bottom: P1 ends with U .

Conversely, let us take a pair (P ,Q) in Dn such that P lies below Q and c(P ) refines c(Q).
We will argue by induction on the area lying between P and Q. If this area is zero, P = Q and
there is nothing to prove. Otherwise, let us write P = P1P2 and Q = Q1Q2 where P1 = Q1 is
the longest common prefix of P and Q. Then P2 = DP3 and Q2 = UQ3, because P is below Q
(Figure 6). Note that P3 contains at least one U step. Let c = (c1, . . . , ck) be the ascent composition
of P , and say that the first ascent of P3 is the jth ascent of P , of length cj . If P1 = Q1 ends with a
D step (Figure 6, top), then the first up step of Q2 is the start of the jth ascent of Q, which has
length dj if d = (d1, . . . ,dℓ) is the ascent composition of Q. Since c refines d and the first (j − 1)
parts of c and d coincide, we have cj ⩽ dj . If P1 = Q1 ends with a U step (Figure 6, bottom), then
this step belongs to the (j − 1)th ascents of P and Q, which have lengths cj−1 in P and dj−1 in Q.
Moreover, dj−1 > cj−1 because this ascent of Q also includes the first step of Q2 (but definitely
not the first step of P2, which is D). In this case the first (j − 2) parts of c and d coincide, and
we have dj−1 ⩾ cj−1 + cj since c refines d. In both cases, let P ′ be obtained by applying the cover
relation at the first valley of P that follows P1. The above observations imply that P ′ lies below
Q, and that its composition refines c(Q): in the first case, c(P ′) = c(P ), and in the second case,
either c(P ′) = c(P ) or c(P ′) is obtained by merging the parts cj−1 and cj of c(P ). Also, the area
between P ′ and Q is less than the area between P and Q. By the induction hypothesis, we thus
have P ′ ⩽Q. But P ′ covers P , hence P ⩽Q.

The second statement of the proposition is a simple observation.

It will be worth keeping in mind the following result, established in the second part of the
above proof.
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Corollary 5. Let P ⪇Q. Applying the cover relation at the first valley of P that is not a valley of Q
gives a path P ′ that covers P and satisfies P ′ ⩽Q.

Remark 6. The characterization of Proposition 4 implies that if Q covers P in the Tamari lattice,
then Q is larger than P in the ascent lattice. This inclusion appears in Figure 1.

2.3 The posets Dm,n and D′m,n

We now fix m ⩾ 1. We consider the ascent order on Dmn, and the induced orders on the set Dm,n

of m-Dyck paths of size n, on the first hand, and on the set D′m,n of mirrored m-Dyck paths of
size n, on the other hand. Recall that we sometimes consider these paths as having large up
(resp. down) steps, of height m, and that these large steps are denoted by U and D, respectively.

Proposition 7. The poset Dm,n is the interval of Dmn with minimum element (UmDm)n and max-
imum element UmnDmn. Its cover relations are still given by the transformation DU ℓD → U ℓDD
(where ℓ = mk is necessarily a multiple of m), or equivalently by DU kD→ U kDD.

The poset D′m,n has maximum element UmnDmn, but several minimal elements if m ⩾ 2. Their
number is the Fuss-Catalan number Cm−1(n) (see (1)). The cover relations are still given by the
transformation DU kD→U kDD.

Proof. Recall that the cover relations in Dmn either merge two consecutive parts of the ascent
composition, or leave it unchanged. Hence, if P ⩽Q in Dmn and P ∈ Dm,n ⊂ Dmn, then Q ∈ Dm,n

as well. Thus Dm,n forms an upper ideal in Dmn. Moreover, Proposition 4 implies that the
m-Dyck path (UmDm)n is smaller than (or equal to) any other m-Dyck path. This proves the
first statement. The second then follows, because Q covers P in Dm,n if and only if Q covers P
in Dmn.

Let us now consider the subset D′m,n of Dmn. It contains UmnDmn, so this path remains
the (unique) maximal element in D′m,n. Let us skip for the moment the results on minimal
elements, and focus on cover relations. If a path Q is obtained from another path P ∈ D′m,n by
a transformation DU kD→ U kDD, then Q ∈ D′m,n and P ⩽ Q by Proposition 4. Moreover, any
mirrored m-Dyck path that lies above P and below Q is obtained from P by replacing the same
factor DU kD by U ℓDU k−ℓD. By Proposition 4, it is larger than or equal to P in Dmn only if
ℓ = 0 or ℓ = k. Hence Q covers P . Conversely, if Q covers P in D′m,n, then in particular P ⩽ Q
in Dmn, and Proposition 4 implies that P lies below Q and c(P ) refines c(Q). We then apply m
times the construction of Corollary 5: that is, we perform, in the first valley of P that is not a
valley of Q, a transformation DU kD→U kDD that gives a path P ′ lying in [P ,Q]. Since P ′ , P
and P ′ still belongs to D′m,n, the fact that Q covers P in D′m,n implies that P ′ = Q. Hence Q is
indeed obtained via the claimed cover relation.

Now that we have described the cover relations in D′m,n, let us finally return to its minimal
elements. We assume that m ⩾ 2. If Q covers some path P , then Q contains a factor DD.
Conversely, if Q = Q1UDDQ2, then Q covers P := Q1DUDQ2. Thus the minimal elements
of D′m,n are those that contain no factor DD. We claim that these paths are in bijection with
mirrored (m−1)-Dyck paths of the same size. The bijection simply consists in replacing every
factor UD = UDm by Dm−1. This concludes the proof.

2.4 Lattice properties

The characterization of the ascent order in Proposition 4 reveals a connection with another order,
defined on nonincreasing sequences of integers, recently introduced by Nadeau and Tewari [48].
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This connection, already observed by Chenevière [30, p. 147], will imply our main structural
result.

Definition 8. [48, Def. 5.4] Let n ⩾ 1, and u = (u1, . . . ,un), v = (v1, . . . , vn) be two nonincreasing
sequences of integers. Then u is smaller than or equal to v in the Nadeau-Tewari poset Pn,
denoted u ⊴ v, if u is smaller than or equal to v componentwise, and every descent of v is a
descent of u. In symbols:

• ui ⩽ vi for all i,

• if vi > vi+1 then ui > ui+1.

Proposition 9. [48, Prop. 5.5] The poset Pn is a lattice, called (here) the NT lattice.

In particular, the join of two sequences u and v is the (componentwise) smallest sequence w
whose descent set is contained in the intersection of the descents sets of u and v. For instance, if
u = (4,4,2,2) and v = (4,4,3,1) then w = (4,4,3,3).

We can encode an m-Dyck path of Dm,n by a nonincreasing sequence (u1, . . . ,un) of integers,
where ui is the number of D steps that occur after the ith large up step U . For instance, the
encoding of the leftmost path of Figure 4 is (u1,u2,u3) = (6,5,3). The encoding sends bijectively
Dm,n on the set of nonincreasing sequences u of length n such that for all i,

m(n− i + 1) ⩽ ui ⩽mn. (2)

Analogously, we encode a mirrored m-Dyck path of D′m,n by the nonincreasing sequence
(u1, . . . ,umn) such that ui is the number of D steps that occur after the ith up step U . For instance,
the encoding of the rightmost path of Figure 4 is (u1, . . . ,u6) = (3,3,3,2,1,1). This encoding sends
bijectively D′m,n on the set of nonincreasing sequences u of length mn such that for all i,

n− i − 1
m
⩽ ui ⩽ n. (3)

Proposition 10. Let m,n ⩾ 1. The poset Dm,n is a lattice, isomorphic to the order induced by the
Nadeau-Tewari order on sequences of Pn satisfying (2).

The poset D′m,n is a join-semilattice, isomorphic to the order induced by the Nadeau-Tewari order
on sequences of Pmn satisfying (3).

Proof. The descriptions of Dm,n and D′m,n as induced posets of Pn and Pmn come directly from
the characterization of the ascent order given in Proposition 4, and the definitions of Dm,n

and D′m,n as subposets of Dmn. Let us now address the lattice properties.
In Pn, any sequence u satisfying (2) satisfies, for the NT order:

umin := (mn,m(n− 1), . . . ,m) ⊴ u ⊴ umax := (mn, . . . ,mn).

This is because umin has a descent at each place, while umax has no descent at all. Conversely,
any sequence u such that umin ⊴ u ⊴ umax satisfies (2). This means that our encoding sends Dm,n

on the interval [umin,umax] of Pn, and thus on a lattice.
Analogously, any sequence u of Pmn satisfying (3) satisfies, for the NT order:

u ⊴ umax := (n, . . . ,n),

because there is no descent in umax. Moreover, any v such that u ⊴ v ⊴ umax also satisfies (3).
Hence our encoding sends D′m,n on a union of intervals with maximal element umax, and thus
on a join semilattice.
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Examples. Let us first take m = 1 and n = 4, and construct the join in Dn of the paths P =
UUDDUUDD and Q = UUDUDDUD, encoded by u = (4,4,2,2) and v = (4,4,3,1). The join of
u and v has already be seen to be w = (4,4,3,3), and thus the join of P and Q is UUDUUDDD.

Next let us take m = 2 and n = 3, and construct the join in D′m,n of P = UUDUUUDUD
and Q = UUUUDDUUD. The encodings of P and Q are, respectively, u = (3,3,2,2,2,1) and
v = (3,3,3,3,1,1), whose join in Pn is w = (3,3,3,3,3,3). Hence the join of P and Q in D′m,n
is U6D3. □

3 Intervals in the Nadeau-Tewari poset and classes of the sylvester
congruence

In this section, we exhibit a bijection between (some) intervals of the Nadeau-Tewari lattices Pn
and (some) words on the alphabet N∗ = {1,2, . . .} that avoid the patterns aba and acb (precise
definitions will be given below). These words are known to encode classes of the sylvester
congruence on words, introduced by Hivert et al. [43]. We then specialize our bijection to
intervals of Dm,n and D′m,n. In particular, intervals of D′m,n are sent bijectively to sylvester
classes of m-parking functions, considered in [49].

Let us begin with some definitions. Given a word w = w1 · · ·wn on the alphabet N∗, we
denote its length n by |w|. We denote by {w} the set of letters occurring in w, and by {{w}} the
multiset of letters of w. We define NInc(w) (resp. NDec(w)) as the word obtained by reordering
the letters of w in nonincreasing (resp. nondecreasing) order. For two words w and w′ of the
same length, we say that w ⩽ w′ if wi ⩽ w′i for all i. We define Low(w) as the only nonincreasing
word of length n that has the same left-to-right minima as w, at the same positions. In other
words, Low(w) is the largest nonincreasing word (for the above componentwise order) that is
smaller than or equal to w. For instance, if u = 6 8 7 4 5 2 3 1 9 then Low(u) = 6 6 6 4 4 2 2 1 1.

The sylvester congruence on words is generated by the commutation relations

ac · · ·b ≡ ca · · ·b, a ⩽ b < c.

It is known that the words w = w1 · · ·wn avoiding the patterns aba and acb form a set of repre-
sentatives of sylvester classes [49, Sec. 2.7]: every class contains such a word, and two distinct
words of this type are never congruent. By pattern avoidance, we mean that we cannot find
1 ⩽ i < j < k ⩽ n such that either wi = wk < wj or wi < wk < wj . This congruence arose in
connection with binary search trees [43], and the name sylvester refers to the forest, silva in
Latin, rather than to the mathematician James Joseph Sylvester.

Lemma 11. Let w avoid the patterns aba and acb. Then w can be uniquely reconstructed from the
words w(1) = NInc(w) and w(2) = Low(w).

Proof. By construction, the left-to-right minima of w have the same positions and values as
those of w(2). Hence, let us write

w = w
(2)
i1
z1w

(2)
i2
z2 · · ·w(2)

ik
zk = wi1z1wi2z2 · · ·wikzk ,

where 1 = i1 < i2 · · · < ik are the indices of the left-to-right minima of w, and |zj | = ij+1 − ij − 1
for all j. Starting from w(2) and w(1), we thus need to decide how to arrange the letters of
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{{w(1)}} \ {w(2)
i1
, . . . ,w

(2)
ij
} in the words zj . Obviously, all letters of zj must be greater than or equal

to w
(2)
ij

.
We claim that each zj is nondecreasing: indeed, any descent of zj would give rise to a pattern

aba or acb, with first letter a = w
(2)
ij

at position ij , and the other two in zj . So it suffices to

determine, inductively on j, which letters of {{w(1)}} \ {{w(2)
i1
z1 · · ·zj−1w

(2)
ij
}} go into zj . We claim

that they are the |zj | smallest, among those that are larger than or equal to w
(2)
ij

. Indeed, imagine
that we leave out one of them, say m. Then the final letter M of zj is larger than m, and m occurs

later in w. But then the subword w
(2)
ij
Mm of w has shape aba or acb.

Example 12. Take w = 3 2 2 2 2 5 1 1 1 5, which avoids aba and acb. Then w(1) := NInc(w) =
5 5 3 2 2 2 2 1 1 1 and w(2) := Low(w) = 3 2 2 2 2 2 1 1 1 1. To reconstruct w from these two
words, we first collect the left-to-right minima of w(2) and leave them in place:

w = 3 2 _ _ _ _1_ _ _.

The multiset of letters of w(1) that need to fill the gaps is {{5,5,2,2,2,1,1}}. We fill the first gap z1,
in nondecreasing order, with the 4 smallest of these letters that equal at least 2, namely 2,2,2
and 5:

w = 3 2 2 2 2 5 1_ _ _.

We finally fill the second gap z2 with the remaining letters, 1,1 and 5:

w = 3 2 2 2 2 5 1 1 1 5.

We have recovered w.

Remark 13. This construction is reminiscent of, but distinct from, the bijection between permu-
tations avoiding the pattern abc and those avoiding acb found in [54, Prop. 19].

We now consider positive nonincreasing sequences u = (u1, . . . ,un) of the Nadeau-Tewari
poset Pn (Definition 8), with n fixed. These sequences can be encoded bijectively by nonin-
creasing words w on the alphabet {1, . . . ,n} that contain at least one occurrence of the letter 1
(Figure 7): the word w = W (u) has ui − ui+1 occurrences of the letter n + 1 − i, for 1 ⩽ i ⩽ n,
where we take un+1 = 0. Graphically, if we represent u by a path with East steps at heights
u1, . . . ,un,un+1 = 0, joined by South steps, then wi is the number of East steps after the ith South
step. It can also be seen as the abscissa of the ith South step, if abscissas are numbered from
right to left (Figure 7). Note that W (u) has length u1. We call it the vertical encoding of u. Note
also that for two sequences u and v in Pn such that u1 = v1, we have ui ⩽ vi for all i if and only
if W (v) ⩽W (u) componentwise (so the order is reversed). Of course the sequence u and the
word w play essentially symmetric roles. We choose to represent u by a sequence and w by a
word to keep them distinct. We denote byWn the set of words on the alphabet {1, . . . ,n} that
contain at least one occurrence of the letter 1. Nonincreasing words ofWn are in bijection with
positive sequences of Pn.

Proposition 14. Fix n ⩾ 1 and let w ∈ Wn. Then NInc(w) and Low(w) are nonincreasing words of
the same length inWn. Let u (resp. v) be the positive sequence of Pn such that W (u) = NInc(w) (resp.
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Figure 7: The positive sequence u = (6,6,5,3,3) ∈ P5 is encoded by the word w =
4 3 3 1 1 1 ∈W5, of length u1 = 6.

W (v) = Low(w)). Then u1 = v1 = |w| and u ⊴ v in the Nadeau-Tewari poset Pn. Define Φn(w) to be
the interval [u,v].

The restriction of Φn to words of Wn avoiding the patterns aba and acb is a bijection between
these words and intervals [u,v] of positive words such that u1 = v1 in the Nadeau-Tewari poset Pn.

Proof. Let us first observe that, for two positive sequences u and v in Pn such that u1 = v1,
the condition u ⊴ v translates in terms of the words w(1) := W (u) and w(2) := W (v) as follows:
w(2) ⩽ w(1) (componentwise), and the set {w(2)} of letters of w(2) is included in {w(1)}.

Now let w = w1 · · ·wM be a word of length M in Wn, and take w(1) = NInc(w) and w(2) =

Low(w). Write w(k) = w
(k)
1 · · ·w

(k)
M for k = 1,2. Given that the letters of w(2) are the values of the

left-to-right minima of w, while w(1) is just a reordering of w, we have {w(2)} ⊂ {w(1)}. Let us now
prove that w(2) ⩽ w(1) componentwise (note that for the moment we do not assume that w avoids
any pattern). For any letter a ∈N, we have, by definition of w(1) = NInc(w):

w
(1)
i ⩾ a⇔ ♯{j : wj ⩾ a} ⩾ i.

Hence w
(2)
i ⩽ w

(1)
i if and only if at least i letters of w are larger than or equal to w

(2)
i . Assume

that m ⩽ i < m′, where m and m′ are the positions of two consecutive left-to-right minima of w.
Then w

(2)
i = wm, and by definition of w(2) = Low(w), the letters w1, . . . ,wm′−1 are larger than or

equal to wm. Since there are m′ − 1 of them, and i ⩽ m′ − 1, this proves that w(2)
i ⩽ w

(1)
i . We

conclude that the positive sequences u and v of Pn given by W (u) = w(1) and W (v) = w(2) form
an interval for the NT order. They also satisfy u1 = v1 = M. These properties hold in particular
when w avoids the two forbidden patterns. Moreover, the map Φn is injective on those words,
by Lemma 11.

Let us now prove surjectivity. Let u ⊴ v in Pn, with u and v positive and u1 = v1 := M. Let
w(1) = W (u) and w(2) = W (v). As already observed, u ⊴ v means that w(2) ⩽ w(1) (componentwise)
and {w(2)} ⊂ {w(1)}. The proof of Lemma 11 tells us how to reconstruct a word w that avoids
the two patterns and satisfies Φ(w) = (u,v) — if such a word exists! So let us try to apply this

construction to w(1) and w(2): we keep the left-to-right minima of w(2), denoted w
(2)
ij

, in place,

and fill the gaps zj with the remaining letters of w(1). Let us first explain that the construction
succeeds, that is, produces a word w. We will then explain why w does not contain the forbidden
patterns. The only thing that could go wrong in the construction of w is that we could run out
of letters when filling, with letters of {{w(1)}} \ {{w(2)

i1
z1 · · ·zj−1w

(2)
ij
}}, the gap following the jth
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left-to-right minimum of w. This only happens if the number of letters of w(1) that are larger
than or equal to w

(2)
ij

is less than ij+1 − 1 (with ij+1 = M + 1 if w(2)
ij

is the rightmost left-to-right

minimum). However, the number of such letters in w(2) is precisely ij+1 − 1, and w(2) ⩽ w(1)

componentwise: hence there are at least ij+1 − 1 letters larger than or equal to w
(2)
ij

in w(1), and
one is never stuck in the construction of w. Finally, w avoids aba and acb: indeed, if there
was one of these patterns in w, there would be one where the first a is occurs at a left-to-right
minimum, hence a = w

(2)
ij

: but the construction has been designed to guarantee that there is no
wk > wℓ ⩾ a with ij < k < ℓ. Hence the map Φn is surjective, and the proposition is proved.

Example 15. Take n = 6, and choose w = 3 2 2 2 2 5 1 1 1 5 as in Example 12. Then w(1) :=
NInc(w) = 5 5 3 2 2 2 2 1 1 1 and w(2) := Low(w) = 3 2 2 2 2 2 1 1 1 1. The positive nonincreasing
sequences u and v of Pn such that W (u) = w(1) and W (v) = w(2) are u = (10,10,8,8,7,3) and
v = (10,10,10,10,9,4), and they form an interval in Pn (Figure 8).

012345

0

1

2

4

5

6

3

6

7

8

9

10

Figure 8: The sequences u = (10,10,8,8,7,3) and v = (10,10,10,10,9,4) form an interval
in P6 such that u1 = v1. Their vertical encodings are w(1) = 5 5 3 2 2 2 2 1 1 1 and
w(2) = 3 2 2 2 2 2 1 1 1 1, respectively, and the associated pattern avoiding word is
w = 3 2 2 2 2 5 1 1 1 5 (Example 15).

It follows from the above proposition that, given a positive sequence u(0) of Pn, the map
Ψn := Φ−1

n sends bijectively intervals [u,v] of Pn such that u1 = v1 = u
(0)
1 and ui ⩾ u

(0)
i for all i ⩽ n

onto

• words w ofWn avoiding aba and acb and satisfying NInc(w) ⩽W (u(0)), componentwise,

• or equivalently sylvester classes of words w ofWn such that NInc(w) ⩽W (u(0)).

Returning to Proposition 10, we can use this to exhibit families of words (or sylvester classes) in
bijection with intervals of Dm,n and D′m,n.

Corollary 16. Upon encoding m-Dyck paths and mirrored m-Dyck paths by nonincreasing sequences
(see Section 2.4), the maps Ψn and Ψmn induce respectively bijections between
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• intervals of Dm,n and sylvester classes of words w of Wn of length mn such that NInc(w) ⩽
nm(n− 1)m · · ·1m, where im represents a sequence of m copies of i;

• intervals of D′m,n and sylvester classes of words w of Wmn of length n such that NInc(w) ⩽
((n− 1)m+ 1) · · · (2m+ 1)(m+ 1)1.

Note that the two statements coincide when m = 1. The second one explains why we found
the sequences (g ′m(n))n>0 counting intervals of D′m,n, for 1 ⩽m ⩽ 5, in the OEIS: they appear at
the very end of [49] in Table 21, as counting sylvester classes of m-parking functions (of size n).
These functions are defined in [49, Sec. 6.1] as positive words w of length n such that NDec(w) ⩽
1(m+ 1) · · · ((n−1)m+ 1), which is equivalent to saying that NInc(w) ⩽ ((n−1)m+ 1) · · · (m+ 1)1 as
above. The sylvester classes involved in the first part of the corollary do not seem to have been
considered so far.

Example 17. Let us take m = 1 and n = 4, and the interval [P ,Q] given by P = UDUUDDUD
and Q = UUUDDUDD. We encode P and Q by nonincreasing sequences u and v as described
in Section 2.4, with u = (4,3,3,1) and v = (4,4,4,2). Note that u ⊴ v for the NT order, as
used in the proof of Proposition 10. The vertical encodings of u and v are W (u) = 4 2 2 1
and W (v) = 2 2 1 1. The unique word w avoiding aba and acb such that NInc(w) = W (u) and
Low(w) = W (v) is w = 2 2 1 4 and is the canonical representative of the sylvester class associated
with [P ,Q].

Remark 18. Words avoiding the patterns aba and acb have recently been considered for their
own sake. See [56, Sec. 4.7], where a formula is given for the number of such words of length n
on a k letter alphabet. However, the underlying recursive construction does not seem compatible
with the conditions of Corollary 16.

4 Recursive construction of intervals in Dm,n and D′m,n

In this section, we describe recursive constructions of the intervals of the posets Dm,n and D′m,n,
and convert them into functional equations for the associated generating functions.

4.1 Intervals in Dm,n

Lemma 19. Let m,n ⩾ 1, and let [P ′ ,Q′] be an interval of Dm,n. Delete in P ′ and Q′ the final (large)
peak UDm, to obtain two paths P and Q of Dm,n−1. Then they form an interval, that is, P ⩽Q.

Conversely, start from an interval [P ,Q] in Dm,n−1. Let a ⩽ b be the lengths of the final descents
of P and Q, respectively. Inserting final large peaks UDm in the final descents of P and Q, starting at
respective heights a′ ∈ ⟦0, a⟧ and b′ ∈ ⟦0,b⟧, yields an interval [P ′ ,Q′] if and only if a′ ⩽ b′ and b′ is
maximal as soon as a′ is maximal. That is, a′ = a implies b′ = b.

Proof. The first part directly follows from Proposition 4: deleting the final large peak preserves
the relation “lying below”, and subtracts m from the final part of the ascent composition (parts
of size 0 are then discarded), thus preserving refinement.

Conversely, inserting new large peaks in the final descents of P and Q, at heights a′ and b′
respectively, preserves the relation “lying below” if and only if a′ ⩽ b′. This operation adds
to c(P ) a new part equal to m if a′ < a, and adds m to the final part of c(P ) if a′ = a. An analogous
statement holds for Q. Since we need c(P ′) to refine c(Q′), these observations imply the final
condition of the lemma.
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Let Gm(t;x,y) be the generating function of intervals [P ,Q] in the ascent lattices Dm,n,
counted by the size n > 0 (variable t), the length of the final descent of P (variable x) and of Q
(variable y). Then Gm(t;x,y) are formal power series in t whose coefficients are polynomials in x
and y. For m = 1,2, they start as follows:

G1(t;x,y) = xyt + xy (xy + y + 1) t2 + xy
(
x2y2 + 2xy2 + 2xy + 2y2 + 3y + 3

)
t3 +O(t4),

G2(t;x,y) = x2y2t + x2y2
(
x2y2 + xy2 + xy + y2 + y + 1

)
t2 + x2y2

(
x4y4 + 2x3y4 + 2x3y3 + 3x2y4

+4x2y3 + 3xy4 + 4x2y2 + 5xy3 + 3y4 + 6xy2 + 5y3 + 6xy + 6y2 + 6y + 6
)
t3 +O(t4).

Clearly, the exponent of y is at least equal to the exponent of x in each monomial of Gm(t;x,y),
and in addition all terms in Gm are multiples of txmym. So we define a new series Qm(t;x,y) by

Gm(t;x,y) = txmymQm(t;xy,y), or equivalently Qm(t;x,y) = Gm(t;x/y,y)/(txm). (4)

Proposition 20. For m ⩾ 1, the generating function Gm(t;x,y) ≡ Gm(x,y) is characterized by the
following functional equation:

Gm(x,y) = txmym + txmymGm(x,y) + txm ym+1 Gm(x,y)−Gm(1, y)
(x − 1)(y − 1)

− txmym Gm(xy,1)−Gm(1,1)
(y − 1)(xy − 1)

.

Equivalently, Qm(t;x,y) ≡Qm(x,y) is characterized by

Qm(x,y) = 1 + txmQm(x,y) + ty2 xmQm(x,y)− ymQm(y,y)
(x − y) (y − 1)

− t x
mQm(x,1)−Qm(1,1)

(x − 1)(y − 1)
.

Proof. We construct intervals of Dm,n recursively on the size n, starting from the only interval
of size 1, namely [UDm,UDm], and inserting a final peak as in Lemma 19. We use the notation
of this lemma. The rule that describes the final descent lengths of paths P ′ ⩽Q′ obtained from
[P ,Q] ∈Dm,n−1 in terms of the final descent lengths a and b of P and Q is

(a,b)→
{

(m+ a′ ,m+ b′), for 0 ⩽ a′ < a and a′ ⩽ b′ ⩽ b,
(m+ a,m+ b).

(5)

In other words, intervals of Dm,n are in bijection with nodes at height (n− 1) in the generating
tree having root (m,m) and the above rewriting rule (see for instance [61, 13] for the hopefully
intuitive notion of generating trees). In terms of generating functions, if we write Gm(x,y) =∑

0⩽a⩽bGm,a,bx
ayb, so that Gm,a,b is the series (in t) counting intervals with final descent lengths a

and b, the above construction gives:

Gm(x,y) = txmym + t
∑

0⩽a⩽b

Gm,a,b


x

m+aym+b +
a−1∑

a′=0

b∑

b′=a′
xm+a′ym+b′




= txmym + txmymGm(x,y) + txmym
∑

0⩽a⩽b

Gm,a,b

a−1∑

a′=0

xa
′ · y

b+1 − ya′
y − 1

= txmym + txmymGm(x,y) + txmym
∑

0⩽a⩽b

Gm,a,b
xa − 1
x − 1

yb+1

y − 1
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− txmym
∑

0⩽a⩽b

Gm,a,b
xaya − 1

(xy − 1)(y − 1)
,

which is the announced equation for Gm. It is straightforward to convert it into an equation
for Qm, using (4).

The rewriting rule (5) also describes the construction of certain lattice walks confined to
the first quadrant of the plane, which are thus in bijection with ascent intervals. This will be
combined in Section 6 to general probabilistic results on quadrant walks to obtain the asymptotic
result of Proposition 2.

Corollary 21. Let m,n ⩾ 1. There is a bijection between intervals in Dm,n and walks in the quarter
plane N2 that start from (0,0) and consist of n− 1 steps taken from the following subset of Z2:

Sm = {(m,0)} ∪
{
(δx,δy) : δx < m and δx + δy ⩽m

}
.

More precisely, a walk ending at (i, j) corresponds to an interval [P ,Q] where P and Q have final
descent lengths m+ i and m+ i + j, respectively.

This also yields a bijection between intervals in Dm,n and quadrant walks of length n starting and
ending at (0,0), still taking their steps in Sm. We call such walks excursions.

Proof. There are two (essentially equivalent) ways of proving this result.
The first one starts from the rewriting rule (5) and rewrites the label (a,b) as (m+i,m+i+j), so

that the conditions m ⩽ a ⩽ b become i, j ⩾ 0. The transformed tree has root (0,0) and rewriting
rule

(i, j)→
{

(k,ℓ), for 0 ⩽ k < m+ i and 0 ⩽ ℓ ⩽m+ i + j − k,
(m+ i, j).

(6)

In other words, from the point (i, j) in the nonnegative quadrant N2, we can move to another
point (k,ℓ) of the quadrant by appending a step (δx,δy) = (k − i, ℓ − j) satisfying

(δx,δy) = (m,0) or
(
δx < m and δx + δy ⩽m

)
, (7)

which is indeed the collection of steps Sm. The second statement follows by adding to a walk of
length n− 1 ending at (i, j) the step (−i,−j), which is indeed in Sm.

The second way to prove the corollary is to start from the description of the quadrant walk
and to recover the equation on Qm obtained in Proposition 20. Since handling quadrant walks
with infinitely many steps is uncommon in the quadrant walks literature, let us do this. Let us
denote by Q(t;x,y) ≡ Q(x,y) =

∑
i,j⩾0Qi,jx

iyj the generating function of quadrant walks with
steps in Sm (starting from (0,0)), counted by the length (i.e., the number of steps; variable t),
and the coordinates of the endpoint (variables x and y). We construct walks step-by-step, using
the description (6) of the endpoint rather than the description (7) of the steps:

Q(x,y) = 1 + txmQ(x,y) + t
∑

i,j⩾0

Qi,j



m+i−1∑

k=0

m+i+j−k∑

ℓ=0

xkyℓ




= 1 + txmQ(x,y) + t
∑

i,j⩾0

Qi,j



m+i−1∑

k=0

xk · y
m+i+j−k+1 − 1

y − 1




= 1 + txmQ(x,y) +
t

y − 1

∑

i,j⩾0

Qi,j

(
ym+i+j+1 (x/y)m+i − 1

x/y − 1
− xm+i − 1

x − 1

)
,
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which gives the equation obtained in Proposition 20 for the series Qm.

4.2 Intervals in D′m,n

Let us now turn our attention to mirrored m-Dyck paths. First, observe that the final descent Dh

of such a path is not necessarily preceded by at least m up steps, so there is not always a final
(large) peak. It makes sense to consider instead the first (large) peak UmD, which always exists.
We will use a new parameter on intervals: when P ⩽ Q, with associated ascent compositions
c(P ) = (c1, c2, . . .) and c(Q) = (d1,d2, . . .), we know that c(P ) refines c(Q). We define r(P ,Q) to be
the unique integer r such that c1 + · · ·+ cr = d1.

Lemma 22. Let m,n ⩾ 1, and let [P ′ ,Q′] be an interval of D′m,n. Delete in P ′ and Q′ the first (large)
peak UmD, to obtain two paths P and Q of D′m,n−1. Then they form an interval, that is, P ⩽Q.

Conversely, start from an interval [P ,Q] in D′m,n−1. Let c(P ) = (c1, c2, . . .) and c(Q) = (d1,d2, . . .)
be the corresponding ascent compositions. The length of the first ascent in P (resp. Q) is thus c1
(resp. d1). Let r = r(P ,Q). Inserting a first large peak UmD in the first ascents of P and Q, starting at
heights a′ ∈ ⟦0, c1⟧ and b′ ∈ ⟦0,d1⟧ respectively, yields an interval if and only if

• either b′ is one of c1, c1 + c2, . . . , c1 + · · ·+ cr = d1 and a′ is any element of ⟦0, c1⟧,

• or 0 ⩽ a′ = b′ < c1.

Proof. The first part follows from Proposition 4: when deleting the first peaks, one just sub-
tracts m from the first part in the ascent compositions of P ′ and Q′.

Conversely, inserting new large peaks in the first ascents of P and Q at heights a′ and b′
respectively, preserves the relation “lying below” if and only if a′ ⩽ b′. We want to choose a′
and b′ so that the resulting paths P ′ and Q′ are such that c(P ′) refines c(Q′). Recall that this
means that every descent of Q′ lies on the same line (of slope −1) as a descent of P ′. This gives
the conditions stated in the lemma; see Figure 9.

First down step of Q

c1 = 3

c1 + c2 = 5

. . .

c1 + · · ·+ cr = 9

4-th down step of P

Figure 9: An example where r(P ,Q) = 4 for an interval [P ,Q] in D′2,n−1. A first peak can
be inserted in Q at heights b′ = 0,1, . . . , c1, c1 + c2, . . . , c1 + · · ·+ cr . If b′ < c1, then the peak
inserted in P must start at height b′ as well.

Let G′m(t;x,y) be the generating function of intervals [P ,Q] in the ascent lattice D′m,n, counted
by the size n (variable t), the length of the first ascent of P (variable x) and the statistic r(P ,Q)
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(variable y). Then G′m(t;x,y) is a formal power series in t whose coefficients are polynomials in x
and y. For m = 1,2, they start as follows:

G′1(t;x,y) = xyt + xy (x+ y + 1) t2 + xy
(
x2 + 2xy + y2 + 3x+ 3y + 3

)
t3

+ xy
(
x3 + 3x2y + 3xy2 + y3 + 6x2 + 10xy + 6y2 + 13x+ 13y + 13

)
t4 +O

(
t5

)
,

G′2(t;x,y) = x2yt + x2y
(
x2 + xy + x+ y + 1

)
t2+

+ x2y
(
x4 + 2x3y + x2y2 + 3x3 + 4x2y + 2xy2 + 5x2 + 5xy + 2y2 + 5x+ 5y + 5

)
t3 +O(t4).

Note that G′1(t;x,y) does not coincide with G1(t;x,y), except at the point x = y = 1, since these
series record different statistics. We will see below that G′1(t;x,y) is symmetric in x and y, a
result that calls for a direct combinatorial explanation.

Since all monomials are multiples of txmy, we introduce the series Q′m(t;x,y) defined by

G′m(t;x,y) = txmyQ′m(t;x,y). (8)

Proposition 23. The generating function G′m(t;x,y) ≡ G′m(x,y) is characterized by the following
functional equation:

G′m(x,y) = txmy + txmy
G′m(x,y)−G′m(x,1)

y − 1
+ txm y2 G′m(x,y)−G′m(1, y)

(x − 1)(y − 1)
− txmy G′m(x,1)−G′m(1,1)

(x − 1)(y − 1)
.

Equivalently, Q′m(t;x,y) ≡Q′m(x,y) is characterized by

Q′m(x,y) = 1 + txm
yQ′m(x,y)−Q′m(x,1)

y − 1
+ ty2 xmQ′m(x,y)−Q′m(1, y)

(x − 1)(y − 1)
− t x

mQ′m(x,1)−Q′m(1,1)
(x − 1)(y − 1)

.

Remark 24. When m = 1, the equation for G′1 can be rewritten as

G′1(x,y) = txy + txy
(x+ y − 1)G′1(x,y)− xG′1(x,1)− yG′1(1, y) +G(1,1)

(x − 1)(y − 1)
.

It is symmetric in x and y, and characterizes G′1(x,y): we conclude that this series is symmetric
in x and y. Since the equation reflects a (symmetric) recursive construction of intervals, it can
be used to define a recursive involution on ascent intervals that exchanges the length of the first
ascent of the bottom path and the parameter r(·, ·). See Section 7 for details. Note that another
symmetry property was discovered in Tamari intervals [18], and explained in [27, 50].

Proof of Proposition 23. We construct intervals of D′m,n recursively in the size n, starting from
the only interval of size 1, namely [UmD,UmD], and inserting peaks as in Lemma 22. We use
the notation of this lemma. Let us examine the value of the parameter r(P ′ ,Q′), for paths P ′ ⩽Q′
obtained from [P ,Q] ∈D′m,n−1:

• if b′ = c1 + · · ·+ cs, then r(P ′ ,Q′) = s if a′ = c1, and r(P ′ ,Q′) = s+ 1 otherwise,

• if b′ = a′ < c1, then r(P ′ ,Q′) = 1.
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Hence, if we record for each interval [P ,Q] the pair (c1(P ), r(P ,Q)), we obtain a generating tree
with root labelled (m,1) and rewriting rule

(a, r)→


(m+ a,s), for 1 ⩽ s ⩽ r,
(m+ a′ , s+ 1), for 0 ⩽ a′ < a and 1 ⩽ s ⩽ r,
(m+ a′ ,1), for 0 ⩽ a′ < a.

(9)

Note that the last two lines can be merged into a single one, by allowing s to be 0.
In terms of generating functions, if we write G′m(x,y) =

∑
a,rG

′
m,a,rx

ayr , the above construction
gives:

G′m(x,y) = txmy + t
∑

a,r

G′m,a,r


x

m+a
r∑

s=1

ys +
a−1∑

a′=0

r∑

s=0

xm+a′ys+1




= txmy + txm
∑

a,r

G′m,a,r

(
xa · y

r+1 − y
y − 1

+
xa − 1
x − 1

· y
r+2 − y
y − 1

)
,

which gives the first equation of Proposition 23. It is straightforward to convert it into an
equation for Q′m, using (8).

Corollary 25. Let m,n ⩾ 1. There is a bijection between intervals in D′m,n and walks in the quarter
plane N2 that start from (0,0) and consist of n− 1 steps taken from

S ′m =
(
{m} × L−∞,0⟧

)
∪

(
L−∞,m− 1⟧× L−∞,1⟧

)
,

where L−∞, a⟧ := Z∩ (−∞, a]. Moreover, a walk ending at (i, j) corresponds to an interval [P ,Q]
where P has a first ascent of length m+ i and r(P ,Q) = 1 + j.

This also yields a bijection between intervals in D′m,n and quadrant walks of length n starting and
ending at (0,0), still taking their steps in S ′m.

Proof. Let us start from the rewriting rule (9) and rewrite the label (a, r) as (m+ i,1 + j), so that
the conditions m ⩽ a,1 ⩽ r become i, j ⩾ 0. The transformed tree has root (0,0) and rewriting
rule

(i, j)→
{

(m+ i, ℓ) for 0 ⩽ ℓ ⩽ j
(k,ℓ) for 0 ⩽ k < i +m and 0 ⩽ ℓ ⩽ 1 + j.

(10)

In other words, from the point (i, j) in the quadrant, we can move to another point (k,ℓ) of the
quadrant by appending a step (δx,δy) = (k − i, ℓ − j) satisfying

(
δx = m and δy ⩽ 0

)
or

(
δx < m and δy ⩽ 1

)
, (11)

which is indeed the collection of steps S ′m. The second statement follows by adding to a walk of
length n− 1 ending at (i, j) the step (−i,−j), which is indeed in S ′m.

There is an alternative description of the series G′m(1,1) in terms of quadrant walks involving
finitely many weighted steps, or equivalently steps from a finite multiset.

Corollary 26. Let m,n ⩾ 1. The number of intervals in the poset D′m,n is the number of quadrant
walks of length n− 1 starting and ending at the origin, for which the multiset Sm of allowed steps has
generating polynomial

Sm(u,v) :=
∑

(a,b)∈Sm
uavb =

(1 +u)m(1 + v)(1 +u + v)
uv

.
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Proof. Let us introduce a new trivariate series Rm(t;u,v) ≡ Rm(u,v) defined by Rm(u,v) :=
Q′m(1 + u,1 + v). Observe in particular that Rm(0,0) = Q′m(1,1) = G′m(1,1)/t is the generating
function of intervals in the posets D′m,n, where t records the size of the paths, minus 1. The
equation of Proposition 23 gives:

Rm(u,v) = 1+t
(1 +u)m(1 + v)(1 +u + v)

uv
Rm(u,v)−t (1 + v)2

uv
Rm(0,v)−t (1 +u)m+1

uv
Rm(u,0)+t

R(0,0)
uv

.

This equation precisely describes (see [9]) the generating function of quadrant walks with steps
in Sm starting from the origin, where t records the length (number of steps), and (u,v) the final
coordinates.

In particular, for m = 1 the multiset of allowed steps has generating polynomial

S1(u,v) = 3 +
1
uv

+
2
u

+
2
v

+
u
v

+
v
u

+u + v,

and, up to the (harmless) constant term 3, coincides with the steps of an already solved quadrant
model [8, Sec. A.7]. In the next section, we take advantage of this earlier result to prove
Theorem 1. We also explain how the principles of [8] can be used to solve, instead of the equation
obtained for R1(u,v) (or equivalently, for G′1(x,y)), the equation obtained in Proposition 20 for
G1(x,y).

5 Exact enumeration of intervals in Dn

In this section we focus on the case m = 1, and drop all indices m in our generating functions,
writing for instance G(x,y) instead of G1(x,y). Our aim is to prove, and actually refine, The-
orem 1 that gives the size generating function of intervals in the lattices Dn. We can choose
between two starting points to address this question. Either we start from the equation for
Q(x,y) = G(x/y,y)/(tx) in Proposition 20:

Q(x,y) = 1 + txQ(x,y) + ty2 xQ(x,y)− yQ(y,y)
(x − y) (y − 1)

− t xQ(x,1)−Q(1,1)
(x − 1)(y − 1)

, (12)

or from the equation for Q′(x,y) = G′(x,y)/(txy) in Proposition 23:

Q′(x,y) = 1 + tx
yQ′(x,y)−Q′(x,1)

y − 1
+ ty2 xQ′(x,y)−Q′(1, y)

(x − 1)(y − 1)
− t xQ

′(x,1)−Q′(1,1)
(x − 1)(y − 1)

.

Recall from Corollary 26 that up to the change of variables (x,y) 7→ (1 + x,1 + y), the latter
equation is equivalent to

R(x,y) = 1 + t
(1 + x)(1 + y)(1 + x+ y)

xy
R(x,y)− t (1 + y)2

xy
R(0, y)− t (1 + x)2

xy
R(x,0) + t

R(0,0)
xy

. (13)

Again, note that this equation is symmetric in x and y, and hence the same holds for the series
R(x,y) and G′(x,y).

In all three cases (and in fact also for m > 1) we have a linear equation, relating a main un-
known series F(x,y) to some specializations involving at most one of the two catalytic variables x
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and y: for instance F(x,1), F(1,1), F(y,y) or F(x,0). Historically, the first (non-linear) equations
of this type appeared in the seventies in Tutte’s work on the enumeration of properly coloured
planar maps [58, 57]. He devoted ten years and ten papers to the solution of just one of them
(see [60] and references therein). More recently, similar equations appeared in more contexts,
like the enumeration of certain classes of permutations [13, 24], or of lattice walks confined to a
quadrant [8, 10, 11, 20, 33, 51], or of some classes of maps [1, 6, 7, 23]. The solutions of these
equations are not systematically algebraic (nor even D-finite as will be proved here for m > 1),
but our series Q, Q′ and R will be proved to be algebraic. Several, often ad hoc approaches have
been designed to prove algebraicity for such equations [10, 14, 15, 13, 12, 20, 47]. The most
systematic one, based on a certain notion of invariants, is based on ideas developed by Tutte
in his enumeration of coloured maps. In particular, the invariant approach has already solved
in [8] an equation that is extremely close to the above equation defining R(x,y), and we will rely
on this to solve (13) and determine G′(x,y) (Proposition 27). Next, we will see that an invariant
approach can also be applied to determine Q(x,y) (Proposition 28), even if Eq. (12), due to the
terms Q(y,y) and the denominator (x − y), looks rather different from (13).

5.1 The first ascent of P , and the statistics r(P ,Q)

Proposition 27. The series G′(t;x,y) that counts intervals [P ,Q] in the lattices Dn by the size, the
height of the first ascent of P and the statistics r(P ,Q) defined above Lemma 22 is symmetric in x
and y. It is algebraic of degree 12 over Q(t,x,y), and can be expressed as follows.

Let Z be the only series in t with constant term 0 satisfying

Z = t(1 +Z)(1 + 2Z)2.

Then the size generating function of intervals in the ascent lattices Dn is the following cubic series:

G′(1,1) = Z(1− 2Z + 2Z3). (14)

More generally the bivariate series G′(x,1) is

G′(x,1) = G′(1,x) =
C0(x)−C1(x)

√
∆(x)

2x3(1− x)Z2 ,

where

∆(x) = (1 +Z)2 (1 + 2Z)2 − 2Z (Z + 1)
(
2Z2 + 4Z + 1

)
x+Z2x2,

C1(x) =
(
(1 + 2Z)2 − 2Z2x −Z x2

)(
(1 +Z) (1 + 2Z)− 2(1 +Z)2 x+ x2

)
,

and

C0(x) = (1 +Z)2 (1 + 2Z)4 − (1 +Z) (1 + 2Z)2
(
8Z3 + 16Z2 + 9Z + 2

)
x −Z (1 +Z) (1 + 2Z)2 x4

+Z2x5 + (1 +Z)
(
18Z5 + 46Z4 + 48Z3 + 25Z2 + 7Z + 1

)
x2 −Z

(
2Z5 − 6Z3 − 7Z2 − 3Z − 1

)
x3.

An algebraic expression of G′(x,y) in terms of x,y and Z can then be obtained from the functional
equation of Proposition 23.

the electronic journal of combinatorics 30 (2023), #P00 22



Remarks
1. The above expression of G′(1,1) coincides with the value of

∑
n g(n)tn given in Theorem 1.

Deriving from this the asymptotic behaviour of the numbers g(n) is a routine task, following
the principles of singularity analysis [39, Sec. VII.7]. The series Z is found to have a unique
dominant singularity, of the square root type, located at tc := 1/µ where µ is given in Theorem 1.
One needs to expand Z around tc up to the order of (1−µt)5/2 to obtain from (14) the singular
behaviour of G′(1,1), in the form

G′(1,1) = c0 + c1(1−µt) + c2(1−µt)2 + c5/2(1−µt)5/2 +O
(
(1−µt)3

)
.

The constant κ of Theorem 1 is then c5/2/Γ (−5/2).
2. Since any algebraic series is also D-finite, the series G′(1,1) =

∑
n g(n)tn also satisfies a linear

differential equation. The corresponding linear recurrence relation reads

(n+ 4)(2n+ 7)g(n+ 2) = 2
(
11n2 + 44n+ 42

)
g(n+ 1) +n (2n+ 1)g(n) .

One may wonder whether this can be explained combinatorially directly on intervals.
3. In the same way we have parametrized rationally t and G′(1,1) by Z, we can write x and
G′(x,1) as rational functions in Z and the unique series U (x) with constant term 0 satisfying

U (x) = tx(1 +U (x))
(
1 + 3Z +Z2 +Z(1 +Z)U (x)

)
.

Note that U (1) = Z/(1 +Z). One can then write x rationally in terms of U and Z. In particular,
the discriminant ∆(x) becomes a square, and finally

G′(x,1) = G′(1,x) =
tx(1 +U )

(1 + 2Z)2 (1 + 3Z +Z2 −Z2U )
P (Z,U )

with

P (Z,U ) = −Z7 (1 +Z)3U4 −Z5(1 +Z)2
(
2Z3 + 3Z2 − 4Z − 2

)
U3

+Z3(1 +Z)
(
13Z5 + 49Z4 + 62Z3 + 24Z2 − 1

)
U2

+Z2
(
2Z8 + 35Z7 + 140Z6 + 221Z5 + 120Z4 − 48Z3 − 80Z2 − 31Z − 4

)
U

+
(
Z2 + 3Z + 1

)(
Z8 + 15Z7 + 31Z6 + 10Z5 − 19Z4 − 7Z3 + 9Z2 + 6Z + 1

)
.

Proof of Proposition 27. As discussed at the end of Section 4, the series R(t;x,y) = G′(t;1 + x,1 +
y)/(t(1 + x)(1 + y)) counts, by length and final coordinates, quadrant walks with step polynomial

S(x,y) = 3 +
1
xy

+
2
x

+
2
y

+
x
y

+
y

x
+ x+ y.

These walks have already been counted in [8], but without the empty step, which has multiplic-
ity 3 here. This means that the series R is related to the series denoted Q in [8] and Qold here, to
avoid confusion, by

R(t;x,y) =
1

1− 3t
Qold

( t
1− 3t

;x,y
)
.

the electronic journal of combinatorics 30 (2023), #P00 23



We now dig in the details of the solution presented in [8, App. A.7]. The series denoted Z(t) in
Eq. (A.8) of [8], and Zold(t) in the present paper, is related to the series Z(t) of the proposition
by

Z(t) = 2×Zold
( t

1− 3t

)
.

Using Eq. (A.9) of [8], which gives the expression of Qold(t;0,0), we then obtain

G′(t;1,1) = tR(t;0,0) =
1

1− 3t
Qold

( t
1− 3t

;0,0
)

= Z(1− 2Z + 2Z3).

Then Eq. (A.10) in [8] gives a quadratic equation for Qold(t;0, y), or equivalently Qold(t;y,0),
with coefficients that are rational expressions in t, y and two series A1 and A2, having themselves
rational expressions in Zold. From this we derive a quadratic equation for G′(t;x,1) in terms
of x and Z (details are given in our Maple session). Solving this equation gives the announced
rational expression of G′(t;x,1) in terms of x, Z and

√
∆(x).

5.2 The finals descents of P and Q

We will now solve the equation (12) defining Q(x,y), and thus count intervals [P ,Q] by the
heights of the final descents of P and Q. Our solution is inspired from the invariant approach used
in [8] to solve, among other equations, the equation (13) defining R(x,y) (or more precisely, its
variant with no empty step). The proof is detailed in Appendix A. The specialists of equations
in two catalytic variables may be interested in the fact that it uses both an additive and a
multiplicative decoupling.

Proposition 28. The series G(t;x,y) that counts intervals [P ,Q] in the lattices Dn by the size, the
height of the last descent of P and the height of the last descent of Q, is algebraic of degree 12 over
Q(t,x,y), and can be expressed as follows.

Let Z be the only series in t with constant term 0 satisfying

Z = t(1 +Z)(1 + 2Z)2.

Then

G(x,1) =
C0(x)−C1(x)

√
∆1(x)

2x2Z2 ,

with

∆1(x) = (1 +Z − xZ)
(
(1 + 2Z)2 (1 +Z)− xZ

)
,

C1(x) = (x − 1)
(
(1 + 2Z)2 − 2xZ

)
(2(1 +Z) (1 + 2Z)− x)

and

C0(x) = −2(1 +Z)2 (1 + 2Z)4 + 3(1 +Z) (1 + 2Z)2
(
4Z3 + 8Z2 + 6Z + 1

)
x−

(
12Z6 + 64Z5 + 132Z4 + 134Z3 + 70Z2 + 16Z + 1

)
x2 +Z

(
12Z3 + 24Z2 + 16Z + 3

)
x3 − 2Z2x4.

Analogously,

G(1, y) =
D0(y)−D1(y)

√
∆2(y)

2yZ(1− y)2 ,
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with

∆2(y) = (1 + 2Z)2 − 4yZ(1 +Z),

D1(y) = (1 + 2Z − y)(2 + 2Z − y(1 + 2Z)),

and

D0(y) = −2Z y3 +
(
4Z3 + 8Z2 + 10Z + 1

)
y2 −

(
12Z3 + 24Z2 + 16Z + 3

)
y + 2(1 + 2Z)2 (1 +Z) .

An algebraic expression of G(x,y) in terms of x,y and Z can then be obtained from the functional
equation of Proposition 20.

Remarks
1. Note that the second factor in ∆1(x) is simply Z(1− tx)/t.
2. Again we have rational parametrisations for the series G(x,1) and G(1, y), by series U ≡U (x)
and V ≡V (y) (with no constant term in t) satisfying

U =
xZ(1 +U )

(1 +Z)(1 + 2Z −Z2U )
, and V =

yZ(1 +Z)(1 +V )2

(1 + 2Z)2 ,

respectively. Indeed,

G(x,1) = U
(1 +Z)P (Z,U )

(1 + 2Z −Z2U )2 ,

with

P (Z,U ) = 2Z6 (1 +Z)U3 +Z4
(
8Z3 + 4Z2 − 8Z − 5

)
U2

+Z2
(
6Z5 − 6Z4 − 20Z3 − 5Z2 + 9Z + 4

)
U − (1 + 2Z)

(
4Z5 + 4Z4 − 2Z3 − 3Z2 +Z + 1

)
,

and

G(1, y) = V
2Z2 (1 +Z)2V 2 +Z

(
4Z3 + 4Z2 − 4Z − 3

)
V + (1 +Z)

(
2Z3 − 2Z2 + 1

)

(1 +Z −ZV )2 .

6 Asymptotic enumeration of intervals

Our aim in this section is to prove Propositions 2 and 3, which give asymptotic estimates for the
interval numbers in Dm,n and D′m,n and establish non-D-finiteness results. The key ingredient
is the existence of bijections between intervals and quadrant walks, described in Section 4,
combined with general asymptotic results on such walks by Denisov and Wachtel [31] and
their application to enumeration by Bostan et al. [11]. So far these results do not seem to have
been applied to walks with infinitely many allowed steps, but, as will shall see by following
the arguments of [11], this does not raise difficulties as long as the step generating function
converges in a sufficiently large domain.
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6.1 Intervals of Dm,n

Proof of Proposition 2. According to the second part of Corollary 21, the number gm(n) of inter-
vals in the ascent lattice Dm,n is also the number of quadrant excursions of length n taking their
steps in the set Sm. The generating function of this set is

Sm(x,y) = xm +
m−1∑

i=−∞
xi

m−i∑

j=−∞
yj = xm +

m−1∑

i=−∞
xi

ym−i

1− 1/y
=
xm (xy − x+ y)
(x − y) (y − 1)

.

It converges absolutely for 1 < |y| < |x|. We now follow the probabilistic arguments of [11,
Sec. 2.3] (see also [31, Sec. 1.5]). We consider a random walk (Y1(n),Y2(n))n⩾0 in Z2, starting at
(0,0) and taking its steps in Sm, where each step (i, j) occurs with a probability x0

iy0
j /Sm(x0, y0),

for some (x0, y0) chosen such that 1 < y0 < x0. We moreover require that

∂Sm
∂x

(x0, y0) =
∂Sm
∂y

(x0, y0) = 0,

as this choice guarantees that the walk (Y1,Y2) has no drift, that is, the average displacement is
zero. This gives

x0 =
2 +
√
m2 + 4
m

, y0 =

√
m2 + 4−m+ 2

2
=
m
2

(x0 − 1),

and one can check that indeed, 1 < y0 < x0. The next step is to apply to the walk Y = (Y1,Y2) a
linear transformation so that the covariance matrix of the resulting walk, denoted Z = (Z1,Z2),
is the identity. As in [11], the image by this transformation of the first quadrant ends up being a
wedge Wc of opening arccos(−c), where

c =

∂2Sm
∂x∂y√

∂2Sm
∂x2

∂2Sm
∂y2

(x0, y0).

This coincides with the value of c given in Proposition 2. Now the probability that the walk
(Z1,Z2) visits (0,0) at time n without exiting the wedge Wc before is

pm(n) :=
gm(n)

Sm(x0, y0)n
,

as each of the corresponding trajectories has probability 1/Sm(x0, y0)n. Now the random walk Z
satisfies the conditions of [31]: its steps are not contained in any (linear) half-plane, it is
aperiodic (since the step (0,0) is allowed), has no drift, its covariance matrix is the identity, and
there are finite moments of any order. Moreover, the point (0,0) can be reached from infinity
(an assumption that seems to be missing in [31], see [9, Sec. 3.3]). By [31, Thm. 6], there exists a
positive constant κ such that

pm(n) ∼ κn−1−π/ arccos(−c).

Combining this with the previous identity, and using

µ := Sm(x0, y0) =
m
√
m2 + 4 +m2 + 2

2
·



2 +
√
m2 + 4
m



m

,
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yields the announced asymptotic estimate of gm(n).
Let us now discuss the implications of this result on the nature of the generating function of

these numbers.
When m = 1, we obtain c = (1 −√5)/4, so that the uncorrelated random walk Z lives in a

cone of opening arccos(−c) = 2π/5, and the exponent α is −7/2, as already established in the
previous section.

Let us now prove that m = 1 is the only integer value of m for which π/ arccos(−c) is
rational. By [11, Thm. 3], this implies that the series

∑
n gm(n)tn = Gm(1,1) is not D-finite when

m > 1. If arccos(−c) was a rational multiple of π, say of the form π − θ, then we would have
c = cosθ = (z+ 1/z)/2 for z = eiθ a root of unity. Since c is a root of the polynomial

Pm(u) := 4
(
m2 + 3

)
u4 − 4

(
m2 + 2

)
u2 +m2,

the two solutions z and 1/z of c = (z+ 1/z)/2 are roots of

Pm(v) :=
(
m2 + 3

)
v8 + 4v6 + 2

(
m2 + 1

)
v4 + 4v2 +m2 + 3.

So we only have to prove that this polynomial admits no root of unity — that is, no cyclotomic
factor — for m > 1. There are exactly 18 cyclotomic polynomials of degree at most 8. The first
one is of course φ1(v) = v − 1, and the last one is φ30(v) = v8 + v7 − v5 − v4 − v3 + v + 1. We then
take each of these polynomials φ(v) one by one, and reduce Pm(v) modulo φ(v) to detect if it
could be a multiple of φ(v) for some values of m. But the leading coefficient of the remainder
(which is a polynomial in m) never vanishes when m is an integer larger than 1. For instance, for
φ = φ30, we find

Pm(v) mod φ30 = −
(
m2 + 3

)
z7 + 4z6 +

(
m2 + 3

)
z5 +

(
3m2 + 5

)
z4 +

(
m2 + 3

)
z3 + 4z2 −

(
m2 + 3

)
z,

and the leading coefficient −(m2 + 3) has no integer root. We conclude that no root of Pm(v)
is a root of unity, so that the exponent α is irrational, and the generating function of the
numbers gm(n) is not D-finite.

6.2 Intervals of D′m,n

Proof of Proposition 3. We now argue in a similar fashion for mirrored m-Dyck paths. According
to the second part of Corollary 25, the number g ′m(n) of intervals in the ascent poset D′m,n is also
the number of quadrant excursions of length n taking their steps in the set S ′m. The generating
function of this set is

S ′m(x,y) = xm
0∑

j=−∞
yj +

m−1∑

i=−∞
xi

1∑

j=−∞
yj =

xm

1− 1/y
+

xm−1

1− 1/x
· y

1− 1/y
=
xmy (x+ y − 1)
(x − 1)(y − 1)

.

It converges absolutely for 1 < |x| and 1 < |y|. The critical point (x0, y0) is now

x0 =
2m2 + 1 +

√
4m2 + 1

2m2 , y0 =
2m+ 1 +

√
4m2 + 1

2m
= 1 +m(x0 − 1),

and one can check that indeed, 1 < x0 and 1 < x0. The opening angle is found to be arccos(−c),
where c takes the value of Proposition 3. One obtains the asymptotic estimate of g ′m(n) as before,
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using

µ := S ′m(x0, y0) =
(
2m+

√
1 + 4m2

)
1 +
√

1 + 4m2

2m




2m

.

It remains to prove that the exponent α is irrational for m > 1. The argument is the same as
in the previous subsection, with now

Pm(v) =
(
3m2 + 1

)
v8 + 4m2v6 + 2

(
m2 + 1

)
v4 + 4m2v2 + 3m2 + 1.

Remark 29. One could alternatively establish the asymptotic estimate of g ′m(n) via the bijection
with weighted walks mentioned in Corollary 26. Recall that these walks use finitely many steps
only.

7 Final comments

Several questions that have been investigated on other Dyck posets may be asked for the ascent
poset. For instance, what is the height of a random vertex of P or Q in an interval [P ,Q]
(see [28])? Can one write a q-analogue of our functional equations recording the size of the
longest chain from P to Q (see [18, 21])?

Conversely, it seems to be the first time that an order induced on mirrored m-Dyck paths
is examined. For the ascent orders as for the other Dyck orders (e.g., Tamari) this seems less
natural than studying m-Dyck paths because mirrored paths do not form an upper ideal (while
m-Dyck paths do). However, this is how we discovered here the connection with sylvester classes
of m-parking functions, and were able to count these, at least asymptotically. Would interesting
results arise from other orders?

The most immediate question raised by this paper is probably to explain bijectively, and
non-recursively, the symmetry in x and y of the series G′1(x,y) that counts ascent intervals [P ,Q]
in D1 by the height a(P ) of the first ascent of P (variable x) and the statistics r(P ,Q) defined at
the beginning of Section 4.2 (variable y). Recall that this is directly related to the fact that the
quadrant walks that encode the recursive construction of these intervals (Corollary 25) have a
step set S ′1 that is x/y-symmetric. On these walks, the involution is obvious and consists in a
reflection in the first diagonal. In recursive terms, if w′ is a quadrant walk and w is the walk
obtained by deleting its final step (δx,δy), then the image of w′ by the involution is obtained by
appending the step (δy ,δx) at the end of the image of w. Recall the quadrant walk associated
with an interval [P ,Q] such a(P ) = a and r(P ,Q) = r ends at (a− 1, r − 1). Hence we can define an
involution f on intervals [P ′ ,Q′], recursively on their size n as follows:

• f ([UD,UD]) = [UD,UD]

• for n > 1, let b = a(P ′) and s = r(P ′ ,Q′), and let [P ,Q] be the interval of size n− 1 obtained
by deleting the initial peaks of P ′ and Q′. Then f ([P ′ ,Q′]) is the only interval [P̄ ′ , Q̄′]
obtained by insertion of peaks in f ([P ,Q]) such that a(P̄ ′) = s and r(P̄ ′ , Q̄′) = b. An example
is given is Figure 10.
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[P3,Q3][P2,Q2]
[P1,Q1]

[P̄1, Q̄1] [P̄2, Q̄2] [P̄3, Q̄3]

[P4,Q4]

[P̄4, Q̄4]

(2,1)(1,2)
(1,1)

(1,1) (2,1) (1,2)

(1,2)

(2,1)

f

Figure 10: Recursive construction of an interval [P4,Q4] in D4, and of its image [P̄4, Q̄4]
by the involution f . For each interval [P ,Q] we give the statistics (a(P ), r(P ,Q)).
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A Proof of Proposition 28

Here we solve the equation (12) defining Q(x,y), by adapting the invariant approach of [8]. All
details of the calculations can be followed on an accompanying Maple session, available on the
second author’s webpage.

In Eq. (12), let us group the terms involving Q(x,y), and multiply out by (y − 1). We thus
obtain

K(x,y)(y − 1)Q(x,y) = y − 1− t xQ(x,1)−Q(1,1)
x − 1

− ty3

x − yQ(y,y), (15)

where

K(x,y) = 1− tx − txy2

(x − y)(y − 1)
(16)

is the kernel of the equation.

A.1 Invariants

The notion of invariants is related to the expansion (in t) of 1/K(x,y). Namely,

1
K(x,y)

=
∑

n⩾0

tn
(
x+

xy2

(x − y)(y − 1)

)n
.

This is a series in t, with coefficients in Q(x,y). The denominators of these coefficients are powers
of (x − y)(y − 1). Seen as fractions in y, they have a pole at x and a pole at 1, and the orders of
these two poles increase with the exponent of t. Let us now introduce a notion of series with
poles of bounded order.
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Definition 30. Let F(t;x,y) =
∑

n t
nfn(x,y) be a Laurent series in t with coefficients in Q(x,y).

We say that F has poles of bounded order at y = 1 and y = x if there exists an integer m such that
the coefficients of (x − y)m(y − 1)mF(t;x,y), seen as rational functions in y, have no pole at y = 1
nor y = x. We will often say, for short, that F has poles of bounded order.

Clearly, the above series 1/K(x,y) does not have poles of bounded order.

Definition 31. A pair (I(x), J(y)) of Laurent series in t with coefficients in Q(x) and Q(y),
respectively, is a pair of invariants (for the kernel K(x,y)) if the ratio

I(x)− J(y)
K(x,y)

,

expanded as a series in t with coefficients in Q(x,y), has poles of bounded order.

Note that in this case, J(y) itself has no pole at y = x (because it does not depend on x), but
may have a pole (of bounded order) at y = 1. The following lemma allows us to build new pairs
of invariants from old. Its proof mimics the proof of Lemma 2.8 in [16].

Lemma 32. The componentwise sum of two pairs of invariants (I1(x), J1(y)) and (I2(x), J2(y)) is still
a pair of invariants. The same holds for their componentwise product.

The following lemma will be key to construct equations (for Q(x,1), or Q(y,y)) in a single
catalytic variable — hence with an algebraic solution, by [19].

Lemma 33. Let (I(x), J(y)) be a pair of invariants such that the ratio

I(x)− J(y)
(x − y)(y − 1)K(x,y)

,

expanded in powers of t, has coefficients with no pole at y = 1 nor y = x (when seen as rational series
in y). Then I(x) and J(y) are equal, and in particular, they depend on t only.

Proof. Assume on the contrary that I(x) , J(y), and write

I(x)− J(y) = (x − y)(y − 1)K(x,y)H(x,y),

where H(x,y) is a non-zero series in t, with coefficients in Q(x,y) and no pole at y = 1 nor y = x.
Let m be the valuation of H(x,y) in t, and denote by hm(x,y) , 0 the coefficient of tm. Then,
given that K(x,y) = 1 +O(t),

I(x)− J(y) = (x − y)(y − 1)hm(x,y)tm +O(tm+1).

Let us write I(x) =
∑

n in(x)tn and J(y) =
∑

n jn(y)tn. The above identity gives

im(x)− jm(y) = (x − y)(y − 1)hm(x,y).

By assumption, hm(x,y), seen as a fraction in y, has no pole at y = 1 nor at y = x. Hence the same
holds for jm(y). Evaluating the above identity at y = 1 shows that im(x) = jm(1), so that im(x) does
not depend on x. We now have

jm(1)− jm(y) = (x − y)(y − 1)hm(x,y).

Evaluating this at y = x gives jm(x) = jm(1) = im(x), but this forces hm(x,y) = 0, a contradiction.
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A.2 A finite group, and rational invariants

To the kernel K , given by (16), one can associate as in [20] a group of birational transformations
of pairs (u,v) that leave the value K(u,v) unchanged. Solving K(u,v) = K(u′ ,v) for u′ gives
u′ = u or u′ = v (uv −u + v) /(u − v)/(v − 1). Solving K(u,v) = K(u,v′) for v′ gives v′ = v or
v′ = uv/(uv −u + v). We introduce accordingly two transformations Φ and Ψ defined by

Φ(u,v) =
(
v (uv −u + v)
(u − v) (v − 1)

,v

)
, Ψ (u,v) =

(
u,

uv
uv −u + v

)
.

One can check that they are involutions, and generate a group G of order 10. The orbit of (x,y)
under the action of G is

(x,y)
Φ←→

(
y (xy − x+ y)
(x − y) (y − 1)

, y

)
Ψ←→

(
y (xy − x+ y)
(x − y) (y − 1)

,
xy − x+ y

x (y − 1)

)
Φ←→

(
xy − x+ y

y (y − 1)
,
xy − x+ y

x (y − 1)

)
Ψ←→

(
xy − x+ y

y (y − 1)
,
xy − x+ y

y2

)
Φ←→

(
x (xy − x+ y)

y (x − y)
,
xy − x+ y

y2

)
Ψ←→

(
x (xy − x+ y)

y (x − y)
,

x
x − y

)
Φ←→

(
xy

(y − 1)(x − y)
,

x
x − y

)
Ψ←→

(
xy

(y − 1)(x − y)
,

xy

xy − x+ y

)
Φ←→

(
x,

xy

xy − x+ y

)
Ψ←→(x,y).

Groups of order 10 also appear in the enumeration of several families of walks in the quadrant,
including of course those used in the previous subsection [8, 45]. The group G can be used
to construct rational invariants. Guided by Theorem 4.6 in [8], we take any rational function
H(u,v), and compute the sum of its values over all pairs (u,v) of the above orbit. Denoting this
sum by Hσ (x,y), we now define I0(x) = Hσ (x,Y ) and J0(y) = Hσ (X,y), where X (resp. Y ) is a root
of K(·, y) (resp. K(x, ·)). We could adapt the proof of Theorem 4.6 in [8] to prove that (I0(x), J0(y))
then forms a pair of rational invariants. But this is not really needed, as we can simply apply
the above recipe with some rational function H(u,v), and check that the resulting pair is indeed
a pair of invariants.

So let us start for instance with H(u,v) = u. The above recipe gives I0(x) = J0(y) = −2 + 4/t,
which is a trivial pair of invariants. Starting instead from H(u,v) = v, we obtain a non-trivial
pair, which, after dividing by 2 and subtracting 2, reads

I0(x) =
1

1− tx −
1
tx2 +

1 + t
tx

+ x(1− t)− tx2, J0(y) = − t

(y − 1)2 +
1− t
y − 1

− 1
ty2 +

1 + t
yt

+ y.

Indeed, one can check that

I0(x)− J0(y)
K(x,y)

=
(x − y)(1− y + txy)(x+ y − xy − xyt(1 + x − xy))

x2y2t(xt − 1)(y − 1)
, (17)

which has poles of bounded order (at y = 1 and y = x). Note that the pair (I0, J0) does not satisfy
the conditions of Lemma 33.

A.3 Decouplings, and a new pair of invariants

Let us now return to the functional equation (15) that defines Q(x,y). We would like to derive
from it a new pair of invariants, that is, to transform it into an identity of the form

K(x,y)H(x,y) = I(x)− J(y), (18)
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where H(x,y) has poles of bounded order. But there is an obstacle on our way, since the term
ty3/(x − y)Q(y,y) does not depend on y only, but also on x. A similar difficulty also arises, for
instance, when counting quadrant walks weighted by interactions with the coordinates axes [3],
or walks avoiding a quadrant [16, 34, 52], or in some continuous probabilistic models [22].

We are going to remedy this difficulty using a multiplicative decoupling (and later, an additive
decoupling). First, we observe that by definition (16) of the kernel,

ty3

x − y =
1− tx
x
· y(y − 1)− y(y − 1)

x
K(x,y).

This is what we call a multiplicative decoupling: we have written the problematic term ty3/(x − y)
as the product of a series in x and a series in y, modulo the kernel K . This would not be possible
for any term of course. This allows us to rewrite (15) as follows:

K(x,y)(y − 1)
1− tx

(
xQ(x,y)− yQ(y,y)

)
=
x(y − 1)
1− tx −

tx
1− tx

xQ(x,1)−Q(1,1)
x − 1

− y(y − 1)Q(y,y), (19)

and our problem is solved, since the term in Q(y,y) no longer involves x.
However, we have created a second difficulty, and our equation still does not look like (18):

the constant term, which was formerly (y − 1) in (15), now mixes x and y. This new problem
will be solved as well if we can find rational functions A(x), B(y) and H(x,y) such that

x(y − 1)
1− tx = A(x) +B(y) +K(x,y)H(x,y), (20)

where H(x,y) does not contain a factor K(x,y) in its denominator. This is what we call an
additive decoupling. Again, an arbitrary rational function does not have, in general, an additive
decoupling.

There are two ways to look for a solution (A,B) of (20) (see [8, Sec. 4.2] and our Maple
session for details). The first one is by guessing (say, the fraction B(y)) and checking. Let us
explain how this works. Denoting by Y0 and Y1 the two roots of K(x, ·), we observe that (20)
implies that

x
1− tx =

B(Y0)−B(Y1)
Y0 −Y1

.

We can then start from an Ansatz on the form of B(y) (fixing the number of poles and their
orders, but not their values), form the divided difference (B(Y0)−B(Y1))/(Y0 −Y1), write it as a
fraction in x and t (since it is a symmetric function of the two roots Y0 and Y1), and solve the
resulting identity for the coefficients occurring in the Ansatz. This approach readily gives a
solution,

B(y) = −y
t

+
1

t(y − 1)
− 1
t2y

,

from which we derive
A(x) =

2 + x
t

+
1
t2x

+
1

t(tx − 1)
.

We can now check that

x(y − 1)
1− tx = A(x) +B(y) +K(x,y)

(x − y)(1− txy)
xyt2(1− tx)

. (21)
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The second approach is constructive, and consists in applying Theorem 4.11 in [8] (even though
our kernel is not of the same form as the kernels studied in [8]). This gives an alternative
solution, differing from the above solution (A,B) by a pair of invariants. More precisely, this
new solution reads:

A(x) +
9
5t

I0(x)− 7
5t2 (1 + 3t), B(y)− 9

5t
J0(y) +

7
5t2 (1 + 3t).

Let us now combine the functional equation (19) with the decoupling relation (21): we
obtain

(x − y)(y − 1)K(x,y)
1− tx

(
xQ(x,y)− yQ(y,y)

x − y − 1− txy
t2xy(y − 1)

)
= I1(x)− J1(y), (22)

with

I1(x) =
2 + x
t

+
1
t2x

+
1

t(tx − 1)
− tx

1− tx
xQ(x,1)−Q(1,1)

x − 1
, J1(y) =

y

t
− 1
t(y − 1)

+
1
t2y

+y(y−1)Q(y,y).

That is, we have found a second pair (I1, J1) of invariants, this time in terms of the unknown
series Q. It does not satisfy the conditions of Lemma 33.

A.4 Equations in one catalytic variable

Our aim is now to combine polynomially our two pairs of invariants (I0, J0) and (I1, J1), thanks
to Lemma 32, to form a new pair (I(x), J(y)) satisfying the conditions of Lemma 33. This will
imply that I(x) and J(y) are in fact both equal to a series C depending on t only. We will thus
obtain an equation in only one catalytic variable for each of the two series Q(x,1) = G(x,1)/(tx)
and Q(y,y) = G(1, y)/t, just by writing I(x) = C = J(y).

Let us examine the ratios

I0(x)− J0(y)
(x − y)(y − 1)K(x,y)

and
I1(x)− J1(y)

(x − y)(y − 1)K(x,y)
,

derived from (17) and (22), respectively. The coefficient of tn in each of these two series has no
pole at y = x. This is obvious for the first ratio, and for the second, this relies on the fact that the
divided difference

xQ(x,y)− yQ(y,y)
x − y

has polynomial coefficients in x and y. However, the coefficient of tn in the first (resp. second)
ratio has a double (resp. simple) pole at y = 1. Accordingly, we observe a double (resp. simple)
pole at y = 1 in J0(y) (resp. J1(y)). More precisely, the singular expansions at y = 1 of these two
series are respectively

J0(y) = − t

(y − 1)2 +
1− t
y − 1

+O(1) and J1(y) = − 1
t(y − 1)

+
1 + t

t2 +O(y − 1).

It is then natural to introduce the series

J(y) = J0(y) + t3J1(y)2 − t(1 + 3t)J1(y),
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which has no pole at y = 1. By Lemma 32, the pair (I(x), J(y)) forms a pair of invariants, if we
define I(x) by

I(x) = I0(x) + t3I1(x)2 − t(1 + 3t)I1(x).

Using (17) and (22), we can then check that this new pair of invariants satisfies the condition
of Lemma 33. This implies that I(x) = J(y) = C for some series C. The latter series is easily
identified by expanding the expression of J(y) at y = 1. This gives

I(x) = 2− 4t − 2t2Q(1,1) = J(y).

We can now replace I(x) and J(y) by their expressions in terms of (xQ(x,1)−Q(1,1))/(x − 1) and
Q(y,y), respectively. This gives two polynomial equations,

Pol1(Q(x,1),Q(1,1), t,x) = 0, and Pol2(Q(y,y),Q(1,1), t,y) = 0.

Each of them is a polynomial equation in one catalytic variable only, quadratic in the main
series (that is, Q(x,1) or Q(y,y)).

A.5 Algebraicity

It remains to solve these two equations in one catalytic variable. We will work, say, with the
equation for Q(y,y), which is a bit lighter than the other. It reads:

Pol2(Q(y,y),Q(1,1), t,y) = 0, (23)

where

Pol2(q,q1, y, t) = y2t2 (y − 1)2 q2 +
(
y
(
2y2 − 5y + 1

)
t − (y − 1)(y − 2)

)
q+ 2tq1 + (y − 1)(y − 2) = 0.

This is a very simple instance of a polynomial equation in one catalytic variable [19]: it is
(only) quadratic in Q(y,y), and involves a single additional unknown series depending on t only,
namely Q(1,1). In this case, the machinery of [19] reduces to Brown’s quadratic method [25, 41].
We first examine whether there exists formal power series Y ≡ Y (t) such that the first derivative
of the above polynomial Pol2, evaluated at (Q(Y ,Y ),Q(1,1), t,Y ), vanishes. That is,

(Y − 1)(Y − 2) = 2t2Y 2(Y − 1)2Q(Y ,Y ) + tY (2Y 2 − 5Y + 1).

The form of this equation shows that two such series exist, with constant terms 1 and 2,
respectively. Then Brown’s result tells us that each of these two series is a double root of the
discriminant of Pol2 with respect to its first variable, evaluated at (Q(1,1), t,y). That is, a double
root of

− 4t y5 +
(
−8Q11 t

3 − 7t2 + 22t + 1
)
y4 +

(
16Q11 t

3 + 18t2 − 40t − 6
)
y3

+
(
−8Q11 t

3 − 7t2 + 26t + 13
)
y2 − 4(t + 3)y + 4,

where we have written Q(1,1) = Q11. Since this polynomial in y has multiple roots, its discrimi-
nant vanishes. This gives for Q11 the following cubic equation:

64t6Q3
11 +16t3

(
11t2 − 18t − 1

)
Q2

11 +
(
161t4 − 452t3 + 238t2 − 28t + 1

)
Q11 +49t3−167t2 +25t = 1.
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One can now check that if we introduce the series Z of Theorem 1, the above equation factors
and yields Q1,1 = (1 +Z)(1 + 2Z)2(1− 2Z + 2Z3), so that G(1,1) = tQ(1,1) = Z(1− 2Z + 2Z3).

Let us now return to (23). We can express t and Q11 as fractions in Z, and we now have a
quadratic equation for Q(y,y) with coefficients in Q(Z,y). Solving it then gives the announced
expression of G(1, y) = tyQ(y,y) in Proposition 28.

We now proceed similarly with the other equation in one catalytic variable, Pol1(Q(x,1),
Q(1,1), t,x) = 0, which is quadratic in Q(x,1). We replace t and Q11 by their rational expressions
in Z, solve the resulting equation, and obtain the announced expression of G(x,1) = txQ(x,1).
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